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1 | INTRODUCTION

Given an arithmetically interesting function f : N — C and q of reasonable size, we expect that

Z f(n )~— Z f(n), (1.1)
I’ISX ¢( ) Vl<X
n=a(q) (ng)=1

for each (a, q) = 1. It is a fundamental problem in number theory to show that the above asymp-
totic holds for g as large as possible. To this end, we call a positive number § an exponent of
distribution for f restricted to a set Q of moduli, if for any g € Q with g < X°~¢ and any residue
class a (mod q) with (a, q) = 1, the asymptotic formula

_ _ X
2 fm=ga 2 7 (””O(qaogxy‘)

n<X
n=a(q) (n,g)=1

holds forany A > 0and X > 2
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20f 42 | SHARMA

For the very important Von Mangoldt function A(n), the classical Siegel-Walfisz theorem
implies that the above asymptotics hold for q < (logX)?“), where B(A) > 0 depends on A,
whereas the GRH predicts g < X'/27¢. The celebrated Bombieri-Vinogradov theorem confirms
this prediction on an average over the moduli.

Another important class of examples comes from the k-fold divisor function

dm= Y L

nyny--NE=n

It is widely believed that § = 1 is a exponent of distribution for all k > 2. This has deep conse-
quences for our understanding of primes which goes far beyond the direct reach of the Generalized
Riemann hypothesis. For k = 2, the best known exponent of distribution is § = 2/3 due to Selberg
(unpublished), Hooley [15] and Heath-Brown [13]. Several authors have achieved improvement
to § = 2/3 in special cases. See [3, 4, 6, 7].

The only other case known for surpassing the ‘Bombieri-Vinogradov range’ § = 1/2 is when
k = 3. Let us briefly take a look at the previous approaches. After an application of the GL(3)
Voronoi summation formula to the left-hand side of (1.1) (or equivalently, a three-fold application
of the Poisson summation formula), one observes that to beat the §; = 1/2 barrier, one needs
non-trivial estimates for

Y dy(m)Kly(am,q), 12)

m~q

where Kl;(++-) is the hyper-Kloosterman sum. Opening the divisor function
d3(m) = 3, m,m,=m 1 and dividing the m;-sum into dyadic blocks m; ~ Y; withY; <Y, < Y3,
it suffices to obtain non-trivial estimates for

Y Y dmy)Kiy(am;my,q) (1.3)

my~Y my~q/Y

for each Y < ¢'/3. When Y is not too small, good estimates can be obtained by applying Cauchy-
Schwarz inequality to (1.3) keeping the m, variable outside the absolute value square followed by
a Poisson summation in the m,-sum. Therefore, the main effort lies in obtaining good estimates
for (1.3) when Y is small. Alternatively, by applying the GL(2) Voronoi summation formula to the
m,-sum in (1.3), one can also consider

> Y dimye(amm;/q). (1.4)

my~Y my~qY

In their groundbreaking work, Friedlander and Iwaniec [11] successfully obtained non-trivial esti-
mates for (1.4) which led to the exponent §; = 1/2 + 1/230. More precisely, their main input was
non-trivial estimates for the short exponential sums

Y > 2 ehimn/q), 5)

h~H m~M n~N

which is a further decomposition of (1.4), using the ‘shifting by ab’ technique. Heath-Brown [14]
improved the exponent to §; = 1/2 + 1/82 by utilising a more elementary treatment of (1.5) based
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on the methods of Heath-Brown [12] and Balasubramanian, Conrey and Heath-Brown [2]. Since
both of these approaches were based on decomposing the sum (1.3) into multiple exponential
sums (1.5), they were far from optimal.

With a more structural approach by viewing the divisor function d(m,) in (1.3) as the Fourier
coefficients of Eisenstein series, Fouvry, Kowalski and Michel [10] were able to produce the expo-
nent §; = 1/2 + 1/46 for prime moduli improving the previous results. Their key input was the
estimates for short sums of GL(2) coefficients

2 A(m)K(m) (1.6)

m~M

twisted by general trace functions K(---) of prime modulus, which they obtained in [9] using the
GL(2) spectral theory. Note that the relevant estimate for (1.6) (when A(m) = d(m)) was obtained
in the separate paper [8], which required additional arguments to isolate its contribution from the
continuous spectrum. They further improved their exponent to §; = 1/2 + 1/34 on an average
over the moduli by combining their results with the estimates for sums of Kloosterman sums pio-
neered by Deshouillers and Iwaniec. P. Xi [22] obtained the exponent §; = 1/2 + 1/34 for moduli
with special factorisation using the g-analogue of the van der Corput method.

In this paper, we go even further and utilise the complete bilinear structure in (1.3), which
results in an improvement over all the above exponents. We use the delta symbol approach to
obtain non-trivial estimates for bilinear sums (1.3) involving GL(2) coefficients. The method pro-
vides a uniform treatment for the holomorphic/Maass and Eisenstein cases and essentially covers
all moduli.

Theorem 1.1. Lete¢ > 0 and a be a non-zero integer. For every square-free q > 1 and every odd prime
power q = p’,y > 28 with (a, q) = 1 and satisfying

q < X1/2+1/30—€

we have

1 —
g‘( dm) = 2 g,{ dy(n) + OX' ™ /q),
n=a(q) (n,g)=1

where the implied constant depends only on e.

Remarks.

* We have considered the complementary cases of square-free and prime power, but it is possible
to merge the arguments to cover all natural numbers and, in particular, to close the gap from
y > 28in Theorem 1.1toy > 2. All one needs is a version of Lemma 2.4 with restriction u < 4y/5
lifted to u < y — 1 for ¥ > 2. The current estimation of the character sum leads to complicated
counting arguments, which we decided to avoid for the exposition’s simplicity.

* For g = p?, the methods of this paper can produce a better exponent § > 1/2 + 1/30 by using
the p-adic stationary phase analysis followed by an exponent pair estimate (see [20, Theorem 2])
to bound certain average of the product of two Kloosterman sums non-trivially. See the remarks
just before Lemma 5.2 and Remark 3.
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* The exponents can be further improved by combining our estimates with the Kloostermania
techniques when averaging over the moduli.

The key input is the following estimate for the bilinear sums with GL(2) coefficients obtained
using the separation of oscillation technique.

For m,q > 1, let Kl;(m, q) denote the normalised hyper-Kloosterman sum

. 1 « [(mxX+y+Xxy
Kly(m,)=—- ) e<—) (1.7)
x,y (@) q

Let A(n) denote the nth Fourier coefficient of an SL(2, Z) holomorphic cusp form or Maass cusp
form or the Eisenstein series E(z,1/2 + w) for a complex number

w < q°.

Note that in the case of Eisenstein series, A(n) = o_,,,(n), which will be the relevant case for
the application to Theorem 1.1. We fix a smooth function V(x) compactly supported in R, and
satisfying V) (x) < . ¢’¢,j > 0.

Theorem 1.2. Letq > 1besquare-free,b € Z co-prime to q and A(n), Kl;(---) beas above. Let /' C Z
be a set of N consecutive integers and let {a, },,c - be a sequence of complex numbers with |a, | < 1.
Suppose M > 1is such that N < ¢*/2(1 + M /q)~2, then

Y. Y @ A(m)Kly(mnb, @)V (m/M) <. ¢*/**M'2N3/4(1 + M /q)'/?

nes mz1

+q VHEMN32(1+ M/q) + Ng>/ (1 + M /)2

The flexibility of the method allows us to obtain stronger estimates for moduli with special
factorisation.

Theorem 1.3. Let q = p’, y > 2 and p > 2. With the notations of Theorem 1.2, suppose that N <
q'/>(1 + M/q)~2. Then

Z Z a,A(m)Kl;(mnb, )V (m/M) <, p”/ g3+ MY2N5/°(1 + M /q)*/? + ¢'3/?°+N.

nes m=1

Remarks.

* Each (1 + M/q) factor that appears in last two theorems can be eliminated by first dualising the
GL(2) sum when M > g and proceeding same as below. The restriction N < ¢'/>(1 + M /q)~>
in Theorem 1.3 is for the sake of technical simplicity and can be easily extended to N < q/2(1 +
M /p)~? with additional computations.

* The choice of the trace function Kl,(::-) in Theorems 1.2 and 1.3 is made for its application
towards Theorem 1.1, but the results should hold for more general trace functions (see [9] for
examples).
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* Choosing /' = {1} and «; = 1, the two theorems give

X AmKly(mb,q) <. ¢ (MY2q* + M/q'/* + ¢*1*), (1.8)
m~M

and

2 A(m)Kly(mb, q) <. g°(M'/2q'/3 + q*3/%0),
m~M

when M < q. These are non-trivial as long as M > ¢3/4*¢, which is the ‘Burgess range’, and
M > g?/3*¢ which is the ‘Weyl range’, respectively. Hence, with the additional cancellation in
the n-sum, Theorem 1.3 is, on average, of sub-Weyl strength (with twists by trace functions).
In the square-free case, the ‘N q3/ 4 term in Theorem 1.1, which pops out as an additional term
from a certain zero-frequency, prevents us from going beyond Burgess. It would be of interest
to get an improvement over this term.

* For composite moduli q = p; p,, with p; < g%, a > 0 not too large, estimates somewhere
between the Weyl and the Burgess range can be obtained using a similar approach.

Remark 1 (Notation). In this paper, the notation &« << A will mean that for any € > 0, there is a
constant ¢ such that |a| < cAX®. The dependence of the constant on €, when occurring, will be
ignored. We will follow the usual e-convention: the letter € denotes sufficiently small positive
quantity that may change from line to line. We will also use the phrase “negligible error” by which
we mean an error term Ogz(X~2) for an arbitrary B > 0. The notation x = y(g) will mean x =
y mod q throughout the paper.

2 | PRELIMINARIES
2.1 | Voronoi summation formula for d,(n)

We use the version due to X. Li [19]. Let

gl =Y Y 1= Y wa)ds(/a). 1)
dqi|l dzldL al(k,l)
(dz,k)lzl

For ¢(y) € C,(0, ),k = 0,1 and o > —1 — 2k, set

3
1+s+2k
r(=5*)

_ L 33,5 . (o
@,0) = o /@(n R Bi B(—s - k) ds, 22)
2

where ¢ is the Mellin transform of ¢, and

D, (y) = D(») £ —P,(»). (2.3)

im3y
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6 of 42 | SHARMA

Lemma 2.1 (X. Li). For integers a,q > 1 with (a, q) = 1, with the above notation, we have

Y dy(ne(an/q)p(n)

nx1

1
— l s d
= q/0 P(logy, @)¢(y)dy

+ 0 Z 2 2 % 2 Z Go,0(r/(ryr2), M)S(xm, a; q/r)@,(mr*/q),

3/2
27T/ + r|qg m>1 r1|rr2|%

where P(y,q) = Ay(q) + A,(Q)y + A,(q)y? is a quadratic polynomial whose coefficients depend
onlyon q.

When ¢ is a nice weight function, the corresponding transform @, also behaves nicely as
conveyed by the following lemma.

Lemma 2.2. Suppose that the smooth function ¢(y) is supported in [X,2X],X > 1 and satisfies
yipW(y) < 1,j > 0. Then, @, (y) <p X P unless yX < X© in which case

yjfbs_f)(y) < min{yX, 1}.

Proof. From (2.3), it is enough to prove the lemma for (). From the definition (2.2), we have
forj >0,

Yol o) =1 [ st ) Fq&(—s) ds.
2

Note that ¢(—s) < X~R), Shifting the contour above to the right o = A > 0 and trivially
estimating, we obtain

Yo o) <4 007 @4

Since A is arbitrary, the first part of lemma follows. On the other hand, shifting the contour to the
left o = —3/2 while picking up the residue at ¢ = —1, we obtain

Yol ) <; yX + x> (2.5)
The second part of the lemma from (2.4) and (2.5). O

2.2 | Voronoi summation formula for GL(2)

See appendix A.4 of [18] and appendix of [17] for details.

SvE IdIN Ad 6852T SWId/ZTTT OT/I0P/LI0D™AB| 1M ARe.1q 1 Ul |UO"00SUIPLO /SRy Wo1} papeo|umoq ‘€ ‘720z ‘X200t T

LONIPUOD PUe SW | 341 38 *[202/v0/6T] U0 AReiqiauluO A8|Im ‘SO

00 Ao Akeaqi

5U8017 SUOWILLOD AAIER1D 3|cedt|dde ay Ag pausenof afe sajoilie YO ‘8sn Jo S3|nJ 10} AkeiqiT autjuO A3|IAA UO (SUONIPUOD-pLE:



BILINEAR SUMS WITH GL(2) COEFFICIENTS AND THE EXPONENT OF DISTRIBUTION OF D, | 7 of 42

Lemma 2.3. Let A(n) be either the nth Fourier coefficient of a Maass cusp form with Laplacian eigen-
value1/4 +v%,v > 0orA(n) = o, (n),w € C. Forintegersa,q > 1with(a,q) = 1, h(x) € C,.(0, c0),
we have

r;/l(n)e(ct]—n>h(n) - é/ow 9(q, x)h(x) dx + % ;;awy(%")m(i),

where

* if A(n) corresponds to Maass form, then g(q,x) = 0 and

H (@) = —~ /O RO Wasy — T }am/y)dy

sin(7riv)
H*(a) = 4¢; cosh(zv) /oo h(Y)K,;, (47 /ya)dy
0
forv >0, and
H (a) = —271'/0 h(»)Yo(dmy/ya)dy, and H () =4£f/0 h(»Ky(4m+/ya)dy,

forv=0.
» IfA(n) = oy(n) = d(n), then g(q,x) = log(/x/q) +y and

H (ax) = —271'/0o h()Y, <477.' ya) dy,
0

H* (@) = 4 /0 h)K,(d7/y@)dy .

o IfA(n) = o,(n),w #0, then g(q,x) = {1 + w)(x/q)* + {1 —w)q® and
H (a) = h(y)Y dy,
(@) /0 )¢ (47r ya) y

H* (@) = /0 )R (4 /7).,

where Y, K, are closely related to Y ;,, K,,, and have the integral representations

Y, (x) = L (x/2)7T(s — w)I'(s + w) cos(rrs)ds,
27i )

K,(x) = w /(2)(x/2)_sI‘(s — w)I'(s + w)ds.
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8of42 | SHARMA

2.3 | Character sum estimates

The endgame of the paper consists of getting square-root cancellations in certain character sums
which we record here for convenience. Let p be a prime and m € Z. Suppose s, t,4;,j = 1,2 are
integers such that (sj,p) = (xlj,p) =1,j=1,2. Foru < y, define

Cyu= Z$ Z% S(,s,p"*a, + £, p)S(, 5,p’a, + t,, p'). (2.6)
ap.a(p*)
Aay—Ayay=m(p*)

For y = 1, such character sum has been studied in [5] using the I-adic techniques developed by
Deligne and Katz, and in [9] in the broader framework of trace functions. When y > 1, an estimate
for €, ,, can be obtained in an elementary manner by reducing the sum to a set of congruence
conditions. We begin with latter case.

Lemma 2.4. Supposey > 1,u <4y/5,m#0and (2t;,p) =1 Ifu/2<y—uorv,(m)<y—-u,
then

(gy,u < py+u/2+e(u)/2 . pvp(m)’

and ifu/2 >y —uandv,(m) > y — u, then €, , vanishes unless t1_3/2s1/11 = t2_3/2s2/12 (p7™%), in
which case

G, <p™
Here, e(u) = 0 or 1 depending on u is even or odd, respectively.
Proof. Without loss of generality, we can assume v,(m) < u/2, since otherwise the claim fol-

lows after a trivial estimation of the Kloosterman sums. We perform some initial transformation.
Firstly, suppose that u is even. Then, for j = 1, 2, we can write

a; = p“a;+B;, 1<a; ;< p*? B;,p)=1. (2.7)
From (2.7), we obtain
@ =B, - p"B; @ (p). 28)
Plugging (2.8), we see that the congruence
Ay — A, =m (pY),
is equivalent to

B, = WA,y — Lm (p*/?),
(2.9)

a = /11/1_255[?12“1 — 9(B1) (P,
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BILINEAR SUMS WITH GL(2) COEFFICIENTS AND THE EXPONENT OF DISTRIBUTION OF D, 9 of 42

where

— (4B =B, —
oo =T )

We proceed for the explicit evaluation of €, ,, (2.6) in terms of these decompositions. We use the
following evaluation of the Kloosterman sums modulo prime powers, which can be found in [16,
(12.39)]:

2(£) p ey et/ (

8
S,B,p") = P (2.10)
0 (5

where 72 = 8 (p?), ( > is the Legendre symbol, and ¢, equals1ifc = 1 mod 4andiifc = 3 mod 4.

Hence, the Kloosterman sums in (2.6) vanish unless we have (% ) = 1. From the formula (2.10),
it follows

1/2\

; 2(s;p’~t*a; +t;)1/2
S(Ls;prta;, +t,p) =Y p/?lL—] ¢ +—2 SR
J JTE ; D

— (2.11)

Using the fact that y —u > 1 and expanding (sjpy—“aj+tj)1/2, we see that our char-
acter sum (2.6) can be written as sum of four terms of the form (up to constant
factors)

12V /(.12 i(y— i i(y— i
G =p i i Yo Yo P60} — X PV n;al
=P 5 7 ; (2.12)
ap,a,(p*)
Aay—A,a,=m(p")
where
o (-1/2\ —ic1y2 —-1/2\ -i-1/2
6; —2< ; >t1 s and 7, :2< ; [ S5
Here,

is the ith binomial coefficient, and in our context, —1/2 means —2(p"). Note that this way the
numerator of this ith binomial coefficient is divisible by i!, and so, the expression makes sense
modulo p’.

Using (2.8), modulo p?, the phase function above is
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10 of 42 | SHARMA

Z pi(y—u)eiai _ z pi(y—u)nia; — Z pi(y—u)+u/2iei‘gi—la1 _ Z pi(y—u)+u/2iniﬁ;—1a2

i>0 i>0 i>1 i>1
+ 2 P08 = X P,
i>0 i>0
— Z i<pi(y—u)+u/2ieiﬁi—1a1 _ pi(y—u)+u/2miﬁ;—1a2>
i=1,2

+ ) el — Y plr gL,

i20 i=0

We have truncated the last sum up to i <2 since 3(y —u)+u/2 >y by our assumption.
Substituting o, from (2.9), the right-hand side of the last display becomes

@ Y, POR(0 = g ZyBi) )BT = Y P i g(By)

i=1,2 i=1,2

+ Y pOO,8) — ).

i20

Substituting this expansion into (2.12), we see that

V(Y £ h(B )
c=p|1-|]|2 Z* e 1 2 e =171, (2.13)
p p p’ pu/z
1<p<p/? Iy <p¥/?
where
FB) == X, PN B g(B) + Y P08~ nify)
i=1,2 i>0
and
h(By) = Z (i+ 1)55(9141 - 77i+1/112(ﬁ_152)i+2>l’i(y_u)- (2.14)
i=0,1

Executing the linear «;-sum, it follows

6 < prtu/2 Z* 1.

B1(p*/?)
h(B)=0(p"/?)

It remains to count the solutions to h(3,) = 0(p*/?).
If y — u > u/2, then from the expression (2.14), it follows that h(8;) = 0(p*/?) implies

0, — 771/111_2(5_1‘32)2 =0 (p“/?) = 6, — A A, (44, — AmBy) ™2 = 0 (p*/?).
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Since (6,7;, p) = 1, the last relation forces 6_1771/11/1_2 to be a quadratic residue mod p*/? in which

case, we get

/1_2”’151 = /11/1_2 = (9_1771/112)1/2 (pu/Z).

u/2-min{u/2,v,(m)}

This determines 3; modulo p and hence, we have at most O(p”»"™) solutions

for 8,(p*/?) and the lemma follows.
So, we can assume y — u < u/2. This forces

6, — mAAy(B18,)* = 0 (p' ™) = 6, — ) 1 4, (A A, — A,mPBy) ™2 = 0 (p' ™). (2.15)
Suppose v,(m) > y — u(> u/4), then the last congruence becomes
614, =ma, (p'), ie. t1_3/231/11 = t2_3/232/12 .
In this case, we use the trivial bound to get

G < prtu/? Z* 1< prte,
B1(p*/?)
h(B)=0(p"/?)
This proves the second part of the lemma. In the case v,(m) <y — u, (2.15) determines 8; modulo
p?’ %" and say that c is the corresponding solution. Denote r =y — u — vp(m), hi(c) = (i +
D(6;41 — Nis1 44,4, 4, — A;me)~72), then for 1 € Z,

—2 - —
h(p' 2+ ¢) = ho(€) = nodady iy = Ame) > mp’ A+ p' Ahy (©)p” ™ + chy()p” ™ (p*/?).
Dividing the right-hand side by p’~*, h(p’1 + ¢) = 0 (p*/?) boils down to
) - —
Ahy ()" = ngdidy (42, — Ayme)>(mp” [/ p' ™)) + ho(e)/p ™ + chy(c) = 0 (p*/>~0~).

Note that the coefficient attached to 4 is co-prime to p, and consequently, 4 is determined modulo
p*/2>~(r—¥)_Combining, it follows that B, is determined modulo p”/ 27p(M "and therefore,

G < py+u/2 Z* 1< py+u/2pvp(m)’

B(p*/?)
h(B)=0(p*/?)

which is the first part of the lemma.

This completes the proof of the lemma when u is even. When u is odd, in (2.7), we decompose
the aj.s as p("“)/zocj +B,1<a; < pu1/2 1 < B < p@tD/2 and proceed identically as above.
This way we gain a p!/? factor in the &, -sum but loose a factor of p in the §,-sum since the linear
sum o, -sum in (2.13) will now only determine 4(;) modulo p(“_l)/ 2, This will result in an extra
factor of p'/2 the final estimate as indicated in the statement of the lemma. O
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Lemma 2.5. With the notations of (2.6), we have

ay,a,(p) t1=t,(p)

* * — — -
61’1 = 2 2 S(]., Slal + tl’ p)S(l, S2a2 + tz, p) < p3/2 + p25< m=0(p) >
Aa;—Aay=m(p) A151=4,%,(p)

Proof. Consider the linear transformations

(0 1 (0 1 (1 0
51_<31 t1>’52_(52 tz) and53_<_m /11>'

Then, we can recast € ; as

Gy = ). S(L.8,(ay). p)S(L,86,85(ay). p)-

a;(p)
Note that det(5;) # 0 (p). Hence,
Gy =Y. S(Lay, p)S(L.6,8:87 (ay). p)- (2.16)
a1(p)

We are in position to apply the estimates from [5]. Propositions 3.3 and 3.4 amount to the following.

Given § = <Z Z) such that ad — bc # 0 (p), then
* . \C . 3/2 2
Y. S0, p)SA,y(@); p) < p** + P*8(adcpcmo(p))- (217)
a(p)

In our situation (2.16), we have

mt; + ;s —-m
5,8,67" =57 1% :

The relation a —d = b = ¢ = 0 (p) from the (2.17) translates into m = 0 (p), 1,5, = 4,5, (p) and
t; = t, (p). The lemma follows. U

3 | PROOF OF THEOREM 1.2

Here, q is a square-free number and (g, b) = 1. We are interested in

S= Y Y a,AmXKly(mnb,q)V(m/M). (€R))

nes mx1

Without loss of generality, we can assume that the sum over n above is restricted to (n, q) = 1, for
if (n, q) = d, the hyper-Kloosterman sum degenerates to
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Kly(mnb, q) = = - Kl;(m(n/d)bd, q/d),

d
q
with which one arrives at a sum similar to (3.1) with a smaller modulus q/d and a smaller n-sum
with length N /d. Hence, it is enough to consider

S=Y" a,A(m)Kly(mnb,q)V(m/M),

nes mz1

where the “x’ over the n-sum denotes (n, q) = 1. For simplicity, we set
K(m) = Kl;(mb, q).

We begin by separating the coefficients A(m) and K(mn) using the delta symbol. Due to struc-
tural reasons, the sizes of the moduli appearing in the delta expansion play no essential role in
our approach and only act as a set of auxiliary variables. Hence, we do not require any non-trivial
delta symbol expansion and simply use the additive characters with large moduli. This simplifies
many of the forthcoming calculations. This is not a new observation and was previously exploited
in [1] in the context of the subconvexity problem for GL(2).

Next, we note that a direct application of the delta symbol fails to beat the trivial bound at
a certain diagonal contribution. To overcome this, we consider an amplified version of S that
introduces more harmonics into the analysis. Let L > 1, which will be chosen later, and Z be the
set of primes in [L, 2L] co-prime to q. Note that

Y AOrF= D AP = Y AP =Y AP ~L+0@ L),  (32)

44 £~L,/ prime O~L plgq
,q)=1 ¢ prime p~L

using the GL(2) prime number theorem and the Kim-Sarnak bound for individual GL(2)
coefficients. Hence, using the Hecke relation

A)Am) = A(m&) + A(m /)b,
and the asymptotic (3.2), we see that
IS| < |S| + O(MN/L), (3.3)
where

S= % YAO Y'Y admeIK(mn)v(m/M).
‘e

nes mz1

We have used the Ramanujan bound on average ), < |A(n)]? < x and the well-known Deligne’s
estimate K(m) < 1 for the last assertion. The rest of this section is devoted to the estimation of S.
Let € be the set primes in [C, 2C], with C such that

gC > 100ML.
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14 of 42 | SHARMA

Since there is no restriction on the upper bound for C, a suitable large C will ensure that (c,q¢) = 1
forallc € 6,7 € Z. Due to the above inequality, we can write S as

Z A Y D a, 3 Y Am)K(mymV(m, [(ME)V,(m, /M)

CEG neN my,ny>1
qclmy—myt s

x e(q*(my; — m,¢)/ML)
where V; is another smooth function compactly supported in R, such that V;(x) =1,x €
supp(V). The artificial twist by e(q¢(m; — m,¢)/ML) allows us keep the length of the dual sums in
their generic range. This turns out to be crucial in certain counting arguments of the paper, espe-

cially when M > q. The additional restriction modulo q in gc|(m; — m,¢) acts as a conductor
lowering mechanism. Detecting the congruence condition using additive characters, we obtain

§ = qﬁ 2 z 22) 2 Z Z Z/l(ml)K(mzn)e(a(ml —myt)/qc)

nesN res ce% a(ge) my,my>1

X V(my /(ME)V1(my/M)e(q(my — myt)/ML).

Since (¢, q) = 1, we can split the above sum as

S= Z Sd) + S, (3.4)
dlq
where
Sd) = — Z W) Z TS AGmy K (mymde(a(m, — my£)/de)
neﬂf e ce% a(dc) my,my>1
V(m, /(ME)V,(my/M)e(q*(m; — my£)/ML),
(3.5)
and

qCLZ 0 LAY 2 Y AMm)K(mme(atm, - myf)/g)

nes ‘e ce% a(q) my,my=1

V(m, /(M£))V,(m,/M)e(q*(my — m,¢)/ML).
A trivial estimation of & yields
8§ < M*N/C.

Hence, we can ignore the contribution & because C is allowed to be arbitrary large. The rest of
the section is devoted to the estimation of S(d), d|q.
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3.1 | Dualisation

In the cuspidal case, the Voronoi summation transforms the m,-sum in S(d) into

>, Ampe( S )vim, jeetqm ML) = 222 Y A(ml)e< aml)z*(ml,o (3.6)

m;>1 =1

where I} (171, ¢) = (ML)""H*(r, /d*c*), H* as in Lemma 2.3. Note that in each case, I;(ri;, ¢)
will be roughly of the form

Ili(n”ql, ¢) ~ (constant factors) / V(y)e(q°y)K < I
R

\/Merzly> "

where K(---) is one of the Bessel functions appearing in Lemma 2.3. Since the order of these
Bessel functions is fixed for us, K(x) will oscillate like e(x) (see [21], p. 206). Hence, by repeated
integration by parts, we can conclude that I i—*(ml, c) is negligibly small unless

1y < q¢d*c* /ML, 3.7)
in which case the jth derivative is trivially bounded by

01 (my, ) .
Imllfﬁ < 7" (3.8)
1

The Poisson summation transforms the m,-sum in (3.5) into

Z K(mzn)e<

my~M

== Z K(an)e ( aocf) Z e<_zicza>12(rﬁ2,c),

d(qc) n,ez

’f)m(mz/M)e(—quzf/ML)

where

~ q°¢ Mniyx
Iz(mz,c)=/RV1(x)e< T qcz >dx.

Again, from repeated integration by parts, it follows that I,(#i,, ¢) is negligible unless
|, | = g'*ee/M
and the jth derivative is bounded by

. 3J1,(mi,, ¢) .
[ I’;mfi <. g% (3.9)
2
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16 of 42 | SHARMA

Combining the above two transformations, we see that S(d) can be replaced by

7 A0y = Ay )G (- )J (1, 1y, 0), (3.10)
dC

neN feff ce% mlxdzcz/ML |miy|=qc/M
where
‘I(ml’ rﬁZ’ C) = Ili(l’fll, C)Iz(mz, C)y
and
mW-.a am
C(-) = Z Z K(om)e( gad M | am ) (3.11)
qc dc
a(dc) a(qc)

Note that from (3.8) and (3.9), we have

8/ GJZJ(ml, M, c)

(1+i2)e
P ~1]15m212 S’ 1HJ2 (3.12)

|ty |91 |1, |2

Remark 2. In the case of Eisenstein coefficients, there is an additional ‘Oth’ term in the right-hand
side of (3.6) which we now briefly show has a small contribution towards B. From Lemma 2.3, the
main term will roughly be of the form

ML
~—I(c),
e (©)

where I(c) is an integral transform with I(c) <« 1. Hence, if S;(d) denotes the contribution of the
main term towards S(d), then

S(d) < qlz‘fjc Z > A(f)z Y GOy, 0), (3.13)

newN CeL ce% ny<qe/M

where G(---) is the simpler character sum

(- )—Z ZK(an)e(—%—%)

a(de) a(ge)
It can be easily shown that €(---) < gc. Trivially estimating (3.13), we therefore obtain
So(d) < ML/(dC).
From the freedom of choosing C, it follows that Sy(d) will have a negligible contribution.

Let us come back to the generic case (3.10). Dividing the #i; -sum into dyadic blocks ni; ~ M; =<
d?C? /ML with the localising factors W (i, /M, ), we get
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BILINEAR SUMS WITH GL(2) COEFFICIENTS AND THE EXPONENT OF DISTRIBUTION OF D, | 17 of 42
S(d) <« sup  S(d,M,), (3.14)
M, =d?>C?/ML
where

S(d,M,) = 2dc Z W) 2 Y W /M) Y A)E()I (i, 1, ).
news (eL ce% m,eZ |, | =qC /M
(3.15)

3.2 | Simplifying the character sum

Splitting the a (gc) sum (3.11) using the Chinese remainder theorem and executing the modulo ¢
part, we obtain the congruence relation

a = —m,7(q/d) (©),

and we are left with

-2
+gd ¢mim m,a  cam
6y =g FALO | e ZK(cocn)e< aat _ M 1)_
¢ a(d) ()

Substituting the definition

Keam =2 3" o( ) z*e(w>
T 1/ 1@ q

and executing the a (q) sum, we obtain

| = cnb(iiy + a(q/d)¢) (q).

Substituting we get

2 —
()= c. o TIL MM

'S enb(m, + alg/d)E): q)e (a;ﬁl > (3.16)
a(d)

Observe that €(---) is additive w.r.t. w1, (c).
3.3 | Cauchy-Schwarz and Poisson

Applying Cauchy-Schwarz inequality to (3.15) keeping the #1; sum outside and everything else
inside the absolute value square, we see that

MZ

FdC S -dC/(ML)'/? - Q2 (3.17)

Sd, M) < ——

SvE IdIN Ad 6852T SWId/ZTTT OT/I0P/LI0D™AB| 1M ARe.1q 1 Ul |UO"00SUIPLO /SRy Wo1} papeo|umoq ‘€ ‘720z ‘X200t T

LONIPUOD PUe SW | 341 38 *[202/v0/6T] U0 AReiqiauluO A8|Im ‘SO

00 Ao Akeaqi

5U8017 SUOWILLOD AAIER1D 3|cedt|dde ay Ag pausenof afe sajoilie YO ‘8sn Jo S3|nJ 10} AkeiqiT autjuO A3|IAA UO (SUONIPUOD-pLE:



18 of 42 | SHARMA

where

Q=) w(m /M)

m,EZ
2
% — +qazfm72n7zl
XX w DAY, Y T G iy, £, (i, 0)|
neN (L CEE |mi,|=dC /M

where €, (---) is €(:--) in (3.16) without the first factor c. Opening the absolute value square, we
obtain

Q= Y MDA Y, and,

¢1,62~L ny,n, €N C1,0€E  |m,|,|miz|=dC /M

-2 -
qd Z\mymy  qd £ymsmy _ ——
z, ¢ - €\ (ny, 1y, 1y, 1, ¢,)C(ny, 1y, M3, 05, )
4 c cy
m,EZ

X J(#iy, iy, ) (1, , 15, ¢, )W (i /M)).
(3.18)
A final application of the Poisson summation formula transforms the #7,-sum above into

-2 — L/ —
M d Z1myk d ¢,nizk
L e q L 2 - q 2 3 (Sl(nl, k, mZ, I/ﬂl,Cl)(gl(l’lz, k, M3, fz,Cz)
dc,c, (o cy
k(peic)

—1uk o

X I (1, , Wia, Wiy, Cr, (3.19)

Z e< dclcz> (1, 13, 1y, €1, C2)
Wiy EZ

M L
=71 Z (gz(...).j(mz,mg,m4,c1’cz)'5

4 eyl 1y =16, =(q/d)riy(c ;)
myeZ

where
J(mz,rfz3,m4,cl,02)=/W(x)J(Mlx,mz,cl)](Mlx,rﬁ3,02)e(—M1rﬁ4x/dclcz)dx (3.20)
R

and

—ccyMigk
62("') = z Gl(nl, k, rﬁ,z, fl, Cl)Gl(nz, k, I’ﬁ3, fz, Cz)e<%4>.
k(d)

Equation (3.12) and repeated integration by parts in (3.20) allow us to truncate
|mi,| < dC?/M;.

Substituting the transformation (3.19) into (3.18), we obtain
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M _— * —_—
==L Y @) Y adm Y Y

£1,65~L ny A €N C1,00EC  Wiy,mi3=dC /M niy<dC?/M, ( )
3.21

1y =18, =(q/d)riy(c1¢5)

X (sz("') M f(l’flz, n7l3, I’fl4, Cl,CZ).

It remains to estimate the character sum €,(---). Substituting the definition (3.16) and executing
the k (d)-sum in €,(---), we obtain

C(y=d YT SUen(m, +ay(q/d)E)); SO, eny(ms + ay(q/d)E5)q). (3.22)
ay,a,(d)
@ —cyay=niy(d)

Lemma 3.1. Let €,(---) asin (3.22). Then

G, () < qd*/? Z k728 1, =0(k) . (3.23)
kld 1y ¢y M3 =nyc,o Wiy (k)
nycity=nyc2t; (k)

Proof. Since q is square-free, we can split the Kloosterman sums modulo q/d and d and get
— _ —) —
C,(--)=d-SQ1,d c;nbm,;q/d)S(,d cyn,bnisz;q/d) - €5, (3.24)

where

* * ] — 2
C;= Y'Y S0,(g/d) ¢;nb(n, + ay(q/d),); S, (g/d) e;n,b(rts + a(q/d)E,); d).

_ap,ax(d)
cra;—c1ay=niy(d)

Suppose d = d;d, - d;, where each d; is prime. Then € further factorises as

¢, =[]x. (3.25)

where

* * 2
K= D) SA.(q/d;) eynb(m, + a,(q/d)f); dy)
ay,a,(d;)
a1 —cyay=niy(d;)

- 2
X 8(1,(q/d;) c,nyb(mi5 + ay(q/d)e,); dy).
We apply the estimates from Lemma 2.5 with the parameters
(s1,t1) = ((q/d*(q/d)eyni by, (q/di)eyn biity), (55, t5)

= ((Q/di)z(Q/d)Cznzbfz, (Q/di)zcznzb”ﬁ3),
(A1, 4,) = (¢, ¢9),
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and m = ni,. The congruences m = 0(p), t; = t, (p) and 1;s; = 4,5, (p) then translate into ni, =
0(d;), nyc Mz = nyc,M, (d;) and nlcffl = nzcgfz (d;), respectively. Hence, Lemma 2.5 gives

nycyMiz=nycomy(d;)
nycty=nycke,(d;)

K <d’?|1 +di1/25[ iy=0(d,) ] :

Plugging in these estimates in (3.25), we obtain

i=1 ny e Mi3=nycy iy (d;)
nyctty=nyc2t;(dy)

k
G, < d*/? H 1+ dil/zc?[ 1, =0(d;) ] )

Since d;’s are pairwise co-prime, the congruences can be clubbed together to yield

G < d? Y K8 o) )
k|d [nlclrﬁ3=n2c2rﬁz(k)]

ny c%f2=nzc§f1 (k)

The lemma follows after plugging the last estimate into (3.24) and using the Weil’s bound for the
remaining two Kloosterman sums. O

We proceed to estimate the contribution of the zero and non-zero frequencies in Q.

3.3.1 | The zero frequency
Assuming (c;, ;) = 1, when ni, = 0, the congruence
0yt 17, — 1251 = (/) (cic,)
in (3.21) implies
g =c¢,=c and 7,ni, = £1ni5(c). (3.26)
Therefore, from Lemma 3.1, we get

C,(-) < qd¥/? Y k%8 <n1m3:n2m2(k)> (3.27)
k|d ny¢y=ny¢ (k)

in the case of zero frequency. Let Q, denote the contribution of the zero frequency towards Q
(3.21). Then, from the above estimate for the character sum, we get

M — —
Qo< -qd? I Y 1wl X XK XY 8 o).
£1,6p~L ny,n, €N cEF k|d iy, iy =dC /M <n1f2=n2f1(k))
¢,y =¢11i3(c)

Given n,,n,, ¢, ¢, and mi,, i, is determined modulo kc from the two congruence conditions.
Hence, the number the (#1,, #i;) pairs satisfying the congruence is at most dC/M(1 + d/(kM)).
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Therefore,

M -
Q, <<71-qd3/2- DDA Y, Y Y, KAdC/M)A +d /(M) (3.28)
?1,05~L cEG kld ny,nmEeN
n£1=ny05(k)

Before proceeding further, we use the inequality |A(£;)A(Z,)| < |A(£1)]? + |A(£,)|?, and due to

symmetry, we consider the contribution of first term only. Now given (n,, Z,), there are at most
(1 + NL/k) many (n,, ¢,) pairs satisfying the congruence in (3.28). Hence,

Q, < % Lqd¥? - Y AE)P YLD D KMAdC/M)(L + d /(M) + NL/k)

£1~L c€® k|d nien
M
< 71 - qd*? - LCN(dC/M) Y k(1 +d/(kM))(1 + NL/k) (3.29)
k|d

< % L qd?/?. LcN(dc/M)<d1/2 +(d/M)+NL+ (d/M)NL).

Note that the last three terms inside the parenthesis of the last line are dominated by NL(1 +
d/M). Substituting the upper bound M, < d?C?/ML, we then obtain

Q, < qd*NC*/M? + qd’>?N?LC*(1 + d/M)/M?>. (3.30)

3.3.2 | Non-zero frequencies

Let Q_ denote the contribution of the non-zero frequencies mi, # 0 towards Q (3.21). We use the
estimate

()< qd3/2 Z k1/25(m4=0(k))
kld

from Lemma 3.1 in this case. With this bound in (3.21), we get

Q¢O<<%-qd3/2- Z DA Z Z Z Z Z kl/25k|m4-

C1,05~L ny,ny €N ¢1,c,€F kld  niy,miz=dC/M niy<dC?/M,;

ey 1y =1 51y =(q/d)niy(c1¢)

We write mi, = k4,1 < dC?/(M,k), A # 0 and rewrite the above as

Qo< lgd? Y peiel Y Y YR Y

¢1,65~L ny,ny €N ¢1,,€E k|d A<dC? /(M k)

x D > 1. (3.31)
1iy=dC/M riiy=dC /M
ety —c1 £, =(q/d)kA(cy cp)

The number of pairs (1,,ni;) satisfying the congruence modulo c¢;c, in (3.31) is at most

(cyt1,kA)(c1€5,kA)(1 + d/M)?. Recall that (¢;,q) = (£:,q) =1 and consequently (cilj, k) =1.
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Hence,

M -
Qo< —F - qdA+d/MY - B AEDAE) Y, Yk

?1,65~L ny,neN kld
Y LD Y (e ).
A<dC? /(M k) C1,6,€EF

We next execute the (c;, ¢,)-sum with the bound C?, the A-sum with bound the (¢, £,)(dC? /M, k)
and then the (n, n,)-sum with the bound N2. We arrive at

M -
Qo < — - qd*2(1+d/MPN?C2AC? /M) - 3 DAL, £2)
£1,65~L

. - .
< 71 . qd3/2(1 " d/M)2N2C2(dC2/M1)<L Z |/1(bﬂ)|2 =+ Z |/1(51)/1(f2)|) (3 32)

£~L £1,6o~L
< qd*2C*N?L2(1 + d/M)>.
From (3.30) and (3.32), we get
Q= Q + Q< qd*NC*/M? + qd**C*N?L*(1 + d/M)* + qd"/>NLC*(1 + d /M) /M?

= qd*NC*/M? + qd"/>C*N*L*(1 + M /d)? /M? + qd°/>N?LC*(1 + M /d)/M>.
(3.33)

3.4 | Optimal choice for L

Substituting the last estimate into (3.17), we arrive at

d2M1/2N1/2 d7/4M1/2NL1/2
g3/2L1/2 g2

9/4
S(d, M) < (1 +M/d) + ‘13—/5’(1 +M/d)\/>,
q

Therefore, from (3.14) and (3.4), it follows

_ 1/2p01/2N1/2
S« qT +q'*MVANLV2 1+ M/q) + ¢*/*NQ + M /)",

Equating the first two terms, we obtain
L=qg"*N7'2a +M/gq).

Note that this choice makes sense because the right-hand side is > 1 due to the assumption N <
q'/?(1 + M/q)~? in Theorem 1.2. With the above choice, we obtain

S < M'2N34g3 81 + M/q@)Y? + Ng*/*(1 + M /@) /.
Substituting the above in (3.3), we finally obtain

S < MNP+ M/ + MN*2q7 41+ M/q) + Ng*/* (1 + M /q)"/2.
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4 | PROOF OF THEOREM 1.3

Here, g = p”,y > 2 and p > 2. We proceed slightly differently in this case. Instead of using the
entire modulus q for the conductor lowering mechanism, we only use a part p", wherer < qischo-
sen optimally later. This serves two purposes: it simplifies certain counting arguments arising from
the character sum estimates, and more importantly, it introduces more terms in the ‘diagonal’
while having a lesser impact in the off-diagonals as compared to the case of amplification.

Note that we can assume (n, p) = 1 since otherwise the trace function vanishes. As earlier, let
€ be the set primes in [C, 2C], with C such that

p'C > 100M. (4.1)

We choose a large C such that (c,q) = 1 for all ¢ € €. Due to the above relation, we can recast S
as

Z 2 Z Z A(mK(myn)V(m, /[M)V(m, /M)e(q*(m; — m,)/M).
ce% nes 2;:]\1\2’1
pel(imy—my)

Detecting the congruence condition using additive characters, we obtain

S = p}c Yo Y Y D N AmKmmeaim, —my)/p'c)

news ce%’ a(p'c) my~M
my~M

V(m,/M)V,(m,/M)e(q*(m; — m,)/M).

Breaking the a (p"c) sum into Ramanujan sums, we obtain the decomposition

S= ) S+,
0<ksr
where
S(k) = C : Z Z Z Z/l(ml)K(mzn)e(a(ml my)/p"~ ke
P&er  cew € a(prko) 0 42)
V(m,/M)V,(m,/M)e(q*(m; — m,)/M),
and

p’lc 2 2 2 2 2 AMm)K(myme(a(m, —my)/p'™)

nes ce% a(pr—k) m~M
my~M

V(m, /M)V,(m,/M)e(q*(my — m,)/M).
Note that a trivial estimation yields

§ < M*N/C,
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and therefore can ignored since C is allowed to be arbitrary large. The rest of paper is devoted to
the estimation of S(k),0 < k <r.
4.1 | Dualisation

Arguing similarly as in Remark 2, we can assume that we are in the cuspidal case. The Voronoi
summation transforms the m;-sum in (4.2) into

Z /1(m1)e<

my>1

>V(m1/M)e(q my /M) = < )I (g, ©),
m1>1

where Ili(n”’tl,c) = M‘lHi(nﬁl/pz(’_k)cz), H#* as in Lemma 2.3. Due to the same reasons as in
(3.7), one can truncate i, -sum (up to a negligible error) to ni; < p2"—K+2C2 /M.
With the application of the Poisson summation formula, the m,-sum in (4.2) becomes

Z K(mzn)e< >V1(m2/M) p_ Z K(ocn)e( C>m2<<§;,c/Me<_;,lza>Iz(”’72’C),

my>1 a(prc)

where
L,y ¢) = / vy (el x — Miiyx/pr c)dx.
R

One can again restrict the #i,-sum to mi, < p’*<C /M.
Combining the above two transformations, we see that S(k) can be replaced by

M2 « 1 . L
S(k) = WZ w25 2 2 AmDCC-G w0, (43)
neN  c€€ Ty =p2r-kCc2 /M miy=p’C/M
where
J(I’fll, Vﬁz, C) = Iit(mla C)IZ(m2a C)’
and
Woa  am
G(-+) = Z Y K(an)e( - -+ —1). (4.4)
p- kc p’c pr—kc
a(p'=ke) a(p?c)
As in (3.12), J(mi,, mi,, ¢) satisfies
0710025 (miy, v, c s
ity V1| i1y |2 G, 7€) Jrdase pUrtIT, (4.5)

amlh amzjz

Dividing the #i,-sum in (4.3) into dyadic blocks #i; ~ M, < p?"=K)C2 /M and inserting localising
factor W(wmi, /M,), we get

Sk) < sup S(k,M,), (4.6)
M =<pXr=c? /M
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where

2 *
s<k,M1>=pL2 2 X X WO /M) Y 2GS (-m,i.c). (47)

y+2r—kC
nes  cee © ;=1 niy=<pYC/M

4.2 | Simplifying the character sum

Splitting the a (pc) sum in (4.4) using the Chinese remainder theorem and executing the modulo
c part, we obtain the congruence relation

and we are left with

=2(r—k) _y=— - —
— cof P p mym, * aa  MWha o cam
€)= ce<f> Z Z K(ccxn)e(—pr_k ~ + )

“x
a(p™k)a(p?) P’

Substituting the definition

K(can) = iy Z* e(%) 2*e<—lco¢nby+ lﬁ)
P sory NP i p

and executing the a (p”) sum we obtain
L = cnb(nii, + p' " a) (p").

Substituting we get

=2r—k) _y=—
C(-)=c-e i P Z S(1,cnb(m, + pr—rtka), py)e< am1>‘ (4.8)
¢ a(p’ k) p k

4.3 | Cauchy-Schwarz and Poisson

Applying Cauchy-Schwarz inequality to (4.7) keeping the #1; sum outside and everything else
inside the absolute value square, we arrive at

2

S(k,M,) < p'kc/M? . Q2 (4.9)

py+2r—k C3 ’

where

2

—2(r—k) Yo
* =+ m,m
DI e(—p Cp 2 1)(Sl(n,c,ml,rﬁz)l(ml,niz,c) :

news CcEG miy<p’C/M

Q=Y w(m /M)

M, ez

SvE IdIN Ad 6852T SWId/ZTTT OT/I0P/LI0D™AB| 1M ARe.1q 1 Ul |UO"00SUIPLO /SRy Wo1} papeo|umoq ‘€ ‘720z ‘X200t T

LONIPUOD PUe SW | 341 38 *[202/v0/6T] U0 AReiqiauluO A8|Im ‘SO

00 Ao Akeaqi

5U8017 SUOWILLOD AAIER1D 3|cedt|dde ay Ag pausenof afe sajoilie YO ‘8sn Jo S3|nJ 10} AkeiqiT autjuO A3|IAA UO (SUONIPUOD-pLE:



26 of 42 | SHARMA

where €,(---) is €(---) in (4.8) without the first factor c. Opening the absolute value square, we
get

Q= Z* a"la_nz Z

ny,n, €N €1,6,€C iy, miz<p’C/M

—2(r—k) YA —2(r—k) Yo i

P p'mym; p p msm, _ ——
2 €< c - c (gl(}’ll,(.'l, ml, mZ)(gl(nz,Cz, ml, M3)
=4 1 2

X J(#iy, Wiy, ¢ ) (1iy, Wis, ey )W (1, [ M).
(4.10)
A final application of the Poisson summation formula transforms the #i; sum into

—2(r—k —_ —2(r—k —
M, . " prmp T prsp
¢ €2

>@1(”1, ¢1, B, 1iy)C4(ny, ¢5, B, 113)

r—k
ciC
b 1%2 ﬁ(Pr_kL‘lCz)

X J (n,, W4, Wiy, cq,C
Z <p’kclc> (1, M5, My, ¢1, C5)

my€Z

M,
Ea— Z C,(---) - F(rmiy, Mg, My, cq,C5) -
p myez

— 2(y-r+k)
My —¢y M= =57 4lcjch)’

(4.11)
where

J(mz,m3,rfz4,cl,cz):/W(x)J(Mlx,rﬁz,cl)](Mlx,rﬁ3,cz)e(—Mlrﬁ4x/(p’_kclcz))dx (4.12)
R
and

—_— [ —CC, Wi
C,(-) = 2 G (ny, ¢y, B,1y)C4(ny, 05, B, rﬁ3)e<+k45>.
B(pH) p

Due to (4.5) and repeated integration by parts, (4.12) is negligibly small unless
m, < p *C*/M; < M/p k.

Substituting (4.11) in place of the r#1;-sum in (4.10), we obtain

Ml * B _ .
Q== Z %n, Tn, Z Z Z C,(-+) - F(y, Mg, iy, cp,C5). (4.13)
P nimenr €1,02€C 1y, miz=p!C/M  miy<M /[p"k
oy —Ci M= =p7 "t )Wl4(0102)

It remains to estimate €,. Substituting the definition (4.8) and executing the S(p”) sum, we
obtain

Cy()=p* Z* Z* S(1, ey bty + pr="+kay); pIS(L, ¢,n,b(1; + pr=+ay); p).
ay.ay(p"*)
caa—ciay=my(p"*)

(4.14)

SvE IdIN Ad 6852T SWId/ZTTT OT/I0P/LI0D™AB| 1M ARe.1q 1 Ul |UO"00SUIPLO /SRy Wo1} papeo|umoq ‘€ ‘720z ‘X200t T

LONIPUOD PUe SW | 341 38 *[202/v0/6T] U0 AReiqiauluO A8|Im ‘SO

00 Ao Akeaqi

5U8017 SUOWILLOD AAIER1D 3|cedt|dde ay Ag pausenof afe sajoilie YO ‘8sn Jo S3|nJ 10} AkeiqiT autjuO A3|IAA UO (SUONIPUOD-pLE:



BILINEAR SUMS WITH GL(2) COEFFICIENTS AND THE EXPONENT OF DISTRIBUTION OF D, | 27 of 42

We proceed for estimating the contribution of the zero and the non-zero frequencies towards
(4.13).

4.4 | The zero frequency ni, = 0

Note that from the congruence condition in (4.13), r1, = 0 implies ¢; = ¢, = ¢ and #i; = ni, (¢).
We write ni; = i, + cd, A < p’ /M.

Casel:n, #n,0r1#0

In this case, the trivial estimation of (4.13) turns out to be worse than the non-diagonal contribu-
tions in the sub-Weyl range M < g?/3. Fortunately, we can overcome this by exploiting the extra

cancellations in the long ni,(x p’C/M)-sum. Let A, denote the contribution of the case under
consideration towards (4.13). Then

a2 S amY 55 st oco, @)

pr—k
ny,n €N CEG AkpY /M niy=<p’C/M

where from (4.14),

C,() = pk Z* S(1, cny (i, + pV—’+ka);py)§(1,cn2(c/1 + ni, + pr—rtka); p?).
a(pr=)

We apply Poisson summation on the #i,-sum and observe that only zero frequency survives since
the conductor is p”, whereas the length of the ni,-sum is p”C /M >> p” when C is suitable large.
Hence, the #i,-sum in (4.15) becomes

Y () IOy, 1, + €A, 0,¢,c)
Wiy =<p?C /M

=pr. & D > S en bl + prrka); pPS(L enyb(ed + o + prrtka); pr) - I(-+),

a(pr=k) a(p?)

(4.16)
where

I(--)= / J((p"C/M)x,(p"C/M)x + cA,0,c,c)dx.
x~1
After the change of variables cn, b(a + p’~"*tka) — a, the right-hand side of (4.16) then becomes

2(r—k)c « _ P
PT Z S(1,a; p")S(1, nynya(any A + 1); p¥) - I(-++) (4.17)
a(p’)
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and therefore,

p2(r—k)c « - -
Z Cy(+e) - Iy, Wiy +¢c,0,c,0) K ———— Z S, a; p")S(A, nyn,a(an A + 1); p7)|.

Wiy=p?C/M a(p?)

(4.18)
An estimate evaluation of the character sum above can be obtained by following the proof of
Lemma 2.4. However, this sum has been already studied in [5] and we quote them directly for
simplicity.

Lemma 4.1 (R. Dabrowski and B. Fisher). Fora € Z;, bez,andy >1,

2* S(1, x; p")S(1, ax(bx + 1); p) < p3/?pmintr-vp(a=Dvp(B)H/2 (4.19)
x(p?)

This is the summary of their Theorem 3.2, Proposition 3.3 and Proposition 3.4, in case of the
particular character sum in (4.19). Plugging this estimate in (4.18), we obtain

p3y/2+2(r—k)c
M

DY Gy() - IOy, 1, + €A, 0,0,0) < (minfy,vp(m=n2).vp(DY/2,

niy=<p?C/M

D

Consequently, (4.15) can be bounded by

]\41 p3y/2+2(r—k)c

. (minfy,v,(ny—ny),vp(DH/2
R I L
CEG ny,n€N ALp’ /M

(ny—ny,A)#(0,0)

M 3y/2420r-k) (4.20)
<P .C-(N*p" M)
pr—k M

pSy/2+3(r—k) C4N2

< Y8

Case 2: n, = n, and m, = mi,

In this case, we use the trivial estimate

Cy(-)=p* Z% S(1,en, (11, + pr=r+ka); p")S(1, eny(eA + mi, + pr—r+ka); p’) < pr AR,
a(p™=)

So, if B, denotes the contribution of this case towards (4.13), then

p2y+3(r—k)C4N

By < M2

M LYy Y g le Ne- PC L e
P nEN c€E ni,<p’C/M P M

(4.21)
Combining (4.20) and (4.21), we obtain

p2y+3(r—k) C*N N pSy/2+3(r—k)C4N2

Q) <« IYE IYE

(4.22)
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4.5 | Non-zero frequencies m, # 0

We divide the #i,-sum in (4.13) into cases according to the two parts given by Lemma 2.4 and
denote their contribution towards (4.13) by A, for the first part, and A, for the second part. Note
that u = r — k satisfies the hypothesis

u<dy/s (4.23)

in our final choice of r.

Casel: (r —k)/2 <y —(r—k)orv,(m,) <y —(r—k)

In this case, the first part of Lemma 2.4 gives

@2() < py+3(r—k)/2+1/2 X pvp(rﬁ4).

Substituting this in (4.13), it follows

M _
Al < pr__lk . py+3(r—k)/2+1/2 z* Z z 2 pvp(m4). (424)

nEN €,0€F My Miy=<p!C/M  miy<M/pr=k

—_ — _ —(y-r+k) -~
szz—c1m3=P(V Driig(cycy)

Next, consider the ri,, ni; sum in (4.24). Given ni,(# 0), there are (c;, mi,)(c,, Miy)(1 + p? /M)?
many (7,, 1i;) pairs satisfying the congruence mod c,¢,. Hence,

M * ~
A < —= . prt3=k/2+1/2 E E p?r() E (1, m,)(cy, 1)1 + p¥ /M)?
pr—k -
ny,n, €N niy<M /p* €1,,EF (4 25)

2
< M, ‘py+3(r—k)/2+1/2.N2C2<1 n P_y> M .
pr—k M pr—k

Case2:(r—k)/2>2y—(r—k)andv,(m,) >y — (r —k)

In this case, the second part of Lemma 2.4 applies. The condition ¢, 3/ 2sl/l1 = t2_3/ 232/12 (™)
translates to

c1ny = cyny (myniz)* (p? =), (4.26)
and we have the estimate

@2() < py+3(r—k)/2+1/2 X p(r—k)/z‘

We write i, = pP~""®A,1 < M/p’. The congruence condition modulo c;c, in (4.13) then
implies

¢y, = myA (c) and ¢ = Wizl (cy), (4.27)
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or in other words,
for some 6,,6, <1+ 0 <w> Observe that

(gl + D2 pC M

< < 1
Cc MC pr

Hence, d;, , in (4.28) are bounded, and so,

A, < % O e 3y ¥ ¥ Z# L (429)

01,0,<<1 A<M / pY¥ Wiy, Wiz=<pYC/M ¢1,c,€E ny,hp€N

where ‘#” denotes the restrictions (4.26) and (4.28). When 8,5, # 1, note that (4.28) uniquely deter-
mines the pair (c;, ¢,). Fixing (¢;, c,), the sum over n, with the restriction (4.26) is then bounded
by (1 + N/p?’~=k), and we see that (4.29) is

M, F30—K)/241/2 . (r=k)/2 N
4, < prk P P’ Z Z Z 2 1+ pr—(r=

81,6,<<1 A<M/ p? 1y, iz =<p?C /M n€N

2
<« M sz (4 N (EEVM e
prk pr—(r=k) M ) pr ’

(4.30)

A comparison shows that the last estimate is the second line of (4.25) times the factor

-2 -2 _3(r—k)/2
Ly M N ey sy (1 MY TR
N pY pr=(r=k) p’ Npr

since our choice of r will satisfy (see (4.36))

M 4/3
p" < min (Np7)2/3<1+p> ,pM5 %, (4.31)

Hence, A, < A; when 8,6, # 1. When 6,5, = 1, (4.28) will imply ni, = +ni. Since #i, > 0, it
follows 1, = iz, §; = §, = —1. Consequently, (4.28) and (4.26) becomes

¢, = —¢; +mi,A and c;(n; + n,) = nMi,A (p? ==,

Since (n,mi,, p) = 1, the number of ¢, satisfying the last congruence is <« p’?Wc/pr==k) Hence,
(4.29) in this case becomes

M, - — 1 —(r—
A, < =t prCRR e Y Y Y pr@eyprh
AKM /pY miy<xp?C /M ny,n€N°

« M rse-iozrage (PCN M oos-toj2-y
pr—k M p)’
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The last estimate is the second line of (4.25) times the factor

-2
pﬁy<l+ %) p3(r—k)/2—y < p3(r—k)/2—y <1,

where we have again invoked (4.31).
We conclude that the non-zero frequencies are dominated by A, in (4.25), that is,

M 7\ 2

Q#) < r_lk .p}'+3(r—k)/2+1/2 -N2C2<1 + %) . Ir\/fk
p p

(4.32)

2
< py+3(r—k)/2+1/2N2C4<1 4 PM}' > .

From (4.22) and (4.32), we finally have

p2y+3(r—k)C4N N pSy/2+3(r—k)C4N2

Q< [Ye IYE

2
+py+3(r—k)/2+1/2N2C4<1+ %) ]

Substituting the last bound into (4.9), we arrive at

S(k,M;)

M2 pr—kC p2y+3(r—k)C4N pSy/2+3(r—k)C4N2
< prr—kcs M2 ( M2 + M3

12 (4.33)
+py+3(r—k)/2+1/2N2C4<1 4 %) >

< pr/2—3k/2M1/2N1/2 + py/4+r/2—3k/4N + p—y/2—r/4—3k/4+1/4M3/2N(1 + p’ /M).

4.6 | Optimal choice for r
It follows from (4.33) and (4.6) that

S < p"PMY2NY2 4 pr2TrAUANI2N (1 4+ M/ p?) + p?/4HT2N. (4.34)
Equating the first two terms, we obtain

p’ = p¥ 3TN 4 M/ ph)3, (4.35)
that is,
r®2/3(y +1+log, NO+M/p")*)].

But recall from (4.23) that r is assumed to be at most 4y /5. We choose

r = [min{2/3(y +log, N(1 + M/p")%),4y/5}]. (4.36)
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So, the third term in (4.34) can be bounded by p'3*/2°N. Note that when N < p?’/>(1 + M/p?)~2,
2/3(y +log, N(1+ M/p")*) < 4y/5,
so that (4.35) holds (up to a factor of p3/3) and we get
S < p”/2prAMVANS/5(1 + M /p")H3 + p!3/ON,

in this case. When N > p?/>(1 + M/p")~2, we have r = |4y /5] so that the second term in (4.34)
dominates the first and we get

S <« p1/4p}//2— [4}//5J /4+€M1/2N(1 + M/p)/) + p13}//20N.
Combining, we have the final estimate

S < p7/12g\3MYANS/S(1 + M /g3 + 5(N>q1/5(1+M/q)—2)p1/4q3/10M1/2N(1 +M/q) + q'¥/N,
(4.37)

where g = p’.

5 | AN ALTERNATIVE ESTIMATE

We will use the above estimates for N going up to certain threshold. For N larger, we get better

estimates simply by applying Cauchy-Schwarz inequality followed by Poisson summation in the
m-sum. Recall that

S= Y a,AmK(mn)V(m/M), (5.1)

nes m=1

where

K(m) = Kl3(mb,q) = 1 Z* e<mex>S(l,E; qQ).
x(q)

Lemma 5.1. Forq = p’,y > 1, we have
S < MN'? + M'2Ng'/*(1 + M/q)'/2.
To see this, we apply Cauchy—-Schwarz inequality to (5.1) keeping the m-sum outside to get

n1/2

S < ]‘%/2 Y vim/M) (5.2)

mez

3o, e(”;nb >S(1,f; )

nes x(q)
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Opening the absolute value square and dualising the m-sum using the Poisson summation
formula, we arrive at

2
Z V(m/M) Z a, Z*e<xmnb>5(1,f;q)
mez nes x(q) q
M — * — = — rb(n;x; — nyx,) —1ir .
= rl Z Oy, A, Z S(l,xl;q)S(l,xz;q)Ze<%“> Z e< q >I(m)
nymEeN x1,%(q) r(q) mez
=M ) a, &y, Y C(ny,ny,m) - I(m),
ny,n, €N mez
(5:3)
where
I(m) = / V(x)e(—Mnix/q)dx
R
and
Clnyny i) =Y S(1,%: q)S(L, (n, 7% + nybrm); q). (5.4)

x(q)

It is clear that I(#1) is negligibly small unless 1 <« q/M.

It remains to estimate the character sum C(---). In the case of prime power moduli, an explicit
evaluation of the character sum C as a function of (¥, n;, n,) can be obtained by following the
proof of Lemma 2.4 or otherwise. If «,, = 1, as required for our application, this evaluation can be
used to non-trivially bound one of the n,, n,, or ri-sum in (5.3) using an exponent pair estimate.
However, since we are not interested in this improvement for the purposes of this paper, we use
the ready-made estimates available in [5].

Lemma 5.2. Forany q > 1 and C(n,, n,,m) as in (5.4), we have

C(ny,ny,m) < g>/? Z k1/25<
kiq

n1=n2(k)) :
m=0(k)

Proof. Let us factorise g into product of prime powers q = [],; q;, where q; = p:"' and p;’s are
prime. Then, by repeated use of the well-known multiplicative property of the Kloosterman sums
([16], eq. (1.59)), we get

SL%: QS(L (my7x + b @) = [ S(L{a/a) %495 (@/a) (miyx + ). q).

1<igl

Splitting the residue classes x(q) in (5.4) using the Chinese Remainder Theorem, it then follows

C(ny,ny,m) = [ K (5.5)

1<ikl
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where

K= Y S(1,(a/a) % a5 (@/a) (mipx + i), q;)
x(q;)

* = e —_—
= D, S(L,x,)S(L, iynyx((q/qp)?mymx + 1), ;).
x(q;)

We can now apply estimates for K; from Lemma 4.19 giving us

3/2  (minttvy (mm)vy OD/2._ 52
K <<q/pl p; 11—12),vp / Zk1/25 ny=ny )
kig; m=0(k)
The lemma follows after substituting these estimates for K; into (5.5) and gluing the
congruences. L]

Plugging in the estimate from Lemma 5.2 into (5.3), we obtain

Y Vim/M)

mez

T o <xmnb>s(1xq)

neN x(q)

<MgP YK Ny (n1=”2(k)>

klq ny,n €N m<kq/M m=0(k)

<Mg*? Y KN+ N/k)A + q/Mk)
klg

<MN@*? Y (q"/* + N(1 + g/M))
kiq

< MNg* +N%¢°*(1 + M/q).
Final substitution into (5.2) yields
S < MN'? + M'2Ng'/*(1 + M/q)"/2. (5.6)

This completes the proof Lemma 5.1.

6 | THE APPLICATION: PROOF OF THEOREM 1.1

Letq > 1,a € Z such that (a, q) = 1. We are interested in the asymptotic of

S= Y dyn).

n<X
n=a(q)

Detecting n = a (q) using additive characters, we obtain

=1 Z Z @M)e(@).

a(g) n<X
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Splitting into Ramanujan sums, we get

S= 2 S@d),

dlq

where

S(d) = % 3y d@)%@).

a(d) n<X

(6.1)

Fix A > 0. Choose a smooth function w(x) such that w(x) = 1 for x € [X'¢/2, X + X'~¢] and

supp(w) C [X'~¢,X + X'~¢/2] and satisfying
x wW(x) <. X5,

for j > 0. Smoothing the n-sum in S; using the weight function w, we obtain

S(d) = Z Zd3(n)w(n)e< aln — a)>+0(xl-€/q).

a(d) S

The Voronoi summation formula (2.1) for d; transforms the n-sum above into

Zd (n)w(n)e( )

nx1

1 [So]
-1 / Pllogy, dyw(y)dy
0

YU =YY oot/ i) mS(Em & d/r)D, (mr /)

3/2
27I/ + r|ld m>1 r1|rr2|_

Substituting into (6.2), we obtain
S(d) = M(d) + E(d) + 0(X'~¢/q),

where

1 ® ,U(d)
M@ = ([ paogyayeoidy ) 3 e-aas) = £ [ paogy. ey

a(d)
and
B(d) = /zq > Z Z Y\ Go0(r/(riry), MK, (M@, (mr? /d®),
+ rld m>1 r1|rr2|_
where

Kyam) = 2 3 e(~aa/d)S(em, & d/r).

a(d)

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)
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Write d = dyd,, where d,, is the square-free and d, is the square-full part. Then note that K, ;(m)
vanishes unless r|d,, in which case we have

K, 4(m) = % > e(—raa/(d/r)S(xm, @ d/r).
«(@/r)
Recall from (2.1) that
Goo(r/(rir)my= Y u)dy(m/0). 6.7)

t(r/@ryra), m)

We fix the divisor ¢t|(r/(r,r,)) in (6.7) and push the m-sum in (6.6) inside to see that

2
E(d) < % >4 X te@ ol (68)
rldg tr
where
C _ d;(m) - 2733
drn=>Y Kly(mb,d/r)®, (mtr?/d?),

m>1

with b = +rta. Now from Lemma 2.2, it follows that the m-sum above is negligibly small unless
m < d3/(tr*X). Also, if we define

P(m) = (min{mer’X /d3, 1)~ @, (mtr?/d?),
then from the same lemma, we have
Yl < 1.
Hence, we can write

min{mtr?X/d>3,1}

cd,r,t)=
m<d3 /(tr2X)

- dy(m)Kl;(mb, d/r)p(m).

Dividing the m-sum above into dyadic blocks m ~ Y,Y <« d3? / (tr2X), we see that

cd,r,t)y <

min{Ytr2X/d3,1 2
{ / ; sup |C(d,r,t,Y)| <« % sup |C(d,r,t,Y),
Y Yd3/(tr2X) A3 yeds )(tr2x)

where

CWd,r,t,Y) = ) dy(m)Kl(mb,d/r).

m~Y

Substituting the last inequality into (6.8), we conclude

Ed <X  sup |CWdrtY)l. 6.9)
qd  ridylr
Y <d3 /(tr2X)
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We proceed for the estimation of C(d,r,t,Y). We do this by converting it into a bilinear sum
as in Theorem 1.2 with N < Y'/3 using the symmetry in the factorisation of d;(m). Expanding
d;(m) into product of three variables and introduction dyadic partition in each of the variables,
we get

C(d,r,t,Y) <  sup z , Kls(nynynzb,d/r)V(n /N)V(ny/Np)V(n3/N3)|.  (6.10)
NN, N3>0 1y, Tno ng
N N, N3y~Y

By symmetry, we can assume N; < N, < N;. Note that this forces N; < Y'/3. Gluing n,n; = m,
we obtain

> Kl(nynynsb,d/r)V(n, [NV (ny /N)IV(ns/No) = YD a(m)Kly(mn,b,d/r),

ny,np,n3 ny~Ny m~Y /N,
(6.11)
where
a(m) = Y V(b/N,)V(m/bNy).
blm
Using the Mellin inversion
V(x) = / V(s)x~ S ds, (6.12)
(@)

we can further write
a(m) = / / 17(31)17(32)N;1N§2m_SZCTSZ_S1 (m) ds, ds,.

Note that since V is a nice weight function, we can restrict the contour in (6.12) to |s| <« X¢ up to
a negligible error. Feeding all these information into the right hand of (6.11), we obtain

2 2 a(m)Kl;(mn,b,d/r) < sup Z Z osl(m)ms2 Kl;(mn,b,d/r)|.
ny~N1 m~Y /Ny Isi|<X€ |0, ~N, m~Y /Ny
Substituting the last relation into (6.10), we finally obtain

C(d,r,t,Y)< sup |S(Y/N,N)|, (6.13)

N<yl1/3
s; | <X

where

S(M,NY= Y ' o, (m)m*Kly(mnb,d/r).
n~N m~M

We are now position to apply our estimates for bilinear sums obtained in previous sections.

SvE IdIN Ad 6852T SWId/ZTTT OT/I0P/LI0D™AB| 1M ARe.1q 1 Ul |UO"00SUIPLO /SRy Wo1} papeo|umoq ‘€ ‘720z ‘X200t T

LONIPUOD PUe SW | 341 38 *[202/v0/6T] U0 AReiqiauluO A8|Im ‘SO

00 Ao Akeaqi

5U8017 SUOWILLOD AAIER1D 3|cedt|dde ay Ag pausenof afe sajoilie YO ‘8sn Jo S3|nJ 10} AkeiqiT autjuO A3|IAA UO (SUONIPUOD-pLE:



38 of 42 | SHARMA

6.1 | Square-free moduli

Here, d/r is square-free. We want to apply the estimates from Theorem 1.2 and Lemma 5.1 to
S(M, N) with the parameters g = d/r,M = Y /N. For this, we need to first verify the hypothe-
sis N < ¢'/2(1 + M /q)~2 of Theorem 1.2. Note that N > g'/2 translates to N > (d/r)'/2 which
implies

Y3 > d/n)'? = (@ /X)) P > d/r)'? = d > X,

which is not the case since d < g < X2/3 in our final choice of g(< X*/2+1/30-¢), Similarly, NM?2 >
q°/? will imply d > X7/4 which is also not the case. Hence, the condition N < q'/2(1 + M /q)~2
is satisfied so that from Theorem 1.2 and Lemma 5.1, we obtain

S(Y/N,N) <

Y1/2N1/4q3/8 + Y/(N1/4q1/8) + YN1/4/q1/4 + YZ/(N1/2q5/4) + Nq3/4 + Y1/2q1/4/N1/2,
Y/NI/Z + Y1/2N1/2q1/4 + Yq_1/4,

(6.14)
where q = d/r. Our job now is to optimally choose bounds between the two lines in (6.14) depend-
ing on the size of N. Note that since N <« Y1/3, the second term in the second bound of (6.14)
is < Y?/3q!/4. Similarly, the last term in the first bound is clearly <« Y?/3q'/4. Also, note that
Y/N'/2 > Y /q~'/* since N < q'/? as pointed out earlier. So, we can write

5
S(Y/N,N) < Y\ A; +Y?*3q!/4,
i=1

where

A, = min{Y'/2N'/*¢3/8 Y /N'/?}, A, = min{Y /(N'/*q"/®), Y /N'/2},

Ay = min{YN'/*/q"/%, Y /N'/%}, Ay = min{y?/(N'/2q>/*), Y N1/},
and
As = min{Ng>/*, Y/N'/?},

A, attains its largest value when the two terms inside the parenthesis are equal, that is, when
N = Y?/3/q"/2, which gives

A<yt (6.15)
Similarly arguing, we obtain
Ay < Y/q1/4, Az < Y/ql/é,A4 < Y2/q5/4,A5 < Y2/3q1/4_
Hence,

S(Y/N,N) < Y?/3q"* 4+ v /q"/° + Y2 /q*/*. (6.16)
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Substituting this in (6.13) and then in (6.9), we obtain

E(d) < ;—d sup  (Y23d/M)Y* +Y(d/r)"V0 + Y2(d/r) %)
rldgyt|r
Y<<d3(}(tr2X)

17
< ;(—d(X_2/3d9/4+X_1d17/6 +X2d19/4 (6.17)

< X1/3q1/4 4 q5/6 +X_1q11/4,

where he used the upper bound d < ¢ in the last line. The last line of (6.17) is O(X'~¢/q) for
q < X1/2+1/30—¢ and therefore E(d) < X'~¢/q for g < X1/2*1/30-¢_Hence, from (6.4) and (6.1), it
follows

S =Y M(d)+0X"/q), (6.18)
dlq

for square free q < X1/2+1/30¢,

6.2 | Prime power moduli

Here,q = p”,y > 2andsod/r = p*. Without loss of generality, we can assume k > 2 since fork =
1, we can use the estimate (6.16) for S(Y /N, N) to arrive at the same bound (6.17). Furthermore,
when k > 2 note that r = 1 since r has to divide the square-free part of d which is 1 in this case.
Ford = pk ,k > 2, using the estimate from (4.37) and Lemma 5.1, we obtain

p7/12Y1/2N1/3d1/3 + p7/12y7/6/(N1/3d1/3)
S(Y/N,N) < +p1/4Y1/2N1/2d3/10 + p1/4Y3/2/(N1/2d7/10) +Nq13/20, (619)
Y/N1/2 + Y1/2N1/2d1/4 + Yq_1/4,

where d = p¥, k > 2. As earlier, we use N < Y'/3 to bound the second term of second bound in
(6.19) by Y?/3d'/# and ignore the third term due to the inequality N < d'/2. Hence, this time we
get

S(Y/N,N) < Y?3d'* 4 A, + A, + A + A, + As, (6.20)
where

Al — min{p7/12Y1/2N1/3d1/3,Y/Nl/z}, A2 — min{p7/12Y7/6/(N1/3d1/3), Y/Nl/z},

As = min{p/4YV/2N243/10 y /N2, A, = min{p!/4Y3/2 J(NV2d7/10), Y N1/},
and
As = min{Nq'¥/?°, Yy /N'/%}.
Arguing as in (6.15), we obtain the following estimates for A;:

Ay < Y7/1°d1/5p7/20, A, < Y3/2d‘1p7/4, As < Y3/4d3/20p1/8’ A, < Y3/2d—7/10p1/4
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and
As < y2/3413/60
Using these estimates for A4; in (6.20), we obtain

S(Y/N,N) < y2/3q1/4 4 Y7/1od1/5p7/20 + Y3/2d—1p7/4 + Y3/4d3/20p1/8 + Y3/2d—7/10p1/4

4 y2/3q13/60
Substituting the last estimate into (6.13) and then in (6.9), we obtain

Ed) < X sup <Y2/3d1/4+Y7/10d1/5p7/20+Y3/2d—1p7/4+Y3/4d3/20p1/8
40 y«d3/x

+Y3/2d—7/10p1/4 4 Y2/3d13/60>

< ;(_d(X—2/3d9/4 + X7/10g23/1057/20 4 x=3/247/257/4 4 x=3/4q12/5 p1/8 621)

+X—3/2d19/5p1/4 +X—2/3d133/60>
=X1/3q1/4 +X3/10q3/10p3/20 +X—1/2q3/zp7/4 +X1/4q2/5p1/8
+X—1/2q9/5p1/4 +X1/3q13/60.

The last line in (6.21) is O(X'~¢/q) when q < X1/2+1/30=¢ and y > 28. The exponent 1/2 + 1/30
and the power y > 28 is determined by the ‘X'/3¢g'/4 and the ‘X3/10¢3/10 p3/20" terms, respectively.

Remark 3. The main contributing term ‘X'/3q'/* originates from the ‘Y'/2N1/2d'/*" term in
the second line of (6.19). Thus, it is evident that any improvement in this term, which corre-
sponds to the off-diagonal contribution in (5.3), would result in an improvement in the exponent
of distribution.

Hence, from (6.4) and (6.1), it follows

S =Y M(d)+0(X"/q), (6.22)
dlg

for g = p¥ < X1/2+1/30=¢ and y > 28.
Finally, from (6.18) and (6.22), it follows

S= ), dy(n)= Y M(d)+0(x"/q), (623)
n<X dlq
n=a(q)

for g < X1/2+1/30-¢ here q is either square free or ¢ = p?,y > 28. Note that the M(d)’s, which
are given by (6.5), are independent of the residue class a (q). Hence, summing the expression
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(6.23) over all the co-prime residue classes a (q), we obtain

Y dym) =g D M(d) |+ 0(p(@)x~/q),

n<X dlq
(n.g=1

from which it follows

1 1—¢
M(d)= — d OX .
%; @ =25 Z}){ 3(n) + 0X'~/q)
(n,g)=1

Theorem 1.1 follows after substituting the last expression for diq M(d) into (6.23).
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