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Twisted bilayer graphene reveals its flat bands under spin pumping
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The salient property of the electronic band structure of twisted bilayer graphene (TBG), at the
so-called magic angle (MA), is the emergence of flat bands around the charge neutrality point. These
bands are associated with the observed superconducting phases and the correlated insulating states.
Scanning tunneling microscopy combined with angle resolved photoemission spectroscopy are usu-
ally used to visualize the flatness of the band structure of TBG at the MA. Here, we theoretically
argue that spin pumping (SP) provides a direct probe of the flat bands of TBG and an accurate
determination of the MA. We consider a junction separating a ferromagnetic insulator and a het-
erostructure of TBG adjacent to a monolayer of a transition metal dichalcogenide. We show that
the Gilbert damping of the ferromagnetic resonance experiment, through this junction, depends on
the twist angle of TBG, and exhibits a sharp drop at the MA. We discuss the experimental realiza-
tion of our results which open the way to a twist switchable spintronics in twisted van der Waals
heterostructures.

Introduction. – Stacking two graphene layers with
a relative twist angle θ results in a moiré superstruc-
ture which is found to host, in the vicinity of the
so-called magic angle (MA) θM ∼ 1.1◦, unconven-
tional superconductivity and strongly correlated insulat-
ing states1–3. There is a general consensus that such
strong electronic correlations originate from the moiré
flat bands emerging at the MA around the charge neu-
trality point4–11. The tantalizing signature of the flat
bands have been experimentally demonstrated by prob-
ing the corresponding peaks of the density of states us-
ing transport1–3,12,13, electronic compressibility measure-
ments14,15, scanning tunneling microscopy (STM) and
spectroscopy (STS)16–23. The direct evidence of these
flat bands has been reported by angle resolved photoe-
mission spectroscopy (ARPES) measurements combined
to different imaging techniques24–26. However, spectro-
scopic measurements on magic-angle TBG raise many
technical challenges related to the need of an accurate
control of the twist angle, and the necessity to have non-
encapsulated samples which can degrade in air25.
Here we propose a noninvasive method to probe the

flat bands of TBG and accurately determine the MA.
This method is based on spin pumping (SP) induced by
ferromagnetic resonance (FMR)27–30, where the increase
in the FMR linewidth, given by the Gilbert damping
(GD) coefficient, provides insight into the spin excita-
tions of the nonmagnetic (NM) material adjacent to the
ferromagnet31–33. SP is expected to be efficient if the
NM has high spin-orbit coupling (SOC) strength34.
In our work, we consider spin injection from a ferromag-
netic insulator (FI) into a TBG aligned on a monolayer of
transition metal dichalcogenides (TMD) which are con-
sidered as good substrate candidates to induce relatively
strong SOC in graphene and TBG35–58.
We theoretically study a planar junction of a FI and

a TBG adjacent to WSe2 (TBG/WSe2) as depicted in

Fig. 1. We consider the case where a microwave of a
frequency Ω is applied to this junction, and focus on the
twist angle dependence of the FMR linewidth59.

Figure 1. Schematic representation of the junction between
a ferromagnetic insulator (FI) and a heterostructure of TBG
adjacent to a monolayer of WSe2. The labels (1) and (2) de-
note the graphene layers of TBG represented by the red and
the blue lines. The red arrow indicates the spin orientation
of the FI characterized by an average spin 〈SFI〉 = (S0, 0, 0),
written in the coordinate frame of the FI magnetization. The
gray lines represent the boron-nitride (hBN) layers encapsu-
lating the TBG/WSe2 heterostructure.

Continuum model. – In TBG with a twist angle θ, the
Hamiltonian hl(k) of a graphene layer l (l = 1, 2), rotated

at an angle θl, is hl(k) = ei
θl
2
σzh

(0)
l (k)e−i

θl
2
σz , where

θ2 = −θ1 = θ
2 and h

(0)
l (k) is the unrotated monolayer

Hamiltonian. In the continuum limit, h
(0)
1 (k) reduces to

h
(0)
1 (k) = −~vFk · σ∗, where vF is the Fermi velocity,
σ∗ = (ξσx, σy), and σi (i = x, y, z) are the sublattice-
Pauli matrices and ξ is the valley index. We assume that
the SOC is only induced in the graphene layer adjacent
to the TMD layer, since the SOC arises from overlaps
between atomic orbitals50. This assumption is consistent
with recent studies on bilayer graphene and TBG aligned
on TMD layers50,56,60,61. Layer (2), in contact with the
WSe2 monolayer, is then descried by the Hamiltonian
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h
(0)
2 (k) = h

(0)
1 (k) + hSOC + m

2 σz
56, where hSOC is given

by

hSOC =
λI
2
ξsz +

λR
2

(ξσxsy − σysx) +
λKM

2
ξσzsz , (1)

si (i = x, y, z) are the spin-Pauli matrices, λI , λR and
λKM correspond, respectively, to the Ising, Rashba and
Kane-Mele SOC parameters56. The variation ranges of
these parameters are λI ∼ 1− 5 meV, λR ∼ 1− 15 meV,
while λKM is expected to be small37,44,50,51,62–64. The

last term in h
(0)
2 (k) is due to the inversion symmetry

breaking induced by the TMD layer. Hereafter, we ne-
glect this term regarding the small value of m compared
to the SOC parameters56.
As in the case of TBG65, the low-energy Hamiltonian of
TBG/WSe2 reduces, at the valley ξ, to

Hξ,SOC(k) =









h1(k) T1 T2 T3
T †
1 h2,1(k) 0 0

T †
2 0 h2,2(k) 0

T †
3 0 0 h2,3(k)









. (2)

Hξ,SOC(k) is written in the basis Ψ =
(ψ0(k), ψ1(k), ψ2(k), ψ3(k)) constructed on the four-

component spin-sublattice spinor ψ0(k) and ψj(k),
(j = 1, 2, 3) corresponding, respectively, to layer (1)
and layer (2) (see Secs. I and II of the Supplemental
Material66 and Refs.8,56,65,67–70). The momentum
k is measured relatively to the Dirac point K1ξ of
layer (1). In Eq. (2), Tj are the spin-independent
interlayer coupling matrices, h2,j (k) = h2 (k+ qjξ),
(j = 1, 2, 3) where qjξ are the vectors connecting
K1ξ to its three neighboring Dirac points K2ξ of
layer (2) in the moiré Brillouin zone (mBZ)65, and
are given by q1ξ = K1ξ − K2ξ, q2ξ = q1ξ + ξGM

1 ,
q3ξ = q1ξ + ξ

(

GM
1 +GM

2

)

, where
(

GM
1 ,G

M
2

)

is the

mBZ basis (see Sec. I of the Supplemental Material66).
In the unrelaxed TBG, and choosing sublattice A as the
origin of the unit cell in each layer, the Tj matrices take

the form8 T1 = w (Iσ + σx), T2 = w
(

Iσ − 1
2σx + ξ

√
3
2 σy

)

and T3 = w
(

Iσ − 1
2σx − ξ

√
3
2 σy

)

66, where

w ∼ 110meV71 is the interlayer tunneling ampli-
tude and Iσ is the identity matrix acting on the
sublattice indices.
Using the perturbative approach of Ref.65, we de-

rive, from Eq. (2), the effective low-energy Hamiltonian

H
(1)
ξ,SOC(k) of TBG/WSe2 (see Sec. II of the Supplemen-

tal Material66). To the leading order in k, H
(1)
ξ,SOC(k)

reads as66

H
(1)
ξ,SOC(k) =

〈Ψ|Hξ,SOC|Ψ〉
〈Ψ|Ψ〉 = ψ†

0

[

heff (k) + hSOC
eff

]

ψ0, (3)

heff (k) = − ~vF
〈Ψ|Ψ〉

{

kx

[

(

1− 3α2
)

ξσxIs −
3α2

~vF q0
(ξλIσysz + λR (ξσysy − σxsx))

]

+ky

[

(

1− 3α2
)

σyIs −
3α2

~vF q0
(−λIσxsz + λR (σxsy + ξσysx))

]}

, (4)

hSOC
eff =

3α2

〈Ψ|Ψ〉

[

ξλIszIσ +
λR
2

(sxσy − ξsyσx)

]

, (5)

where 〈Ψ|Ψ〉 ∼ 1 + 6α2, α = w
~vF q0

, q0 = |qjξ| = 4π
3a θ, a

is the graphene lattice constant and σi, (i = x, y, z) act
now on the band indices σ = ± of the eigenenergies of

H
(1)
ξ,SOC, denoted Eσ,±, and given to the leading orders in

k and
λI,R

~vF q0
by

E(k)σ,± =
σ

〈Ψ|Ψ〉

√

f1(k) ± 6α2
√

f2(k) (6)

f1(k) = (~vF )
2
(

1− 3α2
)2 ||k||2 + 9

2
α4
(

2λ2I + λ2R
)

f2(k) = (~vF )
2
(

1− 3α2
)2 ||k||2

(

λ2I +
1

4
λ2R

)

+
9

16
α4λ4R.

Equation 5 shows that the SOC parameters λI and λR

are renormalized by the moiré structure of TBG to

λ̃I ∼ 6α2

1 + 6α2
λI , λ̃R ∼ 3α2

1 + 6α2
λR, (7)

which increase by decreasing the twist angle.

The expression of H
(1)
ξ,SOC [Eq. (3)] can be taken as a

starting point to unveil the role of SOC in the emer-
gence of the stable superconducting phase observed, at
θ ∼ 0.8◦, in TBG adjacent to WSe2

56.

To probe the validity of the effective Hamiltonian H
(1)
ξ,SOC

[Eq. (3)], we compared the corresponding eigenenergies
with the numerical band structure obtained within the
continuum model and taking into account 148 bands per
valley and spin projection (see Sec. II of the Supplemen-

tal Material66). The results show that H
(1)
ξ,SOC describes
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correctly the band structure of TBG/WSe2 down to a
twist angle θ ∼ 0.7◦. At smaller angles, the effective

Fermi velocities of H
(1)
ξ,SOC are overestimated. Such a

discrepancy is expected since the lattice relaxation effect
is important at small angles56. It is worth noting that,
for the sake of simplicity, we did not consider a relaxed
TBG, since we are interested in the SP around the MA.

Gilbert damping. – In the absence of a junction,
the magnon Green function of the FI is defined as72–78

G0 (qm, iωn) = 2S0/~
iωn−ωqm−αG|ωn| , where ωn = 2πn/~β

are the Matsubara frequencies for bosons, S0 is the am-
plitude of the average spin per site, and αG is the GD
strength. The term −αG|ωn| describes the spin relax-
ation within the FI. In FMR experiments, the microwave
excitation induces a uniform spin precession, which limits
the magnon self-energy to the processes with qm = 079.
In the presence of the interfacial coupling, a cor-

rection, δαG(ω), to the GD term is induced by the
adjacent heterostructure TBG/WSe2. δαG(ω) can be
expressed in terms of the the self-energy ΣR

0 (ω) ≡
Σqm=0 (iωn → ω + iδ), resulting from the interfacial ex-
change interactions, as79

δαG (ω) ≡ −2S0

~ω
ImΣR

0 (ω) . (8)

For simplicity, we neglect the real part of ΣR
0 (ω) which

simply shifts the FMR line and did not affect the
linewidth, in which we are interested. The self-energy,
in Eq. (8), includes the contributions of all the inter-
facial spin transfer processes and can be written as
Σ0 (iωn) =

∑

qΣ0(q, iωn). Each process, described by

the self-energy Σ0(q, iωn), is characterized by a momen-
tum transfer q and a matrix element Tq,qm=0 ≡ Tq,0.
In the second order perturbation, with respect to

the interfacial exchange interaction Tq,0, the self-energy
Σ0(q, iωn), is written as78

Σ0(q, iωn) =
|Tq,0|2
4β

∑

k,iωm

Tr
[

σx′,−
s ĝ(k, ωm)

× σx′,+
s ĝ(k+ q, iωm + iωn)

]

. (9)

σx′,±
s are the electronic spin ladder operators written in

the coordinate system (x′, y′, z′) of the FI magnetiza-
tion characterized by an average spin 〈SFI〉 = (S0, 0, 0).
ĝ(k, iωm) is the electronic Matsubara Green function

given by ĝ(k, iωn) =
[

iωnI−H
(1)
SOC(k)

]−1

, where ωn =

(2n + 1)π/~β are the fermionic Matsubara frequencies.
In the basis of the spin-band four-component spinor Ψ =
(ψ+,↑, ψ+,↓, ψ−,↑, ψ−,↓)56, ĝ(k, iωn) reads as ĝ(k, iωn) =
ĝ0(k, iωn)Is + ĝ(k, iωn) · s, where s = (sx, sy, sz) are
the spin-Pauli matrices; ĝ = (ĝx, ĝy, ĝz), ĝ0, and ĝi
(i = x, y, z) are expressed, to the leading order in the
SOC, as a function of the band-Pauli matrices σi (see
Sec. III of the Supplemental Material66).

Since the ferromagnetic peak, given by ImGR
0 , is sharp

enough, namely αG + δαG ≪ 1, one can replace the res-
onance frequency ωqm=0 by the FMR frequency Ω. The
GD correction can then be expressed as66,78

δαG (Ω) = −2S0

~Ω
ImΣR

0 (Ω) . (10)

In general, the interfacial spin transfer includes clean and
dirty processes. The former (latter) take place with con-
served (non-conserved) electron momentum, which turns
out to take q = 0 (q 6= 0) in Eq. (979).
We first consider a clean interface, for which an analytical
expression of the GD correction [Eq. 10] can be derived
(see Sec. IV of the Supplemental Material66 and refer-
ence78,79). The case of a dirty junction is discussed in
the next section.
Carrying out the summation over ωm in Eq. (9), we ob-

tain the analytical expression of the interfacial self-energy
(see Sec. IV of the Supplemental Material66). The sum
over the electronic states k = (k, ϕk) runs over the states
included within a cutoff, kc ∼ q0/2, on the momentum
amplitude k, where the low-energy Hamiltonian [Eq. (3)]
is expected to hold (see Sec. IV of the Supplemental
Material66).
In the following, we discuss the behavior of the nor-

malized GD coefficient

δαG/α
0
G =

(

λ

~Ω

)2

Σ̃ (q = 0,Ω) , (11)

where Σ̃ is a dimensionless function depending on the
twist angle θ, temperature T , the chemical poten-
tial µ and the orientation of the FI magnetization,

α0
G = 2S0

(

|T0|
λ

)2

and λ = λI+λR

2 is the average SOC

(for details, see Sec. IV of the Supplemental Material66

and reference80).

Discussion. – In Fig. 2, we plot δαG/α
0
G [Eq. (11)],

as a function of the twist angle θ, for the undoped
TBG, at different temperatures and for a fixed FMR
energy ~Ω = 0.06meV which corresponds to the yttrium
iron garnet. The SOC parameters are λI = 3meV and
λI = 4meV as in Ref. [56].

Figure 2 shows that regardless of the temperature
range, δαG increases by decreasing θ but drops sharply at
the MA, where it exhibits a relatively small peak which
is smeared out at low temperature.
Putting aside its drop at the MA, the enhancement of

δαG, by decreasing θ, can be, in a first step, ascribed to
the dependence of the self-energy [Eq. (9)] on the effec-
tive SOC, given by Eq. (7), which increase by decreasing
θ . However, to understand the behavior of δαG at the
MA one needs to go back to the band structure, Eσ,±(k)
[Eq. (6)], of the continuum Hamiltonian of TBG/WSe2,
which is depicted in Fig. 3 at different twist angles.
The arrows indicate the out-of-plane electronic spin
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Figure 2. Normalized GD, δαG/α
0
G [Eq. (11)], as a function of

the twist angle at different temperature ranges. Calculations
are done for λI = 3 meV, λR = 4 meV, µ = 0, and for a FMR
energy ~Ω = 0.06 meV.

projection 〈sz〉 which we have numerically calculated
for different twist angles in Sec. II of the Supplemental
Material66.

Away from the MA, the band dispersion gets larger
as θ decreases and, in particular, the separation between
bands with opposite 〈sz〉, involved in the SP process, in-
creases. This behavior is due to the angle dependence
of the effective Fermi velocity v∗ of TBG/WSe2, which
reduces, in the first order in the SOC, to that of TBG,
namely (see Secs. I and II of the supplemental Mate-
rial66)

v∗ ∼ vF
1− 3α2

1 + 6α2
(12)

The expression of the GD [Eq. (11)] includes transitions
between bands with opposite 〈sz〉 (see Sec. IV of the Sup-
plemental Material66). These transitions depend on the
statistical weight ∆f(E) = f(E〈sz〉) − f(E−〈sz〉) where
f(x) is the Fermi-Dirac function and E〈sz〉 is the energy
band with a spin orientation 〈sz〉.
In Fig. 4, we plot a pictorial representation of the band

structure of the continuummodel [Eq. (6)] and the Fermi-
Dirac distribution f(E) at a given temperature T . The
band dispersion gets larger as θ moves away from the MA
(Fig. 3) and the separation between the bands with oppo-
site 〈Sz〉 increases. As a consequence, the corresponding
statistical weight ∆f(E) is enhanced compared to the
case around the MA. This behavior explains the drop of
the GD at the MA.
Around the MA (θ+M and θ−M ), the statistical weight

∆f(E) is reduced compared to that at the MA since the
bands E+,− and E−,− get closer (Fig. 3).
This behavior gives rise to the small peak at the MA
(Fig. 2), which disappears at low temperature (kBT < λ)
where bands around the MA have the same statistical
weight ∆f(E) = 1 (see Sec. IV of the Supplemental Ma-
terial66). In this case, the GD is basically dependent on
the effective Fermi velocity v∗ [Eq. (12)] which vanishes

at exactly the MA. Such dependence is responsible for
the cancellation of several terms contributing to the self-
energy [Eq. (9)], as they are proportional to v∗ [Eq. (12)]
(see Sec. IV of the Supplemental Material66).
Let us now turn to the case of a dirty interface where the
spin transfer should now also include the non-conserved
momentum processes. The corresponding self-energy
[Eq. (9)] can also be expressed in terms of the thermal
weight ∆f(E) governing the interband transitions (see
Sec. IV of the Supplemental Material66).
Regarding the flatness of the bands, the dirty processes
at the MA acquire, as in the clean limit, small thermal
weights compared to the twist angles away from the MA,
where the band are dispersive. In the dirty limit, the
Gilbert damping correction is, then, expected to drop at
the MA as found in the case of a clean interface.

It comes out that the twist angle dependence of δαG

is a direct probe of the emergence of the flat bands in
TBG. On the other hand, the temperature dependence
of the fine structure around the MA provides an accurate
measurement of the MA, with a precision below 0.005◦

(see Fig. S.4 of the Supplemental Material66). It also
gives an estimation of the SOC induced in TBG adjacent
to a monolayer of TMD.

It is worth stressing that in our model we did not take
into account the electron-electron interactions which
significantly distort the electronic band structure of
TBG80–83. Near the MA, the dominant electron-electron
interaction is found to be the Coulomb interaction with
an amplitude estimated to be 10-15 meV82, which is
larger than the width of the flat bands ∼ 2 − 5 meV
and the SOC considered in the present work. How
are the results of Fig.2 modified in the presence of
Coulomb interaction? Treating this interaction within
the Hartree-Fock approximation revealed that the
Hartree term considerably widens the bands while the
exchange term leads, basically, to broken-symmetry
phases. At the charge neutrality, the Hartree term
vanishes and the exchange potential, which concerns
bands with identical spins, opens a gap of 4 meV80,82,83,
which is of the order of the SOC amplitudes. As a
consequence, the statistical weight ∆f(E) of the bands
with opposite 〈Sz〉 is expected to increase, but keeping
larger values at small angles compared to the MA.
Moreover, the bandwidth, around the MA, is found to
relatively increase under the exchange term80,82,83, but
remains smaller than 3 meV, which preserve the flatness
of the bands. It comes out, that our results hold in
undoped TBG under Coulomb interaction, and can be
used to extract the value of the MA at which the Gilbert
damping correction drops. Away from the neutrality,
the bands are substantially distorted by the Coulomb
interaction80,82,83 and our results should be taken with a
grain of salt since they account for filling ν factors away
from −0.5 < ν < 0.5, where the bandwidth, at the MA,
is less than 4 meV.



5

Figure 3. Band structure of TBG/WSe2 in the continuum limit [Eq. (6)] at θ = 0.5◦ (a), θ = θ−M = 1.043◦ (b), θ = θ+M = 1.058◦

(c) and θ = 1.2◦ (d). The dashed lines represent the bands at the MA (θM = 1.05◦). The red (blue) arrows correspond to the
out-of-plane electronic spin projection 〈sz〉 = +1 (〈sz〉 = −1)56. Calculations are done for λI = 3 meV and λR = 4 meV.

Figure 4. Schematic representation of the band structure
Eσ,± (Eq. 6) and the Fermi-Dirac distribution f(E). The
bands in dashed and green lines correspond, respectively, to
the MA and to a twist angle θ far from the MA. The red
(blue) arrows represent the projection of the out-of-plane
spin projection 〈Sz〉 = +1 (〈Sz〉 = −1). Around the MA,
the bands are almost flat and the statistical weights ∆f(E),
corresponding to the transitions between E−,+ → E+,+ and
E−,− → E+,−, are small compared to the case of a twist angle
away from the MA, where the band dispersion is larger.

Besides interactions, strain is found to be a key pa-
rameter in the emergence of flat bands in TBG68,70. The
effect of strain can be included in our model by deriving
the strain induced correction to the Hamiltonian given
by Eq. (3), taking into account the strain dependence of
the vectors qj connecting the Dirac points70. The twist
angle, at which δαG drops, can then provide a way to
measure the strain in TBG.

Experimental realization. – Our proposed setup
consists of an interface between a FI and a fully hBN
encapsulated TBG/WSe2 heterostructure (Fig. 1). The
hBN layer acts as a tunnel barrier which prevents the
diffusion of the FI atoms into the graphene layer84.
On the other hand, the encapsulation provides a clean
interface and prevents the graphene degradation84

which is a challenging issue in the STM and ARPES
experiments24–26, carried out on non-encapsulated TBG
samples.
It should be stressed that the hBN encapsulated
TBG/WSe2 heterostructure has been already realized

in Refs. [56 and 57]. Furthermore, the spin transport
through a clean interface between a FI and 2D material
has been experimentally achieved84,85. The 2D materials
were fully encapsulated by hBN84 or covered by a thin
layer of an oxide insulator (as MgO)85 to avoid the
interdiffusion with the FI.
Our proposed technique to measure the MA can, then, be
implemented experimentally with a clean interface and
at room temperature. Moreover, an insitu manipulation
of the twist angle can be realized as in Refs. [86–89].

Conclusion. – To conclude, we have proposed an
experiment to probe the flat bands of TBG and to
measure its MA accurately. The experiment is based
on a spin pumping measurement through a junction
separating a FI and a TBG adjacent to a monolayer of
WSe2. We first derived the continuum model of TBG
with SOC, which constitutes a first step to develop an
analytical understanding of the emergence of a stable
superconducting state at small twist angles observed
in TBG in proximity to WSe2

56. We then determined
analytically the Gilbert damping correction δαG induced
by the presence of the TBG/WSe2 heterostructure. Our
results show that the twist angle dependence of δαG

exhibits a drop at the MA with a temperature-dependent
fine structure. This feature provides an accurate de-
termination of the MA and an estimation of the SOC
induced in TBG by its proximity to the TMD layer. Our
proposed set-up can be readily implemented regarding
the state-of-the art of the experimental realizations of
SP in 2D materials and TBG-based heterostructure.
Our work opens the gate to a twist tunable spintronics
in twisted layered heterostructures.
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23 D. Călugăru, N. Regnault, M. Oh, K. P. Nuckolls, D.
Wong, R. L. Lee, A. Yazdani, O. Vafek, and B. A.
Bernevig, Spectroscopy of Twisted Bilayer Graphene Cor-
related Insulators, Phys. Rev. Lett. 129, 117602 (2022).

24 M. I. B. Utama, R. J. Koch, K. Lee, N. Leconte, H. Li, S.
Zhao, L. Jiang, J. Zhu, K. Watanabe, T. Taniguchi et al.,
Visualization of the flat electronic band in twisted bilayer
graphene near the magic angle twist, Nat. Phys. 17, 184
(2021).

25 S. Lisi, X. Lu, T. Benschop, T. A. de Jong, P. Stepanov, J.
R. Duran, F. Margot, I. Cucchi, E. Cappelli, A. Hunter, et
al., Observation of flat bands in twisted bilayer graphene,
Nat. Phys. 17, 189 (2021).

26 K. Sato, N. Hayashi, T. Ito, N. Masago, M. Takamura, M.
Morimoto, T. Maekawa, D. Lee, K. Qiao, J. Kim, et al.,
Observation of a flat band and bandgap in millimeter-scale
twisted bilayer graphene, Commun Mater 2, 117 (2021).

27 Y. Tserkovnyak, A. Brataas, and G. E. W. Bauer, En-
hanced Gilbert Damping in Thin Ferromagnetic Films,
Phys. Rev. Lett. 88, 117601 (2002).

28 Y. Tserkovnyak, A. Brataas, G. E. W. Bauer, and B. I.
Halperin, Nonlocal magnetization dynamics in ferromag-
netic heterostructures, Rev. Mod. Phys. 77, 1375 (2005).

29 Maekawa, Sadamichi and others (eds), Spin Current, 1st
edn, Series on Semiconductor Science and Technology (Ox-

mailto:sonia.haddad@fst.utm.tn


7

ford, 2012; online edn, Oxford Academic, 17 Dec. 2013),
https://doi.org/10.1093/acprof:oso/9780199600380.001.0001.

30 F. Hellman, A. Hoffmann, Y. Tserkovnyak, G. S. D. Beach,
E. E. Fullerton, C. Leighton, A. H. MacDonald, D. C.
Ralph, D. A. Arena, H. A. Dürr el al., Interface-induced
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S. Migot, A. Jaafar, R. Arras, M. Vergnat, L. Ren, Large
Perpendicular Magnetic Anisotropy in Ta/CoFeB/MgO on
Full-Coverage Monolayer MoS2 and First-Principles Study
of Its Electronic Structure, ACS Appl. Mater. Interfaces,
13, 32579 (2021).

86 R. Ribeiro-Palau, C. Zhang, K. Watanabe, T. Taniguchi, J.
Hone, C. R. Dean, Twistable electronics with dynamically
rotatable heterostructures, Science 361, 690 (2018).

87 C. Hu, T. Wu, X. Huang, Y. Dong, J. Chen, Z. Zhang,
B. Lyu, S. Ma, K. Watanabe, T. Taniguchi, et al., In-
situ twistable bilayer graphene, Scientific Reports 12, 204
(2022).

88 Y. Yang, J. Li, J. Yin, S. Xu, C. Mullan, T. Taniguchi, K.
Watanabe, A. K. Geim, K. S. Novoselov, A. Mishchenko,
In situ manipulation of van der Waals heterostructures for
twistronics, Sci. Adv. 6, eabd3655 (2020).

89 A. Inbar, J. Birkbeck, J. Xiao, T. Taniguchi, K. Watan-
abe, B. Yan, Y. Oreg, A. Stern, E. Berg and S. Ilani, The
quantum twisting microscope, Nature 614, 682 (2023).



9

SUPPLEMENTAL MATERIAL

Twisted bilayer graphene reveals its flat bands under spin pumping

Sonia Haddad1,2,3, Takeo Kato2, Jihang Zhu3, and Lassaad Mandhour1
1Laboratoire de Physique de la Matière Condensée, Faculté des Sciences de Tunis, Université Tunis El Manar,

Campus Universitaire 1060 Tunis, Tunisia
2 Institute for Solid State Physics, University of Tokyo, Kashiwa, Chiba 277-8581, Japan

3 Max Planck Institute for the Physics of Complex Systems, Nöthnitzer Strasse 38, Dresden 01187, Germany

S.1. I. DERIVATION OF THE LOW-ENERGY HAMILTONIAN OF TBG WITHOUT SOC

We start by a brief overview of the perturbative approach proposed by Bistritzer and MacDonald65 to derive the
continuum model of TBG. We consider a TBG where the two layers l = 1, 2 are rotated oppositely θ2 = −θ1 = θ

2 .
The Hamiltonian of a graphene layer l rotated at an angle θl is

hl(k) = ei
θl
2
σzh

(0)
l (k)e−i

θl
2
σz (S.1)

where h
(0)
l (k) is the Hamiltonian of the unrotated layer (l) given, in the continuum limit, by

h
(0)
l (k) = −~vFk · σ∗, (S.2)

where the momentum k is written relatively to the Dirac point Kl,ξ, vF is the Fermi velocity, ξ is the valley index,
σ∗ = (ξσx, σy) and σi (i = x, y, z) are the sublattice-Pauli matrices.
The leading contributions of the interlayer tunneling can be limited to three nearest hopping processes in the

momentum space connecting states |k〉1, around the Dirac point K1,ξ of layer (1), to the states |k+ qjξ〉2 around
K2,ξ, the Dirac point of layer (2). The qjξ vectors are given by65

q1ξ = ξkθ (0, 1) , q2ξ = q1ξ + ξGM
1 = ξkθ

(

−
√
3

2
,−1

2

)

,

q3 = q1ξ + ξ
(

GM
1 +GM

2

)

= ξkθ

(√
3

2
,−1

2

)

, (S.3)

where kθ = 2kD sin θ
2 ∼ θkD and kD = |K1,ξ| = |K2,ξ| = 4π

3a , a being the graphene lattice parameter. The
(

GM
1 ,G

M
2

)

is the moiré BZ basis given by GM
i = RT

t Gi, Gi are the lattice basis vectors of the monolayer reciprocal lattice

G1 = 2π
a

(

1,−1/
√
3
)

and G2 = 2π
a

(

0, 2/
√
3
)

. Rt is the rotation tensor written, in the sublattice basis, at a small
twist angle as

R(θ) =

(

0 −θ
θ 0

)

. (S.4)

In the basis {|k〉1, |k+ qj,ξ〉2}, the Hamiltonian, at the valley ξ, reads as65

H(k) =









h1(k) T1 T2 T3
T †
1 h2,1(k) 0 0

T †
2 0 h2,2(k) 0

T †
3 0 0 h2,3(k)









, (S.5)

For the relaxed TBG the Tj matrices are given by69

T1 =

(

w w′

w′ w′′

)

, T2 = eiξG
M
1

·r
(

w w′e−iξΦ

w′eiξΦ w′′

)

, T3 = eiξ(G
M
1

+GM
2 )·r

(

w w′eiξΦ

w′e−iξΦ w′′

)

, (S.6)

Here h1(k) is given by Eq. S.1 and h2,j(k) ≡ h2(k+ qjξ) = h1(k+ qjξ), where the momentum k is written relatively
to K1,ξ. Φ = 2π

3 and r is the shortest inplane shifts between carbon atoms of the two layers8,67. Hereafter, we neglect

the relative sliding between the layers which is not relevant in the physics of TBG8,65. Choosing the A sublattice in
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both layers (i = 1, 2) as the origin of the unit cell, turns out to take r = 0 in Eq. S.68. The parameters w, w′ and w′′

are the tunneling amplitudes which take the same value w = w′ = w′′ ∼ 110 meV in the rigid TBG68.
In the relaxed lattice, these amplitudes are no more equal w ∼ w′′ ∼ 90 meV and w′ = 117 meV69. In the present
work, we do not consider the lattice relaxation effect, since the SOC parameters λI , λR ∼ 4meV are small compared
to the difference between the interlayer amplitudes ∆w = w−w′ ∼ 20meV. In the unrelaxed lattice, the Tj matrices
can be written as

T1 = w (Iσ + σx) , T2 = w

(

Iσ − 1

2
σx + ξ

√
3

2
σy

)

, T3 = w

(

Iσ − 1

2
σx − ξ

√
3

2
σy

)

. (S.7)

Here, Iσ is the identity matrix acting on the sublattice indices.
Considering, in Eq. S.5, the k dependent term as a perturbation, the effective Hamiltonian can be written, to the

leading order in k, as

H(1) (k) =
〈Ψ|H(k)|Ψ〉

〈Ψ|Ψ〉 , (S.8)

where Ψ = (ψ0(k), ψ1(k), ψ2(k), ψ3(k)) is the zero energy eigenstate of H (k = 0). Ψ is constructed on the two-
component sublattice spinor ψ0(k) (ψj(k)) of layer 1 (layer 2) taken at the momentum k (k+ qjξ) around the Dirac
point K1,ξ (K2,ξ) at the valley ξ. ψ0 is the zero energy eigenstate of h1. The Ψ components satisfy

h1ψ0 +
∑

j

Tjψj = 0, and T †
j ψ0 + hjψj = 0, with h1ψ0 = 0, (S.9)

where hj ≡ h2(qj,ξ). Then

ψj = −h−1
j T †

j ψ0, and
∑

j

Tjh
−1
j T †

j = 0. (S.10)

To the leading order in k, H(1) (k), takes the following form

H(1) (k) =
〈Ψ|H(k)|Ψ〉

〈Ψ|Ψ〉 =
1

〈Ψ|Ψ〉



ψ†
0h1 (k)ψ0 + ψ†

0

∑

j

Tjh
−1
j hj (k)h

−1
j T †

j ψ0



 , (S.11)

H(1) (k) = −~v∗ψ†
0 k · σ∗ ψ0, (S.12)

Eq. S.12 is obtained by neglecting θ in hj (k), which turns out to take qj,ξ = 0 in hj (k)
65.

v∗ is the effective velocity of the energy band of TBG around the zero energy which vanishes at the MA θm, and is
given by65

v∗ = vF
1− 3α2

1 + 6α2
(S.13)

where α = w
~vF q0

, q0 = |qjξ | ∼ 4π
3a θ.

In our numerical calculations (Fig. 3 of the main text), we take w = 118 meV and ~vF /a ∼ 2.68 eV which corresponds
to θm = 1.05◦ for the first MA65.

S.2. II. DERIVATION OF THE LOW-ENERGY HAMILTONIAN OF TBG WITH SOC

We now consider the heterostructure consisting of TBG adjacent to a monolayer of WSe2 as shown in Fig.1 of the
main text, where we denote the graphene layer in contact with the TMD by layer (2). This layer is subject to a SOC
induced by proximity effect by the TMD, and the corresponding Hamiltonian can be written as56

h2(k) = h1(k) + hSOC +
m

2
σz (S.14)

where hSOC is given by Eq. 1 of the main text.
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To derive the continuum model of TBG/WSe2, we follow the perturbative approach of Ref.65 presented in the
previous section. Now, the basis Ψ = (ψ0(k), ψ1(k), ψ2(k), ψ3(k)) is constructed on the four-component spin-sublattice
spinor ψ0(k) and ψj(k), (j = 1, 2, 3) corresponding, respectively, to layer (1) and layer (2). ψ0(k) is written as
ψ0(k)

T = (ψ0,A↑, ψ0,A↓, ψ0,B↑, ψ0,B↓). In this basis, the Hamiltonian of TBG/WSe2 takes the form

Hξ,SOC(k) =









h1(k) T1 T2 T3
T †
1 h2,1(k) 0 0

T †
2 0 h2,2(k) 0

T †
3 0 0 h2,3(k)









. (S.15)

The momentum k is measured relatively to the Dirac point K1ξ of layer (1), h2,j (k) = h2 (k+ qjξ), (j = 1, 2, 3) and
h2 (k) includes now the SOC terms (Eq. S.14).
We take the sublattice A as the origin of the unit cell in each layer. The Tj matrices are written as the tensor product
of those given by Eq. S.7, with the 2× 2 identity spin-matrix Is.

Regarding the small values of the SOC, we assume that Hξ,SOC(k) has a zero eigenenergy and the corresponding
eigenstate Ψ satisfies the condition given by Eq. S.10.
Following the same procedure as in the previous section, we derive from Eq. S.11 the effective low energy Hamiltonian

H
(1)
ξ,SOC(k) of TBG/WSe2 by substituting hj (k) by the Hamiltonian of layer (2), rotated at θ/2 and including SOC

as

h2,rot(k) = −~k · σ∗
Is +

λI
2
ξsz +

λR
2

(ξσxsy − σysx) +
λKM

2
ξσzsz −

λR
2
θ (ξσysy + σxsx) , (S.16)

Hereafter, we neglect the Kane and Mele term whose contribution, to the leading order in k, is found to vanish. We
also disregard the last term in Eq. S.16, which results into a higher order correction in θ.

To the first order in the SOC coupling, we obtain the continuum model of TBG/WSe2 described by the Hamiltonian

H
(1)
ξ,SOC(k) given by Eq. 3 in the main text. This Hamiltonian contain a SOC term (hSOC

eff ) with renormalized Ising
and Rashba interactions

λ̃I =
6α2

〈Ψ|Ψ〉λI , λ̃R =
3α2

〈Ψ|Ψ〉λR, and 〈Ψ|Ψ〉 ∼ 1 + 6α2 (S.17)

λ̃I and λ̃R are enhanced by decreasing the twist angle from the MA.

Figure S.1. Energy bands of TBG/WSe2 around zero energy as function of the dimensionless momentum amplitude k/q0 at
different twist angles. The bands are represented up to the cutoff kc = q0/2. Calculations are done for λI = 3 meV and
λR = 4 meV56. The MA is θM = 1.05◦.
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To the leading order in k, the four eigenergies of the Hamiltonian H
(1)
ξ,SOC (Eq. 3 of the main text), denoted E(k)σ,±,

are given by

E(k)σ,± =
σ

〈Ψ|Ψ〉

√

f1(k)± 6α2
√

f2(k), (S.18)

f1(k) = (~vF )
2
(

1− 3α2
)2 ||k||2 + 9

2
α4
(

2λ2I + λ2R
)

,

f2(k) = (~vF )
2
(

1− 3α2
)2 ||k||2

(

λ2I +
1

4
λ2R

)

+
9

16
α4λ4R, (S.19)

where σ = ± is the band index. E(k)σ,± are depicted in Fig. S.1 at different twist angles.

At the Dirac point, the eigenergies reduce to

E±,+ =
±3α2

〈Ψ|Ψ〉

√

λ2I + λ2R , E±,− =
±3α2

〈Ψ|Ψ〉λI . (S.20)

It is worth to note that in TBG, the flatness of the bands around the charge neutrality point strongly depends on
the heterostrain which may emerge in the graphene layers during the fabrication procedure70. The interplay between
strain and SOC in TBG/WSe2 goes beyond the scope of the present work.

In figures S.2 and S.3, we plot the electronic band structure of TBG/WSe2 at different twist angles. The solid
lines correspond to the numerical results obtained within the continuum model taking into account 148 bands for
each spin and valley. The calculations are done for the relaxed TBG with interlayer momentum hopping amplitudes
w = 55meV and w = 105meV (Eq. S.6). We considered these values to reproduce the numerical band structure
obtained in Ref.[ 56] using the continuum model. We have taken into account the lattice relaxation, as in Ref. 56,
since it is expected to be important at small angles. The numerical results are compared to the eigenergies of the

effective Hamiltonian H
(1)
ξ,SOC, given by Eq. 3 of the main text (dashed line), and to the approximated expressions

(Eq. S.18) represented by dotted gray lines. It should be stressed that H
(1)
ξ,SOC is derived for a rigid TBG, for which

we have taken an interlayer hopping amplitude w = 105meV, which gives rise to a MA θM ∼ 1.1◦ as in Ref [56].
For the sake of simplicity, we did not consider the relaxation effect, which is not significant around the MA56, where
we consider the spin pumping effect. The derivation of the effective Hamiltonian of the relaxed TBG adjacent to
WSe2 is left to a future work.

As shown by Fig. S.2 and S.3, the effective Hamiltonian H
(1)
ξ,SOC (Eq. 3 of the main text) provides a good description

of the band structure of TBG/WSe2. It can be taken as a framework to unveil the origin of the observed stable
superconducting state in this heterostructure56. However, at relatively small angles (∼ 0.5◦), the Fermi velocities of

H
(1)
ξ,SOC are overestimated (Fig. S.2). This discrepancy is due to the assumption of a rigid TBG lattice which is not

justified at small angles56.

S.3. III. ELECTRONIC GREEN FUNCTION

The Matsubara Green function associated to the effective Hamiltonian H
(1)
ξ,SOC (Eq. 5) is

ĝ(k, iωn) = [iωnISIσ −Hξ,SOC(k)]
−1
, (S.21)

where IS and Iσ are the 2× 2 spin and band identity matrices, respectively. ĝ(k, iωn) can be expressed as

ĝ(k, iωn) = ĝ0(k, iωn)Is + ĝ · s. (S.22)

s = (sx, sy, sz) are spin-Pauli matrices, ĝ0(k, iωn) and the components ĝi (i = x, y, z) of ĝ are written as

ĝ0(k, iωn) = A0(k, iωn) + C0(k, iωn), ĝx(k, iωn) = Bx(k, iωn) +Dx(k, iωn),

gy(k, iωn) = By(k, iωn) +Dy(k, iωn), ĝz(k, iωn) = Az(k, iωn) + Cz(k, iωn). (S.23)
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(a) (b) (c)

Figure S.2. Electronic band structure of TBG/WSe2 calculated, at a twist angle (a) θ = 0.5◦, (b) θ = 0.79◦, and (c) θ = 0.87◦.
Calculations are based on the continuum model and including 148 bands for each moiré valley and spin. The line color denotes
the value of the out-of-plane spin projection 〈Sz〉. The dashed black lines represent the eigenergies of the four-band effective
Hamiltonian given by Eq. 3 of the main text, and the gray dotted lines denote the approximated eigenergies given by Eq. S.18.
Calculations are done for λR = 4meV and λI = 3meV. The band structure is represented in the moiré Brillouin zone where κ
and κ′ correspond respectively to the Dirac point K1 of layer (1) and K2 layer (2) at the valley ξ = +. The bottom panel is a
zoomed-in representation around the high symmetry point κ.

(a) (b) (c)

Figure S.3. Electronic band structure of TBG/WSe2 calculated around the MA θM at (a) θ = 1.05◦, (b) θM = 1.1◦, (c)
θ = 1.2◦. The bottom panel is a zoomed-in representation around the high symmetry point κ. The data are the same as in
Fig. S.2.
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The A,B,C and D operators are written in terms of the band-Pauli matrices σx,y,z and the corresponding identity
matrix Iσ

Ai(k, iωn) = Ai1(k, iωn)Iσ +Aiz(k, iωn)σz

Ci(k, iωn) = Cix(k, iωn)σx + Ciy(k, iωn)σy

Bj(k, iωn) = Bj1(k, iωn)Iσ +Bjz(k, iωn)σz

Dj(k, iωn) = Djx(k, iωn)σx +Djy(k, iωn)σy (S.24)

here j = x, y and i = 0, z.

In the limit of small SOC couplings λR, λI ≪ ~vF q0, A, B, C, and D become

A01(k, iωm) =
Y00 − E2

1

2(E2
3 − E2

1)

[

1

i~ωm − E1
+

1

i~ωm − E2

]

+
E2

3 − Y00
2(E2

3 − E2
1 )

[

1

i~ωm − E3
+

1

i~ωm − E4

]

(S.25)

Y00 =
(~vF )

2(1− 3α2)2

〈Ψ|Ψ〉2 ||k||2 + 1

2

(

3α2λR
〈Ψ|Ψ〉

)2

+

(

3α2λI
〈Ψ|Ψ〉

)2

A0z(k, iωm) =
Y0

2 (E2
1 − E2

3 )

{

1

E1

(

1

i~ωm − E1
− 1

i~ωm − E2

)

− 1

E3

(

1

i~ωm − E3
− 1

i~ωm − E4

)}

(S.26)

Y0 = −3

2

(

3α2λR
〈Ψ|Ψ〉

)2
α2λI
〈Ψ|Ψ〉

C0x(k, iωm) =
1

2 (E2
1 − E2

3 )

{

Y2

[

1

E1

(

1

i~ωm − E1
− 1

i~ωm − E2

)

− 1

E3

(

1

i~ωm − E3
− 1

i~ωm − E4

)]

−Y1
[

E1

(

1

i~ωm − E1
− 1

i~ωm − E2

)

− E3

(

1

i~ωm − E3
− 1

i~ωm − E4

)]}

ξkx (S.27)

Y1 =
~vF (1− 3α2)

〈Ψ|Ψ〉 , Y2 = −Y1
(

3α2λI
〈Ψ|Ψ〉

)2

C0y(k, iωm) =
1

2 (E2
1 − E2

3 )

{

Y2

[

1

E1

(

1

i~ωm − E1
− 1

i~ωm − E2

)

− 1

E3

(

1

i~ωm − E3
− 1

i~ωm − E4

)]

−Y1
[(

E1
1

i~ωm − E1
− 1

i~ωm − E2

)

− E3

(

1

i~ωm − E3
− 1

i~ωm − E4

)]}

ky (S.28)

Az1(k, iωm) = ξ
1

2 (E2
1 − E2

3 )

{

Y4

[

1

E1

(

1

i~ωm − E1
− 1

i~ωm − E2

)

− 1

E3

(

1

i~ωm − E3
− 1

i~ωm − E4

)]

−Y3
[

E1

(

1

i~ωm − E1
− 1

i~ωm − E2

)

− E3

(

1

i~ωm − E3
− 1

i~ωm − E4

)]}

(S.29)

Y3 = −3α2λI
〈Ψ|Ψ〉 , Y4 = −Y3

[

(~vF )
2

〈Ψ|Ψ〉2 (1− 3α2)2||k||2 − 1

2

(

3α2λR
〈Ψ|Ψ〉

)2

−
(

3α2λI
〈Ψ|Ψ〉

)2
]

Azz(k, iωm) = ξ
Y5

2 (E2
3 − E2

1)

{

1

i~ωm − E1
+

1

i~ωm − E2
− 1

i~ωm − E3
− 1

i~ωm − E4

}

(S.30)

Y5 =
1

2

(

λR
〈Ψ|Ψ〉

)2

Czx(k, iωm) =
Y6

2 (E2
3 − E2

1 )

{

1

i~ωm − E1
+

1

i~ωm − E2
− 1

i~ωm − E3
− 1

i~ωm − E4

}

kx (S.31)

Y6 = ~vF (1− 3α2)
6α2λI
〈Ψ|Ψ〉2
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Czy(k, iωm) =
Y6

2 (E2
3 − E2

1)

{

1

i~ωm − E1
+

1

i~ωm − E2
− 1

i~ωm − E3
− 1

i~ωm − E4

}

ξky

(S.32)

Bx1(k, iωm) =
Y7

2 (E2
3 − E2

1)

{

1

i~ωm − E1
+

1

i~ωm − E2
− 1

i~ωm − E3
− 1

i~ωm − E4

}

ky (S.33)

Y7 = ~vF (1− 3α2)
3α2λR
〈Ψ|Ψ〉2

Bxz(k, iωm) = Y8
1

2 (E2
1 − E2

3)
ky ×

{

1

E1

[

1

i~ωm − E1
− 1

i~ωm − E2

]

+
1

E3

[

1

i~ωm − E3
− 1

i~ωm − E4

]}

(S.34)

Y8 = −~vF (1 − 3α2)
3α2λR
〈Ψ|Ψ〉2

3α2λI
〈Ψ|Ψ〉

Dxx(k, iωm) = Y9
1

2 (E2
1 − E2

3 )
ξkxky ×

{

1

E1

[

1

i~ωm − E1
− 1

i~ωm − E2

]

− 1

E3

[

1

i~ωm − E3
− 1

i~ωm − E4

]}

(S.35)

Y9 = (~vF )
2(1− 3α2)2

3α2λR
〈Ψ|Ψ〉

Dxy(k, iωm) =
1

2 (E2
1 − E2

3)

{

Y11

[

1

E1

(

1

i~ωm − E1
− 1

i~ωm − E2

)

− 1

E3

(

1

i~ωm − E3
− 1

i~ωm − E4

)]

−Y10
[

E1

(

1

i~ωm − E1
− 1

i~ωm − E2

)

− E3

(

1

i~ωm − E3
− 1

i~ωm − E4

)]}

(S.36)

Y10 = − 3α2λR
2〈Ψ|Ψ〉 , Y11 = Y10

[

(~vF )
2(1− 3α2)2(k2x − k2y) +

(

3α2λI
〈Ψ|Ψ〉

)2
]

By1(k, iωm) = −Y7
1

2 (E3
3 − E2

1)

{

1

i~ωm − E1
+

1

i~ωm − E2
− 1

i~ωm − E3
− 1

i~ωm − E4

}

kx (S.37)

Byz(k, iωm) = −Y8
1

2 (E2
1 − E2

3)
kx

{

1

E1

[

1

i~ωm − E1
− 1

i~ωm − E2

]

− 1

E3

[

1

i~ωm − E3
− 1

i~ωm − E4

]}

(S.38)

Dyx(k, iωm) = ξ
1

2 (E2
1 − E2

3 )

{

Y12

[

1

E1

(

1

i~ωm − E1
− 1

i~ωm − E2

)

− 1

E3

(

1

i~ωm − E3
− 1

i~ωm − E4

)]

+Y10

[

E1

(

1

i~ωm − E1
− 1

i~ωm − E2

)

− E3

(

1

i~ωm − E3
− 1

i~ωm − E4

)]}

(S.39)

Y12 =
3α2λR
3〈Ψ|Ψ〉

[

−(~vF )
2(1 − 3α2)2(k2x − k2y) +

(

3α2λI
〈Ψ|Ψ〉

)2
]

Dyy(k, iωm) = −Y9
1

(E2
1 − E2

3)
kxky

{

1

E1

[

1

i~ωm − E1
− 1

i~ωm + E1

]

− 1

E3

[

1

i~ωm − E3
− 1

i~ωm − E4

]}

,(S.40)

where E1 = E+,+(k), E2 = E−,+(k), E3 = E+,−(k) and E4 = E−,−(k) (Eq. S.18).
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S.4. IV. MAGNON GREEN FUNCTION AND GILBERT DAMPING

A. Interfacial exchange coupling between a ferro- magnetic insulator (FI) and a TBG

We consider the Hamiltonian of the ferromagnetic insulator (FI) in the independent magnon approximation as

HFI =
∑

k

~ωkb
†
kbk, (S.41)

where ~ωk ≃ D|k|2 + ~γhdc is a dispersion of magnons, D is a spin stiffness, γ is the gyromagnetic ratio, hdc is a
static magnetic field. In the spin pumping setup, only the static part associated to k = 0 is relevant. Considering
only the uniform spin precession, the Hamiltonian of the FI can be simply written as

HFI = ~ω0b
†
0b0, (S.42)

where bq is the Fourier transformation of the site representation bi defined as

bi =
1√
NFI

∑

q

eiq·ribq ≃ 1√
NFI

b0, (S.43)

b†i =
1√
NFI

∑

q

e−iq·rib†q ≃ 1√
NFI

b†0, (S.44)

where NFI is the number of unit cells in the FI.

We consider the (retarded) magnon Green function as

GR(q, ω) =

∫

dtGR(q, t)eiωt, (S.45)

GR(q, t) = − i

~
θ(t)〈[S+

q (t), S−
q (0)]〉 = −2iS0

~
θ(t)〈[bq(t), b†q(0)]〉. (S.46)

In the absence of the junction, the magnon Green function is

GR
0 (q, ω) =

2S0/~

ω − ωq + iδ
. (S.47)

We introduce spin relaxation of the bulk FI phenomenologically as

GR
0 (q, ω) =

2S0/~

ω − ωq + iαGω
, (S.48)

where αG is a dimensionless strength of the Gilbert damping, which is of order of 10−4–10−3. We note that a line
shape of the ferromagnetic resonance is proportional to ImGR

0 (q = 0, ω)79.
In the presence of the interfacial coupling and for a uniform spin precession, the magnon Green function is given

by the Dyson equation as

GR
0 (q = 0, ω) =

2S0/~

ω − ωq=0 + iαGω − (2S0/~)ΣR(q = 0, ω)
, (S.49)

where ΣR(ω) is the self-energy. Although the real part of ΣR(ω) is related to the shift of the ferromagnetic resonance,
we neglect it for simplicity. Then, the magnon Green function is rewritten as

GR
0 (0, ω) =

2S0/~

ω − ωq=0 + i(αG + δαG)ω
, (S.50)

δαG(ω) = −2S0

~ω
ImΣR(q = 0, ω). (S.51)

We note that δαG(ω) depends on ω in general. However, since the ferromagnetic resonance peak is sharp enough
(αG + δαG ≪ 1), we can replace ω with ω0 = Ω (the peak position of the ferromagnetic resonance):

δαG ≃ −2S0

~Ω
ΣR(q = 0,Ω). (S.52)
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The Hamiltonian of the interfacial coupling is given as

Hint =
∑

〈i,j〉
Tij(S

+
i s

−
j + h.c.). (S.53)

Here, S±
i is a spin ladder operator of the FI and is described by magnon annihilation/creation operators (bi and b

†
i )

as

S+
i =

√

2S0bi, S−
i =

√

2S0b
†
i , (S.54)

where S0 is an amplitude of the localized spin in the FI. s±j is a spin ladder operator of electrons in two-dimensional

electron systems (twisted bilayer graphene) and is described by the electron annihilation/creation operators (cjσ and

c†jσ) as

s+j = c†j↑cj↓, s−j = c†j↓cj↑. (S.55)

We define the Fourier transformation as

cjσ =
1√
N

∑

k

eik·rj ckσ, (S.56)

c†jσ =
1√
N

∑

k

e−ik·rj c†kσ, (S.57)

where N is the number of unit cells and rj is the position of the site j in TBG. Then, we obtain

s+j =
1

N

∑

k,k′

e−ik·rj+ik′·rjc†k↑ck′↓, (S.58)

s−j =
1

N

∑

k,k′

e−ik·rj+ik′·rjc†k↓ck′↑. (S.59)

We define the Fourier transformation of s±j as

s+j =
1

N

∑

q

eiq·rjs+q , (S.60)

s−j =
1

N

∑

q

eiq·rjs−q . (S.61)

From s−j = (s+j )
†, we obtain the relation s−q = (s+−q)

†. The inverse Fourier transformation is given as

s+q =
∑

j

e−iq·rjs+j , (S.62)

s−q = (s+−q) =
∑

j

e−iq·rjs−j . (S.63)

Especially for q = 0, we obtain

s+0 =
∑

j

s+j , s−0 =
∑

j

s−j , (S.64)

Using Eqs. (S.56) and (S.57), we obtain

s+q =
1

N

∑

j

e−iq·rj

∑

k,k′

e−ik·rj+ik′·rjc†k↑ck′↓ =
∑

k

c†k↑ck+q↓, (S.65)

s−q =
1

N

∑

j

e−iq·rj

∑

k,k′

e−ik·rj+ik′·rjc†k↓ck′↑ =
∑

k

c†k↓ck+q↑. (S.66)
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For a clean interface, we can set Tij = T . Then, using Eqs. (S.43) and (S.44), the Hamiltonian of the interface is
written as

Hint =
T
√
2S0√
NFI

∑

〈i,j〉
(b0s

−
j + b†0s

+
j ) ≃

T
√
2S0√
NFI



b0

(

∑

j

s−j

)

+ b†0

(

∑

j

s+j

)





=
√

2S0b0s̃
− +

√

2S0b0s̃
+, (S.67)

where s̃± is defined as s̃± = (T/
√
NFI)s

±
0 .

By the second-order perturbation, the self-energy of the magnon at q = 0 is calculated as

ΣR(ω) =

∫

dtΣR(t)eiωt, (S.68)

ΣR(t) = − i

~
θ(t)〈[s̃+(t), s̃−(0)]〉. (S.69)

The self-energy can be related to a retarded component of the dynamic spin susceptibility per unit cell as

ΣR(ω) = −T
2N

NFI
χ(0, ω), (S.70)

χ(q, ω) =

∫

dt χ(q, t)eiωt, (S.71)

χ(q, t) =
i

N~
θ(t)〈[s+−q(t), s

−
q (0)]〉. (S.72)

χ(q, t) is calculated for one-band of TBG without spin-orbit interaction as

χ(q, t) =
1

N

∑

q

f(ξk)− f(ξk+q)

~ω + iδ + ξk+q − ξk
, (S.73)

where ξk = ǫk − µ, ǫk is a dispersion of electrons, µ is a chemical potential. This is just a Lindhard function. We
note that χ(q, t) is independent of the system size (area). For systems with spin-orbit interaction, we have to extend
the Lindhard function into the spin-dependent one.
Then, the enhancement of the Gilbert damping is written as

δαG = −2S0

~Ω
ImΣR(q = 0,Ω)

=
2S0T

2N

NFI~ω0

χ(q = 0,Ω). (S.74)

We note that the number of the unit cell of twisted bilayer graphene is written as N = S/A where S is a area of the
junction and A is an area of a unit cell of twisted bilayer graphene. We also note that the number of the unit cell
of the FI is written as NFI = Sd/a3 where d is a thickness of the FI, a is a lattice constant of the FI. Using these
parameters, we obtain

δαG =
2S0T

2a3

Ad~ω0

χ(q = 0,Ω). (S.75)

We note that δαG is proportional to 1/d in consistent with experimental results. If YIG (Yttrium Iron Garnet) is
chosen as the ferromagnet insulator, the parameter is given in the Table.

B. Electronic spins in the FI magnetization frame

Regarding the dependence on sz of the electronic Hamiltonian (Eq. 3 of the main text), one should consider a 3D
FI magnetization as in Ref.79. The average spin vector is along the orthoradial spherical vector 〈SFI〉 = 〈SFI〉ux′ .
The radial vector uz′ forms an angle θm with the z axis perpendicular to the interface. The third axis y′ is in the
(xoy) plane and its unit vector is the orthoradial inplane vector uy′ = − sinΦm ux + cosΦm uy as shown in Fig.S.4.
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Table I. Experimental parameters.

Microwave frequency ω0 1GHz

Amplitude of spins of FI S0 10

Lattice constant of FI a 12.376 Å

Thickness of FI d ≥ 10 nm

Interfacial exchange coupling J ∼ 1K (not known)

Figure S.4. Magnetization-fixed coordinate frame (x′, y′, z′) with respect to the Laboratory frame (x, y, z).

In the FI spin frame (x′, y′, z′), the components of the electronic spin operators are given by:

sx
′

k = sk · ux′ = cos θm cosΦm sxk + cos θm sinΦm syk − sin θm szk

sy
′

k = sk · uy′ = − sinΦm sxk + cosΦm syk

sz
′

k = sk · uz′ = sin θm cosΦm sxk + sin θm sinΦm syk + cos θm szk
(S.76)

We define the ladder electronic spin operators as

sx
′,±

k = sy
′

±k ± isz
′

±k =
1

2

∑

σ,σ′,k′

c†k′,σ

(

σx′,±
s

)

σ,σ′

c†k′±k,σ′ (S.77)

where sx
′,± = sx (− sinΦm ± i sin θm cosΦm) + sy (cosΦm ± i sin θm sinΦm)± i cos θmsz .

C. Magnon self-energy

In the second order perturbation with respect to the interfacial exchange interaction Tq, the interfacial self-energy
is given by78

Σ(q, iωn) =
|Tq|2
4β

∑

k,iωm

Tr
[

σx′,−
s ĝ(k, iωm)σx′,+

s ĝ(k+ q, iωm + iωn)
]

(S.78)

where ĝ(k, iωm) is the electronic Green function given by Eq. S.22.
The trace term is of the form:

Tr [a∗ · σs (ĝ0 + ĝ · σs)a · σs (ĝ′0 + ĝ′ · σs)] (S.79)

where the vector a = (− sinΦm + i sin θm cosΦm, cosΦm + i sin θm sinΦm, i cos θm) is written in the laboratory frame
(x, y, z).
We set ĝ = ĝ(k, iωm) and ĝ′ = ĝ(k, iωm + iωn). Taking into account the operator character of ĝ one could use the

identity

(a · σs) (b · σs) = (a · b) I+ i (a× b) · σs (S.80)
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Given the expressions of ĝ and ĝ′ in Eq. S.23, the trace term (Eq. S.79) reduces to:

Tr [a∗ · σs (ĝ0 + ĝ · σs)a · σs (ĝ′0 + ĝ′ · σs)] =
∑

i=0,1,2

Fi(k, iωm, iωn) (S.81)

where

F0(k, iωm, iωn) = 4
(

A01A
′
01 +A0zA

′
0z + C0xC

′
0x + C0yC

′
0y

)

F1(k, iωm, iωn) = −2 {cos θm cosΦm
(

A01B
′
x1 −Bx1A

′
01 + A0zB

′
xz −A′

0zBxz + C0xD
′
xx − C′

0xDxx + C0yD
′
xy − C′

0yDxy

)

+cos θm sinΦm

(

A01B
′
y1 −By1A

′
01 +A0zB

′
yz −A′

0zByz + C0xD
′
yx − C′

0xDyx + C0yD
′
yy − C′

0yDyy

)

− sin θm
(

A01A
′
z1 −A′

01Az1 +A0zA
′
zz −A′

0zAzz + C0xC
′
zx − C′

0xCzx + C0yC
′
zy − C′

zyC0y

)}

F2(k, iωm, iωn) = −2 cos2 θm cos2 Φm

(

Bx1B
′
x1 +BxzB

′
xz +DxxD

′
xx +DxyD

′
xy

)

−2 cos2 θm sin2 Φm

(

By1B
′
y1 +ByzB

′
yz +DyxD

′
yx +DyyD

′
yy

)

−2 sin2 θm
(

Az1A
′
z1 +AzzA

′
zz + CzxC

′
zx + CzyC

′
zy

)

− cos2 θm sin 2Φm

(

Bx1B
′
y1 +BxzB

′
yz +DxxD

′
yx +DxyD

′
yy +B′

x1By1 +B′
xzByz +D′

xxDyx +D′
xyDyy

)

+cosΦm sin 2θm
(

Bx1A
′
z1 +BxzA

′
zz +DxxC

′
zx +DxyC

′
zyB

′
x1Az1 +B′

xzAzz +D′
xxCzx +D′

xyCzy

)

+sinΦm sin 2θm
(

By1A
′
z1 +ByzA

′
zz +DyxC

′
zx +DyyC

′
zyB

′
y1Az1 +B′

yzAzz +D′
yxCzx +D′

yyCzy

)

(S.82)

The terms with a prime are expressed in terms of iω′
n = iωn + iωm.

Regarding the k dependence of the A,B,C and D operators (Eqs. S.25- S.40), only F0, the last term in F1 and the
three first terms in F2 give non-vanishing contributions after summing over k in Eq. 12.
On the other hand, the terms between parentheses in the first and second line in F2 expression give the same

contribution. As a result, the GD is found to be independent of the azimuthal angle Φm, which expresses isotropy of
the electronic band structure Eσ,± (Eq. S.18). However, the GD depends on the out-of-plane orientation of the FI
magnetization via the angle θm.

According to Eq. S.78, the terms to calculate are of the form

∑

k

F (k)
∑

ωm

1

i~ωm − Ei

1

i~ω′
m − Ej

, (S.83)

where ω′
m = ωm + ωn and F (k) is a function of k = (k, ϕk).

The summation over ωm in Eq. S.83 can be written as

∑

ωm

1

i~ωm − Ei

1

i~ω′
m − Ej

=
1

i~ωn − (Ej − Ei)

∑

ωm

[

1

i~ωm − Ei
− 1

i~ω′
m − Ej

]

= − 1

i~ωn − (Ej − Ei)

1

kBT

∫

c

dz

2πi
h(z)f(z) (S.84)

where h(z) = 1
z−Ei

− 1
z+i~ωn−Ej

, f(z) is the Fermi-Dirac function, C is clockwise contour around the poles z = i~ωm.

Equation S.83 reduces, then, to

∑

ωm

1

i~ωm − Ei

1

i~ω′
m − Ej

=
f(Ej)− f(Ei)

i~ωn − (Ej − Ei)
(S.85)

Taking the analytic continuation i~ωn = ~ω + iη, Eq. S.83 becomes

lim
η→0

∑

k

F (k)η
f(Ej)− f(Ei)

(~ω − Ej + Ei)2 + η2
= lim

η→0

∑

k

F (k)(f(Ej)− f(Ei))L(~ω − (Ej − Ei)), (S.86)

L(x) = η
x2+η2 being the Lorentzian function. The sum over k = (k, ϕk) in Eq. S.86 reduces to A

(2π)2

∫ kc

0 kdk
∫ 2π

0 dϕk,

where A is the moiré superlattice area, kc is a cutoff on the momentum amplitude k, below which the continuum
model for the monolayer is justified. We take kc = q0/2, where q0 = 4π

3a θ is the separation between the Dirac points
K1,ξ and K2,ξ of, respectively, layer (1) and layer (2) at a given monolayer valley ξ.
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D. Gilbert damping correction

For a uniform spin precession, the Gilbert damping correction δαG, at the FMR frequency Ω, can be expressed as78

δαG = −2S0

~Ω
ImΣ(q = 0,Ω) (S.87)

The imaginary part of the self-energy is of the form ImΣ(q = 0,Ω) =
T 2

0

~Ω Σ̃(q = 0,Ω), where Σ̃(q = 0,Ω) is a dimen-

sionless integral. Introducing the average SOC λ = 1
2 (λI + λR), δαG can be written as

δαG = −α0
G

(

λ

~Ω

)2

Σ̃(q = 0,Ω) (S.88)

where α0
G = 2S0

T 2

0

λ2 .

In Fig. S.5, we plot the normalized Gilbert damping correction δαG/α
0
G as a function of the twist angle θ and

the FMR energy ~Ω at different temperatures. The bottom panels are a zoomed representation around the MA.
Fig. S.5 shows that, the GD increases by decreasing the twist angle and sharply drops at the MA, regardless of the
temperature range and the FMR frequency .
At high temperature (kBT > λ), the GD exhibits, around the MA, a fine structure characterized by a peak which

disappears at low temperature. The origin of this peak is, as discussed in the main text, due to the dispersion of the
energy bands of TBG/WSe2 and their corresponding thermal weights ∆f(E) = f(E〈Sz〉)− f(E−〈Sz〉) (Eq. S.86).

Figure S.5. Color plot of the normalized Gilbert damping correction δαG/α
0
G as a function of the twist angle θ and the FMR

energy ~Ω at kBT = 0.1 meV ((a) and (d)), kBT = 1 meV ((b) and (e)) and kBT = 25 meV ((c) and (f)). The bottom panels
show the behavior of the GD around the MA. Calculations are done for µ = 0, λI = 3 meV and λR = 4meV.

In Fig. S.6 we plot ∆f(E) corresponding to the transitions between E−,+ → E+,+ and E−,− → E+,− in the case
of the undoped system.
Figures S.6 (a) and (b) show that, at high temperature (kBT > λI , λR), ∆f(E) increases as the band dispersion

gets larger and reaches its minimal value at the MA. This behavior explains the drop of the GD at the MA and its
enhancement at small twist angles.
In figure S.6 (c), we plot ∆f(E) around the MA, at relatively high thermal energy compared to the SOC, where the

GD exhibits a peak at the MA (Fig. 2 of the main text). In this case, ∆f(E) is maximal at the MA and decreases at
the angles θ+M and θ−M close to the MA. This feature results from the decrease of the energy separation between E−,−
and E+,− at θ+M and θ−M , compared to that at θM (Fig. 3 of the main text). At low temperature, and around the
MA, one gets ∆f(E) = 1 for the transitions E−,− → E+,− and E−,+ → E+,+. As a consequence, the GD behavior is
now only dependent on the effective Fermi velocity v∗ which vanishes at the MA. As a consequence, the small peak
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Figure S.6. Statistical weight ∆f(E) corresponding to the transitions between E−,+ → E+,+ (a) and E−,− → E+,− ((b) and
(c)) at different temperatures. The dots represent the energy E+,+ (a) and E+,− ((b) and (c)) at the MA and the arrows mark
the limit of the band E+,+ (a) and E+,− ((b) and (c)) at the indicated twist angle. In (c), ∆f(E) is shown around the MA
for the transition between E−,− → E+,−. Calculations are done for the SOC λI = 3 meV, λR = 4 meV56 and in the undoped
TBG (µ = 0).

of the GD, emerging at the MA at relatively high temperature, disappears.

Figure S.7 shows the behavior of the normalized GD correction δαG/α
0
G as function of the chemical potential µ

at kBT = 25meV and for the FMR energy ~Ω = 0.06meV. The decrease of δαG is a consequence of the thermal
weight. The results shown in Fig. S.7 are expected to hold in the presence of Coulomb interaction if the width of the
bands at the MA remains less than 4 meV, which is the case of the filling factor ν satisfying −0.5 < ν < 0.580.

Figure S.7. Normalized GD correction δαG/α
0
G as function of the chemical potential µ at kBT = 25meV and for different twist

angles. The upper limit of µ is µc = ~vF kc corresponding to the momentum cutoff kc = q0
2
. Calculations are done for the SOC

λI = 3 meV, λR = 4 meV56, kBT = 25meV and for the FMR energy ~Ω = 0.06meV.

In Fig. S.8, we plot the normalized GD correction δαG/α
0
G as function of the SOC parameters, λI and λR, for

different twist angles, at kBT = 25meV, ~Ω = 0.06meV and in the case of the undoped system. The drop of δαG

at the MA is a robust feature regardless of the amplitude of the SOC. However, there is a relative increase of δαG,
at the MA, if the bands E−,+ and E+,+ (or E−,− and E+,−) are in resonance with the FMR energy, as shown in
Fig. S.8(c). This resonance can be only reached for relatively small values of λR.

As shown in Fig. S.2, the energy spectrum of the effective model (dashed lines) are slightly more dispersive, at
small twist angles (θ ∼ 0.5◦), than those obtained by including higher bands (solid lines). This discrepancy should be
taken into account when fixing the value of the cutoff kc up to which the sum in Eq. S.86 is evaluated. To determine
the role of the cutoff on the SP effect, we plot, in Fig. S.9, the GD correction δαG as a function of the twist angle at
different cutoffs kc ≤ q0

2 , where q0 = |K1,ξK2,ξ| is the momentum separation between the Dirac points K1,ξ and K2,ξ

of respectively layer (1) and layer (2) at a given valley ξ.
Fig. S.9 shows that the GD correction drops at the MA regardless of the cutoff values. The larger the cutoff, the
sharper the drop.
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Figure S.8. Normalized GD correction δαG/α
0
G as function of the SOC λR and λI at a twist angle θ = 0.5◦ (a), θ = 0.8◦ (b)

and at the MA θ = 1.05◦ (c). Calculations are done for µ = 0, kBT = 25meV and for the FMR energy ~Ω = 0.06meV.

Figure S.9. Normalized GD correction δαG/α
0
G as function of the twist angle for different values of the cutoff parameter kc.

Calculations are done for µ = 0, kBT = 25meV, λI = 3meV, λR = 4meV, and for the FMR energy ~Ω = 0.06meV.


