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We introduce protocols to prepare many-body quantum states with quantum circuits assisted
by local operations and classical communication. We show that by lifting the requirement of exact
preparation, one can substantially save resources. In particular, the so-called W and, more generally,
Dicke states require a circuit depth and number of ancillas per site that are independent of the system
size. As a biproduct of our work, we introduce an efficient scheme to implement certain non-local,
non-Clifford unitary operators. We also discuss how similar ideas my be applied in the preparation
of eigenstates of well-known spin models, both free and interacting.

Introduction.— The preparation of many-body quan-
tum states plays a pivotal role in quantum simulation [1].
On the one hand, some of those states are required to ex-
ploit the field of quantum sensing [2], quantum commu-
nication [3], or play a crucial role in quantum informa-
tion theory [4]. On the other, they allow to investigate
quantum many-body systems, extracting properties that
otherwise are difficult to compute. Furthermore, some of
them can be useful to initialize quantum algorithms that
prepare ground states [5–7] or thermal states [8–12].

As current noisy intermediate-scale quantum (NISQ)
devices [13] are limited in the number of qubits and the
coherence time, it is very important to devise efficient
preparation schemes making use of the minimum amount
of resources. Following early ideas [14, 15], an emerging
theme is that preparation protocols using unitary cir-
cuits can be improved making use of additional ancillas,
measurements, and feedforward operations, notably in
the context of topological order [16–29]. These ingredi-
ents are very natural from the point of view of quantum
information, where they are called local operations and
classical communication (LOCC) [4].

The main goal of this work is to introduce novel proto-
cols that save additional resources as compared to exist-
ing schemes. As we show, this is achieved by relaxing the
condition of preparing the states exactly and determin-
istically. This does not cause any disadvantage since for
any realistic device exact preparation will never be possi-
ble. A cornerstone of our schemes is a non-local unitary
operation that can be efficiently implemented and that,
in contrast to those introduced in Ref. [16], is not Clif-
ford [31, 32]. We also show how this operation can help
to save resources by creating one-by-one excitations in
spin systems.

In this letter, we identify as resources the depth D of
the quantum circuit (QC), the number of experimental
repetitions Nr, and the number of ancillas per qubit Na

needed in order to produce an infidelity I = ε. It is im-
portant to carefully define the depth of the circuit, which
will be done later. We anticipate that, contrary to some
of the protocols in Ref. [16], we will only allow for LOCC

Ref. D Na Nr

W

Result 3 O(ln ln 1/ε) 1 O(1)

Result 3 O(1) O(ln ln 1/ε) O(1)

Result 4 O(1) 1 O(1/
√
ε)

Ref. [30] O(1) O(lnN) 1

Dicke

Result 3 O(1) O(ℓM,ε) O(
√
M)

Result 3 O(ℓM,ε) 1 O(
√
M)

Result 5 O(M1/4ℓ2M,ε) 1 + ℓM,ε/N 1

Ref. [30] O(1) O(N lnN) 1

TABLE I. Summary of our results and comparison with pre-
vious work [M : number of excitations; ε: infidelity]. The re-
sources are the depth D (including LOCC, if applicable) the
number of ancillas per site Na and of repetitions Nr. A trade-
off is possible in some cases, and we give variants optimizing
either D, Na, or Nr [ℓM,ε is defined in Eqs. (4) and (6) for Re-

sults 3 and 5, respectively]. Ref. [30] allows for M = O(
√
N)

while, for arbitrary M , Na = O(Poly(N)), D = O(lnN).

where all the measurements are executed in parallel. We
also note that, in our schemes, one can trade among dif-
ferent resources, but we will be mostly concerned with
saving Na and D, which are arguably more important
for the first generation of quantum computers.
Our main result is to show how to prepare the N -qubit

Dicke states [33]

|W (M)⟩ = Z−1
M (S+)M |0 . . . 0⟩ , (1)

where S± =
∑N

m=1 σ
±
m, ZM is a normalization fac-

tor, while σ±
m are the ladder operators at position m.

The states (1) are eigenstates of the Dicke Hamiltonian
HD = S+S−+S−S+, whereM = 0, . . . , N is the number
of excitations. They are prototypical examples of low-
entangled states which can not be prepared with finite
circuit depth (in the thermodynamic limit) by local uni-
tary circuits [16, 34]. In addition, the Dicke state with
one excitation, called the W state, plays an important
role in quantum information theory [35].

The preparation of Dicke states with LOCC has been
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previously considered in the literature. In Ref. [16] a pro-
tocol was proposed to prepare the W state that uses a
QC with D = O(1), but requires sequential use of LOCC,
i.e. a O(N) preparation time. In Ref. [30] an ingenious
approach was introduced to deterministically prepare the
W and Dicke states with constant depth but Na scaling
with N . Instead, the protocols developed in this work al-
low, for any fixed desired infidelity and a constant num-
ber of excitations, N -independent resources (Table I).
Our approach is very different from that of Ref. [30] and
arguably simpler. The idea is that the Dicke state may be
obtained by measuring the total number of excitations,
starting from some suitable unentangled (and thus, easily
prepared) initial state.

We also discuss how similar ideas may be useful to
prepare certain states of interest in many-body physics.
We consider the eigenstates of the XX Hamiltonian
and present a deterministic preparation protocol with
D = O(MN), where M is the number of excitations.
While our protocol is less efficient than the state-of-the-
art unitary algorithm requiring O(N) depth [36–38], our
method is of interest as it is in principle applicable to
more general states and could lead to further improve-
ment or generalizations. Finally, we also discuss how
extension of our ideas may allow one to prepare eigen-
states of interacting spin chains, including the so-called
Richardson-Gaudin model [39, 40].

Non-Clifford unitaries from QCs and LOCC.— We
consider N qubits in one spatial dimension. The associ-
ated Hilbert space is H = H⊗N

2 , with H2 ≃ C2, while we
denote by {|0⟩, |1⟩} the computational basis. We attach
to each qubit Na ancillas. Then, we define the local QCs
as the unitaries W = Wℓ . . .W2V1, where each “layer”
Wn contains quantum gates acting on disjoint pairs of
nearest-neighbor qubits and possibly the associated an-
cillas. In between each layer, we allow for LOCC con-
sisting of a round of measurements executed in parallel,
classical processing of the outcomes and local corrections
(executed in parallel). We define the circuit depth as the
total number of unitary layers and LOCC steps.

We begin by showing how to implement non-Clifford
operations of the form

V = |0⟩b⟨0| ⊗ U (0) + |1⟩b⟨1| ⊗ U (1) , (2)

where U (k) = ⊗N
j=1Uk,j and Uk,j act on system qubit j,

with k = 0, 1. Here, |±⟩ = (|0⟩ ± |1⟩)/
√
2, while b is the

ancilla placed at position 1. We prove the following:

Result 1. V can be implemented deterministically (Nr =
1), using Na = 1 and D = 6.

Given the (unnormalized) joint input state |0⟩b |ψ0⟩ +
|1⟩b |ψ1⟩, the QC implementing V is depicted in Fig. 1
and detailed below. In the first layer, the circuit creates
maximally entangled pairs between neighboring ancillas
|Φ+⟩2j,2j+1 (j = 1, 2, . . . , N/2−1). Second, CNOT2j−1,2j
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<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H

<latexit sha1_base64="IS1Hgf9Ion63JyG9DwYo6mu7Nww=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRFqseiF48VbC00sUy223bpZrPsboQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8SHKmjed9O4W19Y3NreJ2aWd3b/+gfHjU1kmqCG2RhCeqE6GmnAnaMsxw2pGKYhxx+hCNb2b+wxNVmiXi3kwkDWMcCjZgBI2Vgs5jFiCXI+zVpr1yxat6c7irxM9JBXI0e+WvoJ+QNKbCEI5ad31PmjBDZRjhdFoKUk0lkjEOaddSgTHVYTa/eeqeWaXvDhJlSxh3rv6eyDDWehJHtjNGM9LL3kz8z+umZnAVZkzI1FBBFosGKXdN4s4CcPtMUWL4xBIkitlbXTJChcTYmEo2BH/55VXSrlX9erV+d1FpXOdxFOEETuEcfLiEBtxCE1pAQMIzvMKbkzovzrvzsWgtOPnMMfyB8/kD6FqRng==</latexit>

X↵2

<latexit sha1_base64="S/F3LUKZNu2U9n1yULLyF5/Wcv8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRSqseiF48VbC00sUy223bpZrPsboQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8SHKmjed9O4W19Y3NreJ2aWd3b/+gfHjU1kmqCG2RhCeqE6GmnAnaMsxw2pGKYhxx+hCNb2b+wxNVmiXi3kwkDWMcCjZgBI2Vgs5jFiCXI+zVpr1yxat6c7irxM9JBXI0e+WvoJ+QNKbCEI5ad31PmjBDZRjhdFoKUk0lkjEOaddSgTHVYTa/eeqeWaXvDhJlSxh3rv6eyDDWehJHtjNGM9LL3kz8z+umZnAVZkzI1FBBFosGKXdN4s4CcPtMUWL4xBIkitlbXTJChcTYmEo2BH/55VXSvqj69Wr9rlZpXOdxFOEETuEcfLiEBtxCE1pAQMIzvMKbkzovzrvzsWgtOPnMMfyB8/kD62SRoA==</latexit>

X↵4

<latexit sha1_base64="HQd6T1x+DWnCecq/3Xyf1pmmiH4=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/YA2lM1m067dZMPupFBK/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jco04w2mpNLtgBouRcIbKFDydqo5jQPJW8Hwbua3RlwboZJHHKfcj2k/EZFgFK3U7I5ChaZXKrsVdw6ySryclCFHvVf66oaKZTFPkElqTMdzU/QnVKNgkk+L3czwlLIh7fOOpQmNufEn82un5NwqIYmUtpUgmau/JyY0NmYcB7Yzpjgwy95M/M/rZBjd+BORpBnyhC0WRZkkqMjsdRIKzRnKsSWUaWFvJWxANWVoAyraELzll1dJ87LiVSvVh6ty7TaPowCncAYX4ME11OAe6tAABk/wDK/w5ijnxXl3Phata04+cwJ/4Hz+AM8Bj00=</latexit>...

<latexit sha1_base64="5kqRJdFHkf5KOctxTmFQW2iER3w=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xyiPCSmaHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp7uEx7hZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9C/9lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGWdmrlCu356XqVRZHHo7gGE7Bgwuowg3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AP4WNyw==</latexit>

Zp

FIG. 1. Quantum circuit implementing the unitary in Eq. (2)
(the exchange of bits via classical communication is not
shown). Physical and ancillary input qubits are denoted by
blue and orange circles, respectively. X and Z are Pauli op-
erators, whose exponents αj , pj and p are defined in the main
text, together with Vj . All measurements are in the Z-basis.

gates are applied over pairs of ancillas, except for the last
one, j = 1, . . . , (N/2 − 1). This layer is followed by a
LOCC step: we measure all even ancillas in the Z-basis,
obtaining measurement outcomes α2j ∈ {0, 1}, and apply
local Pauli corrections Xpk

k over all odd ancillas k ≥ 3,
where pk =

∑
2j<k α2j . At the same time, the decoupled

even ancillas are rotated to the |0⟩2j state. We then apply
another layer of CNOT2j−1,2j , j = 1, . . . , N/2 to all an-

cilla pairs, yielding the joint state |0⟩⊗N |ψ0⟩+|1⟩⊗N |ψ1⟩,
and proceed by applying to each ancilla and system qubit
the control unitary Vj = |0⟩⟨0| ⊗U0,j + |1⟩⟨1| ⊗U1,j . Fi-
nally, we perform a LOCC step: we measure all ancillas
except b in the |±⟩ basis, yielding the outcomes {βj}Nj=2

and apply Zp
b where p is the parity of

∑
j βj . This yields

|0⟩b U (0) |ψ0⟩+ |1⟩b U (1) |ψ1⟩ [41].
Measuring the number of excitations.— The uni-

tary (2) is the key ingredient to our preparation protocol
for the Dicke state, as it allows for an efficient measure-
ment of the number of excitations. Consider the state
|ψ⟩ and let us define the excitation number Ne =

∑
j nj ,

where nj = (1 − σz
j )/2. Denoting by Πj the projector

onto the eigenspace of Ne associated with the eigenvalue
j, we wish to implement the corresponding measurement.
It turns out that it is possible to implement a closely re-
lated measurement using shallow QCs and LOCC, corre-
sponding to the projectors Πℓ

j =
∑

i∈T ℓ
j
Πi where T ℓ

j is

the set of indices i such that i ≡ j (mod 2ℓ). In particu-
lar, we obtain the following:

Result 2. The measurement corresponding to the set
{Πℓ

j}j can be implemented using a circuit with D = O(ℓ),
Na = 1 and ℓ additional ancillas.

The circuit implementing this measurement is repre-
sented in Fig. 2. Attaching all ℓ ancillas, initialized
in |0⟩, to the first site, the circuit applies to each of
them, sequentially, a controlled operator consisting of
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<latexit sha1_base64="4irjCn0d6X2GS8bFeElvIOkF91g=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyURqR6LXjxWsB/QhjDZbtulm03Y3Qg19pd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YcKZ0q77bRXW1jc2t4rbpZ3dvf2yfXDYUnEqCW2SmMeyE6KinAna1Exz2kkkxSjktB2Ob2Z++4FKxWJxrycJ9SMcCjZgBLWRArv85PYkiiGnQYaBNw3silt153BWiZeTCuRoBPZXrx+TNKJCE45KdT030X6GUjPC6bTUSxVNkIxxSLuGCoyo8rP54VPn1Ch9ZxBLU0I7c/X3RIaRUpMoNJ0R6pFa9mbif1431YMrP2MiSTUVZLFokHJHx84sBafPJCWaTwxBIpm51SEjlEi0yapkQvCWX14lrfOqV6vW7i4q9es8jiIcwwmcgQeXUIdbaEATCKTwDK/wZj1aL9a79bFoLVj5zBH8gfX5A56QkxU=</latexit>|0ia1

<latexit sha1_base64="tIYqO1m6ma+myfTBwcOpAQN0dSg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUDbbabt0s1l2N0KJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZeJDnTxvO+ncLa+sbmVnG7tLO7t39QPjxq6SRVFJs04YnqREQjZwKbhhmOHamQxBHHdjS+nfntR1SaJeLBTCSGMRkKNmCUGCsFT4HULFBEDDn2yhWv6s3hrhI/JxXI0eiVv4J+QtMYhaGcaN31PWnCjCjDKMdpKUg1SkLHZIhdSwWJUYfZ/Oape2aVvjtIlC1h3Ln6eyIjsdaTOLKdMTEjvezNxP+8bmoG12HGhEwNCrpYNEi5axJ3FoDbZwqp4RNLCFXM3urSEVGEGhtTyYbgL7+8SloXVb9Wrd1fVuo3eRxFOIFTOAcfrqAOd9CAJlCQ8Ayv8Oakzovz7nwsWgtOPnMMf+B8/gBvzZH2</latexit>| i <latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·

<latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·

<latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·

<latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·
<latexit sha1_base64="HQd6T1x+DWnCecq/3Xyf1pmmiH4=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/YA2lM1m067dZMPupFBK/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jco04w2mpNLtgBouRcIbKFDydqo5jQPJW8Hwbua3RlwboZJHHKfcj2k/EZFgFK3U7I5ChaZXKrsVdw6ySryclCFHvVf66oaKZTFPkElqTMdzU/QnVKNgkk+L3czwlLIh7fOOpQmNufEn82un5NwqIYmUtpUgmau/JyY0NmYcB7Yzpjgwy95M/M/rZBjd+BORpBnyhC0WRZkkqMjsdRIKzRnKsSWUaWFvJWxANWVoAyraELzll1dJ87LiVSvVh6ty7TaPowCncAYX4ME11OAe6tAABk/wDK/w5ijnxXl3Phata04+cwJ/4Hz+AM8Bj00=</latexit>...

<latexit sha1_base64="Obt4GUsKZBb/Po58hRN8DQRVCeY=">AAAB+HicbVBNS8NAEN34WetHox69BIvgqSRFqseiF48V7Ae0IUy203bpZhN2N0KN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemHCmtOt+W2vrG5tb24Wd4u7e/kHJPjxqqTiVFJs05rHshKCQM4FNzTTHTiIRopBjOxzfzPz2A0rFYnGvJwn6EQwFGzAK2kiBXXpyexLEkGOQQVCdBnbZrbhzOKvEy0mZ5GgE9levH9M0QqEpB6W6nptoPwOpGeU4LfZShQnQMQyxa6iACJWfzQ+fOmdG6TuDWJoS2pmrvycyiJSaRKHpjECP1LI3E//zuqkeXPkZE0mqUdDFokHKHR07sxScPpNINZ8YAlQyc6tDRyCBapNV0YTgLb+8SlrViler1O4uyvXrPI4COSGn5Jx45JLUyS1pkCahJCXP5JW8WY/Wi/VufSxa16x85pj8gfX5A6AVkxY=</latexit>|0ia2

<latexit sha1_base64="DKDI9UKA2cKree4Uez8KBDt/hyQ=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIVI9FLx4r2A9oQ9hsJ+3SzSbsbsQS81e8eFDEq3/Em//GbZuDtj4YeLw3w8y8IOFMacf5tkpr6xubW+Xtys7u3v6BfVjtqDiVFNo05rHsBUQBZwLammkOvUQCiQIO3WByM/O7DyAVi8W9nibgRWQkWMgo0Uby7eqTM5BEjDj4GfEHwHnu2zWn7syBV4lbkBoq0PLtr8EwpmkEQlNOlOq7TqK9jEjNKIe8MkgVJIROyAj6hgoSgfKy+e05PjXKEIexNCU0nqu/JzISKTWNAtMZET1Wy95M/M/rpzq88jImklSDoItFYcqxjvEsCDxkEqjmU0MIlczciumYSEK1iatiQnCXX14lnfO626g37i5qzesijjI6RifoDLnoEjXRLWqhNqLoET2jV/Rm5daL9W59LFpLVjFzhP7A+vwBQsOUmw==</latexit>|0ia`

<latexit sha1_base64="FysrTYwHuqHzIlqnysDsU8IZ8Tw=">AAAB8XicbVBNTwIxEJ31E/EL9eilkZjghewagx6JXjxi4gIRVtItXWhou5u2a0I2/AsvHjTGq//Gm//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbBa2its7u3v7pYPDpo5TRahPYh6rdog15UxS3zDDaTtRFIuQ01Y4upn6rSeqNIvlvRknNBB4IFnECDZWevAfs4p3NrHVK5XdqjsDWiZeTsqQo9ErfXX7MUkFlYZwrHXHcxMTZFgZRjidFLuppgkmIzygHUslFlQH2eziCTq1Sh9FsbIlDZqpvycyLLQei9B2CmyGetGbiv95ndREV0HGZJIaKsl8UZRyZGI0fR/1maLE8LElmChmb0VkiBUmxoZUtCF4iy8vk+Z51atVa3cX5fp1HkcBjuEEKuDBJdThFhrgAwEJz/AKb452Xpx352PeuuLkM0fwB87nD5+Jj5g=</latexit>

U (1)(1)
<latexit sha1_base64="8wr8PkgFhlhDv5i5PuvA+AWW17w=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmICF9ISgh6JXjxiYoEIlWyXLWzYbpvdrQlp+BdePGiMV/+NN/+NC/Sg4EsmeXlvJjPz/JgzpW3728ptbG5t7+R3C3v7B4dHxeOTtooSSahLIh7Jro8V5UxQVzPNaTeWFIc+px1/cjP3O09UKhaJez2NqRfikWABI1gb6cF9TMtOZVauVQbFkl21F0DrxMlICTK0BsWv/jAiSUiFJhwr1XPsWHsplpoRTmeFfqJojMkEj2jPUIFDqrx0cfEMXRhliIJImhIaLdTfEykOlZqGvukMsR6rVW8u/uf1Eh1ceSkTcaKpIMtFQcKRjtD8fTRkkhLNp4ZgIpm5FZExlphoE1LBhOCsvrxO2rWq06g27uql5nUWRx7O4BzK4MAlNOEWWuACAQHP8ApvlrJerHfrY9mas7KZU/gD6/MHoQ6PmQ==</latexit>

U (1)(2)
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QFT�1

FIG. 2. Quantum circuit with D = O(ℓ) implementing the
measurements corresponding to {Πℓ

j}j . The bottom thick line
corresponds to the physical Hilbert space of N qubits, while
ℓ ancillas are attached to the first qubit. Each control-U op-
eration is implemented with depth O(1) via the unitary V in
Eq. (2). All measurements are performed in the Z-basis.

the unitary operation V in Eq. (2) with U (0) = 11 and
U (1) = U (1)(x) = ei2πNe/2

x

, where x = 1, . . . , ℓ cor-
responding to each ancilla. At the end of the circuit,
an inverse Quantum Fourier Transform (QFT) is ap-
plied to the ℓ ancillas. This unitary requires depth
D = O(ℓ) [42] (even assuming 1D locality constrains). It
is easy to see that these operations map a state |ψ⟩ into∑1

i1,...,iℓ=0 |i1, . . . , iℓ⟩ ⊗ Πℓ
i |ψ⟩, where i1 · · · iℓ is the bi-

nary representation of i. The desired measurement, with
the expected probability distribution, is then achieved by
performing a projective measurement onto the ℓ ancillas.

Note that U (1)(x) = [U (1)(ℓ)]2
ℓ−x

, and thus the protocol
is the same of the phase estimation algorithm [43], with
the difference that |ψ⟩ is not an eigenstate for U (1)(ℓ).

Preparation of Dicke states.— We are now in a posi-
tion to describe our protocol for the preparation of the
Dicke state |W (M)⟩. Fixing M ≤ N/2, set p = M/N
and define |Ψ(p)⟩ = (

√
1− p |0⟩ + √

p |1⟩)⊗Nwhich can
be trivially prepared with D = 1. Now, if we could per-
form a measurement of the number of excitations and
force the outcome to M , then we would obtain |W (M)⟩.
This is because of the identity

|Ψ(p)⟩ =
N∑
e=0

[(
N

e

)
pe(1− p)N−e

]1/2
|W (e)⟩ , (3)

which implies ΠM |Ψ(p)⟩ ∝ |W (M)⟩. Based on this ob-
servation and our previous results, it is easy to devise
a preparation scheme. The idea is to perform a mea-
surement corresponding to the projectors {Πℓ

j}j for suf-
ficiently large ℓ, and repeat the procedure Nr times until
we get the desired measurement outcome M . At the
end of this procedure we obtain a final state |ψℓ⟩ ∝
Πℓ

M |Ψ(p)⟩. The accuracy of the protocol is controlled by
the infidelity I = |1− | ⟨W (M)|ψ2

ℓ ⟩ |2|, while the number
of repetitions depends on the probability PM of obtain-
ing the outcome M . By inspection of the state (3), we

find I ∼ e−2ℓ , PM ∼M−1/2 [44], and we arrive at:

Result 3 (Preparation of Dicke states). Up to an in-
fidelity I = ε, the Dicke state |W (M)⟩ can be prepared

with Nr = O(
√
M), Na = 1, D = O(ℓM,ε) and ℓM,ε

additional ancillas, where

ℓM,ε = max
{
log2(4M), 1 + log2 ln(

√
8πM/ε)

}
. (4)

Alternatively, by slight modifications of the protocol, it is
not difficult to show that one can trade the depth with the
number of ancillas, realizing a circuit with Na = O(ℓM,ε),

Nr = O(
√
M), D = O(1) [44], cf. Table I. Note that both

the number of repetitions and the depth of the circuit do
not scale with the system size.

The W state.— For M = 1, the above construc-
tion gives us an efficient preparation protocol for the W
state. In this case, there exists an alternative construc-
tion which, while less efficient, is simpler and could be
of interest for implementation in current NISQ devices.
The idea is to prepare the product state (

√
1− δ/N |0⟩+√

δ/N |1⟩)⊗N , and then simply measure the parity of the
excitations. The protocol is considered to be successful if
the outcome is odd, in which case it yields a state which
we call |Φ(δ)⟩. Denoting by |W ⟩ theW state, it is easy to
see that |1− | ⟨W |Φ(δ)⟩ |2 ≤ δ2/4 and that the probabil-
ity of success is larger than δ/2. On the other hand, the
measurement of the parity corresponds to the set {Πℓ

j}j
with ℓ = 1, so it can be done efficiently using Result 2.
Therefore, we have the following:

Result 4. Up to an infidelity I = ε, the W state can be
prepared with Nr = O(1/

√
ε), Na = 1, D = O(1).

Improved scheme via amplitude amplification.— Us-
ing our previous protocol, the average preparation time of
the Dicke state scales as Nr = O(

√
M), because we have

to do this number of repetitions to have a high probabil-
ity of success. The reason is that, given the initial state
|Ψ(p)⟩, the probability of having M excitations scales as
1/
√
M . We now show how we can exploit the Grover

algorithm (or its practical version, named amplitude am-
plification protocol (AAP) [45–48]) to improve this result.
It is important to notice that a direct application of that
algorithm makes the resources dependent on the system
size, N , something that we want to avoid. Thus, we have
to devise an alternative method, which is consistent with
the approximation, that circumvents this obstacle.

We recall that, given |ψ⟩ = sinα |ψ1⟩+ cosα |ψ2⟩, and
denoting by |ψ̃⟩ the state orthogonal to |ψ⟩ in the sub-
space generated by |ψ1⟩ and |ψ2⟩, the AAP allows one
to obtain |ψ1⟩ by applying a product of O(1/α) unitaries
S1(ωj), S2(ωj) (for α small), which act as follows

S1(ω) |ψ⟩ = eiω |ψ⟩ , S1(ω) |ψ̃⟩ = |ψ̃⟩ , (5a)

S2(ω) |ψ1⟩ = eiω |ψ1⟩ , S2(ω) |ψ2⟩ = |ψ2⟩ , (5b)

where ωj are real numbers depending on α. Writ-
ing |Ψ(p)⟩ = sinα |W (M)⟩ + cosα |R⟩, we see that if
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S1(ω), S2(ω) can be implemented with circuits of con-
stant depth, then the AAP gives us a deterministic algo-
rithm to obtain |ψ1⟩ with D = O(M1/4), thus reducing
the preparation time.

Realizing the operators in Eqs. (5) exactly could be
done by known methods using Na = log2(N) and D =
O(1) [30]. Instead, we show that, applying ideas similar
to those developed so far, an approximate version of them
can be realized using a finite amount of resources [44].
This leads to the following improved version of Result 3:

Result 5 (Improved scheme via amplitude amplifica-
tion). Up to an infidelity I = ε, the Dicke state |W (M)⟩
can be prepared deterministically (Nr = 1), with Na = 1,
ℓM,ε additional ancillas, and D = O(M1/4ℓ2M,ε), where

ℓM,ε = log2

{
1

ln(4/3)
[2M(ln 2M + 9/2)

+ ln
(
Poly(M)/ε2

)]}
. (6)

Eigenstates of the XX Hamiltonian.— Going beyond
the Dicke model, the previous ideas have ramifications for
other Hamiltonians whose eigenstates are labeled by the
number of excitations. As a first example, we discuss the
well-known XX spin chain H = −∑N−1

k=1 (σx
kσ

x
k + σy

kσ
y
k).

This model can be solved via the Jordan-Wigner (JW)

transformation ak =
(∏k−1

j=1 σ
z
j

)
σ−
k , mapping it to a non-

interacting Hamiltonian H = −∑N−1
k=1 (a†jaj+1 + h.c.),

where {a†j , ak} = δj,k. Accordingly, the eigenstates read

|Φ(M)⟩ = A†
M · · ·A†

1 |0⟩⊗N
with

Aα =

N∑
k=1

cαk

k−1∏
j=1

σz
j

σ−
k . (7)

Here, {cαk} are distinct sets of coefficients, such that
{Aα, Aβ} = 0, {A†

α, Aβ} = δα,β [49], while M = 0, . . . N .
The form of the eigenstates is superficially similar to

that of the Dicke states, but it is more complicated due
to non-uniform coefficients cαk and the string operators∏

j σ
z
j . Yet, the anticommutation relations of Aα allows

us to devise an efficient preparation protocol. Indeed,
the latter implies that |Φ(M)⟩ = WM · · ·W1 |0⟩, where
Wj = eiπ(Aj+A†

j)/2. The Wj are unitary and, using our
previous constructions, we find that they can be realized
deterministically with depth D = O(N) [44]. Therefore,
the eigenstates of the XX Hamiltonian with M excita-
tions can be prepared deterministically (Nr = 1) by a
QC with LOCC of depth D = O(NM) and Na = 1.
The preparation of spin states which can be mapped

onto non-intercting (or Gaussian) fermionic states have
been considered before [36–38, 50–57]. In particular,
Ref. [36] gives a unitary algorithm preparing arbitrary
Gaussian operators with depth O(N), yielding a more
efficient preparation protocol. However, our approach

also allows us to prepare states which are not Gaussian
and in principle out of the reach of previous work. For
instance, we could prepare A†

α1
· · ·A†

αn
|ϕ0⟩, where |ϕ0⟩

is any linear combination of Gaussian states (assuming
|ϕ0⟩ can be prepared efficiently). We also expect that
our method could be further improved and generalized
to more interesting situations.
Eigenstates of interacting Hamiltonians.— As a final

example, we consider general states of the form

|ΨM ⟩ = B†
M . . . B†

1|0⟩⊗N , (8)

where B†
α =

∑N
j=1 c

α
j σ

+
j are interpreted as creating spin

excitations. These states are quite general, including
the Dicke states and the eigenstates of the so-called
Richardson-Gaudin spin chain [39, 40], an interacting in-
tegrable model. Without assumptions on the coefficients
cαj , efficient preparation of (8) is challenging. Here, we
will assume that we are in the “low excitation regime”,
namely M ≪ N , and that

∑N
j=1 c̄

α
j c

β
j = δα,β +O(M/N).

If |ψ⟩ has at most M excitations, this implies

[Bα, B
†
β ]|ψ⟩ = δα,β |ψ⟩+O(M/N) . (9)

Namely, B†
α act as creation operators, up to a O(M/N)

error. This allows us to devise a simple preparation pro-
tocol, sketched below, and estimate the number of re-
sources needed. We postpone a more detailed analysis
of the states (8) to future work, including a full study of
the Richardson-Gaudin eigenstates.
First, suppose that (9) holds exactly, i.e. without the

term O(M/N). Then, we create the state (8) by induc-
tion. Assuming we have prepared |ΨM−1)⟩, we apply

eiθ(BM+B†
M )|ΨM−1⟩ =

N∑
k=0

dk|ΨM−1+k⟩ , (10)

where we used BM |ΨM−1⟩ = 0, so that the number or ex-
citations cannot decrease. Now, we measure the number
of excitations, using the circuit described in Result 2, ne-
glecting for simplicity exponentially small errors in the
circuit depth. In case we obtain k = 1 we have suc-
ceeded. If we measure k = 0, then we have not changed
anything so that we can repeat the procedure. If we ob-
tain k ≥ 2, then we have failed. The probability of failing
and obtaining M = 1 are respectively O(θ4) and O(θ2).
We can iterate this procedure to prepare |ΨM ⟩ starting

from |0⟩⊗N
. It is easy to show that the preparation time

scales as O(M/θ2), while the success probability scales

as O(e−Mθ2

), independent of N .
If we do not neglect the term O(M/N) in (9), then the

above construction introduces additional errors. While
this is not relevant for the probabilities, the state (10)
contains corrections for each M . The latter can be es-
timated as follows. If we have to repeat the procedure
r times (on average), the error is rM/N for each step.
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Accordingly, the total error will be ε = rM2/N . Since
r = 1/θ2, and the probability of not detecting M = 0, 1
in any procedure scales as pfail = rMθ4, by setting
pfail = 1/2 we have ε = M3/N . Thus, this allows us
to create M = O(N1/3) excitations if we take N large.

Outlook.— We have introduced protocols to prepare
many-body quantum states using QCs and LOCCs. We
have shown how we can save resources by relaxing the
condition of preparing the states exactly and determinis-
tically, but allowing for controlled infidelities and proba-
bilities of failure. Our results are expected to be relevant
for quantum-state preparation in present-day quantum
devices, also in light of recent experiments operating QCs
assisted by feedforward operations [26, 58–60]. Our work
also raises several theoretical questions. For instance, it
would be interesting to explore the possibilities of this
approach to prepare eigenstates of more general inter-
acting Hamiltonians. In addition, it would be important
to understand how the classification of phases of matter
via quantum circuits and LOCC introduced in Ref. [16]
is modified by allowing for finite infidelities. We leave
these questions for future work.
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Appendix A: Preparation of the Dicke states

In this section we provide additional details on the preparation of the Dicke states. Denoting by N and M the
number of qubits and excitations, respectively, and by |WN (M)⟩ the Dicke state, we provide a full proof for the
following statement:

Proposition 1. For any ε > 0, there exists a (non-deterministic) protocol which prepares a state |ΨN ⟩ with

|1− | ⟨WN (M)|ΨN ⟩ |2| ≤ ε . (SA.1)

The protocol is successful with probability

Psucc ≥
1√
8πM

, (SA.2)

it uses Na = 1 ancilla per site, D = O(ℓ) and ℓ additional ancillas where

ℓ = max

{
ln(4M)/ ln 2, 1 +

ln ln(
√
8πM/ε)

ln 2

}
, (SA.3)

independent of N .

Note that, because the probability of success is O(1/
√
M), the protocol needs to be repeated, on average, O(

√
M)

times, which is the result announced in the main text.

Proof. As in the main text, we set p =M/N and start with the initial state (ommitting the dependence on N)

|Ψ(p)⟩ = (
√
1− p |0⟩+√

p |1⟩)⊗N =

N∑
e=0

[(
N

e

)
pe(1− p)N−e

]1/2
|W (e)⟩ . (SA.4)

Choose ℓ as in (SA.3), and define Πℓ
j =

∑
i∈T ℓ

j
Πi, where Πi is a projector onto the eigenspace with i excitations,

while

T ℓ
j = {i : i ≡ j (mod 2ℓ)}. (SA.5)

We perform a measurement with respect to the projectors {Πℓ
j} and repeat the precedure until we obtain the outcome

M . In case of success, the state reads

|Ψ(ℓ)⟩ = 1

Zℓ

∑
e∈T ℓ

M

[(
N

e

)
pe(1− p)N−e

]1/2
|W (e)⟩ , (SA.6)

where Zℓ is a normalization factor. According to Result 2, this measurement can be performed using a circuit with
D = O(ℓ), Na = 1, and ℓ additional ancillas.
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We need to estimate the success probability and the distance between |Ψ(ℓ)⟩ and |WN (M)⟩. The former is

Psucc = Z2
ℓ =

∑
e∈T ℓ

M

[(
N

e

)
pe(1− p)N−e

]

≥
(
N

M

)
pM (1− p)N−M ≥ 1

2

(
N

2πM(N −M)

)1/2

≥ 1√
8πM

, (SA.7)

where we used

1

2

(
N

2πM(N −M)

)1/2

<

(
N

M

)
pM (1− p)N−M < 2

(
N

2πM(N −M)

)1/2

, (SA.8)

which holds for 0 < M < N and can be proved using known inequalities for the factorial [61].
For the overlap, we write∑

e∈T ℓ
M

(
N

e

)
(1− p)N−epe ≤

(
N

M

)
pM (1− p)N−M + Pr[e ≤M − 2ℓ] + Pr[e ≥M + 2ℓ] . (SA.9)

Since 2ℓ > M , we have Pr[e ≤M − 2ℓ] = 0. Let us analyze Pr[e ≥M + 2ℓ]. The Chernoff inequality gives [62]

Pr[e ≥M + 2ℓ] ≤ exp

[
−ND

(
M + 2ℓ

N

∥∥∥M
N

)]
, (SA.10)

where D(·||·) is the relative entropy

D(a∥p) = a ln
a

p
+ (1− a) ln

1− a

1− p
. (SA.11)

We have

lim
N→∞

ND

(
M + 2ℓ

N

∥∥∥M
N

)
= −2ℓ + (2ℓ +M) ln[(2ℓ +M)/M ] , (SA.12)

d

dN
ND

(
M + 2ℓ

N

∥∥∥M
N

)
< 0 . (SA.13)

Eq. (SA.13) implies that ND
(

M+2ℓ

N

∥∥∥M
N

)
is always larger than its asymptotic value. Therefore

ND

(
M + 2ℓ

N

∥∥∥M
N

)
≥ −2ℓ + (2ℓ +M) ln[(2ℓ +M)/M ] . (SA.14)

Since 2ℓ ≥ 4M , we have

−2ℓ + (2ℓ +M) ln[(2ℓ +M)/M ] ≥ 2ℓ−1 . (SA.15)

Setting CN,M =
(
N
M

)
pM (1− p)N−M , and putting all together, we get

| ⟨WN (M)|Ψ(ℓ)⟩ |2 =
CN,M

Z2
ℓ

≥ 1− P [e ≥M + 2ℓ]

CN,M

≥ 1−
√
8πMe−2ℓ−1

, (SA.16)

where we used 1/(1 + x) ≥ 1− x.
Finally, using

ℓ ≥ 1 +
ln ln(

√
8πM/ε)

ln 2
. (SA.17)

we get || ⟨WN (M)|Ψ(ℓ)⟩ |2 − 1| ≤ ε. Therefore, setting |ΨN ⟩ = |Ψ(ℓ)⟩ we obtain the statement. ■
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Next, we prove that the protocol can be slightly modified to trade the depth with the number of ancillas.

Proposition 2. For any ε > 0, there exists a (non-deterministic) protocol which prepares a state |ΨN ⟩ with

|1− | ⟨WN (M)|ΨN ⟩ |2| ≤ ε . (SA.18)

The protocol is successful with probability

Psucc ≥
1√
8πM

, (SA.19)

it uses D = O(1), Na = O(ℓ) ancilla per site, and ℓ additional ancillas, where ℓ is defined in Eq. (SA.3).

Proof. Compared to the protocol explained in Prop. 1, we need to reduce the depth of the circuit to D = O(1). To this
end, we need to remove the inverse of the quantum Fourier transform (QFT) in the measurement of the excitations
(which requires a depth scaling with the number of ancillas) and parallelize the application of the operators U (1)(x).
Our parallelization scheme is closely related to the one of Ref. [63].

We proceed as follows. We define ℓ as in Eq. (SA.3), and append ℓ−1 ancillas per site, plus ℓ−1 additional ancillas
to the first site (so, in the first site we have ℓ− 1+ ℓ = 2ℓ− 1 ancillas). All ancillas are initialized in |0⟩. Suppose the
initial state of the system is

|ψ⟩ =
∑
{jk}

cj1...jN |j1 . . . jN ⟩ . (SA.20)

We perform a controlled operations in each local set consisting of one system qubit and ℓ− 1 ancilla qubits, mapping

|jk⟩ ⊗ |0⟩⊗(ℓ−1) 7→ |jk⟩ ⊗ |jk⟩⊗(ℓ−1)
, (SA.21)

yielding the state

|Ψ⟩ =
∑
{jk}

cj1...jN |j1 . . . jN ⟩⊗ℓ
. (SA.22)

The step (SA.21) corresponds to parallel application of fan-out gates and takes constant depth using LOCC [30].
Next, we apply a Hadamard transformation to each of the ℓ ancillas in the first site. Then, for each of the ℓ ancillary
systems, we apply a unitary V (x) which acts on the x-th copy of the system and the x-th ancilla in the first site. Each
unitary is of the form (2) with U (0) = 11 and

U (1) = U (1)(x) = e2iπ(Ne−M)/2x , (SA.23)

where x = 1, . . . , ℓ corresponding to each ancilla. These operations can be performed in parallel as they act on distinct
qubits. Next, we act with the inverse of (SA.21), apply a Hadamard transformation to each ancilla and measure them
in the Z-basis. The protocol is successful if we obtain the outcome 0 for all ancillas. In this case, it is easy to see that
the state after the measurement is proportional to the state (SA.6). Note that the unitary (SA.23) is different from
that used in the measurement procedure explained in the main text (Result 2). Indeed, while the final state in the
case of success is the same as in the previous Proposition, Eq. (SA.6), the outcome is not equal to a projection onto
Πℓ

j for different measurement outcomes.
It is immediate to show that the probability of success and the infidelity of the output state are the same as

computed in Prop. 1, which proves the statement. ■

Appendix B: Dicke states from amplitude amplification

In this section we provide additional details for the preparation of the Dicke state using the amplitude-amplification
protocol. We start by recalling the precise statement of the latter.

Lemma 1 (Amplitude amplification). Let

|ψ⟩ = sinα |ψ1⟩+ cosα |ψ2⟩ , (SB.1)
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where |ψ1⟩ and |ψ2⟩ are orthogonal states, and |ψ̃⟩ be the state orthogonal to |ψ⟩ in the subspace generated by |ψ1⟩,
|ψ2⟩. Let S1(ω), S2(ω) be two families of unitary operators such that

S1(ω) |ψ⟩ = eiω |ψ⟩ , S1(ω) |ψ̃⟩ = |ψ̃⟩ , (SB.2)

S2(ω) |ψ1⟩ = eiω |ψ1⟩ , S2(ω) |ψ2⟩ = |ψ2⟩ , (SB.3)

and define

Q(ϕ, φ) = −S1(ϕ)S2(φ) . (SB.4)

Then, if the number m∗ = π/(4α)− 1/2 is an integer, we have

Qm∗
(π, π) |ψ⟩ ∝ |ψ1⟩ . (SB.5)

Otherwise, there exist two values ϕ∗, φ∗ ∈ R such that

Q(ϕ∗, φ∗)Q⌊m∗⌋(π, π) |ψ⟩ ∝ |ψ1⟩ , (SB.6)

where ⌊·⌋ is the integer floor function.

Proof. The proof can be found in Refs. [45, 46, 48], see in particular Sec. 2.1 in Ref. [48]. Note that the lemma states
that we can deterministically obtain the state |ψ1⟩, provided that we can implement the operators Q(ϕ, φ). They
need to be applied a number of times growing as ∼ 1/α. ■

Next, we show that the amplitude amplification protocol may be carried out even when the unitaries S1(ω) and
S2(ω) can only be implemented approximately.

Lemma 2 (Approximate amplitude amplification). Let

|ψ⟩ = sinα |ψ1⟩+ cosα |ψ2⟩ , (SB.7)

where |ψ1⟩ and |ψ2⟩ are orthogonal states, and |ψ̃⟩ be the state orthogonal to |ψ⟩ in the subspace generated by |ψ1⟩,
|ψ2⟩. Fix 1 > δ > 0 and let T1(ω), T2(ω) be two families of unitary operators such that

T1(ω) |ψ⟩ = eiω |ψ⟩ , T1(ω) |ψ̃⟩ = |ψ̃⟩+ ε1 |v⟩ , (SB.8a)

T2(ω) |ψ1⟩ = eiω |ψ1⟩ , T2(ω) |ψ2⟩ = |ψ2⟩+ ε2 |w⟩ , (SB.8b)

where 0 < |ε1|, |ε2| < δ/2, while |v⟩, |w⟩ are normalized states. Finally, set

P (ϕ, φ) = −T1(ϕ)T2(φ) . (SB.9)

If the number m∗ = π/(4α)− 1/2 is an integer, define

|χ⟩ = Pm∗
(π, π) |ψ⟩ , (SB.10)

otherwise, define

|χ⟩ = P (ϕ∗, φ∗)P ⌊m∗⌋(π, π) |ψ⟩ , (SB.11)

where ⌊·⌋ is the integer floor function and ϕ∗, φ∗ are chosen as in Lemma 1. Then

|| ⟨ψ1|χ⟩ |2 − 1| ≤ 4(⌊m∗⌋+ 1)δ. (SB.12)

Proof. First, note that

P (ϕ, φ) |ψ1⟩ = −eiφT1(ϕ) |ψ1⟩ = −eiφT1(ϕ)
[
ζ1 |ψ⟩+ ζ2 |ψ̃⟩

]
= −ζ1eiφeiϕ |ψ⟩ − ζ2e

iφ |ψ̃⟩ − ζ2e
iφε1 |v⟩

= Q(ϕ, φ) |ψ1⟩+ δ1 |v⟩ , (SB.13)
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where |δ1| ≤ δ/2 < δ, while Q is defined in (SB.4). Here we introduced the coefficients ζ1 = ⟨ψ|ψ1⟩, ζ2 = ⟨ψ̃|ψ1⟩.
Similarly,

P (ϕ, φ) |ψ2⟩ = −T1(ϕ)(|ψ2⟩+ ε2 |w⟩) = −T1(ϕ)(ξ1 |ψ⟩+ ξ2 |ψ̃⟩)− ε2T1(ϕ) |w⟩
= −ξ1eiϕ |ψ⟩ − ξ2 |ψ̃⟩ − ε1ξ2 |v⟩ − ε2T1(ϕ) |w⟩ = Q(ϕ, φ) |ψ2⟩+ δ2 |u⟩ . (SB.14)

Here |u⟩ is a normalized vector, while

|δ2| ≤ (|ε1ξ2|2 + |ε2|2 + 2|ε1ε2ξ2 ⟨v|T1(ϕ)|w⟩ |)1/2 ≤ δ . (SB.15)

Therefore, we have

n∏
j=1

P (ϕj , φj) |ψ⟩ =
n∏

j=1

Q(ϕj , φj) |ψ⟩+
n∑

k=1

ck k−1∏
j=1

P (ϕj , φj) |u⟩+ dk

k−1∏
j=1

P (ϕj , φj) |v⟩

 , (SB.16)

where |cj | ≤ δ, |dj | ≤ δ. The statement then follows immediately using Lemma 1 and that || ⟨ψ1|χ⟩ |2 − 1| ≤
2|| ⟨ψ1|χ⟩ | − 1|. ■

We will also use the following result

Lemma 3. Consider the unitary operation defined by

F [ℓ;m]
φ |i1 . . . iN ⟩ = eiφfℓ,m(i1...iN ) |i1 . . . iN ⟩ , (SB.17)

where

fℓ,m(i1 . . . iN ) =

{
1 if (

∑N
j=1 ij)−m ≡ 0 (mod 2ℓ)

0 otherwise .
(SB.18)

Then, F
[ℓ;m]
φ can be implemented using ℓ total ancillas and a circuit of depth O(ℓ2).

Proof. We attach all ℓ ancillas to the first site. We prepare them in the state |+⟩, and apply to each of them,
sequentially, the unitary operation V in Eq. (2) with U0 = 11 and U1 = eiπ(N−m)/2x , where x = 1, . . . , ℓ corresponding
to each ancilla. This can be done by a circuit of depth O(ℓ). After that, we apply an inverse QFT to the ℓ ancillas,
which requires depth D = O(ℓ) [42]. This transforms an input state |ψ⟩ as

W : |+ . . .+⟩ ⊗ |ψ⟩ →
1∑

i1,...,iℓ=0

|i1, . . . , iℓ⟩ ⊗Πℓ
i+m|ψ⟩ (SB.19)

where Πℓ
i+m is the projector onto the subspace with a number of excitations e (namely, a number of values for which

ik = 1) satisfying e ≡ i+m mod(2ℓ), namely e−m ≡ i mod(2ℓ), and where i1 . . . iℓ is the binary decomposition of i.
We can now apply a unitary to the ancillas in the first site mapping |0 . . . 0⟩ 7→ eiφ |0 . . . 0⟩ and acting as the identity
on the other basis states. This operation can be implemented by a local circuit of depth O(ℓ2) [64]. We can finally
apply the inverse W † of the unitary (SB.19), yielding the desired result. ■

Finally, we prove our main result of this section.

Proposition 3 (Preparation of Dicke states). Let N ≥ 4M and M ≥ 1. For any 0 < δ < 1, there exists an efficient
preparation protocol to realize a state |Φ⟩ such that

|| ⟨Φ|WN (M)⟩ |2 − 1| ≤ 4δ . (SB.20)

The protocol applies a sequence of 2nM unitary operators which are either F
[ℓ,0]
ω V † or F

[ℓ,M ]
ω , where V = e−iθSy is a

product of local unitaries (which can be implemented in parallel),

nM ≤ π(8πM)1/4

2
, (SB.21)
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while

ℓ = log2

{
1

ln(4/3)

[
2M(ln 2M + 9/2) + ln

(
Poly(M)

δ2

)]}
, (SB.22)

with

Poly(M) =
8πe2(8πM)1/2

M ln(4/3)
(
1− [8/(3πM)]1/2

) . (SB.23)

Proof. Define

|θ⟩ = V |0⟩⊗N
, (SB.24)

V = e−iθSy with cos(θ) =
√
1− p and

p =M/N . (SB.25)

We start with the identity

|θ⟩ = sinα |W (M)⟩+ cosα |R⟩ . (SB.26)

Here, |W (M)⟩ is the normalized Dicke state with M excitations, while

|R⟩ = 1

ZR

∑
e ̸=M

[(
N

e

)
pe(1− p)N−e

]1/2
|W (e)⟩ , (SB.27)

where ZR is a normalization factor, and

sinα =

[(
N

M

)
pM (1− p)N−M

]1/2
. (SB.28)

Choose ℓ as in (SB.22) and define

T1(ω) = F [ℓ,0]
ω V † T2(ω) = F [ℓ,M ]

ω . (SB.29)

Note that V (and hence V †) is a product of local unitaries, while F
[ℓ,m]
ω can be implemented efficiently thanks to

Lemma 3. In the following, we will show

T1(ω) |θ⟩ = eiω |θ⟩ , T1(ω) |θ̃⟩ = |θ̃⟩+ ε1 |v⟩ , (SB.30a)

T2(ω) |W (M)⟩ = eiω |W (M)⟩ , T2(ω) |R⟩ = |R⟩+ ε2 |w⟩ , (SB.30b)

where we denoted by |θ̃⟩ the state orthogonal to |θ⟩ generated by |W (M)⟩ and |R⟩, while |v⟩, |w⟩ are normalized
states, with

|ε1|, |ε2| ≤
δ

π(8πM)1/4
. (SB.31)

Combining Lemmas 1 and 2, we see that this is enough to prove the statement. Indeed, if (SB.31) holds, we can
implement the approximate amplitude amplification algorithm applying T1(ω) and T2(ω) a number of times

nM ≤ π

4α
+

1

2
≤ π(8πM)1/4

4
+

1

2
≤ π(8πM)1/4

2
, (SB.32)

where we used sinα ≤ α for 0 ≤ α ≤ 1, and (sinα)−1 ≤ (8πM)1/4 [which follows from Eqs. (SA.8) and (SB.28)]. By
Lemma 2, this gives us the desired state |W (M)⟩ up to an infidelity I = ε with

ε ≤ 4

(
π

4α
+

1

2

)
2δ

π(8πM)1/4
≤ 4δ . (SB.33)
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Let us prove (SB.30), starting with the action of T2(ω). First, it is obvious that T2(ω) |W (M)⟩ = eiω |W (M)⟩.
Next, we have

T2(ω) |R⟩ =
1

ZR
T2(ω)

 ∑
e∈T ℓ

M\{M}

[(
N

e

)
pe(1− p)N−e

]1/2
|W (e)⟩+

∑
j ̸=0

∑
e∈T ℓ

M+j

[(
N

e

)
pe(1− p)N−e

]1/2
|W (e)⟩


=

1

ZR

eiω ∑
e∈T ℓ

M\{M}

[(
N

e

)
pe(1− p)N−e

]1/2
|W (e)⟩+

∑
j ̸=0

∑
e∈T ℓ

M+j

[(
N

e

)
pe(1− p)N−e

]1/2
|W (e)⟩


= |R⟩+ |w⟩ . (SB.34)

where T ℓ
M is defined in Eq. (SA.5), while

|w⟩ = (eiω − 1)

ZR

∑
e∈T ℓ

M\{M}

[(
N

e

)
pe(1− p)N−e

]1/2
|W (e)⟩ . (SB.35)

We can bound the norm of |w⟩ using

Z2
R = 1−

(
N

M

)
pM (1− p)N−M , (SB.36)

and the results of Appendix A, cf. Eqs. (SA.9), (SA.10). Using N ≥ 4M , we obtain

⟨w|w⟩ ≤ 4
e−2ℓ−1

Z2
R

≤ 4e−2ℓ−1

1−
(

8
3πM

)1/2 ≤ δ2

π2(8πM)1/2
, (SB.37)

This inequality holds if

ℓ ≥ 1 + log2

ln

 4π2(8πM)1/2

δ2
(
1−

(
8

3πM

)1/2)
 , (SB.38)

which is true if ℓ is chosen as in (SB.22) (this is easily established with the help of numerical inspection).
Next, let us consider T1(ω). Again, it is obvious that T1(ω) |θ⟩ = eiω |θ⟩. To prove the second identity in

Eq. (SB.30a), we start from

V † |θ̃⟩ = 1

Z
V †(1− |θ⟩ ⟨θ|) |W (M)⟩ , (SB.39)

where

Z2 = 1− | ⟨W (M)|θ⟩ |2 . (SB.40)

It follows from the results of Appendix C that

V † |W (M)⟩ =
N∑
s=0

cs |W (s)⟩ , (SB.41)

cf. Eq. (SC.8). Therefore, we can write

V † |θ̃⟩ = 1

Z

 2ℓ∑
s=0

cs |W (s)⟩+ ⟨θ|W (M)⟩ |0⟩⊗N

+ |w̃⟩ , (SB.42)

where |w̃⟩ has more than 2ℓ excitations. Using the results of Sec. C and N ≥ 4M , we can bound its norm as

⟨w̃|w̃⟩ = 1

Z2

∑
s≥2ℓ+1

|cs|2 ≤ 1

1− [8/(3πM)]1/2
2e2

Mπ ln(4/3)
exp

[
−2ℓ ln(4/3) + 2M(ln(2M) + 9/2)

]
≤ δ2

4π2(8πM)1/2
, (SB.43)
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where we used that

2ℓ ≥ 1

ln(4/3)

[
2M(ln 2M + 9/2) + ln

(
Poly(M)

δ2

)]
, (SB.44)

with

Poly(M) =
8πe2(8πM)1/2

M ln(4/3)
(
1− [8/(3πM)]1/2

) . (SB.45)

Now, in the space generated by states with at most 2ℓ excitations, F
[ℓ,0]
ω only multiplies the phase eiω to the state

|0⟩⊗N
, leaving the rest of the basis states invariant. Therefore, we arrive at the final result

T1(ω)] |θ̃⟩ = F [ℓ,0]
ω V † |θ̃⟩ = |θ̃⟩+ |v⟩ , (SB.46)

where |v⟩ = (−11 + F
[ℓ,0]
ω |w̃⟩), and therefore

⟨v|v⟩ ≤ δ2

π2(8πM)1/2
. (SB.47)

■

Appendix C: Technical computations

The goal of this section is to analyze the state

V † |W (M)⟩ (SC.1)

where |W (M)⟩ is the normalized Dicke state with M excitations, while V = e−iθSy with cos(θ) =
√
1− p and

p =M/N . Throughout this section, we will assume N ≥ 4M .
We start by introducing the unnormalized Dicke states

|U(M)⟩ =
∑

i1<...<iM

σ+
i1
· · ·σ+

iM
|0⟩⊗N

, (SC.2)

and note that we can also write

|W (M)⟩ = 1√(
N
M

) 1

(N −M)!M !

∑
π∈SN

|1 . . . 1︸ ︷︷ ︸
M

0 . . . 0︸ ︷︷ ︸
N−M

⟩ , (SC.3)

where the sum is over all permutations of qubits. Therefore, we can compute

V † |W (M)⟩ = 1√(
N
M

) 1

(N −M)!M !

∑
π∈SN

e+iSyθ |1 . . . 1︸ ︷︷ ︸
M

0 . . . 0︸ ︷︷ ︸
N−M

⟩

=
1√(
N
M

) 1

(N −M)!M !

∑
π∈SN

(
√
p |0⟩+

√
1− p |1⟩)⊗M (

√
1− p |0⟩ − √

p |1⟩)⊗(N−M) (SC.4)

We can rewrite ∑
π∈SN

(
√
p |0⟩+

√
1− p |1⟩)⊗M (

√
1− p |0⟩ − √

p |1⟩)⊗(N−M)

=
∑

π∈SN

[
M∑
e=0

p(M−e)/2(1− p)e/2 |U(e)⟩
]N−M∑

f=0

(1− p)(N−M−f)/2(−p1/2)f |U(f)⟩


=

M∑
e=0

N−M∑
f=0

p(M−e)/2(1− p)e/2(1− p)(N−M−f)/2(−p1/2)f
∑

π∈SN

|U(e)⟩ |U(f)⟩ (SC.5)
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Next, we use ∑
π∈SN

|U(e)⟩ |U(f)⟩ =
(
M

e

)(
N −M

f

) ∑
π∈SN

|1 . . . 1︸ ︷︷ ︸
e+f

0 . . . 0︸ ︷︷ ︸
N−e−f

⟩

=

(
M

e

)(
N −M

f

)√(
N

e+ f

)
(e+ f)!(N − e− f)! |W (e+ f)⟩ (SC.6)

Introducing the variable s = e+ f , we finally get

V † |W (M)⟩ =
N∑
s=0

|W (s)⟩
√
s!(N − s)!√
M !(N −M)!

×
M∑
e=0

N−M∑
f=0

δf+e,s

(
M

e

)(
N −M

f

)
p(M−e)/2(1− p)e/2(1− p)(N−M−f)/2(−p1/2)f . (SC.7)

Therefore,

V † |W (M)⟩ =
N∑
s=0

cs |W (s)⟩ , (SC.8)

where

cs =

√
s!(N − s)!√
M !(N −M)!

×
M∑
e=0

(
M

e

)(
N −M

s− e

)
p(M−e)/2(1− p)e/2(1− p)(N−M−(s−e))/2(−p1/2)s−e . (SC.9)

Next, we bound |cs| for s ≥ 3M . We have

|cs| ≤
√
s!(N − s)!√
M !(N −M)!

M∑
e=0

(
M

e

)(
N −M

s− e

)
p(M+s−2e)/2(1− p)(N−M−(s−2e))/2 . (SC.10)

Using (
N −M

s− e

)
≤ (N −M)s−e

(s−M)!
, (SC.11)

we obtain

|cs| ≤
√
s!(N − s)!√
M !(N −M)!

1

(s−M)!
p(s−M)/2 (N −M)s

(N −M)M
(1− p)(N−M−s)/2

M∑
e=0

(
M

e

)
(N −M)M−epM−e(1− p)e

=

√
s!(N − s)!√
M !(N −M)!

1

(s−M)!
p(s−M)/2 (N −M)s

(N −M)M
(1− p)(N−M−s)/2

[
(M + 1)

(
1− M

N

)]M
. (SC.12)

Taking the square, using Stirling’s inequality
√
2πn

(
n
e

)n
< n! <

√
2πn

(
n
e

)n
e

1
12n and rearranging, we arrive at

|cs|2 ≤
(
1 +

1

M

)2M
1

π

(
s(N − s)

M(N −M)(s−M)2)

)1/2 (
sM(N −M)

N − s

)s (
1− s

N

)N

exp [2(s−M)(1− ln(s−M)] .

(SC.13)
Now we use that for s ≥ 3M one has(

sM(N −M)

N − s

)s (
1− s

N

)N

exp [2(s−M)(1− ln(s−M)] ≤ eM (2M)2M
[
3(N −M)

4(N − 3M)

]s
. (SC.14)

This inequality can be established as follows. Denoting the lhs by g(s), we note that the logarithmic deriva-
tive d ln g(s)/ds is a monotonically decreasing function of s. Therefore, for s ≥ 3M , we have d ln g(s)/ds ≤
d ln g(s)/ds|s=3M =: Γ. This implies g(s) ≤ g(3M)esΓ, from which the above inequality follows. Finally, we have(

s(N − s)

M(N −M)(s−M)2)

)1/2

=

[
s

M

(
1

(s−M)2
− 1

(s−M)(N −M)

)]1/2
≤ 2

M
, (SC.15)
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and also [
(N −M)

(N − 3M)

]s
=

(
1 +

2M

N − 3M

)s

≤ exp

[
2Ms

N − 3M

]
≤ e8M , (SC.16)

where we used N ≥ s and N ≥ 4M . Putting all together, we obtain

|cs|2 ≤ 2e2

πM
e9M (2M)2M

[
3

4

]s
= Poly(M) exp [−s ln(4/3) + 2M(ln(2M) + 9/2)] . (SC.17)

Therefore, we arrive at the final result∑
k≥s

|ck|2 ≤
∫ ∞

s−1

dk|ck|2 =
2e2

Mπ ln(4/3)
exp [−(s− 1) ln(4/3) + 2M(ln(2M) + 9/2)] . (SC.18)

Appendix D: Eigenstates of the XX chain

We consider the XX Hamiltonian with open boundary conditions

H = −
N−1∑
k=1

(σx
kσ

x
k + σy

kσ
y
k) . (SD.1)

Introducing the fermionic modes via the Jordan-Wigner mapping

ak =

k−1∏
j=1

σz
j

σ−
k , a†k =

k−1∏
j=1

σz
j

σ+
k , (SD.2)

the Hamiltonian (SD.1) can be rewritten as

H = −
N−1∑
k=1

(a†jaj+1 + h.c.) . (SD.3)

Note that

{a†j , ak} = δj,k . (SD.4)

Based on this mapping, a standard result states that the eigenstates of the model read

|ΨM ⟩ = A†
M · · ·A†

1 |0⟩⊗N
(SD.5)

with

Aα =

N∑
k=1

cαk

k−1∏
j=1

σz
j

σ−
k , (SD.6)

where {cαk} are pairwise distinct sets of numerical coefficients, {cαk} ≠ {cβk}. These operators satisfy the canonical
anticommutation relations

{Aα, Aβ} = 0 , {A†
α, Aβ} = δα,β , (SD.7)

and so one has the constraint

N∑
j=1

cαj c
β
j = δα,β . (SD.8)

We prove the following statement
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Proposition 4. The eigenstates |ΨM ⟩ can be prepared by a circuit (with LOCC) of depth O(NM) and a single ancilla
per site.

Proof. First, note that

|ΨM ⟩ = ei
π
2 (AM+A†

M )|ΨM−1⟩ . (SD.9)

This is because (AM + A†
M )2 = 1 and also AM |ΨM−1⟩ = 0. The last equality follows from the anticommutation

relations (SD.7) and the fact that AM ̸= Aj for j < M .
Next, let A and B two anticommuting operators, such that {A,A†} = {B,B†} = 1. Then, for α, θ ∈ R, we have

the identity

eiα[cos(θ)(A+A†)+sin(θ)(B+B†)] = eiβ(B+B†)eiγ(A+A†)eiβ(B+B†) , (SD.10)

where

cos(2β) cos(γ) = cos(α) , (SD.11)

sin(2β) cos(γ) = sin(α) sin(θ) , (SD.12)

sin(γ) = sin(α) cos(θ) , (SD.13)

which can be simply derived expanding the exponential functions. Note that the third equation can be derived from
the first two, so that there is always a solution to the above system. By applying iteratively this relation, we obtain

eiθ(AM+A†
M ) = RN . . . R2R1R2 . . . RN , (SD.14)

where Rj = eiθj(c
M
j a†

j+h.c.), where θj can be easily computed through iteration of (SD.10). Note that the coefficients
cMj are in general complex, but Eq. (SD.10) can be applied as the phases are reabsorbed in the definition of the
operators A and B.
Finally, we notice that

Rj = VjXjV
†
j , (SD.15)

where, Xj = eiθj(c
M
j σ+

j +h.c.) and

Vj = |0⟩j⟨0| ⊗
(
⊗j−1

k=1U0,k

)
+ |1⟩j⟨1| ⊗

(
⊗j−1

k=1U1,k

)
, (SD.16)

with U0,k = 1 and U1,k = σz. It is easy to see that it performs the Jordan Winger transformation, i.e.

Vjσ
+
j V

†
j = σz

1 ⊗ · · · ⊗ σz
j−1 ⊗ σ+

j . (SD.17)

Note that Eq. (SD.16) is of the form (2), where the control qubit is at site j, and can thus be implemented with a
circuit of depth D = O(1) using LOCC.

Finally, using

XN . . . Xj+1Vj = VjXN . . . Xj+1 , (SD.18)

VjXj+1 . . . XN = Xj+1 . . . XNVj , (SD.19)

and that Vj = V †
j , [Vj , Vk] = 0, we obtain

eiθ(AM+A†
M ) = TLNLN−1 . . . L1L̃2 . . . , L̃NT, (SD.20)

where T =
[∏N

j=1 Vj

]
, and

LN = XN , LN−1 = VNXN−1, . . . , L2 = V3X2, L1 = V2X1V2, (SD.21)

L̃N = XN , L̃N−1 = XN−1VN , . . . , L̃2 = X2V3 . (SD.22)

Therefore, putting together all the excitations, and denoting by Lk = LNLN−1 . . . L1L̃2 . . . , L̃N the operator corre-
sponding to the k-th excitation (i.e., depending on the parameters ckj ), we have

|ΨM ⟩ = TLM . . .L1|0 . . . 0⟩. (SD.23)

Since each Lj and Vj can be implemented by a circuit of depth D = O(1), we immediately obtain the statement. ■
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