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Abstract: One of the features of Baxter’s Q-operators for many closed spin chain mod-
els is that all transfer matrices arise as products of two Q-operators with shifts in the
spectral parameter. In the representation-theoretical approach to Q-operators, underlying
this is a factorization formula for L-operators (solutions of the Yang—Baxter equation
associated to particular infinite-dimensional representations). To extend such a formal-
ism to open spin chains, one needs a factorization identity for solutions of the reflection
equation (boundary Yang—Baxter equation) associated to these representations. In the
case of quantum affine sl, and diagonal K-matrices, we derive such an identity using
the recently formulated theory of universal K-matrices for quantum affine algebras.
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1. Introduction

1.1. Background and overview. Baxter first introduced his Q-operator in [Ba72,Ba73]
as an auxiliary tool in the derivation of Bethe Equations for the eigenvalues of the 8-
vertex model transfer matrix. The key characters in the story are the transfer matrix 7 (z)
and the Q-operator Q(z). A detailed description of the essential properties of 7 (z) and
Q(z) can be found in [BLZ97] (also see [VW20] and references therein); the key relation
that they satisfy that leads directly to the Bethe equations is of the form

T(2)Q() = 4+ (2)Q(q2) +a—(2)Q(g ™ '2), (1.1)

where o (z) are meromorphic functions and ¢ € C* is not a root of unity.

In the original papers of Baxter, the operator Q(z) was constructed by a brilliant but
ad hoc argument; the representation-theoretic construction of Q(z) had to wait more than
20 years until the work of Bazhanov, Lukyanov and Zamolodchikov [BLZ96,BLZ97,
BLZ99]. The main idea of the latter approach is to construct both 7'(z) and Q(z) as
partial traces over different representations of the universal R-matrix R of U, (sl2). The
operator 7 (7) is a twisted trace over a two-dimensional U, (g\[z)-representation I1,, and
Q(z) is a similarly twisted trace over an infinite-dimensional U, (Eﬂ—representation Pz



A Q-Operator for Open Spin Chains II Page30f42 110

where b* is the upper Borel subalgebra of sl (the relevant representations are defined
in Sect. 4.4 of the current paper). The relation (1.1) for closed spin chains then follows
immediately by considering a short exact sequence (SES) of U, (b*)-representations
with IT; ® p; as its ‘middle’ object (cf. [FR99, Lem. 2 (2)]). For an arbitrary untwisted
affine Lie algebra g with upper Borel subalgebra b, the level-0 representation theory
of U, (b™) was studied in [HJ12]; for the general connection with the theory of Baxter’s
Q-operators see [FH15].

As well as this direct SES route to the equation, there is an alternative strategy which
we refer to as the factorization approach; for closed chains see [BS90,De05, DKKO06,
De07,BIMST09,BLMS10]. In fact, this approach was the one taken by Bazhanov,
Lukyanov and Zamolodchikov. The work that developed this formalism in language
most similar to the current paper is [KT14].

In this approach, a second operator ‘O(z) with similar properties to Q(z) is intro-
duced as a trace of R over another infinite-dimensional representation g, of U, (b¥).
The affinized version v, of the U, (sl2)-Verma module is also considered as well as an-
other infinite-dimensional filtered U, (ﬁ*)-module ¢.; these two representations depend
on a complex parameter u. The key connection between all representations is given by
Theorem 4.4, which expresses the fact that particular pairwise tensor products are iso-
morphic as U, (b*)-modules by means of an explicit intertwiner O (defined in Sect. 4.5
of the current paper). At the level of the L-operators this implies

O12Lo(qg " 2)13L5(q"*2)23 = L4(2)13L4(2)23012, (1.2)

(see Theorem 5.2 of the current paper), which is referred to as factorization of the Verma
module L-operator £,,(z) in terms of the L-operators £,(z) and L5 (z) which are used
to define Q(z), O(z) (the transfer matrix corresponding to the additional operator L (z)
is trivial).

Defining 7, (z) to be the transfer matrix that is the trace over the 11-dependent rep-
resentation v, of R in the first space, Theorem 5.2 yields a relation of the following
form:

Tu(2) o Qzg M) Q(zq"?). (1.3)

The SES associated with v, in the case p is an integer then leads to the key relation

(1.1).

1.2. Present work. In the current work we are interested in an analogue of (1.2) for open
chains, setting out an approach to Q-operators which complements the SES approach of
[VW20].

The problem of Q-operators for open XXZ chains with diagonal boundaries was
discussed in [BT18] and in [Ts21]. The XXX version of this problem was solved already
in [FS15]. Earlier, Baxter TQ-relations with more general boundary conditions were
found in [YNZ06] (XXZ) and [YZ06] (XYZ) by spin-j transfer matrix asymptotics.

Our main result is the following analogue of Theorem 5.2, which we call the boundary
factorization identity. Its existence answers in the positive a question raised in [BT18,
Sec. 5]:

Ko (2)1Rug (2K p(2)2 O = OKo(q "?2)1R 05 (2D K5 (" 2)2 (1.4)
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where z is a formal parameter (which can be specialized to generic complex numbers).
The precise statement is given in Theorem 8.1. This formula involves the actions of
the universal R-matrix of Uy, (5[2) in tensor products of the various infinite-dimensional
representations introduced. In addition, the various K-operators are diagonal solutions
of reflection equations (boundary Yang—Baxter equations) [Ch84,Sk88]. They arise as
actions of the universal K-matrix associated to the augmented g-Onsager algebra, a
particular coideal subalgebra of U, (5[2) which featured also in e.g. [BB13,RSV15,
BT18,VW20]. More precisely, diagonal solutions of the reflection equation with a free
parameter, considered by Sklyanin in his 2-boundary version of the algebraic Bethe
ansatz in [Sk88], are intertwiners for this algebra.

Equation (1.4) has a natural diagrammatic formulation, see Sect. 8. In a subsequent
paper the authors will explain how (1.4) yields relations analogous to (1.3) and hence
(1.1) for open chains.

The proof of (1.4) and of the well-definedness of the various K-operators is an ap-
plication of the universal K-matrix formalism developed in [AV22a, AV22b] which is
built on the earlier works [BW18,BK19]. More precisely, it relies on an extension of the
theory of K-matrices for finite-dimensional representations of quantum affine algebras
in [AV22b] to level-0 representations of U, (b*), which we discuss in Sect. 3. The key
point is that, for the special case of the augmented q-Onsager algebra, there exists a
universal element /C, centralizing the augmented q-Onsager algebra up to a twist, with
three desirable properties.

(i) The element /C lies in (a completion of) the Borel subalgebra U, (b*) so that the
resulting family of linear maps is itself compatible with U, (b+) intertwiners (which
play an essential role in the algebraic theory of Baxter Q -operators).

(i1) The coproduct of K is of a particularly simple form, which is relevant for the proof
of the boundary factorization identity.

(iii) The linear operators accomplishing the action of X in level-0 representations satisfy
the untwisted reflection equation.

Thus we obtain the factorization 1dent1ty (1.4) as a natural consequence of the represen-
tation theory of U, (5[2) The main benefit of this universal approach is that laborious
linear-algebraic computatlons are avoided; in particular, we not even need explicit ex-
pressions for the various factors. Nevertheless, we do provide these explicit expressions,
as we expect them to be useful in further work in this direction. We also give an alternative
computational proof of (1.4), to illustrate the power of the universal approach.

This is a ‘boundary counterpart’ to the level-0 theory of the universal R-matrix, which
we also include for reference. We do this in Sect. 2, staying close to the original work by
Drinfeld and Jimbo [Dr85,Dr86,Ji864a,Ji86b]. In particular, Theorem 2.4 states that the
grading-shifted universal R-matrix has a well-defined action as a linear-operator-valued
formal power series on any tensor product of level-O representations of U, (b+) and
Uq(b ) (including finite-dimensional representations). Often this well-definedness is
tacitly assumed, see e.g. [VW20, Sec. 2.3]. Alternatively, it follows from the Khoroshkin-
Tolstoy factorization [KT92] of the universal R-matrix, see also [BGKNR10,BGKNR13,
BGKNR14]; however we are unaware of such a factorization for the universal K-matrix.

1.3. Outline. In Sect.?2 we study the action of the universal R-matrix of quantum affine
sly on tensor products of level-0 representations of Borel subalgebras. Section3 is a
‘boundary counterpart’ to Sect. 2, where we consider the augmented g-Onsager algebra.
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We show that its (semi-)standard universal K-matrix, see [AV22a, AV22b], has a well-
defined action on level-0 representations of U, (b*), see Theorem 3.6, and, with a simple
correction, satisfies the above three desirable properties.

In Sect.4 we discuss the relevant representations of U, (b*) in terms of (an extension
of) the g-oscillator algebra, as well as the U, (/b\")-intertwiner . Various solutions of
Yang—Baxter equations are obtained in Sect.5 as actions of the universal R-matrix in
tensor products of Borel representations. Similarly, in Sect. 6 we introduce solutions of
the reflection equation as actions of the universal K-matrix in Borel representations.

We revisit the SES approach to Baxter’s Q-operators for the open XXZ spin chain
in light of the universal K-matrix formalism in Sect.7. Next, in Sect.8 we give a dia-
grammatic motivation of the boundary factorization identity (1.4) for the open XXZ spin
chain, and provide a short proof using the level-0 theory developed in Sect. 3. Finally,
in Sect.9 we summarize the main results and point out future work.

Some supplementary material is given in appendices. Namely, Appendix A provides
some background material on deformed Pochhammer symbols and exponentials. More-
over, Appendix B contains derivations of the explicit expressions of the two R-operators
appearing in (1.4). In Appendix C we provide a computational alternative proof of the
boundary factorization identity (1.4), relying on the explicit expressions of all involved
factors. The key tool of this proof is provided by Lemma C.1, which consists in two
product formulas involving deformed Pochhammer symbols and exponentials. We em-
phasize that the main text and its results do not rely on Appendices B and C.

2. Quantum Affine sl and its Universal R-Matrix

In this section we study the action of the universal R-matrix of the quasitriangular
Hopf algebra quantum affine s[; on tensor products of level-0 representations (including
infinite-dimensional representations) of the Borel subalgebras. We give a basic survey
of the algebras involved, the representations and the quasitriangular structure and show
that the universal R-matrix has a well-defined action on tensor products of all level-0
representations of the Borel subalgebras.

2.1. General overview of finite-dimensional R-matrix theory. To formulate a quantum
integrable system in terms of a transfer matrix built out of R-matrices, one needs finite-
dimensional representations of a suitable quasitriangular Hopf algebra. To get trigono-
metric R-matrices, one can proceed as follows.

Let g be a finite-dimensional simple Lie algebra and note that the untwisted loop
algebra Lg = g ® C[r, 1~ '] has a central extension § = Lg @ Cec. In turn, this can be
extended to g = g ® Cd where d satisfies [d, -] = t%. For a fixed Cartan subalgebra
h C g we define

H::hEBCc, E:zﬁ@@d.

The Lie algebra g is a Kac-Moody algebra and hence has a non-degenerate bilinear form
(-, -), which restricts to a non-degenerate bilinear form on . See e.g. [Ka90] for more
detail.

The universal enveloping algebras U (g) and U (g) can be g-deformed, yielding non-
cocommutative Hopf algebras (Drinfeld-Jimbo quantum groups) U, (g) and Uy (g), see
e.g. [Dr85,Dr86,Ji86a,KT92,Lu94]. The nondegenerate bilinear form (-, -) lifts to U, )
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inducing a pairing between the q-deformed Borel subalgebras and hence a quasitrian-
gular structure. On the other hand, the subalgebra U, (g) has a rich finite-dimensional
representation theory, see e.g. [CP94,CP95,Ch02,HJ12]. The grading-shifted universal
R-matrix has a well-defined action on tensor products of finite-dimensional represen-
tations of Uq@ as a formal power series, see e.g. [Dr86,FR92,KS95,EM03,He19]).
We now discuss the natural extension of this theory to level-0 representations of Borel
subalgebras, including various infinite-dimensional representations. We will restrict to
the case g = sl (but the theory generalizes to any quantum untwisted affine algebra).

2.2. Quantum affine sl. Denoting the canonical Cartan generator of sl by Ay, E is
spanned by kg = ¢ — h1 and k1. The bilinear form on § is defined by

(ho, ho) = (h1, hy) = —(ho, h1) =2, (ho,d) =1,  (h1,d) =(d,d) =0.

Fix € € C such that ¢ = exp(¢) is not a root of unity. For all u© € C we will denote
exp(en) by g*. First, we define U, (g) as the algebra generated over C by e, f and
invertible k subject to the relations

k— k!
ke — qzek, kf — qufk’ [e’ f] — - (21)
q9—4
The following assignments determine a coproduct A : U, (g) — Uy (g) ® U, (g):
Al)=e®1+kQe, Af)=fRk'+1®f AGTH =k @kt
2.2)

It uniquely extends to a Hopf algebra structure on U, (g). Now the main algebra of
interest, U, (@), arises as follows.

Definition 2.1 (Quantum affine sl,). We denote by U, (g) the Hopf algebra generated
by two triples {e;, f;, ki} (i € {0, 1}), such that:

(i) the following assignments fori € {0, 1} define Hopf algebra embeddings from U, (g)
to U, (9):

e e, = fi, k — ki; (2.3)
(ii) the following cross relations are satisfied:

kikj =kjki,  kiej =q ejki,  kifj =q’fiki, lei, f1=0, (24)
lei, lei, leis ejl2lilg—2 = Ufis Ufis Ui, filg2hilg—2 =0, (2.5)
fori # j, where we have introduced the notation [x, y], := xy — pyx. &
Consider the affine Cartan subalgebra’h\ = Cho & Ch,. Note that its g-deformation

Uy (E) = (k(j)tl, kfl) is isomorphic to the group algebra of the affine co-root lattice
0V = Zho+Zh; C b. (2.6)

The nontrivial diagram automorphism @ of the affine Dynkin diagram, i.e. the nontrivial
permutation of the index set {0, 1}, lifts to a linear automorphism & of h which preserves
the lattice Qv Accordingly, it also lifts to an involutive Hopf algebra automorphism of
U, (@), also denoted &, via the assignments

D(e;) = eaiy,  P(fi) = fou), @(kil)—kq)(l) fori € {0,1}. (2.7)
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2.3. Quantized Kac-Moody algebra. To define the quantized Kac-Moody algebra
Uy (g), one chooses an extension Qv of QV (a lattice of rank 3 contained in h) pre-
served by ®.

Remark 2.2. The standard extension of the affine co-root lattice Zho + Zh + Zd is not
so convenient for us, mainly in view of the construction of the universal K-matrix in
Sect. 3.3. Namely, extensions of ® to i which are compatible with the bilinear form on

b do not preserve this lattice, see also [Ko14, Sec. 2.6] and [AV22a, Sec. 3.14]. g
The most convenient choice is to use the principal grading and set
1 3
dpr := —gho + §h1 +2d € b, (2.8)

so that
(dpr, ho) = (dpr, h1) =1, (dpr, dpr) = 0.
Now we set @ (dpr) = dpr and obtain a linear automorphism & of E preserving the lattice
0" := Zho + Zh) + ZLdp.

The corresponding dual map on E*, also denoted by &, preserves the extended affine
weight lattice

= (A €b*|(0") € Z). 2.9)
Accordingly, we define U, (g) as the Hopf algebra obtained by extending U, (g) by

a group-like element! g satisfying
gei =qeig,  gfi=q ' fig, gki=hg. (2.10)

Hence, the assignment ®(g) = g together with (2.7) defines an involutive Hopf algebra
automorphism of U, (g).

2.4. Co-opposite Hopf algebra structure. For any C-algebra A, denote by o the algebra
automorphism of A ® A which sendsa ® a’toa’ @ aforalla,a’ e AIfX e AQA
we will also write X5 for o (X).

If A is a bialgebra with coproduct A, the co-opposite bialgebra, denoted AP, is
the bialgebra with the same underlying algebra structure and counit as A but with A
replaced by

A% =0 oA @2.11)

(if A is a Hopf algebra with invertible antipode S, then A®°P is also a Hopf algebra with
antipode S~1). The assignments

wle)=fi, o(f)=e, o&=k' forief0,1}, w(@) =g
(2.12)

define a bialgebra isomorphism from U, (g) to U, (§)°°P (in particular, (0 ® w) o A =
A°P o ) which commutes with ®.

Uogtis equal to exp(edpr) if we define Ugy (§) as a topological Hopf algebra over C[[€]].
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2.5. Weight modules. We review some basic representation-theoretic notions for U, (§)
by means of which its universal R-matrix can be described. Consider the commutative
subalgebra

U,(0) = (k' K ¢ C U, ). (2.13)
Call a U, (g)-module M a U, (E)-weight module if

M = @M}u M, ={meM|ki- m= q}»(hi)m fori € {0, 1}, g -m= q)»(a'pr)m}.
reP

Elements of M;, are said to have weight A. The adjoint action of U, (E) (with its generators
acting by conjugation) endows Uy, (g) itself with a U, (h)-weight module structure, with

elements of U, (h) of weight 0. More precisely, the weights of U, (g) are given by the
affine root lattice

§:=Zao+Za1 C P

(e; has weight «;, f; has weight —¢;). The adjoint action of U, (H) preserves the subal-
gebras

Uq(/n\'—):<e(),€1>, Uq(/rr):<f05 fl) (214)
and the corresponding weights are given by the monoids + §+ respectively, where @+ =

Z>0a0 + Z}o()tl .

2.6. Quasitriangularity. The universal R-matrix for Uy (g) is an element of a completion
of U, (§) ® U, (9) satisfying

RA®w) = AR forall u € Uy ). (2.15)
(A ®Iid)(R) = Ri3R2s, (id® A)R) =RizR12 (2.16)

and hence
R12R13R23 = R3R13R12. (2.17)

Consider the quantum analogues of the Borel subalgebras, which are the Hopf subalge-
bras

U, (6%) = (U, (h), U, (7))

The element R arlses as the canonical element of the bialgebra pairing between U, (b+)

and the algebra U, (b )OP (the bialgebra isomorphic as a coalgebra to Uy ( b™) but with
the opposite multiplication), see [Dr85,Lu94]. In particular, R lies in a completion of
U, (b%) ® U, (b7). Further, invariance properties of the bialgebra pairing imply

(0 ® w)(R) = Rz, (2.18)
(®® D)(R) = R. (2.19)
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Also, this pairing has anon-degenerate restriction to U, mhH), x U, M) _, forall) e §+;
denote the canonical element of this restricted pairing by ®;. With our choice of the
coproduct we have

R=0""«"". o=>) 6, (2.20)
Ae@‘f

A priori, ® acts naturally on U, (g)-modules with a locally finite action of U, @) or
U,(@). Webrleﬂyexplam oneposmbledeﬁmhon of the element « . The non- degenerate
bilinear form (-, -) on b induces one on f)* which we denote by the same symbol. If
M, M’ are U, (h)-weight modules we define a linear map kps : M @ M’ — M @ M’ by
stipulating that it acts on M; ® M}, (A, A’ € P) as multiplication by ¢*". The family
of these maps «y, where M runs through all U, (E)-Weight modules, is compatible

with U, (H)-intertwiners. Hence it gives rise to a well-defined weight-0 element « of
the corresponding completion of U, (§) ® U, (g) which we call here weight completion.
Similarly, we will define weight-0 elements of the weight completion of U, (g) itself
using functions from P to C. See also [AV22a, Sec. 4.8] for more detail.

2.7. Level-0 representations. Consider the following subalgebras of U, (g):
Uy (6%) = (Uy (), Uy 35)) = Uy (6%) N U, @) (2.21)

Then U, (E*) is isomorphic to the algebra with generators e;, k; (i € {0, 1}) subject to
those relatlons in Definition 2.1 which do not involve the f; (the proof of e.g. [Ja96,
Thm. 4.21] applies). We say that a Uq(b+) -module V is level-0 if it decomposes as

V=P V. V=peVik-v=c'v, h-v=c} (222

ceCx*

with each weight subspace V (c) finite-dimensional. Note that the class of finitely gen-
erated level-0 modules is closed under tensor products. By the U, (g)-relations we
have ey - V(c) C V(q_zc), e1 - V(o) C V(q2c). It is convenient to call the subset
{c € C*| dim(V (c)) # 0} the support of V. If V is a finite-dimensional U, (g)-module

then it is level-0 with support contained in +¢%, see e.g. [CP95, Prop. 12.2.3].

Remark 2.3. The U, (g)-action on a nontrivial finite-dimensional module does not extend
toa U, (§)-action. By [HJ12, Prop. 3.5], this is a special case of the following observation.
If V is an irreducible level-0 U, (E+)-m0dule with dim(V') > 1, then the U, (E+)-acti0n
does not extend to a Uy, (E*)—action. To see this, choose distinct ¢, ¢’ € C* in the support
of V. By irreducibility, for any nonzero v € V(c), v’ € V(') there exist x, x" € U, (/b\+)
such thatx - v =v",x" v =v. W1th0ut loss of generality, we may assume both x and
x" have no term in U, (h) Hence x’'x is not a scalar. For any nonzero v € V(c), since
the action of g preserves V(c), applying g to (x'x) - v = v now yields a contradiction
with (2.10). z

Analogous definitions and comments can be made for U, (E_)-modules.

2 Note that in the topological Hopf algebra setting one simply has x = qc®d+d®cth ®h1/2,
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2.8. The action of R on tensor products of level-0 modules. We wish to connect the
quasitriangular structure of U, (g) with the level-0 representation theory of U, (g), i.e. let
the universal R-matrix of Uy (g) act on tensor products of level-0 modules. To do this, we
follow the ideas from [Dr86, Sec. 13] (also see [FR92, Sec. 4], [He19, Sec. 1]). If we write
the action of k1 on an arbitrary level-0 module V as exp(e Hy ), then note that the factor
« naturally acts on tensor products V ® V' of level-0 modules as exp(e Hy ® Hy/2).

To let ® act on such tensor products, we extend the field of scalars C to the Laurent
polynomial ring C[z, z~!], where z is a formal parameter. The action of @ is particu-
larly well-behaved if we use the principal grading. That is, we define a Hopf algebra
automorphism X, of U, ()[z, z~'] such that

e =ze,  Z(f)=z"'fi  Tily, =id (2.23)
Straightforwardly one sees that

woX;, =% 10w, (2.24)
Do, =3%,00. (2.25)

Let the height function ht : Q — Z be defined by ht(mgao +miay) = mo +m for all
mo, m; € 7 and note that the number of elements of QF of given height is finite. The
key observation is that

(5 0id)(©) == N®) =) Y o (2.26)

r20  reQ*, ht)=r
is a formal power series in z whose coefficients are finite sums and hence lie in U, (") ®
U, (™). Hence (£; ® id)(®) = (id ® X.-1)(0) has a well-defined action as a linear-

operator-valued formal power series on a tensor product of any U, (n*)-representation
with any U, (n™)-representation. Consider now the grading-shifted universal R-matrix:

R(z) = (E; ®@Id)(R) = (d® Z,-1)(R). 2.27)

Note that by applying X, ® id to (2.15) we deduce that R(z) commutes with A(k;) =
A°P (k1) = k1 ® k1. We collect the results obtained thus far, writing

M[[z]l = M Q C[[z]]

for any complex vector space M (in particular, any complex unital associative algebra).

Theorem 2.4. Consider a pair of level-0 representations w= : U, (Ei) — End(V®).
Then’

Ratz-(2) = (" @ 77 )(R(2)) € End(V* ® V7)I[[z]] (2.28)
is well-defined and commutes with (n* @ 7 7)(A(k)) = n* (k1) ® 7~ (k1).

3 Note that in Sect. 5 we will use the notation R+ — (2) for arescaled version of the action of the grading-
shifted universal R-matrix.
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From now on we will use the standard convention that if 7 is any level-0 representation
then the corresponding grading-shifted representation is denoted by a subscript z:

T, =T o X,. (2.29)
Hence we may write
Ratn-(2) = (1} @ 1 )(R) = (7" @ 7;,)(R).

Consider two indeterminates z1, z2. Applying, say, X, ®id® X1,,,, to (2.17), we obtain
a C[[z1, z2]]-version of the universal Yang—Baxter equation which can be evaluated on
suitable triple tensor products.

o~

Proposition 2.5. If 7% : U,(b*) — End(V*), 7 : Uy(@ — End(V) and n~ :
Uy (67) — End(V ™) are level-0 representations, then we have the following identity of
linear-operator-valued formal power series in two indeterminates:

Rtz (2112 Rarz-(2122)13 Ran-(22)23=Rpn-(22)23 Ry+r-(2122)13 Rtz (21)12.
(2.30)

Given a pair of level-0 representations Tt Uy (Ei) — End(V*®) it is often conve-
nient to have an explicit expression of R+, - (z) which does not rely on computing the
coefficients of the series R(z). Essentially following Jimbo’s approach from [Ji86b], we
may try to solve a linear equation for R ;+,-(z). To derive such a linear equation, it is
convenient to assume that, say, 7+ extends to a representation of U, (g). In this case®,

one directly obtains the following result.

Proposition 2.6. If 7% is a level-0 U, (g)-representation and nw~ a level-0 U, (’b\_)-
representation, then for all u € Uy (b™) we have

Rarn—(2) - (0] @ w7 )(AW) = (7] @ n ) AP W) - Rpsn-(2).  (2.31)

Obviously there is a counterpart of Proposition 2.6 with the role of U, (E’) replaced by
U, (b%).

Remark 2.7. If the solution space of the linear equation (2.31) is 1-dimensional, Proposi-
tion 2.6 implies that any solution must be a scalar multiple of R+, - (z) and hence satisfy
the Yang-Baxter equation. This is well-known if both V¥ extend to finite-dimensional
U, (g)-modules. In this case the existence of the universal R-matrix implies the exis-
tence of a solution of the intertwining condition (2.31) depending rationally on z. If =*
and 7~ are also both irreducible then it is known, see e.g. [KS95, Sec. 4.2] and [Ch02,
Thm. 3], that V*((z)) ® V™ is irreducible as a representation of U, (g)((z)) (extension
of scalars to formal Laurent series); hence an application of Schur’s lemma yields the
1-dimensionality of the solution space of (2.31). In this case, the rational intertwiner
is called trigonometric R-matrix. For more background and detail, see e.g. [He19] and
[AV22b, Secs. 2.6 & 2.7].

In the absence of a linear relation such as (2.31), one can use the Yang—Baxter equation
(2.30) to determine an explicit expression for one of R+7(2), Ry+z—(2), of Rypr-(2),
provided the other two are known. &

4 One can of course apply nz+ ® 7~ to (2.15) for arbitrary Uy, (/b\i)—representations E, yielding (2.31)
for all u € Uy (@) such that A(u) and AP (x) both lie in Uy H® Uy (67). However, by applying counits
this subalgebra is seen to be equal to Uy (/b\+) NUq (/b\_) =Uy (E). Hence, one would just recover the second
statement of Theorem 2.4.
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2.9. Adjusting the grading. In this approach the use of the principal grading in Theorem
2.4 avoids further constraints on the representations (e.g. local finiteness conditions).
For completeness we briefly explain how to extend the results of Sect.2.8 to arbitrary
grading. For nonnegative integers so, s1 such that sp+s; is nonzero, define a more general
Hopf algebra automorphism 23! of U, (§)[z, 2] by

e =e, IO =2 TG =i (232)

(note that the choice sg = 0, s1 = 1 is used in in [KT14, Eq. (2.11)]).

Rather than giving generalized versions of the main results above and of various
statements in the remainder of this work, we make an observation which will allow
the reader to generate these statements, as required. Recalling the decomposition (2.22)
and the associated terminology, suppose the level-0 U, (b+) module V is generated by
a nonzero element of V (c¢q) for some ¢y € C* (which 1ncludes all modules considered
in this paper and all irreducible finite-dimensional U, (§)-modules). Then the support
of V, see Sect.2.7, is contained in ¢g*%c(. Now for any indeterminate y and any integer
m, let y"P denote the linear map on V which acts on V(¢~*"co)[y, y~!] as scalar
multiplication by y"

Writing the correspondlng representation as 7w : Uy, (b+) — End(V), the more gen-
eral grading-shifted representation 7:°°! := 7 o ESO st can be related to the representa-
tion shifted by the principal grading as follows Adjoining to the ring C[z, z~!] a square
root Z of z, we have

nzso,sl _ Ad(Z(so—sl)D) 0 TTzs0ts1 s (2.33)

where on the right-hand side Ad stands for ‘conjugation by’. See [AV22b, Sec. 5.2]
for essentially the same point in the context of irreducible finite-dimensional U, (g)-
representations.

3. The Augmented q-Onsager Algebra, its Twist and its Universal K-Matrix

In parallel with the previous section, we consider a particular subalgebra of U, (g) and
extend some recent results on universal K-matrices [AV22a,AV22b] in the context of
(possibly infinite-dimensional) level-O representations of Borel subalgebras of quan-
tum affine sl,. For a related approach tailored to evaluation representations involving
essentially the same subalgebra, see [BT18].

3.1. The twist map . We consider the following algebra automorphism and coalgebra
antiautomorphism of U, (g):

Vi=wod, 3.1)
From (2.18-2.19) and (2.24-2.25), respectively, we immediately deduce

¥ @ ¥)(R) = Rai, (3.2)

YoX, =% 10 (3.3)

By the following result, P-symmetric R-matrices (R(z)2; = R(z)) naturally arise in
tensor products of representations of the upper and lower Borel subalgebras on the same
vector space, provided they are related through i and the principal grading is used in
the definition of grading-shifted universal R-matrix R(z), see (2.27).
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Lemma 3.1. Consider two pairs of level-0 representations t ™, o Uy (’b\i) — End(V)
such that

oT =nF oy (3.4)
Then RJ‘[+7T_ (2)21 = Rg+g_ (Z)
Proof. Unpacking the definitions (2.28) and (2.27), we have
Reer @2 = (@77 0 (2 8Id)(R) = ((x~ @7 0 (d® ) (Ran)-

Now using (3.2-3.3) we deduce
Ruytn- (@21 =((r~ @75 o (¥ @ ¥) 0 (iId® T_-1))(R).
Applying (3.4) and using (2.28) and (2.27) once again, we obtain R ,+,- (z) as required. O

3.2. The augmented q-Onsager algebra. The map i plays an important role in the
theory of diagonal matrix solutions with a free parameter of the reflection equation in
U, (g)-modules. Namely, fix a parameter § € C* and consider the following subalgebra
of U, (@), also called the (embedded) augmented q-Onsager algebra:

Ug(t) := Cleo — g "6 ko f1, e1 — g~ &k fo, koky ", kg 'ky). (3.5)
This is a left coideal:
AUy (8) S Uy (@) ® Uy (0). (3.6)

The automorphism v is the trivial g-deformation of a Lie algebra automorphism of g,
also denoted v, and U, (¥) is the (§-dependent) coideal gq-deformation of the universal
enveloping algebra of the fixed-point subalgebra £ = GY, in the style of [Ko14] but with
opposite conventions.

Remark 3.2. See [VW20, Rmk. 2.3] for more background on this subalgebra. Note that
the definition of U, (£) in loc. cit. has a misprint: & should be replaced by & -1 z

To connect with the universal K-matrix formalism of [AV22a,AV22b], let S be the
bialgebra isomorphism® from U, (§) to U, (§)°P-%°P (also known as the unitary antipode)
defined by the assignments

Ste) = —ak'ei, S(f) =—q7" fiki, S&H =k, S =g 3.7
Note that $? = id. Now consider® the right coideal subalgebra

Uy (®) = S(U,(®) = C(fo — g erky ", fi — qEeoki" koki", kg k1)

which is the subalgebra considered in [AV22a, Sec. 9.7], forming part of a more general
family of right coideal subalgebras (quantum symmetric pair subalgebras) of quantum
affine algebras as considered in [Ko14,AV22a, AV22b].

5 In particular, S, like the antipode S itself, is an algebra antiautomorphism and a coalgebra antiautomor-
phism.

6 In general, each element or map in the right coideal setting of [Kol14,AV22a,AV22b] is denoted by a
prime on the corresponding object in the current left coideal setting.
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3.3. Universal K-matrix. By [AV22a, Thm. 8.5], U, (@) is endowed with a so-called
standard universal K-matrix, which is an invertible element in a completion of U, (EJ’)
satisfying a twisted U, (€)-intertwining property and a twisted coproduct formula in-
volving the universal R-matrix’

R =R/ (3.8)

There is an action of invertible elements of a completion of U, (§), gauge-transforming
the universal K-matrix and the twisting operator simultaneously, see [AV22b, Sec. 3.6].
For the case under consideration, there exists a gauge transformation (a ‘Cartan cor-
rection’, see [AV22a, Sec. 8.8]) that brings both the intertwining property and the co-
product formula for the universal K-matrix into a particularly nice form. Moreover, the
gauge-transformed universal K-matrix still resides in a completion of U, (b*) and, when
shifted by the principal grading, acts as a linear-operator-valued formal power series for
all level-0 U, (b*)-modules.

To make this more precise, let 2 : P — C*be any group homomorphism such that
Q(xg) = —€ and Q(a;) = —é_l. Now define a function G’ : P — C* by

G'(A) = Q(r)g~ PPN/, (3.9)

Note that this is not a group homomorphism. Define the corresponding linear operator
acting on U, (h)-weight modules as follows:

G -v=GOv, wveV, AreP. (3.10)

Analogously to our definition of the factor « of the universal R-matrix, we thus obtain
an invertible element G’ of the weight completion of U, (g). Finally, let § = ag + «;
be the basic imaginary root of g. Then the following result is a special case of [AV22a,
Sec. 9.7], with the coproduct formula a direct consequence of [AV22a, (8.21)].

Proposition 3.3. There exists an invertible element

Y= > Y. Y eU @, (3.11)
k62208

such that the invertible element

K =G Y (3.12)

satisfies
K'u=vyw)-K'  forallue U, (3.13)
AK)=1®K) - (¥ @id)(R) - (K'®1). (3.14)

Remark 3.4. In general, a universal K-matrix X'’ satisfying the simple 3-factor coproduct
formula (3.14) is called semi-standard, see [AV22a, Sec. 8.10] and cf. [AV22b, Ex. 3.6.3
(2)]. It corresponds to a particular choice of a twist pair (¥, J) where ¥ is a bialgebra
isomorphism from U, (g) to U, (§)°°P (essentially the composition of w with a diagram
automorphism determined by the coideal subalgebra) and J is the trivial Drinfeld twist

7' Note that our convention for the coproduct is as in [AV22a], but the ordering of the tensor product of the
two Borel subalgebras is opposite. Hence the R-matrix in [AV22a], denoted here by R’ is equal to Ry 11.
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1 ® 1, see [AV22a, Sec. 2.4 and 2.5]. The semi-standard K-matrix is always available;
what is rather special in the case of the augmented q-Onsager algebra is that the semi-

standard K-matrix coincides with the standard K-matrix (and hence lies in a completion
of Uy (b*)). 1

Now we transform this formalism [AV22a] for the right coideal subalgebra U, (¢)’,
expressed in terms of the universal R-matrix R’, to a formalism for the left cmdeal
subalgebra U, (&) = S (Uy (®)"), expressed in terms of the universal R-matrix R as used
in this paper. To do this, note that, when going from a U, (g)-weight module to its dual,

weights transform as A — —A. This defines the extensmn of Sand S to a map on the
weight completlon of Uy (9). Therefore S (Q) = Q! but the non-group-like factor of
G’ is fixed by S. We define G : P — C* by

G(1) = Q(1)g ®PM/2 (3.15)

so that G = S(G")~L. Also, we set

=Sr)'= >0 T Mo e SWU AN C Uy(h) - Ug@Hi. (3.16)

AEZ 08

Proposition 3.5. The element

K=SKH)'=G-71 (3.17)

satisfies
K-u=vyw) -K forallueU,®), (3.18)
AR =KD -([dey)(R)-1®K). (3.19)

Proof. This_follows straightforwardly from Proposition 3.3. Namely, we apply S to
(3.13)and (S®S)ooto (3.14), and use the fact that Soyy = oS and(S®S)(R)

Note that Uq(b+) isa bialgebra and, as expected, the right-hand side of (3.19) lies
ina completlon of Uq(b+) ® Uq(b+) since 1 interchanges the two Borel subalgebras
U, (bi) The reflection equation satisfied by the universal element /C is as follows:

REKD-(doy)(R)- 1K)=10K)-([d®y)(R)- (K®1)-R. (3.20)

This is a consequence of the linear relation (2.15) for R and the coproduct formula (3.19)
for /C, alongside (3.2) and y2 = id

3.4. The action of the universal K-matrix on level-0 representations. To deduce that K
has a well-defined action on level-0 representations of, say, U, (b™), we can proceed in
a similar way to the case of the R-matrix. This builds on the finite-dimensional theory
for more general quantum symmetric pair subalgebras in [AV22b, Sec. 4].

First note that if 7r is a level-0 representation, 7 and the twisted representation 7z o i
coincide on U, (h). Now let z once again be a formal variable. Note that by (3.15) the
function G sends the basic imaginary root § to 1. Hence the proof of [AV22b, Prop. 4.3.1
(3)] implies that the corresponding factor G of the universal K-matrix descends to level-0
modules. Furthermore, the argument that shows X(0) is a U, (") ® U, (M™)-valued
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formal power series can be easily adapted to T it yields a formal power series with
coefficients in S(U, (")) C U, (b*):

M=) Y T

r>0  A€Zs08, ht(h)=r
Now consider the grading-shifted universal K-matrix:
K(z) = 2.(K). (3.21)

Noting that the form of Y implies that XC commutes with k|, we arrive at the following
main result, which is a boundary analogue of Theorem 2.4.

Theorem 3.6. Consider a level-0 representation 7w : U, (E+) — End(V). Then®
Kz (z) := n(K(z)) € End(V)[[z]] (3.22)
is well-defined and commutes with m (ky).

We will also need boundary counterparts of Propositions 2.5 and 2.6. Consider two
indeterminates zi, zo. Applying ¥;, ® X, to (3.20) and using (3.3), we obtain the
following reflection equation for the grading-shifted universal operators:

R(z1/z2) - (Kz) @ 1) - (id @ ¥)(R(z122)) - (1 ® K(22)) =
= (1 ®K(z2) - ([d® ¥)(R(z122)) - (K(z) ® 1) - R(z1/22).  (3.23)

Recalling that the universal R-matrix R lies in a completion of U, (/b\+) ® Uy (/b\_) and
applying a tensor product of suitable representations to (3.23), one obtains the right
reflection equation with multiplicative spectral parameters for P-symmetric R-matrices,
as we now state precisely.

Proposition 3.7. Consider level-0 representations n* : U, (E*) — End(V*Y) and 7 :
U, (@ — End(V) such that w o y = 7. Then

Ra+r(21/22) (Kz+(z21) @ ldy)Ra+r (z122) (Idy+ @ K (22)) =
= (Idy+ ® Kz (22) R+ (2122) K+ (21) @ ldy) Ryt (21/22). (3.24)

The use of linear relations to find explicit solutions of reflection equations was
proposed in [MN98,DG02,DMO03]. As before, we assume that 7 extends to a Uq@-
representation,9 in which case it restricts to a U, (£)-representation and we obtain the
following result as a consequence of (3.3).

Proposition 3.8. If 7 : U, (g) — End(V) is a level-0 representation such that w o =
7, then

Kr(@) m,(u) =myy,(u) - Kr(z)  forallu € Uy (8). (3.25)
We close this section with some comments parallel to Remark 2.7.

8 In Sect.6 we will use this notation for a rescaled version of the action of the grading-shifted universal
K-matrix.

9 Analogous to the case of the R-matrix, we can observe that the intersection of Uy (¢) and Uy, (/b\+) is

contained in Uy (a). Therefore, applying a level-0 representation 7 to (3.18) just recovers the second part of
Theorem 3.6.
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Remark 3.9. If the solution space of (3.25) is 1-dimensional, Proposition 3.8 implies
that any solution must be a scalar multiple of X(z) and hence automatically satisfy
the reflection equation (3.24). In the case that 7 : U,(b*) — End(V) extends to a
representation and V is finite-dimensional, there is an analogue to Remark 2.7. Namely,
the solution space of (3.25) for irreducible representations is 1-dimensional and the
existence of a solution of the intertwining condition (3.25) depending rationally on z
leads to a trigonometric K-matrix. See [AV22b, Secs. 5 and 6] for more detail.

To explicitly determine /Cr+(z) in the cases where 7* : U, (b%) — End(V) does not
extend to a U, (g)-representation, we will use the reflection equation (3.24), with the
other K-matrix /C; (z) determined using Proposition 3.8. z

4. Borel Representations in Terms of the q-Oscillator Algebra

4.1. The infinite-dimensional vector space W. The countably-infinite-dimensional vec-
tor space plays a central role in the theory of Baxter’s Q-operators. We may define it as
the free C-module over a given set {w}jez:

W =P Cuw,. (4.1)

j=0

Given this distinguished basis, elements of End(W) naturally identify with infinite-by-
infinite matrices with the property that all but finitely many entries of each column are
ZEero.

It is convenient to work with a particular subalgebra of End(W) depending on the
deformation parameter ¢. More precisely, consider the C-linear maps a, a” on W defined
by

a-wjs =wj, a-wyg=0, a+~wj:(1—q2(j+l))wj+1 4.2)
forall j € Zx. For the description of L-operators associated to U, (g) actingon W ® C?
(particular solutions of the Yang-Baxter equation), it is convenient to consider a linear
operator ¢ which is a square root of 1 —a'a, i.e. ¢? - w; = g/w; for j € Z>¢. Note
that ¢? is invertible and we let ¢~ denote its inverse.

Remark 4.1. Often the g-oscillator algebra is defined as an abstract algebra, generated
by a, a’ and ¢g*P subject to certain relations, which naturally embeds into End(W).
This version of the g-oscillator algebra appeared in the guise of a topological algebra for
instance in [BGKNR10, Sec. 2.3] and with slightly different conventions in [KT14]%,
z

4.2. Diagonal operators from functions and an extended g-oscillator algebra. To ac-
commodate the action of the universal R and K-matrices on certain level-0 modules,
we will need an extension of the commutative subalgebra (¢¥”) and work over the
commutative ring C[[z]].

Denote by F the commutative algebra of functions from Z>q to C[[z]]. For any
f € F wedefine f(D) € End(W)[[z]] via

f(D)-wj = f(Hw;. (4.3)

10" The two vector spaces W1 and W, introduced in [KT14, Sec. 2.3] are naturally isomorphic, so that the
two algebras Osc and Oscy can be identified with the same subalgebra of End(W;) = End(W>).



110  Page 18 of 42 A. Cooper, B. Vlaar, R. Weston

Thus, we obtain an algebra embedding F — End(W)[[z]]. Now we combine this with
the maps a, a' defined above (viewed as maps on W ® C[[z]], acting trivially on the
second factor).

Definition 4.2. The (extended) g-oscillator algebra is the subalgebra A C End(W)[[z]]
generated by a', a and F (D). z

As can be verified on basis vectors, in .4 one has the relations

aat =1 — g2+, ata =1—¢2P

’

af(D) = f(D + 1a, f(D)ya" =a’ f(D+1). (4.4)

One straightforwardly verifies that the subalgebras F (D), (atyand (a) are self-centralizing.
Note that the operator

a":=—q¢7*Pa" € End(W) (4.5)

sends w; to (1 — q_z(f”))ij. Clearly, A is also generated by at, a and F(D).
The transformation ¢ — ¢~ defines an algebra automorphism of A, preserving the
subalgebra F (D), fixing the generator a and interchanging the generators ¢ and a'.

4.3. Endomorphisms of W @ W. The linear maps
ar :=a @ ldwy, af =a' @ldy, @ :=Ildy®a, a; = ldy ®a’

together with F(Dy) U F(D;) generate A ® A over C[[z]]. We will need a larger
subalgebra of End(W ® W): we will allow all functions of two nonnegative integers as
well as formal power series in certain locally nilpotent endomorphisms.

Denote by F' @ the commutative algebra of functions from Zxo x Zxq to C[[z]].
Forany f € F@ we define f(D1, D7) € End(W ® W)[[z]] via

f D1, D2) - (wj @ wi) = f(J, Hw; @ wg, (4.6)

yielding an algebra embedding F @ - End(W ® W)[[z]]. Now note that a lag and

aIag are locally nilpotent endomorphisms of W ® W. Hence, for any g ¢, hi.¢ € F@
series of the form

> (@)geeDr. Dak, > @)Fhe Dy, Dy)al (4.7)
k.00 k.00

truncate when applied to any basis vector w; ® w ;.. We obtain a class of well-defined

elements of End(W ® W)[[z]]. We denote by .A® the C[[z]]-span of the operator-valued
formal series (4.7), which is easily seen to be a subalgebra of End(W ® W)[[z]].
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o~

4.4. The Borel representations. We introduce four level-0 representations of U, (b*).
Firstof all, let © € C be a free parameter. It is straightforward to check that the following
assignments define a representation v of Uy (g) on W:

v(eg) = v(f1) = - qza’f, v(ko) = q7u+1+2D’
2
U(E]) = U(fo) = N iqza(q_,u _ qll«—ZD)’ U(k]) — q;,c—l—ZD' (48)

The module structure on W defined by v is the evaluation Verma module: affinizations
of finite-dimensional irreducible U, (sl;)-modules arise as quotients if u € Z-¢ (also
see [KT14, Sec. 2.2]). R

We will in addition consider three U, (b*)-representations Whin/l\ do not extend to

representations of U, (g). A useful reducible representation ¢ : U, (b*) — End(W) is
given by

q
1—q2

¢leg) =0, ¢(er) = a, ¢ky) = ql/-+1+2D’ k) = qf,u.7172D

(4.9)
which is closely related to the special evaluation homomorphism defined in [KT14,

Eg. (4.6)]. The following representations g, ¢ : Uy (’[;J’) — End(W) play an essential
role in the definition of Baxter Q-operators:

o) = ——a'. ol =—T—a  olke) =4*P. otky) =720,
l—gq l—g¢
7° 1 2(D+1 2(D+1
oleo) = ——a' ale) =——a,  otko)=¢*PV, Gky) =q 2P,
l—gq l—¢q
(4.10)

They correspond to the representations Lfa introduced in [HJ12, Def. 3.7] for suitable

a € C* (called prefundamental representations in [FH15] which considers their role in
the construction of Q-operators for closed chains).

We will henceforth repeatedly denote grading-shifted representations by the notation
(2.29). Note that the grading-shifted representation v; is an algebra homomorphism from
U, (@) to End(W)|[z, z~ 1]. Furthermore, the grading-shifted representations vy | U, ()

¢, 0z, 07 are algebra homomorphisms from U, (/b\+) to End(W)[z] € End(W)[[z]].
Finally, note that o,, o, correspond to the representations defined by [KT14, Eq. (3.5)].

Remark 4.3. The grading-shifted representation in [VW20, Eq. (2.9)] is related to o,
by a factor of —1 in the actions of ¢y and e;g: in other words it is equal to o_,. Since
the Baxter Q-operators only depend on 72, see [VW20, Lem. 4.5], there are no serious
discrepancies. The benefit of the current choice is its consistency across the relevant
level-0 representations, with v having the same sign convention as finite-dimensional
representations such as IT, see Sect. 5. &
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4.5. The U, (/[1\+)-intertwiner O. The tensor products 9 -u/2; ® O4u/2, and v; ® ¢, of
shifted representations are closely related in the following sense: the two induced U, (b™)-

actions on W ® W are conjugate by an element in A® which is independent of z. More
precisely, consider the deformed exponential
00 k

epm =3 (q;CW' 4.11)
k=0 ’

We refer to Appendix A for more detail. We now define the following element of
GL(W ® W):
O = epp(qPaag) " g P1= P12, (4.12)

The following statement is [KT14, Eq. (4.4)] and connects to [FH15, Thm. 3.8]; for
completeness we provide a proof in the present conventions.

Theorem 4.4. The U, (’[})-representations 0q112; @ 0yui2, and v; ® ¢ are intertwined
by O:

O (0412, @ Qi) (Aw)) = (v ® ¢;)(Aw)) O forallu € U, (b"). (4.13)

Proof. The relations (A.13—A.15) can be evaluated at y = ¢2, yielding

qM(DZ—Dl)/quZ (q2a1&;)&; — (q—M/2aI +q2(Dl+1)+M/25;)qM(Dz—D1)/2eq2 (q2ala;)’
PPV (Pana) (an (g — g 2P 4 g 2P a) =
— (alq—3#/2 + q—M/Q—Z(Dl+1)a2)qM(D2—D1)/zeq2 (q2a1&§)’
q“(DZ*Dl)/zeqz(qzalég)qz([’lwz”) _ qZ(D1+D2+1)q/1,(D27D|)/Zeqz(qzalc—l;)’
qu(D27D1)/Zeq2 (q2a16—l;)q72(D1+D2+1) — q72(D1+D2+1)q/L(D27D])/2eq2 (C]zalﬂ_l;).
These directly imply (4.13) for u € {eg, e1, ko, k1}. |

4.6. Formalism for U, (E_). Recall from (3.1) the automorphism y» which interchanges
the two Borel subalgebras. Note that the representation v : U, (g) — End(W) satisfies

v=uvo. (4.14)

Hence, it is natural to define representations of U, (E‘) corresponding to o, ¢ and ¢, as
follows:

0 =001, 0 =00, ¢ =@ o. (4.15)

Explicitly, we have

2

1
o (fo) = 7 zqza, o (fi) = — qzaT’ o~ (ko) = ¢2P, o) = 2P

2
e (foy= 1_ qza’ o (fu= T zqzéT, 8 (ko) = ¢>P*D, 5~ (ki) = g~ 2P+D,
¢~ (fo) = 1 _qqza, ¢~ (f1) =0, b (ko) = "D G (ky) = g~*12D,

(4.16)
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By (3.3), whereas the grading-shifted representations @., 0;, ¢, take values in
End(W)®C|z], their negative counterparts 0, >0, ,¢; take valuesin End(W) ®C[z~ 1.

Since i is a coalgebra antiautomorphism, using (3.3) we immediately deduce the
following characterization of the tensorial opposite of the intertwiner O.

Corollary 4.5. The linear map
O21 = ep(gPajay) ' g P2=PV/2 € End(W @ W). 4.17)
intertwines the U, (E’)-representations éq_,M p, ® Qq_u /2, and ¢, ® vy, viz.

021 (82, © 02, ) (AW) = (67 ® V2)(AW) Oa1 forallu € Uy(67).
(4.18)

5. L-Operators and R-Operators

In order to define L-operators, we recall the standard 2-dimensional representation
n:U,®g) — End(C?) determined by

-1
M(ep) = (f1) = (‘f 8) (ko) = <q0 2)

Mer) = M(fo) = (8 (1)) . TG = (g qol) . 5.1)

In analogy with (4.14), we have
M=TIov. 5.2)

5.1. L-operators for U, (3*)-modules. We will now obtain explicit formulas for certain
scalar multiples of the four different actions of the grading-shifted universal R-matrix
on W ® C2. In these cases both Theorem 2.4 and Proposition 2.6 apply. It turns out that
the relevant linear equations all have 1-dimensional solution spaces over C[[z]]. The
following linear operators are convenient scalar multiples.

D atg—P-15
Lo(2) = (aquHZ q—Dq_ gP2) (5.3)
D+1 —D+1,2 =t —D
L= (T T4 <94, 7). 5.4
(@) ( agPz gD (5.4)
D _ —D+p 2 ¥ —D—=2+u
Loy =( 4,79 "% 54 s, 55
v(2) <aq(qD—pL — g D) gDl gD+ 2 (3.5)
D+1
0
L4(z) = <aZD+lz q_D_M) . (5.6)

Remark 5.1. We have abused notation by representing linear operators on End(W @ C2)
as 2 x 2 matrices with coefficients in End(W) (as opposed to the conventional usage
that realizes operators on End(C? ® W) in this way). &

The following result is [KT14, Cor. 4.2].
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Theorem 5.2. The above L-operators satisfy the following relation in
End(W @ W ® CH)[[z]]:

O12Lo(q " 2)13L5(q"*2)23 = L4(2)13L4(2)23012. (5.7)
Proof. From (2.16) one deduces

Lo(q "P13L5(q"?2)23 o< (02, ® B2, ® TH((A ®id)(R)),
Lo(2)13Ls(2)23 % (v; ® ¢, ® D ((A Qid)(R)).

Now Theorem 4.4 implies (5.7) up to a scalar. By applying both sides to wo ® wo ® (, )
one observes that the scalar is 1.

Given the L-operators for the various Uy, (E+)—representations, Lemma 3.1 provides
us with L-operators for the corresponding U, (E’)-representations: L-(2) = Lz (2)2
for m € {0, 0, v, ¢}. These are scalar multiples of Rp,-(z), Rmz-(2), Rmw(z) and
R~ (z2), respectively. Theorem 5.2 immediately yields the following result:

Corollary 5.3. The following relation in End(C> @ W @ W)[[z]] is satisfied:

0L, (¢ "*)13L5 (" D12 = L, ()13L5 (2)1203. (5.8)

5.2. Actions of R(z) on tensor products of infinite-dimensional Borel representations.
By Theorem 2.4, the grading-shifted universal R-matrix has well-defined actions on the
tensor product of the level-0 modules (v, W) and (¢, W) and on the tensor product of
the level-0 modules (o, W) and (0 —, W) as End(W ® W)-valued formal power series.
Note that, using the terminology of Sect.2.7, Cwy ® wg C W ® W is the subspace of
weight ¢ 2 and hence wo ® wy is an eigenvector of both actions of the universal R-matrix
with invertible eigenvalues. It is convenient to use rescaled linear-operator-valued formal
power series

R5(2), Rug(2) € End(W @ W)[[z]], (5.9
uniquely defined by the condition that they fix wo ® wo:

Ros(z) x (0®0 )(R(2), Rpa(z) - (wo ® wo) = wp ® wo,

Rup(2) x (W®P)H(R(2), Rup(2) - (wo® wo) =wo @ wp.  (5.10)
These power series will appear in the boundary factorization identity. In Appendix B we
obtain explicit expressions for R ,z(z) and Ry (z), although we will not need these for

the proof of the boundary factorization identity using the universal K-matrix formalism
of Sect. 3.

6. K-Operators

In this section we consider solutions of reflection equations associated to the subalgebra
U, ¥).
q
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o~

6.1. Right K-operators. By Theorem 3.6, applying any of the level-0 U, (b*)-representa-
tions g, 0, v, ¢ to the grading-shifted universal K-matrix associated to U, (¥) we obtain
End(W)-valued formal power series, satisfying the reflection equation (3.7). Moreover,
in terms of the terminology of Sect. 2.7, the weight subspaces of all four actions are all 1-
dimensional and therefore wy is an eigenvector of each action with invertible eigenvalue.
We will consider the scalar multiples of these linear operators which fix wo:

Kz (z) ox m(K(2)),  Kz(2)-wo = wo. (6.1)

for r € {9, 0, v, ¢}. It is convenient to obtain explicit expressions by applying Propo-
sitions 3.7 and 3.8. These could be found independently of the universal K-matrix for-
malism, either by solving the reflection equations directly in all cases or by following
the approach outlined in [DG02,DMO03,RV 16] (this relies on the irreducibility of cer-
tain tensor products as U, (£)((z))-modules; otherwise the reflection equation must be
verified directly).

First of all, the linear operator

2 _
kn = (57", 0 ) eEmacchan 62)

is, up to a scalar, the unique solution of the U, (£)-intertwining condition
K@) () =y, (u)Kn(z) forallu e U, (®). (6.3)

By Theorem 3.6, it is proportional to the action of the grading-shifted universal K-matrix
in the representation (IT, C2).

Recall that IT o ¢ = I1. Hence, motivated by Proposition 3.7, we consider the right
reflection equation for 7w € {o, 0, v, ¢}:

L (DK (0)Lr (D) K11(2) = Kn1(2)Lr (y2)Kr ()L (£) € End(W ® CH[[y/z, 2]1.
6.4)

Lemma 6.1. We have

Ko@) = (=4 POP (%7 '21ap. Ka@ = @) "¢ 2% aD)p
Lop @FTHET'Z gD
(q* 11272 q%)p
Note that these expressions were already given in [BT18] in different conventions.
For completeness we sketch a proof relying on the universal K-matrix formalism.

Ku(z) =z Kg(z) = (=g * P71 &P, (6.5)

Proof of Lemma 6.1. For KC,,(z), by a straightforward check, the intertwining condition
Ko@) () = v1,(w)y(z) forallu € Uy(¥) (6.6)

can be solved to find Xy, (z), making use of Proposition 3.8. Since [C(z) commutes with
the action of k; it follows that IC,,(z) = f(D) for some f € F.Now imposing (6.6) for
the generators eg — ¢ ~'& ko f1 and e; — g~ '£ky fo yields the recurrence relation

f(D+ 1) B 1— q2(D+l)—u§—lZ2
f(D) - z2 _q2(D+1)—M§—l :
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In particular, the linear relation (6.6) has a 1-dimensional solution space. Together with
the constraint f(0) = 1 it yields the formula given in (6.5).
For € {o, 0, ¢}, it is convenient to consider the linear space

RE; = {K;(y) € F(D) | (6.4) is satisfied} 6.7)

and use Proposition 3.7 to find the explicit expression, relying on the second part of
Theorem 3.6 for the fact that K (y) lies in F(D). Indeed, the operator K,(z) was
obtained in [VW20, Sec. 2.4] as the unique element of the 1-dimensional linear space
RE, which fixes wo. In an analogous way we obtain the result for K3(z).

Note that ¢ is a reducible representation. Indeed, the solution space of (6.4) withw =
¢ is infinite-dimensional: the general solution Ky (z) is of the form (—g~H=D-1 )b
with p in the centralizer of a in A, i.e. a polynomial in a with coefficients in C[[z]].
Since Ky (z) € F(D), p is a scalar. The requirement that wy is fixed forces p = 1. O

6.2. Left K-operators. We now obtain linear-operator-valued power series satisfying a
reflection equation for the left boundary by using a well-established bijection, see [Sk88,
Eg. (15)], between its solution set and the solution set of the right reflection equation.
For fixed & € C* we define

Kn@ =1 -¢*%"'H7'(1 - g% (Kngd) " le71)

28,2 1 0
_ (q szo - qzzz). (6.8)

Also, for € {o, 0, v, ¢} we define
Kz (@) =Kz (q2) gzt (6.9)
Similarly, note that £ (yz) is invertible in End(W & C?)[[z]] for all y € C. We define
Lr(2) = La(q’D) " (6.10)
Lemma 6.2. For all & € {o, 0, v, ¢} the left reflection equation holds:

Ka ) Lr (v2)K11(2) L (2) =L (D) Kn1(2) L (y2)K (v) €End(W @ CH[[y/z. 2]
6.11)

Proof. The desired equation (6.11) can be rewritten as
Kn@ ' La(y) ' Ka(0) Lr (D) = L2 (DK () Ly2) ' Kn) "
By (6.8-6.10), this is equivalent to the right-reflection equation (6.4) with y — gy,
2> gzand £ > &L O
Using the explicit formulas (6.2) and (6.4) we obtain that the solutions of the left
reflection equations (6.9) are the following End(W)-valued formal power series in z:
Ko@) = (=4O "€ 47", Ko@ = @D E % 4P,
(¢ "6z % q)p

e _ +D+1E\D
G+ €2 qD)p Kg(@) = (—g""77&)". (6.12)

Ky (z) = (g2)*P
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7. Fusion Intertwiners Revisited

In this short intermezzo we explain how the universal K-matrix formalism naturally leads
to relations involving K-operators and U, (b*)-intertwiners, called fusion intertwiners,
which play a key role in the short exact sequence approach to the Q-operator. These
intertwiners were discussed in [VW20] and the relevant relations with K-matrices were
shown by a linear-algebraic computation relying on the explicit expressions of the various
constituent factors, see [VW20, Lem. 3.2]. In other words, the representation-theoretic
origin of these relations was unclear, which we now remedy.

Level-0 representations of U, (b*) are amenable to scalar modifications of the action
of Uy(h) = (kfﬂ), see also [HJ12, Rmk. 2.5]. In particular, for r € C*, define a modified
Borel representation o as follows:

or(er) = 0(e).  ortko) =rotko).  ork1) =r"o(ky) (7.1
and consider the grading-shifted representation @,; := (0r);. There exist U, (E+)-

intertwiners

L) (grges W) — (0, ® T, W @ C?),
T(r) : (0r: ® T, W ® C*) — (04-1,4-1,, W),

called fusion intertwiners, which take part in the following short exact sequence:

0 — (@grges W)~ (W C2, 0, @ 7)) ~2 (01,4120 W) — 0

(72)
Explicitly'!, we have

g Pat
t(r) = (—qD+1r> , T(r) = (qD, q—Dr—laT) . (7.3)
Analogously to Theorem 5.2, fusion relations for the L-operators L(r, z), defined as
suitable scalar multiples of (o, ; ® IT) (R), now follow from these intertwining properties
and the coproduct formulas for R (2.16), see [VW20, Eqns. (3.8) and (3.9)].

Recalling the universal object IC and Theorem 3.6, we define the corresponding K-
operator [C, (1, z) as the unique scalar multiple of o, ,(K) which fixes wq (cf. [VW20,
Prop. 2.5]). Then

0z @AKo« Kolr, 21L(r, 2)Kn(2)2 (7.4)

o~

as a consequence of (3.19). Since /C lies in a completion of Uq(b+), the intertwining
properties of ¢(r) and 7 (r) now directly yield the following fusion relation for the K-
operator:

Kolr, 1 L(r, 29)Kn(2)a2t(r) o u(r)Ko(gr, q2)
t(NKo(r, 21 L(r, 2HKn(z)2 o« Kolg™r g7 )e(r),

with the scalar factors determined by applying the two sides of the equation to wy, say.
We will be able to prove a boundary counterpart of the factorization identity (5.7) using
similar ideas.

11 The sign mismatch with [VW20, Eq. (3.1)] is explained in Remark 4.3.
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We recover, with a much smaller computational burden, the key result [VW20,
Lemma 3.2] (a similar relation for left K-operators can easily be deduced from this, as
explained in the last sentence of [VW20, Proof of Lemma 3.2]). In the approach to Bax-
ter’s Q-operator using short exact sequences, the fusion relations for L and K-operators
induce fusion relations for 2-boundary monodromy operators, see [VW20, Lem. 4.2]
from which Baxter’s relation (1.1) follows by taking traces, see [VW20, Sec. 5.2].

8. Boundary Factorization Identity

In motivating and presenting the key boundary relations, it is very useful to introduce a
graphical representation of spaces and operators. Let us introduce the following pictures
for the different representations from Sects. 4 and 5:

0= 7y — 6. =
Qz: Z___>___ ézﬁz
U; = Z’\/\/>—’\/\r

¢, =

¢, =

M, = z——

7 —

For any vector spaces V, V', denote by P the linear map from V ® V' to V/ ® V such
that Po @ v') = v @ vforallv € V, v € V. Also set z = z1/z2. We then have the
following pictures for L-operators and R-operators:

k&)
PLo(2) =21 ———
PLs(2) =121 T
21
PL,)= ----4-22
21
Pﬁg(z) = 22
2

PRos(2) = 21 >

22

PL,(2) = 21 e

22

PLo() = 21 S| —

<1

PL;G) = —Apd 22

71

PLy)= ---{-4-2

22

-~
PRup(2) = 21 ~p~p~—
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We now make the following definitions!?:

ﬁgé(z) = RQ@(CIZZ)_l, ﬁwp(z) = RU¢(qzz)_l, 8.1
and represent these modified R-matrices by the following pictures:
22 <2

~ ~ h'd
RQ@ P = —0—% 21 pr(z)'P = Jv%/ 21

The various right-boundary K-matrices are represented as follows:

Z z Z Z
Ko@) = \ Ko = Ko(z) = Kg(2) = \

The left-boundary K-matrices defined in Sect. 6.2 are represented by the natural ana-
logues of these pictures. For example:

Making use of these pictures, we see that Theorem 5.2 and Corollary 5.3 are repre-
sented by

22 22
qu/ZZl H_Zl ql‘-/zzl 21
q %z WZI q %z 21
22 22
2 -4---- g "z q "z
21 W ——---<-qﬂ/221 -----<— ql‘-/zzl

For the compatibility with the right boundary we claim that

12 These are the modified forms of the R-matrices that appear in the corresponding left reflection equations,
see [Sk88, Eq. (13)].
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q"?z g%z

—p)2
q n/2, q—u/2z

/

g 21

which corresponds to the following identity in A®:
Ku@1Ru()Kp(@2 0 = OKo(q "1 Rop(c)Ke(q" 22, (82)

which we call the right boundary factorization identity. The diagrams above serve as a
motivation for the identity, which we now prove using results from Sect. 3 (an alternative
computational proof of Theorem 8.1 is given in Appendix C).

Theorem 8.1. For all u € C, all g € C* not a root of unity and all & € C*, relation
(8.2) is satisfied.

Proof. The proof is analogous to the proof of Theorem 5.2. We first note that
(01122 ® 0gur2,) ((Id ® ¥)(R)) = (0412, ® éq_fﬂ/zzfl)(R) o« Rop (22,
(v:®¢:)((d @ YI(R)) = (v:® ¢__,)(R) X Rup().
Noting the coproduct formula (3.19), we obtain
Ko(a "1 Re5(2K5(q" 2202 o (0g-uny ® Bgur) (AU,
Ku@1Rup(@)Kp @2 o (v ® ) (ACK)).

Now Theorem 4.4 implies (8.2) up to a scalar. The fact that all factors fix wo ® wg shows
that the scalar is 1. O

Compatibility with the left boundary requires that
qu/Z z

q“/zz
—u/2
q w/ z /C]_M/ZZ
qfu/szl
qu/zz_l\\ \\
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The identity in A® corresponding to this is

K5(q"?2, £)aRop(z9K (7?2, 60107 = 07 Ky (2, £)aRug 22)Ku (2, E)1.
(8.3)

Theorem 8.2. Relation (8.3) is satisfied.

Proof. Given the definitions (6.12) and (8.1), this follows straightforwardly by inverting
(8.2) and replacing (z, £) — (gz, £~ 1). O

9. Discussion

The main result of this paper is Theorem 8.1 which can be viewed as a boundary analogue
of Theorem 5.2. To establish this result, first we needed to show that all R and K-operators
involved in equation (8.2) are well-defined actions of the universal elements R and K on
the infinite-dimensional U, (b*)-modules involved. The key fact that allows for this is

o~ o~ o~

that R and K live in completions of U, GH® Uy(b7)andof U, (b™), respectively. This is
very familiar for R but for K relies on the recent works [AV22a, AV22b]. Introducing the
U, (b™)-intertwiner O and the formula for A(K) given by (3.19), relation (8.2) follows
immediately from the intertwining property of O.

The open Q-operator Q(z) of [VW20] is the trace of a product of R and K-operators
over the U, (b)-module (o;, W) and there is a similar construction of an open Q-

operator Q(z). In a future paper, the authors will present this construction and the use
of Theorem 8.2 in deriving a boundary analogue of the factorization relation 7,,(z) o

Q(zg~**)Q(zq"/*). They will also develop the analogous theory for different coideal
subalgebras, in particular those for which non-diagonal solutions of the reflection equa-
tion are intertwiners. There is a quite subtle rational degeneration of the construction in
the present paper. The first-named author will study this in a separate paper, giving an
alternative approach to Q-operators for the open XXX spin chain, cf. [FS15].
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A. Deformed Pochhammer Symbols and Exponentials

This appendix is independent from the main text, but provides identities which are used
there. We review some basic theory of deformed Pochhammer symbols and exponentials
(as formal power series) with a deformation parameter p € C*, which corresponds to
g? in the main text.

A.l. Deformed Pochhammer symbols. Let x be a formal variable. For n € Z, the (finite)
deformed Pochhammer symbol (x; p), € C[[x]] is defined by

n—1
]_[(1 —xp™  ifn>0,

(5 Pl = " (A)
]_[(1 —xp™~! ifn<0

m=n

(the definition for n < 0is understood as a product of geometric series); since its constant
coefficient is nonzero, it is invertible. For all p € C* and n € Z3( we have the following
basic identity in C[[x]], see [GR90, (1.2), (1.3)]:

X p)on = (7" p)t = /ps p D = (=) T " 2 (pyxs p) L (A2)

Assuming |p| < 1, the infinite deformed Pochhammer symbol

(X Ploo = [ [ (A = xp™) (A.3)

m=0
is an invertible formal power series with well-defined coefficients in C. The following
identity holds in C[[x]], see [GR90, (L.5)]:
(x; p)
(X5 Py = —— (A4)
(P"x: Ploo

A.2. Deformed exponentials. From now on we assume that p is not a root of unity. In
particular, (p; p)r # O for all k € Zx(. The deformed exponential is the invertible
formal power series

xk
(p; Pk

ep(x) = 140(0; —; p,x) = ) (A5)
k=0

The ordinary exponential formal power series arises as the termwise
limit lim, 1 e,,((1 — p)x) = e*. This series satisfies the functional relation

ep(px) = (1 = x)ep(x), (A.6)

see [GRI0, Sec. 1.3]. Since constants are the only formal power series which are invariant
under x — px, an inspection of constant coefficients shows that (A.6) implies

ep(x) = if |p| < 1. (A.7)

(x; Ploo
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Similarly we consider the invertible formal power series

0 pk(k—l)/Zxk

T — (A.8)
i (PP

Ep(x) :=0¢o(—; —; p, —x) =

Then E p(—x)_1 also satisfies (A.6) and by comparing constant coefficients again we
deduce e, (x) = Ep(—x)_l. By evaluating (A.2) at x = 1, we obtain E,(—x) =
€p-1 (p~'x) and hence

ep(x) =e,~1(p~'x)7" e Clx]l. (A.9)

Deformed exponentials in x and y satisfy various useful identities in particular defor-
mations of the commutative algebra C[[x, y]]. For instance, in any algebra generated by
the symbols x and y such that yx = yxy for y € C, the definition implies the following
identity:

yep(x) = ep(yx)y (A.10)

which we will use repeatedly. For a survey of product formulas analogous to
exp(x) exp(y) = exp(x + y), see [Ko97]. We will need the following result.

Lemma A.1. Let x, y be elements of an algebra such that yx = pxy. The following
identities hold as formal power series in x, y:

ep(X)ep(y) = ep(x +y), (A.11)
ep(ep(x) = ep(x(1—y))e,(y)
= ep(V)ep(—xy)e,(y) = ep(x)ep((1 —x)y). (A.12)
Proof. (A.11) is a direct consequence of the well-known g-binomial formula, see e.g.
[GR90, Ex. 1.35]. For (A.12) see [Ko97, Prop. 3.2]. O

A.3. Deformed exponentials as linear maps. Let V be a C-linear space. Call an operator
f onV locally nilpotent if for all v € V there exists o(v) € Zx( such that FeO () =0
(note that nilpotent operators are locally nilpotent and if V is finite-dimensional the
converse is true). If f is nilpotent, the deformed exponential e, ( f) defines an invertible
map on V. If additionally y is an indeterminate then e, (yf) is a well-defined invertible
element of End(V)[[y]].

In the case V. = W ® W the following commutation relations for linear-operator
valued formal series are satisfied, expressed in terms of the linear operators a, at, at,
f(D) (f € F)on W defined in Sect.4.2.

Lemma A.2. Let y be a formal variable. In End(W ® W)[[y]] the following identities
hold:

[ep(vara)), (D1 + D)) = [ep(yaral), ar] = [ep(yaray), @] =0 (A.13)

forall f € F and
[ep(vaiay), af] = ypP afe, (yaray), (A.14)
[ep(va1a), p~Ptar] = ye,(yaraar p~"". (A.15)
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Proof. Note that (A.13) follows directly from the definition of the deformed exponential.
A straightforward inductive argument using (4.4) yields

[a"*!, a"1= (1 = p**!)pPdt, (A.16)
(@) al e = (1= p*h@ht, (A.17)
for all k € Z>¢, which imply (A.14) and (A.15), respectively. O

B. Explicit Expressions for R-Operators

In this appendix we derive explicit formulas for R ,5(z) and Ry (z), defined by (5.10) as
images of the universal R-matrix R fixing wo ® wo. We expect that these will be useful
in further studies of Baxter’s Q-operators for the open XXZ spin chain; for now they
will allow us to give a proof of the boundary factorization identity which does not rely
on the universal K-matrix formalism. First we note that, by the second part of Theorem
2.4, Ryp(z) and Ry (2) lie in the centralizer

A(()Z) = {X c A(Z) ‘ [X, qD1+D2] — 0}. (B.1)
One straightforwardly verifies that .A(()Z) is generated by elements of the form

> @)k by, Dyaf. Y @) fi(D1, Dyab, fie F9. (B2
k>0 k>0

Hence, elements of .A(()z) in fact commute with all elements of the form f(D; + D3)

(fekr).

B.1. Explicit expression for R,y (z). We first state and prove an explicit formula for
Ry¢(2). We keep using the shorthand notation p = q°.

Theorem B.1. For all 7z € C we have
Rup(2) = e (ZaIaz)q(ltfl)(DZ*Dl)*201(D2+1)‘ (B.3)
Proof. From Proposition 2.6 we deduce that R4 (z) is a solution of the linear relation
X(v; @ )(AW) = (v; @ )APw)X forallu € U, (/b\_). (B.4)

First of all, note that the element in the right-hand side of (B.3) satisfies (B.4) with
u € {ko, k1} and so it suffices to prove that the vector space

X = {X e A? (X satisfies (B.4) for u € { fo, fl}} (B.5)

is spanned by e, (z%a] az)g#=DP2=DD=2D1(D2+D) Using the explicit formulas (2.2),
(4.8) and (4.16), we obtain that (B.4) is equivalent to the system

X(Z_lal(q_” — ghT2PrygH D +q_laz>
= (z_lal(q_“ — g 2P +¢]“_2(D1+1)02>X,

T u+1+2D i
Xa,q" 2=aqaX.
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Without loss of generality we may write X = Xq(~D(P2=DPD=2D1(D2+D) with ¥ € A,
Hence (B.4) is equivalent to

X a1 = p* P = pr P X - XpPla, [X.a]1=0. (B.6)

It is straightforward to check that the centralizer in Agz) of aif is the subalgebra generated

by elements of the form Z,@O(aif)k fk(Dz)alz‘ with f; € F. It follows that X is of this
form. Therefore (B.4) is equivalent to the single equation

Z [@h¥, ai(1 — p"=P1)] fi(D2)ds =
k>0
=z Y (@) (p" P Dy + 1) = pP fi(D2))as ™.

k>0

The commutator vanishes if k = 0 so in the left-hand side we replace k by k + 1. For
k > 0 we have

(@ a(l = p#=P)] = @)1 = PP = pP).
Hence (B.4) is equivalent to the recurrence relation
(1= p*H (P P17 = pP1) frar (D) = 2(p" P14 fi(D2 + 1) — pP! (D).

Viewing F® (D1, D,) as an F(D,)-module, the elements p=?1 are linearly indepen-
dent. Hence the above recurrence relation is equivalent to the system

(1= p"Y fir1(D) = 2fi(D+1),  fu(D+1) = fi(D).

This is in turn equivalent to fx(D) € (p; p); 12KC for k € Z-o, as required. m|

B.2. The automorphism x and the g-oscillator subalgebra A. To obtain an expression
for Ry (z) in terms of deformed exponentials, it is very convenient to point out an
additional automorphism x. It cannot be defined on all of A so we will consider a
subalgebra A. First, consider the subalgebra (D) C F (D) generated by

pEPPDE Dy ppt. (v, (—vD) Py p)y)
forally e C*and y € C*\pZ.

For elements of F (D), unlike general elements of F (D), the symbol D can be for-
mally evaluated at negative integers. Accordingly, we define an involutive automorphism
x of F(D) accomplishing the formal replacement D — —D — 1. To be more precise,
we set

X(pﬂ)(ml)/z) pEDD+D/2 x(P) = D1,
x((p7: p)p') = A = HF pEPPDR )Ty~
x((pyz®: p)p) = (1 — y22) " pP P2y 2P (py =172 py )t
x (v Py 275 p)pt) = A =y p PP 2(py % p)p. (B.7)
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We denote the subalgebra of End(W) generated by a', a and F (D) by A Tt is
straightforward to check that x extends to a (non-involutive) algebra automorphism of
A by means of the assignments

x@=a', x@)=a. (B.8)

We can formulate a completion of the tensor product A® Ain a similar way as for
A® A. More precisely, we consider the subalgebra F FQ of F@ generated by the subsets
F(D1), F(Dy) and the special elements p=21(P2*1)_The completed tensorial square of
Ais defined to be the subalgebra AD of End(W ® W) generated by the elements (4.7)
with g ¢, hx e € F 72 Note that the boundary factorization identity (8.2) is an identity
in the subalgebra A® ¢ End(W ® W)[[z]].

The automorphism

xPi=oco(x®x™h (B.9)

of A ® A naturally extends to an automorphism of A, fixing p=P1(P2+1) and acting
termwise on power series in locally nilpotent operators.

Remark B.2. The map x can be seen as an infinite-dimensional version of conjugation
by anti-diagonal matrices; certain U, (b*)-representations are naturally related this way.
For instance, for the 2-dimensional representation IT, note that Ad(J) o IT = [T o ®
where Ad denotes ‘conjugation by’ and J = (10) In the same way, x relates the
prefundamental representations ¢ and @ up to a twist by the diagram automorphism &:
X oo = 0 o ®. Hence, the condition (2.19) and the 1-dimensionality of the solution
space of the relevant linear equation implies (Ad(J) ® x) (L, (2)) = L;(2). At the same
time, a suitable scalar multiple of Ry 11(2), i.e. the R-matrix for the XXZ chain, is fixed
by Ad(J ® J) and we will see in Sect.B.3 that the same statement is true for Ry5(z)
and x@.

From (3.5) it follows that ® (U, (¥)) = Uq (8¢, £—1. Hence, the boundary counter-
parts of the above relations also involve inversion of the free parameter &:

AN (Kn@) et = € Kn@,  xKo@lge1 =g '@ =& )7 Ka(2).

In fact, applying x ® Ad(J) to the reflection equation (6.4) with 7 = ¢ and inverting &
we see that

Ko@) > x (Kg(2)lgse-1
defines a bijection: RE, — REj; of the solution spaces defined in (6.7). &
We can use the map x ® to generate further relations similar to those in Lemma A.2.

Lemma B.3. Let y be a formal parameter. In End(W @ W)[[y]] the following identities
hold:

@], ep(yajax)] = ye,(yajar)a) p~P271, (B.10)

[alar, ep(yar1@y)] = y(ep(yaray) p~ 2171 — p=P27 e (yara))). (B.11)
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Proof. Inthis proof we view the algebra A as a subalgebra of End (W)[[y]], and similarly
for A®. To prove (B.10), first we apply x® to (A.14), obtaining

lep(yai@y), az) = yaip~ P> ep(yaral). (B.12)

Now consider the unique involutive algebra anti-automorphism n : A — A which
exchanges a and a' and fixes f(D) for all f € F and the unique involutive algebra
anti-automorphism 77 : A — A which exchanges a anda" and fixes f (D) forall f € F.
Then n® := 5 ®7 is an algebra antiautomorphism of A ® A. It extends in a natural way
to an algebra antiautomorphism of .A®. By applying n® to (B.12) we obtain (B.10).

Finally, to prove (B.11), upon right-multiplying (A.15) by p21*P2*! we obtain
lep(var1@y), a1 pP] = ye, (yaray)ai p™*. (B.13)
From (A.14) and (B.13) it follows that
D>

lepari)), ajap™) = y(al pP e (varad)az + afe,varadar ) p
= y(IJD'ep(yalc‘l;)(p[’2 —1)+(1 - pD‘)ep(yalc‘z;)pDz)

= y(ep(yarah) p™* — pPre,(yara})). (B.14)

Now (B.11) follows as the x ®-image of (B.14). O

B.3. Explicit expression for Ryp(z). To aid the computation of Ry5(z), consider the
subalgebra .Z(()Z) = A®n .A(()z), which is preserved by x 2.

Lemma B.4. Ry;5(z) isa .Z(()z)-valued Jormal power series whose coefficients are fixed
by x@.

Proof. Ttis clear from (4.10) and (4.16) that o ® 0 ~ takes values in AR A c A Now
recall (2.20) and note that the factor x acts as pD 1(D2+1)  Fyrthermore, noting the form
of (£; ®id)(®) given by (2.26) with the components 0, lying in U, ("), ® U, ("),
(A € §+), we obtain that the action of R(z) on (o ® 0 —, W ® W) is by an element of
ﬂ((f). For the second part, note that

xP0®0)=(x"'®x) 0 (@ ®0)oo=0®0 )o(@Rw) oo.

Applying this to R(z), making use of (2.27), (2.24) and (2.18), we obtain x ? (R,5(2)) =
Roo(2). O

In the derivation of the formula for R,5(z), we rely on the following result.
Lemma B.5. The centralizer of the subset {aI, El;} in A® is equal to C[[z]].

Proof. This centralizer is the intersection of the centralizer of a]T and the centralizer of
a§ , which are easily found to be equal to

{ > (@) fee(Dr)a

k.20

frs € f}, { > (@) ge(Dyaf

k.20

8kt € .7:},

respectively. Clearly their intersection is trivial. O
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Now we are ready to state and prove a formula for R,5(z) in terms of deformed
exponentials.

Theorem B.6. For all z we have
Ros(2) = e,2(q*za18})e,2 (g zajaz)g~2P1 P2, (B.15)

Proof. Clearly, wy ® wy is fixed by the expression on the right-hand side of (B.15). In
the following we initially work over the ring C[[z, z2]] for some new indeterminate z,
and write z; = zz2. By applying 07, ® I} ® 0, to (2.17) and left and right-multiplying

by £5,23 (zy 1)_1 we obtain
Roa(D12Lo(@D13L5 (23 D35 = £5 (25 )3 Lo@DI1Rep (D12 (B.16)

an equation in (A® ® End(C?))[[z2]]. By a direct computation we obtain

1 ~D-12 Gig=D-lg N
Loz H7 = (q 2 2 ) € End(C*) @ A. (B.17)
8 (%2 Z -1 \agP1zy gP+123 — g~

Now we consider the equation
@ — DX1Loz)inL; (55 = @5 — DLy (255 Loz)3X1z  (B.18)

in (A® ® End(C?))[[z2]], for some X € Zéz) such that x @ (X) = X. It suffices to
prove that

X = {X € .ZE)Z) ‘ X satisfies (B.18) and is fixed by X(2)}, (B.19)

which by Lemma B.4 contains (0; ® 0 ~)(R), is spanned by the element given in the
right-hand side of (B.15).
By considering explicit expressions for (z% — DLy(z1) 1355 (zy 1)3_21 and

(z% — 1)55 (z2_1)3_21 L,(z1)13, we obtain that (B.18) amounts to the system

X(gP P alfang P20y = (PP agalgPio )y,
X((@3q” =P wajq P "P272) —afq~PrPzd) =

X<a2q—D1+D2—1 _ (aqu1—D2 +a2¢ID1+D2+1Z)ZZ%> —

Di+Dy—1 D —D Di+Dy+2__ 2
=<(azq‘ T rag” T z) —aig?r zzZ)X,

X(q7D1+D2+1 +qD17D2+1Z2 _ala;rqleDzz)
_ <q—D1+D2+l +qD1—D2+1Z2 _ aIagq_D”Dz_zz)X

for X € .Z(()z) fixed by x®. Since C[[z, z2]1] = (C[[z]])[[z2]], considering expansion
coefficients with respect to z>, we can use [X, qD1+DZ] = 0 to deduce that the above
system is equivalent to
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Xazq_ZDl _ ((12 +a1q_2D2+lz)X, @ X = X(alq_z(D2+1) +q_la2z),
Xalg2 P = (al 432X, X = X(@q?? +g”'al2). (B.20)
[X, qZDl] —(XaTaquDz 1_, aquDIHX)z,
[x, q*P2 1+ 4?01 ] (Xala' 2Dl —aIa2q2D273X)z‘ (B.21)

Note that g ~2P1(P2+D) ¢ .Zéz) is fixed by x®. Hence without loss of generality we may
write

X = Xq 21D+ (B.22)

)

for some X € Ay fixed by x@. The system (B.20-B.21) is equivalent to

[X,a2] = ¢~ P a1 Xz, [ar, X1 = Xq*P' " arz, (B.23)
[X,al]1=alq?P "Xz, (@), X1 = Xajq™2P273, (B.24)

[X,q?P1] = (Xa]axg®P ™! — a1a;¢*P1*1 X))z, (B.25)

[X, ¢?P2 + ¢*P12%]) = (Xarayq?P2* — afarg®P273X)z. (B.26)

Since x@ fixes X, the equations in (B.23) and the equations in (B.24) are pairwise
equivalent. At the same time, the system (B.23-B.24) implies (B.25) and (B.26). To

show this, since [)N(, qwl] = [aifal, ?] from (B.23-B.24) we obtain

1

Di+ly, XaIangD‘_ =

(X, ¢*P 1+ a1alq
= a1ayq?P' Xz — [X, allay +aflar, X1 — Xa]arg*P1 7'z
= (@}¢*P a1, X1 — [X, alaag*P' 1)z,
which vanishes, thereby recovering (B.25). Applying x ® to (B.25) we obtain [)N( ,q P2

= (Xa]arg2P>~' —a1alq~2P>*1 X)z. Left-and-right multiplying this by ¢222 and us-
ing (B.23-B.24) to rewrite the result we obtain

(X, ¢?P2) = (@} Xa1¢*P* — ¢*P71al Xan)z. (B.27)
Finally, using (B.27) and again (B.23-B.24), we derive that

(X, gD 4 2P 2] Xa1a1q2D2+3z +a2'a2q2D2_3)7z _
= é§§a1q2D2+3z —g*P- laf}?azz +[X, ¢*P1%+
- (é;)? - )?a}'q_ZDz_3z)a1q2D2+3z + ai-qZDz_l()?az —a1g 2P X7);
= ()?airal +a1fa1§ +[X,1— aIal])zz
which vanishes, thereby proving (B.26) as well.

We have obtained that the system (B.23—-B.26) is equivalent to the system (B.24).
Writing p = ¢2, without loss of generality we set

~

X = Yep(q zalaz)ep(q lzairaz)
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for some Y € A fixed by x @, noting that ep (q* zalaz) and e, (g~ 1za1 ap) liein A(z)

and are fixed by x?). The theorem now follows from the following claim.
Claim: (B.24) is satisfied if and only if Y € C[[z]].
In the special case Y = 1, (B.24) is indeed satisfied:

[X GT] T 2D1+3ZX_

2D1+3 -1

=([ep<q waidy). af1 = a3q*P P ze (¢ zaid)) e, (' 2alan),

[C_Z;,)?] Tq—ZDZ -3
=e)(q zaléz)([&z', ep(q_lzairaz)] — ep(q_lzafaz)afq_wz‘%),

with the expressions in parentheses vanishing by virtue of (A.14) and (B.10) (with
y=q""2.
For general Y we therefore have

[X,al1—alq*P X = [V, alle, (¢ za1@))e, (g zal an),

—2Dr-3

[al, X1 — Xalq™2P2 3z = (@}, Ve, (¢*zaral)e, (q " za] an).

Both right-hand sides vanish, i.e. (B.24) is indeed satisfied, if and only if Y lies in the
centralizer in A® of {aI, Ez;}, which is trivial by Lemma B.5. This proves the claim. O

C. An Alternative Proof of the Main Theorem

In this part of the appendix we give a proof of the boundary factorization identity (8.2)
independent of the universal K-matrix formalism, instead relying on the explict ex-
pressions obtained in Appendix B. Before we state and prove a key lemma, note that
expressions of the form e, (yPy) where y € C* and y is an indeterminate give rise to

well-defined End(W)-valued formal power series, sending w; to e ,,(yj YIw;.

Lemma C.1. Let y be a formal parameter and let p be a nonzero complex number, not
a root of unity. In End(W ® W)[[y]] we have the identities

ep(par@)(y: p)p, = (v; P)pyep(—aray pPry)e,(paral) (C.1)

1=Dy ep(pyajar)(p' =2

Y P)prep(paras).
(C.2)

ep(paray)(p'~Ply: p)ple,(pyajaz)

Proof. Note that

WeW= P WeaW,, WeW,:= Cw;®u.
meZxq Jk=0
Jj+k=m
Because each factor in (C.1-C.2) preserves each finite-dimensional subspace (W @ W),,,,
it suffices to prove the restrictions of (C.1-C.2) to (W ® W), where m € Z3 is fixed but
arbitrary. Note that on (W ® W),, the operators appearing as arguments of the deformed
exponentials are nilpotent. Therefore the operators on the left- and right-hand side of
the restricted equations depend rationally on p and hence it suffices to prove them with
p restricted to an open subset of C.
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We will prove the restriction of (C.1) to (W ® W),, for all p € C such that |p| < 1.
e (pPy
Combining (A.4) and (A.7) we obtain (y; p)p = C’;(]iy)y);
equivalent to

as a consequence, (C.1) is

ep(paray)e,(pP'y) = ep(pP ey (—aray p” ey (para). (C3)
But this equation follows directly from (A.12) and the observation (alc"z;)(le y) =

P(PP1y)(@1a]).
On the other hand,'? we will prove the restricted version of (C.2) for all p € C*
such that |p| > 1. In this case, for all j € Z>( we have

P 1 (7 yip™
P yip;t=ipH; = 5= e CIyIl.
: : ;P oo
From (A.7) and (A.9) we deduce the identity
Py p Do =, (p /) =, (p' 7V y) € ClIyIL.
Hence (p!'~Py; p)B1 = (y; p Hade,(p'~Py) in End(W)[[y]] and (C.2) is equivalent
to
ep(paray)e,(p'~Py)e, (pyaiay) = ep(pyalar)e,(p'~P2y)ep(paral). (C4)
To prove (C.4), note that (B.11) can be evaluated at y = p, and the result can be
rewritten as
ep(paldg)(p7D1 +Zlira2) = (;fD2 +51}La2)ep(pa1d§).
By iteration we obtain

1

ep(paray)e,(p' "'y + pyajar) = e, (p' "2y + pyajar)e,(paray).  (C.5)

Note that (@} a) p'=P' = p p'~P1(ajay) and p'~2(ajay) = p (@ az) p'~P2. Apply-
ing (A.11), we obtain (C.4), as required. |
Alternative proof of Theorem 8.1. By virtue of (4.12), the desired identity, viz.

Ku(2)1Rup (K202 0 = OKo(q7?2)1R05 ()K" 2)2 - (C.6)
for arbitrary 1 € C and g, £ € C* such that ¢ is not a root of unity, is equivalent to
ep(Pa1d))Ky ()1 Rug(2)Kp(@D2¢p (para)) ™" =
— q“(Dl_Dz)/zicg(q_”/zz)]RQ@(Zz)/C@(q“/zz)zq“(Dz_Dl)/z (C.7)

where p = ¢2. The strategy of the proof is as follows. We move various simple factors
in F@(Dy, Dy) to the right in both sides of (C.7), thus bringing them to a similar
form. Then more advanced product formulas involving g-exponentials and finite g-
Pochhammer symbols yield the desired equality.

More precisely, we set y = pg *&~! € C* and from (A.2) deduce

vz % p); = p/ TRy T A Py p)y

forall j € Z>o. Using the identities gD
we obtain, for the left-hand side of (C.7),

D -D? 2D—1,—D?
9

a" = —qga'q~ ? andg™" a =aq q

13 We will need (C.2) with |p| < 1, but we are not aware of a direct proof of this.
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ep(pa1a))Ky(2)1Rup (2K (2)2¢,(paral)~

= ep(para) (= y~'q" ") 2% oy (p' Py T pprep(Palar):
. q(2M*1)DI*2D2*2D1D2*D2(—§)D2€p(pa1‘_l2)il

1=D1,,—1,2, P)B}'
cep(py~'2%a az)(—q—Dl‘02—25>D1+Dzep<pa1a§>—l
= ep(paray)(yz% pp, (p' Py p)p
cep(py %Al m)e,(paral) T (—q D1 P22g) DD, (C.8)

Similarly, for the right-hand side of (C.7) we obtain

= ep(palaz)(yz P)p,(p

qﬂ(Dl_D2)/2]C (q_“/22)17€9@ (ZZ)K‘ (qﬂ/zz)zq#(D2—Dl)/2 —

= (2% p)p g PPVl () Pre (P Paradye, (g Pajan) -
.(pl—Dzy— z ’p)— M(DQ—D])/2—2(D1+D2)—2D1D2—D%(_S)DZ
= (y2%; P)prep(—amrdlg Dlyz )
ep(py ' Pala)(p' P2y 71 p)pl(—g PP 2Pl ()
Therefore (C.7) is equivalent to
ep(pa1ay)(yz*: p)p, (0" Py 71 p)plep(py Al ar)ey (parad) ! =
= (yz%: pP)piep(—a1@yp D]yz Ve, (py ' Zaja) (p' P2y ' p)ph
(C.10)
Applying (C.1) with y = yz? and (C.2) with y = y~!z2, we deduce (C.10), as re-
quired. O
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