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Abstract. We generalize Hirzebruch—Slodowy’s computation of the signature of equal rank
homogeneous spaces to a large class of biquotients.

1. Introduction

The signature of a homogeneous space G/H, where H C G are compact Lie
groups of equal rank, is explicitly computable from the root systems of G and H.
This was shown by Hirzebruch—Slodowy [9], as a corollary of a more general result
for compact oriented manifolds on which a circle acts with finite fixed point set,
see Theorem 2.6 below.

In this note we generalize Hirzebruch—Slodowy’s computation to a large class
of equal rank biquotients, i.e., quotients of a compact Lie group G by the free action
of a subgroup H C G x G withrk H = rk G by left and right multiplication. In
this way we continue the topological study of biquotients by extending methods
from homogeneous spaces, which already lead to an understanding of the Euler
characteristic [12], cohomology [3], and rational homotopy [10] of biquotients.

Biquotients were originally considered by Eschenburg [4] in the context of
Riemannian geometry, but also appear naturally in other geometries, such as sym-
plectic [5] or Sasakian geometry [2]. In all these considerations, symmetries play
an essential role. We will use the fact that any Lie subgroup of G x G that commutes
with H naturally acts on G//H, yielding in particular circle actions on many such
biquotients. Our main result, Theorem 4.1, is applicable to any such circle action
with finite fixed point set. The main difference to the homogeneous setting is the
fact that because we do not have a transitive action on the space at our disposal,
we need to keep track of orientations, see Definition 3.11 below. To illustrate this
issue, we have included a detailed example, see Sect. 4.1.
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2. Actions on homogeneous spaces

In this section we present the known results on homogeneous spaces from [9]. We
begin by recalling the notion of weights for real and complex torus representations.
Let T be a compact torus and

0: T — GL(V)

a finite dimensional complex T -representation. A linear form «: t — R is called
a weight of g if

V, = {v €V |VH € t: o(exp(H))(v) = ezﬂi”“”u]

is not zero. Then V decomposesas V = € V, for some set of weights A C t*; the
aEA
Vy are called weight spaces. If W is a real T -representation without fixed vectors,

there always exists a T -invariant complex structure on W. Having chosen one such,
we can decompose W into its weight spaces. Note that when replacing the invariant
complex structure J by its negative —J, a weight space V,, corresponding to the
weight o becomes the weight space of the weight —«. Without fixing a complex
structure, we can still speak about weights and weight spaces of the representation
W, but these are then only well-defined up to sign, i.e., elements of t*/41.

Introducing an invariant almost complex structure on W in particular fixes an
orientation. Without the almost complex structure we can obtain an orientation by
fixing signs of the weights: for every two-dimensional irreducible submodule V of
weight +a, let 8 be one of @ or —«; we then choose H € t such that B(H) > 0,
and define v, H - v be positively oriented, where v € V is any nonzero element, and
H.v:= j—t =0 o(exp(t H))(v) denotes the associated Lie algebra representation.
In this way, choosing a sign for each weight of W determines an orientation of W.

In the case of T = S, i.e., a real representation of a circle, the weights are
integers, well-defined up to sign. Following [9], we denote by V (m) = C the real
S!-module on which z € S! acts by v — z"v, where m € Z.

Consider G a compact, connected Lie group and H C G a subgroup with
rk(H) = rk(G). Fix a shared maximal torus T C H C G. Left multiplication with
elements of the torus induces a well-defined action of 7' on the homogeneous space
G/H byt -gH = (tg)H. The fixed point set of this action is well-known and in
particular finite:

Proposition 2.1. The natural map Ng(T) — G — G/H induces a bijection

(G/H)" = Ng(T)/Nu(T) = 5.

Proof. See e.g. [6, Proposition 2.2]. O

We want to understand the isotropy representation in these (isolated) fixed points
and their weights. Denote by

n:G— G/H

the natural projection. Then:
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Proposition 2.2. Let g € Ng(T). Then the isotropy representation of the T -action
on G/H in the point gH is given as follows: foranyt € T and v € T, G/H we
have

dtgH(U) = dﬂgd(lg)e Adw*‘(t) (X)

1

where X € g satisfies dmy(Xg) = v and wl(r) = g7 l1g.

Proof. For such a fixed point we define w™!(r) := g~ 'tg € T. Then:

d d .
dten (v) = E’S:()tg expX)H = = gqu™ (D expsX)H

gw () expGsX)(w ™ (1) H = dmgd(lg)e Adyy1y (X).

:ds

s=0
O

Remark 2.3. Let Ay C Ag be the root systems of H and G with respect to T':
these elements are linear maps t — iR. The former proposition tells us that the
weights of the isotropy representation in each fixed point g H, where g € Ng(T),
are the roots Ag \ Ap, up to sign and a factor 7, twisted by a representative of
the fixed point, i.e., {Ad;")_l o | @ € Ag \ Ag}. See also [6], where even more

information was obtained, in form of the GKM graph of the T-action on G/H.
The root space decomposition

“ =t P 0

aeAg
of the complexification g€ induces a decomposition

9=t P @.©9-.)Ng

+
aEAG

of the real Lie algebra g, where Ag C Ag is a choice of positive roots. A similar
decomposition holds for H, so that

TeHG/H = @ (ga @gfa) mgv
aeAf\Ay

which is the same as the decomposition of 7,z G/ H into the irreducible submodules
of the isotropy representation of 7" at e H . Explicitly, each g, is one-dimensional and
d_y = 8. Hence, when choosing X € g, we obtain the real basis (X +X, i X —i X)
of (g, ®g_,) Ng. Foranelement H € tand X € g,, we have

[H. X +X]|=a(H)X —a(H)- X
= %a(H) (iX —iX)

Thus, (g, ® g_,) N g is a weight space of the real T-representation 7,z G/H of
weight :I:l—!a. As described in the beginning of the section, the choice of positive
roots AJGr therefore induces an orientation on 7, G/H (and hence on G/ H).
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This data is now sufficient to understand the signature of these spaces, defined
by

Definition 2.4. Let M be a compact, connected, orientable manifold of dimension
4n. By Poincaré duality, multiplication in the middle cohomology defines a bilinear,
symmetric, non-degenerate product

A H(M,R) x H*(M,R) — H*(M,R) = R.

We define the signature o (M) of M to be the signature of this inner product. We
set the signature of manifolds whose dimension is not divisible by four to zero.

Remark 2.5. When M denotes M with the reversed orientation, o (M) = —o (M).

Hirzebruch, Berger and Jung computed this (oriented-homotopy) invariant
using the famous Atiyah—Singer-Index Theorem [8, p. 63—72]. For the special
case of S!-manifolds with finite fixed point set Hirzebruch—Slodowy obtained in
[9, Section 1.7.b)]:

Theorem 2.6. Tuke M a compact, oriented, 2n-dimensional manifold on which
S1 acts with isolated fixed points. Denote by V(m;) = C the oriented real S'-
module defined by z - v := 7™iv. Then, in each fixed point p € MSI, we can
decompose T, M = &P V(m;), such that the orientations on the V (m;) induce the

1
given orientation on T, M. Then these m; are well-defined up to an even number
of sign changes and

O_(M) — Z (_1)#{i|mi<0}.

peMS!

Remark 2.7. A different choice of the m; does not change the parity of #{i | m; <
0}.

If we feed in the results on the canonical torus action on equal rank homogeneous
spaces, restrict our torus action to a circle which has the same fixed points as the
torus, and fix sets of positive roots A‘g on G and Ay C Ag on H which induce
an orientation on G/ H as described in Remark 2.3, Hirzebruch—Slodowy’s fomula
yields [9, Theorem 2.5.]:

Theorem 2.8. o (G/H) =+ Y (—1)*ecag\anlw™!@¢Ag)

Ik

This formula is then used in numerous papers (e.g. [1,13]) to compute the
signature of homogeneous spaces. In the following sections we will generalize this
result to a large class of biquotients.
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3. Actions on biquotients

In the following G will always denote a compact, connected Lie group, with maxi-
mal torus Tihax C G. Furthermore T shall denote a torus in Tiyax X Tax of dimen-
sion equal to the rank of G. We fix a complementary torus 7" in Tnax X Tmax, 1.€.,
tDt = thax D tmax- Let H C G x G be a closed, connected subgroup containing
T with tk G = rk H. We assume that H (or, equivalently, T') acts freely on G by
(h1,hp) - g = hlghz_l, and we denote the H-orbit space by G//H. It is called a
biquotient. We assume that H commutes with a subtorus TcT , so that we get
a well-defined action of T on the biquotient G//H via (t;,n)Hg = H(t18t, 1).
The aim of this section is to understand the weights of the isotropy representation
of this action in the fixed points.

Remark 3.1. For a homogeneous space G/H,and T C H a subtorus withtk 7' =
rk H = tk G, Proposition 2.1 tells us that the (finite) fixed point set (G/H)T of
the T-action on G/H by left multiplication is naturally given by the finite set
W(G)/ W (H). In particular, the Weyl group W (G) acts on it.

In the biquotient setting as above, in the special case H = T and T=T,a
similar statement is true. Let 7 : G — G//T be the projection. The preimage
n_l((G//T)T/) is equal to the set of elements g € G for which Tinax g Tiax i8S of
minimal possible dimension, or equivalently equal to T'g. This set clearly contains
the normalizer NG (Tmax ). On the other hand, if g is in this set, then both Tjax g and
g Tmax are equal to Tinax g Tmax, Which implies that g € Ng (Tax). This implies

(G//T)" = NG(Tma)//T.

The normalizer N (Tmax) acts on this finite set, because for all g, g’ € NG (Tax)
we have g - Tg' = g - (&' Tmax) = (2¢)Tmax = Tgg’. The subaction of Tiax is
trivial, because for g’ € Ng(Tmax) and ¢ € Tpax, wWe have 1g’ € Thaxg' = Tg'.
This implies that we obtain a free and transitive action of the Weyl group W(G) on
G//T)7".

Lemma 3.2. In the above setting H N A(G) = {(e, e)}.

Proof. Take (g,g) € HN AG. Then (g, g)e = geg~! = e and therefore (g, g) €
H,, so g equals e according to the freeness of the action. O

Lemma 3.3. The orbit map n: G —> G//H is T -equivariant.

Proof. For (t1,t) € T the following is valid: n(tlgtz_l) = H(tlgt2_1) =
n(Hg)t " = (11, ) ((g)). O

Now we are able to compute the isotropy representation of this action in a fixed
point.
Let g € G be such that Hg € (G//H)T. Then, because H acts freely on G, for

each (11, ) € T there is a unique (s1, s2) € H such that t]gtgl = slgsgl.
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Proposition 3.4. We have
d(t1, 1) g (v) = dgd (U)o Ad 1, (X)
where v € Tpe(G//H) and X € g satisfies dmg(Xg) = v.

Proof. Since H is closed under inversion, (s, ! sy e H. Invoking the defining
equation of (s1, s2) we compute using Lemma 3.3:

d(ty, )gg(v) = % t:OlNT(g : t?Xp(tX))lz_1
= % (g exptX))y )
= i zr(s_ltlg . exp(tX)t_lsz)
dtli=0" 1 2
=L e 6y ) expX) sy )
dt 1t=0 2 2

= dmyd(lg)e Ad, 1, (X)
O

Lemma 3.5. The maps V : T — H; (11,0) — (s1,52) and Yy T —
G; (t1,) = s, ltz are well-defined homomorphisms of Lie groups.

Remark 3.6. The homomorphism 1/, depends on the choice of g, i.e., some repre-
sentative of Hg.

Proof. As observed above, the freeness of the H-action implies that v and ¥, are
well-defined. Let for (¢1, 1), (71, f2) € T be (s1, 52), (51, §2) € H as above. Then

I PSR | A a—l,—1 _ & —1a—1 _ & —15—1
(1, hh)g =nhgt, t, =18185, t, =Ss1h1gt, S, = 515185, S,
which implies that ¢ is a homomorphism. Further,
A A —la=1, 7 -1, a1z Ao
Ye((ti11, 212)) = 55 8, by =5, 1Sy = Yg(t1, 2)Ye(t1, 12),

where we used that 7 and H commute. It is clear that ¥ and Y are continuous.
But every continous homomorphism of Lie groups is differentiable. O

For later purposes we need to determine the differential of v,.

Lemma 3.7. Denote by t; : { — gand w; : h — g the respective projections to
the i-th factor. Furthermore we consider the maps a: t —> g given by a(X, X') =
X—X andB: ) —> ggivenby B(Y,Y') =Y — Y', where B is injective. Then

dyrg = —my 0 oo (Ady1 x1) + 1

forg e Hg e (G//H)T.
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Proof. Writing (s1, s2) = ¥ (f1, 1), we have
tlgtz_l = slgsz_l.
Multiplying this equation with g~! from the left yields
Ce1 (1)1 = i (s1)s;
and differentiating this we obtain for (X1, X;) € 7
Adg-1(X1) — X2 = Ady-1 (M1 (dy (X1, X2))) — ma(d ¥ (X1, X2))
which we can express as
B((Adg—1 xD)(dy (X1, X2)) = a((Ady-1 x1) (X1, X2)).

We note that § is injective, since h N Ag = ker(8) = 0, its image contains tmax
and « has image contained in ty,,x. Therefore we have

dyr = (Adg-1 x1)7' o B oo (Ady1 x1)

Now we can use this to differentiate the homomorphism ¢, which was given by
Ye(t1, 1) = 55 ' trritis

dyg = —m 0 B loao (Adg-1 x1) + 12

which completes our proof. O

Corollary 3.8. If T’ lies in the special torus {(t;,12) € G x G | (t2,t1) € T}, this
differential computes as

¥ =11 0 (Adgor X 1) + 12.
Proof. In this case we have —m5 0 B~ o = 17. o

Corollary 3.9. If we fix an auxiliary biinvariant Riemannian metric on G and
denote by A, the set of weights of the restriction of the adjoint representation of G
on g to the subspace d(lgq )e (ker dJTg)L and the subtorus Im(,), the set of weights

of the isotropy representation in the fixed point Hg is Ag := {d(Yg)*A|A € Ag}.

Proof. In Proposition 3.4 we proved the commutativity of the following diagram:

QU

Ug)e drmg
—% T,G —5 Tugo(G//H)

ld([laTZ)Hg
(Zg)e dﬂg
— T,G — Tye(G//H).

QU

g
Adyg .t2>l
g

In order to get isomorphic representations we fix a biinvariant Riemannian metric
on G, restrict to appropriate subspaces and finally achieve the following diagram:
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d(ly), d
(d(lg-1)g(kerdmy))* 20 (kerdmg)t % To(G//H)
Ad\”gOlJz)l ld(tva)Hg
d(lg)e d
(d(ly1)g (ker drg)) - W (erdmg) T Tyo(G//H).

The weights of the above twisted adjoint representation are then the twisted weights
{d(W) AL € Apg). m]

Remark 3.10. The most convenient situation occurs, when for each fixed point

Hg € (G//H)T there exists a representative g € NG (Tmax). Then Im(irg) lies
in Trax and the weights are pulled back roots associated to the maximal torus Tpax.

Remark 3.11. Asexplained in the beginning of Sect. 2, the weights A, are only well-
defined up to sign, as they are weights of the real f—representation Tue(G//H).
There we also explained how fixing signs of these weights determines an orientation.

If we fix an orientation on G//H, the vector space Tpg(G//H) is oriented.
By choosing exactly one of each pair o, —«, we can choose a set of linear forms
A7 such that A, = {£a | @ € A}, with the property that the orientation on
Thg(G//H) induced by this choice coincides with the one given by the orientation
on the manifold G//H.

4. Signature

Just as in the homogeneous case we can now invoke Hirzebruch—Slodowy’s signa-
ture formula to prove a result on the signature of biquotients.

Using the same notation as before, suppose that the fixed point set of T ~
G//H consists of isolated points and fix (X, Y) € 7 generating a subcircle with
the same fixed points. The weights A, of the f—isotropy representation in Hg
were determined in Corollary 3.9. We furthermore fix an orientation on G//H , and
choose sets of linear forms A;," that induce the weights A, and are compatible with
the chosen orientation, as described in Remark 3.11. Then Hirzebruch—Slodowy’s
Theorem 2.6 for oriented S'-manifolds gives the following theorem:

Theorem 4.1.
Hge(G//H)T

Remark 4.2. By [12, Corollary 3.4. and Property 1.7.] G// H is orientable whenever
G and H are connected. In that case, we can orient G//H as follows. By introduc-
ing a bi-invariant auxiliary Riemannian metric on G we can make the following
identifications:

TuoG//H = (kerdmg)*
= (d(ly-1)g(kerdmg))t
= (dy-1)g(TeH - )"
={Ad,1 X —Y [ (X, Y) € T.H},
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which gives us a splitting
90=TnsG//H®{Adg-1 X —Y | (X,Y) € T.H}.

Therefore fixing orientations of G and H we get an orientation of each orbit H - g
and an induced orientation of its normal space v(H - g), which is by the previous
considerations isomorphic to Ty,G//H . Note that the orientation of the orbit

(d(g-1)g(TyH - 8) = {Ad,1 X — Y | (X, Y) € T,H)

is independent of the choice of the representative of the orbit because H is con-
nected. Hence we can determine an orientation of the biquotient G// H, by choosing
sets of positive roots of G and H and orientations on their maximal tori.

Remark 4.3. Let us describe two situations in which the signature of a biquotient
vanishes automatically: For rtk(H) < rk(G) the signature behaves analogously
to the homogeneous case and o (G//H) = 0 because by [12, Proposition 6.7.]
all Pontryjagin numbers of G//H vanish and therefore the signature vanishes by
Hirzebruch’s signature theorem [7, Theorem 8.2.2].

Consider a biquotient of the form G// T, where G is a compact simple Lie group
and T C G x G is atorus with rk 7 = rk G. Such biquotients were classified by
Eschenburg in [4, Chapters 6,7,8] (up to a certain notion of equivalence). Moreover,
it follows from the results in Chapter 9 of the same reference that there always
exists a nonabelian extension T C H C G x G with rk H = rk G (in fact, there
the maximal such extensions are classified). In particular, we obtain a fibration

H/T — G//]T — G//H,

cf. [5, Section 2.1], from which we obtaino (G//T) = o (H/T)o (G//H) by [11].
But the signature of the generalized flag manifold H/ T vanishes by [9, Proposition
2.4], which implies that 6 (G//T) = 0.

4.1. An example

Let us apply Theorem 4.1 to an example. Take G = SU(6) and let H =
A3(SUQ2)) x SUB) € G x G, where

A 0 0
APSuUeH={0 A 0]|AeSUQ)
0 0 A

is the blockwise embedding and SU(5) is embedded in the upper left corner. Let
T C H be the maximal torus given by diagonal matrices in both components.
We will compute the signature of the biquotient G//H, in order to illustrate our
formula. This will not be a new result; as G//H = A3(SU(2))\ SU(6)/ SU(5) =
A3(SU@2))\S!'! = HP?, the signature is well-known to be 1.

The first step is to find a subtorus of G x G which commutes with A and acts
with finite fixed point set on G//H, and determine the weights of the isotropy
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representation in each fixed point. Such a torus is for example given by T =
{diag(x, A, A~1, 471, 1, 1)|A € S'} x {1}. We note that T is contained in the flipped
torus T/ = {(11, 1) | (2, 11) € T}. Itis easily seen that the action of T on G//H =
HP2is givenby A-[q1 : g2 1 g3] = [Mq1 : )ﬁlqz : g3] because the diffeomorphism
SU(6)/ SU(5) = S'! is just projection on the last column. Hence our fixed point

setis (G//H)T ={[1:0:0],[0:1:0],[0:0:1]} =
0 00 0 0 1 10 0 0 0 0
-1 0 0 0 0 0 0 -1 0 0 0 0
0 1 00 0 0 0 0 0 0 0 1
Hto o100 o0l'" 1o o 100 of
0 001 00 0 0 01 00
0 00 0 1 0 0 0 0 0 1 0
1 0 0 0 0 0
0 -1 0 0 0 0
0 0 1 0 0 0
H-do o 01 0 o0
0 0 0 0 0 1
0 0 0 0 1 0

We define g1, g2, g3 as the above representatives of the fixed points. Note that we
are in the situation of Remark 3.10.

denote by Vjr C su(6), where j,k =1,...,6, j # k, the span of E;; — E};
andi(E;; + E ;). This is the root space of the adjoint representation of the standard
maximal torus on s5u(6) of the root =(¢; — ¢;). By choosing the set of positive
roots {¢; —e¢; | i < j} we induce an orientiation on V;;, with respect to which the
above fixed basis is positively oriented. We thus obtain an orientation on su(6) =
tmax ® €D, - ; Vij by declaring the basis {i (E11 — Ee6), - - - , i (Ess — Ee6)} Of tmax
to be positively oriented. Analogously we obtain an orientation on su(2), su(5),
and then also on

su@) xsu(S) =t® (Vo x 0 ® P (0 x V).

1<i<j<5

viathe positively oriented basis (i (E11 — E22), 0), (0, i (E11—Es55), ..., (0, i (Eqa—
Ess))}. These orientations on G and H induce an orientation on G//H, cf. Remark
4.2.

Using the Frobenius inner product or equivalently the Killing form on SU(6)
we can determine the complements ker(d) ; = The, G//H. We obtain

ddg)," ker(dﬂ); = = Vs @ V36 ® Vas ® Vs6 C su(6),

[=NeBoNoNeNe)
* OO O OO
* OO O OO
* OO O OO
* OO O OO
S % % ¥ ¥x O
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d(ly,); " ker(dm)g, = = Vie ® Va6 ® Vas ® V56 C 5u(6),

S ¥ ¥ O ¥* ¥

d(lg,); " ker(dm)g, = = Vi ® Va6 ® V36 D Vi C 5u(6).

* cocoocoo ¥ eoooo
f coocoo ¥ OO0OO0OO
¥ Oococoo Lo o
f ccocoo ¥ OO0 O0O

coocococo ¥ OoOoOoOoOo

S O ¥ ¥ ¥ ¥

By Corollary 3.9, the weights of the T-isotropy representation in the three fixed
points are

o Ag = {id%lf;l(%(ez—%)),:l:dlﬁ;‘](%(%—eﬁ)),ﬂ:dlbg( (ea—ep)), d ], (3 (es—
e6))}

o Mg, = {£dV}, (f(e1—e6)), dY}, ((e2—e6)), d s, (+(ea—e6)), £dry, (+(es—
€6))}

o Agy = {Edy, (F(e1—e6)). 2dyr}, (F(ex—ep)), 2d v}, (7 (e3—ep)). £d ), (3 (ea—
e6))}.

where we now denote by ll.(ei — e;) the restrictions of the realifications of the
usual roots to the tori Im(yrg, ). We now have to choose appropriate signs of these
weights, i.e., define compatible sets of weights A+ as in Remark 3.11.

For every k, the subspace {Ad -1 X -Y| (X, Y) e T,H} C su(6) is the sum

of the Lie algebra of the maximal toms of su(6) and certain root spaces, and hence
oriented by our conventions above. Using the bases above, and taking into account

the embeddings of su(2) and su(5) into s1(6), in order to define Az,‘k we have to
determine if the natural maps

su(2) x su(S) — {Ad, 1 X =¥ | (X, ¥) € T,H} C su(6). (4.1)
are orientation-preserving. The images of the embedded basis of su(2) are
Adgfl (diag(i, —i)) = diag(—i, i, —i, i, —i,1)
Ady1(Erz — E21) = (E23 — E32) + (E4s — Esa) + (Ere — Eo1)
Ady1(((Erz + E21)) = i(Exs + E32) + i (Ess + Es4) — i(Ere + Ee1)
Adgz—l (diag(i, —i)) = diag(i, —i, —i, i, —i, i)
Adg1(Erp — E21) = —(E12 = E21) + (Eus — Esa) — (E36 — Ee3)
Ad 1 (((E2 + E21)) = —i(Enx + Ea1) +i(Ess + Ess) +i(E36 + Ee3)
Adg;1 (diag(i, —i)) = diag(i, —i, i, —i, —i, i)
Adg;I (E12 — E21) = —(E12 — E21) + (E34 — E43) — (Es¢ — Egs)
Ad 1 (((Er2 + E21)) = —i(En2 + E21) +1(E34 + Es3) + i(Ese + Eos).
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Moreover, everything from the su(5) factor is mapped to its negative. From this,
one computes the map (4.1):

e For g, it is the direct sum of an orientation-reversing map t — tyax and
an orientation-preserving map (Vi x 0) & @1<i<j<5(0 x Vij) = Vie ®
@15i< j<5 Vij-

e For g, it is the direct sum of an orientation-reversing map t — tpnax and
an orientation-reversing map (Vi2 x 0) @ €D, ;- j<5(0 x Vij) = V36 @
@1§i<j§5 Vij-

e For g3, it is the direct sum of an orientation-reversing map t — tyax and
an orientation-reversing map (Vi x 0) & @lgiqg(o x Vij) — Vs6 @
@155< j<5 Vij.

Thus, for g» and g3 the original orientation given by that of the V;; is the correct one
on Tye, G//H, while for g1 we have to take the opposite one. We can therefore fix
the following sets of weights of (lg;l Vg (Tg, H gi)* for each fixed point g; inducing
the fixed orientation on G//H:

. A%,)}= {—dy}, (;(e2—e6)). AV}, (7 (e3—e)). AV}, (7 (ea—ee)). AV}, (7 (es—
€6

. A%g) }z {dy}, (F(e1 — e6)). dyry, (F(e2 —e6)). dYE, (L(ea — e6)). A}, (3 (es —
e

o AL ={dy} (f(e1 —e6)), dVy, ((er—e6)), dyrg, (+(e3s — e6)), dyry, (+(ea —
e6))}.
Furthermore, because by our choices T lies inside the flipped torus 7", Corollary

3.8 applies, and

dYg (X, Y) = Ady 1 (X) + Y.

If we now choose (iX,0) € i -R x 0= Lie(S' x 1), X > 0 generating T, we
compute invoking Corollary 3.8

—(ll,(ez — e6)(Ad,1(iX)) = 2X > 0

iX 0 0 0O 0 O
0 —iX 0 0 0 0 1 .
1 0 0 —-iX 0 0 0 ;(63*66)(Adg1_|(1X))=72X <0
g (iX)g1 = 0 0 o 00 ol= | .
0 0 0 0 0 0 —(e4 = €6)(Ad 1 (X)) = =X <0
0 0 0 0 0 iX 1
—(es —ee)(Ad,1(iX)) = =X <0
l
1 Ad -1(iX)=2X >0
iX 0 0O 0 0 0 ?(61 —e6)( gz—l(l ) =2X >
1 0 0 —iXx 0 0 0 (€2 =€) (Ady 1 (X)) = 2X > 0
g Xg = 0 0 0 0 0 0 = 1 .
0 0 0 00 0 ~(e4 = o) (Ad 1 (X)) = X > 0
0 0 0 0 0 —-iX

%(65 - e6)(Adg;1 (iX)=X>0
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%(el - e6)(Adg;1(iX)) =X>0

iX 0 0 0 0 0
0 iX 0 0 0 0 1 .
» 0 0 —ix 0 0 0 lf(ez — 66)(Adg;1(lX)) =X>0
& XB=106 o 0 —ix 0 ol 1 _
0 0 0 0 0 0 17(23 — e6)(Adg3-1 (iX)=-X<0
0 0 0 0 0 0

1(64 —eg)(Ad —1(iX)=—-X <0
i 83

We can now apply Theorem 4.1 and obtain:

o(G//H) = £((=1)> + (=) 4+ (=1)?) = £1.
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