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Ultrashort time-domain spectroscopy and field-resolved spectroscopy of molecular fingerprints are gold
standards for detecting samples’ constituents and internal dynamics. However, they are hindered by the
Nyquist criterion, leading to prolonged data acquisition, processing times, and sizable data volumes.
In this work, we present the first experimental demonstration of compressed sensing on field-resolved
molecular fingerprinting by employing random scanning. Our measurements enable pinpointing the primary
absorption peaks of atmospheric water vapor in response to terahertz light transients while sampling
beyond the Nyquist limit. By drastically undersampling the electric field of the molecular response at a
Nyquist frequency of 0.8 THz, we could successfully identify water absorption peaks up to 2.5 THz with a
mean squared error of 12x 10, To our knowledge, this is the first experimental demonstration of time-
domain compressed sensing, paving the path toward real-time field-resolved fingerprinting and acceleration

Citation: Scheffter K, Will J, Riek C,
JousselinH, CoudreausS, ForgetN,
FattahiH. Compressed Sensing of
Field-Resolved Molecular Fingerprints
Beyond the Nyquist Frequency.
Ultrafast Sci. 2024;4:Article

0062. https://doi.org/10.34133/
ultrafastscience.0062

Submitted 12 December 2023
Accepted 1 April 2024
Published 9 May 2024

Copyright © 2024 Kilian Scheffter etal.
Exclusive licensee Xi'an Institute of
Optics and Precision Mechanics. No
claim to original U.S. Government
Works. Distributed under a Creative
Commons Attribution License 4.0
(CCBY 4.0).

of advanced spectroscopic techniques.

Introduction

Detailed description of matter’s constituent and internal dynam-
ics is mirrored in its transient response to an external field.
Resolving and monitoring the encoded information in the elec-
tric field of the ultrashort excitation field or in the time-dependent
changes of the optical properties of the sample provides deep
understanding and insights of matter [1,2]. The availability of
few-cycle pulses has not only advanced various spectroscopic
methods such as pump-probe spectroscopy and Fourier trans-
form spectroscopy but has also led to the emergence of innovative
techniques such as dual-comb spectroscopy and field-resolved
spectroscopy [3-14].

Employing ultrashort pulses offers 2 distinct advantages for
spectroscopic applications (Fig. 1). Firstly, their broad spectral
bandwidth enables simultaneous data acquisition of the sample,
eliminating the need for repeated measurements or laser tuning.
With high-bandwidth acquisition, prior knowledge of the sam-
ple is not required, as all available information can be extracted
from the measurement during postprocessing. Secondly, their
extreme temporal confinement allows for temporal gating of
the sample’s response from the excitation pulses. This response,
enriched with comprehensive spectroscopic information, lasts
from tens of femtoseconds to nanoseconds and is commonly
probed by a shorter pulse at various time intervals. When com-
bined with additional temporal or spatial dimensions, such as
multidimensional coherent spectroscopy [15], 4-dimensional
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imaging [16], and hyperspectral imaging [17], ultrashort spec-
troscopic techniques render the quantitative, multivariate char-
acterization of the sample under scrutiny and facilitate the
identification of unknown constituents. However, real-time
measurements are prevented due to the need to record the high-
bandwidth spectrum at each pixel image and time delay, which
results in a prohibitively long acquisition time to attain sufficient
signal-to-noise ratio. The measurement speed is limited to (a)
the required number of sample points dictated by the Nyquist—
Shannon criteria, (b) the speed of spatio-temporal scanning,
and (c) the transportation and storage speed of the measured
data. Although using short, high-bandwidth excitation pulses
offers substantial benefits, such as simultaneous data acquisi-
tion, the sample response is often a linear combination of K
basis vectors leading to a K-sparse frequency domain. Applying
algorithms to the acquisition process is necessary to minimize
data redundancy and obtain the desired spectral content with
the minimum required data.

According to the Nyquist-Shannon sampling theorem, for a
given sampling rate, the maximum resolvable frequency of a
signal, called Nyquist frequency, is defined as half the sampling
rate (fyyquist = famp/2)- This criterion imposes a boundary for the
minimum required data points necessary for successfully sam-
pling a signal. Compressed sensing can circumvent this funda-
mental barrier by exploiting sparsity and incoherence of the
signal, enabling the recovery of the original signal from fewer
samples or measurements while preserving its quality [18-23].

202 ‘gz ReIN uo A1B100S oue|d xe |\ Te Bioaousios’ [dsy/:sdny woly papeojumoqd


mailto:hanieh.fattahi@mpl.mpg.de
https://doi.org/10.34133/ultrafastscience.0062
https://doi.org/10.34133/ultrafastscience.0062
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.34133%2Fultrafastscience.0062&domain=pdf&date_stamp=2024-05-09

Ultrafast Science

The prior knowledge of a signal’s sparsity enables the formulation
of an optimization problem that allows for the reconstruction
of the signal using a reduced number of sampling points below
the Nyquist-Shannon criteria. The sparsity of the measured
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Fig.1.Visual summary of compressed sensing of field-resolved molecular fingerprints.
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spectroscopic information of various materials has been dis-
cussed by analytical treatment in oversampled measurements
[24-28] or analytical compression before storage or transmission
[29,30]. However, the requirement for incoherence and random
sampling has hindered the experimental demonstration of real-
time, time-domain sparse sampling. This work demonstrates
real-time, field-resolved compressed sensing of water vapor
molecules beyond the Nyquist criteria. The reconstruction of
the absorption spectrum of water vapor sets clear boundaries
on the required sample sparsity for the effectiveness of com-
pressed sensing, as the absorption spectrum includes both high-
cross-section peaks and low-amplitude adjacent peaks. The
real-time measurement in our approach is enabled by random
sampling, using a rapidly scanning delay line and a fast recon-
struction algorithm for real-time data analysis.

Methods

Experimental setup

Figure 2A shows the experimental setup for terahertz (THz)
field-resolved compressed sensing. The laser delivered 54-fs
pulses centered at 810 nm with 2.1-m] energy at 1-kHz repeti-
tion rate. In the setup, the diameter of the beam was first reduced
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Fig.2.(A) Details of the experimental setup. (B) Field-resolved measurement of the THz pulses via electro-optic sampling. (C) Spectrum of the THz pulses retrieved from the
time-domain measurement. BS, beam splitter; HWP, half-wave plate; NDF, neutral density filter; QWP, quarter-wave plate; Si, silicon-plate; ZnTe, zinc telluride; WP, Wollaston prism.
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from 4.1 to 2.8 mm at 1/¢’ via a Gallilean beam expander with
the focal length of f= — 100 mm and f= 150 mm. The beam
was then split into 2 paths via a 90:10 unpolarized beamsplitter.
The reflected beam containing 90% of energy was chopped at a
frequency of 500 Hz via a mechanical chopper. Therefore, every
second pulse was blocked by the chopper. The modulated signal,
in combination with a boxcar filter, was used to eliminate sys-
tematic drifts of the measurement. The modulated beam was
used to generate THz transients via optical rectification in a
1-mm-thick ZnTe crystal (see Fig. 2B and C). After the THz
generation, a 1.6-mm-thick silicon plate was used to filter the
800-nm pump beam while transmitting the THz-beam. The
THz pulses propagated through a box filled and sealed with
water vapor molecules at 50% relative humidity. Nitrogen was
used to control the humidity of the sealed box.

An electro-optic sampling setup incorporating a 0.1-mm-
thick ZnTe crystal was developed to characterize the electric
field of the THz pulses. Forty microwatts of the amplifier’s out-
put power was used to probe the THz pulses at the electro-optic
sampling stage, where the polarization changes of the probe
pulse due to interaction with THz electric field strength was
detected in an ellipsometer incorporating balanced photodi-
odes. The THz pulses were focused on the detection crystal
with a pierced parabola with the focal length of f=50.3 mm
while spatially overlapped with the probe beam.

For real-time, random scanning of the probe pulses over the
water vapor’s molecular response, an acousto-optical delay line
with kilohertz scanning rates was integrated into the probe’s
beam path [31,32]. The acousto-optic delay line allows for arbi-
trary relative time delay between the THz pulse and probe
pulses and shot-to-shot random scanning of the electric field.
In front of the Dazzler, the polarization of the probe was flipped
via a half-waveplate to provide the required input polarization.
The diffracted output beam from the Dazzler has an orthogonal
polarization relative to the input beam. Eventually, the probe
beam was focused through a pierced parabola to the detection
crystal with a plano-convex lens (f = 130 mm). The THz-beam
copropagated with the probe beam with altered polarization
depending on the instantaneous THz field strength via the

Pockels effect in the detection crystal. After collimation of the
probe beam with an off-axis parabola (f = 100 mm), its polariza-
tion status was analyzed with an ellipsometric detection scheme
consisting of a quarter-waveplate, a Wollaston prism, and a bal-
anced photodetector. The signal of the balanced photodetector
was fed into a lock-in amplifier using a boxcar filter to eliminate
systematic drifts, while the lock-in amplifier’s boxcar filter
ensured the signal’s high-bandwidth detection during the ran-
dom scanning. Data acquisition was performed by the lock-in
amplifier triggered by the radio frequency control signals from
the acousto-optic delay line. Data acquisition trigger (green)
and synchronization paths (red) are indicated in Fig. 2A by
dashed lines. The time-delay module had a refresh time of 2 ms
at an arbitrary temporal position within its scanning range. To
capture the complete molecular response encoded in the THz
field, which lasts for tens of picoseconds, a mechanical delay
line was added to the acousto-optic delay line, extending the
scanning range of 6,400 fs for a single acousto-optical delay line
to >40 ps. Alternatively, the scanning range can be extended by
coupling multiple acousto-optic modulators.

Reconstruction strategy

Two categories of compressed sensing algorithms [19,20] were
investigated for reconstructing the electric field of water’s ran-
domly sampled molecular response: convex compressed sensing
and greedy algorithm (see Fig. 3). Basis Pursuit Denoising
(BPD) and Lasso algorithms [33,34] from the family of convex
compressed sensing algorithms were used for reconstruction
due to their noise robustness and low reconstruction error for
signals with moderate sparsity [19,35]. When comparing the
mean squared error of the reconstruction for both algorithms,
it was noted that the Lasso algorithm has a unique global mini-
mum at a specific threshold value in the optimization problem.
In contrast, the BPD algorithm demonstrates a negligible mean
squared error across a range of threshold parameters (r and &
in supplementary information). BPD is also recognized for its
ability to reduce the measurement noise of the oversampled
signals [36]. As finding a reference for arbitrary measurements
to optimize the reconstruction threshold value is not always
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Fig. 3. The reconstruction algorithms used for the data analysis of the sparse measurements: The BPD and StOMP algorithms. While StOMP has the benefit of fast data
processing, it requires an input reconstruction threshold value. To overcome this inefficiency, the IQR method was used to search for the dominant frequencies, while the
Nonlinear Least Square algorithm was used to optimize the amplitude of the reconstructed traces.
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feasible, BPD was selected for further analysis. From the second
category, the Stagewise Orthogonal Matching Pursuit (StOMP)
greedy algorithm was chosen and developed owing to its fast
computation and robustness to noise [19]. To address the issue
of significant amplitude reconstruction error in StOMP, a
Nonlinear Least Square (NLS) algorithm has been incorporated
into the StOMP reconstruction. Additionally, StOMP necessi-
tates a distinct reconstruction threshold value at every iteration,
which is ineflicient and impractical. Consequently, an approach
based on the interquartile range method [37] was developed to
calculate the threshold parameter automatically (see supplemen-
tary information for more details).

Results

As a proof-of-principle experiment for time domain com-
pressed sensing, we resolved atmospheric water vapor’s spec-
troscopic information in response to the THz excitation pulses
centered at 1 THz. Among the most abundant molecules in the
atmosphere, only water possesses a permanent dipole in this
spectral range [38]. As a result, the spectral coverage of THz
excitation pulses serves as a filter, isolating the study to only
water vapor and its isotopes [39]. The ambient air’s absorption
spectrum in this spectral range is characterized by a high den-
sity of absorption peaks [40], which makes it an ideal platform
for assessing the efficacy of compressed sensing in reconstruct-
ing moderately sparse spectra while also highlighting its limi-
tations in reconstructing prominent absorption peaks and
adjunct frequencies. Moreover, such realization holds promise
for real-time gas detection in open-air environments [41,42].
For a comparison between conventional sampling and com-
pressed sensing, 2 categories of measurements with different
numbers of sampling points were performed in real-time on
the water vapor response: (a) linear scans with sampling points

Electric field
(a.u.) aa— Oversampled reference
. Sample points
. .

BPD

A 5 10 15 20 25 30

© N =2,023 ; . ;

35 tinps B

at the time intervals of t, , , =t, + At, and (b) uniformly
random distributed sampling points. Each measurement was
repeated 10 times. As a result, the location of the randomly
located sample points of the second category varies for every
measurement.

Ten oversampled, linearly scanned measurements of the
molecular response with N = 2,034 sample points were aver-
aged to generate a reference waveform. This reference trace is
shown by the blue curve in Fig. 4A. The atmospheric vapor
molecules are excited impulsively by the THz light transient,
and their molecular response is temporarily separated from the
broadband excitation pulse. This molecular response rich with
spectroscopic information is sparse in the frequency domain
as it only contains the information on resonance frequencies
of the sample [43]. Therefore, the temporally gated signal from
5 to 35 ps was considered for compressed sensing. The upper
limit of this range was determined by the internal reflection of
the THz light transient at 36 ps. To evaluate the performance
of the sparse sampling, the field-resolved molecular response
was measured at 18 different sampling rates from 2,023 mea-
sured data points to 46 data points. The reconstruction was
performed using both BPD and StOMP algorithms.

Figure 4A shows the real-time compressed sensing of the
field-resolved molecular response of the atmospheric water. A
single sparse measurement at an extreme limit with the mini-
mum random number of sample points of N = 46, is shown by
red dots. The orange and green curves show the reconstructed
field using BPD and STOMP algorithms for N = 46, respec-
tively. To evaluate the performance of compressed sensing, we
calculated the mean squared error between the reference wave-
form and the reconstructed waveforms via BPD and StOMP,
respectively.

Figure 4B shows the average and standard deviation of the
mean squared error as a function of N for each algorithm. The
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Fig.4.(A) Real-time compressed sensing of the field-resolved molecular response of atmospheric water. The light blue curve shows the reference waveform, while the red dots
illustrate the random sparse detection at N=46 sampling points. The reconstructed waveform via the BPD and StOMP algorithms are shown in orange and green, respectively.
(B) Mean Squared Error of the reconstructed waveforms via BPD and StOMP versus N. The purple curve shows the corresponding calculated Nyquist frequency for each N
for comparison. The dotted line indicates the Mean Squared Error of linearly sampled measurements, indicating the measurement noise. By random sampling, the BDP filters
and reduces noise from the oversampled signal. Therefore, the average of 10 reconstructed waveforms shows lower noise than the case of linearly sampled measurements.
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purple curve shows the corresponding calculated Nyquist fre-
quency for each N for comparison. The dotted line indicates
the measurement noise. The measurement noise was calculated
by averaging the mean squared error of the reference waveform
versus the reconstructed waveform for each N. As this value
exhibits only slight variations across different N, it is indicated
by a horizontal dotted line. Not only does the BPD algorithm
outperform the StOMP method, but for larger values of N, the
waveforms reconstructed using BPD show a mean squared
error lower than the measurement noise. This is due to the
tendency of BPD to converge to a solution with maximum
sparsity, which acts as a filter rejecting signal amplitudes other
than absorption frequencies. For lower values of N, the mean
squared error increases nonlinearly, reaching 12 x 107* at
N = 46. The low standard deviation between the 10 different
measurements for each value of N demonstrates the stability
of the reconstructions.

Figure 5A displays the spectrum of the reference waveform
and the sparse sampling measurements at various sampling
points of N = 524, N = 136, and N = 46. These sampling data
points correspond to Nyquist frequencies of 8.8, 2.3, and
0.8 THz, respectively. The spectra obtained from the com-
pressed sensing reconstructed waveform successfully retrieve
water absorption peaks beyond the Nyquist limit even for low
sampling points of N =46, which corresponds to temporal
steps of At =666 fs. The number of sampling points would
need to be increased by at least 3 times to achieve a similar
outcome using conventional sampling.
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Figure 5B and C summarizes the performance of the BPD
and StOMP reconstructions for measurements at various N,
where the averaged Fourier transformation of the 10 com-
pressed sensing reconstructed waveforms at different N are
presented. The amplitude at each N is normalized to one, and
the area bordered by the purple line denotes the recovered fre-
quencies beyond the Nyquist limit. The spectral region ranging
from 1 to 1.5 THz is crucial for this investigation due to several
absorption lines with high cross-sections and the high spectral
density of the THz excitation pulses. Remarkably, the primary
absorption peaks in this region are exceptionally well recovered
beyond the Nyquist limit with excellent quality. When dealing
with lower values of N, the reconstruction of absorption lines
with lower amplitude and adjunct frequencies is more noise-
prone, even for those below the Nyquist limit. A comparison
of Fig. 5D and Fig. 5E reveals that while the less complex
StOMP algorithm has the potential of a fast reconstruction
speed compared to BPD, it results in noisier reconstructions of
both the low-amplitude frequencies below the Nyquist limit
and the absorption lines beyond the Nyquist limit.

Conclusion

Ultrashort time-domain spectroscopy, particularly field-resolved
spectroscopy, has been a gold standard for accurately identifying
the constituents and dynamics of matter without the need for
labels [14, 43-47]. Despite numerous attempts to increase mea-
surement speed in ultrafast spectroscopy [32,48,49], real-time
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Fig. 5. (A) Fourier transform counterpart of the reference waveform and the sparse sampling measurements at various sampling points of N =524, N =136, and N = 46.
The purple bars show the corresponding Nyquist frequency of each sampling data point. The transparent curve shows the variation in different random measurements.
(B) Averaged reconstructed spectra by BPD at various N. (C) Averaged reconstructed spectra by StOMP at various N. The bordered purple area denotes the reconstructed

spectral components beyond the Nyquist frequency.
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measurements remain challenging due to a prolonged acquisition
time, significant data volume, and processing time. This study
showcases compressed sensing with rapidly sampled field-resolved
spectroscopy for the first time, providing a solution to overcome
these limitations. In particular, when short excitation laser pulses
interact with matter, the signal-carrying information on this inter-
action is temporally separated from the main pulse, turning the
characterization problem into a compressed sensing problem.
Crucial for compressed sensing is the possibility of random sam-
pling, which has been achieved by employing an acousto-optic
delay line and a boxcar filter for broadband data acquisition with
a high dynamic range. The relatively high density of absorption
peaks of ambient air water in the THz spectral range provides an
ideal platform for assessing the efficacy of compressed sensing in
reconstructing moderately sparse spectra while highlighting its
limitations. We report resolving the absorption frequencies 3 times
higher than the Nyquist limit. By employing a cascaded acousto-
optic delay line, the acquisition time of sparse sampling for N = 46
sampling points can be reduced to sub-100 ms. The acquisition
time is at least 3 times higher for the linear sampling of the signal
at a Nyquist frequency of 2.3 THz. Additionally, we demonstrate
that compressed sensing below the Nyquist criteria can suppress
measurement noise, making it valuable for speeding up measure-
ment time and denoising sensitive measurements.

Determining when sufficient sample points have been acquired
for measuring an unknown spectrum is a major challenge in
compressed sensing. However, the uniform random sampling
over the whole region of interest and real-time analysis of the
measurement in less than 3 ms allows for the identification of the
best-reconstructed waveform. As the refresh time of the acousto-
optic delay line is at 30 kHz, individual random shot-to-shot
sampling can be performed for laser pulses below this repetition
rate. For higher repetition rates, partial random scanning can be
performed. Here, each launched acoustic wave packet inside the
acousto-optical delay line delays an incoming pulse train with
equally spaced delays [32], while the relative delay between dif-
ferent scans is randomized, showing promise to introduce com-
pressed sensing.

Real-time ultrafast spectroscopy is of crucial importance in
various fields. Our innovative technique can greatly accelerate
data acquisition in ultrafast spectroscopy, particularly in higher-
dimensional analyses, by data volume minimization, signal
acquisition time reduction, and a contraction in the required
number of measurements in each dimension. These advances
alleviate the requirements for specialized measurement instru-
ments, offering benefits extending well beyond traditional spec-
troscopy applications. For instance, simplifying the handling of
fragile specimens, enabling real-time environmental monitor-
ing of short-lived pollutants, and real-time, open-air diagnostics
of toxic and hazardous gases [15-17,50].
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