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Entanglement has evolved from an enigmatic concept of quantum physics to a key
ingredient of quantum technology. It explains correlations between measurement
outcomes that contradict classical physics and has been widely explored with small
sets of individual qubits. Multi-partite entangled states build up in gate-based
quantum-computing protocols and—fromabroader perspective—were proposed as
the main resource for measurement-based quantum-information processing2. The
latter requires the ex-ante generation of a multi-qubit entangled state described by a
graph®®. Small graph states such as Bell or linear cluster states have been produced
with photons’™, but the proposed quantum-computing and quantum-networking
applications require fusion of such states into larger and more powerful statesina
programmable fashion %, Here we achieve this goal by using an optical resonator?
containing two individually addressable atoms??*. Ring® and tree?® graph states with
up to eight qubits, with the names reflecting the entanglement topology, are efficiently
fused from the photonic states emitted by the individual atoms. The fusion process
itself uses a cavity-assisted gate between the two atoms. Our techniqueis, in principle,
scalable to even larger numbers of qubits and is the decisive step towards, for instance,

amemory-less quantum repeater in a future quantum internet” 2,

The characteristics and capabilities of highly entangled graph states™*
havebeenwidely exploredintheoretical quantuminformation science.
These states form a useful subclass of multi-partite entangled states
and have the common feature in that they can be represented by a
graph comprising vertices and edges (Fig. 1a). A variety of quantum-
information protocols have already been implemented in proof-of-
principle experiments with graph states made of entangled photons
from spontaneous parametric down-conversion (SPDC) sources®3°,
However, theintrinsically low efficiency of the probabilistic SPDC pro-
cess remains a substantial obstacle for scalability to large qubit num-
bers. An alternative and, in principle, deterministic approach using a
sequence of single photons emitted from a single memory spin was
recognized early on*”**but could not be realized owing to technological
shortcomings. The strategy was implemented only recently but with
remarkable progress® ™ that finally led to an outperformance of SPDC
systems in the achievable number of entangled photons'.

Although these experiments were limited to elementary photonic
graph states such as Greenberger-Horne-Zeilinger (GHZ) and lin-
ear cluster states (Fig. 1a), several emitter qubits can, in principle,
be combined using quantum logic operations to fully exploit their
capabilities” %28, Once implemented, this would enable archi-
tectures that can generate more complex types of graph state for
which many powerful quantum-information protocols such as
measurement-based quantum computers and quantum repeaters
have been proposed*>?”%, Although recent proposals have success-
fully identified resource-efficient protocols for such architectures?®*>*,
the emitters still need to satisfy some demanding conditions: a suit-
able energy-level structure for spin-photon entanglement, efficient

emission ofindistinguishable photons, coherent control of the emitter
qubitand high-fidelity entangling gates between emitters. Despite the
individual demonstration of these components, no experiment has
yet achieved the successful integration of all of them into the same
physical system.

Here we demonstrate fusion of photonic graph states produced
from two individually addressable atoms in an optical cavity. First,
we implement an atom-atom entangling gate based on two-photon
interferencein the cavity mode**. Extending previous work'®, we then
show that two graph states separately generated from both emitters
canbefusedintoalarger graph (Fig.1b). In particular, we demonstrate
the generation of two important multi-qubit states, namely ring and
tree graph states (see Fig.1a). Both types of state have been identified
as valuable resources for protection against qubit loss and/or com-
putational errors in the framework of measurement-based quantum
computation and communication® 2%,

Our experimental setup is schematically shownin Fig.1d and consists
of two ¥Rb atoms trapped in a high-finesse optical cavity. Both atoms
are positioned at anti-nodes of the cavity mode to ensure strong light-
matter coupling with a cooperativity of C=1.8 and hence to enable
efficient generation of single photons by means of avacuum-stimulated
Raman adiabatic passage (VSTIRAP)*. The cooperativity C=g%/(2ky)
is defined in terms of the cavity quantum electrodynamics parameters
(g, k,y)/2t=(5.4,2.7,3.0) MHz. Here g denotes the coupling
rate of a single atom to the cavity mode for the D, line transition
|F=1,mg=+1) o |F'=2, mr=+2), kis the total cavity-field decay rate
and yis the atomic-polarization decay rate. We use the atomic-state
notation |F, m) (|F’, m})), in which F (F’) denotes the total angular
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Fig.1| Toolbox for generating photonic graphstates.a, Common examples
of graph sstates. Qubits are represented by vertices, whereas edges connecting
themreflecttheir entanglementtopology.b, Twoindependent graphs canbe
merged by means of a cavity-assisted fusion gate. ¢, Correlation measurements
ontheBellstate|W*) = (I01)g + IlO)S)ﬁ. Correlationsinthe measurementbases
XX, YYand ZZ certify entanglement and good agreement with theideal |[W*)
state. Error barsrepresent thelostandarderror.d, Experimental apparatus.
Two highly reflective mirrors form an asymmetric high-finesse cavity inwhich

momentum of the ground (excited) state and m, (mj) its projection
along the quantization axis. The latter is given by a magnetic field
oriented along the y axis (cavity axis), giving rise to aZeeman splitting
with Larmor frequency w, /21 = 100 kHz. To minimize crosstalk between
the two emitters, the cavity resonance is detuned by A/21t = -150 MHz
withrespecttothe |[F=1,mg=+1) & |F’=1, my = 1) transition®. The
photons are outcoupled from the cavity and directed towards a
polarization-resolving detection setup consisting of a polarizingbeam
splitter and a pair of single-photon detectors. The vSTIRAP control
laser canbe applied either globally along the x direction acting on both
atoms simultaneously or atom-selectively using an acousto-optic
deflector (AOD) combined with a high-NA objective on the z axis.
Furthermore, atomic-state manipulation such as optical pumping or
coherentdriving of Raman transitions canbe carried out onboth atoms
simultaneously using global laser beams.

Thanks to the single-atom addressing beam, both atoms serve as
independent emitters, each capable of generating individual spin-
photon entanglement in parallel. An atom residing in a coherent
superposition of the states |2, +2) can undergo a two-photon tran-
sition (vSTIRAP) to |1, 1), emitting a photon into the cavity mode
(seeFig.1e(i)). We choose the states |0)s =1, +1) and [1)s = |1, -1) as the
atomic qubit basis (‘S’ for ‘spin’). In the emission process, conserva-
tion of angular momentum gives rise to entanglement between the
polarization of the photon and the atomic spin state. |0) = |R) and
[1) = |L) define the photonic qubit, with R/L corresponding to right/
left circular polarization, respectively. This process can be repeated
after aRaman transfer from [1, +1) back to |2, £2). Using a specifically
designed alternating sequence of photon emissions and atomic qubit
rotations, elementary graph states such as GHZ or linear cluster states
can be obtained'.

The global beam provides the possibility to entangle the two emit-
ters, thus merging the graphs to which they are connected. The under-
lying mechanisminvolves two-photoninterference in the cavity mode
andresembles the type Il fusion gate®®. Although not strictly identical
tofusioninits original form, we here refer to ourimplementationas a
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weoptically trap two*Rbatomsatadistance of d = (9 + 6) um. The vVSTIRAP
controllaser canbe applied either globally or atom-selectively using a
high-NA objective.Inthe process, photons are generated leaving the cavity
predominantly through the right mirror. e, Atomic-level schemeillustrating
different stepsinthe protocol. (i) Photon emission from|2, +2). (ii) Before every
photon emission, the qubitis mapped from|1, +1) to |2, +2) using Raman lasers
at790 nm. (iii) The same Raman laser system is used to perform single qubit
gatesonthe qubitstates [1, +1) (Raman lasers are not shownin panel d).

‘cavity-assisted fusion gate’. The quality of this process depends cru-
cially on the indistinguishability of the photons, which is ensured
here by both atoms coupling to the same cavity mode and vSTIRAP
control laser. To quantitatively characterize this process, we use the
cavity-assisted fusion gate to entangle the two atoms and analyse the
correlationsinthe obtained two-qubit state. Hence we initialize both
atoms by optical pumping to the state |2, 0). Next, we carry out the
fusion by applying a global vSTIRAP control pulse generating two
entangled spin-photon pairs. As the photons interfere in the cav-
ity mode, the which-atom information is erased. Therefore, sub-
sequent measurement in the Z(R/L) basis, with one photon being
detected in each detector, projects the atoms onto the Bell state
W= (J0D)g + |10>S)/ﬁ and indicates the success of the entangling
operation. A detection of both photons in the same detector projects
the atoms onto a product state (|00)s or |[11)5), which means failure.

For the successful preparation of |[¥*), we observe strong correlations
when measuring the atoms in the bases XX, YYand ZZ (Methods). The
probability of each measurement outcome in the different bases is
plotted in Fig. 1c. From this, we obtain a state fidelity /= 0.915+ 0.005
withrespecttotheideal state. Thisnumber varies between 0.851 + 0.006
and 0.963 + 0.008, depending on the choice of post-selection criteria
for the photonarrival times (Methods). The scenario described above
isthe simplest case of the fusion mechanism shownin Fig. 1b, inwhich
the emitter qubits do not share abond with any other qubit before the
fusion. The resulting state |W*) can be interpreted as a logical qubit
redundantly encoded'?® in the basis {|0), = [10)s, |1}, = |01)s} ('L’ for
‘logic’). Inthe graph-state picture, we express this as a vertex contain-
ing two circles. As we will see below, the same principle applies when
the two atoms are part of agraph state and do share bonds with other
qubits. In this case, the two emitter vertices are merged, preserving
the bonds attached to them, as shown in Fig. 1b. If the fusion fails in
case both photonsend upinthe same detector (RRor LL), the emitter
vertices are removed from the graph. Although this implies a failure
ofthe protocol, the portion of the graph generated up to this point can
stillbe recovered.
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Fig.2|Ringgraphstates. a, Experimental protocol showing the individual
steps such asinitialization (purple), vSTIRAP control pulse (blue), photons
(red), qubit transfer (green) and qubit rotation (orange). The colour coding
follows Fig.le. Each of the threelines represents operations carried out on
atom1,atom2or globally, thatis, by means of agloballaser beamactingon
both atoms simultaneously. The multi-qubit quantum state is shown belowin
itsgraphrepresentation at different stages of the sequence. The full protocol
includingatomreadout takes 1 ms for theboxand 1.2 msfor the hexagon graph

We now use the two-atom Bell pair as a starting point for preparing
various photonic graph states. As a first example, we demonstrate
the generation of ring graph states consisting of up to eight qubits
(Fig. 2e). Basically, we first grow a linear cluster state with the emit-
ters at the ends of the chain, which we then fuse to obtain aring. The
generation steps are shown in Fig. 2a using the graph state represen-
tation. We start with atwo-atom Bell state |W*), which we obtain from
the cavity-assisted fusion. Next, we apply Nphoton-generation cycles
interleaved with t/2 pulses, resulting in alinear cluster state with the
atoms at its ends. In each cycle, we first perform the atomic qubit
transfer to |2, +2) (see Fig. 1e(ii)). We then generate one photon from
eachatom (Fig.1e(i)), applying the control pulse using the addressing
system. The two photons are temporally separated by T= 20 psto allow
enough time for the AOD to direct the addressing beam to the second
atom. Afterwards, we perform a /2 rotation on the atomic qubits
by means of the intermediate state |2, 0) using a sequence of Raman
pulses (similar to ref. 16). Each cycle lasts 225 ps and has the effect of
adding two photonic qubits to the linear cluster state. In the final step,
we perform the qubit transfer followed by a photon-production pulse
by means of the global beam. This realizes the fusion on the emitter
qubits, effectively merging both ends of the chain. For N=2and N=3
photon-generation cycles, this produces either a box-shaped or a

states.b,e, Graphrepresentation of the generated ‘box’ and ‘hexagon’ graph
states. c,f, Measured expectation values for the stabilizers corresponding to
thebox-shaped/hexagon-shaped graphsinbande. The colour of the bars
(purple and blue) identifies the two sets of stabilizers aand b corresponding to
the measurementsettings M,and M,.d,g, Entanglement witness measurement
obtained from coincidences in the measurement settings M,and M,.. Product
correlators G, (purple) and G, (blue) and fidelity interval defined by the lower
(upper) bound F_(F) inblack. Allerror bars represent the 1ostandard error.

hexagon-shaped graph asshowninFig. 2b,e, respectively. Here, again,
the two atoms carry a logical qubit redundantly encoded in [10)s and
|01)s. This specific protocol only produces ring graph states of even
parity, that is, an even number of vertices. However, as we show in
Methods, ring graph states of odd parity can be obtained simply by
addingaglobal /4 rotation after the initial fusion gate. In the follow-
ing, we willfocus on the protocol as presented above and demonstrate
thegeneration of the box and hexagon graphs, consisting of four and
six vertices, respectively.

To characterize the experimentally generated state and compare it
with the ideal graph state, we measure its corresponding stabilizer
operators. Thestabilizerstoagivengraphare definedas §;= X; ”jeN,- Z,
in which A is the neighbourhood of vertex i. As the cavity-assisted
fusion gate produces vertices that are encoded by two physical qubits,
we use the concept of ‘redundantly encoded graph states™. These are
equivalenttoregular graph states up toalocal unitary transformation
on the redundant physical qubits. The stabilizers to the graphs in
Fig.2b,e are shown on the x axis of Fig. 2c,f. To obtain the expectation
value of agiven stabilizer, we measure coincidences of the correspond-
ing subset of qubits, for which each qubitis detected in either the Zor
the Xbasis. For photonic qubits, the detection basis is set dynamically
by means of an electro-optic polarization modulator. The readout of
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GHZ state as afunction of free evolution time ¢, before the m/2 rotation. The
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the atomic qubit is realized by an appropriate Raman rotation to
set the basis, followed by up to three photon-generation attempts with
the detection basis set to R/L (Methods).

The experimentally measured expectation values of the stabilizers
are shown in Fig. 2¢,f for the box and hexagon graphs, respectively.
Furthermore, in the case of an even number of vertices, it is possible
to divide the stabilizers into two sets a and b, which can be measured
with two local measurement settings M, and M,. Similar to in ref. 39,
we introduce the operators G, and G, as the product [1;.. (1 +S)/2
obtained from the measurement setting M,,,. Their expectation values
can be used to compute the fidelity lower bound = = {G,) + (G -1
and upper bound %, =./(G,){G,) (Methods). Both bounds define
aconstraint for the fidelity given by the inequality 7 < F< F,.

The results are shown in Fig. 2d,g. For the box-shaped graph, we
find the fidelity to fall within the interval given by 0.59+0.03 < F<
0.80+0.02. Because the lower bound of this interval exceeds the
threshold of 0.5, we have genuine multi-partite entanglement.
In the case of the hexagon graph, the data do not prove genuine
entanglement, as the lower bound falls below 0.5. Here we have
0.34739¢ < 7<0.67+0.03. We nonetheless observe an overlap with
theideal graph state in terms of the stabilizer expectation values {S;).
Also, we emphasize that the true state fidelity is probably higher than
the obtained lower bound Z.. Alternative characterization methods
have been developed for a more precise estimation of the fidelity***!
but are unsuitable for our current detection setup.
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verticalllineindicates the working point used for the experiment. Datain light
red show the parity whenslightly varying the photon separation 7 (see main
text).c, Graphrepresentation of the generated multi-qubit state with the chosen
labelling convention. d, Measured stabilizer expectation values similar to Fig. 2.
e, Product correlators G, (purple) and G, (blue) and fidelity interval (black).
Allerrorbarsrepresent thelostandarderror.

Asasecond example, we demonstrate the generation of atreegraph
state? consisting of eight qubits (Fig. 3c). In this scenario, we fuse two
independent graphs into a larger one. To do this, we first generate
two GHZ states, each represented by a star-shaped graph. These will
eventually form two branches of the tree graph after merging them
using the cavity-assisted fusion gate. The experimental protocol
is shown in Fig. 3a. After initialization to the |2, O) state, each atom
emits a photon on successively sending the vSTIRAP control pulse
onto the atoms using the addressing system, generating two atom-
photon entangled pairs (Fig. 3a, (1)). Two further photon-production
cycles are carried out, each cycle consisting of a global Raman
transfer to |2, £2) and a photon-generation pulse (Fig. 3a, (2,3)).
Next, after a free evolution time of ¢,, a Tt/2 rotation is applied to
both atomic qubits simultaneously. At this stage, two GHZ states of
the form

(1#)5|0 ++) + 701200 |-y [1--))/./2 o
have beengenerated, each consisting of one atomand three photons.
Here |+) = (|0Y+|1))/-/2. Note that two of the photons in the above
expression have experienced a Hadamard rotation, which—in the
experiment—is absorbed into the setting of the measurement basis.
This as well as a 1t/2 pulse on the atomic qubit has the effect that the
respective qubitis ‘pushed out’ from the graph, thus forming a so-called
‘leaf’ qubit (see, for example, ref. 19).



The second termin equation (1) carries a phase factor ¢, ,(¢,), which
arises from the free evolution of atoms 1and 2, as denoted by the sub-
script. We write ¢,(¢,) = 2w, t, and ¢,(¢,) = 2w, (t, — T) as functions of
the /2 pulse timing given by ¢,, in which ¢,(¢,) contains the photon
separation T as an extra parameter. Figure 3b shows the parity of each
of the GHZ states and the oscillating behaviour as a function of ¢,. We
show that, by adjusting ¢, and 7, we can actively tune this phase to be
0 and 1t for the two branches, respectively.

Inthe next step, the two branches are fused into a tree graph. To do
this, we apply a global vSTIRAP control pulse, leading to the simul-
taneous emission of two photons that are detected in the R/L basis.
As before, the protocol succeeds if one photon is detected in each
detector, thatis, in the Rand L polarization states, respectively. This
step can be thought of as aprojection of the atomic qubits on the sub-
space {|01), [10)}, given by the operator |01)s(01|s + [10)s(10|s. We then
obtain the state

1
|(l)tree> = ﬁ[uO)S(lO +H)+[1-- >)®2 +|0Dg(|0++)—1-- ))®2]’ (2)

which is an eigenstate to a set of stabilizers corresponding to a tree
graph state of depth two, in which the root qubit can be seen as redun-
dantly encoded (Fig. 3c). Owing to the redundant encoding, we again
use the modified stabilizers S, = -Z,Z,and S, = X,X,Z,Z, for the physical
qubits of the root vertex. If necessary, the atoms can be disentangled
fromthe photonicstate by performing an atom-to-photon state trans-
fer'®. In certain cases, however, the protocol may require the emitters
tobe partofthe graph. An exampleis the one-way quantum repeater®,
inwhich an emitter forms the root qubit of a tree graph.

The measured expectation values for the stabilizers are shown in
Fig.3d. Wefind all stabilizers to be above 0.7 and some of them close
tol,ingood agreement with the ideal state for which (§;) = 1. Further-
more, we are able to prove genuine multi-partite entanglement by
collecting eight-qubit coincidences. We find that the entangle-
ment fidelity is constrained by the upper and lower bounds with
0.69'5%% < £<0.85'9:92 , thus exceeding the classical threshold
of 0.5.

The fidelities of the generated entangled states are limited by
various sources of error. For single-emitter protocols, we have
identified spontaneous scattering in the photon-emission process
and imperfect Raman rotations as the main error mechanisms'¢. In
this work, we attribute most of the infidelity to the cavity-assisted
fusion gate, which is affected by spontaneous scattering as well as
imperfect photon indistinguishability. A more detailed discussion
canbe found in Methods.

Thegeneration ofthe presented graph statesrelies ona high overall
source-to-detector efficiency, which—in this work—is close to 0.5 for
asingle photon emission. Hence, with acoincidence rate on the order
of one per minute, we can collect hundreds of events in a few hours of
measurement (Methods).

In conclusion, we have generated ring graph states of up to 6 (8)
logical (physical) qubits and atree graph state made up of 7 (8) logical
(physical) qubits by coupling two emitters by means of a cavity-assisted
fusiongate. Thelatter constitutes the, inour view, decisive step towards
scalable architectures of coupled single-photon sources for creating
arbitrary photonic graph states. These could be realized with several
atom-cavity systems that are embedded in adistributed architecture
and connected by opticalfibre links?. Alternatively, one could increase
the number of emitters within the same cavity, for instance making use
ofarrays of optical tweezers. Both approaches are conceptually similar,
whereas the latter takes advantage of hosting several emitters in the
same hardware device. A larger number of emitters would enable tree
states of higher depths or repeater graph states, which are proposed
asuseful tools to overcome photonloss in long-distance transmission
lines®?”%8, Similar schemes can be used to generate two-dimensional

cluster states to enable fault-tolerant quantum-computing protocols
suchas one-way or fusion-based quantum computation>?>**, Finally, yet
notably, the photons of the graph state could be individually steered
to and stored in a distributed set of heralded quantum memories*?,
thereby bringing the flying entanglement to a standstill in a mate-
rial system. In the context of multi-partite quantum networks*, this
approach would offer many fascinating possibilities®® beyond those
of atwo-party quantum-communication link.
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Methods

Experimental setup
Theapparatus used in our work consists of asingle-sided high-finesse
cavity in which we optically trap two rubidium atoms. Most experi-
mental details about the setup including the cavity quantum electro-
dynamics parameters have already been described elsewhere'. Inthe
following, we provide further information that is important for the
current work.

Theatomsare trapped inatwo-dimensional optical standing-wave
potential formed by two pairs of counter-propagating laser beams.
Thefirstisaretro-reflected laser at awavelength ofA=1,064 nmalong
the x axis. The second propagates inside the cavity mode along the
yaxiswithA =772 nm. The atoms are loaded from a magneto optical
trap to the cavity centre using asecond 1,064-nm running-wave laser.
The light scattered by the atom during laser cooling is imaged by
means of the objective onto an electron-multiplying charge-coupled
device camera to spatially resolve the position of the atoms. After
eachloading attempt, we find arandom number of atoms nat random
positions. The experimental control software identifies atom pairs
with a suitable relative distance d. If no such atom pair is present, a
new loading attempt starts immediately. Otherwise, atightly focused
resonant laser beam, propagating through the objective and steered
by the AOD, removes the n — 2 unwanted atoms. The x component of
the centre-of-mass position of the atom pair (x, + x;)/2 is then actively
stabilized to the centre of the cavity mode by acting on the relative
phase of the 1,064-nm counter-propagating laser beams. The y com-
ponents y, and y, are controlled by modulating the optical power of
the 772-nm intra-cavity trap until the atoms are found in a desired
position.

Fusion gate and post-selection

For afusion gate to be successful, two photons have tobe detected, as
described in the main text. Mathematically, this can be understood by
considering two atom-photon entangled states of the form

1

[@p) = ﬁ(|F=l,mF=1> ILY=|F=1,mg=-1) |R)). 3)

The relative minus sign in the above equation arises from the
Clebsch-Gordan coefficients in the two emission paths. Applying
the projector (R|{L| to the product state |,p) ® [4p) cOrresponds to
the detection of an Rand an L photon, signalling a successful fusion.
Thisleaves us with the |W*) Bell state. Here we implicitly assumed that
the two photons occupy the same spatiotemporal mode function.
In the experiment, however, their temporal wave packet may not
be perfectly indistinguishable, leading to an incomplete erasure of
which-path information. Such imperfection can arise from sponta-
neous scattering by means of the excited state or from unbalanced
atom-cavity or atom-laser coupling. This effect becomes visible when
post-selecting onthe arrival time of the photons. The influence of the
arrivaltime onthefidelity of the atom-atom Bell state is summarizedin
Extended DataFig. 1. Panel ashows the intensity profile of the photon
temporal wave function as a function of ¢, with t; and ¢, being the
arrival times of the R-polarized and L-polarized photons produced
in the fusion process, respectively. Events in which a photon arrives
outside the time interval marked by the dashed lines are discarded.
This interval contains about 98% of all single-photon counts. Panel b
isatwo-dimensional density plot of the number of two-photon events
versus arrival times ¢z and ¢,. We can see that most events lie in the
vicinity of the point ¢, = ¢, =200 ns. The dashed line encloses the region
defining the post-selection criteria, which we specify in more detail
below. Panel cisadensity plotsimilar tob showing the fidelity asa func-
tion of tyand ¢,. We find that the fidelity is highest near the diagonal of
the plot, thatis t; = ¢,. This motivates our choice of the post-selection

region enclosed by the dashed line. Pixels for which we did not acquire
enough data to compute the fidelity are shown in white. The fidelity
is computed using the formula

]-‘:%(1+(XX>+<YY>—<ZZ>)- (4)

Here XX, YYand ZZ are two-qubit operators consisting of the respec-
tive Paulioperators. In panels d-f, we analyse their expectation values
(XX),{YY)and (ZZ) as a function of arrival time difference |t - t,|. We
plot the expectation value both for |t - t,| = T (orange) and |t - t,| < T
(purple), thatis, the cumulative expectation value. We find all correla-
tors to be in good agreement with the ideal case, for which we expect
(XX)=(YY)=1and(ZZ)=-1.Thehighfidelity of the two-atom Bell state
is also anindicator of a high photon indistinguishability. The dashed
linesindicate the maximumvalue of 7, thatis, |¢; — ¢,| < 7, chosen for the
data presented in Fig. 1c.

Post-selection criteria. For the data in Extended Data Fig. 1c, as well
as the data presented in the main text, we apply two post-selection
steps. The first step consists of restricting the absolute detection time
of the photons to a predefined interval of 1 us width (see dashed lines
in Extended Data Fig. 1a). This step applies to both single-photon and
two-photon events. The second post-selection condition involves
the relative arrival time difference |¢; - ¢,| in the case of two-photon
events and therefore only applies to photons generated in the fusion
process. The diagonal dashed lines in Extended Data Fig. 1b,c mark
the condition |t; — ¢,| < 7., = 250 ns. Events in which the photons are
detected with arelative delay larger than t,,, are discarded. In about
80% of experimental runs, the two photons fall within the interval
Of Ty

As stated in the main text, the atom-atom Bell-state fidelity ranges
between 0.851(6) and 0.963(8). The first number refers to the scenario
in which no post-selection on the photon arrival time is applied. The
second number is obtained when restricting the photon arrival times
totz, <500 nsand|t; - ¢, <20 ns. In this case, the post-selection ratio
isabout15%.

The above numbersrefer to the scenarioin which the atomis initial-
ized to |F=2, m:= 0) before photon generation. However, in the ring
and tree states protocol, the last fusion step consists of a two-photon
emission from |F =2, m=+2). In this case, the photon wave packet is
slightly longer, as the m,.= +2 Zeeman sublevels couple to different
excited statesin the emission process. Here we apply the same 1-ps time
interval as for the m:= 0 case, as at least 95% of the photon wave packet
is enclosed by this window. However, for the two-photon eventsin the
fusion process, we choose amaximum time difference of 7,,,, =400 ns
toaccommodate for a post-selection fraction of about 80%, similar to
the m =0 case.

Atomreadout

At the end of the generation sequence for tree and ring graph states,
the atomic qubits are still entangled with the photons previously
generated. One way to measure the atomic qubits is to perform an
atom-to-photon state transfer, as done in ref. 16. Here the qubit is
mapped from |F=1, m;=+1) to |F =2, m, = +1) before photon produc-
tion. Inthis way, the qubit is fully transferred to the photon, which can
then be measured optically. In this work, however, we chose another
technique to measure the atomic qubit. For aZmeasurement, we trans-
fer the qubit to |F =2, m,= +2) and generate a photon measuring it in
the R/L basis. Detecting an R (L) photon projects the atomic qubit
onto the state |0) (|1)s). When measuring the qubit in X or Y, we set
the basis directly on the atomic qubit with a 1t/2 pulse whose phase is
tuned according to the basis. The advantage of this scheme is that it
canberepeated until success in the case of photonloss, thus increas-
ing the overall efficiency of the state readout. However, as errors are
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more likely to occur after many repetitions, we limit the number of
attemptsto three.

Detailed protocol description

In the following, we will describe the generation protocol for the ring
and tree graph states with explicit expressions for each step. In the
derivation, we do not explicitly include the free evolution of the atomic
qubit. In the experiment, the phases that arise from the qubit oscilla-
tion are tracked by measuring the stabilizer operators as afunction of
certain timing parametersrelated to, forinstance, Raman transfers and
photon emissions. Notably, these phases may be tuned for each atom
independently by varying the respective time of the photon-production
pulse.

Ring states. We first describe the protocol of the ring graph states and
choose the pentagon ring as a specific example. The box-shaped and
hexagon-shaped graphs are obtained from a similar protocol, only
omitting a single 1i/4 rotation. A sketch of the experimental sequence
isgivenin Extended Data Fig. 2a.

Thefirst step of the protocolis to entangle the two atoms and prepare
themin the Bell state|W*) = (|01)5 + [10)5)/-/2. To obtain the pentagon
graph, which hasan odd number of vertices, we need to apply aglobal
-Tt/4 pulse. This ‘pushes’ the two qubits apart, forming two separate
vertices with an edge between them (Extended Data Fig. 2a, (2)).
The corresponding state (omitting normalization constants)
reads

4
400y + |01 + [103 - [11) )
=|0+)g +[1-)s.
Here we have substituted the transformations

[ON 1/>4cos[ ]lO) +sm( jll)s,

4 (6)
Dy — gl —sm[ ]|O> +cos( jll)

.Sub-

“Zzﬁ andsin(g) —i2- 2

andused 6= -1/4, aswellascos(g) = >

sequently, each atom emits a photon, giving

PP 10)5]03(10)10)s + [DI1)g) + [1[1)(0]0)s ~ [1)]1)s)
=(]0)5|0) + [1)5[1))]0)|0)s + (|0>5|0) — [1)s|1) [1)[1)s,

(7)
followed by at/2 rotation on the atomic qubits:

T[/Z(l + >s|0> + | - >5|1>)|0>| + >5 + (l + >s|0> - | - >s|1>)|l>| (8)
=(|0)s| +) + [Ds| = NN0X| +)s + (|05 =) + [Ds| + DD - >s,
which is equal to a four-qubit linear cluster state with the atoms at
bothends of the chain. Note that the (global) /2 pulse affects only the

spin component of the multi-qubit state. We perform another photon
production on both spins and obtain

PP (1035]0+) + D4 1-)10X(0)0)s + |D[1))
+(]0)g|0=) + [1)g|1+)) [1)(|0Y|0)s — [1)[1)s).

9

We apply aZgateto qubit 6 and aHadamard to qubits1and 6 (indices
run from left to right).

H,®Z, ® H,
2070 4504y + | = )l 1-D)[0X(| = Y]0ds + | +)[1)s)

+(|+)510-) + [ =TI +)[0)s + | = D).

(10)

Now we perform the fusion operation on qubits 1and 6 and obtain

Fusion
—

2I(|10>5(I0+0+>+Il 0+)+|0-1-)+[1+1-))

0D(|0+0-)=[1-0-)+[0-1+) - [1+1
+| )s(10+0-)~| >+|0-1+) = [1+1+))) )

((IO>L(|O+O+)+|1 0+)+]|0-1-)+[1+1-))

+D(|0+0-)-[1-0-)+|0-1+) = [1+1+))).

Here we have moved the second spin qubit to the first position and
reintroduced the logical qubit encoding using |0), and [1),. Further-
more, we have added anormalization constant. The above expression
represents the state that corresponds to the graph shownin Extended
DataFig. 2c. The measured stabilizer expectation values are shownin
Extended Data Fig. 2b.

Tree states. We now describe the experimental protocol for generating
the target state of the form
——=[0)(|0++)+[1-= )2 +|1)(J0++) - [1-=))®].

Pypee? = 12)

2(

We start by preparing both atoms in the |F = 2, m,= O) state, foll-
owed by three sequential photon-production cycles on each atomin
parallel. Fromthis, we obtainthe tensor product of two GHZ states, each
consisting of one atom and three photons (see also ref. 16). Omitting
normalization constants, we can write the state as

) =(10)5|000) + [1)5[111)) ® (|0)5|000) — [1)5[111)). (13)

Note that the second term carries arelative minus sign with respect
to thefirst term. This is reflected in the parity measurement shownin
Fig.3b. We now perform a Hadamard gate on all qubits except qubits
2 and 6 (indices run from left to right) and obtain

— ([ +)sl0+H+[=)g[1==)) ® (| +)s|0++) = [=)s[l==)).  (14)

For the atoms, the Hadamard is carried out with aRaman laser (see
Fig.1e), whereas for the photons, it is absorbed into the setting of the
measurement basis.

We now merge both branches into one larger graph state by apply-
ing the fusion gate. Hence we generate two photons from the atoms
with the global STIRAP control laser. Detecting one photonin R and
onein L effectively projects the atoms onto the subspace {|01), |10)s}.

1Dt * 1050k 10y, + jomyg 0 +-4)22

+ (|10>5_ |01>5)|0 + +>|1 --)
+(]10)s— [01))[1 - =)|0 + +) + (|10)s + |O1)g) [1 - —)*2
=[10)5(|0++) +[1-=)®2 +]|01)¢(|0 + +) - [1- -)®2.

(15)

For convenience, we have moved the second spin qubit to the first
position in the above expression, which allows us to express the two
atoms as a logical qubit encoded in the basis {|0), = [10), [1), = |01)¢}.
Adding a normalization constant, we can then write the final state as

———[0)(0++)+[1-=ND2+ D (J0++)-[1--N®].  (16)

|(I)tree \/7

Thisisequal to the expressionin equation (12), with the only differ-
encebeingthat theroot qubitis now redundantly encoded by the two
atoms. Alternatively, it would be possible to remove one of the atoms
fromthe state by an X basis measurement.
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For each multi-qubit state, the typical generation and detection rate
is between 0.4 and 2.3 coincidences per minute. The total number
of events as well as the total measurement time are summarized in
Extended Data Table 1 for each graph state generated in this work.
These numbers include all post-selection steps as described above.

Entanglement witness and fidelity bounds

To quantify the agreement between the experimentally produced
multi-photon state and the target state, we use an entanglement wit-
ness. This has the advantage that we can derive a lower bound of the
fidelity without the need for full quantum-state tomography. The fidel-
ity of adensity matrix p withrespectto the target state |¢) is defined as

F=Trip |P)<y|}. 17)

Using the stabilizers, we can express the projector to the target
state as

1+ 1+S;
Ill))(lPI:I__I 2 =” ﬂ ZI:GH.G,,.

i i€ea Jjeb

(18)

Here we have written the projector as aproduct of two terms G, and
G, associated with two sets of stabilizers a and b. Each set a/b can be
measured with a single local measurement setting M,/M,. These only
involve measurements in the X or Zbasis for every qubit. We can then
write the projector interms of G, and G,, giving

1Y)l = Gy* Gp=Go+ Gy =1+ (1~ Gp) (1~ Gp) (19)

Asthestabilizers S;take the values +1or -1, the product terms G,and
G, are either 1or 0. We conclude that (1- G,)(1 - G,) is non-negative.
Omitting this term, we find the lower bound

Fo=(Gp +{Gy) —~1< F. (20)

The above expressionis applicableif the stabilizers can be divided
into two sets a and b, each of which can be measured with a single
measurement setting (M,and M,). In the context of our experiment,
this applies to tree graph states as well as ring graph states of even
parity, thatis, an even number of vertices. To the best of our knowl-
edge, there is no equivalent method for ring graph states of odd
parity, such as the pentagon graph, and afidelity lower bound cannot
be derived.

We can further derive afidelity upper bound based on the terms G,
and G,. First, for any pure state |¢), we have

Wl GGy 19y < [ @l GGl 19l GG, 19, @1

by direct application of the Cauchy-Schwarz inequality. The terms
(1+S,)/2 are projectors, because S?=1and therefore

(22)

1+5)° 1+25+S? 1+5
2 ) 4 T 2

By construction, the stabilizers S, commute and therefore the pro-
jectors (1+S;)/2 commute as well. Hence, because G, are products
of commuting projectors, G,and G, themselves are also projectors:

b ()

i€a/b i€a/b

1+
P =UGa/b-

Gap= [ I (23)

i€a/b

Equation (21) canthen be simplified as ¢|G,G,1¥) < .[WIG,l@)P|G,l ).

Then, to generalize to mixed states, we write the mixed state pasa
linear combination of purestates, thatis,p= , p, 1¢,) <@, |, andapply
the above inequality to each of them:

(GGp) = Z pk<¢k|GaGb|¢k> < z pkr/<¢k|Ga|¢k><¢k|Gb|¢k> .
k k

(24)

We identify the right term as a scalar product of two vectors and
again use the Cauchy-Schwarz inequality

% [P G 19 [ Gy )

(25)
< / [Z Pwl G, wp}[{ P @l Gy |¢k,>J ,
k Iz
which shows the upper bound of the fidelity
F=(G,Gp) < J{GXGp) = F.. (26)

Inthe next section, we will use both fidelity bounds for acomparison
between the experimental data and the expected fidelity.

Estimation of errors

In our previous work', we identified some error mechanisms present
inour system. For single-emitter protocols, the main error sources are
spontaneousscattering in the photon-emission process (about 1% per
photon) and imperfect Ramanrotations (about 1% per /2 pulse). Inthe
following, we discuss several more mechanisms that could negatively
affect the fidelity. Insome cases, the effect of these mechanisms on the
fidelity of multi-qubit entangled states is difficult to quantify because
ofthe complexity of the entanglement topology and the protocols to
generateit. Furthermore, measuring the fidelity of multi-qubit statesis
anon-trivial task and our measurement setup only allows us to extract
alower and an upper bound of the fidelity.

Fusion gate. For the two-emitter protocols developed in this work,
the cavity-assisted fusion gate is probably the largest source of error.
As showninthe main text, thismechanism canbe used to prepare the
|@*) Bell state with a fidelity ranging between 0.85 and 0.96, depend-
ing on how strictly we post-select on the arrival time of the photons.
The fact that the fidelity decreases with a larger arrival time differ-
ence 7 (see Extended Data Fig. 1) can be explained by an imperfect
indistinguishability of the photonsinvolved in the fusion process. For
the standard value of 7,,,, =250 ns, the fidelity of the [#*) Bell state is
0.92. This number includes state readout of the two atoms, each of
which is expected to introduce an error similar to a photon emission
(roughly 1%). We conclude that the infidelity from the fusion process
isonthe order of 6%.

Decoherence. Another potential source of infidelity is atomic deco-
herence caused by magnetic-field noise or intensity fluctuations of the
optical-trapping beams. We have measured the coherence time of the
atomic qubit 7, to be approximately 1 ms. However, the atomic qubit is
largely protected by a dynamical decoupling mechanism that is built
into the protocol', thereby extending the coherence time. The exact
extent to which this mechanism takes effect depends on the specific
timing parameters in the sequence and the frequency range in which
the noise sources are most dominant (for example, magnetic-field
fluctuations). Therefore, itis difficult to quantify how much the deco-
herence translates into infidelity of the final graph state. Furthermore,
different types of graph state are more or less susceptible to noise*.
It is therefore not straightforward to theoretically model the role of
decoherencein the fidelity of the final multi-partite entangled state.

Qubit leakage. During the protocol, the emitter qubits are continu-
ously transferred between different atomic states. These states are
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11,1),12, +2)and |2, 0), in which we again write the state as |F, m;) with
the quantum numbers F and m;. However, there seems to be a low
probability that, during the emission process, the atom undergoes a
transitionto[1, 0) (instead of |1, £1)). This is readily explained by and
consistent with the finding of spontaneous scattering during the
VSTIRAP process, but may equally result from a contamination of
o'/0 polarization componentsin the vVSTIRAP control laser. The latter
isinturn caused by either animperfect polarization setting or longi-
tudinal polarization components owing to the tight focus of the beam.
Theunwanted 0"/0” components couple to the |[F’=1, mj; =+1) states
and can thus drive atwo-photon transition to |F =1, ms= 0). This pro-
cessresultsinthe atomleaving the qubit subspace but, unfortunate-
ly, such an event remains undetected. If the protocol resumes with a
Raman /2 pulse, the parasitic populationin |1, 0y is then partly trans-
ferredto|2, £1), as the corresponding transitions have the same reso-
nance frequency. A subsequently emitted photon will then yield a
random measurement outcome, which is detrimental to the fidelity
of the state.

The leakage mechanism described above is difficult to quantify,
mainly because our experiment lacks an m,-selective state readout. We
do however estimate that the longitudinal polarization components of
the addressing beam have a relative amplitude on the order of about
1%, contributing to each single-photon emission. For the global beam,
this effect is negligible owing to a larger focus.

Other sources of error. Other sources of error include drifts of the
opticalfibres, suchas for the Ramanbeam, the global and addressing
VSTIRAP beam or the optical traps, as well as the magnetic field. Fur-
thermore, the position of the atoms is not fixed but varies from one
loading attempt to another. In this work, we chose position criteria
that are less strict than those in ref. 16, to increase the datarate. In
combination with the drifts mentioned above, this leads to a variance
incoupling between the atoms and the cavity, as well as the atoms and
differentlaser beams. As aconsequence, this may affect the fidelity of
different processes, such as the fusion gate or Raman transfers. Fur-
thermore, adrift of the magneticfield or the light shiftinduced by the
optical trap caninfluence the phase of the atomic qubits at different
stages of the protocol.

Away toreducetheoverallinfidelity would be toincrease the coop-
erativity C. This would reduce the effect of spontaneous scattering,
improve photon indistinguishability and thereby increase the fidel-
ity of the fusion process and partly mitigate the qubit-leakage error.
Photon emission through the D, line of rubidium would have a similar
effect, owing to a larger hyperfine splitting in the 5*P,, excited state.
Another strategy toimprove the system would be abetter control of the
atom positions by using more advanced trapping techniques, such as
optical tweezers. This would greatly reduce all errors associated with
the variance of the atom positions. It would also allow longer trapping
times and therefore higher datarates.

Error model

As an (oversimplified) ansatz to estimate the combined effect of the
error mechanisms described above, we write the density matrix as a
mixture of the ideal density matrix and white noise. This isacommon
approachtoinvestigate, forinstance, the robustness of entanglement
witnesses against noise (see, for example, ref. 45). The density matrix
thenreads

1

pexp = (1 _pnoise)pideal + pnoise?' (27)

in which p,.;. is the total error probability, p,q. is the ideal density
matrix, lis the identity matrix and nis the number of qubits. We decom-
pose p,i into the different error contributions and write

pnoise=1_ (1_pP)NP(l_pR)NR(l_pF)NF' (28)

Here p, denotes the probability of spontaneous scattering during
photon emission, pg the error probability during a Raman rotation,
prthe error probability for the fusion process and N,, Ny and N; are
the respective number of operations in the protocol. Note that we do
not include mechanisms such as decoherence or qubit leakage in the
above formula, as we are unable to assign a value to a specific step of
the protocol.

In Extended Data Table 2, we compare the fidelity model to the meas-
ured lower and upper bounds as defined by equation (20) and equa-
tion (26), respectively. For the tree and box graph states, the predicted
fidelities 7, ,q4¢ are found to fall between the measured bounds, as
expected. For the hexagon graph, 7.4 falls slightly above the upper
bound but is still consistent with it when taking into account the sta-
tistical uncertainty (less than one standard deviation). As mentioned
earlier,the model does notinclude the effect of qubit leakage, decoher-
ence and drifts of, for instance, the magnetic field or optical fibres.
Hence, itislikely that the predicted fidelities are slightly overestimated.
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Extended DataFig.1|Atom-atom entanglement by means of the cavity-
assisted fusion gate. a, Histogram showing the total photon countrateasa

functionoftzand¢,, inwhicht, isthearrival time of the right-hand-polarized/

left-hand-polarized photongeneratedin the fusion process. Only eventsin

whichboth photons were detected are shown. Dashed lines mark the acceptance
window for post-selection. b, Density plot of the number of counts as a function

oftzand¢,.c, Density plot of the fidelity as afunction of t;and ¢,. d-f, Expectation
values of the correlators XX, YYand ZZas afunction of photon arrival time
difference. The orangeline shows the correlator for time difference ¢, - ¢,| =T,
whereasthe purplelineis the cumulative correlator, meaning for eventsin which
|ty —t,] < 7. The dashed lines mark the maximum r we choose for Fig. 1c. Error
barsrepresentthelostandarderror.
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Extended DataFig.2|Protocol for the generation of the pentagon graph. emissions and 1t/2 rotations on the atomic qubits. Both ends of the chainare
Atwo-atom graph state is obtained from the cavity-assisted fusion gate, mergedtoformaring. Errorbarsrepresent thelostandarderror.

followed by a-1/4 pulse. A chainis grown along one dimension using photon



Extended Data Table 1| Coincidence rate

Box Pentagon Hexagon Tree

Number of events 628 392 219 227
Measurement time (h) 4.5 33 8.7 4.8
Rate (events/min) 2.3 2.0 0.4 0.8

Coincidence-rate statistics for the generated box, pentagon, hexagon and tree graph states.
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Extended Data Table 2 | Error estimation

Box Hexagon Tree
Np 6 8 8
Ng 6 8 4
Ny 2 2 1
F, 0.80 + 0.02 0.67 +0.03 0.85+9:92
Frnodel 0.74 0.69 0.77
F 0.59 +0.03 0.34+39% 0.69+99%

We compare the predicted fidelities with the measured upper and lower bounds of the
fidelity. For our model, we use the following error probabilities for the different steps:
Pp=0.02, px=0.01and p=0.06.
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