
Lens Stochastic Diffraction:
A Signature of Compact Structures in Gravitational-Wave Data

Miguel Zumalacárregui1, ∗

1Max Planck Institute for Gravitational Physics (Albert Einstein Institute)
Am Mühlenberg 1, D-14476 Potsdam-Golm, Germany

(Dated: April 29, 2024)

Every signal propagating through the universe is diffracted by the gravitational fields of interven-
ing objects, aka gravitational lenses. Diffraction is most efficient when caused by compact lenses,
which invariably produce additional images of a source. The signals associated with additional im-
ages are generically faint, but their collective effect may be detectable with coherent sources, such
as gravitational waves (GWs), where both amplitude and phase are measured. Here, I describe lens
stochastic diffraction (LSD): Poisson-distributed fluctuations after GW events caused by compact
lenses. The amplitude and temporal distribution of these signals encode crucial information about
the mass and abundance of compact lenses. Through the collective stochastic signal, LSD offers
an order-of-magnitude improvement over single lens analysis for objects with mass ≳ 103M⊙. This
gain can improve limits on compact dark-matter halos and allows next-generation instruments to
detect supermassive black holes, given the abundance inferred from quasar luminosity studies.

I. INTRODUCTION

Gravitational lensing, the deflection of propagating sig-
nals by intervening gravitational fields, is a sensitive
probe of matter distribution. It illuminates the Uni-
verse’s darkest objects: black holes [1–4] and dark mat-
ter halos [5–10]. Most lensing applications to date rely
on electromagnetic sources. However, the emergence of
gravitational wave (GW) astronomy [11–16] provides new
opportunities for gravitational lensing, which motivate
detection strategies [17–22]. Given the steady improve in
sensitivity, multiply imaged GW sources are bound to be-
come a reality in the near future [23–27]. The detection of
lensed GWs will provide new applications in cosmology,
astrophysics and fundamental physics [28–32], including
the detection and characterization of dark-matter struc-
tures [33–47].

GW lensing is highly complementary to lensed electro-
magnetic radiation [48–50]. As GW detectors are sen-
sitive to field amplitude and phase (rather than energy
flux), the signal strength decreases with distance (rather
than distance squared), facilitating the detection of re-
mote sources. In lensing, this scaling makes GWs more
robust to demagnification, allowing the observation of
faint images, including strongly deflected trajectories for
sources near a massive black hole [51–53], central im-
ages of strongly lensed systems [35, 54], and systems with
large lens-source angular separation [28, 47, 55–58]. The
prospects of observing faint images increases significantly
because the number of lenses scales with the square of
source-lens separation.

In addition to loud transient signals, detectors are also
sensitive to GW backgrounds, a stochastic superposition
of many faint signals. An astrophysical background from
unresolved mergers is expected [59], and cosmological
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backgrounds could be produced by early-universe phe-
nomena [60]. Although signals are too weak to be re-
solved, their existence can be inferred as an excess over
instrumental noise, or by cross-correlating the output of
multiple detectors [61–63].
Here, I present lens stochastic diffraction (LSD), a

novel signature of compact structures consisting of faint
counterparts present after loud GW events. These
secondary signals, caused by compact lenses, follow a
stochastic distribution, resembling that of GW back-
grounds. I will introduce the LSD signal caused by
an ensemble of point lenses, derive its time distribution
and signal-to-noise ratio, and show its potential to de-
tect compact objects, before discussing open issues and
prospects.

II. LENS STOCHASTIC DIFFRACTION

A point-like gravitational lens forms at least one
additional image of any source. The ratio of the
lensed/unlensed flux is given by the magnification, which
for an isolated point lens reads

µI =
∆4

I

∆4
I − 1

=
1

2
± y2l + 2

2yl
√
y2l + 4

. (1)

Here I = (+,−) labels the main/additional image and
the sign corresponds to the parity. ∆I = |x⃗I − y⃗l| is the
image-lens angular separation: coordinates are centered

around the undeflected source and x⃗I ≡ θ⃗I/θE , y⃗l ≡
θ⃗l/θE are the image and lens position in units of the

Einstein angle, θE =
√

4GMDLS

DLDS
. The angular diameter

distances DL, DS, DLS (for observer-lens observer-source
and lens-source, respectively) are given by flat-ΛCDM
cosmology [64].
The existence of a faint image near the lens is associ-

ated with a strongly deflected trajectory. At large angu-
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lar separations, yl ≫ 1, the secondary image flux scales
as |µ−| ≈ y−4

l . In typical electromagnetic sources, strong
demagnification prevents the observation of additional
images in generic source-lens configurations. Instead, the
signal amplitude of GWs is modulated by

√
|µ−| ≈ y−2

l ,
making faint images more easily observable.

Increasing the offset yl decreases the amplitude of in-
dividual images but increases their number: N point
lenses produce at least N + 1 images and as many as
(N + 1)2 [65].1 The enclosed average number of lenses

Nc(< yl) = κc y
2
l , (2)

depends on the line of sight via the convergence κc =
4πGΣc

DLSDL

DS
, where Σc the projected surface density of

compact objects. The lens number K follows a Poisson
distribution P(K|Nc), with κc set by the line of sight to
the source. The average convergence is [67]

κ̄c(zS) =
3

2
fcΩDMH2

0

∫ zS

0

dz′
(1 + z′)2

H(z′)

DLDLS

DS
, (3)

where H0 is the Hubble constant and fc is the fraction of
compact objects, relative to the dark-matter abundance
ΩDM and the comoving density of compact objects is as-
sumed constant. For point lenses κ̄c is independent of
the lens’ mass.

Scaling with yl suggests that secondary images will
rarely be identified individually but can be detected col-
lectively. Fig. 1 shows the distributions of images in the
sky and their amplitude and delay, for two realizations
with low and high κc. The results are obtained from nu-
merical solutions and assuming isolated lenses, Eq. (1).
For κc ≪ 1 at most one lens is closely aligned with the
source. Then Eq. (1) describes the two brightest images,
plus other secondary images with yk ≫ 1. The higher κc

increases both individual magnifications and the chance
of forming additional images [68–70]. Therefore, the iso-
lated lens approximation is accurate for κc ≪ 1 and con-
servative otherwise (see Fig. 3 below). Hereafter I assume
that lenses can be treated as isolated.

The time distribution of secondary images encodes in-
formation about the lens mass distribution. Each sec-
ondary image arrives with a characteristic delay, which
depends on the lens mass, redshift and offset as

tl ≈ 2GMl(1 + zl)y
2
l ≡ t̃l

y2l
2

(yl ≫ 1) , (4)

where the second equality defines a dimensionless delay.
To remain in the geometric optics description, we will re-
quire that the time delays between different images sat-
isfy 2π(ti − tj)f ≫ 1, where f is the GW frequency [50].

1 Even more images form when lenses are distributed at different
distances, because of consecutive deflections. I will neglect those
and assume that all lenses can be projected onto a common lens
plane by rescaling the Einstein radii [66].
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FIG. 1. Distribution of images for low (top) and high (bot-
tom) projected lens density. Left: lens (dots) and images (tri-
angles, crosses), color shows high/low magnification (orange-
purple). Right: amplitude and arrival time of the secondary
images (crosses) an the isolated-lens approximation (dots).
The primary image (triangle) is shifted from t = 0.

A GW signal lensed by a collection of point-particles
in the geometric optics regime is described by

hL(t) =
√
µ+h0(t) +

∑

I

√
|µI |h†

0(t− tI) , (5)

Here µ+ > 1 is the primary image magnification, not
directly observable, and h0(t) =

∑
p=+,× Fp(t)h0,p(t) in-

cludes the detector antenna pattern. The index I labels

the additional images and h†
0 is the Hilbert-transform

of the unlensed signal, accounting for the phase differ-
ence in negative parity images [71, 72].2 Under the spar-
sity assumption there is one image per lens I → l and
µI ≈ µ−(yk) is well approximated by Eq. (1)
The lens stochastic diffraction (LSD) signal is defined

by the sum of additional images in Eq. (5). Although
stochastic, it differs from GW backgrounds:

1. LSD is neither stationary nor Gaussian: its corre-
lation with the primary GW signals is determined
by the lens mass distribution (Eq. 4).

2. Although most GW backgrounds are isotropic, the
LSD is received from the same sky localization as
the main signal.

3. The waveform of individual LSD contributions is
known from the resolved signal h0 (Eq. 5), up to
parameter-estimation uncertainties.

LSD also differs from the contribution on the astrophys-
ical stochastic background from magnified high redshift
sources [73–75].

2 Positive parity images can be included in Eq. (5) by adding∑
M

√
µMh0(t− tM )−

∑
N

√
µNh0(t− tN ), where M,N index

secondary minima and maxima of the time delay, respectively.
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FIG. 2. Lens stochastic diffraction. Solid lines show the
strain corresponding to the main image (black) and 3 different
LSD realizations for dfferent lens masses, assuming κ̄c = 0.05.
Dashed lines show the average LSD amplitude, dotted line
shows the window used to define the LSD signal.

Examples of LSD realizations following an 30 + 30M⊙
equal-mass, non-spinning merger are shown in Fig. 2 for
different lens masses. The projected density κ̄c = 0.05
corresponds to a source at zS = 1 with fc = 1.

III. TEMPORAL DISTRIBUTION AND
SIGNAL-TO-NOISE RATIO

Let us now investigate the temporal distribution and
signal-to-noise ratio (SNR) of LSD. To separate LSD in
Eq. (5), I will introduce a window function W(t) that is
one for t−tc > Tmin = 1 s after coalescence and zero else-
where (Fig. 2). The LSD signal is ∆h(t) ≡ W(t)hL(t).
The SNR of the LSD after a GW event is then ρ2LSD =

(∆h|∆h), where (h1|h2) is the noise-weighted inner prod-
uct [76]. The LSD-SNR is

ρ2LSD
ρ20

=
∑

I

|µI |+
∑

I ̸=J

√
|µIµJ |M (tI − tJ) , (6)

where ρ20 ≡ (h†
0|h†

0) = (h0|h0) is the SNR of the unlensed
event and M(∆t) = ρ−2

0 (h0(t)|h0(t−∆t)) is the match
between different images. The first sum in Eq. (6) rep-
resents the contribution of each image after Tmin. The
double sum accounts for interference between separate
images and has zero average, since tI ’s are not corre-
lated. Eq. (6) assumes a constant antenna pattern, a
good approximation for tI ≪ 1d, or ML ≲ 107.3

Let us now study the average LSD-SNR relative to the
unlensed event, ρ̃2LSD ≡

〈
ρ2LSD

〉
/ρ20. The sum over im-

ages is replaced by integrals weighted by the lens number

3 For large tI ,ML the average LSD-SNR will beslightly lower due
to selection bias, as a detection threshold favors events with
Fp(tc) > ⟨Fp⟩.
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FIG. 3. LSD-SNR distribution as a function of convergence.
The mean and median of simulations (red) is larger than the
isolated lens approximation (black) for κc ≳ 0.1. The 90%,
98% c.l. and minimum values of the approximate distribution
are also shown (resp. gray bands and dotted line). The top
scale shows the resdshift at which κ̄c = κc for fc = 1, Eq. (3).

density
∑

I →
∫
dtdNc

dt W(t). Assuming isolated lenses,
the average relative differential LSD-SNR is

dρ̃2LSD
dtdM

= W(t)
dfc
dM

∫ zS

0

dz′dy2
dκ̄c

dz′
|µ−|(y)δ(t− t(y)) ,

(7)

Here dκ̄c

dz′ is the derivative of Eq. (3), dfc
dM is the lens

mass function and the average lens density has been used
(Eq. 2). The magnification and time delay are evaluated
as for an isolated lens, cf. Eqs. (1,4).

The total LSD-SNR is the integral of Eq. (7) over time
and lens mass. If W(t) → 1 it simplifies to

ρ̃2LSD = 2κ̄c

∫
dyl yl |µ−|(yl) ≈ κ̄c . (8)

Note that including W(t) will add a dependence on both
the lens’ mass and the source redshift, which is important
for M ≲ 104M⊙ (cf. Fig. 2). Similarly, an upper limit on
the time delays considered needs to be included, which
will affect the sensitivity to high mass objects.

The distribution of the LSD-SNR depends strongly on
κc, whose summary statistics are shown in Fig. 3. For
the isolated lens approximation, the mean of random re-
alizations agrees with Eq. (8). At low κc, the distribution
is skewed, as the median ∝ κ2

c ≪ ρ̃2 deviates from the
mean due to rare events with high ρ̃LSD (yl ≪ 1). The
LSD-SNR distribution was obtained numerically, using
Eq. (6) (only first sum) for 100−1000 random realizations
at each value of κc. The simulated LSD-SNR becomes
larger than the approximate value of κc ≳ 0.1 due to the
formation of additional images and collective lensing ef-
fects, confirming that the isolated lens approximation is
conservative.
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IV. OBSERVATIONAL PROSPECTS

Let us now estimate the sensitivity of ground detec-
tors to LSD given the abundance of compact objects, fc.
The rate calculation follows Refs. [77, 78]. I consider
the LIGO-Virgo-KAGRA (LVK) detector network at O5
sensitivity, the Einstein Telescope (ET) [79] and a single
Cosmic Explorer (CE) interferometer [80]. I will consider
only non-spinning and quasicircular black hole mergers.

The detection rate and the average LSD-SNR for
source catalogue are given by

Ṅ = R0

∫
dθ⃗

dP

dθ⃗

∫
dz

dV

dz
PdetfSFR , (9)

ρ̄2LSD = R0

∫
dθ⃗

dP

dθ⃗

∫
dz κ̄c

dV

dz
w̄2ρ2optPdetfSFR . (10)

Here θ⃗ = m1,m2 are the binary intrinsic parameters and
dP

dθ⃗
is the population model given by the “power law

+ peak” model (fiducial parameters in Ref. [81]). The
volume element, dV

dz is that of flat ΛCDM [64] and the
source distribution, fSFR(z), follows the star formation
rate [82], with a normalization R0 = 30Gpc−3yr−1 [83].
Pdet(w) is the fraction of detected sources, which depends
on the ratio of the detection threshold to the optimal

SNR w(z) = ρth/ρopt(z, θ⃗), with ρth = 8. Pdet and ρopt
are obtained using gwfast [84, 85]. The LSD-SNR de-
pends on the second moment w̄2 =

∫
dww2Pdet(w) and

κ̄c(z) ∝ fc.
The mass of the lens affects the total LSD-SNR by

changing the arrival time of secondary signals (Eq. 4)
relative to Tmin in the window function. Eq. (10) is valid
for 4GMl(1 + zl) ≫ Tmin: The effect of Ml is estimated

by multiplying ρ2LSD by 1
ρ̃2

∫∞
Tmin

dρ̃2

dt dt (Eq. 7), assuming

zS = 1 (below the typical source redshfit for future detec-
tors). Note that LSD includes lensed events where sec-

ondary signals are individually detected, ρ0
√
|µ−| > ρth.

Detection of the LSD or its absence provides compet-
itive limits on the abundance of compact objects with
M ≳ 103M⊙. Fig. 4 shows current lensing constraints
from quasars [86], stars [87–89], type Ia supernovae [90]
and GWs from LVK O3a [38], as well as expected limits
from fast radio bursts (FRBs) [91], GWs under single-
lens analysis [39, 40] and with LSD (90% c.l. and 1
year of observation). The lensing limits for M ≳ 300M⊙
will be dominated by lensed GWs in the near future.
Single-lens analyzes are more constraining for objects
with M ∼ (8πGf)−1. The improvement is due to wave-
optics lensing effects, which are excluded from the LSD
by signal windowing. Instead, for M ≫ (8πGf)−1,
LSD incorporates information from low-amplitude im-
ages, representing an order-of-magnitude gain in sensi-
tivity.

LSD constraints are complementary to other probes of
compact objects and dark matter. For comparison, Fig. 4
shows two model-dependent limits for primordial black
holes: current cosmic microwave background (CMB) ac-
cretion limits [92] and forecasted limits from merger rate
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FIG. 4. Potential of the LSD to constrain the abundance of
compact objects (thick dashed) for LVK-O5 (blue), ET (pur-
ple) and CE (light blue). For high masses, the LSD leads to
a factor ∼ 102 − 105 improvement over existing lensing lim-
its (solid). The gain is also substantial relative to the stan-
dard GW lensing analysis by the same network (thin dashed).
Model-dependent results for primordial black holes (dotted)
are shown for comparison, see text.

by ET [93]. Although stringent, these limits require dark
matter to be very compact and be present before recom-
bination. In contrast, LSD probes extended structures,
such as compact dark-matter halos and black holes of as-
trophysical origin. Then, the finite size prevents the for-
mation of additional images for offsets y ≳ ∆x−1, where
∆x = RL

DLθE
is the object’s size over its Einstein radius.

This allows objects with RL ≲ 1pc(ML/10
4M⊙)

1/2 to be
probed by LSD, ∼ 103 times larger than the CMB [94].
The effect of lens size can be determined accurately by
changing µ(y) in Eq. (7).4

Two potential targets of LSD are supermassive black
holes (SMBHs) and compact dark-matter halos. Both
ET and CE have the potential to probe SMBHs via
LSD, with ΩSMBHs/ΩDM ∼ 1.5 · 10−5 estimated from
the quasar luminosity function [95, 96]. Other systems,
such as lensed gamma-ray bursts, suggest the existence
of compact lenses whose mass and abundance could be
further probed by LSD [97–99]. Beyond detection, the
temporal distribution of the LSD (Eq. 7) can be used to
constrain the mass function of compact structures.

4 A cutoff for secondary images in yl causes a drop in the LSD
after a characteristic delay (Eq. 4), whose observation can con-
strain the lens properties. Non-singular lenses also form central
images [35], whose short time delay may introduce wave-optics

distortions. The analysis here can be extended by replacing h†
0

with the distorted waveform from the extended lens.
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V. DISCUSSION

Lens stochastic diffraction (LSD) is a new signature
of compact lenses in GW data, sensitive to objects with
M ≫ (Gf)−1. After a GW event, it manifests itself
as multiple secondary signals, each a phase-shifted faint
copy of the main event (Figs. 1,2). The delays follow a
Poisson distribution, depending on the object’s mass and
abundance. Secondary signals can only be individually
identified if a lens is closely aligned with the source. How-
ever, considering these signals collectively enables LSD to
effectively probe compact objects.

LSD can detect compact lenses more efficiently than
single lens analysis of GWs and electromagnetic tran-
sients for ML ≳ 102 − 103M⊙ (Fig. 4). While the
CMB is a more powerful test of primordial black holes,
LSD is sensitive compact dark-matter halos and objects
formed after recombination. It complements existing
methods [94, 100, 101] and can target specific theories,
such as compact axion structures [102]. Beyond ground
GW interferometers, space detectors like LISA [103, 104]
can leverage the high SNR and redshift of massive black
hole mergers.

Several challenges must be addressed to extract the
LSD signature from real data. Uncertainties in the main
signal (from parameter estimation, differences in the lens
model) will degrade the SNR by the mismatch between
the true and assumed waveforms. Astrophysical GW

backgrounds provide a source of confusion with LDS sig-
nals. Among the unresolved events, some will have in-
trinsic parameters and sky localization similar enough to
the main signal to be confused with LSD (analogous to
the issue of false alarm probability in strongly imaged
events [26, 105]). The LSD can be distinguished by ex-
ploiting the correlation with resolved signals, which are
absent in stochastic backgrounds. Further improvements
are expected by incorporating techniques for stochastic
backgrounds that leverage waveform information [106–
109]. These methods will alleviate the impact of data
glitches and contamination from GW backgrounds.
LSD has interesting connections to strong lensing

and microlensing. The time distribution of secondary
images (whether they appear after, around, or before
the primary signal) could be used to reveal the image
type [110, 111]. Most interestingly, extending the anal-
ysis to the wave-optics regime will provide insights into
lighter lenses, including signatures of stars in multiply
imaged GWs [112–120].
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M. Schäfer, R. Dhurkunde, and C. D. Capano, 4-
OGC: Catalog of Gravitational Waves from Com-
pact Binary Mergers, Astrophys. J. 946, 59 (2023),
arXiv:2112.06878 [astro-ph.HE].

[15] S. Olsen, T. Venumadhav, J. Mushkin, J. Roulet, B. Za-
ckay, and M. Zaldarriaga, New binary black hole merg-
ers in the LIGO-Virgo O3a data, Phys. Rev. D 106,
043009 (2022), arXiv:2201.02252 [astro-ph.HE].

[16] A. K. Mehta, S. Olsen, D. Wadekar, J. Roulet, T. Venu-
madhav, J. Mushkin, B. Zackay, and M. Zaldarriaga,
New binary black hole mergers in the LIGO-Virgo O3b
data, (2023), arXiv:2311.06061 [gr-qc].

[17] O. A. Hannuksela, K. Haris, K. K. Y. Ng, S. Kumar,
A. K. Mehta, D. Keitel, T. G. F. Li, and P. Ajith, Search
for gravitational lensing signatures in LIGO-Virgo bi-
nary black hole events, Astrophys. J. Lett. 874, L2
(2019), arXiv:1901.02674 [gr-qc].

[18] C. McIsaac, D. Keitel, T. Collett, I. Harry, S. Mozzon,
O. Edy, and D. Bacon, Search for strongly lensed coun-
terpart images of binary black hole mergers in the first
two LIGO observing runs, Phys. Rev. D 102, 084031
(2020), arXiv:1912.05389 [gr-qc].

[19] L. Dai, B. Zackay, T. Venumadhav, J. Roulet, and
M. Zaldarriaga, Search for Lensed Gravitational Waves
Including Morse Phase Information: An Intriguing Can-
didate in O2, (2020), arXiv:2007.12709 [astro-ph.HE].

[20] A. K. Y. Li, J. C. L. Chan, H. Fong, A. H. Y.
Chong, A. J. Weinstein, and J. M. Ezquiaga, TESLA-X:
An effective method to search for sub-threshold lensed
gravitational waves with a targeted population model,
(2023), arXiv:2311.06416 [gr-qc].

[21] R. Abbott et al. (LIGO Scientific, VIRGO, KAGRA),
Search for gravitational-lensing signatures in the full
third observing run of the LIGO-Virgo network, (2023),
arXiv:2304.08393 [gr-qc].

[22] J. Janquart et al., Follow-up analyses to the O3
LIGO–Virgo–KAGRA lensing searches, Mon. Not. Roy.
Astron. Soc. 526, 3832 (2023), arXiv:2306.03827 [gr-qc].

[23] L. Dai, T. Venumadhav, and K. Sigurdson, Effect of
lensing magnification on the apparent distribution of
black hole mergers, Phys. Rev. D 95, 044011 (2017),
arXiv:1605.09398 [astro-ph.CO].

[24] K. K. Y. Ng, K. W. K. Wong, T. Broadhurst, and
T. G. F. Li, Precise LIGO Lensing Rate Predictions for
Binary Black Holes, Phys. Rev. D 97, 023012 (2018),
arXiv:1703.06319 [astro-ph.CO].

[25] M. Oguri, Effect of gravitational lensing on the distri-
bution of gravitational waves from distant binary black
hole mergers, Mon. Not. Roy. Astron. Soc. 480, 3842
(2018), arXiv:1807.02584 [astro-ph.CO].

[26] A. R. A. C. Wierda, E. Wempe, O. A. Hannuksela,
L. e. V. E. Koopmans, and C. Van Den Broeck, Be-
yond the Detector Horizon: Forecasting Gravitational-
Wave Strong Lensing, Astrophys. J. 921, 154 (2021),
arXiv:2106.06303 [astro-ph.HE].

[27] G. P. Smith, A. Robertson, G. Mahler, M. Nicholl,
D. Ryczanowski, M. Bianconi, K. Sharon, R. Massey,
J. Richard, and M. Jauzac, Discovering gravitationally
lensed gravitational waves: predicted rates, candidate
selection, and localization with the Vera Rubin Obser-
vatory, Mon. Not. Roy. Astron. Soc. 520, 702 (2023),
arXiv:2204.12977 [astro-ph.HE].

[28] R. Takahashi and T. Nakamura, Wave effects in grav-
itational lensing of gravitational waves from chirping
binaries, Astrophys. J. 595, 1039 (2003), arXiv:astro-
ph/0305055.

[29] F. Xu, J. M. Ezquiaga, and D. E. Holz, Please Repeat:
Strong Lensing of Gravitational Waves as a Probe of
Compact Binary and Galaxy Populations, Astrophys.
J. 929, 9 (2022), arXiv:2105.14390 [astro-ph.CO].

[30] S. Jana, S. J. Kapadia, T. Venumadhav, and P. Ajith,
Cosmography Using Strongly Lensed Gravitational
Waves from Binary Black Holes, Phys. Rev. Lett. 130,
261401 (2023), arXiv:2211.12212 [astro-ph.CO].

[31] S. Goyal, K. Haris, A. K. Mehta, and P. Ajith, Test-
ing the nature of gravitational-wave polarizations us-
ing strongly lensed signals, Phys. Rev. D 103, 024038
(2021), arXiv:2008.07060 [gr-qc].

[32] S. Goyal, A. Vijaykumar, J. M. Ezquiaga, and M. Zu-
malacarregui, Probing lens-induced gravitational-wave
birefringence as a test of general relativity, Phys. Rev.
D 108, 024052 (2023), arXiv:2301.04826 [gr-qc].

[33] J. M. Diego, Constraining the abundance of primordial
black holes with gravitational lensing of gravitational
waves at LIGO frequencies, Phys. Rev. D 101, 123512
(2020), arXiv:1911.05736 [astro-ph.CO].

[34] H. Gil Choi, C. Park, and S. Jung, Small-scale shear:
peeling off diffuse subhalos with gravitational waves,
(2021), arXiv:2103.08618 [astro-ph.CO].

[35] G. Tambalo, M. Zumalacárregui, L. Dai, and M. H.-Y.
Cheung, Gravitational wave lensing as a probe of halo
properties and dark matter, (2022), arXiv:2212.11960
[astro-ph.CO].

[36] J. Gais, K. K. Y. Ng, E. Seo, K. W. K. Wong, and
T. G. F. Li, Inferring the Intermediate-mass Black
Hole Number Density from Gravitational-wave Lens-
ing Statistics, Astrophys. J. Lett. 932, L4 (2022),
arXiv:2201.01817 [gr-qc].

[37] P. Christian, S. Vitale, and A. Loeb, Detecting Stel-
lar Lensing of Gravitational Waves with Ground-
Based Observatories, Phys. Rev. D 98, 103022 (2018),
arXiv:1802.02586 [astro-ph.HE].

[38] S. Basak, A. Ganguly, K. Haris, S. Kapadia, A. K.
Mehta, and P. Ajith, Constraints on Compact Dark
Matter from Gravitational Wave Microlensing, Astro-
phys. J. Lett. 926, L28 (2022), arXiv:2109.06456 [gr-qc].

[39] S. Jung and C. S. Shin, Gravitational-Wave Fringes at
LIGO: Detecting Compact Dark Matter by Gravita-
tional Lensing, Phys. Rev. Lett. 122, 041103 (2019),
arXiv:1712.01396 [astro-ph.CO].

[40] H. Gil Choi, S. Jung, P. Lu, and V. Takhistov, Co-
Existence Test of Primordial Black Holes and Particle
Dark Matter, (2023), arXiv:2311.17829 [astro-ph.CO].

[41] M. Oguri and R. Takahashi, Probing Dark Low-mass
Halos and Primordial Black Holes with Frequency-
dependent Gravitational Lensing Dispersions of Grav-
itational Waves, Astrophys. J. 901, 58 (2020),
arXiv:2007.01936 [astro-ph.CO].

[42] M. Oguri and R. Takahashi, Amplitude and phase fluc-
tuations of gravitational waves magnified by strong
gravitational lensing, Phys. Rev. D 106, 043532 (2022),
arXiv:2204.00814 [astro-ph.CO].

[43] M. Fairbairn, J. Urrutia, and V. Vaskonen, Microlens-
ing of gravitational waves by dark matter structures,
(2022), arXiv:2210.13436 [astro-ph.CO].

[44] J. Urrutia and V. Vaskonen, Lensing of gravitational

https://arxiv.org/abs/2111.03606
https://doi.org/10.3847/1538-4357/aca591
https://arxiv.org/abs/2112.06878
https://doi.org/10.1103/PhysRevD.106.043009
https://doi.org/10.1103/PhysRevD.106.043009
https://arxiv.org/abs/2201.02252
https://arxiv.org/abs/2311.06061
https://doi.org/10.3847/2041-8213/ab0c0f
https://doi.org/10.3847/2041-8213/ab0c0f
https://arxiv.org/abs/1901.02674
https://doi.org/10.1103/PhysRevD.102.084031
https://doi.org/10.1103/PhysRevD.102.084031
https://arxiv.org/abs/1912.05389
https://arxiv.org/abs/2007.12709
https://arxiv.org/abs/2311.06416
https://arxiv.org/abs/2304.08393
https://doi.org/10.1093/mnras/stad2909
https://doi.org/10.1093/mnras/stad2909
https://arxiv.org/abs/2306.03827
https://doi.org/10.1103/PhysRevD.95.044011
https://arxiv.org/abs/1605.09398
https://doi.org/10.1103/PhysRevD.97.023012
https://arxiv.org/abs/1703.06319
https://doi.org/10.1093/mnras/sty2145
https://doi.org/10.1093/mnras/sty2145
https://arxiv.org/abs/1807.02584
https://doi.org/10.3847/1538-4357/ac1bb4
https://arxiv.org/abs/2106.06303
https://doi.org/10.1093/mnras/stad140
https://arxiv.org/abs/2204.12977
https://doi.org/10.1086/377430
https://arxiv.org/abs/astro-ph/0305055
https://arxiv.org/abs/astro-ph/0305055
https://doi.org/10.3847/1538-4357/ac58f8
https://doi.org/10.3847/1538-4357/ac58f8
https://arxiv.org/abs/2105.14390
https://doi.org/10.1103/PhysRevLett.130.261401
https://doi.org/10.1103/PhysRevLett.130.261401
https://arxiv.org/abs/2211.12212
https://doi.org/10.1103/PhysRevD.103.024038
https://doi.org/10.1103/PhysRevD.103.024038
https://arxiv.org/abs/2008.07060
https://doi.org/10.1103/PhysRevD.108.024052
https://doi.org/10.1103/PhysRevD.108.024052
https://arxiv.org/abs/2301.04826
https://doi.org/10.1103/PhysRevD.101.123512
https://doi.org/10.1103/PhysRevD.101.123512
https://arxiv.org/abs/1911.05736
https://arxiv.org/abs/2103.08618
https://arxiv.org/abs/2212.11960
https://arxiv.org/abs/2212.11960
https://doi.org/10.3847/2041-8213/ac7052
https://arxiv.org/abs/2201.01817
https://doi.org/10.1103/PhysRevD.98.103022
https://arxiv.org/abs/1802.02586
https://doi.org/10.3847/2041-8213/ac4dfa
https://doi.org/10.3847/2041-8213/ac4dfa
https://arxiv.org/abs/2109.06456
https://doi.org/10.1103/PhysRevLett.122.041103
https://arxiv.org/abs/1712.01396
https://arxiv.org/abs/2311.17829
https://doi.org/10.3847/1538-4357/abafab
https://arxiv.org/abs/2007.01936
https://doi.org/10.1103/PhysRevD.106.043532
https://arxiv.org/abs/2204.00814
https://arxiv.org/abs/2210.13436


7

waves as a probe of compact dark matter, Mon. Not.
Roy. Astron. Soc. 509, 1358 (2021), arXiv:2109.03213
[astro-ph.CO].

[45] J. Urrutia, V. Vaskonen, and H. Veermäe, Gravitational
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