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ANALOGUES OF THE BOL OPERATOR FOR HALF-INTEGRAL
WEIGHT WEAKLY HOLOMORPHIC MODULAR FORMS

NIKOLAOS DIAMANTIS, MIN LEE, AND LARRY ROLEN

ABSTRACT. We define an analogue of the Bol operator on spaces of weakly holomorphic
modular forms of half-integral weight. We establish its main properties and relation with
other objects.

1. INTRODUCTION

The classical “Bol operator” has proved a very fruitful tool in various aspects of the theory
of modular forms. It provides one of the ways to address the difficulty that the derivative
of a modular form is typically not modular (see §5 of [Zag08] for a excellent discussion of
this problem). Among the applications of the Bol operator, we only point to two: Firstly,
the theory of period polynomials [Kno90] and, through it, the critical values of L-functions,
bases of spaces of cusp forms etc. Secondly, the theory of harmonic Maass forms [BFOR17,
Ch. 5] to which the Bol operator plays a fundamental role, not least because, together with
the “xi-operator” (see (1.3)), they uniquely determine the harmonic Maass form.

We outline its construction in the setting we will most often be using, namely that of
weakly holomorphic modular forms. For N € N and k € Z, let M}(N) denote that space of
weakly holomorphic modular forms of weight k for I'y(N), i.e. modular forms for which the
holomorphicity condition is relaxed to include functions with poles at the cusps. Then we
set

k—1
—
dzk—1"

This induces a map from M, _, (N) to M} (N) given, at the level of Fourier expansions, by

(1.2) D1 ( Z anq"> = Z annFlg".

n>—oo n>—oo

(1.1) DM = (2mi)

This Bol operator commutes with the Hecke operators and with the Fricke involution

Wy = <\/ON _1/0 ‘/N) It can be expressed as an iterated Maass raising operator [BFOR17,

Lemma 5.3] and forms a companion to the “shadow operator” on the space Ha_x(I'o(N)) of
harmonic Maass forms

(1.3) Eop = QM%; Hy_ 1 (To(N)) = Si(Io(N)),

where v = Im(z). Here Si(I'g(V)) stands for the space of cusp forms of weight &k and level
N. The interplay between D*~! and &,_;, is fundamental for the theory of harmonic Maass
forms and, in particular, the study of mock modular forms. Specifically, harmonic Maass

forms canonically split into two pieces, which are in turn annihilated each by one of these two
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operators. Thus, the two pieces of a harmonic Maass form can both be uniquely determined
via positive weight (weakly holomorphic) modular forms by using both operators.

Given the importance of the “Bol operator” hinted above, it is natural to seek analogues in
the space M (N, x) of half-integral weight k weakly holomorphic modular forms for I'o(N)
and character y. In contrast to the shadow operator which exists for k& half-integral and
behaves exactly as in integral weight, there is, as yet, no “companion” operator to &;_p.
Finding one has been a long-standing aim among researchers in the area.

Results hinting in this direction have been given, however. In [BGK14] a very interesting
map is constructed which sends weight 2 — k& harmonic Maass forms to weight k£ weakly
holomorphic cusp forms for k£ half-integral in a fashion that parallels the Bol operator. The
construction is based on the Zagier lifts and appears in the context of Shintani lifts from in-
tegral weight weakly holomorphic modular forms to half-integral weight weakly holomorphic
modular forms. Since the main aim was to ensure that the maps involved in the definition of
the Shintani lift are Hecke invariant, the Bol-style map of [BGK14] was, in fact, a family of
maps on certain individual subspaces of the space of weight 2 — k weak Maass forms. How-
ever, unlike the classical Bol operator, these maps do not have a simple action on Fourier
expansions, and while they have been put to good use to study L-values, they are in some
sense more mysterious.

Against this background, in this note we investigate three questions of increasing strength
and specificity

Question 1.1. Can one build an explicit analogue of the operator in (1.2) for the entire space
of half-integral weight forms?

A stronger form of this question is

Question 1.2. Let k € % + N, N € N and a Dirichlet character v» mod N. Does there exist
a linear map from M} _, (N, 1) to M, (N’ '), for some N’ € N and a character ¢ mod N’,
sending each

(1.4) f(2)= > cuq" € My (N, ¥)
n>-—ng
toa f; € ML(N',¢') which has the form
(1.5) fi(z) = Z (cul(n)n"~' + “lower order terms”) ¢"
n>—ng

for an explicit, bounded map ¢: Z — C independent of f and, as “lower order terms”, some
linear combinations of {¢_,,, ..., ¢,_1} with coefficients independent of f?

An even stronger version of the question, dispenses with the “lower order terms” in the
n-th Fourier coefficient of (1.5)

Question 1.3. Let k € % + N, N € N and a Dirichlet character » mod N. Does there exist
a linear map from M, ,(N,v) to M}(N’,4'), for some N’ € N and a character ¢ mod N’,
sending each f € M) _, (N, ) with Fourier expansion (1.4) to a f; € M (N’,¢') of form

(1.6) AE = Y clmntgr

for an explicit, bounded map ¢: Z — C independent of f?
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We will give an affirmative answer to Questions 1.1 and 1.2 by defining a family of Bol-
style maps on the entire space My , (N, 1) yielding elements of M} (N,1') with a Fourier
expansion of the form (1.5). For the construction, the relation between the theta functions

Oo(2) :== Z¢0(n)qn2 and 0,(z) = Zm/)l(n)q"Q,

n>1 n>1

for suitable characters 1,1, is used as a prototype of a Bol-style operator of weight 1/2
(see Prop. 3.1) and this is reflected in the structure of the formula for our operators. Indeed,
in addition to addressing Questions 1.1 and 1.2, they map 6y to 6;. Further, our operators
are derived by a process reminiscent of (group-)conjugating an integral weight Bol operator
by elements of the algebra generated by 6, 0;.

The use of theta functions in our construction is similar in spirit with the special case of
the Shimura lift that originated with Selberg and, later on, extended by Cipra and Hansen-
Naqvi [Cip89, HNO8]. In their setting too, the theta function is used to “complete” the
degree to an integer. A further similarity is that both their Shimura lift and our Bol-style
operator are explicitly identified and, in the negative direction, that neither their Shimura
lift nor our operator are compatible with the Hecke action. Finally, there is no basis to
ask whether their version of the Shimura lift is compatible with our Bol-style operator and
the classical Bol operator, because their lift, by construction, is only definable for positive
weights.

It is unclear whether the answer to Question 1.3 is affirmative and the main supportive
evidence is, on the one hand, the analogy with the integral weight case and, on the other,
the special case of the pair 6p,0; in weights 1/2 and 3/2. A positive answer would be
important, not just because the resulting construction will be simpler but, mainly, because
a function such as (1.5) will be more likely to be compatible with the Hecke action and with
the analogue of the Shimura lift for weakly holomorphic modular forms. In the last section
of the note, we propose an approach towards this question which is based on the direct and
converse theorems proved in our recent work [DLRR].
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2. BACKGROUND.

2.1. Basic notation. We recall the slash action |, of SLy(R) on smooth functions f: H — C
on the complex upper half-plane H, in the cases k € Z and k € % + Z:

e k € Z. We consider the action |, of SLy(R) on smooth functions f: H — C on the
complex upper half-plane H, given by

(2.1) (fli)(2) == (cz +d)* f(r2), for v = (CCL Z) € SLy(R).
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__ az+b
Here vz = <=

o k€ % + Z. Here and throughout, we set the implied logarithm to equal its principal
branch so that —m <arg(z) < m. If ($) denotes the Kronecker symbol, we set, for an odd
integer d,

is the Mo6bius transformation.

(2.2) o) = {1 if d =1 mod 4,

1 if d = 3 mod 4,

so that €5 = (=). We define the action |, of To(V), for 4|V, on smooth functions f: H — C
as follows:

EE 3

2.3)  (fl)(z) = (5) (cz+d)Ff(y2)  forall y = (C d) € To(N).

Let Wy, = (\/OM ‘*%771) for M € N. For both k € %Z we have

(2.4) (FleWar)(2) = f(Warz)(VMz) 7"

Note that we define the action |;WW); by the same formula in both the integral and half-
integral weight cases.

Foreach N € N, k € %Z, and Dirichlet character ¢y mod N, we denote by My (N, ) (resp.
M, (N,)) the space of holomorphic (resp. weakly holomorphic) modular forms for To(N)
and character ¢. The subspace of M (N, ) (resp. M} (N,) consisting of forms such that
the constant term of its Fourier expansion at each cusp vanishes is denoted by Si(N, )
(resp. S}.(N, 1) and called the space of holomorphic (resp. weakly holomorphic) cusp forms
for T'o(IV) and character 1. The absence of ¢ from the notation means that the implied
character is the trivial one.

2.2. L-series. Following [DLRR], we associate an L-series to each element of the above
spaces. As discussed in [DLRR], in the case of holomorphic cusp forms, these L-series are
equivalent with the classical L-series.

First, for each f : H — C, holomorphic in H with a Fourier expansion of the form

(2.5) f(z) = Z cpe?minz/M

for some M € N and ng € Z., we let F; be the set of piecewise smooth complex functions ¢

on R such that the series
> leal(Llgl) (2mn/M)

n>—ng
converges, where (L¢)(s fo ~sto(t)dt is the Laplace transform.

Let now k € 1Z N € N and a Dlrlchlet character ¢ mod N. If the Fourier expansion of
feM (N, @b) has the form (1.4) with M = 1, we define the L-series of f to be the map
Ly: Fy — C given by

Li(p) = > calLep)(2mn).
n>-—ng

We further consider the twists f, () given by

z



where for a Dirichlet character y modulo D and an n € Z, the generalized Gauss sum is

) = 3 x(wemns.

u mod D
The L-function of f, is defined by

Li(x,0) = Ly () = > caty(n)(Lp)(27n/ D)

for each ¢ € Fy, .

One of the main advantages of this distributional-type setup is that it was used in [DLRR]
to prove a Weil-type converse theorem. To state the direct and converse theorems for our
L-series, we set, for each ¢ : Rt — C

(2.6) (leWar) (@) = ((Max)™")(Mz)~".
We recall the following theorem from [DLRR].
Theorem 2.1. Fiz k € %Z. Let N € N and let ¢ be a Dirichlet character modulo N. When

ke %—i—Z, assume that 4| N. Suppose that f is an element of M (N, ) with expansion (1.4)
and that x is a character modulo D with (D, N) = 1. Set g := f|,Wx and

(2.7) Frgi= ﬂ {tp € Fy, : plaaWn € ]:gx}.

x mod D
Then Fy 4 # {0} and we have the following functional equations. For each p € Frq, if k € Z,

—N)yY(D
(25) Lot p) = XD L ),
For each ¢ € Fyg4, if k € % + Z,
1 —N)y(D
29 Lbow) = o) )X L, )

Here ¥p(u) = (%) 1s the real Dirichlet character modulo D, given by the Kronecker symbol.

Note that the factor in (2.9) differs from [DLRR] due to our different normalisation of
flxWx. We now recall the converse of Theorem 2.1 from [DLRR].

Theorem 2.2. Let N be a positive integer and v a Dirichlet character modulo N. For
J € {1,2} and some integer ng, let (a;(n))n>—n, be a sequence of complex numbers such that

aj(n) = O (ec ‘”') as |n| — oo for some constant C' > 0. Define holomorphic functions

fir H = C by fi(2) =35, aj(n)e”™.
For all D € {1,2,...,N? — 1}, ged(D, N) = 1, Dirichlet character x modulo D and any
smooth, compactly supported ¢ : R, — C, assume that

XN,

Lfl(Xv@) fz(yvgob—kWN)

b1
if k€ Z, and
Ly () = #0010 X 1 i, ol
D 2
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if ke % +7Z. Then, the function fi is a weakly holomorphic modular form with weight k and
Nebentypus character ¢ for Uo(N) and fo = f1[xWh.

3. ANALOGUES OF THE BOL OPERATOR

3.1. Theta series of weight 1/2 and 3/2. Before beginning our main construction, we
first recall the classical unary theta functions [Shi73]. Let Ny, N7 two positive integers. Fix
an even ¢y mod Ny and an odd character ¢y mod N;. Set

(3.1) Oo(2) =) wo(n)g"

n>0
and
(3.2) 01(2) ==Y nipi(n)g".

For computational convenience, we take 1(0) to be 1/2, 1y is the trivial character. By
[Shi73, Section 2], we have that 6 is a modular form of weight 1/2, level 4NZ and character
o. Also, 0; is a modular form of weight 3/2, level 4N? and character v, (_—1) If, in addition,
1o (resp. 1) are real and primitive, we have the transformation equations

(3.3) Ool1/2Wanz = (iNo)™"*7(h0)0o;
(3.4) 01132 Wanz = —(iN1) ™7 (1161,

where, for ¢ =0, 1,

(i) = Z @bz’(u)@zmﬁi-

uw mod N;

Remark. The primitivity of ¢, 1 is needed only for (3.3), (3.4) not for the modularity of
6o, 6;.

Recall that vy is a real, even, primitive Dirichlet character modulo N,. In the next
proposition, we will answer Question 1.3 in the case of the subspace M;/(4Ng, ) of
M{ /2(4N§, 1p). Specifically, we will define a map such as the one posited in Question 1.3.
Any f € M;;5(4Ng, hy) with Fourier expansion f(z) = > ., a(n)q", is mapped to the
function -

(3.5) (82711)(2) = Y a(n)l(n)nz""¢"

with ¢ : Ny — R given by

(‘—i) when /n € N,

0 otherwise.

(3.6) l(n) := {

Now we will prove that the image of the map §2! is contained in M, /2(64NG, o).

Proposition 3.1. The answer to Question 1.8 is positive in My j5(4NG, o), for vy mod Ny

real, even and primitive.
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Proof. First note that, by [SS77, Theorem A, a basis of M 5(4Ng, 1ho) consists of the series

Opi(2) =D d(n)g™

for (¢,t) such that ¢ € N, 1) is even, primitive with conductor r, 4r?t|[4NZ and 1o(m) =
¥(m)x:(m) whenever (m,4NZ) = 1. Here x; is the primitive character of order less than

equal 2 corresponding to the field extension Q(¢2) over Q ([SS77, p.30, §1.2]). When ¢ is
square we set x; = 1. As above, by convention, ¥ (0) = 1/2 if 4 is the trivial character.
For a non-negative integer n, we define

.) () = {W T) when | nand /T EN,

0 otherwise.

Then

(3.8) Opi(2) = a(m)q™.

m=0

We have
(3.9) (027050 (2) = > ae(m)e(m)m="'q™ = > w(n)l(tn?)(tn?)= ¢,

m>0 n>0

Note that £(tn?) = 0 unless ¢ is square. So ¢§ %_Ww = 0 unless t is square. If ¢ is square,
then 1y = v and thus » = Ny, which implies that ¢ = 1. Therefore,

3

(3.10) 627 10,4(2) =0
unless (¢, t) = (1o, 1). When (¢, t) = (1, 1), comparing with (3.2), we get

(3.11) (55 10,)(5) = 3 don) (‘—1) ng” = 6(2)

n
n>0

with ¥ = g (_—1) Since, v is a Dirichlet character modulo 4Ny, 6; is a weight 3/2 modular
form of level 4(4Ny)? and character v (_—1) = 1)y. Therefore, the assignment

Z a;(n)q" — Z at(n)f(n)n%_lq"

n>0 n>0

induces a linear map from M o(4NG, ¥g) to Ms/2(64NG, 1), confirming the assertion of
Question 1.3. U

This instance of a positive answer to Question 1.3 is special because it concerns forms of
moderate growth which can occur only if both weights involved (k and 2 — k) are positive.
This happens only if £ = 1/2 or 3/2 and therefore, for more general half-integral weights
one must by necessity consider weakly holomorphic forms. However, the relation between 6,

and ¢; will be used as the basis for the general weight case in the next subsection.
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3.2. The main construction. Throughout subsections 3.2-3.4, we fix a real, primitive, even
1o mod Ny and a real, primitive odd character ¢; mod Ny such that 0y(+, 1) and 6;(-, 1)
have no zeros in H. Further fix an integer a. Then, for each smooth function f : H — C, set

(3.12) 0 (f) = 032 ()0, (=) D (050 1),
where DF=2 is the usual Bol’s operator given in (1.1). Here, note that k — 2 eNy.

Theorem 3.2. Set N :=lem(4NZ,4N?2). For each v = (}}) € To(N), we have

_ —1\ o(d) -
5k 1 B — (_) 5k 1
a (f|2 kfy) d wl(d) a (f)‘k7
Suppose further that Ng = Ny. Then, with N = lem(4N¢,4N?) = 4NZ, we have
(%)

SE N (f ok W) = — 2 K=L)W

(1)

Proof. Since 6 (resp. 6;) has weight 1/2 (resp. 3/2) and character ¢ (resp. ¢; - (1)) for
Lo(4NZ) D To(N) (resp. To(4N?) D Th(N)), we have

(3.13)
0 (Fla-r7) = Hga_2(z)9%_a(z)Dk_% ((9o|%7)1_3a(91|%7)af|2—k7> do(d)' T (d) (_71)
= (98‘1—2(,2)9%_“(2)Dk—% ((feé_gaef)(’}/z)(cz + d)—%—(2—k)> Eclz+2(2_k)1zo(d)l_3aizl(d)“ (—71) '

The function to which D*~%?2 has been applied equals (f0;°*0%)|o—(x—1/2y7 (note that the
weight is integral). Then we apply the standard Bol’s identity followed by the modularity
of 6, and 6;. We obtain

(3.14) 612(2)6) (2)€} 0 (DR (637408)],_17) (=) Bl )~ (d)" (%)

= (ol ) Bla) o)k MO (105002 Tl ) ()

d
d)
— 0 3(1—291—(1 Dk—§ 91—3@0@ d —k E —2k w(]( )
0(12)* 20 () DF (B =) e+ ) () 6
In the last equality we used the identity €2 = (_71) Using the same identity and the

definition of the action |, (with & half-integral), we can simplify to deduce the first identity
of the theorem.
Suppose now that Ny = N;. Then (3.3), (3.4) imply that

(~1)° (D) />

6%_3a9?(f|2—kWN) = (1o )1 =37 (1) )@
8
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Bol’s identity, followed by an application of (3.3) and (3.4), imply that

a(y 1/2—a
5(;0))1(3107)(;1)11 05 201 (DF*2 (05507 ) l—1/2Wn
(21N YA (—1)1 (i)
= 7(100) =307 (1) 7(3hg )30 27 (31 ) 1@
X (Bol1/a W) (01]3/2Wn) '~ D 22(057°403 £ ) -1/2Win

which, after simplification, implies the second identity of the theorem. O

(3.15) 0N (flakWn) =

With the notation of the theorem, we see that the answer to Question 1.1 is positive:

Corollary 3.3. Let f be a weakly holomorphic modular form of weight 2 —k € % — Ny, level
N and character 1. Then 5*7Y(f) is a weakly holomorphic modular form of weight k, level
N and character d — ¢(d) () D) I particular,

o (d)
5% (60) = 01,

Note that since #y has no zeros in H, 6*~1(f) is well-defined and gives a weakly holomorphic
form.

In our construction, the parameter a is assumed to be integer. However, 651 can be
defined for other values too and, in some cases, it can be shown to coincide with other
well-known operators. We will discuss one such example.

We first note that the equation defining %71 in (3.12) gives a well defined function when
a € Q. We also recall the definition of Rankin-Cohen bracket in the form given, e.g. in
[Zag77], which includes the case of half-integral weights. For n € Ny and modular forms f
and g of level N, weights k, ¢ respectively, and characters x, 1 respectively, we set

RS wi(m\ TE+)T+n) G oy
sl = 30 () e o

=0

where f) denotes the j-th derivative of f. The function [f, g, is a modular form of weight
k + ¢ + 2n and character xv. Then we have

Corollary 3.4. Let f be a weakly holomorphic modular form of weight —1, level N and
character 1. Set

(3.16) F(z) = f(42)00(2).
Then 5
3/2
0y/a(F) = —[01, f(4)]y
Proof. This follows by a direct calculation. O

Remark. We have not been able to find so simple a relation of our Bol-style operator with
Rankin-Cohen brackets for general weights and values of the parameter a. However, the
structure of the half-integral weight forms that are the subject of Corollary 3.4, exhibits
some interesting similarity with that of modular forms that can be lifted to integral weight
modular forms according to Selberg’s version of the Shimura lift. This will be discussed in

the next subsection.
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3.3. Selberg’s version of the Shimura lift. The construction of the operator §5~1 has
quite a few analogies with Selberg’s version of a Shimura-type lift (see [Cip89]). We recall
its simplest case and then point out those analogies:

Let k be an a positive even integer and let f(z) = >, -, a(n)¢" € Sp(1) be a normalised
eigenform for all Hecke operators. Set -

F(z) == f(42)00(2) € Sky1/2(4).
Then

S(F)(2) = f(2)* = 2571 f(22)°
belongs to Sar(2).

The most essential analogy of Selberg’s construction with the construction of 65! is that
it uses a fixed half-integral weight form (namely 6y, as in our construction) in order to
translate the situation into the more familiar context of integral weight forms. Furthermore,
this “translation” is based on a multiplication with the theta function.

As in our construction, Selberg’s lift is not Hecke-invariant. Furthermore, since his con-
struction is intrinsically built on holomorphic cusp forms, it can only be carried out in the

case of positive weight and therefore we cannot check if 5! is compatible with D*~2 via
Selberg’s lift.

_3
3.4. Fourier expansion. We will compute the Fourier expansion of 55 2(f) in the special

case a = 0 which will allow us to answer Question 1.2
In addition to the assumptions of the previous subsections, we assume that the Dirichlet
character 1y associated to the theta series 0 is also non-trivial. Recall that

(3.17) Dk_g< Z anq"> = Z "2 a,q".

m>>—00 m>>—00

Since 6y is non-trivial, we note that 6; /62 has a Fourier expansion of the form

91(Z> o - n . o
(3.18) O Z anq with a_; = 1.

n=-—1

We then have:

Proposition 3.5. With notation as above, let

oo

f2)=) cud”

n=-—ng

be a weakly holomorphic modular form of weight 2 — k € 5 — N, level N = lem(4Ng,4N7)
and character . Then, the Fourier expansion of 65 (f) is given by

§HNHE =D " < >« <Z (Hm)k—%(man_l_m))

n=-—ng l=—no m=1

where, Yo(v/m) = Uo(my), if m =m? (m € N), and 0 otherwise.
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Proof. With the Fourier expansions of 6y, f and (3.18) we see that

55_1(f)(2) = <Z anqn) Dk_% ( Z (Z ¢0 Cm_l>) .

With (3.17) followed by the change of variables n +m — n, we deduce

(3'19) 5g_l(f)(z): Z qn< Z m 2an m (Z wO Cm—l))

n=-—ng m=1—ng
n+1 m—1
= Z q" ( Z m* 2 a,_, ( Z o(Vm — l)cl)>
n=-—ng m=1—ng l=—nyg

which, by an interchange of the inner sums, equals

n n+1
DR DD DI TR ey
n=-—ng l=—ng m=Il+1
The change of variables m — [ 4+ m in the last sum implies the result. 0

This proposition, together with Cor. 3.3, allows us to answer Question 1.2 positively:

Corollary 3.6. Let k € 3 + N, N € N and a Dirichlet character 1) mod N. Set {(n) :=
(n+1)%2/nF1 if n £ 0 and £(0) := 0. Then 65" is a linear map from M (N, ) to
M;, (N Y- (= )w—;) sending each

(3.20) f(2) = cnq" € My (N, )

n>-—ng

toafleMk<N1p( )5—) of the form

(3.21) filz) = Z (cal(n)n*~' + “lower order terms”) ¢"
n>—ng
where the “lower order terms” are linear combinations of {¢_ny, ..., Cn_1} with coefficients

independent of f.

4. POSSIBLE APPROACH TO QUESTION 1.3

We outline an approach based on Theorems 2.1 and 2.2 which could potentially shed light
on Question 1.3. Specifically we will derive a sufficient condition for a map ¢ to give an
affirmative answer to that question. We will first prove a functional equation that the L-
series of a weakly holomorphic modular form must satisfy if the answer to Question 1.3 is
positive. We will then identify a condition that implies that functional equation. Then, by

the Converse Theorem 2.2, we can deduce the modularity of the function f; of (1.6).
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.1. Functional equations. Let f be a weakly holomorphic cusp form of weight 2 — k €
— N, level N and Nebentypus ¢ with a Fourier expansion of the form (1.4) and such that

f\2—kWN = cf,

for some ¢ € C. (This is only assumed for simplicity). We assume that the statement of
Question 1.3 holds and therefore, that there exists a bounded ¢ : N — C, independent of f,

such the function
RE = Y el
n>>>—oo

belongs to M} (N’,4'), for some N’ € N and some character ¢ mod N’. Finally, we assume
that, if flo_Wx = cf, for some ¢ € C, then fi|o_Wx, = cAf1, for some A € C, as is to be
expected for a useful Bol-style operator.

The Direct Theorem 2.1 then implies that for each character x mod D with (D, NN') =1
and for each compactly supported ¢ : R — C we have

NEX(=N)i(D)

(SIS

() Ll e) = Pen (1) N) = LR, 9l W)
U (FDFEN) (=N (D)
(4.2) Ly (X, ) = i7cA (N Ly, (Xtp, @l2-kWnr)

for every character x modulo D for (D, N') = 1.
There is a relation between L¢(x, ¢) and Ly, (x, ¢): We let h be a smooth function on Ry
such that h(n) = ¢(n) for n € Z and we set

(43) an(p) = £ ((S—f) n(2) W)(p)) ,

Then, for all characters x modulo D with (D, NN') = 1. we have

19) Lulew) = 3wl ence) (22
= 3 rnetiante) (25) = Lilnan(e),

n>=>—oo

Thus (4.2) becomes

¥ (<L) 73N7) X(=N")¥/(D)
ep(N') Ay

Upon applying (4.1) to the left-hand side, we deduce the following proposition.

L¢(x, ap(p)) = i"eA Li(X¢p, ap(plo—Wnr))

Proposition 4.1. Let k € %—I—N, N € N and a Dirichlet character 1 mod N. Assume there
is a linear map from M} _, (N, ) to M}.(N',4), for some N' € N and a character 1/ mod N,
sending each f € My_, (N, 1) with Fourier expansion (3.20) to a f; € ML(N', ') of the form

(4.5) A= Y clmntg"

n>-—ng
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for an explicit, bounded map (: 7 — C independent of f. Further assume that if f|o_ Wy =
cf, for some c € C, then fi|la_Wn, = cAfi, for some X € C.

Then, for each f € Sy ,(N,v) such that flo_ Wy = cf, for some ¢ € C and for each
piece-wise smooth, compactly supported ¢ on R, we have

(4.6) Ly (X¢p,ap(@)sWn) = Li (X¢p, bap (pla-xWn)) -
where

L 2N, N’ W(D) AL AP
(4.7) b= Mp ((—1) ’fﬁ) X (F) o(D) (NN")"zN'.

4.2. A sufficient condition for a positive answer to Question 1.3.

Proposition 4.2. Let k € %—I—N, A€ C, N,N' €N and 1,4 Dirichlet characters modulo N
and N’ respectively. Suppose that there is a h : R — C such that, for all smooth compactly
supported p on R and all x mod D ((D,NN’) =1) we have, for all p € R,

(4.8) b (%)H h (%) L (go (ﬁ) (Nx)k_z) (p)
. ((Nx)_kﬁ‘l ((%) 0 (52) W)(p)) (Ni)) )

where b is given by (4.7) for some A € C. Then, if f € My_,(N, ) with Fourier expansion
(3.20) and such that flo_ Wx = cf, for some ¢ € C, then the function f; given by

(49) )= S et g

n>—oo
belongs to ML(N',v') and eAfi = filsWhr.
Proof. We first observe that, by the definition of ap, (4.8) implies
(4.10) bap (le—kWnr) = ap (@) [1W,

By construction, we have Ly, (x,¢) = Ls(x,ap(¢)). Further, since f € M, ,(N,v) and
flo—xWn = cf, Theorem 2.1 implies (4.1). Therefore,

NEX(=N)i(D)

Ly, (x.¢) = 'etp((=1)37N)
Then, (4.10) implies that this equals
b0 (CDA) X-NwD)
ep(N)2!
The last term of (4.11) equals Ly, (X¢p, ¢lo—xWn+) and thus we have
U ((Z1F75N7) X(=N')¥/(D)
ep(N")z !

Then Theorem 2.2 implies that f; € ML(N’,+') and that cAf; = fi [ W O
13

Li(Xt¢p, ap(e)iWn).

(4.11) e Li(Xtp, ap(pla—Wnr)).

Ly (x, ) =i

Loy, XD, plo—Whr).



This proposition implies that “solving the equation (4.8) in h” would give an affirmative
answer to Question 1.3.

In [DLRR] (Proposition 5.5) we show that this approach works in the case of integral
weight, with map h = 1. The stumbling block to transferring this to the case of half-integral
weight is that some Laplace transform identities crucial in the integral weight case do not
hold or lead to infinite sums in the half-integral case. Therefore, “solving the equation (4.8)
in A” is harder.

For example, in the case of integral weights, the proof of the analogue of (4.8) with h =1
hinges, in a sense, on with the simple relation J_;(z) = (—1)¥Ji(2) satisfied by the J-Bessel
functions when £ is integer. This relation does not hold for k& ¢ Z, but the explicit expressions
for J_p and Ji do exhibit some similarities. Specifically, for each n € N, we have ([DLMF,
10.47(ii), 10.49(iii))):

2 1 1 d\" [sinz
Jn+%(2)_ P (—;@) ( B ),
(4.12)

I _1(z) = (—1)" 2 el <_l£)n (COSZ> _

2 T zdz z

This more complicated pattern may, on the one hand, account for the difficulty in extending
the method of proving [DLRR, Proposition 5.5] to the case of half-integral weight and, on
the other, give hope that a “solution in A” of (4.8) may exist.

We might perhaps complete this picture by pointing out that, for k ¢ %Z, there is, as
far as we are aware, no recognisable relation between J, and J_,. This could be viewed as
consistent with the expectation that no weight k£ Bol-type operator should exist for such k.
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