A Q-OPERATOR FOR OPEN SPIN CHAINS II: BOUNDARY
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ABSTRACT. One of the features of Baxter’s Q-operators for many closed spin chain models is that
all transfer matrices arise as products of two Q-operators with shifts in the spectral parameter. In
the representation-theoretical approach to Q-operators, underlying this is a factorization formula
for L-operators (solutions of the Yang-Baxter equation associated to particular infinite-dimensional
representations). To have such a formalism to open spin chains, one needs a factorization identity
for solutions of the reflection equation (boundary Yang-Baxter equation) associated to these repre-
sentations. In the case of quantum affine sl and diagonal K-matrices, we derive such an identity
using the recently formulated theory of universal K-matrices for quantum affine algebras.
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1. INTRODUCTION

1.1. Background and overview. Baxter first introduced his Q-operator in [Ba72, Ba73| as an
auxiliary tool in the derivation of Bethe Equations for the eigenvalues of the 8-vertex model transfer
matrix. The key characters in the story are the transfer matrix 7 (z) and the Q-operator Q(z). A
detailed description of the essential properties of 7(z) and Q(z) can be found in [BLZ97] (also see
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[VW20] and references therein); the key relation that they satisfy that leads directly to the Bethe
equations is of the form

(1.1) T(2)Q(2) = a1.(2)Q(qz) + a-(2) Qg™ '2),

where a4 (z) are meromorphic functions and ¢ € C* is not a root of unity.

In the original papers of Baxter, the operator Q(z) was constructed by a brilliant but ad hoc
argument; the representation-theoretic construction of Q(z) had to wait more than 20 years until
the work of Bazhanov, Lukyanov and Zamolodchikov [BLZ96, BLZ97, BLZ99]. The main idea of the
latter approach is to construct both 7(z) and Q(z) as partial traces over different representations
of the universal R-matrix R of U, (5A[2) The operator T (z) is a twisted trace over a two-dimensional
U, (sly)-representation I, and O(z) is a similarly twisted trace over an infinite-dimensional U, (b1)-

representation p., where bt is the upper Borel subalgebra of ;[2 (the relevant representations are
defined in Section 4.4 of the current paper). The relation (1.1) for closed spin chains then follows
immediately by considering a short exact sequence (SES) of U, (E*)—representations with II, ® p,
as its ‘middle’ object (cf. [FR99, Lem. 2 (2)]). For an arbitrary untwisted affine Lie algebra g with
upper Borel subalgebra E*, the level-0 representation theory of Uq(6+) was studied in [HJ12]; for
the general connection with the theory of Baxter’s Q-operators see [FH15].

As well as this direct SES route to the equation, there is an alternative strategy which we refer
to as the “factorization approach”; for closed chains see [BS90, De05, DKKO06, De07, BJMST09,
BLMS10]. In fact, this approach was the one taken by Bazhanov, Lukyanov and Zamolodchikov.
The work that developed this formalism in language most similar to the current paper, is [KT14].

In this approach, a second operator Q(z) with similar properties to Q(z) is introduced as a
trace of R over another infinite-dimensional representation o, of Uq(EJr). The affinized version v,
of the Uy(sly)-Verma module is also considered as well as an another infinite-dimensional filtered

Uy, (E*)—module ¢.; these two representations depend on a complex parameter u. The key connec-
tion between all representations is given by Thgorem 4.4, which expresses the fact that particular
pairwise tensor products are isomorphic as U,(b*)-modules by means of an explicit intertwiner O
(defined in Section 4.5 of the current paper). At the level of the L-operators this implies

(1.2) O12L,(q"2)13L5(q " 2)23 = Ly(2)13L4(2)23012,

(see Theorem 5.2 of the current paper), which is referred to as factorization of the Verma module
L-operator £,(z) in terms of the L-operators £,(z) and L£;(z) which are used to define Q(z), 9(z)
(the transfer matrix corresponding to the additional operator L4(2) is trivial).

Defining 7,(2) to be the transfer matrix that is the trace over the p-dependent representation

v, of R in the first space, Theorem 5.2 yields a relation of the following form:
(1.3) To(2) o« Q(z¢7+/%)Q(2¢"?).

The SES associated with v, in the case p is an integer then leads to the key relation (1.1).

1.2. Present work. In the current work we are interested in an analogue of (1.2) for open chains,
setting out an approach to Q-operators which complements the SES approach of [VW20].

The problem of Q-operators for open XXZ chains with diagonal boundaries was discussed in
[BT18] and in [Ts21]. The XXX version of this problem was solved already in [FS15]. Earlier,
Baxter TQ-relations with more general boundary conditions were found in [YNZ06] (XXZ) and
[YZ06] (XYZ) by spin-j transfer matrix asymptotics.
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Our main result is the following analogue of Theorem 5.2, which we call the boundary factorization
identity and answers in the positive a question raised in [BT18, Sec. 5

(1.4) Ko(2)1Rug(2*)Ks(2)2 O = OK,(¢"2)1R g5(2*)Kg(q 7" 2)2

where z is a formal parameter (which can be specialized to generic complex numbers). The precise
statement is given in Theorem 8.1. This formula involves the actions of the universal R-matrix
of U,(slz) in tensor products of the various infinite-dimensional representations introduced. In
addition, the various K-operators are diagonal solutions of reflection equations (boundary Yang-
Baxter equations) [Ch84, Sk88]. They arise as actions of the universal K-matrix associated to the
augmented g-Onsager algebra, a particular coideal subalgebra of Uq(g[g), which featured also in
e.g. [BB13, RSV15, BT18, VW20]. More precisely, diagonal solutions of the reflection equation
with a free parameter, considered by Sklyanin in his 2-boundary version of the algebraic Bethe
ansatz in [Sk88], are intertwiners for this algebra.

Equation (1.4) has a natural diagrammatic formulation, see Section 8. In a subsequent paper
the authors will explain how (1.4) yields relations analogous to (1.3) and hence (1.1) for open chains.

The proof of (1.4) and of the well-definedness of the various K-operators is an application of
the universal K-matrix formalism developed in [AV22a, AV22b] which is built on the earlier works
[BW18, BK19]. More precisely, it relies on an extension of the theory of K-matrices for finite-
dimensional representations of quantum affine algebras in [AV22b] to level-O representations of
U, (EJF), which we discuss in Section 3. The key point is that, for the special case of the augmented
q-Onsager algebra there exists a universal element X, centralizing this subalgebra up to a twist,
simultaneously satisfying three desirable properties.

(i) The element K lies in (a completion of) the Borel subalgebra Uq(EJr), so that the resulting

family of linear maps is itself compatible with U, (E*)—intertwiners (which play an essential
role in the algebraic theory of Baxter Q-operators).

(ii) The coproduct of K is of a particularly simple form, which is relevant for the proof of the
boundary factorization identity.

(iii) The linear operators accomplishing the action of K in level-0 representations satisfy the
untwisted reflection equation.

Thus we obtain the factorization identity (1.4) as a natural consequence of the representation
theory of Uq(glg). The main benefit of this universal approach is that laborious linear-algebraic
computations are avoided; in particular, we not even need explicit expressions for the various
factors. Nevertheless, we do provide these explicit expressions, as we expect them to be useful in
further work in this direction. We also give an alternative computational proof of (1.4), to illustrate
the power of the universal approach.

This is a ‘boundary counterpart’ to the level-O theory of the universal R-matrix, which we also
include for reference. We do this in Section 2, staying close to the original work by Drinfeld
and Jimbo [Dr85, Dr86, Ji86a, Ji86b]. In particular, Theorem 2.4 states that the grading-shifted
universal R-matrix has a well-defined action as a liAnear—operatoAr—V&lued formal power series on
any tensor product of level-0 representations of Uy(b*) and Uy(b~) (including finite-dimensional
representations). Often this well-definedness is tacitly assumed, see e.g. [VW20, Sec. 2.3]. It
also follows from the Khoroshkin-Tolstoy factorization [KT92] of the universal R-matrix, see also
[BGKNR10, BGKNR13, BGKNRI14]; however we are unaware of such a factorization for the uni-

versal K-matrix.
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1.3. Outline. In Section 2 we study the action of the universal R-matrix of quantum affine sls on
tensor products of level-0 representations of Borel subalgebras. Section 3 is a ‘boundary analogue’ to
Section 2, where we consider the augmented g-Onsager algebra. We show that its (semi-)standard
universal K-matrix, see [AV22a, AV22b], has a well-defined action on level-0 representations of
U, (EJF), see Theorem 3.6, and satisfies the above three desirable properties.

In Section 4 we discuss the relevant representations of Uq(a+) in terms of (an extension of)
the g-oscillator algebra, as well as the Uq(EJF)-intertWiner 0. Various solutions of Yang-Baxter
equations are obtained in Section 5 as actions of the universal R-matrix in tensor products of Borel
representations. Similarly, in Section 6 we introduce solutions of the reflection equation as actions
of the universal K-matrix in Borel representations.

We revisit the SES approach to Baxter’s Q-operators for the open XXZ spin chain in light of the
universal K-matrix formalism in Section 7. Next, in Section 8 we give a diagrammatic motivation
of the boundary factorization identity (1.4) for the open XXZ spin chain, and provide a short proof
using the level-0 theory developed in Section 3. Finally in Section 9 we summarize the main results
and point out future work.

Some supplementary material is given in appendices. Namely, Appendix A provides some back-
ground material on deformed Pochhammer symbols and exponentials. Moreover, Appendix B
contains derivations of the explicit expressions of the two R-operators appearing in (1.4). In Ap-
pendix C we provide a computational alternative proof of the boundary factorization identity (1.4),
relying on the explicit expressions of all involved factors. The key tool of this proof is provided by
Lemma C.1, which consists in two product formulas involving deformed Pochhammer symbols and
exponentials. We emphasize that the main text and its results do not rely on Appendices B and C.
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2. QUANTUM AFFINE slp AND ITS UNIVERSAL R-MATRIX

In this section we study the action of the universal R-matrix of the quasitriangular Hopf algebra
quantum affine sl on tensor products of level-0 representations (including infinite-dimensional
representations) of the Borel subalgebras. We give a basic survey of the algebras involved, the
representations and the quasitriangular structure and show that the universal R-matrix has a well-
defined action on tensor products of all level-0 representations of the Borel subalgebras.

2.1. General overview of finite-dimensional R-matrix theory. To formulate a quantum
integrable system in terms of a transfer matrix built out of R-matrices, one needs finite-dimensional
representations of a suitable quasitriangular Hopf algebra. To get trigonometric R-matrices, one
can proceed as follows.

Let g be a finite-dimensional simple Lie algebra and note that the untwisted loop algebra Lg =
g ® C[t,t!] has a central extension § = Lg @ Cc. In turn, this can be extended to § = g ® Cd
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where d satisfies [d, -] = t%. For a fixed Cartan subalgebra b — g we define
h:=h®Ce, H:=h®Cd.

The Lie algebra g is a Kac-Moody algebra and hence has a non-degenerate bilinear form (-, -), which
restricts to a non-degenerate bilinear form on §. See e.g. [Ka90] for more detail.

The universal enveloping algebras U(g) and U(g) can be q-deformed, yielding non-cocommutative
Hopf algebras (Drinfeld-Jimbo quantum groups) U,(g) and U,(g), see e.g. [Dr85, Dr86, Ji86a,
KT92, Lu94]. The nondegenerate bilinear form (-,-) lifts to U,(g) inducing a pairing between
the g-deformed Borel subalgebras and hence a quasitriangular structure. On the other hand, the
subalgebra U, (g) has a rich finite-dimensional representation theory, see e.g. [CP94, CP95, Ch02,
HJ12]. The grading-shifted universal R-matrix has a well-defined action on tensor products of
finite-dimensional representations of U,(g) as a formal power series, see e.g. [Dr86, FR92, KS95,
EMO03, Hel9]). We now discuss the natural extension of this theory to level-0 representations of
Borel subalgebras, including various infinite-dimensional representations. We will restrict to the
case g = sly (but the theory generalizes to any quantum untwisted affine algebra).

2.2. Quantum affine sly. Denoting the cNanonical Cartan generator of sly by hq, 6 is spanned by
ho = ¢ — h1 and hq. The bilinear form on b is defined by
(ho, ho) = (h1,h1) = —(ho, h1) = 2, (ho,d) =1, (h1,d) = (d,d) = 0.

Fix e € C such that ¢ = exp(e) is not a root of unity. For all u € C we will denote exp(eu) by
¢". First, we define U,(g) as the algebra generated over C by e, f and invertible k subject to the
relations

~1
(2.1) ke = q’ek, kf=q > fk, e, f] = Eoh

gt
® Uq(g):
(2.2) Ale) =e®1+k®e, Af)=fRFK'+10f, A =k @k

It uniquely extends to a Hopf algebra structure on Uy(g). Now the main algebra of interest, U,(g),
arises as follows.

q
The following assignments determine a coproduct A : Uy(g) — Uy,(g)

Definition 2.1 (Quantum affine sly). We denote by U,(g) the Hopf algebra generated by two
triples {e;, fi, ki} (i € {0,1}), such that:

(i) the following assignments for i € {0, 1} define Hopf algebra embeddings from U,(g) to U,(g):

(2.3) e—e,  f—fi,  kekg

(ii) the following cross relations are satisfied:
(2.4) kikj = kiki,  kiej = q Pejki,  Kifi = ¢ fiki, les, fi] =0,
(2'5) [eiv [eiv [ei7 ej]qz]l]q*2 = [fza [fz, [fz, fj]qz]l]q*2 =0,

for i # j, where we have introduced the notation [z,y], := zy — pyz. &z

Consider the affine Cartan subalgebra 6 = Chy @ Ch;. Note that its g-deformation Uq(f)\) =
<k§1, k1i1> is isomorphic to the group algebra of the affine co-root lattice

(2.6) QV = Zhy + Zhy c b.

The nontrivial diagram automorphism & of the affine Dynkin diagram, i.e. the nontrivial permu-
tation of the index set {0, 1}, lifts to a linear automorphism ® of h which preserves the lattice QV.
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Accordingly, it also lifts to an involutive Hopf algebra automorphism of U,(g), also denoted @, via
the assignments

(2.7) ©(e;) = eniy, (i) = faw, O =kgy  forie{0,1}.

2.3. Quantized Kac-Moody algebra. To define the quantized Kac-Moody algebra U,(g), one

chooses an extension @V of @V (a lattice of rank 3 contained in E) preserved by ®.

Remark 2.2. The standard extension of the affine co-root lattice Zhg+ Zhi + Zd is not so convenient
for us, mainly in view of the construction of the universal K-matrix in Section 3.3. Namely,

extensions of ® to E which are compatible with the bilinear form on H do not preserve this lattice,
see also [Kol4, Sec. 2.6] and [AV22a, Sec. 3.14]. z

The most convenient choice is to use the principal grading and set
1 3
(2.8) dor = —Sho + Shi +2d €,
so that
(dprvho) = (dprahl) =1, (dpr,dpr) = 0.

Now we set ®(dpr) = dpr and obtain a linear automorphism @ of E preserving the lattice

~

QY = Zho + Zhy + Zdy.
The corresponding dual map on E*, also denoted by ®, preserves the extended affine weight lattice
(2.9) P={eh*|NQY) =2},

Accordingly, we define U,(g) as the Hopf algebra obtained by extending U,(g) by a group-like
element! ¢ satisfying
(2.10) gei = qeig,  gfi=q 'fig,  gki=kig.
Hence, the assignment ®(g) = g together with (2.7) defines an involutive Hopf algebra automor-
phism of Uy(g).

2.4. Co-opposite Hopf algebra structure. For any C-algebra A, denote by o the algebra au-
tomorphism of A® A which sends a ®a’ to '’ ® a for all a,a’ € A. If X € A® A we will also write
X2 for o(X).

If A is a bialgebra with coproduct A, the co-opposite bialgebra, denoted AP, is the bialgebra
with the same underlying algebra structure and counit as A but with A replaced by

(2.11) AP :=0go0A

(if A is a Hopf algebra with invertible antipode S, then AP is also a Hopf algebra with antipode
S~1). The assignments

(2.12) w(e;) = fi, w(fi) = e, w(k;—rl) = ki‘T’l for i € {0,1}, w(g) = gt

define a bialgebra isomorphism from Uy,(g) to Uy(g)®P (in particular, (w®w)o A = A% ow) which
commutes with ®.

1t is equal to exp(edpr) if we define U,(§) as a topological Hopf algebra over C[[€]].
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2.5. Weight modules. We review some basic representation-theoretic notions for U,(g) by means
of which its universal R-matrix can be described. Consider the commutative subalgebra

(2.13) Ug(B) = kg kY gth) < Uy (3).
Call a U,(g)-module M a U, (h)-weight module if

M = P M,, My ={me M|k -m = P)m forie{0,1}, g-m = @%Im}.
AeP

~

Elements of M) are said to have weight A\. The adjoint action of U,(h) (with its generators acting
by conjugation) endows U, (g) itself with a U,(h)-weight module structure, with elements of Uy (h)
of weight 0. More precisely, the weights of U,(g) are given by the affine root lattice

@;: Zog + Zay < P

~

(e; has weight o, f; has weight —a;). The adjoint action of U,(h) preserves the subalgebras
(2.14) Uy(0™) = Leo, e1), Ug(n™) = {fo, f1)

and the corresponding weights are given by the monoids i@* respectively, where @* = Zso0p +
Zzoal.

2.6. Quasitriangularity. The universal R-matrix for U,(g) is an element of a completion of
Uy(3) @ U, (3) satistying

(2.15) RA(u) = AP (u)R for all u e Uy(g),

(2.16) (A®id)(R) = Ri3Ras, (id® A)(R) = RisRus
and hence

(2.17) R12R13R23 = RazR13R12.

Consider the quantum analogues of the Borel subalgebras, which are the Hopf subalgebras
Uq(6*) = (Uy(h), Ug (7).

The element R arises as the canonical element of the bialgebra pairing between Uq(EJ“) and the
algebra U,(b™)°P (the bialgebra isomorphic as a coalgebra to Uy(b™) but with the opposite mul-
tiplication), see [Dr85, Lu94]. In particular, R lies in a completion of U,(b") ® U,(b™). Further,
invariance properties of the bialgebra pairing imply

(2.18) (w ® w)(R) = Rgl,

(2.19) (@ ® ®)(R) = R.

Also, this pairing has a non-degenerate restriction to Uy(R%)y x Uy(R™)_y for all A € Q*; denote
the canonical element of this restricted pairing by ©,. With our choice of the coproduct we have
(2.20) R=06"1x" 6= > 6,
)\e@Jr

A priori, © acts naturally on U,(g)-modules with a locally finite action of U,(n") or U,(n~). We
briefly explain one possible definition? of the element x. The non-degenerate bilinear form (-,-) on
b induces one on h*, which we denote by the same symbol. If M, M’ are U, (h)-weight modules we
define a linear map ry : M @ M’ — M ® M’ by stipulating that it acts on M) ® M}, (A\,\ € P)

2Note that in the topological Hopf algebra setting one simply has x = ¢°®*+d®@cthi®h1/2
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(AN H

as multiplication by ¢ . The family of these maps ks, where M runs through all U,(h)-weight

~

modules, is compatible with U,(h)-intertwiners. Hence it gives rise to a well-defined weight-0
element « of the corresponding completion of Uy,(g) ® U,(g) which we call here weight completion.
Similarly, we will define weight-0 elements of the weight completion of U,(g) itself using functions

from P to C. See also [AV22a, Sec. 4.8] for more detail.
2.7. Level-0 representations. Consider the following subalgebras of U,(g):
(2.21) Uq([’i) = (Uq(h), Uq(ai» = Uq(gi) N Uq()-

Then U, (b™) is isomorphic to the algebra with generators e;, k; (i € {0,1}) subject to those relations
in Definition 2.1 which do not involve the f; (the proof of e.g. [Ja96, Thm. 4.21] applies). We say
that a Uy(b*)-module V is level-0 if it decomposes as

(2.22) V=@ V), V) ={veVl|ky-v=y"tv, ki-v=n~v}
yeCx

with each weight subspace V (7) finite-dimensional. Note that the class of finitely generated level-0
modules is closed under tensor products. By the U,(g)-relations we have eg - V(v) < V(¢ %),
e1 - V(y) € V(¢*y). It is convenient to call the subset {y € C* | dim(V(v)) # 0} the support of
V. If V is a finite-dimensional U,(g)-module then it is level-0 with support contained in +q%, see
e.g. [CP95, Prop. 12.2.3].

Remark 2.3. It is known that there are no nontrivial finite-dimensional U,(g)-modules. More
generally (note [HJ12, Prop. 3.5]), if V' is an irreducible level-0 Uq(EJr)—module with dim(V) > 1,
then the Uq(EJr)—action does not extend to a U, (b*)-action. To see this, choose distinct 7,7 € C* in
the support of V. By irreducibility, for any nonzero v € V(v), v' € V(v') there exist z,2" € U, (b™)
such that x-v =/, 2’ - v/ = v. Without loss of generality, we may assume that both z and 2’ have
no term in Uq(a), so that 2’z is not a scalar. Assume now that the Uq(EJr)—action extends to an

action of U, (b*); then the action of g must preserve V(7). For any nonzero v € V(v), acting with
g on (z'x) - v = v now yields a contradiction with (2.10). z

~

Analogous definitions and comments can be made for Uy (b™)-modules.

2.8. The action of R on tensor products of level-0 modules. We wish to connect the qua-
sitriangular structure of U, (g) with the level-0 representation theory of Uy (g), i.e. let the universal
R-matrix of Uy(g) act on tensor products of level-0 modules. To do this, we follow the ideas from
[Dr86, Sec. 13] (also see [FR92, Sec. 4], [Hel9, Sec. 1]). If we write the action of k; on an arbitrary
level-0 module V' as exp(eHy ), then note that the factor x naturally acts on tensor products V@V’
of level-0 modules as exp(eHy ® Hy/2).

To let © act on such tensor products, we extend the field of scalars C to the Laurent polynomial
ring C[z,z71], where z is a formal parameter. The action of © is particularly well-behaved if we
use the principal grading. That is, we define a Hopf algebra automorphism X, of U,(g)[z, z71] such
that

N — e N ,—lp =
(2.23) Y.(e;) = ze;, YX.(fi) =z2""fi, ZZ|Uq(h) =id.
Straightforwardly one sees that
(2.24) wod,=%,10w,

(2.25) ®o¥,=%,00.
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Let the height function ht : @ — Z be defined by ht(moag + mia1) = mg + my for all mg,m; € Z
and note that the number of elements of Q" of given height is finite. The key observation is that

(2.26) (Z:®id)(0) = ((d®,-1)(©) = D127 > 6y,

20 XeQ+t, ht(N)=r
is a formal power series in z whose coefficients are finite sums and hence lie in Uy(n") ® U,(n™).
Hence (X, ®id)(0) = (id ® ¥,-1)(©) has a well-defined action as a linear-operator-valued formal

power series on a tensor product of any Uq(ﬁ+)-representation with any Uq(ﬁ_)-representation.
Consider now the grading-shifted universal R-matriz:

(2.27) R(2) = (£, ®id)(R) = (id® ,-1)(R).
Note that by applying ¥, ® id to (2.15) we deduce that R(z) commutes with A(k;) = A°P(k;) =
k1 ® k1. We collect the results obtained thus far, writing

M[[z]] = M @C[[=]]

for any complex vector space M (in particular, any complex unital associative algebra).

Theorem 2.4. Consider a pair of level-0 representations 7+ : Uq(ai) — End(V*). Then?
(2.28) Riotn(2) = (77 @77 )(R(2)) e End(VT @ V7)[[]]
is well-defined and commutes with (7* @ 7 )(A(k1)) = 71 (k1) @ 7 (k1).

From now on we will use the standard convention that if 7 is any level-0 representation then the
corresponding grading-shifted representation is denoted by a subscript z:

(2.29) Ty i=To0X,.

Hence we may write
Rutn-(2) = (nf @77 )(R) = (7" @7, )(R).

Consider two indeterminates 21, zo. Applying, say, X, ®id®X/.,, to (2.17), we obtain a C[[21, 22]]-
version of the universal Yang-Baxter equation which can be evaluated on suitable triple tensor
products.

Proposition 2.5. If tt : Uq(EJF) — End(VY), 7: U,(g) » End(V) and 7 : Uq(a_) — End(V ™)
are level-0 representations, then we have the following identity of linear-operator-valued formal
power series in two indeterminates:

(2.30) Retr(21)12 Rt r—(2122)13 Rrr—(22)23 = Rpn—(22)23 Rt (2122)13 Rt 2 (21)12-

Given a pair of level-0 representations 7+ : Uq(ai) — End(V#) it is often convenient to have
an explicit expression of R +,-(z) which does not rely on computing the coefficients of the series
R(z). Essentially following Jimbo’s approach from [Ji86b], we may try to solve a linear equation
for R +.-(z). To derive such a linear equation, it is convenient to assume that, say, 7 extends to
a representation of U, (g). In this case’, one directly obtains the following result.

3Note that in Section 5 we will use the notation R .+ - (z) for a rescaled version of the action of the grading-shifted
universal R-matrix.

4One can of course apply 7 @7~ to (2.15) for arbitrary U, (b¥)-representations 7=, yielding (2.31) for all u € Uy (§)
such that A(u) and A®(u) both lie in Uy (E*) ® Uq(Ef). However, by applying counits this subalgebra is seen to be

equal to Uq(E‘L) NnU(b7) =0, (6) Hence, one would just recover the second statement of Theorem 2.4.



10 A Q-OPERATOR FOR OPEN SPIN CHAINS II: BOUNDARY FACTORIZATION

~

Proposition 2.6. If 7t is a level-0 Uy (g)-representation and 7~ a level-0 Uy(b™)-representation,

~

then for all uw € Uy(b™) we have
(2.31) Rutn-(2) - (17 @77 )(A(w)) = (77 @7 ) (A% (w)) - Rvr-(2).
Obviously there is a counterpart of Proposition 2.6 with the role of U, (b™) replaced by U, (b™).

Remark 2.7. If the solution space of the linear equation (2.31) is 1-dimensional, Proposition 2.6
implies that any solution of (2.31) must be a scalar multiple of R +,-(z) and hence satisfy the
Yang-Baxter equation. This is well-known if both V* are finite-dimensional U, (g)-modules. In this
case the existence of the universal R-matrix implies the existence of a solution of the intertwining
condition (2.31) depending rationally on z. If 7% and 7~ are also both irreducible then it is known,
see e.g. [KS95, Sec. 4.2] and [Ch02, Thm. 3], that V*((z)) ® V'~ is irreducible as a representation
of Uy(8)((2)) (extension of scalars to formal Laurent series); hence an application of Schur’s lemma
yields the 1-dimensionality of the solution space of (2.31). In this case, the rational intertwiner
is called trigonometric R-matriz. For more background and detail, see e.g. [Hel9] and [AV22b,
Secs. 2.6 & 2.7].

In the absence of a linear relation such as (2.31), one can use the Yang-Baxter equation (2.30)
to determine an explicit expression for one of R +,(2), Ry+r—(2), or R - (2), provided the other
two are known. z

2.9. Adjusting the grading. In this approach the use of the principal grading in Theorem 2.4
avoids further constraints on the representations (e.g. local finiteness conditions). For completeness
we briefly explain how to extend the results of Section 2.8 to arbitrary grading. For nonnegative
integers sg, s1 such that sg+ s1 is nonzero, define a more general Hopf algebra automorphism ;%!
of Uy(@)[2, 27 '] by

(2.32) Y5051 (e) = 2%y, YIS f;) = 278 fy, Zi“’sl\Uq(E) =id

(note that the choice sg = 0, s; = 1is used in in [KT14, Eq. (2.11)]).

Rather than giving generalized versions of the main results above and of various statements
in the remainder of this work, we make an observation which will allow the reader to generate
these statements, as required. Recalling the decomposition (2.22) and the associated terminology,
suppose the level-0 U, (BJF )-module V' is generated by a nonzero element of V() for some y € C*
(which includes all modules considered in this paper and all irreducible finite-dimensional U,(g)-
modules). Then the support of V, see Section 2.7, is contained in ¢*“~y. Now for any indeterminate
y and any integer m, let ™" denote the linear map on V' which acts on V (¢~2™vo)[y, y '] as scalar
multiplication by y™.

Writing the corresponding representation as m : Uy(b™) — End(V'), the more general grading-
shifted representation 73! := 70X:"°! can be related to the representation shifted by the principal
grading as follows. Adjoining to the ring C[z, z7!] a square root Z of z, we have

E+

(233) 71-20731 = Ad (Z(s()isl)D) ©] 7TZSO+517

where on the right-hand side Ad stands for ‘conjugation by’. See [AV22b, Sec. 5.2] for essentially
the same point in the context of irreducible finite-dimensional U, (g)-representations.
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3. THE AUGMENTED Q-ONSAGER ALGEBRA, ITS TWIST AND ITS UNIVERSAL K-MATRIX

In parallel with the previous section, we consider a particular subalgebra of U,(g) and extend
some recent results on universal K-matrices [AV22a, AV22b] in the context of (possibly infinite-
dimensional) level-0 representations of Borel subalgebras of quantum affine sly. For a related ap-
proach tailored to evaluation representations involving essentially the same subalgebra, see [BT18].

3.1. The twist map . We consider the following algebra automorphism and coalgebra antiau-
tomorphism of Uy (g):

(3.1) P i=wod.
From (2.18-2.19) and (2.24-2.25), respectively, we immediately deduce
(32) (¥ @¥)(R) = Rau,
(3.3) o, =%, 10
By the following result, P-symmetric R-matrices (R(z)21 = R(z)) naturally arise in tensor

products of representations of the upper and lower Borel subalgebras on the same vector space,
provided they are related through 1 and the principal grading is used in the definition of grading-
shifted universal R-matrix R(z), see (2.27).

Lemma 3.1. Consider two pairs of level-0 representations 7%, o : Uq(ﬁi) — End(V) such that
(3.4) of =wE o
Then Rp+q—(2)21 = Ryt o (2)-

Proof. Unpacking the definitions (2.28) and (2.27), we have
Reer ()21 = ((7H@77) 0 (L. @id))(R)) = (7" @) 0 (id ® L.)) (Rar).
Now using (3.2-3.3) we deduce

Ryt (2)21 = (1" @7 ) o (0 @¢) 0 (id @ T,-1)) (R).
Applying (3.4) and using (2.28) and (2.27) once again, we obtain R+ ,-(2) as required. O
3.2. The augmented g-Onsager algebra. The map 1 plays an important role in the theory
of diagonal matrix solutions with a free parameter of the reflection equation in Ugy(g)-modules.

Namely, fix a parameter £ € C* and consider the following subalgebra of U, (g), also called the
(embedded) augmented g-Onsager algebra:

(3.5) Uy(8) := Cleg — g '€ ko f1, er — q~ "¢k fo, koky ", ko 'k ).
This is a left coideal:
(3.6) AUy (¥)) < Uy(8) @ Uy ().

The automorphism 1 is the trivial q-deformation of a Lie algebra automorphism of g, also denoted
¥, and U, () is the (§-dependent) coideal g-deformation of the universal enveloping algebra of the
fixed-point subalgebra £ = g¥, in the style of [Kol4] but with opposite conventions.

Remark 3.2. See [VW20, Rmk. 2.3] for more background on this subalgebra. Note that the defini-
tion of U, (8) in loc. cit. has a misprint: £ should be replaced by &1, Zz
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To connect with the universal K-matrix formalism of [AV22a, AV22b], let S be the bialgebra
isomorphism® from U,(g) to U, (§)°»°P (also known as the unitary antipode) defined by the assign-
ments
7)) Sle)=—aki'e,  S(f)=—q "fik, S =K, S =g
Note that 52 = id. Now consider® the right coideal subalgebra

Ug(8) = S(U,(t)) = C{fo — a€ erkg ™, fr — qéeoky ' koky ' kg Her)
which is the subalgebra considered in [AV22a, Sec. 9.7], forming part of a more general family

of right coideal subalgebras (quantum symmetric pair subalgebras) of quantum affine algebras as
considered in [Kol4, AV22a, AV22b].

3.3. Universal K-matrix. By [AV22a, Thm. 8.5], U,(g) is endowed with a so-called standard
universal K-matrix, which is an invertible element in a completion of U, (EJF) satisfying a twisted
U, (¥)-intertwining property and a twisted coproduct formula involving the universal R-matrix”
(3.8) R =Ry
There is an action of invertible elements of a completion of U,(g), gauge-transforming the universal
K-matrix and the twisting operator simultaneously, see [AV22b, Sec. 3.6]. For the case under
consideration, there exists a gauge transformation (a ‘Cartan correction’, see [AV22a, Sec. 8.8])
that brings both the intertwining property and the coproduct formula for the universal K-matrix
into a particularly nice form. Moreover, the gauge-transformed universal K-matrix still resides in a
completion of U, (E+) and, when shifted by the principal grading, acts as a linear-operator-valued
formal power series for all level-0 U, (E+)—m0dules.

To make this more precise, let € : P — C* be any group homomorphism such that Q(ag) = —¢
and Q(ay) = —£L. Now define a function G’ : P — C* by

(3.9) G'(\) = Q\)g~ (@2,

Note that this is not a group homomorphism. Define the corresponding linear operator acting on

~

U,(h)-weight modules as follows:
(3.10) Gv=GM\v, wveVy,  AeP.

Analogously to our definition of the factor x of the universal R-matrix, we thus obtain an invertible
element G’ of the weight completion of U,(g). Finally, let 6 = ap + a1 be the basic imaginary root
of g. Then the following result is a special case of [AV22a, Sec. 9.7], with the coproduct formula a
direct consequence of [AV22a, (8.21)].

Proposition 3.3. There exists an invertible element
(3.11) = > T\ L e U, (),
)\GZ)O&

such that the invertible element
(3.12) K =G -1

5Tn particular, S , like the antipode S itself, is an algebra antiautomorphism and a coalgebra antiautomorphism.

61 general, each element or map in the right coideal setting of [Kol4, AV22a, AV22b] is denoted by a prime on
the corresponding object in the current left coideal setting.

"Note that our convention for the coproduct is as in [AV22a], but the ordering of the tensor product of the two
Borel subalgebras is opposite. Hence the R-matrix in [AV22a], denoted here by R’, is equal to R;ll.
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satisfies
(3.13) K'u=u) - K for all uw e Uy(t),
(3.14) AK)=(1®K) (v®id)(R") - (K'®1).

Remark 3.4. In general, a universal K-matrix K’ satisfying the simple 3-factor coproduct formula
(3.14) is called semi-standard, see [AV22a, Sec. 8.10] and cf.[AV22b, Ex. 3.6.3 (2)]. It corresponds
to a particular choice of a twist pair (v, J) where 9 is a bialgebra isomorphism from Uy(g) to
Uq4(9)°°P (essentially the composition of w with a diagram automorphism determined by the coideal
subalgebra) and J is the trivial Drinfeld twist 1 ® 1, see [AV22a, Sec. 2.4 and 2.5]. For any coideal
g-deformation as considered by [Kol4] (of the fixed-point subalgebra of a suitable Lie algebra
automorphism 6 : g — g) there exists a semi-standard K-matrix. Whenever 6 is the composition
of w and a diagram automorphism, as is the case here, this semi-standard universal K-matrix is a
standard universal K-matrix, i.e., lies in a completion of U, (EJF), z

Now we transform this formalism [AV22a] for the right coideal subalgebra U,(¢)’, expressed in

terms of the universal R-matrix R’, to a formalism for the left coideal subalgebra U, (€) = S (Uq(®)),
expressed in terms of the universal R-matrix R as used in this paper. To do this, note that, when
going from a U,(g)- weight module to its dual, weights transform as A — —A\. This defines the

extension of § and S to a map on the weight completion of Uy(g). Therefore 5(Q) = Q1 but the
non-group-like factor of G’ is fixed by S. We define G : P — C* by

(3.15) G(A) := Q(N\)gPIN/2
so that G = S(G')~L. Also, we set

(3.16) T3 = Y T, The SR € UyB) - Uy,
)\EZ>0(5

Proposition 3.5. The element

(3.17) K:=8K)'=a.-7
satisfies

(3.18) K-u=1u) - K  forallueUy(t),
(3.19) AK)=(K®1) - (i[d®¢)(R) - (1®K).

Proof. This follows straightforwardly from Proposition 3.3. Namely, we apply S to (3.13) and
(S®S) oo to (3.14), and use the fact that Soy =1 oS and (S® S)(R) = R. O

Note that U, (E*) is a bialgebra and, as expected, the right-hand side of (3.19) lies in a completion

of Uy, (E*)@Uq(aﬂ, since 1) interchanges the two Borel subalgebras Uq(ai). The reflection equation
satisfied by the universal element K is as follows:

(3.20) R- (K@ -(d®¥)(R)-(10K) = (1K) ([d®y)(R)-(K®1) R

This is a consequence of the linear relation (2.15) for R and the coproduct formula (3.19) for K,
alongside (3.2) and ? =
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3.4. The action of the universal K-matrix on level-0 representations. To deduce that I
has a well-defined action on level-0 representations of, say, Uq(EJr), we can proceed in a similar way
to the case of the R-matrix. This builds on the finite-dimensional theory for more general quantum
symmetric pair subalgebras in [AV22b, Sec. 4].

First note that if 7 is a level-0 representation, 7 and the twisted representation 7 o coincide on
U,(h). Now let z once again be a formal variable. Note that by (3.15) the function G sends the basic
imaginary root § to 1. Hence the proof of [AV22b, Prop. 4.3.1 (3)] implies that the corresponding
factor GG of the universal K-matrix descends to level-0 modules. Furthermore, the argument that
shows 3,(0) is a Uy(n™) ® Uy (n~)-valued formal power series can be easily adapted to T; it yields

a formal power series with coefficients in S(U,(8%)) < U, (b™):
S =D Y T
r=0  XeZx06, ht(\)=r
Now consider the grading-shifted universal K-matrix:
(3.21) K(z) =32,(K).

Noting that the form of Y implies that K commutes with ki, we arrive at the following main
result, which is a boundary analogue of Theorem 2.4.

Theorem 3.6. Consider a level-0 representation T : Uq(a+) — End(V). Then®
(3.22) Kr(z) :=m(K(z)) € End(V)[[#]]
is well-defined and commutes with 7(ky).

We will also need boundary counterparts of Propositions 2.5 and 2.6. Consider two indeter-
minates z1,z2. Applying ¥, ® X, to (3.20) and using (3.3), we obtain the following reflection
equation for the grading-shifted universal operators:

R(z1/z) - (K(21) ®1) - (id ®@9)(R(2122)) - (1@ K(22)) =
= (1®K(22)) - (id ®@1)(R(z122)) - (K(21) ®1) - R(21/22).
Recalling that the universal R-matrix R lies in a completion of Ugy( & Uq(af) and applying

a tensor product of suitable representations to (3.23), one obtains the following right reflection
equation with multiplicative spectral parameters.

(3.23)

R(
bh)

Proposition 3.7. Consider level-0 representations 7t : Uq(a+) — End(V") and 7 : Uy(g) —
End(V) such that wo = . Then

Ratr(21/22) (Kt (21) @ ldy )R+ (2122) (dy+ ® K (22)) =
= (|dv+ ® Icﬂ<22))727r+7r(2122)(lc7(+ (2’1) ® |dv)’R7T+7T(2’1/22).
The use of linear relations to find explicit solutions of reflection equations was proposed in
[MN98, DG02, DMO03]. As before, we assume that 7 extends to a Uq(ﬁ)—representationg, in which

case it restricts to a Uy(€)-representation and we obtain the following result as a consequence of
(3.3).

(3.24)

Proposition 3.8. If w: U,(g) — End(V) is a level-0 representation such that wo = m, then
(3.25) Ka(2) - ma(u) = 2 (u) - Kx(2) for all w e Uy(¥).

8In Section 6 we will use this notation for a rescaled version of the action of the grading-shifted universal K-matrix.
9Anaulogous to the case of the R-matrix, we can observe that the intersection of U,(£) and U,(b") is contained in

Uq(h). Therefore, applying a level-0 representation 7 to (3.18) just recovers the second part of Theorem 3.6.
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We close this section with some comments parallel to Remark 2.7.

Remark 3.9. If the solution space of (3.25) is 1-dimensional, Proposition 3.8 implies that any solu-
tion must be a scalar multiple of K(z) and hence automatically satisfy the reflection equation (3.24).
In the case that 7 : U, (E*) — End(V) extends to a representation and V' is finite-dimensional, there
is an analogue to Remark 2.7. Namely, the solution space of (3.25) for irreducible representations
is 1-dimensional and the existence of a solution of the intertwining condition (3.25) depending
rationally on z leads to a trigonometric K-matriz. See [AV22b, Secs. 5 and 6] for more detail.

To explicitly determine K, +(z) in the cases where 7+ : Uq(EJr) — End(V') does not extend to
a U,y (g)-representation, we will use the reflection equation (3.24), with the other K-matrix K ()
determined using Proposition 3.8. Zz

4. BOREL REPRESENTATIONS IN TERMS OF THE Q-OSCILLATOR ALGEBRA

4.1. The infinite-dimensional vector space W. The countably-infinite-dimensional vector space
plays a central role in the theory of Baxter’s Q-operators. We may define it as the free C-module
over a given set {w;}jez.,:

j=0
Given this distinguished basis, elements of End(7W') naturally identify with infinite-by-infinite ma-
trices with the property that all but finitely many entries of each column are zero.
It is convenient to work with a particular subalgebra of End(W') depending on the deformation
parameter gq. More precisely, consider the C-linear maps a, a’ on W defined by

(4.2) a-wjpp = wy, a-wy =0, al- w; = (1 — q2(j+1))wj+1

for all j € Z=o. For the description of L-operators associated to U,(g) acting on W ® C? (particular
solutions of the Yang-Baxter equation), it is convenient to consider a linear operator ¢ which is a
square root of 1 — a'a, ie. ¢P - w; = ¢w; for j € Zs(. Note that ¢P is invertible and we let ¢~
denote its inverse.

Remark 4.1. Often the q-oscillator algebra is defined as an abstract algebra, generated by a, af
and ¢t subject to certain relations, which naturally embeds into End(W). This version of the
g-oscillator algebra appeared in the guise of a topological algebra for instance in [BGKNRI10, Sec.
2.3] and with slightly different conventions in [KT14]'°. J

4.2. Diagonal operators from functions and an extended qg-oscillator algebra. To accom-
modate the action of the universal R and K-matrices on certain level-0 modules, we will need an
extension of the commutative subalgebra (¢=”) and work over the commutative ring C[[2]].

Denote by F the commutative algebra of functions from Zx to C[[z]]. For any f € F we define
f(D) € End(W)[[#]] via

(4.3) f(D) -wj = f(Gw;.
Thus, we obtain an algebra embedding F — End(W)[[z]]. Now we combine this with the maps a,
a' defined above (viewed as maps on W ® C[[2]], acting trivially on the second factor).

Definition 4.2. The (extended) g-oscillator algebra is the subalgebra A < End(W)[[z]] generated
by af, a and F(D). Z

10The two vector spaces W1 and Ws introduced in [KT14, Sec. 2.3] are naturally isomorphic, so that the two
algebras Osc; and Oscsz can be identified with the same subalgebra of End(W1) = End(W2).
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As can be verified on basis vectors, in A one has the relations
(4.4) aa’ =1 — PPV, afa=1-¢*, af(D) = f(D + 1)a, f(D)al =a' (D +1).

One straightforwardly verifies that the subalgebras F(D), (a') and (a) are self-centralizing. Note
that the operator

(4.5) a' := —¢7?Pal € End(W)

sends w; to (1 — q_2(j+1))wj+1. Clearly, A is also generated by a', a and F(D). The transforma-
tion q — ¢! defines an algebra automorphism of A, preserving the subalgebra F(D), fixing the
generator a and interchanging the generators a! and a'.

4.3. Endomorphisms of W @ W. The linear maps
a1 := a® ldy, a]i =ad ® Idyy, as = ldy ® a, a; = ldw ®af

together with F(D1) u F(D2) generate A® A over C[[z]]. We will need a larger subalgebra of
End(W ® W): we will allow all functions of two nonnegative integers as well as formal power series
in certain locally nilpotent endomorphisms.

Denote by F) the commutative algebra of functions from Zsq x Zsq to C[[2]]. For any f € F?
we define f(D1, D3) € End(W ® W)[[z]] via

(4.6) f(D1, D7) - (wj @wyg) = f(j, k)w; ® wg,

yielding an algebra embedding 7 — End(W ® W)[[2]]. Now note that ala; and aIag are locally
nilpotent endomorphisms of W ® W. Hence, for any g ¢, hy ¢ € F () geries of the form

(4.7) > (a}) gre(D1, Dy)af, > (a])¥hye(Dy, Dy)al
k,e=0 k=0

truncate when applied to any basis vector w; ® w;. We obtain a class of well-defined elements of

End(W ® W)[[2]]. We denote by A® the C[[z]]-span of the operator-valued formal series (4.7),
which is easily seen to be a subalgebra of End(W ® W)[[z]].

4.4. The Borel representations. We introduce four level-0 representations of Uq(EJr). First of
all, let © € C be a free parameter. It is straightforward to check that the following assignments
define a representation v of U,(g) on W:

1
v(eo) = v(f1) = T-a2
—4q

(4.8) 2
U(el) = U(fO) = 1_ qga(qiu - q,u,f2D), U(kl) = q,u7172D’

The module structure on W defined by v is the evaluation Verma module: affinizations of finite-

dimensional irreducible Uy (slz)-modules arise as quotients if p € Z~( (also see [KT14, Sec. 2.2]).

aT7 U(k()) = q_u+l+2D7

We will in addition consider three U, (E+ )-representations which do not extend to representations
of Uy(g). A useful reducible representation ¢ : U, (b*) — End(W) is given by

(4.9) ®(ep) = 0, d(er) = %qza’ (ko) = gD, $(k1) = 12D

which is closely related to the special evaluation homomorphism defined in [KT14, Eq. (4.6)]. The
following representations g, ¢ : Uy(b™) — End(W) play an essential role in the definition of Baxter
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Q-operators:

1 ¢ _
o(eo) = al,  oler) = 2% o(ko) = ¢*", o(k1) = ¢°",

(4.10)

_ — q2 _ — q2a7 (kO) =q (D+1) @(kl) _ q72(D+1)'
They correspond to the representations Lfa introduced in [HJ12, Def. 3.7] (for suitable a € C*)
called prefundamental representations in [FH15], in which their role in the construction of Q-
operators for closed chains is studied.

We will henceforth repeatedly denote grading-shifted representations by the notation (2.29). Note
that the grading-shifted representation v, is an algebra homomorphism from U, (g) to End(W)[z, 27 1].
Furthermore, the grading-shifted representations UZ|Uq 5+) ¢z, 02, 0, are algebra homomorphisms

from U, (EJF) to End(W)[z] < End(W)[[z]]. Finally, note that ¢,, g, correspond to the representa-
tions defined by [KT14, Eq. (3.5)].

Remark 4.3. The grading-shifted representation in [VW20, Eq. (2.9)] is related to o, by a factor
of —1 in the actions of ey and e;: in other words it is equal to ¢o_,. Since the Baxter Q-operators
only depend on 22, see [VW20, Lem. 4.5, there are no serious discrepancies. The benefit of the
current choice is 1ts consistency across the relevant level-0 representations, with v having the same
sign convention as finite-dimensional representations such as II, see Section 5. &z

4.5. The Uq(a+)—intertwiner O. The tensor products g,-uz2, ® 04u2, and v, ® ¢, of shifted

representations are closely related in the following sense: the two induced U, (E*)—actions on WQW
are conjugate by an element in A which is independent of z. More precisely, consider the deformed
exponential

0 k

(4.11) eq(@) =) ( ’

= (a% )k
We refer to Appendix A for more details on this formal series. We define the following element of
GL(W ® W):
(4.12) O =ep(q alag)_lq“(Dl_D”/?

The following statement is [KT14, Eq. (4.4)] and connects to [FH15, Thm. 3.8]; for completeness
we provide a proof in the present conventions.

Theorem 4.4. The Uq(E+)—representati0ns Og-n2; @ Oguj2, and v, @ ¢, are intertwined by O:
(4.13) O (0g-n2; ® 0gurz.) (Au) = (v: ® ¢2) (A(u)) O for allu e Uq(EJF).
Proof. The relations (A.13-A.15) can be evaluated at y = ¢2, yielding
qu(Dz—Dl)/2eq2 (q2a1a£)a; — (q—u/2a’{ + q2(D1+1)+“/2d£)q“(DQ_Dlweqz (q2a1a;),
qu(Dg—Dl)/2e 2(q2ald£)( 1((]‘2” _ q_2D1) + q—2(D1+1) ) _

= (alq 3“/2+q ;L/Q 2(D1+1)a2)ql‘(D2 Dl)/ e (q ala;)

qu(Dz—Dl)/2e 2(q2aldT) 2(D1+D2+1) _ 2(D1+D2+1)qu( (q a1a2)
qH(DQ,Dl)/ . 2(q a1a} )q 2(D1+Da+1) _ qu(D1+D2+1) w(D2—D1)/ e (q ala;)

These directly imply (4.13) for u € {eq, e1, ko, k1 }. O
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4.6. Formalism for Uq(a_). Recall from (3.1) the automorphism ) which interchanges the two
Borel subalgebras. Note that the representation v : U,(g) — End(W) satisfies

(4.14) v=v01.

~

Hence, it is natural to define representations of U, (b™) corresponding to g, ¢ and ¢, as follows:

(4.15) 0 =001, 0 =009, ¢ =¢o.
Explicitly, we have

Qi(f()) = 1_—q2a7 Qi(fl) = 1— qzaT7 Qi<k0) = q2D7 Qi<kl) = q72D7
2
(416) 07 (fo) = 5 _1q2a, o= ()= 1f—q2c‘ﬂ, 5 (ko) = ¢*PHD, (k) = ¢ 2P,
¢~ (fo) = %qyl, o (f1) =0, ¢ (ko) = qN+1+2D, ¢ (k1) = q—u—1—2D‘

By (3.3), whereas the grading-shifted representations o,, 0., ¢. take values in End(W)®C|z], their
negative counterparts o, 0, , ¢, take values in End(W) ® C[271].

Since v is a coalgebra antiautomorphism, using (3.3) we immediately deduce the following char-
acterization of the tensorial opposite of the intertwiner O.

Corollary 4.5. The linear map
(4.17) Oa1 = eg2(qPalag) ' g P2~ P2 € End(W @ W).

~

intertwines the Uy (b™)-representations @qi“mz ® gq_mz and ¢, @ v, viz.

~

(4.18) Oq1 (@qiu/% ® g;wzz)(A(u)) = (qﬁ; ®UZ)(A(U)) Oq1 for all we Uy(b™).

5. L-OPERATORS AND R-OPERATORS

In order to define L-operators, we recall the standard 2-dimensional representation II : U,(g) —
End(C?) determined by

e - 1h) = (§ p) mm = (7 0).

e =) = (o o) m = (5 4)-

In analogy with (4.14), we have

(5.1)

(5.2) Il =T o1p.

~

5.1. L-operators for U,(b*)-modules. We will now obtain explicit formulas for certain scalar
multiples of the four different actions of the grading-shifted universal R-matrix on W ®C?. In these
cases both Theorem 2.4 and Proposition 2.6 apply. It turns out that the relevant linear equations
all have 1-dimensional solution spaces over C[[z]]. The following linear operators are convenient
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scalar multiples.

5:3) L) = (gghrn, 5T oiiez)

54 O G T §

(5.5) L,(2) = <aq((§;—uql;ﬂ;%i)z qDaT?+f_2;;i122> ,
(5:6) Lo = (Jlon, ,Da)-

Remark 5.1. We have abused notation by representing linear operators on End(W ® C?) as 2 x 2
matrices with coefficients in End(W') (as opposed to the conventional usage that realizes operators
on End(C? ® W) in this way). J4

The following result is [KT14, Cor. 4.2].
Theorem 5.2. The above L-operators satisfy the following relation in End(W @ W ® C?)[[]]:
(5.7) O12Lo(q "?2)13L5(q"%2)23 = Lo(2)13L4(2)23012.
Proof. From the coproduct formula (2.16) one deduces
Lo(g™"22)13L5(6"22)23 % (0g-ns2, ® Bz, @ T ((A @ d)(R)),
L(2)13L4(2)23 o (V2 @ ¢ QII) ((A ®id)(R)).

Now Theorem 4.4 implies (5.7) up to a scalar. By applying both sides to wy®wo® ((1)) one observes
that the scalar is 1. O

Given the L-operators for the various Uq(E+)—representations, Lemma 3.1 provides us with L-
operators for the corresponding Uq(af)—representations: L7(z) = Lr(2)21 for m e {o, 0,v, ¢}. These
are scalar multiples of Ry, (2), Rz (2), Rmw(2) and Ryyg-(2), respectively. Theorem 5.2 imme-
diately yields the following result:

Corollary 5.3. The following relation in End(C? @ W @ W)[[2]] is satisfied:
(5.8) Oggﬁg (q*“/2z)13£§ (q“/2z)12 =L, (2)13,6; (2)12032.

5.2. Actions of R(z) on tensor products of infinite-dimensional Borel representations.
By Theorem 2.4, the grading-shifted universal R-matrix has well-defined actions on the tensor
product of the level-0 modules (v, W) and (¢, W) and on the tensor product of the level-0 modules
(0, W) and (g —, W) as End(W ® W)-valued formal power series. Note that, using the terminology
of Section 2.7, Cwy®@wo < W®W is the subspace of weight ¢~2 and hence wo®wy is an eigenvector
of both actions of the universal R-matrix with invertible eigenvalues. It is convenient to use rescaled
linear-operator-valued formal power series

(5.9) Ros(2); Rug(2) € End(W @ W)[[=]],
uniquely defined by the condition that they fix wy ® wo:
(5.10) Ros(2) x(0® 07 )(R(2)), Rog(2) - (wo ® wo) = wo ® wo,

Rup(2) o (v® ¢ )(R(2)), Rue(2) - (wo @ wo) = wo @ wo.
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These power series will appear in the boundary factorization identity. In appendix B we obtain
explicit expressions for R,5(2) and Rye(2), although we will not need these for the proof of the
boundary factorization identity using the universal K-matrix formalism of Section 3.

6. K-OPERATORS

In this section we consider solutions of reflection equations associated to the subalgebra U, ().

6.1. Right K-operators. By Theorem 3.6, applying any of the level-0 U, (E*)—representations o,
0, v, ¢ to the grading-shifted universal K-matrix associated to U,(¢) we obtain End(W)-valued
formal power series, satisfying the reflection equation (3.7). Moreover, in terms of the terminology
of Section 2.7, the weight subspaces of all four actions are all 1-dimensional and therefore wy is an
eigenvector of each action with invertible eigenvalue. We will consider the scalar multiples of these
linear operators which fix wq:

(6.1) Kr(z)ocm(K(2)), Kr(z) - wp = wy.

for 7 € {0, 0,v, ¢}. It is convenient to obtain explicit expressions by applying Propositions 3.7 and
3.8. These could be found independently of the universal K-matrix formalism, either by solving
the reflection equations directly in all cases or by following the approach outlined in [DG02, DMO03,
RV16] (this relies on the irreducibility of certain tensor products as Uy, (£)((z))-modules; otherwise
the reflection equation must be verified directly).
First of all, the linear operator
2
(62) k() = (71 () emnaeiL)

is, up to a scalar, the unique solution of the U, (£)-intertwining condition
(6.3) K ()1, (u) = I /. (u) K11 (2) for all uw e Uy (¥).
By Theorem 3.6, it is proportional to the action of the grading-shifted universal K-matrix in the
representation (IT, C2).

Recall that IT o ¢p = II. Hence, motivated by Proposition 3.7, we consider the right reflection
equation for 7 € {g, g, v, ¢}:

(6.4)  La()Kr(y)La(yz)Kn(z) = Ki(2) L (y2)Kr(y) Lr (L) € End(W @ C*)[[y/z, 2]]-
Lemma 6.1. We have
Ko(2) = (=4 PP (*¢ 2% ¢*)p, Ko(2) = (¢22) "¢ "2

(6.5) 2-pg=1,2. 02 o
R0 =P IS k() = (P e,

Note that these expressions were already given in [BT18] in different conventions. For complete-
ness we sketch a proof relying on the universal K-matrix formalism.

Proof of Lemma 6.1. For K, (2), by a straightforward check, the intertwining condition
(6.6) Ko (2)vz(u) = vy, (u)Ky(2) for all u e Uy(¥)

can be solved to find K, (z), making use of Proposition 3.8. Since K(z) commutes with the action
of ky it follows that KCy(z) = f(D) for some f € F. Now imposing (6.6) for the generators
eo — ¢ ' ko f1 and e; — ¢ '€k fo yields the recurrence relation

f(D + 1) 1— q2(D+1)7u§flz2

f(D) 22 — 2D+ —pg-1"
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In particular, the linear relation (6.6) has a l-dimensional solution space. Together with the
constraint f(0) = 1 it yields the formula given in (6.5).
For 7 € {0, 0, ¢}, it is convenient to consider the linear space

(6.7) RE; := {Kz(y) € F(D)|(6.4) is satisfied}

and use Proposition 3.7 to find the explicit expression, relying on the second part of Theorem 3.6
for the fact that IC;(y) lies in F(D). Indeed, the operator K,(z) was obtained in [VW20, Sec. 2.4]
as the unique element of the 1-dimensional linear space RE, which fixes wy. In an analogous way
we obtain the result for Kj(2).

Note that ¢ is a reducible representation. Indeed, the solution space of (6.4) with 7 = ¢ is
infinite-dimensional: the general solution Cy4(2) is of the form (—g =P~ &)Pp with p in the
centralizer of a in A, i.e. a polynomial in a with coefficients in C[[z]]. Since Ky(2) € F(D), pis a
scalar. The requirement that wq is fixed forces p = 1. O

6.2. Left K-operators. We now obtain linear-operator-valued power series satisfying a reflection
equation for the left boundary by using a well-established bijection, see [Sk88, Eq. (15)], between

its solution set and the solution set of the right reflection equation. For fixed £ € C* we define

N N . _ 26,2 1 0
(6.8)  Kn(z):=(1—¢¢ 27 (1 - ¢%¢2%) " (Ku(g2) Mg g) = <q SZO - q222> '

Also, for 7 € {p, 0,v, ¢} we define

~

(6.9) Kr(z) = Kw(qz)*1|§H5~,1.
Note that L. (yz) is invertible in End(W ® C?)[[2]] for all v € C. We define
(6.10) Lr(2) = Le(g?2)" .
Lemma 6.2. For all € {p, 0,v, ¢} the left reflection equation holds:
(6.11)  Ke(y)Lr(yz)Ku(2)La(L) = Lr(Y)Kn(2)Lr(y2)Kn(y) € End(W @ C?)[[y/z, 2]].
Proof. The desired equation (6.11) can be rewritten as
Ku(2) " Laly2) "' Kaly) 7 La(¥) = LoD (y) " Lly2) " Ku(2) "

By (6.8-6.10), this is equivalent to the right-reflection equation (6.4) with y — qy, z — ¢z and
£ 1 O

Using the explicit formulas (6.2) and (6.4) we obtain that the solutions of the left reflection
equations (6.9) are the following End(WW)-valued formal power series in z:

Ko(2) = (=d"P(¢*¢=* *) 1" Kq(2) = (6*HP (€% )b,
(6.12) = (gD &y +D+1D
Ko(2) = (gz) mv Ke(z) = (—=¢" .
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7. FUSION INTERTWINERS REVISITED

In this short intermezzo we explain how the universal K-matrix formalism naturally leads to
relations involving K-operators and U, (b™)-intertwiners called fusion intertwiners which play a
key role in the short exact sequence approach to the Q-operator. These intertwiners were discussed
in [VW20] and the relevant relations with K-matrices were shown by a linear-algebraic computation
relying on the explicit expressions of the various constituent factors, see [VW20, Lem. 3.2]. In other
words, the representation-theoretic origin of these relations was unclear, which we now remedy.

Level-0 representations of U, (E*) are amenable to scalar modifications of the action of Uy(h) =
(kEYY, see also [HJ12, Rmk. 2.5]. In particular, for r € C*, define a modified Borel representation
o as follows:

(7.1) or(ei) = o(ei), or(ko) = ro(ko), or(k1) =~ o(k1)

~

and consider the grading-shifted representation g, , := (g,),. There exist U, (b™)-intertwiners

L<T) : (qu,qz; W) g (Qr,z I, W® (C2)7
7(r) : (0 @I, W ® C2) — (0g-1r,q-125 W),
called fusion intertwiners, which take part in the following short exact sequence:

(7.2) 0 —— (0grges W) L (WRC2, 0. ®72) 5 (041112, W) —— 0

Explicitly'!, we have

g Pal
(7.3) u(r) = <—qD+1T‘> ) T(r) = (qD7 q—Dr—laT) .
Analogously to Theorem 5.2, fusion relations for the L-operators L£(r, z), defined as suitable scalar
multiples of (g, ,®II)(R), now follow from these intertwining properties and the coproduct formulas
for R (2.16), see [VW20, Eqns. (3.8) and (3.9)].

Recalling the universal object K and Theorem 3.6, we define the corresponding K-operator
KCo(r, ) as the unique scalar multiple of g, ,(K) which fixes wq (cf. [VW20, Prop. 2.5]). Then

(7'4) (QT,Z®HZ)(A<IC)) o ICQ(Tv Z)lﬁ(rv 22)KH<Z)2

as a consequence of (3.19). Since K lies in a completion of U,(b*), the intertwining properties of
t(r) and 7(r) now directly yield the following fusion relation for the K-operator:

Ko(r, 2)1 L(r, 22)K11(2)20(r) oC L(r)Ko(gqr, qz)
T(NKo(r, 21 L(r,2%)Kn(2)2 o Kolg 'riq ' 2)7(r),

with the scalar factors determined by applying the two sides of the equation to wq, say. We will be
able to prove a boundary counterpart of the factorization identity (5.7) using similar ideas.

We recover, with a much smaller computational burden, the key result [VW20, Lemma 3.2]
(a similar relation for left K-operators can easily be deduced from this, as explained in the last
sentence of [VW20, Proof of Lemma 3.2]). In the approach to Baxter’s Q-operator using short
exact sequences, the fusion relations for L and K-operators induce fusion relations for 2-boundary
monodromy operators, see [VW20, Lem. 4.2] from which Baxter’s relation (1.1) follows by taking
traces, see [VW20, Sec. 5.2].

HThe sign mismatch with [VW20, Eq. (3.1)] is explained in Remark 4.3.
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8. BOUNDARY FACTORIZATION IDENTITY

In motivating and presenting the key boundary relations, it is very useful to introduce a graphi-
cal representation of spaces and operators. Let us introduce the following pictures for the different
representations introduced in Sections 4 and 5:

0:= zoy .= =z b= 2
R e e
Uy = Z anpra II,= z———

For any vector spaces V, V', denote by P the linear map from V ® V’ to V' ® V such that

Po®v') =v®uvforall veV, v e V'. Also set z = z1/22. We then have the following pictures
for L-operators and R-operators:

29 29
PLy(2) =21 5| PLo(2) = 21 ~Shn
z9 29
PLs(z) = =1 PLy(2) =21 >—+—
Z1 21
PL,(2) = ---H-4-2 PL(2) = i 22
Z1 21
PLi(z)= 4@ PLG) = 4=
29 29
PRos(2) =21 PRug(2) = 21 ~pore

We now make the following definitions!'?:

(8.1) Ros(2) == Rop(d®2) ™", Rup(2) == Rugla?2) "

12These are the modified forms of the R-matrices that appear in the corresponding left reflection equations, see
[Sk88, Eq. (13))].
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and represent these modified R-matrices by the following pictures:
29 z9

~

Roo(2)P = —o4 21 Roo(2)P = WT 2

The various right-boundary K-matrices are represented as follows:

The left-boundary K-matrices defined in Section 6.2 are represented by the natural analogues of
these pictures. For example:

29 z2
¢z ——— 21
q %z R000S aid! )
22
e g2z
DN N A A - qh?z B

For the compatibility with the right boundary we claim that
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qu/2z qu/2z

q_u/2z q_M/QZ

qfu/szl
,/ /q‘u/2z—1
X
271 )C’f
51
which corresponds to the following identity in A®):
(8:2) Ko(2)1Rup(22)Kp(2)2 O = O Kylg™22)1 R g (-*)K(g2)2,

which we call the right boundary factorization identity. The diagrams above serve as a motivation
for the identity, which we now prove using results from Section 3 (an alternative computational
proof of Theorem 8.1 is given in Appendix C).

Theorem 8.1. For all p € C, all g € C* not a root of unity and all & € C*, relation (8.2) is
satisfied.

Proof. The proof is analogous to the proof of Theorem 5.2. We first note that
(0g-n/22 ® Ogurz:) ([ @ V) (R)) = (0g-1/2: ® Gy o, 1) (R) ox Ros(2%),
(v: ®¢:) (([d@¥)(R)) = (v:®¢.1)(R) o R (27)-
Noting the coproduct formula (3.19), we obtain
Kola 2201 Rog(2)Ko(@ )2 o (0gur22 ® Bgurz.) (A(KD)),
Ko(2)1Rus(25)Kg(2)2 o (v ® ¢2)(A(K)).

Now Theorem 4.4 implies (8.2) up to a scalar. The fact that all factors fix wy ® wo shows that the
scalar is 1. ]

Compatibility with the left boundary requires that

g%z
q—M/QZ
q—u/ZZ—l
S
qN/QZ—l y N
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The identity in A®) corresponding to this is

(8.3) Ko(q"?2,8)aRg5(2")Ko(q 22,107 = 07 Ky (2,€)2Rus(2*)Ku(2, )1
Theorem 8.2. Relation (8.3) is satisfied.

Proof. Given the definitions (6.12) and (8.1), this follows straightforwardly by inverting (8.2) and
replacing (2,£) — (g2, 1). O

9. DISCUSSION

The main result of this paper is Theorem 8.1 which can be viewed as a boundary analogue of
Theorem 5.2. To establish this result, first we needed to show that all R and K-operators involved in
equation (8.2) are well-defined actions of the universal elements R and K on the infinite-dimensional
Uq(EJF)-modules involved. The key fact that allows for this is that R and K live in completions
of Uq(EJr) ® Uq(af) and of Uq(EJr), respectively. This is very familiar for R but for K relies on
the recent works [AV22a, AV22b]. Introducing the U, (b™)-intertwiner O and the formula for A(K)
given by (3.19), relation (8.2) follows immediately from the intertwining property of O.

The open Q-operator Q(z) of [VW20] is the trace of a product of R and K-operators over the
Uq(B+)—module (0-,W) and there is a similar construction of an open Q-operator Q(z). In a
future paper, the authors will present this construction and the use of Theorem 8.2 in deriving a
boundary analogue of the factorization relation T,,(z) oc Q(2¢~#/2)Q(2¢*/?). They will also develop
the analogous theory for different coideal subalgebras, in particular those for which non-diagonal
solutions of the reflection equation are intertwiners. There is a quite subtle rational degeneration of
the construction in the present paper. The first-named author will study this in a separate paper,
giving an alternative approach to Q-operators for the open XXX spin chain, cf. [FS15].

A. DEFORMED POCHHAMMER SYMBOLS AND EXPONENTIALS

This appendix is independent from the main text, but provides identities which are used there.
We review some basic theory of deformed Pochhammer symbols and exponentials (as formal power
series) with a deformation parameter p € C*, which corresponds to ¢? in the main text.

A.1. Deformed Pochhammer symbols. Let x be a formal variable. For n € Z, the (finite)
deformed Pochhammer symbol (z;p), € C[[x]] is defined by

n—1
H(l—:ppm) itn >0,
(A.1) (x;p)n = { ™70

H (1—2p™™! ifn<0

m=n

(the definition for n < 0 is understood as a product of geometric series); since its constant coefficient
is nonzero, it is invertible. For all p € C* and n € Zx( we have the following basic identity in C[[x]],
see [GR90, (1.2), (1.3)]:

(A.2) (@50)—n = (P "@ip)t = (@/p;p~ )yt = (—2) "p" T2 (p/ap) .

Assuming |p| < 1, the infinite deformed Pochhammer symbol

(A.3) (@;p)o = [ [ (1 —ap™)

m=0
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is an invertible formal power series with well-defined coefficients in C. The following identity holds
in C[[z]], see [GRI0, (1.5)]:

oy (@p)w
(A.4) (z;p)n = )

A.2. Deformed exponentials. From now on we assume that p is not a root of unity. In particular,

(p;p)k # 0 for all k € Z=o. The deformed exponential is the invertible formal power series

o]

(A.5) ep(z) == 100(0; —;p, Z

The ordinary exponential formal power series arises as the termwise limit lim,_,; e,((1 —p)z) = e*.

This series satisfies the functional relation

(A.6) ep(pz) = (1 = 2)ep(2),

see [GRI0, Sec. 1.3]. Since constants are the only formal power series which are invariant under
x +— px, an inspection of constant coefficients shows that (A.6) implies

1 :
(A7) ep(x) = @) if |p| < 1.

Similarly we consider the invertible formal power series

© )/2 k
(A.8) Ey(x) := odo(—; —p, —x) Z :

k=0
Then E,(—x)~! also satisfies (A.6) and by comparing constant coefficients again we deduce e,(z) =
E,(—x)~!. By evaluating (A.2) at x = 1, we obtain E,(—z) = e,-1(p~'x) and hence

(A.9) ep() = epri(p ') e C[[a]].

Deformed exponentials in x and y satisfy various useful identities in particular deformations of
the commutative algebra C[[x,y]]. For instance, in any algebra generated by the symbols = and y
such that yx = yay for v € C, the definition implies the following identity:

(A.10) yep(w) = ep(y2)y

which we will use repeatedly. For a survey of product formulas analogous to exp(z)exp(y) =
exp(z + y), see [K097]. We will need the following result.

Lemma A.1. Let z,y be elements of an algebra such that yr = pxy. The following identities hold
as formal power series in x,y:

(A.11) ep()ep(y) = ep(z + 1),
(A.12) ep(y)ep(x) ( (1- ))%(y) = ep(x)ep(—xy)ep(y) = ep(x)ep((l - a:)y)

Proof. (A.11) is a direct consequence of the well-known g-binomial formula, see e.g. [GR90, Ex.
1.35]. For (A.12) see [K097, Prop. 3.2]. O
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A.3. Deformed exponentials as linear maps. Let V be a C-linear space. Call an operator f
on V locally nilpotent if for all v € V there exists o(v) € Zsq such that f°)(v) = 0 (note that
nilpotent operators are locally nilpotent and if V' is finite-dimensional the converse is true). If f is
nilpotent, the deformed exponential e,(f) defines an invertible map on V. If additionally y is an
indeterminate then e, (yf) is a well-defined invertible element of End(V)[[y]].

In the case V. = W @ W the following commutation relations for linear-operator valued formal
series are satisfied, expressed in terms of the linear operators a, a', @', f(D) (f € F) on W defined
in Section 4.2.

Lemma A.2. Let y be a formal variable. In End(W ® W)[[y]] the following identities hold:
(A.13) [ep(yaral), f(D1 + Dy)] = [ep(yarad), ar] = [ep(yaral), al] =0

for all f e F and

(A.14) [ep(yaral). af] = yp™ asep(yara)),

(A.15) [ep(yaral), p~P az] = yep(yaral)arp~*.

Proof. Note that (A.13) follows directly from the definition of the deformed exponential. A straight-
forward inductive argument using (4.4) yields

(A.16) [a"*!,al] = (1 = p"*1)pPa",
(A.17) (@l = (1= pHY @,
for all k € Zx¢, which imply (A.14) and (A.15), respectively. O

B. EXPLICIT EXPRESSIONS FOR R-OPERATORS

In this appendix we derive explicit formulas for R,5(2) and R,4(2), defined by (5.10) as images
of the universal R-matrix R fixing wy ® wg. We expect that these will be useful in further studies
of Baxter’s Q-operators for the open XXZ spin chain; for now they will allow us to give a proof of
the boundary factorization identity which does not rely on the universal K-matrix formalism. First
we note that, by the second part of Theorem 2.4, R,5(2) and R, (2) lie in the centralizer

(Bl) _A(()2) = {X e _A(2) [X7 qD1+D2] — 0}

One straightforwardly verifies that .,4(()2) is generated by elements of the form

(B’2) Z(a;)kfk<DlvD2)a11€7 Z(a'{)kfk<DlvD2)al2€7 Tx E./."(2).
k=0 k=0

Hence, elements of Aéz) in fact commute with all elements of the form f(D; 4+ D2) (f € F).

B.1. Explicit expression for R,(z). We first state and prove an explicit formula for R,4(z).
We keep using the shorthand notation p = ¢2.

Theorem B.1. For all z € C we have
(B.3) Rup(z) = ep(Za'{a2)q(ﬂ*1)(D2*Dl)*2Dl(D2+1)‘

Proof. From Proposition 2.6 we deduce that R,4(2) is a solution of the linear relation

~

(B.4) X(:®07)(A(u)) = (v:® ¢ )(AP(u))X for all ue Uy(b™).
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First of all, note that the element in the right-hand side of (B.3) satisfies (B.4) with u € {ko, k1}
and so it suffices to prove that the vector space

(B.5) X = {X e A® ‘X satisfies (B.4) for u € {fo, fl}}

is spanned by e, (2%a ag)q(“ DD2=D1)=2D1(D2+1) - Using the explicit formulas (2.2), (4.8) and (4.16),
we obtain that (B. ) is equivalent to the system

X<z71a1(q7“ o q,u,f2D1)qf,uf2D271 + q71a2> _ <z71a1(qﬁu _ q,uf2D1) + quf2(D1+1)a2)X’
XCLJ{q“JrlJrzD2 = a{X.

Without loss of generality we may write X = )z'q(“*l)(DTDl)*le(D?“) with X € .A(()2). Hence
(B.4) is equivalent to

(B.6) X o (1 - p" )] = p P e X — XpPras, [X,al] =0.

It is straightforward to check that the centralizer in A((]2) of aI is the subalgebra generated by

elements of the form Y}, _, (aDk fi(Dy)ak with fi € F. It follows that X is of this form. Therefore
(B.4) is equivalent to the single equation

@D, ar (1= p 7P fe(Da)ah = 2 Y. (a))F (p P (Do + 1) = PP fi(D2))ab ™
k=0 k=0
The commutator vanishes if kK = 0 so in the left-hand side we replace k by k+ 1. For k > 0 we have

[(@h ! a1 = p=P)] = (a")F(1 = pFH)(pr=PFt = pP).

Hence (B.4) is equivalent to the recurrence relation
(1 —p" ) (pr =Pkt — pPY) fr (Do) = 2(p* P L f(Da + 1) — pP fr(D2)).

Viewing F ) (D, Dy) as an F(Ds)-module, the elements p=P1 are linearly independent. Hence the
above recurrence relation is equivalent to the system

(=" fer(D) = 2fu(D+1),  fuD+1) = fu(D).
This is in turn equivalent to fx(D) € (p; p),;lz’%c for k € Z~, as required. O

B.2. The automorphism y and the g-oscillator subalgebra A. To obtain an expression
for R,4(z) in terms of deformed exponentials, it is very convenient to point out an additional

automorphism y. It cannot be defined on all of A so we will consider a subalgebra A. First,
consider the subalgebra F (D) < F(D) generated by

N R (A O S o Eay ) N G E B (R PO P

for all v € C* and 5 € C*\pZ.
For elements of F (D), unlike general elements of F(D), the symbol D can be formally evaluated

at negative integers. Accordingly, we define an involutive automorphism y of F (D) accomplishing
the formal replacement D — —D — 1. To be more precise, we set

1

D—-1

X(pEPDF/2) = pED(D+1)/2, X(P) = 4~P-1,
(B.7) X((P%p)5') = (=) T pEP PR ATy i) F,
(W ) ) = (1=72%) PP (—22) " Ppy 127 p)
X(=92) Py 'z %0)p") = (1 =722 PP 2 (0% )
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We denote the subalgebra of End(W) generated by a', a and F (D) by A Tt is straightforward to
check that x extends to a (non-involutive) algebra automorphism of A by means of the assignments

(B.8) x(@) =a',  x(@) =a

We can formulate a completion of tlie tensor product .Zl ®f~l in a similar way as forN A® A. More
precisely, we consider the subalgebra F( of F(2) generated by the subsets F(D;), F (D) and the
sgecial elements pTP1(P2+1)  The completed tensorial square of A is i:leﬁned to be the subalgebra
A®) of End(W ®W) generated by the elements (4.7) with Gkt Pig € F@) . Note that the boundary

factorization identity (8.2) is an identity in the subalgebra A®) < End(W @ W)[[2]].
The automorphism

(B.9) X i=go(x®x™)

of A® A naturally extends to an automorphism of .Zl(z), fixing p
power series in locally nilpotent operators.

+D1(D2+1) and acting termwise on

Remark B.2. The map x can be seen as an infinite-dimensional version of conjugation by anti-
diagonal matrices; certain Ugy(b™)-representations are naturally related this way. For instance, for
the 2-dimensional representation II, note that Ad(J)oIl = ITo® where Ad denotes ‘conjugation by’
and J = ((1] (1)) In the same way, x relates the prefundamental representations ¢ and g up to a twist
by the diagram automorphism ®: yop = go®. Hence, the condition (2.19) and the 1-dimensionality
of the solution space of the relevant linear equation implies (Ad(J) ® x)(L,(2)) = L5(2). At the
same time, a suitable scalar multiple of Rrr(2), i.e. the R-matrix for the XXZ chain, is fixed by
Ad(J ® J) and we will see in Section B.3 that the same statement is true for R,5(z) and x (2.

From (3.5) it follows that ®(Uy(t)) = Uq()|¢e—1. Hence, the boundary counterparts of the
above relations also involve inversion of the free parameter :

Ad(J) (Kmi(2))[gmne1 = =€ Kmi(2),  X(Ko(2))lgme—1 = ¢ (2% = €71) 7 Co(2).
In fact, applying x ® Ad(J) to the reflection equation (6.4) with m = ¢ and inverting £ we see that

Ko(2) = x(Ko(2))|gme—
defines a bijection: RE, — RE of the solution spaces defined in (6.7). z

We can use the map ¥ to generate further relations similar to those in Lemma A.2.

Lemma B.3. Let y be a formal parameter. In End(W ® W)[[y]] the following identities hold:

(B.10) [, ep(yataa)] = yep(yalaz)afp=> ",
(B.11) [ELICLQ, ep(yald;)] = y(ep(yala;)p_Dl_l - p_D2_1ep(yaldT)).

Proof. Tn this proof we view the algebra A as a subalgebra of End(W)[[y]], and similarly for A®).
To prove (B.10), first we apply Y@ to (A.14), obtaining

(B.12) [ep(yaldg),ag] = yalp_Dz_lep(yaldT).

Now consider the unique involutive algebra anti-automorphism 7 : A — A which exchanges a and af
and fixes f(D) for all f € F and the unique involutive algebra anti-automorphism 7 : A — A which
exchanges a and @' and fixes f(D) for all f € F. Then n® := n®7 is an algebra antiautomorphism

of A® A. Tt extends in a natural way to an algebra antiautomorphism of A, By applying 1(®)
to (B.12) we obtain (B.10).
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Di+D2+1 we obtain

Finally, to prove (B.11), upon right-multiplying (A.15) by p
(B.13) [ep(yara), a1p™?] = yep(yaraf)arp®
From (A.14) and (B.13) it follows that

Do

[ep(yala;) C‘1“217 y< ya1a2)a2 + alep(yala;) 1)1)
(B.14) <

tep(yaray) (pP? — 1)+ (1 —le)ep(yaldg)pm)
= y(ep(yara)p™ —leep(yaldE))-

Now (B.11) follows as the y(®-image of (B.14). O

Do

B.3. Explicit expression for R,;(z). To aid the computation of Ry(z), consider the subalgebra
.%T((f) = A® A .A(()2), which is preserved by x®.

Lemma B.4. Ry;(2) is a .;t(()z)-valued formal power series whose coefficients are fized by x@.

Proof. Tt is clear from (4.10) and (4.16) that o ® 5~ takes values in A® A ¢ A®. Now recall
(2.20) and note that the factor s acts as pP1(P2*1) Furthermore, noting the form of (£, ® id)(©)
given by (2.26) with the components ©) lying in U,(n")\®@U,(n*)_x (A € @T), we obtain that the
action of R(z) on (o® o~ ,W ® W) is by an element of .,Z(()z). For the second part, note that
X o(e®a7) = (x'®x) (0" ®o)oo=(e®0 )0 (wBW) oo
Applying this to R(z), making use of (2.27), (2.24) and (2.18), we obtain x(?)(R,5(2)) = Ryp(2). O
In the derivation of the formula for Ry5(2), we rely on the following result.

Lemma B.5. The centralizer of the subset {al,dg} in A®? is equal to C[[z]].

Proof. This centralizer is the intersection of the centralizer of aJ{ and the centralizer of a;, which
are easily found to be equal to

{ (@) * fre(D2)a | free f}7 { D (@) ge(D1)al | i € f},
k,£=0 k,£=0
respectively. Clearly their intersection is trivial. O

Now we are ready to state and prove a formula for R ,5(2) in terms of deformed exponentials.
Theorem B.6. For all z we have
(B.15) Roa(z) = ep (q?’zald;)e,ﬁ(q_12a1a2)q_2D1(D2+1).

Proof. Clearly, wo®wy is fixed by the expression on the right-hand side of (B.15). In the following
we initially work over the ring C|[[z, z2]] for some new indeterminate zo and write z; = zz3. By
applying 0., ® II; ® ¢, to (2.17) and left and right-multiplying by Eg’%(z;l)_l we obtain

(B.16) Roa(2)12L0(21)13L5 (25 )33 = L5 (23 )32 Lo(21)13Ro5(2)12
an equation in (A® @ End(C?))[[22]]. By a direct computation we obtain

- 1 gD-1.2 atq=D-1z N
(B.17) L5 (2 = 2] (an—lzz gPH123 — q—%)—l € End(C*) ® A.
2
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Now we consider the equation

(B.18) (23 — 1) X12L,(21)13L5 (23 )za = (53 — 1)L (23 )3 Lol21)13X12

in (A® ®End(C2))[[22]], for some X € .,Z(()z) such that ) (X) = X. It suffices to prove that
(B.19) X = {X € jé2) ’X satisfies (B.18) and is fixed by X(z)}’

which by Lemma B.4 contains (¢, ® 07 )(R), is spanned by the element given in the right-hand
side of (B.15).
By considering explicit expressions for (z%—l)ﬁg(zl)lgﬁg(zgl)gzl and (z%—1)£§(z51)§2159(z1)13,
we obtain that (B.18) amounts to the system
X(qDl—Dg—l _ a‘{a2q—D1+D2—2z) _ (qDl—Dz—l _ ala;qDl—DZZ)X7
X((d;qDl_Dz_l + an_Dl_D2_2z) — aJ{q_D”Dzz’zg) =

_ (agqulngfl o (a'{qu1*D272 + (—l;qD1*D2+1z)ZZ§)X,
X<a2q_D1+D2_l ~(arg™ P ¢ a2qD1+D2+12)ZZ%> -
_ ((a2qD1+D271 + aqulszz) _ aqu1+D2+2zz§>X,

X —D1+D2+1_|_ D1—D2+1Z2_alaT D1—D22 _ —D1+D2+1+ D1—D2+1Z2_aTa2 _D1+D2_2Z X
q q 24 q q 1029

for X € .Z(()2) fixed by x?. Since C[[z, z2]] = (C[[z]])[[22]], considering expansion coefficients with

respect to zz, we can use [X, ¢”'*P2] = 0 to deduce that the above system is equivalent to

Xagq™*Pt = (ag + a1¢72724'2) X, a1 X = X (arg P2+ + g lagz),
(B.20) Xalg?P2r1) — (ai + d;qwl*?’z)X, alX = X(dngl + qilaiz),
(B.m) [X, q2D1] _ (XaIa2q2D2_l . ald£q2D1+lX)z,

[ X, P2 + q2D1z2] = (Xal&;qu)l_l — a§a2q2D2_3X)z.
Note that ¢—2P1(D2+1) ¢ .2182) is fixed by x(?). Hence without loss of generality we may write
(B.22) X = Xq 2D Deth),

for some X € .,Z(()2) fixed by x(?). The system (B.20-B.21) is equivalent to

(B.23) [X,a0] = ¢ 222, Xz, a1, X] = X¢2P~1ayz,
(B.24) [X,al] = al?P1+3% 2, [a}, X] = Xalq2P232,
(B.25) [)z',qﬂ)l] = ()Z'a{agqﬂ)l p— aquDlﬂX)z,
(B.26) [X,¢°P% + ¢*P1 2% = ()?alangﬁ?’ — alayg®?? 3X)z

Since X(z) fixes X , the equations in (B.23) and the equations in (B.24) are pairwise equivalent. At
the same time, the system (B.23-B.24) implies (B.25) and (B.26). To show this, since [X, ¢?P1] =
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[aJ{al,)N(] from (B.23-B.24) we obtain
[X, P + arab?P 1 X 2 — Xalagg? 7z =
= ala;q2D1+1X’z - [)z',a;]al + a}[ah)}] — XQIQ2Q2D1_1Z
= (@;qw”?’[al,f(] _ [)Z',a]i]ag(f[)l_l)z,
which vanishes, thereby recovering (B.25). Applying Y@ to (B.25) we obtain [ X*, T

()N(a]iagq_ﬂb_l — aldgq_ﬂ)ﬁl)?)z. Left-and-right multiplying this by ¢*”2 and using (B.23-B.24)
to rewrite the result we obtain

(B.27) [X,¢?P2] = (dgfalqﬂ)ﬁ?’ - q2D2*1aJ{X’a2)z.
Finally, using (B.27) and again (B.23-B.24), we derive that
[Xu q2D2 + q2D12’2] — )}ald;q2D2+3z + aIa2q2D2_3X’z =
= @l Xa1q?P23 — P10 Rapz + [X, 2P ]2+
_ (a;f( _ )z'a]iqf2D273z)a1q2D2+3z n aiqwrl(f(az _ alq’w?*lf(z)z
= ()Z'a]ial + aIal)z' +[X,1— aial])z2

which vanishes, thereby proving (B.26) as well.
We have obtained that the system (B.23-B.26) is equivalent to the system (B.24). Writing p = ¢2,
without loss of generality we set

X = Yep(quala;)ep(q_lza]iag)
for some Y € .,Z(()2) fixed by x?, noting that ep(q?’zald;) and ep(qflzaiag) lie in .,Z(()2) and are fixed
by x@. The theorem now follows from the following claim.

Claim: (B.24) is satisfied if and only if Y € C[[z]].

In the special case Y = 1, (B.24) is indeed satisfied:
%, a) = 0923 = (fg(asmad). o] = ol 2eaa e s,

[}, X] = Xalq 2272 = ¢, (¢*2ana}) ([a}, ey (a7~ 20l a2)] — ep(g™ 20l az)alq72P2722).

with the expressions in parentheses vanishing by virtue of (A.14) and (B.10) (with y = ¢712).
For general Y we therefore have

[X,al] - abg®” 22X = [V, ajlep(a*2anah)ep(q 2ajan),
[EL;,X] - )Z'a]iq_QDz_?’z = [EL;,Y]ep(q?’zaldg)ep(q_lza]iag).
Both right-hand sides vanish, i.e. (B.24) is indeed satisfied, if and only if Y lies in the centralizer
in A of {aJ{, d;}, which is trivial by Lemma B.5. This proves the claim. O
C. AN ALTERNATIVE PROOF OF THE MAIN THEOREM

In this part of the appendix we give a proof of the boundary factorization identity (8.2) inde-
pendent of the universal K-matrix formalism, instead relying on the explict expressions obtained
in Appendix B. Before we state and prove a key lemma, note that expressions of the form ep(’yD Y)
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where v € C* and y is an indeterminate give rise to well-defined End(W)-valued formal power
series, sending w; to e,(v/y)w;.

Lemma C.1. Let y be a formal parameter and let p be a nonzero complex number, not a root of
unity. In End(W ® W)[[y]] we have the identities

(C.1) ep(parah) (y: p)p, = (4 p) Dy ep(—ar1ahp? y)ey(paral)
(C.2) ep(paral) (' Py p) p ep(pyalaz) = ep(pyalaz)(p' P2y p)plep(para).

Proof. Note that
WRW= @ WW)n, WRW)p = P Cuw,;Quy.

meZzo 3:k>0
Jtk=m

Because each factor in (C.1-C.2) preserves each finite-dimensional subspace (W & W),,, it suffices
to prove the restrictions of (C.1-C.2) to (W ®W),,,, where m € Zx is fixed but arbitrary. Note that
on (W ® W),, the operators appearing as arguments of the deformed exponentials are nilpotent.
Therefore the operators on the left- and right-hand side of the restricted equations depend rationally
on p and hence it suffices to prove them with p restricted to an open subset of C.

We will prove the restriction of (C.1) to (W ® W), for all p € C such that |p| < 1. Combining

(A.4) and (A.7) we obtain (y;p)p = %é)y); as a consequence, (C.1) is equivalent to
T

(C3) ep(para)ey(p”'y) = e (P y)ey(~aralp™ y)ey(paral).

But this equation follows directly from (A.12) and the observation (ala;)(pD 1) = p(p? 1y)(a1a£).
On the other hand'3, we will prove the restricted version of (C.2) for all p € C* such that [p| > 1.

In this case, for all j € Z~g we have

. |
W)yt = oy = CEE T e ey

From (A.7) and (A.9) we deduce the identity
@7 yp™ e = e (077y) T = (0" y) € Iy
Hence (p'Py;p)pt = (y;p )t ep(p'~Py) in End(W)[[y]] and (C.2) is equivalent to

(C4) ep(para)ey (v’ y)ey(pyaiaz) = ep(pyalaz)ey (v’ 2y)ey(paral)
To prove (C.4), note that (B.11) can be evaluated at y = p, and the result can be rewritten as

ep(paldg)(prl + alag) = (pr? + alag)ep(paldT).

By iteration we obtain

i

(C.5) ep(paral)e, (01 Py + pyalaz) = ey (p' 2

y+ pyd{ag) ep(paldT).

Note that (diag)pl_Dl = ppl_Dl(aIag) and pl_D2(dJ{a2) = p(diag)pl_D? Applying (A.11), we
obtain (C.4), as required. O

Alternative proof of Theorem 8.1. By virtue of (4.12), the desired identity, viz.
(o Ko Ruo(2)Ks ()2 O = OK (a7 2)1 Rog() Kol )3

13We will need (C.2) with |p| < 1, but we are not aware of a direct proof of this.
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for arbitrary € C and ¢,& € C* such that ¢ is not a root of unity, is equivalent to
ep(Pa1h)Kou(2)1 Rug (2 Ko (2)aep(para) ™" =
- q”(Dl_Dz)/leQ(q_”/zz)lR@(z2)ICE(q”/Qz)gq”(DQ_Dl)/Q
where p = ¢%>. The strategy of the proof is as follows. We move various simple factors in
F@)(Dy, D) to the right in both sides of (C.7), thus bringing them to a similar form. Then
more advanced product formulas involving g-exponentials and finite g-Pochhammer symbols yield

the desired equality.
More precisely, we set v = pg*¢~1 € C* and from (A.2) deduce

(v2"%p); = PR (0 Iy )
D2

(C.7)

—-1,—-D

for all j € Z>g. Using the identities ¢~ al = —daq*D2 and q*D2a = ag?P1q 2, we obtain, for

the left-hand side of (C.7),
ep(pa1) K (2)1 R (2) Ko (2)aep(pmral) " =
_ 1 1-D\D D, — _
= ep(paral) (— v 'q' ) 7 (vePp)p, (01 Py 2 p) plep(2Palan):
(C.8) ‘q(2u—1)D1—2D2—2D1D2—D%(_£)D2 T)—l

= ep(Pala;)(7Z2§p)D1 (p17D177122;p)51 ep(pvflzza]i

az)(—q ep(paral) !
= ep(parah) (7255 p)p, (0 "7y T 2 Py (T P aan)ep(paral) (g TP P,
Similarly, for the right-hand side of (C.7) we obtain
qﬂ(Dl*D2)/2]Cg(q*.“/2z)1Rg§(z2)K:é(ql‘/2z)2ql‘(D2*Dl)/2 =

(DD () Prey (¢ P ara] ey (g afa)

ep(paia
7D17D272£)D1 +Do

_ Z2.
co (v2%;p) Dy "

1-Da . —1,2., \=1 _pu(D2—D1)/2—2(D1+D2)—2D1 Da—D? Dy _
. <p 2yl 7p)DQq,u( 2—D1)/2—2(D1+D2) 1D2 2<_€) 2 _
2, =1 2D 2 —-1,2- 1-Dy —1_2, \—1 —D1—Do—2¢\D1+D
= (72%0) Dy ep(—ar@h® P12 e, (py ' 22alaz) (p' P2y 2% p) pl (—g P P2 ) Pt D
Therefore (C.7) is equivalent to
— 2. 1-D1.—1_2. \—1 —-1_2- ~T\—1 __
(C.10) ep(paral) (v p)p, (0" 1y 2% p) prep (0y T 22 a] az)ey (paral) Tt =
’ 2. T, D1..2 —1_2~ 1-Dy, —1_2. -1
= (125 p) Dy ep(—aralp? 2, (py~ 2%a] an) (0" P2 2 p) o
Applying (C.1) with y = 722 and (C.2) with y = v~ !22, we deduce (C.10), as required. O
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