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TOPOLOGICAL K-THEORY OF QUASI-BPS CATEGORIES OF
SYMMETRIC QUIVERS WITH POTENTIAL

TUDOR PADURARIU AND YUKINOBU TODA

ABSTRACT. In previous work, we studied quasi-BPS categories (of symmetric
quivers with potential, of preprojective algebras, of surfaces) and showed they
have properties analogous to those of BPS invariants/ cohomologies. For ex-
ample, quasi-BPS categories are used to formulate categorical analogues of the
PBW theorem for cohomological Hall algebras (of Davison—Meinhardt) and of
the Donaldson-Thomas/BPS wall-crossing for framed quivers (of Meinhardt—
Reineke).

The purpose of this paper is to make the connections between quasi-BPS cate-
gories and BPS cohomologies more precise. We compute the topological K-theory
of quasi-BPS categories for a large class of symmetric quivers with potential. In
particular, we compute the topological K-theory of quasi-BPS categories for a
large class of preprojective algebras, which we use (in a different paper) to com-
pute the topological K-theory of quasi-BPS categories of K3 surfaces. A corollary
is that there exist quasi-BPS categories with topological K-theory isomorphic to
BPS cohomology.

We also compute the topological K-theory of categories of matrix factoriza-
tions for smooth affine quotient stacks in terms of the monodromy invariant
vanishing cohomology, prove a Grothendieck-Riemann-Roch theorem for matrix
factorizations, and check the compatibility between the Koszul equivalence in
K-theory and dimensional reduction in cohomology.

1. INTRODUCTION

The BPS invariants are integer virtual counts of semistable (compactly sup-
ported) coherent sheaves on a smooth complex Calabi-Yau 3-fold. They are fun-
damental enumerative invariants which determine many other enumerative invari-
ants of interest for Calabi-Yau 3-folds, such as Gromov-Witten, Donaldson-Thomas
(DT), or Pandharipande-Thomas invariants [PT14, Section 2 and a half].

Let X be a smooth Calabi-Yau 3-fold, let v € H(X,Z), let o be a stability con-
dition, let Mg (v) be the good moduli space of o-semistable (compactly supported)
sheaves on X of support v, and let Q% (v) be the corresponding BPS invariant. An
important problem in enumerative algebraic geometry is to define a natural BPS co-
homology theory for M$ (v) which recovers Q% (v) as its Euler characteristic. Even
more, one could attempt to construct a natural dg-category

(1.1) BPS (v)

which recovers a 2-periodic version of BPS cohomology (via periodic cyclic homology
or topological K-theory [Blal6]), and thus also the BPS invariant Q% (v). The BPS
cohomology, the BPS category (L)), and the K-theory of (II]) (BPS K-theory) are
alternatives to their classical counterparts for M (v). By dimensional reduction,
one also obtains a BPS cohomology/ category/ K-theory for moduli of semistable
sheaves on a surface. One may hope that the constructed BPS theories are more
tractable than their classical counterparts, and that they will have applications in
1
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noncommutative algebraic geometry (by the construction of new spaces of interest,
see [PTe, [PTd]) and in geometric representation theory (in the study of quantum
groups and their representations, see [Soil6l, [VV]).

Locally, the spaces M$ (v) can be described as good moduli spaces of representa-
tions of certain Jacobi algebras constructed from a symmetric quiver with potential
[JS12] [Tod18]. One could then attempt to construct the BPS category (1)) in two
steps: first, construct a BPS category for symmetric quivers with potential; second,
glue these categories and obtain (LTI).

The purpose of this paper is to complete the first step for a large class of sym-
metric quivers Q = (I, E') with a potential W. There are natural candidates for the
category (LI)): the quasi-BPS categories (introduced in [Padal)

(1.2) S(d), € MF(X(d), Tr W)
which share numerous properties analogous to BPS invariants / cohomology. Here,
d = (d");e; € N is a dimension vector, v € Z is a weight, X(d) = R(d)/G(d) is the
stack of dimension d representations of @), and the potential W induces a regular
function
TrW: X(d) — C.

The BPS cohomology of (Q, W) is the cohomology of a perverse sheaf

BPS,; € Perv(X(d)),

where X(d) is the good moduli space of X(d). Let d := }_,.;d' be the total
dimension. The following is a corollary of the main theorem of this paper.

Theorem 1.1. (Corollary 6.4) Let Q = (I, E) be a symmetric quiver, let d € N!

be a dimension vector, and let W be a quasi-homogeneous potential of Q). Assume
v € Z 1is coprime with d and let i € Z. Then

(1.3) dimg K;P(S(d),) < Y _ dimg H (X (d), BPSq)™.

JEZ
If Q has an even number of edges between any two different vertices and an odd
number of loops at every vertex, then equality holds in (L3]).

The moduli of sheaves on Calabi-Yau 2-surfaces is locally described by the moduli
of representations of a preprojective algebra of a quiver. We show that quasi-
BPS categories for preprojective algebras are a categorification of preprojective
BPS cohomology. In [PTd], we use local results proved in this paper (about étale
covers of moduli of representations of preprojective algebras) to construct natural
categorifications ((ILI]) of the BPS invariants for local Calabi-Yau 3-folds X = S xC,
where S is a K3 surface.

1.1. Cohomological DT theory. We briefly review cohomological DT theory.
If there are no strictly o-semistable sheaves of support v, then Q% (v) equals the
Donaldson-Thomas invariant DT% (v) [Tho00]. Joyce-Song [JS12] introduced a per-
verse sheaf pjg on M$(v) whose Euler characteristic recovers the DT invariant:

(1) dim HY (M§ (v), @35) = DT% (0).
JET
The cohomology H (M$ (v), ¢js) has some advantages over [Szel6l Section 7.3], and
is more computable [Szel6, Section 6.2] than singular cohomology of Mg (v).
If there are strictly o-semistable sheaves, then DT% (v) may not be an integer.
It is thus more natural to search for categorifications of the BPS invariant Q% (v),
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such as a BPS cohomology theory which recovers Q% (v) as its Euler characteris-
tic. Davison—Meinhardt [DM20] defined BPS cohomology for all symmetric quivers
with potentials (thus for all local models), and Davison-Hennecart—Schlegel Mejia
[DHSMDb]| defined it for X = TotgKg, where S is a Calabi-Yau surface. For a general
CY 3-fold, up to the existence of a certain orientation data, the BPS cohomology
is defined in [Tod23cl, Definition 2.11].

By dimensional reduction, we also regard BPS cohomology as a cohomology the-
ory for good moduli spaces of objects in categories of dimension 2, for example of
the good moduli spaces P(d) of the classical truncation of the quasi-smooth stack
P(d) of dimension d representations of the preprojective algebra of Q°. For a quiver
Q°, there is a perverse sheaf

BPSh € Perv(P(d))
whose cohomology is the BPS cohomology of the preprojective algebra Q°.

1.2. Categorical DT theory. We are interested in constructing a category (L)
which recovers (and has analogous properties to) the BPS invariants/ cohomology.
If there are no strictly o-semistable sheaves of support v, such a category will recover
the DT invariants by taking the Euler characteristic of its periodic cyclic homology,
see [Tod]| for a definition for local surfaces and [HHR] for work in progress addressing
the general case.

In previous work, we introduced and studied quasi-BPS categories:

e for symmetric quivers with potential (L2,
e for preprojective algebras, which we denote by

(1.4) T(d), C D"(P(d)),

e for points on smooth surfaces [Pad22, [PTc|, and
e for semistables sheaves on K3 surfaces [PTd].

These categories have analogous properties to BPS cohomology. Indeed, there
are semiorthogonal decompositions of the categorical Hall algebras (of symmetric
quivers with potential, and thus also of preprojective algebras, or of K3 surfaces)
[Padal Theorem 1.1] and [Pad23l [PTe, [PTd|, or of Donaldson-Thomas categories
(of symmetric quivers with potential) [PTal, [PTe] in products of quasi-BPS cate-
gories. These semiorthogonal decompositions are analogous to the PBW theorem
for cohomological Hall algebras [DM20, DHSMDb], or of the DT/ BPS wall-crossing
of Meinhardt—Reineke for framed quivers [MR19]. For weights v € Z as in Theorem
[Tl we proved categorical versions of the Davison support lemma for BPS sheaves
[PThl [PTel [PTd]. However, we observed in [PTa] that quasi-BPS categories do not
categorify BPS cohomology for every v € Z.

1.3. Matrix factorizations and vanishing cycles. Locally, BPS sheaves are
vanishing cycles of IC sheaves of coarse spaces of smooth quotient stacks, see (L.9]).
We thus first study vanishing cycles for regular function

f: X—>C,

where X = X/G is a smooth quotient stack, where G is a reductive group and X is
a smooth affine variety.

It is well-known that the category of matrix factorizations MF(X, f) is a cate-
gorification of vanishing cohomology H' (X, ¢Qx), see [Efil8, BRTVIS|. Let T be

the monodromy operator and let Lpi]{“’@x be the cone of the endomorphism 1 —T on
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©¢Qx. Inspired by [Efil8, BRTV1S| BD20], we construct a Chern character map
for f quasi-homogeneous:

(1.5) ch: K;P(MF(X, f)) = @ H™ (X, ¢} Qu),
JET

which is an isomorphism if X is a variety, see (LI4]). We note that the construction
of (LH) is fairly elementary: by the Koszul equivalence and dimensional reduction,
both sides are isomorphic to relative theories; under this identification, (L3) is the
Chern character from relative topological K-theory to relative singular cohomology.

The Chern character map (5] induces a cycle map on an associated graded of
topological K-theory:

(1.6) c: gr KPP (MF(X, f)) — H2dmX(d)=i=26 PP Qx[—2)).

In Section @ we discuss functoriality of (LI) and (L6), in particular we prove a
Grothendieck-Riemann-Roch theorem, see Theorem 7]

1.4. Quasi-BPS categories for symmetric quivers with potential. We briefly
explain the construction of the quasi-BPS categories (L.2]).

Consider a symmetric quiver Q with potential W. For any v € Z, Spenko—Van
den Bergh [SVdB17] constructed twisted non-commutative resolutions

(1.7) M(d), C D*(X(d)),

of X(d). The category M(d), is generated by certain vector bundles corresponding
to lattice points inside a polytope. Then

S(d), := MF(M(d),, Tr W) € MF(X(d), Tr W)

is the category of matrix factorizations (a: A & B: ), where A, B are direct sums
of the generating vector bundles of M(d),, and « o 8 and § o a are multiplication
by Tr W.

For d = (d');e; € N! and v € 7Z, we define a set S? of partitions of d from the
combinatorics of the polytope used to define (7). For each partition A € S?, there
is a corresponding constructible sheaf BPS 4. Let

(1.8) BPSyy = P BPSa.
AeSd

If ged (d,v) = 1 and @ has an even number of edges between any two different
vertices and an odd number of loops at every vertex, then Sf)l consists only of the
one term partition of d and then

e wlCxq)[—1], if R(d)™ # 0,
0, otherwise.

(1.9) BPSy, = BPSy = {

There is thus a monodromy action on the cohomology of BPS,, induced from the
monodromy of vanishing cycles.

Theorem 1.2. (Theorems and [63]) Let Q be a symmetric quiver, let W be a
quasi-homogeneous potential, let d € N, and let v € Z. For any i,¢ € 7, there is
an injective cycle map induced from (L6):

(1.10) c: gr K (S(d),) — HImYD=270 (X (d), BPSTY[-1]).

If Q has an even number of edges between any two different vertices and an odd
number of loops at every vertex, then the map (LIQ) is an isomorphism.
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A first ingredient in the proof of Theorem is the explicit computation of the
pushforward 7.ICyg) as a sum of shifted perverse sheaves, where w: X(d) — X (d)
is the good moduli space map, due to Meinhardt—Reineke [MR19] and Davison—
Meinhardt [DM20].

The main ingredient in the proof of Theorem is the construction of a cy-
cle map from the topological K-theory of quasi-BPS category to BPS cohomol-
ogy, see Theorem We construct coproduct-like maps on the topological K-

theory of the quasi-BPS category K;Op (S(d),) which we use to restrict the image of

ar, K1°P(S(d),) C gr K °°(MF(X(d), Tr W)) under (L6)).

Finally, to show that (ILI0) is an isomorphism under the hypothesis above, we
use a categorification of the (Meinhardt-Reineke) DT /BPS wall-crossing, which we
prove in [PTe].

The case of zero potential of Theorem is related to the categorification of
intersection cohomology for good moduli spaces of smooth symmetric stacks pursued

in [Padb].

Theorem 1.3. (Theorem and Corollary [6.7]) Assume Q has an even number of
edges between any two different vertices and an odd number of loops at every vertez.
Let d € N' and let v € 7 such that ged (d,v) = 1. Then K\°° (M(d),) = 0 and there
s an isomorphism of Q-vector spaces for all ¢ € Z:

c: gr, KPP (M(d),) = THEm U201 (x(g)).

1.5. Quasi-BPS categories for preprojective algebras. Theorem can be
also used, in conjunction with dimensional reduction, to compute the topological K-
theory of quasi-BPS categories for preprojective algebras. For a quiver QQ°, consider
its tripled quiver with potential (Q, W'). The subcategory (I.4]) is Koszul equivalent
[[si13] to the subcategory of graded matrix factorizations with summands in M(d),,:

S#(d), := MF®&" (X(d), Tr W).
We define constructible sheaves BPSZU on P(d) as in (L.8]). There is a cycle map
(1.11) c: gr,Gy " (P(d)) = Hyp' (P(d))
induced from the Chern character map of P(d).

Theorem 1.4. (Corollary [7.3and Theorem [Z.6)) Let Q° be a quiver, let d € N', and
let v,0 € Z. Then K{°°(T(d),) = 0 and the cycle map [LII)) induces an injective
map:

(1.12) c: gro Ko (T(d),) = H™*(P(d), BPSY ).

Next, assume that for any two different vertices of Q°, there is an even number
of unoriented edges between them. Then the map (L12) is an isomorphism.

The preprojective algebras which locally model the moduli of semistable sheaves
on a K3 surface are of quivers Q° with the property that, for any two different
vertices, there is an even number of unoriented edges between them. In Section
[0 we prove a version of Theorem [I.4] for étale covers of stacks of representations
of preprojective algebra of such quivers, which suffices to compute the topological
K-theory of quasi-BPS categories of K3 surfaces [PTd].
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1.6. Weight-independence. We revisit the discussion from Subsection [[.4, but
the same observations apply in the setting of Subsection Let @ = (I, E) be a
quiver with an even number of edges between any two different vertices and an odd
number of loops at every vertex, and let W be a quasi-homogeneous potential of ).
Note that there are equivalences, where k € Z:

S(d)v ~ S(d)erkgh S(d)v >~ S(d)(fz)

given by tensoring with the kth power of the determinant line bundle and by taking
the derived dual, respectively. There are no obvious other relations between S(d),
and S(d), for v,v" € Z. However, by Theorem [[.4] we obtain:

Corollary 1.5. Let v,v' € Z be such that ged(v,d) = ged(v',d). Let i € Z. Then
there is an equality of dimensions:

dimg K;°°(S(d),) = dimg K;°®(S(d)).

Note that the statement is reminiscent to the y-independence phenomenon [MS23],
[KK], see especially [KK| Corollary 1.5]. We observed an analogous statement for
quasi-BPS categories of K3 surfaces in [PTd]. We do not know whether a stronger
categorical statement, or at the level of algebraic K-theory, should hold for quivers
with potential, see [PTd, Conjecture 1.4] for a conjecture in the case of K3 surfaces.

It is natural to ask whether one can use a coproduct to define a primitive part
PK?(S(d),) C K;°°(S(d),) of dimension equal to the dimension of the (total)
monodromy invariant BPS cohomology, and thus independent of v € Z. We defined
such spaces in the localized equivariant algebraic K-theory for the tripled quiver
with potential in [PTh]. We do not pursue this idea further in this paper.

1.7. Complements. In Section [B] we review the Chern character, the cycle map,
and the (topological) Grothendieck-Riemann-Roch theorem for quotient stacks.

In Section Bl we compare the Koszul equivalence [Isil3] for dg-categories (and
its induced isomorphism in K-theory) with the dimensional reduction theorem in
cohomology [Dav17]. In particular, we construct a Chern character map from the
topological K-theory of a class of graded matrix factorizations to vanishing coho-
mology.

In Section [§] we discuss some explicit computations of the topological K-theory
of quasi-BPS categories. We mention two examples. First, let ¢ > 0. The coarse
space of representations of the 2g + 1 loop quiver is the variety of matrix invariants
X(d) = gl(d)®»*!JG(d). By Theorem [[3, we obtain a combinatorial formula for
the dimensions of the intersection cohomology TH®(X (d)), which recovers a formula
of Reineke [Reil2]. Second, we compute the topological K-theory for quasi-BPS
categories of points in C3, see Proposition R111

It would be interesting to extend the methods in this paper and obtain compu-
tations beyond the case of quivers satisfying Assumption 211
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Notation Description Location defined
wy dualizing (constructible) sheaf Subsection
TR vanishing and nearby fibers Equation (2.3))
G™P KtoP K-homology, topological K-theory (of a stack) Equation (2.4))
X1 =X inclusion of the classical stack Equation (23]
Vs Uns Sn representations (and open and closed subsets) of a group Subsection ([2.5])
K Koszul equivalence Equation (IﬂZI)
j inclusion of a Koszul stack in a smooth stack Diagram
n projection from the total space of a vector bundle Diagram m)
X(d) = R(d)/G(d) stack of representations of a quiver @ Subsection
mx.q4: X(d) = X(d) good moduli space map for X(d) Subsection
T(d) c G(d) maximal torus Subsection
M(d), M, M(d)r, Mr | weight spaces Subsection
X (dominant, integral) weight Subsection
14 identity cocharacter Subsection
d sum of components of a dimension vector of a quiver Subsection
p half the sum of positive roots Subsection
Td Weyl-invariant weight with sum of coefficients 1 Subsection
X7 (d), X7 (d) stack of representations of the framed quiver Q7, Q7 Subsection 210
Y(d) stack of representations of the doubled quiver Q°¢ Subsection 2111
P(d) stack of representations of the preprojective algebra of Q° Subsection 2111
npq: P(A)T — P(d) good moduli space map of P(d) Subsection 1T
@,w) tripled quiver with potential Subsection
0d Weyl-invariant real weight Subsection 213
A cocharacter (usually antidominant) associated to a partition | Subsection 213
Dxs Gr maps used to define the Hall product Subsection 213
W(d) polytope used to define quasi-BPS categories Equation (2.16])
M(d; d4), M(d), magic categories for a quiver with potential Equation ([2.19)
S(d; 64),S(d), quasi-BPS categories for a quiver with potential Equation (221
(d 0q), T(d), preprojective quasi-BPS categories Equation (222
X(d)**d M(d; 54)"T etc. | the reduced stack, its magic category etc. Subsection 213
" P(d)*d — P(d) inclusion of the reduced stack Subsection ZI3]
Ey, gr, filtration and the associated graded Equations B.5], (B.6)
c the cycle map Equation (B.6)
t:Xg—> X inclusion of the derived zero fiber of a regular function Section H
T monodromy of vanishing cycles Subsection ET]
o cone of 1 — T on vanishing cycles Equations (4.8)), (0]
A exterior algebra Lemma
€] forget-the-potential map Equation (5.10)
W) integer used to measure magic categories Equation (6.1])
Sg, SZ sets of partitions Subsection
d partition of d Subsection
BPSq, BPS4,BPS4s5 | BPS sheaves for a quiver with potential Subsection
Taf.d proper map from the variety of stable framed representations | Subsection (6.2)
Pa,Qa constructible complexes Equation (6.14])
Q° auxiliary quiver Subsection
ay addition map at the level of stacks Subsection
X(d)’ auxiliary stack used to define a coproduct-like map Subsection
W5 width of a magic category Equation (6.28))
Ay coproduct-like maps Equation (6.36])
BPSY preprojective BPS sheaves Subsection [T
L, L étale covers of P(d), P(d) Subsection
F. 5 étale covers of X(d), X(d) Subsection 0.1
BPST, BPSY, BPS sheaves for L Equation (@)
BPSP, BPSS,L, BPS sheaves for F' Subsection

For a Z-graded space V = ¢y Vi,

FIGURE 1. Notation introduced in the paper

2. PRELIMINARIES

let V= [liez Vit

For a set S, let #S

be the cardinal of S. We list the main notation used in the paper in Table ().
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2.1. Stacks and semiorthogonal decompositions. The spaces X = X/G con-
sidered are quasi-smooth (derived) quotient stacks over C, where G is a reductive
group. The classical truncation of X is denoted by X! = X' /G. We assume that
X is quasi-projective. We denote by Ly the cotangent complex of X. For G
a reductive group and X a dg-scheme with an action of G, denote by X/G the
corresponding quotient stack. When X is affine, we denote by X /G the quotient
dg-scheme with dg-ring of regular functions (’))Cé.
We will consider semiorthogonal decompositions

(2.1) DY(X) = (A i € I,

where [ is a partially ordered set. Consider a morphism 7: X — S. We say the
semiorthogonal decompositions ([21]) is S-linear if A; @ 7*Perf(S) C A; for all i € I.

Same as in the papers [PTdl [PTe], we use the terminology of good moduli spaces
of Alper, see [Alp13], Example 8.3].
2.2. Constructible sheaves. For X = X/G a quotient stack, denote by DZ. (X)
the category of bounded complexes of constructible sheaves on X, see [Ols07], and
by Perv(X) c DE,,(X) the abelian category of perverse sheaves on X, see [LO09.
We denote by

P70 Dion(X) = Deon(X)

the truncation functors with respect to the perverse t-structure and by

PH®: Db (X) — Perv(X)

con

the perverse cohomology sheaves. For F € D% (X), consider its total perverse

cohomology:
PH(F) := @ PH (F)[-i].
1€Z
We say F' € D?, (X) is a shifted perverse sheaf in degree { if F[{] € Perv(X) and a
shifted perverse sheaf if there exists ¢ € Z such that F'[(] € Perv(X).

Let D denote the Verdier duality functor on a stack X. Let wy := DQy. When X
is a smooth stack, equidimensional of dimension d, then wy = Qy[2d].

For X = X/G, denote by H'(X) := H'(X,Q) = H4(X,Q) the singular cohomol-
ogy of X and by HPM(X) = HEM(X, Q) = HEM(X, Q) the Borel-Moore homology
of X with rational coefficients. 7

For F € D% (X), we use the notation H*(X,F) for individual cohomology

con

spaces (that is, for e an arbitrary integer) and H '(,DC,F ) for the total cohomology
H(X,F) =@, H(X,F).

2.3. Nearby and vanishing cycles. For X a smooth quotient stack and

(2.2) f: X —=>C

a regular function, consider the vanishing and nearby cycle functors:

(2.3) 05+ Deon(X) = Deon(X).

con con
In this paper, we consider regular functions (2.2]) such that 0 is the only critical
value, equivalently that Crit(f) C X := f~1(0).
Note that we consider the pushforward along ¢: Xg := f~1(0) — X of the usual
vanishing and nearby functors. There is an exact triangle:

Lt — e — pre — 1" e [1].
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The functors (2.3) restrict to functors
o¢[—1],¢¢[—1]: Perv(X) — Perv(X).

Further, ¢¢[—1] and ¢ f[—1] commute with . We will abuse notation and let

or = @Qx, V5 = YsQx, @IC := @;ICx, Y ¢I1C := ¢ ICx. We may drop f from
the notation if there is no danger of confusion. For more details on vanishing cycles
on quotient stacks, see [Dav17, Subsection 2.2, [DM20, Proposition 2.13].

2.4. Topological K-theory. For a dg-category D, Blanc [Blal6] defined the topo-
logical K-theory spectrum

K'™P(D).
For i € Z, consider its (rational) homotopy groups, which are Q-vector spaces (we
drop Q from the notation):

K{P(D) := K;°®(D) ®z Q = m( K*P(D)) @z Q.

We have that K;OP(D) = Kfi%(@) for every ¢ € Z by multiplication with a Bott
element, see [Blal6l Definition 1.6]. The topological K-theory spectrum sends exact
triangles of dg-categories to exact triangles of spectra [Blal6l Theorem 1.1(c)]. We
denote the total topological K-theory of D by:

K'P(D) = K;™(D) ® K, (D).

Given a filtration (indexed by integers) on K °P(D) for some i € Z, we consider the
associated graded pieces gr,KitOp(D) for @ € Z and we let

gr K;(D) := EBgiji(D).
JEZ.

Consider a quotient stack X = X/G such that G is reductive and X is quasi-
projective. Let M C GG be a compact Lie group such that G is the complexification
of M. Denote by KP(X) := Kf?ﬁ[(X ) the M-equivariant topological K-theory
of X (defined by Atiyah and Segal [Seg68]) and by GiP(X) := Gt.?}\)d(X) the M-
equivariant K-homology of X (also referred to as the dual of compactly supported
equivariant topological K-theory in the literature, defined by Thomason [Tho88]).
We refer to [BEMT9)] for a brief review of properties of topological K-theory, K-
homology of varieties, and Grothendieck-Riemann-Roch theorems for varieties. For
references on K-homology, see [BD82] for the non-equivariant case and [HLP20,
Subsection 2.1.2] for the equivariant case. By [HLP20, Theorem C and the remark
following it], we have that:

(2.4) KPP (Perf(X)) = KP(X), KP°P(DPCoh(X)) = GLP(X).
Note that K{P(X) = GP(X) if X is smooth.

For a quotient stack X, there are Chern character maps for ¢ € Z:

ch: K;P(X) = [ H"™(X), ch: Gi*P(X) — [ HEY; ().
JEZ JEZ
If X is a scheme, then X is a finite CW complex, and the above Chern character
maps are isomorphisms. The first one is the usual Atiyah-Hirzebruch theorem.
The second one follows as the dual of the analogous isomorphism for compactly
supported topological K-theory, see [BSG11] Section 3.6 and Section 6] or [BD82
Section 11].
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The above Chern characters can be also obtained from the Chern character
K;°° — HP;

from topological K-theory to periodic cyclic homology applied to the dg-categories
Perf(X) and D’Coh(X), respectively, see [Blal6, Section 4.4].

The Chern character maps are not isomorphisms (in general) for X a quotient
stack. In SectionB.Ilwe review the approximation of the Chern character of quotient
stacks by Chern characters for varieties following Edidin—Graham [EGO0].

Note that both cohomology (with coefficients in a constructible sheaf F') and
topological K-theory depend only on the underlying classical stack. Let

(2.5) 1: X! — X

The pushforward functor induces isomorphisms:

(2.6) lo: HEM(X) = HBM(X0), 1, - GLoP(X) 5 GLop(X).
The pullback functor induces isomorphisms:

(2.7) I HO(X) S HO(X), 1% KEP(0) = Kop(d),

2.5. Approximation of stacks by varieties. In the study of cohomology theories
for quotient stacks, it is useful to approximate quotient stacks by varieties. We use
the method of Totaro [Tot99], Edidin-Graham [EG00]. We exemplify the method
for Borel-Moore homology and singular cohomology, but it can be applied in many
other situations (such as equivariant Chow groups, see loc. cit., approximation of
the algebraic or topological Chern character, see loc. cit. and Subsection B or
vanishing cohomology, see [DM20, Subsection 2.2]).

Let X = X/G be a quotient stack with G an algebraic group and X quasi-
projective scheme with a G-linearized action. Choose representations V,, — V1
such that

codim(S,, in V,,) > n,
where S, C V,, is the closed set of points with non-trivial stabilizer. Further, we
may choose V,, such that, for U, := V,, \ S, the quotient U,,/G is a scheme [EG98|
Lemma 9]. Then the quotient (X x U,)/G is also a scheme because X is quasi-

projective [EG98, Proposition 23]. For ¢ fixed and for n large enough, there are
isomorphisms induced by pullback maps:

HPM(X) = HPY gim vy, (X % Vo) /G) = HE gy, (X % Un)/G),

HY(X) = HY (X x V,,)/G) = H* (X x U,)/G).
2.6. The Grothendieck-Riemann-Roch theorem. We state the (topological)
Grothendieck-Riemann-Roch (GRR) theorem for lci morphisms of (classical and

possibly singular) varieties of Baum-Fulton-MacPherson [BEM75, [BEMT79].
Let X be a classical quotient stack. Recall that there is an intersection product

H'(X) @ HPM(X) — HPN(X)

for all 4,5 € Z. Further, if X’ < X a closed immersion, consider the topological
K-theory and the Borel-Moore homology with closed supports Gi°%, (X) = G (X')

and HPDI\C/I,(DC) =~ [gBM(X.
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Theorem 2.1. Assume X and Y are classical quotient stacks and let f: X — Y be
an lci morphism. Let X' C X and Y’ C Y be closed quotient substacks.
(a) Assume that f~1(Y') C X'. Then the following diagram commutes:

a8 (9) —L ar, ()

(2.8) ey | Jeb

f*
HZ(Y) —— HPY(X).

(b) Assume that f(X') C Y. Let Ty be the virtual tangent bundle of f and
consider its Todd class td(Ty) € H(X) := [0 H?(X). Assume f is proper and
define fi(=) := fo(td(T¥) - (—=)). The following diagrams commute:

G ()~ G () KEP () oy K y)
(2.9) chxl lCh” and chxl lChg
HE(X) —L BB ). H*(X) —E Ho(Y).

Proof. (a) There are such pullback (Gysin) functors for any quasi-smooth mor-
phism for Borel-Moore homology [Khab, Construction 3.4] and for derived cate-
gories [PS23], and thus for topological K-theory by (24]). Such maps have also been
constructed for lci morphisms of classical schemes in [BEMT75| Section 4.4], see also
[BEMT9, Section 4.2 and 5]. The commutativity of the diagram (2.8) follows from
standard properties of the Chern character [BEMT79, Section 5.

(b) For f a proper and lci morphism, there are pushforward (Gysin) maps
for K&P(X) = KPP(Y) and f.: HPM(X) — HBM(Y), see [BEMT5, Section 4.4],
[BEMT9, Section 5, Remark (2)]. The diagrams commute by the Grothendieck-
Riemann-Roch for lci morphisms, see [BEMT79, Section 5, Remark (2)] (note that
there are typos in the statement of the diagram for KPP see [Khaa] for a statement
in the algebraic case). These are the topological versions of the usual algebraic
GRR theorems, see [BEMT75, Section 4.3], [Khaal.

Note that Baum-Fulton-MacPherson state the above theorems only for ¢ = 0
because they are interested in stating a result for Kglg or Gglg obtained by composing
with the natural map to KSOP or GgOp, respectively. However, the same proofs (based
on deformation to the normal cone and the excess intersection formula) apply for
e = 1 as well. Finally, note that Baum-Fulton-MacPherson treat the case when X
and Y are schemes, but the extension to stacks is obtained using the approximation
from Subsection [Z.5], see also Subsection [3.11 O

2.7. Matrix factorizations. We refer to [PTa, Subsection 2.6] for complete defi-
nitions and references related to categories of matrix factorizations.

Let X = X/G be a quotient stack with X affine smooth and G reductive. For
a regular function f: X — C, we denote the corresponding category of matrix
factorizations by

ME(X, f).

Its objects are tuples (a: E = F': ) such that E, F € Coh(X) and a0 8 and S o«
are multiplication by f. If M C D?(X) is a subcategory, let

MF(M, f) € MF(X, f)
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the subcategory of totalizations of tuples (F, F, a, §) with E, F' € M. The category
M has a description in terms of categories of singularities [PTal Subsection 2.6]. In
this paper, we consider categories M generated by a collection € of vector bundles,
then MF (M, f) is the category of matrix factorizations with summands F, F' which
are direct sums of vector bundles in €, see [PTal, Lemma 2.3].

Assume there exists an extra action of C* on X which commutes with the action
of G on X, and trivial on Z/2 C C*. Assume that f is weight two with respect to
the above C*-action. Denote by (1) the twist by the character pry: G x C* — C*.
Consider the category of graded matrix factorizations MF8&"(X, f). It has objects
pairs (P,dp) with P an equivariant G x C*-sheaf on X and dp: P — P(1) a G x C*-
equivariant morphism. Note that as the C*-action is trivial on Z/2, we have the
induced action of C* = C*/(Z/2) on X and f is weight one with respect to the above
C*-action. The objects of MF&" (X, f) can be alternatively described as tuples

(2.10) (E,F,a: E— F(1),8: F = E),

where E and F are G x C*-equivariant coherent sheaves on X, (1)’ is the twist by
the character G x C* — C*, and « and S are C*-equivariant morphisms such that
ao f and B o a are multiplication by f. For a subcategory M C D(If’:* (X), we define

MF®&" (M, f) C MF# (X, f)

the subcategory of totalizations of tuples (E, F, «, 3) with E, F' € M. Alternatively,
if Ml is generated by a collection of C*-equivariant vector bundles €, then MF#&" (M, f)
is the category of matrix factorizations with summands F, F' which are direct sums
of vector bundles in €.

In this paper, we will consider either ungraded categories of matrix factorizations
or graded categories which are Koszul equivalent (see Subsection 2.8]) to derived
categories of bounded complexes of coherent sheaf on a quasi-smooth stack. When
considering the product of two categories of matrix factorizations, which is in the
context of the Thom-Sebastiani theorem, we consider the product of dg-categories
over C((B)) for 8 of homological degree —2 in the ungraded case, see [Pre, Theorem
4.1.3], and the product of dg-categories over C in the graded case, see [BEKI4]
Corollary 5.18] (alternatively in the graded case, one can use the Koszul equiva-
lence).

2.8. The Koszul equivalence. Let X be a smooth quotient stack, let n: &€ — X
be a rank r vector bundle with a section s € I'(X, &), let

(2.11) j: K :=s510) =X
be the derived zero locus of s, and let
(2.12) f:&V—=cC

be the regular function defined by f(z,v,) = (s(x),v;) for z € X and v, € &Y,.
Let €y be the derived zero locus of f. We use the following diagram

<

EV|x —Ts &Y L5 ¢
(2.13) l"'

3

X
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Let C* act with weight 2 on the fibers of €Y and consider the corresponding
graded category of matrix factorizations MF8" (€Y f). The Koszul equivalence says
that [Isil3l Hirl7l Todl:

(2.14) k: DY(K) = MFe'(EY, f).
Note that x restricts to an equivalence:

k: Perf(K) = MF§ (€Y, f).

Consider the natural closed immersion [: K < X. The pushforward map in-
duces a weak equivalence [, : G*P(X) = G¥P(K). The functor & has the following
explicit description on complexes from the classical stack, see the formula for « in
[Tod, Section 2.3.2].

Proposition 2.2. The composition
Db (XY 15 Db(x) & MFE (€Y, f)
is isomorphic to the functor jin'*l. and it induces a weak equivalence
Gl s GRP(K) S5 Ktop (MFgr(Sv,f)) .
There is thus also a weak equivalence:
Jun™ s GYP(K) = K'P (MF#" (€Y, f)) .

2.9. Quivers. Let Q = (I, E) be a quiver and let d = (d*);c; € N! be a dimension
vector. Denote by
X(d) = R(d)/G(d)
the stack of representations of ) of dimension d, alternatively the stack of rep-
resentations of dimension d of the path algebra C[Q]. Here R(d), G(d) are given
by
R(d)= @5 Hom(V',V¥), G(d) = [[GL(V).
(i—j)EE i€l
Consider its good moduli space map:
g i=Tx,q: X(d) = X(d).

We denote by T'(d) a maximal torus of G(d), by M (d) the weight lattice of T'(d),
and by g(d) the Lie algebra of G(d). Let M(d)r = M(d) ®z R. We drop d from
notation when there is no danger of ambiguity.

Let &, be the permutation group on a € N letters. Let Wy := X;c1&4 be the
Weyl group of G(d). For i € I and d' € N, denote by 3% for 1 < a < d* the weights
of the standard representation of T(d"). Let M(d)} C M(d)r be the dominant
chamber consisting of weights

&
X = ZZCZBCZL such that cfl > cé for all 7 € I,di >a>b2>1.
i€l a=1
For x € M(d)*, we denote by I'c(q)(x) the irreducible representation of G(d) with
highest weight x. Let pg be half the sum of positive roots of g(d). We denote by 1,4
the diagonal cocharacter of T'(d) (which acts on 8¢ by weight one). For d = (d);er,
denote by d =} ., d'. Define the weights

04 := Z Bl e M(d), 1q:= % € M(d)g.

i€l,1<i<d],
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We denote the cocharacter lattice by N(d). We denote by (, ): N(d) x M(d) — Z
the natural pairing, and we use the same notation for its real version. If X is a
cocharacter of T'(d) and V is a T'(d)-representation, we may abuse notation and
write

(A, V) = (A, det(V))

to ease notation.

2.10. Framed quivers. Let @ = (I, E) be a quiver. Define the framed quiver
Qf = (If, EY) with vertices I = I U {00} and edges Ef = E U {e; | i € I}, where
e; is an edge from oo to i € I. For d = (d');c; € N!, let V(d) = @,c; V', where
dim V* = d*. Denote by

RY(d) = R(d) ® V(d)
the affine space of representations of Q7 of dimension d and consider the moduli
stack of framed representations of Q):

X/ (d) := R/ (d)/G(d).
We consider GIT stability on Qf given by the character og. It coincides with the
King stability condition on @f such that the (semi)stable representations of dimen-
sion (1,d) are the representations of @Qf with no subrepresentations of dimension
(1,d') for d' different from d, see [Tod, Lemma 5.1.9]. Consider the smooth variety
obtained as a GIT quotient, which is a smooth quasi-projective variety:

X7 (d)* == R/ (d)**/G(d).

2.11. Double quivers and preprojective algebras. Let Q° = (I,E°) be a
quiver. For an edge e of (), denote by € the edge with opposite orientation. Consider
the multiset £°¢ = {e,€ | e € E}. Define the doubled quiver

Q= (I,B°).
Let J C C[Q°"] be the two-sided ideal generated by >, po[e,€]. The preprojective
algebra of Q° is Tge := C[Q*7]/J.
For d € N’ recall the stack of representations of dimension d of Q°:
X°(d) = R°(d)/G(d).-
The stack of representations of Q¢ is:
9(d) == (R°(d) & R°(d)")/G(d).
The stack of representations of the preprojective algebra mgo is:
P(d) == T (X°(d)) == u~ ' (0)/G(d),

where

p: T"R°(d) = R°(d) ® R°(d)” — g(d)” = g(d)
is the moment map and p~1(0 ) is the derived zero of . The image of u lies in the

traceless Lie subalgebra g(d)o C g(d), and thus induces a map po: 7% R°(d) — g(d)o.
We define the reduced stack to be

P(d) ! = pg ' (0)/G(d).
Note that P(d)"! = P(d)<!. Consider the good moduli space map:
TpPd: T(d)d — P(d)
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2.12. Tripled quivers with potential. Let Q° = (I, E°) be a quiver and consider
its doubled quiver Q*¢ = (I, E>%). The tripled quiver with potential

(@ W)

is defined as follows. The quiver Q = (I, E) has set of edges E = E>?1U{w; | i € T},
where w; is a loop at the vertex ¢ € I. The potential W is

W= <Zwi> <Z [e,E]) € C[Q].

el ecE°

We say (Q,W) is a tripled quiver with potential if it is obtained as above for some
quiver Q°.
Consider the stack of representations of () of dimension d:

X(d) = R(d)/G(d) = (T"R°(d) & g(d)) /G(d) = (R°(d) & R°(d)” & g(d)) /G(d).
The potential W induces a regular function:
TrW: X(d) — C.

Consider the grading on X(d) which scales with weight 2 the linear maps corre-
sponding to the loops {w; | i € I} and fixes the linear maps in E°%. The Koszul
equivalence (2.11]) says that:

(2.15) r: Db (P(d)) = MF® (X(d), Tr W) .
2.13. Quasi-BPS categories. Consider a symmetric quiver Q = (I, E). Let d =

(d");er € N! be a dimension vector and let w € Z be a weight. Consider the multiset
of T'(d)-weights on R(d):

A={B -pllijel,(i—j)eB1<a<d,1<b<d}.
Define the polytope
1
(216) W(d) = §Sumﬁeﬁ[07ﬂ] C M(d)]R,

where the sums above are Minkowski sums in the space of weights M (d)r. Let A be
an antidominant cocharacter with associated partition (dy)*_; of d € N, meaning
that

X(d)* = xF_,%(d,).
The multiplication for the categorical Hall algebra of @, or of (Q, W) for a potential
W of @ and a possible grading, is defined as the functor [Pad22|:

(2.17) predi: BE_, DY(X(da)) — DY(X(d)),

Paxs: XE_ L MF*(X(d,), Tr W) — MF*(X(d), Tr W),
where o € {), gr} and py, ¢ are the maps

X(d) = xF_,X(dy) & x(d)° 25 x(a).

Define the sets of weights
(2.18) Ani={B e A| (\B) > 0},

g ={B.—Bi|liel,1 <ab<d, ()G - B >0}
For a weight d4 € M(d)ﬂ‘évd, let
(2.19) M(d; 64) € D*(X(d))
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be the full subcategory of D?(X(d)) generated by vector bundles Oxa) ® Lgay(x),
where y is a dominant weight of G(d) such that

X+p—5d EW(d)
For A a cocharacter of T'(d), define
(220) ny = <)\,det (LDC(d) 8>0)> = <)\,det ((R(d)V)A>O)> _ <)\,det ((g(d)\/))\>0)>

Note that any complex F € D°(BC*) splits as a direct sum F = @, 5 F\y such
that C* acts with weight w on F,,. We say w € Z is a weight of F' if Fy,, # 0. The
category (2.19) has the following alternative description.

Lemma 2.3. ([PTe, Corollary 3.11]) The category M(d;d4) is the subcategory of
Db(X(d)) of objects F € D*(X(d)) such that, for any v : BC* — X(d), the weights
of V*F are contained in the set [—%nA + (X, d4), %n)\ + (A, 5d>]. Here v corresponds
to a point x € R(d) and a cocharacter A\: C* — T'(d) which fizes x.

Given a potential W for the quiver @), and possibly a grading as in Subsection
2.7, we define the quasi-BPS categories:

(2.21) S®(d; 6q) := MF*® (M(d;d4), Tt W) for e € {0, gr}.
If 64 = vTy4, we use the notations:
M(d), := M(d;v1y) and S(d), := S(d;v7y).

In the setting of Subsection ELTT], there is a subcategory T(d;6;) C DP(P(d)) such
that, under the Koszul equivalence (2.I5]), we have that:

(2.22) rk: T(d;8q) = S&(d;dq),

see also [PTel Definition 2.14] for an alternative description of T(d; d4).
Let X(d)™? := (T*R°(d) @ g(d)o)/G(d). There is also a Koszul equivalence

K': DP(P(d)™d) = MFE (X (d)™*), Tr W).

Define M(d; 64)' ¢ Db (DC(d)red) as in (219), and let T(d; d4)"* C D°(P(d)™?) be
the subcategory such that, under the Koszul equivalence x/, we have that:

K2 T(d; 60)70 = SE(d; 6)™.

We next discuss the compatibility between reduced and non-reduced quasi-BPS cat-
egories. For an isomorphism g(d) = g(d)o x C of G(d)-representation, the projection
onto the first factor induces a map ¢: X(d) — X(d)*?. We have to Tr W = Tr W.
Let I': P(d)"d — P(d) be the natural closed immersion. The next proposition
follows from [Tod, Lemma 2.4.4]:

Proposition 2.4. The following diagram commutes:

DY(P(d)ed) —— = DP(P(d))

| J

MF& (X (d)™d, Tr W) —2— MF# (X(d), Tr W).
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It induces a commutative diagram:

T(d; 6.,) —“ s T(d; 6,)

| i

*

S (d; 6)d —— S8 (d; 6y).

2.14. Semiorthogonal decompositions. We recall several semiorthogonal de-
compositions from [PTe], see [PTel, Subsection 3.3] for the ordering of summands in
all the semiorthogonal decompositions. Recall the convention about the product of
categories from Subsection 271
We will consider quivers satisfying the following;:

Assumption 2.1. The quiver Q = (I, F) is symmetric and:

e for all a,b € I different, the number of edges from a to b is even, and

e for all a € I, the number of loops at a is odd.

For a € N, we define the quiver
Q= (1!, E*),
which is a generalization of the framed quiver Q7. The set of vertices is I/ = I'Li{oo},
and the set of edges E*/ is the disjoint union of E and « edges from oo to any vertex

of I. Consider the moduli of semistable representations X/ (d)*® of the quiver Qf
for the King stability condition o4, which is a smooth quasi-projective variety.

Theorem 2.5. ([PTel Corollary 4.17]) Let Q be a symmetric quiver satisfying As-
sumption [21l. Let o € N and p € R\ Q. There is a X(d)-linear semiorthogonal
decomposition

k
(2.23) Db <DC°‘f(d)ss) = <®M(di§0i +viTg;) T < Z—i < < Z—z < a—l—,u>.
i=1 = =

Here (d;)¥_, is a partition of d, (v;)F_, € ZF, and 6; € M(d;)"V4 is defined by
2.24 = A>0 , * A>0
(2.24) ;_1 0; 2R(d) + 2g(d)

where X is an antidominant cocharacter corresponding to the partition (di)le. The
functor from a summand on the right hand side to D (f)Cf (d)ss) s the composition
of the Hall product with the pullback along the projection map X7 (d) — X(d).

Remark 2.6. Note that there are equivalences
(2.25) IMI(C[Z)Uz = M(di; Uz‘Tdi) :> M(di; 6@ + Udei)

by taking the tensor product with ; € M(d;)"V. Thus the summands in Theorem
are equivalent to ®f:1 M(d;)y,-

We next discuss a semiorthogonal decomposition of the stack of representations
of Q.

Theorem 2.7. ([PTe, Theorem 4.2]) Let Q be a symmetric quiver satisfying As-
sumption 2. There is a X (d)-linear semiorthogonal decomposition

k
b _ R .
(2.26) Db (X(d)) = <(§)M(dz)w R dk>,
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where (d;)¥_, is a partition of d and (v;)¥_, € Z*. The functor from a summand on
the right hand side to D°(X(d)) is given by the Hall product composed with tensoring
with the line bundle X5_,0;, see Remark [2.0.

Using [Padal, Proposition 2.1], [PTal Proposition 2.5], there are analogous semiorthog-
onal decompositions in the non-zero potential case constructed from the semiorthog-
onal decompositions above. The analogue of Theorem is the following:

Theorem 2.8. ([PTe, Theorem 4.18]) Let Q be a symmetric quiver satisfying As-
sumption[21 and let o« > 1. Let u € R\Q. There is a semiorthogonal decomposition

k
MF (xaf(d)ss,TrW) ~(RSdi)o in< Pt << Ecayp),
i=1 d dy,

where the right hand side is as in 223). If (Q, W) is a tripled quiver with potential,
there is an analogous semiorthogonal decomposition of ME®T (Xaf(d)ss,Tr W) for
the grading introduced in Subsection [2.12.

We note the following assumption on a quiver Q° = (I, E°), which says its tripled
quiver (@ satisfies Assumption 2.1l and thus Theorems 2.7 and 2.8 can be applied for
its tripled quiver with potential:

Assumption 2.2. For all a,b € I, we have that
(2.27) #(a —bin E°) — #(b— a in E°) € 2Z.

We end with a corollary of [Pada, Theorem 1.1]. We will use it only for quivers
Q° satisfying Assumption 2.2 and then the corollary can be also deduced from a
version of Theorem 27l for an arbitrary 64 € M (d)HV{V 4 (see [PTel Theorem 4.2]) using
Koszul equivalence and [PTal Proposition 2.5].

Theorem 2.9. Let Q° = (I, E°) be a quiver, let d € N, let 6, € M(d)gd with
(14,04) = v. Recall the quasi-BPS categories from Subsection [Z13. The category
M(d; 6q) is right admissible in D*(X(d)),, so there is a X (d)-linear semiorthogonal
decomposition.:

(2.28) DP(X(d))y = (B(d; da), M(d; 54))-

The category M(d; 64)™4 is right admissible in D°(X(d)™d).
Applying matriz factorizations and using the Koszul equivalence, the category
T(d; 6,4) is right admissible in D®(P(d)),,, so there is a semiorthogonal decomposition:

(220) D (P(d))y = (A(d: 64), T(d; b4))-
The category T(d;84)*? is right admissible in D°(P(d)*d),.
We note the following:

Corollary 2.10. Let Q° = (I, E°) be a quiver, let d € N!, and let 64 € M(d)ﬂ‘évd.
The closed immersion I': P(d)"d — P(d) induces a weak equivalence of spectra:

IL: K'P(T(d;6)*) = K¥©P(T(d;0)).

Proof. There is an equivalence of spectra I, : G'°P(P(d)**d) = G'P(P(d)), see the
isomorphism (2.6). The claim follows from Proposition 2.4 and Theorem 2.9 O
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2.15. Base-change and semiorthogonal decompositions. In Section [0 we
need to construct semiorthogonal decompositions for étale covers of moduli of rep-
resentations of a quiver, or for moduli of representations of preprojective algebras.
It will be convenient to use the following base-change result for semiorthogonal
decompositions, see [Kuzll] for the case of derived categories of varieties.

For a pretriangulated dg-category D and a subcategory € C D, we say that D
18 classically generated by C if the smallest pretriangulated subcategory of D which
contains € and is closed under direct summands is D.

Proposition 2.11. Let X be a QCA (quasi-compact with affine stabilizers) derived
stack with a morphism w: X — S to a scheme S. Let

DY(X) = (C; | i eT)

be a S-linear semiorthogonal decomposition. Then, for any étale map f: T — S
and fr: Xp =X xgT — X, there is a semiorthogonal decomposition

D*(Xr) = (Cir | i€ ),
where C; 7 C DY(Xr) is the subcategory classically generated by f7Ci.

Proof. The image of f3: Ind D®(X) — Ind D®(Xr) classically generates Ind D®(Xr),
as any A € Ind D’(Xr) is a direct summand of fifr.A. Indeed, consider the
diagram:

X' = X xqx Xp —= X

LQT lfT
Xr — I .
Then f7fr«A = gr«9g7A = A® gr«Oyx. The map gr has a section given by the
diagonal map A: Xp — X', thus gr.Oy has Oy, as a direct summand, and so A is
indeed a direct summand of f7 fr.A.
By the QCA assumption, objects in D?(X7) C Ind D*(X7) are compact, see [DG13].
Therefore D®(Xr) is classically generated by fD’(X), thus by €;r for i € I.
To show semiorthogonality, consider i,j € I such that Hom(A;, A;) = 0 for all
A; € C; and Aj € €;. We have

Hom po .y (frAi, f1A;) = Hompng po (o) (As, frefrA;))
(2.30) = Homy 4 Db(x)(Ai, Aj ®og f+Or).

Here f,Og € Dyc(S) = Ind Perf(S), and the S-linearity of €; implies A;®o4 fOr €
Ind Cj. Then the vanishing of (Z30) follows from the compactness of A; (see the
end of the proof of [PTd, Lemma 5.5] for how compactness is used). O

3. TorPOLOGICAL K-THEORY OF QUOTIENT STACKS

In this section, we recall the definition of the Chern character maps for quotient
stacks and we prove versions of the Atiyah-Hirzebruch theorem for quotient stacks.
The main tool we use is the approximation of cohomology theories of quotient stacks
by varieties [Tot99, [EG00]. We also construct a Chern character map for quasi-
smooth quotient stacks and discuss versions of the GRR and Atiyah-Hirzebruch
theorems for quasi-smooth morphisms. The results are most probably well known
to the experts, but we do not know a reference for them.
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3.1. The Chern character map for a classical quotient stack. Consider a
quotient stack

X = X/G,

where G is a connected reductive group and X is a classical quasi-projective scheme
with an action of G. Let M be a compact Lie group such that G is the complexifi-
cation of M. Let EM be a contractible CW complex with a free action of M. For
1 € Z, consider the Chern character map of the CW complex EM Xy X:

(3.1) ch: GI(X) = GIP(EM x 1 X)

— HPM(EM xp X) = HPM(X) == [ [ HEY;(X0).
JET

The above Chern character map is, in general, neither injective nor surjective.
It becomes an isomorphism when the K-theory is completed with respect to an
augmentation ideal by theorems of Atiyah-Segal [AS69], and Edidin-Graham [EG00]
in the algebraic case.

The Chern character map for a stack can be approximated by the Chern character
map for varieties as follows [EGO0], see also Subsection For V' a representation
of G, denote by S C V the closed set of points with non-trivial stabilizer. Let
U:=V\S. We may choose V such that U/G and (X x U)/G are schemes. Then
the following diagram commutes, where the vertical maps are pullback maps and
the bottom map is an isomorphism by the Atiyah-Hirzebruch theorem:

Gy (X) S HPM()

7

| |
resy resy

GIP((X x V)/G) —— HPM((X x V)/G)

lres \LI‘GS

G (X x U)/G) 2 HPM (X x U)/G).

Choose representations V,, — V,,_1 and closed subsets S,, C V,, as in Subsection 2.5l
For ¢ fixed and for n large enough, recall that we have isomorphisms induced by
pullbacks:

H?M(x) = H?Jrl\gdimvn((X x Vu)/G) = HEerldimvn (X x Uyn)/G) .

Then ch(y) for y € Gi°®(X) equals the limit of chy, (resy, (y)). Note that, in the
algebraic case, Edidin-Graham show in [EG00, Proposition 3.1] that the limit of
chy;, (resy, (y)) is well-defined and use it to define the Chern character.

Let X' € X be a closed quotient stack. There are also Chern character maps with

closed supports:

(3.2) chao s Gy (X) — HRH(X).

There is also a Chern character map:

(3.3) ch: K{P(X) — H'(X) := [[ H (20,
JEL

where ¢ € Z. As above, the Chern character map (3.3]) can be approximated by
Chern character maps of varieties.



TOPOLOGICAL K-THEORY OF QUASI-BPS CATEGORIES 21

The Chern character maps (8.I]) and (3.3]) are compatible as follows, where ¢ and
¢ are the maps induced by intersecting with the fundamental class, see [BFMT79,
Section 5 and Property 2 from Section 4.1]:

KPP(X) —=— G'°P(X)

]

(3.4) chl lch

Hi(X) —=— HBM(X).

3.2. An Atiyah-Hirzeburch type theorem for quotient stacks. We assume
X is a classical quotient stack as in the previous subsection. Let ¢ € Z. Consider
the increasing filtration

(35) eGP (X) 1= e~ (HEM,(X)) € GIP(2).
Note that F,G°P(X) = Gi°P(X) for ¢ large enough. Denote by
g1, G (X) = EgGi* (X)) Ee-1 Gi* (%),
The Chern character induces a map, which we call the cycle map:
(3.6) c: gr,GiP () — HEM,(%0).
Note that the cycle map is injective by construction. We prove the following version
of the Atiyah-Hirzebruch theorem for quotient stacks.
Proposition 3.1. For i,{ € Z, the map [B.6) is an isomorphism.

Proof. Let i,¢ € Z and let a = i + 2. Let x € H2M(X). Let V be a representation
of G such that S C X x V, the locus of points with non-trivial stabilizer, satisfies:

codim (S'in X x V) > dim X — g +1.

Let b:=dimV,U :=V\S andlet t: (X xV)/G — X/G be the natural projection.
The map ¢ induces an isomorphism

z+2£(X/G) +2£+2b((X xV)/G).

Next, the restriction map « is an isomorphism for § > £ + b.

(3.7) a: Hijs(X x V)/G) = Hilhs (X x U)/G).

7

It suffices to check that HT\Q(S nS/G((X x V)/G) = HEYs ,(8/G) =0 for n €
{0,1}. This is true because i + 2§ —n > 2dim S. Indeed, it suffices to check that
%a +b > dim S + 1, alternatively that codim(S in X x V) > dim X — %a + 1, which
is true by our assumption on V. There is a commutative diagram with rows exact
sequences:

GP((X x V)[G) ——— G (X xU)/G) —— G 5/ o(X xV)/G)

lch Jch ich
HPM((X x V)/G) ——— HPM((X x U)/G) —— HEN ¢ (X x V)/G)
LB Jﬁ lﬁ
0

[THES(X x V)/G) —— [T HSYs (X x U)/G)
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In the above, the products are after 6 > £ 4+ b and and the maps (8 are natural
projections. The kernels of the maps S o ch lie in exact sequences for £ and £ — 1,
and by their taking their quotient we obtain a diagram:

ngbGEOp((X xV)/G) —— ngbGEOp((X x U)/G)

- e

Hi]il\geJrzb((X xV)/G) —=Z— Hg\é{ewb((X x U)/G).

The map ¢’ is an isomorphism by the Atiyah-Hirzebruch theorem, thus the map c
is also an isomorphism, and the claim follows.

O

For X a quotient stack as above, recall that there is an intersection product
HBPM(X) @ HI(X) — HEFI\J/[(DC) for i,j € Z. Note the following immediate statement.
Proposition 3.2. Let o € [, H'(X) such that o = 1+ o/ for o/ € [~ H/(X).
Define ch’(=) := ch(=) - a. Then ch’ induces a function on the associated graded
pieces gryGiP(X), and this function equals the cycle map ([B6).

3.3. The Chern character map for quasi-smooth stacks. Assume X = X/G
is a quotient stack with X a quasi-smooth scheme. One can define a Chern character
map for X using the the Chern character map for X! and the isomorphisms (2.
However, we define a topological Chern character map which takes into account the
derived structure.

For a closed immersion X — Y, consider the topological K-theory with closed
supports Gt.?&(‘g)) =~ G (X) and the Borel-Moore homology with closed supports
HEV(Y) = HPM(X).

Let X be a quasi-smooth quotient stack. Consider a closed immersion i: X < Y,
where Y is a smooth classical quotient stack. Let N be the normal bundle of 7,
which is a vector bundle on X and thus has a Todd class td(N) € H°(X). Consider
the local Chern character map

chay: GoR(Y) — HIY(Y).
Define
(3.8) chy := chyy - td(N): GEP(X) — HEM(X).
Lemma 3.3. The map chy is independent of a choice of Y as above.

Proof. Let i': X — Y’ be a different closed immersion. Choose Y” and closed im-
mersions 7: Y — Y” and j/: Y — Y”. Note that the Todd classes for the normal
bundles of ji and j'¢' are the same. The statement then follows from the GRR
theorem for the closed immersions j and j’, see Theorem 2.1l O

Remark 3.4. If X is a classical stack, then the Chern character constructed above
coincides with the usual Chern character ([B.2]), as one can see using the GRR
theorem for a closed immersion of X in a smooth ambient stack.

Similarly, one proves a topological GRR theorem for quasi-smooth morphisms
using Theorem 2.1

Proposition 3.5. (i) Let f: X — Y be a quasi-smooth proper map of quasi-smooth
quotient stacks. Let Ty be the virtual tangent bundle and consider the Todd class
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td(Ty) € H(X). Define f.(—) := f«(td(T¢) - (=)). Then the following diagram
commutes:

G () L GieP(y)
(3.9) chxl lchy

HPM() —Eo AP().

(ii) Further, for any smooth morphism f: X — Y between quasi-smooth quotient
stacks, the following diagram commutes:

Giory) L Glor()
(3.10) ey | o2
M) L B,

Define a filtration on GEOP(DC) as in ([B.3]), the associated graded, and a cycle map
as in (3.6), which is also an isomorphism by a relative version of Proposition Bl
and Proposition

(3.11) c: greGiP(X) = HEN,(X).

We have that td(Ty) = 14+ 2 € HO(X) for z € [Tiso H(X). We record the
following corollary of the diagrams ([8.9) and (B.I0]), see also Proposition

Corollary 3.6. Let f: X — Y be a quasi-smooth morphism of quasi-smooth quotient
stacks of relative dimension d. Leti,£ € Z. If f is smooth, then it induces a pullback
map:

£ eGP (Yo) — gres oGy (Xo).
If f is proper, then it induces a pushforward map:
t t
fe: gréG@'Op(xO) - gl‘eGiOp(%)-
4. TOPOLOGICAL K-THEORY OF CATEGORIES OF SINGULARITIES

In this section, we compute the topological K-theory of categories of matrix
factorizations in terms of the monodromy invariant cohomology of vanishing cycles.
The results and approach are inspired by work of Efimov [Efi18], Blanc-Robalo—
Toén—Vesozzi [BRTV1§|, and Brown-Dyckerhoff [BD20].

Let X be a smooth quotient stack, let f: X — C be a regular function with 0 the
only singular value, let ¢: Xy < X be the (derived) fiber over 0. Let d := dim¢ X.
The category of singularities

(4.1) Dg(Xo) := D*Coh(X)/Perf(Xo)
is equivalent to the category of matrix factorizations [Orl04, [EP15]:
(12) MF(X, £) 5 Dag (o).

We denote by K¢8(Xg) the topological K-theory of Dgg(Xp). From (&), there is a
long exact sequence of Q-vector spaces:

(43) ... = K[°P(Xo) = G¥P(Xg) — K¥(Xo) — K;°P(Xo) — G¥P (Xo) — ...

We assume throughout the section that f is quasi-homogeneous, that is, that
there exists an action of C* on X contracting X onto Xy such that f is of weight
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d > 0 with respect to the action of C*, or f = 0. Note that the function (212 is
quasi-homogeneous of weight 1 with respect to the weight 1 scaling action on the
fibers. Then 0 is the only singular value of f. Further, there is a weak equivalence
induced by restriction:

KYP(0) 5 KYP(%).

Note that actually all the results in this section hold as long as the isomorphism
K®P(X) = K*P(Xy) holds, and this is used only in the proof of Proposition

4.1. Vanishing cycle cohomology. We begin by recalling two distinguished tri-
angles relating the vanishing and cycle functors applied to the constant sheaf. A
reference is [Masl, Chapter 3], especially [Mas, pages 24-28]. The results in loc.
cit. are stated for varieties, but they also hold for quotient stacks as in [DM20),

Subsection 2.2]. There is an exact triangle in D% _(X):

can

(4.4)  0Qu [=1] = Pp[=1] := Y Qu[-1] — ¢f[=1] := o Qu[~1] = t.Qx,-

By taking the dual of the above triangle, we obtain the distinguished triangle:
(4.5) pr[=1] 5 ¢p[—1] = ' Qu[1] = (1],

We have that varocan = 1 — T, where T is the monodromy operator. Consider the
map

a: Qx, = *Qx — ¢'Qy[2]

given by capping with the fundamental class of the quasi-smooth variety Xg. If f
is not the zero map, then this is the usual construction. If f is the zero map, then
Xo = X x r, where r = Spec C[e] for € in homological degree 1. The map « is then
the zero map.

Let <pifn" be the cone of 1 — T
inv

1-T
(4.6) pf — pf = P} — @[]

Consider the diagram, where the rows and the columns are distinguished triangles:

tQuy —— ' Q2] —— P

“ T |

(4.7) tQux, by —— ¢y
T VarT TI—T
0 > QOf = > gOf.

In the above diagram, the second row is (44]), the second column is (£5]), and the
third column is ([@6]). We obtain that the first row is also a distinguished triangle:

(4.8) Qg = 1'Qx[2] = <pifn" — 1 Qy, [1]-
We will also use later the notations gpifm’ Qx and gpifm’ ICy when it is convenient to
indicate the ambient space. Denote by

H*(X,0)"™ :=ker(1 - T) C H*(X, ),
H.(x’ pr)inv = H.(xa gof)/lmage(l - T)
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There is a long exact sequence:

(4.9) ... — H*772(Xo) & HPM(Xo) — HX (X, ol [-2]) = H*72(X, )
— H¥71(0) — HPN (X)) — ...

and there are short exact sequences:

(410) 0 - Hl(x’ Sof)inv - Hl(x’ Spifnv) — HH_l(x’ gpf)inv — 0

We note the following compatibility between K-theory and cohomology. Let
o' : Perf(Xg) < D*(Xg) be the inclusion.

Proposition 4.1. The following diagram commutes:

KPP () —2 GioP(x)

3 (2

| Jo

Hi(X) —2— HBM(X).

Proof. If f is not the zero map, then the diagram above is the same as the diagram

B4

If f is zero, then « is zero. We show that o’ is also the zero map on topological
K-theory. Let Xy be the derived zero locus of 0: X — C. Let r = SpecCle]
for € of homological degree 1, then Xy = X x r. Consider the natural projection
m:Xo =X xr— X and let [: X& = X — Xo. Then 7*: K (X) = K°P(Xp) and
lo: GPP(Xg) = GWP(X). For any topological vector bundle E on X, there is an
isomorphism:

™ (E) 2 L(E) & L(E)[1] € G5 (Xo),

so the conclusion for ¢ = 0 holds. A similar computation holds for the suspension
of X, so the conclusion also holds for ¢ = 1. O

4.2. Chern character maps for matrix factorizations. Let X be a smooth
affine variety with an action of a reductive group G. Consider the quotient stack
X = X/G. Let f: X — C be a regular function. The main result of this subsection
is the construction of a Chern character map:

ch: K;Op(MF(xa ) — ﬁl(x’ SOifnv)'

We may assume that Crit(f) C Xo := f~1(0). Further, replacing X with an open
neighborhood of X, we may also assume that the pull-back gives a weak equivalence
of spectra K'P(X) 5 K%P(X).

Consider the regular function f: X x C — C defined by f(x, t) =t- f(r) and set

Fp=(/)' () cxxc.

For a closed substack Y C X, we denote by K"™P(X/Y) the relative topological
K-theory spectra, i.e. the fiber of the map K'*P(X) — K*P(Y).

Proposition 4.2. There is a canonical weak equivalence of spectra:

K"P(MF(X, f)) = K'P(X x C*/F3).
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Proof. We consider graded categories of matrix factorizations of X x C, where the
grading is given by the C*-action with weight (0,2). By the Koszul equivalence

214) and ([4.2), there are equivalences:

(4.11) Perf(Xo)—— DY(Xg) ————— MF(X, f)

Rlz {: lz

MF% (X x C, f)— MF&' (X x C, f) — MF& (X x C*, f).

Xx{0}

In the above diagram, the horizontal sequences are exact sequences of dg-categories
and the vertical arrows are equivalences induced by (2.14]).

Consider the inclusion ¢: Xy < X and the projection p: X x C — X. Note that
Pl Fy Ff~ — X\ X is an isomorphism. We have the commutative diagram of spectra:

Ly

G1oP (2g) ———2——— K0P () —— KP(X0\ Xp)

nl: p*J: p}fl:

K'P(MF# (X x C, f)) — K'P(X x C) —— K'P(Fy).

The horizontal sequences are exact triangles of spectra, and the vertical arrows are
equivalences. Let i: X < X x C be the inclusion into X x {0}. By Lemma[£.3] below
together with the isomorphism K®P(X) = K'"P(X;) (this is the only place where
we use that f is quasi-homogeneous), we have the equivalence

iv: K'P(X) 5 K'P(MF§, 0 (X xC, f)).
Therefore by taking the cofibers of

= !

K©P(MFE, (X x C, [)) ——— K*P(X) ————0

| | |

K'P(MF# (X x C, f)) —— K'P(X x C) — K'(Fy)

we obtain the equivalence
K'P(MF (X x C*, f)) 5 fib(K'P(X x C*) — K'P(Fy)).
Therefore the desired equivalence follows from the right vertical equivalence in
E1TD. O
We have used the following lemma:
Lemma 4.3. The following diagram commutes

in[1]

D(X) —— Perf(Xo) — MF%CrX{O}(DC x C, f).

Proof. The equivalence  is given by (—) ®o,, X for the Koszul factorization X, see
[Todl, Section 2.3.3]:

X = Oy, ®0, Oxxc = Oxle, t]
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where dege = —1, degt = 2, with differential dy(a(t) + B(t)e) = fB(t) +ta(t)e. By
construction, it commutes with tensor product from D®(X). Moreover, as an object

of MF&"(X x C, f), the object X is isomorphic to i,Ox[1], see [BFK14, Proposi-
tion 3.20] or [Tod, Equation (2.3.6)]. Therefore the lemma holds. O

We next relate the relative cohomology to the monodromy invariant cohomology
of vanishing cycles:

Proposition 4.4. There are canonical isomorphisms:
H*(X x C*/Ff) = H (X, ¢ [2).

Proof. Consider the commutative diagram

L*QDCO T;Z)f Pf L*QDCO [1]
OJ lTl lTl ol
L*QDCO T;Z)f Pf L*on[l]a

where horizontal sequences are exact triangles. By taking the fibers of the vertical
maps, we obtain the exact triangle

(4.12) Qoo @ Qoo [—1] = VY [=1] = @V [=1] = 1. Qx, [1] © 1. Q.

Let u: X'\ Xy — X. Then 1/13?"[—1] = Lfuu*Qy, see [Max20L Equation (17)]. We
then have that:

Qxo © Quo[~1] = ¢'PQuxcr, ¥ [~1] = v’ Qu = 1" p.Qr.

The first map in ([@I2) is identified with t.¢*p, of the natural map Qyxcx — Q Fy-
Therefore we obtain the desired isomorphism. O

Consider the Chern character map of relative K-theories:
(4.13) ch: K;°P(X x C*/Fj) — H'(X x C*/F5).
Define the Chern character map
(4.14) ch: K{P(MF(X, f)) — H'(X, o).

such that the following diagram commutes, where the horizontal maps are isomor-
phisms by Propositions and 4.4t

KP(ME(X, f)) — K% (X x C*/F})
Jo Jo
H(X, @lpv[-2]) —~— H(X x C* /F5).
Recall that d := dim¢ X. Define the filtration
(4.15) B K (MF(X, f)) := ch ™! <H>2d*i*2’f(x, go;m[—z])) .
We obtain cycle maps on the associated graded pieces:
(4.16) c: gr K{P(MF (X, f)) — H>24(X, oV [-2)).

Proposition 4.5. The maps (416l) are isomorphisms for all i,¢ € Z, and the map
(A1) is an isomorphism if X is a variety.
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Proof. Define a filtration:
Bo, (X x €/ Ff) 1= ch ™" (H?2172(X x €/ Fp) )

and the cycle maps on the associated graded pieces, which are isomorphisms using
the long exact sequence for relative K-theory and Proposition 3.1}

c: groK; (X x C*/Fp) = H>WMX72400 5 C*/Fy).
The conclusions then follow. O

Composing with the inverse of the equivalence (2], we also obtain a Chern
character:

(4.17) ch: K3¥(Xo) — H' (X, o).
Note the following compatibility of the Chern character maps.

Proposition 4.6. The following diagram commutes, where the top sequence is (4L.3)
and the bottom sequence is ([A9)):

C s G (Xp) ——— KB(Xy) ——— K% (Xg) — -

(4.18) ich ich lch

—— HPM(Xg) —— HI(X, i) —— H™Y(Xg) —— .

Proof. By the construction of the Chern character (4I7) and the GRR theorem, it
suffices to show the following diagram commutes, which is indeed the case:

K{™ (X x C/Ff) —— K[™(X x C*/Fp) — K% (X x C)

Jo Jo Ja

H'(X x C/F;) —— H'(X x C*/Fy) —— Hi'(X x C).
O

4.3. The Grothendieck-Riemann-Roch theorem for matrix factorizations.
The Grothendieck-Riemann-Roch theorem for relative topological K-theory and co-
homology implies the following.

Theorem 4.7. Let h: X — Y be a morphism of smooth quotient stacks. Consider
a reqular function f:Y — C, let g := f o h, and assume that f and g are quasi-
homogeneous. Let i € 7.

(a) The following diagram commutes:

K{°(MF(Y, f)) —“— K{°°(MF(X,g))

s Jo

Hi(Y, o) — s HI(X, i),

(b) Assume h is proper. Let td(T},) € H(Xy) be the Todd class of the virtual
tangent bundle Ty, of h and let h,(—) := h.(td(T})-(=)). Then the following diagram
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commutes:

K[P(MF(X, g)) —“ K[°°(MF(Y, f))

s Jo

~ . ) R, ~. v
Hi(X, i) — s Hi(Y, o).

Proof. We may assume that f and g have only 0 as a critical value. The equiv-
alence from Proposition and the isomorphism from Proposition [4.4] commutes
with both h, and h*. The Chern character (£I3]) commutes with h*, so part (a)
follows. Finally, the topological Grothendieck-Riemann-Roch theorem implies that
the following diagram commutes, so part (b) follows as well:

K[P(X x C*/F;) "~ K\(Y x C*/Fy)

af Jo

HI(X x ©*/Fy) ——s HI(Y x C*/F5).

O

We note the following functoriality of graded topological K-theory of categories
of singularities.

Proposition 4.8. Let h: X — Y be a morphism of smooth quotient stacks of relative
dimension d, let f:Y — C be a regular function, let g := f o h, and assume that f
and g are quasi-homogeneous. Let Xo and Yo be the (derived) zero loci of g and f,
respectively. Let i, € Z. Then h induces a pullback map:

W grgKP(ME(Y, f)) = greq G (MF(X, 9)).
If h is proper, then there is a pushforward map:
hat g (MF(X, g)) = gr ;" (MF(Y, f)).
Proof. The claim follows from Theorem [4.7] and Proposition O

For future reference, we also state explicitly the compatibility of the Chern char-
acter maps with Knorrer periodicity, which is a particular case of Theorem .71

Corollary 4.9. Let X be a smooth affine variety with an action of a reductive
group, let X := X/G and consider a regular function f: X — C with only 0 as a
critical value. Let U be a finite dimensional representation of G and consider the
natural pairing w: U x UY — C. LetY := (X x U x UY)/G and consider the
reqular function f+w:Y — C, where f and w are pulled-back from X and U x UV,
respectively. Consider the natural maps:

v S
X« XxU—=XxUxUY
where v is the projection and s(x,u) = (x,u,0). Let ch’ := ch-td(Ty), where Ty is
the relative tangent complex of s. The following diagram commutes:

v*

K{P(MF(X, f)) "= K{®°(MF(Y,  +w))

Jov Jo

HI(X, oY) —= HI(Y, ).
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Note that the horizontal maps are isomorphisms by the Thom-Sebastiani theo-
rem, see the proofs of Propositions [6.1T] and [6.131 The top horizontal map is called
Knérrer periodicity [Orl06l Hirl7]

4.4. Complements.

4.4.1. Injectivity of the cycle map. The Chern characters (3.1]), (B.3]), or (£.14)) may
not be injective when X is a stack. However, they are all isomorphism when X is a
variety. In some cases of interest, we can show that (£14]) is injective for X a stack
using the following propositions.

Proposition 4.10. Let X be a smooth quotient stack and let f: X — C be a reg-
ular function. Let S be a subcategory of MF (X, f). Assume there exists a smooth
variety Y and a morphism r: Y — X such that r*: S — MF(Y, g) is (left or right)
admissible, where g := for. Leti € Z. Then the Chern character

ch: K[P(S) — K{P(MF (X, f)) — H'(X, &)™)
18 1njective.

Proof. The pullback map 7*: K;°°(S) < K;OP(MF(Y, g)) is injective. The claim
then follows from the diagram:

K{*(S) —— K{*(MF(X, f)) —— K/’ (MF(Y,g))

o~ el o

) s FY ).
(]

Proposition 4.11. Let X be a smooth quotient stack and let f: X — C be a regqular
function. Assume there is a semiorthogonal decomposition MF(X, f) = (B; | i € I)
and a collection of finite subsets I, C I for n € N with the following two properties:

e for any finite subset S C I, there exists n € N such that S C I,

e for all m € N, there exists a smooth variety Y, and a morphism rp: Y, = X
such that the category B™ = (B; | ¢ € I,) is (left or right) admissible in
MF(Y,,, fory) via 7.

Let i € Z. Then the Chern character
ch: K{°P(MF(X, f)) — H'(X, ™)
18 1njective.
Proof. Let x € K;°°(MF(X, f)) = Djcs K{°°(B;). Let S C I be a finite set such

that z € P, K;°°(B;). Then there exists n such that = € K'*°P(B"). The Chern
character

ch: K[°P(B") — H'(X, ')

is injective by Proposition E.10l and the claim follows. O
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4.4.2. Action of exterior algebra on the K-theory of matriz factorizations. Denote
by p := SpecC. The following computation follows as in Proposition 1l

Lemma 4.12. As a 7Z/2-algebra, we have
K°P(MF(p,0)) = A := Q[¢]
where € has degree one.

Note that, for any regular function on a smooth stack h: Y — C, the category
MF (Y, h) is a module over MF(p,0), so K'°°(MF (Y, h)) is a Z/2-graded A-module
by Lemma

Proposition 4.13. Let X be a smooth stack. Then
K'P(MF(X,0)) = K'*P(X) ®¢g A

as A-modules. Then, if M C D®(X) is an admissible subcategory of D*(X), there is
an isomorphism of A-modules:

K™P(MF(M,0)) & K*P(M) ®q A.

Proof. Tt suffices to prove the first isomorphism. Let Xy be the derived zero locus
of 0: X — C. By the long exact sequence (£.3), it suffices to show that the map
o' : Perf(Xg) — D%(Xp) induces the zero map:

o s K1 () — GP(Xo),

which we showed in the proof of Proposition [£.1l O

4.4.3. The Chern character for the algebraic K-theory of matrix factorizations. Con-
sider the natural transformation

v: K8 = Ko — K

from algebraic K-theory to topological K-theory [Blal6, Remark 4.14]. For a quo-
tient stack X = X /G, where G is a reductive group acting on a smooth affine scheme
X, there is a Chern character:

ch®®: KGE(MF(X, £)) B> K™ (MF(X, f)) = HO(X, "),
We next state an algebraic version of the GRR theorem [£.7]

Theorem 4.14. Let h: X — Y be a morphism of smooth quotient stacks. Consider
a reqular function f:Y — C, let g := f oh, and assume that f and g are quasi-
homogeneous.

(a) The following diagram commutes:

K¥(MF(Y, f)) —“— K§'®(MF(X, g))

| [

HO(Y, @) —"—— HO(X, ).

(b) Assume h is proper. Let td(T},) € H(Xy) be the Todd class of the virtual
tangent bundle Ty, of h, and let hl (=) := h.(td(T}) - (=)). Then the following
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diagram commutes:

K§5(MF(X, g)) —“ KJ¥(MF(Y, f))

HO(X, @) —— (4, o).
Proof. Both claims follow from Theorem .7 and the commutativity of v with h*
and hy. O

4.4.4. Graded and ungraded matriz factorizations. One can define graded categories
of matrix factorizations in more generality than the one used in Subsection 2.7] see
below for one example. It is natural to ask for an analogue of Proposition for
categories of graded matrix factorizations. We do not know how to answer this
question for general graded categories, but we study some examples in Section [l
We mention a theorem of Brown-Dyckerhoff in [BD20, Theorem 1.3] which com-
putes the topological K-theory for a class of graded matrix factorizations not covered
by our methods. Let f: C* — C be a homogeneous polynomial of degree d. Let C*
act on C" with weight 1. Consider category MF&" (C", f) with objects of the form

(a: F&=G: B), aof=poa=Xf,

where « is homogeneous of degree d and 3 is homogeneous of degree zero. For each
1 € Z, there are isomorphisms:

(€ (1) = KPP (ME (T, f)),

where the left hand side is the ug-equivariant relative topological K-theory space,
see loc. cit. for more details. Note that, for a homogeneous polynomial, the
vanishing cycle cohomology can be computed in terms of relative cohomology [DP22),
Proposition 6.4].

We do not have an alternative proof of [BD20, Theorem 1.3]. However, we note
the following relation between graded and ungraded matrix factorizations, that may
be used in conjunction with excision arguments for computation, but which we do
not use later in the paper.

Proposition 4.15. Let C* act on C™! with weight 1, consider the grading with
respect to this weight, and by abuse of notation denote by f: C* x C* = C" ER C.
There is an equivalence

(4.19) MF(C", f) 5 MF&(C" x C*, f).

Proof. We have the isomorphism of stacks

~

p: (C"x CH/C* 5 C", (z1,..., 20, t) = (g, ...t 2y).
For an object (a: F = G: 3) in MF(C", f), we associate the object
(o' p"F = p*G: f), o =tTp*a, §'=p*pB

in MF8'(C™ x C*, f). Note that o/ is degree d and /3’ is degree zero. Since o 3 =
foa=xfand p*f =t %f, we have o/ 0 B/ = ' oo/ = x [, so it determines an
object in MF8&"(C™ x C*, f).

Conversely, given an object (y: P = Q: 0) in MF& (C" x C*, f), we associate the
object

(7': Po 2 Qo: &), v =t "y, & = do
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in MF(C™, f). In the above, the subscript 0 means taking the degree zero part and

—d
the morphism v/ is Py n Qu t—) Qp. It is easy to see that the above correspondences
give mutually inverse functors, giving the equivalence (ZI9). U

5. DIMENSIONAL REDUCTION

In this section, we show that the Koszul equivalence (2.I1]) and the dimensional
reduction in cohomology are compatible via the Chern character map. We will use
these compatibilities in Subsection [[to compute the topological K-theory of prepro-
jective quasi-BPS categories from the topological K-theory of quasi-BPS categories
of tripled quivers with potential.

5.1. Dimensional reduction. Recall the setting of the Koszul equivalence from
Subsection 2.8 We will use the notations of the various maps from the diagram
(213). In this subsection, we review the dimensional reduction theorem in coho-
mology due to Davison [Dav17, Theorem A.1] (note that, to obtain the maps in
loc. cit., one needs to precompose all the following maps by [, see the isomorphism

2.4)).

For e € DY (€Y), there is a natural isomorphism:
(5.1) or[—1]t.0 e
For @ € Db (X), there is a natural transformation

(5.2) n'e =gt e

The natural transformations (5.2]) and (5.I)) induce a natural transformation for
prl=tn"e = p[=1(0"juj ) = 075" @

The dimensional reduction isomorphism in cohomology [Davl7, Theorem A.1] is

the following natural isomorphism for e € D% _(X):

merl—1n"e = mn*j.j*e.

By taking the Verdier dual of the above natural isomorphism, we obtain:

(5.3) nejig'n'e = nun'gig'e = nups[—1in'e,

which alternatively can be described as applying the functor n.¢[—1] to the natural
transformation j.j"n'e — n'e for e € DEOH(DC). By taking the cohomology of the

two sides in (5.3]), one obtains the dimensional reduction isomorphism:
(5.4) g™ HPM(K) = HEY,(8Y|x) = HP M ET2ri(eY, o,Q[-1)).
Further, the monodromy on the left hand side is trivial.
The isomorphism (5.3]) factors through:
Nl e = mi'n'e = nopp[—1ui'n'e = nopg[=1l' e
Recall that <pifn" is the cone of the map a: t,Qgy — 1+0'Qgv [2], see ([@F). From the
diagram (7)), the map 1.t.¢'Qev[2] — N« Qev [1] factors through n*api]{“’, and thus

there are maps whose composition is an isomorphism:

inv

(5.5) B': mefiwev), — Netyt'wey — N [2dim gY — 2] LN Nxp pwev [—1].
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We let 3°: nijiwev), — Nelyllwey — n*goi]llV[Q dim &Y — 2|. The map 3° provides a
splitting of the map 3, thus the triangle (£.6)) becomes the natural isomorphism:

(5.6) e [-2] = nupp[~2] @ nupg[-1].
By taking global sections of this isomorphism, there is a natural injective map:
(5.7) v H*(EY, pp[—1]) — H* (€Y, oV [-2]).

We also note that, by taking global sections of the complexes in (5.5]), we obtain an
isomorphism:

(5:8)  B's HPM(K) = HE%, (&Y |x) — HYy,(&g) — HImET27(EY, of[-2))
> HAmE (e, 5 Q[-1)) = HIM (e, Q1))
Note that the composition of the maps on the top row on (5.8) is given by §°.

5.2. The Chern character for graded matrix factorizations. The purpose of
this subsection is to construct a Chern character map:

(5.9) ch: K[°P(MF& (Y, f)) — H'(EY, pr[-1])

compatible with the Chern character map ([B.8) for X and the Chern character map
([ET4) for MF (&Y, f), see Proposition 5.1l We begin with a few preliminaries. Recall
the forget-the-grading functor

(5.10) O: MF& (€Y, f) — MF(EY, f)

and the equivalence between matrix factorizations and categories of singularities
[Orl04, [EP15]:

MF (&Y, f) = Dg(&y)-

The following diagram commutes:

DY(xely 5 MpeE (Y, £) —O MF(EY, f)

\LT*"],* l* Zl

D*(&g) » Dg(€)-

By the isomorphism (2.6), we obtain a commutative diagram, and we define ¥ as
the resulting map:

GIEP () 2 KIP(MFE (Y, £)) —2 KIP(MF(EY, )

(5.11) - \ l
GiP(ey) K (EY).

Recall the Chern character (4I7) and the splitting (5.8). Let N be the normal
bundle of X < €Y and let M be the normal bundle of €Y < &Y. Let ch’ := ch-td(N)
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and ch” := ch - td(M). Then the following diagram commutes by Proposition
)4

T

GEP(K) 1 GIP(EY) —— KIP(MF(EY, )

7

(5.12) J{ch’ J{ch” J{ch”

APY() 5 APY(EY) —— H(EV, )

W

Proposition 5.1. There is an injective Chern character (5.9) such that, in the
following commutative diagram, the horizontal maps are injective:

K{P(MFe(£Y, f)) —2— K{’(MF(£", f))

(5.13) ich J’ch

HI(EY, pp[—1]) —— HI(EY,p[-2)),

and such that the following diagram commutes as well for the modified Chern char-
acter for the immersions of €Y|x and &Y in &Y:

GIP(K) 2 KP(MFE(EY, f)
(5.14) l“h/ lCh”
HPM(K) L Hi(EY, ps[—1]).

Proof. Define (5.9) such that the diagram (5.14]) commutes. We have that yoj,n™* =
B° and © o jin"™* = W, so the diagram (5.I3]) commutes as well. It remains to show
that © is injective. The map (° is injective by (5.8)). Then W is also injective by
the commutativity of the diagram (5.12)). By the factorization © o j.n* = U, the
map O is indeed injective. U

We define an increasing filtration E K °°(MF& (EY, f)) C K;°P(MF& (&Y, f)) by
BeK (™ (MFE (£, f)) 1= ch™! (HZ24mE7==20(e¥ o [1)))
We obtain cycle maps:
c: grol[7 (MFE/(EY, f)) = HAWmE=20(EY, oy[-1)).

The above cycle maps are isomorphisms by the isomoprhim (BI1]) together with
the commutative diagram (5.J4]). The following is a corollary of Propositions [£.10,
4.5, and .1k

Proposition 5.2. The following diagram commutes, where all the cycle maps are
isomorphisms:

grG;°P (K) L grp KOP(MFe(EY, f)) > gro, K P (MF(EY, f))

e e e

Hgl\élé(gc) j*z H2dimx—i_2é(8v,<pf[—l]) 7 H2dim3€—i—2£(8 7801fnv[ 2])
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Proof. The modified Chern characters ch’ and ch” induce the cycle maps ¢ on the
associated graded, see Proposition O

Remark 5.3. Recall that K™P(&V, f) is a A = Q[e]-module, where € has degree 1.
We include the following computation of a A-module structure on the topological
K-theory of a category of matrix factorizations, see also Proposition .13} but note
that we do not use it later in the paper.

Proposition 5.4. The forget-the-potential functor induces an isomorphism
(5.15) KP(MF# (£, ) 8g A 5 K*P(MF(EY, f))

of A-modules. Thus, if M is admissible in D°(E), there is an isomorphism of
A-modules:
KP(MF®" (M, f)) @ A — KI°P(MF(M, f)).

Proof. Tt is enough to prove (5.I5]). Let p := SpecC and let r := SpecA. Recall
the Koszul equivalence (2.14]). Using [HLP20, Proposition 3.24] (also see [Tod23al,
Proposition 3.9] and note that MF(p,0) ~ D®(r)/Perf(r)), the equivalence (2I4)
induces an equivalence:

K': D*(K) @ o) MF(p,0) = MF(EY, f).

Let KXop:=XK xr and let m: Ky — K and t: » — p be the natural projections. We
have that MF(p,0) = D(r)/t*(D"(p)). Then

D"(X) ® po(yy MF(p, 0) = D*(Ko)/m*(D"(X)).
It suffices to show that the map
™ GEP(K) — Gi°P(Ko) = GiP(K)

K3 K3

is zero, which follows as in the proof of Proposition 1l O

6. TOPOLOGICAL K-THEORY OF QUASI-BPS CATEGORIES FOR QUIVERS WITH
POTENTIAL

In this section, we compute the topological K-theory of quasi-BPS categories for
symmetric quivers satisfying Assumption [Z]] with a quasi-homogeneous potential
in terms of BPS cohomology, see Theorem The main step in the proof of
Theorem is the construction of the cycle map from topological K-theory of
quasi-BPS categories to BPS cohomology, see Theorem (which holds for all
symmetric quivers). The conclusion then follows by comparing the decomposition
of DT invariants in BPS invariants of Meinhardt—Reineke (which also holds for
all symmetric quivers) and and the semiorthogonal decomposition of the variety
of framed representations from Theorem 2.8 We note that there is a version of
Theorem [2.§] for all symmetric quivers, see [PTe]. However, under Assumption 2.1],
all quasi-BPS categories appearing in the semiorthogonal decomposition are of the
form S(d),, which is used crucially in the computation in Subsection

The construction of the cycle map from Theorem holds for all quasi-BPS
categories S(d;d) for 6 € M (d)g ¢, Theorem is proved in Subsections and
is based on the fact that the weight conditions for complexes in S(d; ) restrict the
possible perverse degree of their image under the cycle map, see Proposition
and Corollaries and

In view of the assumptions in Section M we assume throughout this section that
the potential W of Q = (I, E) is quasi-homogeneous, that is, there exists a weight
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function w: E — Z>g such that W is homogeneous of weight d > 0 with respect to
the function w.

6.1. Statement of the main theorem. Before we state Theorem [6.2] we intro-
duce notation related to quasi-BPS categories and BPS sheaves.

6.1.1. Quasi-BPS categories. Let § € M(d)Wd. Consider the category M(d; ) de-
fined in (Z19) and recall the definition of quasi-BPS categories S(d;d) from (Z.21).
For X a cocharacter of T'(d), recall the definition of ny from (2:20). For A a dominant
cocharacter of T'(d), define

61 s = {1, i 3mat 0) €2

0, otherwise.

For a partition d = (di)i-“:1 of d, let eqs = 1 if ) 5 = 1 for all cocharacters A with
associated partition d and let £q s = 0 otherwise.

6.1.2. Sets of partitions. For a dimension vector d = (dj)jgj € NI, recall that
d =) dl. Let § € M(d)Wd. Denote by S¢ the set of partitions d = (d;)¥_,
of d such that eq 5 = 1, where ) is any antidominant cocharacter with associated
partition (d;)¥_,. If § = vry, we use the notation S¢ instead of Sfde
Consider (d;)¥_; € S¢, and an antidominant cocharacter with associated partition

(d;)¥_,. Define 0; € 1 M(d;) with

k
292 )\>0_|_ g(d))‘>0.
i=1

Let 64, € M(d;)gr such that 2?21 d4, = 9. Then the Hall product induces a functor

k
m=1m): ®M(d“ 0; + 5dz) — M(d; 5)
i=1
and similarly for categories of matrix factorizations, see [Pada, Propositions 3.5
and 3.6] (in loc. cit. and using the notations used there, [Padal, Proposition 3.6] is
stated that r > 5, but for r = 35 it is still true that x — oy € lVV) If we assume
that @ satisfies Assumptlon 2.1, then 0; € M(d;)", and so there are functors, see
Remark 2.6
k k
(6.2) Q) M(d;; 6,) = R M(dy; 0; + 04,) = M(d; 5q).
i=1 i=1

Assume that § = vty and write §; = v;74, for 1 < ¢ < k. Then

v V;
6.3 ——
for any 1 <4 < k. If we assume that Q satisfies Assumption 2.1], the Hall product

then 1nduces functors, see ([6.2)):

k k
Q) M(ds)w, = Q) M(dy; ; + 64,) = M(d),.
i=1 =1

We end this subsection with the following computation:
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Proposition 6.1. Let Q = (I, E) be a quiver satisfying Assumption [Z1. Let
(d,v) € NI x Z. The set S¢ contains all partitions d = (d;)%_, such that

dlv-ged(dy, ..., dy).
In particular, if ged(v,d) = 1, then Sf)l contains only the one term partition of d.

Proof. Let d = (d*)qe; € NI. Note that ny = <)\,L§‘C(>d0)|o> € 27 because () satisfies

Assumption 2Tl Then eq .-, = 1 if and only if (A\,v7y) € Z for all cocharacters A
with associated partition d.
Write A = (A%)qer, where A*: C* — T'(d”) is a cocharacter

AE) = (E™, . ™ e e,

where m; appears df-times, and m; # m; for 1 < ¢ # j < k. Then the condition
(\,v7q) € Z is equivalent to that

k
v/d - Zmic_li e
i=1

for all tuples of pairwise distinct integers (mi)le € ZF, which implies the desired
conclusion. O

6.1.3. BPS sheaves and cohomologies. Let @Q = (I, E) be a symmetric quiver, let
W be a potential of Q, and let d € N/. Consider the stack of dimension d represen-
tations of @) and its good moduli space:

ma: X(d) := R(d)/G(d) — X(d) := R(d)G(d).

We denote by IC := I1Cy(g) = Qx(q)[dim X(d)] and we may drop Tr W from the nota-
tion of the vanishing cycle functor. Recall that ¢ := @1y wQy(q). Following [DM20],
define the BPS sheaf

@Tr WICX(d) [—1], if )((d)st 7§ @,

BPS, =
Péa {0, if X (d)st = 0.

Note that BPS,; € Perv(X(d)).

Consider a partition A = (d;)¥_, of d. Let £(A) := k. Assume the set {dy,...,dx} =
{e1,...,es} has cardinality s and that, for each 1 < i < s, there are m; elements
in {dy,...,dy} equal to e;. Define the addition maps @®;: X(e;)*™ — X (m;e;) for
1<i<sand @: xi_; X(me;) — X(d), which are finite. Define the sheaves:

Sym™ (BPS,,) = @i, (BPSZ™)™ € Perv(X (mye;)),
(6.4) BPS 4 := @, (X;_;Sym™ (BPS,,)) € Perv(X(d)).
Alternatively, by the Thom-Sebastiani theorem, the sheaf BPS 4 has the following
description. Let BPSY be the sheaf defined above for W = 0. Then BPS, =

©Tr WB’PSOA [—1] .
Define the complexes

(6.5) BPSy;5 = @ BPSa[—L(A)] € Db (X (d)),
Aesd
BPS4, i= BPS4ur, € Db (X(d)).
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As we will see in (6I8]), the complexes BPS 4 and BPS,; are direct summands of
T.lC[—1] preserved by 1 — T. Define BPS'}Y, BPSY € D! (X(d)) by the exact
triangles:

BPSY[-1] — BPS 4 =1, BPS, — BPSYY,
BP mv[ 1] = BPS4s 1 BPS;s — BPSYY.

6.1.4. Statement of the main theorem. Let Q = (I, E) be a symmetric quiver and
let W be a quasi-homogeneous potential. Consider the Chern character map (4.14)):

(6.6)  ch: K*(S(d),) — KM (MF(X(d), Tr W) — H(X(d), iy )-
Recall (4.15) and define the filtration:
E(K;(S(d)) := K;*P(S(d)v) N BeJ; ™ (MF(X(d), Tt W)) € K;*(S(d)o)-
There is an injective cycle map on the associated graded pieces:
67) g K P(S(d),) — H2m D271 (x(d), iy [~2))
= HE D=2 (X(d), iy 10x(g) [—2)),

where we used o1, wlCx@) = ¢mrw[dimX(d)] for computing the cohomological
degree. The following is the main result of this section:

Theorem 6.2. Assume the quiver Q) satisfies Assumption[21 and let W be a quasi-

homogeneous potential of Q. Then the cycle map ([©1) induces an isomorphisms
fori b e Z:

(6.8) c: gr,K[P (S(d),) = HI X270 (X (d), BPSTY[-1)).

The main part of proving Theorem is the construction of a cycle map from
the topological K-theory of quasi-BPS categories to BPS cohomology, which applies
to all symmetric quivers Q.

Theorem 6.3. Let Q be an arbitrary symmetmc quiver and let W be a quasi-
homogeneous potential of Q. Let d € NI, § € M(d)Rd, and i,£ € Z. The cycle map
67) induces a map:

(6.9) c: gr K (S(d; 8)) — HImT =271 (X (d), BPSTY[-1]) .
We mention the following numerical corollary of Theorems and

Corollary 6.4. Let @ be an arbitrary symmetric quiver and let W be a quasi-
homogeneous potential. Let (d,v) € N! x Z and let i € Z. Then:

(6.10) dimg K;°°(S(d),) < dimg H (X (d), BPS4,)™.
If Q satisfies Assumption 2], then equality holds in (6.10).

When ged(d,v) = 1 and @ satisfies Assumption 21 we regard S(d), as a cat-
egorification of the monodromy invariant BPS cohomology of (Q,W'). Before we
prove Corollary [6.4] note the following:

Proposition 6.5. Let Q be a quiver satisfying Assumption 21l The Chern char-
acter map ([6.0) is injective.

Proof. 1t follows from Proposition .10l and Theorem 2.8] O
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Proof of Corollary from Theorem [6.3. Note that there is a (non-canonical) iso-
morphism

(6.11) H*(X(d), BPSq,)"™ = H*(X(d), BPS 4 )inv-

The cycle map (6.9) is injective because (6.8) is injective. Then, by Theorem [6:3]
we have that:

(6.12) dimg gr. K (S(d),) < dimg H (X (d), BPS4,,)™".

If @ satisfies Assumption 2] then (6.I2]) is an equality. It suffices to show that
dimg K;OP(S(d)v) = dimg gr,KitOp(S(d)v), equivalently that (6.6]) is injective, which
is Proposition O

Corollary follows easily from Theorem

Proof of Corollary [1.3. Note that Proposition implies that d = (d;)%_, € S? if
and only if d/ ged(d,v) divides d; for 1 < i < k. Then S = S% for v,v’ € Z such
that ged(d,v) = ged(d,v'). The statement then follows from Theorem O

In Section [, we compute the topological K-theory of quasi-BPS categories of
preprojective algebras of quivers satisfying Assumption using Theorem [6.2] see
Theorem In [PTd], we further use Theorem to compute the topological
K-theory of quasi-BPS categories of K3 surfaces. In particular, we obtain categori-
fications of the BPS cohomology of a large class of preprojective algebras and of K3
surfaces.

We end this subsection by discussing the zero potential case of Theorem
Then BPS; = ICx(g). Denote by IH*(X(d)) := H*(X(d),ICx(q). Note that
He4(X(d)) = H°(X(d),1Cyx(4)) = 0. We then have that IH**" (X (d)) = 0 because
ICx(g)[—1] is a direct summand of RmICy(y), see (6.16]); alternatively, the vanishing
IH®*" (X (d)) = 0 follows from Kirwan surjectivity. By Theorem[6.21and Proposition
[4.13], we obtain the following:

Theorem 6.6. Let Q be a quiver satisfying Assumption [2.1, let d € N!, and let
v € Z such that ged (d,v) = 1. For £ € Z, the cycle map induces an isomorphism:

c: gr, KPP (M(d),) = THEmXD=20=1 x(qy).

We note a consequence of Corollary [6.4] alternatively a numerical corollary of
Theorem

Corollary 6.7. Let Q be a quiver satisfying Assumption (21, let d € NI, and let
v € Z such that ged (d,v) = 1. Then

dimg K (M(d),) = dimg IH (X (d))
foranyi € Z.

For (d,v) € N/ x Z and @ as in the statement of Corollary (6.7]), we regard M(d),
as a categorification of the intersection cohomology of X (d). Note that, in general,
X(d) is a singular scheme.
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6.2. The decomposition theorem. Let a € N and recall the construction of
framed quivers Q®f from Subsection 214l

We review the explicit computation of summands in the BBDG decomposition
theorem [BBDS82| for the pushforwards of the constant sheaves along the maps:

Tafd: X2 (d)* — X(d), mg: X(d) — X (d)

due to Meinhardt—Reineke [MR19] and Davison—-Meinhardt [DM20]. The maps
Taf,d “approximate” the map g, see [DM20, Subsection 4.1]. The computation of
Tax1Cx(q) is deduced from the computation of 7q a4« Quars (g [dim X(d)].

We introduce some constructible sheaves on X (d). Let A be a tuplet (e;, m;q)
for 1 <i < s and for a > 0, with (e;);_; € 7%, pairwise distinct and m; o > 0 such
that >7 > as0€iMia = d. Let P be the set of all such tuplets A and let P, C P
be the subset of such tuplets with m;, = 0 for a > ae;. Note that each A has a
corresponding partition with terms e; with multiplicity as0 Mia for 1 <i<s.

Consider the addition maps:

(613) @i,a: X(el')xmi’“ — X(mwel-), @,Z Xf:l Xa>0X(mi,a6i) — X(d)
Define the constructible complexes:
X X i.a Gmi,a
Sym™e (ICx () [—2a — 1]) 1= Djas ((ICX(ei)[_Qa — 1) ) ,
Py = @; (&1<i<s7a>08ymmi’“ (ICX(ei)[_2a — 1])) .

Then P4 is supported on the image of @’ and is a shifted perverse sheaf of degree

k
pa=3_Y mia(2a+1),

i=1 a=0
meaning that P 4[pa] € Perv(X(d)). Define analogously
(614) QA = @; (&1<i<57a>osymmi’a (‘PTr WICX(ei)[_za — 2])) .

Then one can show, using the Thom-Sebastiani theorem, that

Qa = erwPal-1].
Let a be an even positive natural number. The following explicit form of the

BBDG decomposition theorem for m,r4 was determined by Meinhardt-Reineke
[MR19], Proposition 4.3]:

(6.15) Tafde (Qxaf(d)ss [dimDC(d)]) - P Pa.
A€EPy

The result in loc. cit. is stated as an equality in the Grothendieck group of con-
structible sheaves, but the above stronger statement holds by the argument in
[DM20, Proof of Theorem 4.10]. Using the above, one can obtain, see [DM20)
Theorem C], the following decomposition:

(6.16) 7aICxa) = EPPa.
Ae?

The proper pushforward commutes with the vanishing cycle functor, so applying
the vanishing cycle functor to (6.I5]) one obtains the following decomposition, which
is also called the DT/ BPS wall-crossing;:

(6.17) Tof,dsPTe W <Qxaf(d)ss [dim X(d) — 1]) = @ Qa.
AcPq
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The map 74 can be approximated by the proper maps 7, ¢ 4, thus 74, also commutes
with the vanishing cycle functor. From (IE:IEI) we obtain:

(6.18) e wICr(a)[~1] = P Qa.
Ac

The summands in all the above decompositions are induced via the Hall product.

We now state a corollary of (6.17]).

Proposition 6.8. Let o be an even positive integer and let © € Z. Then there is
an isomorphism of NI x N-graded vector spaces, where the second grading is the
cohomological grading:

619 @ #* (X (@) o [dimx(d) 1) =
deN!
Sym | € H* (X(d), BPS4[-1]) ® H*(P*4)
deN!

By forgetting the cohomological grading, there is an isomorphism of N! -graded vector
spaces:
inv
inv
P (xf (@, p) = | sym | @ B (X(d),BPS)™™
deN! deNI

Proof. By taking global sections of the two sides of (6.I7]), we obtain an isomor-
phism:

(6.20) P H* (X (@), [dim X(d) — 1]) =
deN!
Sym | @ H* (X(d), BPS4[~1]) ® H*(P*41)
deN!

The isomorphism ([6.19) follows by taking the monodromy invariant parts on the
two sides of the isomorphism (6.20). O

6.3. Semiorthogonal decompositions and the BBDG decomposition the-
orem. In this section, we prove Theorem assuming Theorem The proof
follows from a comparison of the pieces in the semiorthogonal decomposition from
Theorem 2.8 with the summands of the DT/ BPS wall-crossing (6.17). Actually,
the proof is based on a comparison of dimensions of certain vector spaces. In the
rest of this subsection, we will use certain non-canonical maps, but they suffice for
comparing dimensions of vector spaces.

We rewrite the Chern character isomorphism (£.I7) for X a smooth variety with
a regular function f: X — C. Observe that there is a (non-canonical) isomorphism
H{(X, @p)™ = HY(X, pf)iny of Q-vector spaces. Rewrite (LIT7) as the following
(non-canonical) isomorphism of Q-vector spaces for every i € Z:

(6.21) ch: K%(Xo) = H (X, pp)™.
Recall the notations gr. Kmp = Doez graKimp and H = @, H* Given a

vector space V with a hnear map T:V — V, we denote by Viflv the kernel of
(1 —T). For a set A of pairs (Vo,T,)aca we denote by (®qcaV,y)™ the kernel of
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1 — ®qcaly. Note that ®aeAV;nV C (®a€AVa)inV. The same notation is also used
for symmetric products. We will apply the above notation when 7, are monodromy
operators on vanishing cycle cohomologies.

Note the following corollary of Theorem [6.3], which follows because the cycle map

(6:8)) is injective:
Corollary 6.9. Assume Theorem [6.3 holds. Then the cycle map ([6.9) is injective.

Proof of Theorem [6.2 assuming Theorem [6.3. Let o be an even positive integer and
fix i € Z. By Theorem 28] there is a semiorthogonal decomposition:

MF <xocf(d)SS’ Tr W) = <é S(dj)vj> )

where the right hand side is after all partitions Zle d; = d and all weights v; € Z

with 0 < v1/dy < ... < w/d, < . There is thus an isomorphism of N/-graded
vector spaces:

D gr K7 (MF (xaf (d)*, Tr W)) o P gr K1 éS(dj)Uj
j=1

deN! 0<w /dy <-+-<vg/dp <o

Recall the isomorphism of Q-vector spaces (G.I1]). By Corollary [6.9] there is an
injective (non-canonical) map:

(6.22) gr. K (S(d),) = H'(X(d), BPS 40)'™.

Then we have injective maps

k
EB gr K ®S(dj)vj
j=1

0<vy /dy <-+-<vg fdj <

inv
- D H (xS_ X (d5), B, BPS )
0<vy /dy <+ <wg /df <o

inv

<[ & |[sym P H(X(),BPS)

neQ deN!
0<pu<a Jus.t. p=v/d
= | Sym | @@ H(X(d), BPS,)*4 = @D (X (@)=, 0)"™
deN! deN!

where the first inclusion follows from Corollary (applied to disjoint union of k-
copies of @, the k = 1 case is ([6.22))), the second inclusion follows from the definition
of BPS,, Proposition [6.1], and the fact that the Thom-Sebastiani isomorphism is
natural with respect to the monodromy actions, the first isomorphism follows from
a combinatorial observation, and the second isomorphism follows from Proposition
We thus obtain an injective map of N’-graded vector spaces:

P er kP <MFgr (xaf(d)ss7Tr W)) = P H (X (), ) ™.
deNI Pt

By the isomorphism (6.2I]) together with the exact sequence (@I0), the N/-graded
piece of both sides of the above map has the same (finite) dimension, hence the map
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above is an isomorphism. The map ([6.22]) is then also an isomorphism, thus also
the maps (6.8]) are isomorphisms. O

It thus remains to prove Theorem In Subsection [6.10, we reduce the proof
for a general symmetric quiver to that of a quiver with at least two loops at every
vertex. In Subsection [6.5] we prove a restriction statement of the image under the
cycle map of an object in a quasi-BPS category. In Subsection [6.6, we combine the
above restriction with the decomposition theorems (6.16]) to prove Theorem

6.4. Reduction to quivers with enough edges. Consider an arbitrary sym-
metric quiver with potential (Q,W). Let Q = (I, E). For ¢ € I, let w;,w] be two
loops at i. Let E* := E U {wi,w} | i € I} and consider the quadratic potential
W4 := 3" ;wiw;. Define the quiver with potential:

Q= (I,EY), Wl=W + W

Proposition 6.10. Assume Theorem holds for (Q*,W?). Then Theorem
holds for (Q,W).

Recall the stack of representations X(d) = R(d)/G(d) of Q. For the quiver Q?
and for d € N, we consider the following: the stack of representations with its good
moduli space

w3 X(d) == (R(d) ® 9(d)®?) /G(d) — X7 (d),
the BPS sheaves BPSEM as defined in (63), the polytope W3(d) as in (ZI6), the
integers nj as in (Z20), the quasi-BPS categories M7(d; §) from (ZIJ) and S¥(d; J)
from (221]). Let
8(d) := (R(d) & g(d))/G(d)
and consider the maps, where v,t are the natural projections and s is the natural
inclusion:
t

X(d) +2— 8(d) —— X3(d).

Let G := G(d) and g := g(d). We discuss two preliminary propositions.
Proposition 6.11. Let § € M(d)ﬂ‘évd and let i € Z. There is an isomorphism:
se0*: H'(X(d), o1 wlCr(g) [-1]) = H* (X (d), oy walCyagay [~ 1)),
H'(X(d), BPSqs) = H'(X?(d), BPSy ;).

Proof. Consider the diagram:

(6.23) l” ﬁ
X(d) u » X3(d).

We first show there is an isomorphism of sheaves on DY, (X7(d)):

con
(6.24) 50" 1 UsT a0 w1Co gy [—1] = Wfl*ngrW:lICx:(d)[—l].

First, there is an isomorphism of sheaves on D% (X3(d)):

(6.25) 80" 1 U ICxra) = Touome walCopa gy [—1].



TOPOLOGICAL K-THEORY OF QUASI-BPS CATEGORIES 45

The above map is obtained from base-change from the the map for X(d) = pt, that
is, from the map

(6.26) 80*1)8 : Wd,O*UO*ICBG = 4,0+ PTr WqICge;Q/G[—l],

where s, v, up are the maps as in ([6.23]) for X(d) replaced by SpecC = pt, and
where mg0: §9%/G — g%?/G. By a direct computation, we have that

PTr W‘IICQ@?/G’ [— 1] = ICBG’

because W1 is a Morse function with critical locus BG, the origin in g®2/G. Further,
(6:26]) is an isomorphism for global sections by dimensional reduction, see Subsection

£ so (6.26)) is an isomorphism. Then (6.25]) is also an isomorphism.

Abuse notation and write Tr W: X3(d) 225 X(d) W, €. Note that g, com-
mutes with ¢y because 7y can be approximated with the proper maps m.y 4,
see Subsection Further, o1,y commutes with proper pushforward and smooth
pullback. Apply ¢ to both sides of (6.25]) and use the Thom-Sebastiani theorem
for vanishing cycles to obtain:

S5 U™ U T s P Ty WICx(d)[—l] = Wfl*%DTrW (%DTr WqICDCJ(d)[_l])

= WS[*QOTr WJIC:)CJ(d) [_ 1]
We now explain that the isomorphism (6.24]) induces an isomorphism of sheaves
in Doy (X7(d)):

wBPSqs = BPSY .

First, we explain that S¢(Q) = SZ(Q?). Let A be a cocharacter of T(d). Let n,
and ng\ be the integers (2Z20) for Q and Q7, respectively. Let )¢ and 6175 be the
integers (G1)) for Q and @7, respectively. Then

ng\ —nyx= 2<)‘7g(d)>\>0>7
thus ey 5 = 82\75, so indeed S%(Q) = SHQ?) =: S¢.
It suffices to check that (6.24]) induces isomorphisms:
(6.27) uBPS 4 = BPS?,

forany A € Sgl. The isomorphism (6.24]) is obtained by applying the functor ¢y to
the isomorphism (6.24)) for W = 0, that is, from the isomorphism (6.25]). Therefore
it suffices to check ([6.27)) when W = 0, so we assume that W = 0 in the rest of the
proof. Assume A has a corresponding partition (di)le of d. Let X4 be the image
of ®: x¥_, X(d;) = X(d). There is an isomorphism:

wPH (14 1Cx ) > PH (13 o1 walCyagy[—1]).

There are either no summands of support X4 on both sides, case in which both
uBPS 4 and BPS% are zero, or there are unique summands of support X 4 on both
sides, namely u,BPS 4 and BPS?, and thus (6.27) follows. O

We note the following corollary of Proposition
Corollary 6.12. Let § € M(d)ﬂ‘g/d and let i € Z. There is an isomorphism:
5207 HHQX(d), Gy 10y [~ 1]) = H (8 (d), 25Tz (1))
HY(X(d), BPSIY) = H'(X(d), BPSF™).

We also relate quasi-BPS categories under Knorrer periodicity:
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Proposition 6.13. There is an equivalence:
s,0" 1 MF(X(d), Tr W) = MF(X?(d), Tr W),
S(d; 8) = S(d; 6).
Proof. (cf. [PTel Proposition 2.14]) Consider the Koszul complex
K := 5,0" Oy € MF(X*(d), Tr W),

where s,v*: MF(X(d),0) = MF(X(d), Tr W) is an equivalence by Knorrer peri-
odicity. By the Thom-Sebastiani theorem for matrix factorizations [Pre|, there is
then an equivalence:

(=) @ K: MF(X(d), Tr W) = MF(X(d), Tr W7).
Note that t*(—) ® K = s,v*(—). It remains to show that
(=) ® K: S(d; 6) =5 S*(d; 6).
It suffices to show that, for F' € D*(X(d)), we have that F' € M(d; ) if and only if
t*(F) @ X € MA(d; 6).
We use Lemma 3 Let v: BC* — X(d), let F € D*(X(d)), and let Ap C Z
be the set of weights of v*(F). Note that for any v?: BC* — X¥(d) such that

tov? = v, we have that the weights of (17)*(t*(F) ® X) are the Minkowski sum
Ap + [—(v,9), (v, g)]. We have that
Ap  |=gm+ (udah g+ (b))
if and only if
Apt [ () © |5+ (i 3 + (06
The conclusion then follows. (]

Proof of Proposition[6.10. Let i,£ € Z. By Corollary [£9] there is a commutative
diagram, where b = dim X(d) — i — 2¢ = dim X?(d) — i — 2(¢ 4 dim g):

gt K (MP(X(d), Tr W) 2 a1, g o K (ME (X (d), Tr W)
Zlc Z\LC
HY(X(d), iy ICx ) [-2]) —=— H*(2A(d), P alCoa gy [—2]).
The conclusion follows from Corollary and Proposition O
It will be convenient to make the following assumption on a quiver:

Assumption 6.1. Assume the quiver () is symmetric and has at least two loops
at any vertex.

We introduce some notation. For any cocharacter A with associated partition d,

define cq := ¢ := dim X(d) — dim X(d)*>°,

Lemma 6.14. Let Q = (I, E) be a quiver which satisfies Assumption [6.1] and let
d € N be non-zero.

(a) For any cocharacter A of T(d), we have cy = 0, and the inequality is strict if
A has an associated partition with ot least two terms. Moreover, we have

dim X(d)**° — dim X(d)* = cy.
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(b) The map mq: X(d) — X(d) is generically a C*-gerbe, in particular there exists
a stable representation of dimension d.

Proof. We only discuss the first claim of part (a), the second claim and part (b) are
similar. Let S(d) be the affine space of dimension d representations of the quiver
obtained from @ by deleting one loop at every vertex in I. Then

X(d) = (5(d) ® 9(d)) /G(d)-
We have that
dim X(d) = dim $(d) and dim X(d)**° = dim (5(d))**°,
so ¢y = dim (S(d))*<’, and the first claim follows. O

6.5. Coproduct-like maps in K-theory. In this subsection,we assume that @
satisfies Assumption Consider an antidominant cocharacter A\ of T'(d) and let
ax: X(d)» = X(d) be the natural morphism inducing pullback maps for any i, ¢ € Z:

al: K (MF (X(d), Te W) — K'°P (MF (X(d)k, Tr W>> ,
al: grg KPP (MF (X(d), Tr W) — gry,0q, K° (MF (DC(d)A, Tr W)) ,

where dy = dim X(d ))‘ — dim X(d) is the relative dimension of ay. Consider the
quotient G(d)" := G(d)*/image()\) and the stack X(d)* := R(d)*/G(d)'. There is

an isomorphism:
KoP (MF (X(d)& Tr W>> ~ ftop <MF <.’)C(d)“, Tr W)) [+,

There is an analogous isomorphism for graded K-theory. There are also maps in
cohomology:

ax: B (X(d), rew) = H (X, orew ) (B,
ax: B (X(d), ¢iiw) — H (X(d)™, ¢ ) [A).

Assume the associated partition of A is d = (d;)¥_;. Recall that ¢y = cq =
dim X(d) — dim X(d)**°. We define the following integers (which we call widths of
magic or quasi-BPS categories in this paper):

(6.28) C)\§ ‘= C\ T ENS, Cds *= Cd T Ed,5-

Proposition 6.15. Let A be an antidominant cocharacter of G(d) and let i,l € 7.
Consider the diagram:

or, K;°P(S(d; 8)) S SN 8400, K (MF (X(d)), Tt W))

| | I

2 dim X(d)—2¢—i (x(d) SO’II%VW[ 2}) L H (:Xf(d) gorlﬁvw[ 2]) [h]

Then the image of cagr, Kbop (S(d;9)) lies in the subspace

C)\’gfl

@ 2 dim X(d)—20—i—2j (x(d)/)\7(pinV[_2]> W H <x(d)a’(pinv[_2]) [h].
j=0
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Note that ay) only depends on the partition d, so we obtain that the image of
caler, K (S(d; 8)) lies in the subspace

Cd’é_l . . . . . .

@ H2d1m3€(d)7227272] <x(d)l)\’801nv[_2]) WcoH (X(d)»\,gpmv[—ﬂ) [h]

5=0

Proof. Consider a complex A in S(d;0). Then a}(A) is in the subcategory of
MF(X(d)*, Tr W) generated by MF(X(d)*, Tr W), for
1 1
veSysi= |3OLE+ (0 LA + (0)| nz

Thus
(6.29) GAKLP (8(d:8)) € KL (MF (X(@)* Tr W) @ A,

where A := P Sy s Q- ¢/. There are filtrations pulled back from cohomology by

the Chern character for both K" (MF(X(d)"»,Tr W)) and K (BC*), and there
is an isomorphism obtained by the Kunneth formula:

(6.30)
grof,” (MF(X(@), T W) = @ gr K, (MF(X(d), T W) ) gy Ko™ (BCY).
a+b=¢

The filtration EyK;°®(BC*) on K;°?(BC*) induces a filtration
EpA = AN E,K°P(BCY)

on A. There are natural inclusions gr,A — grbKSOp(B(C*). We obtain a Kunneth
formula:

(6.31)

gre (K1 (MFQ(@), Trw)) @A) = @D gr, K} (MF(X(@), Tr W) @ gryA.
a+b=t

By (6.29) and (6.31), we have
algr K (S(d; 0)) C gr K (MF (xuy& Tr W)) ® gr A.

It suffices to show that:

CX\,6— 1
(6.32) c(gr.A) @ Q- h.
For any 1 < i < k, let F; be a stable representation of dimension d; (which exists

by Lemma |E:|ZI, and note that this is the only place where we use that () satisfies
Assumption [6.1]) and let F := @le F;. Let V/(C*)* be the moduli stack of repre-
sentations of the Ext quiver of F and dimension vector (1,...,1) € N*. Note that
there is an étale map

V/(CHF = X(d), 0 — F.
We have the equality of sets

1 1
S)\,5 = |~ §<)‘7 V)\>O> + <)‘7 5>7 §<)‘7 VA>O> + <)‘7 5> NZ
We denote the image of A in (C*)* by C*. Consider the maps:

ALy By
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Let ¢ be a generic linearization of C*. By [HL12, Theorem 2.10], see also [HLS16,
Equation (3)], the subcategory of D(V/C*) generated by Oy (v) for weights v € S), 5
is equivalent to D?(V#55/C*) if £y 5 = 0, and has a semiorthogonal decomposition
with pieces D?(V*/C*) and p/, ’*Db(V)‘) if ey 5 = 1. Define the map

s: Ki°P(BC*) =2 KPP (V/C*) — KPP (VESS/CF) @ plg* K§P (V) Pers
as the direct sum of the restriction onto V% /C* and the inverse of the inclusion:

Den,s

P K (D)) = KT KR /e

for a weight a = |3(X, V*>%) 4 (X,8)| € Z of A, constructed by the semiorthogonal
decomposition [HL12]. The following composition is an isomorphism:

A s KSOP(B(C*) ~ KSOP(V/(C*) Ktop(vé ss/(c*) @p/ /*Ktop(v)\)@@\ 5

Note that the Hall product p/,¢"™*: (VA) — H'(V/C*) has image Q- h®, and thus
it has a natural inverse H (V/(C*) — plg*H (V?). Let t be the direct sum of this
inverse and the restriction map:

t: HPM(V/C*) — HPM(VE/C*) @ plg™* HPM(V)Fo0s.

Recall that the Hall products in K-theory and cohomology are compatible via the
cycle map, see Proposition There is a commutative diagram:
(6.33)

grA —— gr KgP(V/C*) —— gr K*P(VE/C*) @ plg*gr KOP (V) ®ers

T~ [

HBM V/C* t HBM(VZ—SS/(C*) D pfkq/*H,BM(V’\)@E’\v‘s.

Note that V& /C* = V* x V55 /C*, where V' C V is the subspace spanned by
non-zero A-weights, and thus

C)\l

H-(VE—SS/(C*) ~ [ V/Z SS/(C @ @ hz
Then the map t is the truncation of polynomials:

HBM(V/C*) t H,BM(VE_SS/(C*) D p;q/*HBM(V)\)EBs)\,g

(6.34) Zl zl
Qlh] » BT QR

The conclusion then follows. O

6.6. Coproduct-like maps in cohomology. In this section, we assume that Q) =
(I, E) satisfies Assumption By Proposition [6.10, we obtain Theorem for
general symmetric quivers Q).

For \ an antidominant cocharacter with associated partition (d;)¥_,, consider the
good moduli space map

™ = Xigma, s X(d)Y = X (d)Y = xF X (dy).
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Consider the projection map ty: X(d)* — X(d)"*. The maps introduced fit in the
following diagram:

X(d)» —2 X(d)

X(d)» 2 X(d).
Consider the following perverse truncation
(6.35) St tauICygp[er] = ICx gy [en — 1] @ Q[A]
= POt Iy g fer — 1] © QIR

= @ICX(d)”‘ [—C)\ —1- 2j] = t)\*ICx(d)A [—C)\].
j=0

Define the map A) as the composition:
. S
(6.36) Ax: maulCoa) = TawaneICo(ar [2ea] = inemalCogpr[2en] = inuTalCop(a)n-

Recall the notations from Subsection [6.2] and the decomposition theorem (6.16]).
Consider the total perverse cohomology

H (ra-1Cx() = DH' (raICxa) [~
€L
For A € P as in Subsection [6.2], there are then natural maps
PA — H (Wd*ICx(d)) — PA.

Proposition 6.16. Let A, B € P with corresponding sheaves P 4 and P g of different
support. Assume that pg < pa.
(a) The map ([636) induces an isomorphism

(6.37) Ax: Py = Pa.
(b) The map Ay: Pp — P4 is zero.

Proof. (a) Assume ) has associated partition (d;)¥_;. Assume further that the set
{dy,...,dp} = {e1,...,es} has cardinality s and that each e; appears m; times
among the d; for 1 < j < k. Let A° € P be the tuplet (e;,m; ) with m; o = m; and
m;q =0 fora > 1.

For d € N!| let hy := ¢1(O(0q)) € H?*(X(d)). By [DM20, Theorem C], the
summand P4 of H (ﬂ'd*ICx(d)) is obtained from X¥_, (IC X(d;)[—1]) by multiplication
with the equivariant parameters hg, for 1 < ¢ < k. The map Ay: P4 — P4 is thus
obtained by multiplication by equivariant parameters hy, for 1 < 7 < k from the
map

Ayt ixe B (ICx g [—1]) = ixe By (ICx(a;)[—1)).

By [DM20), Theorem C], the image of m (2)\* XE_, (ICX(di)[—l])) in H (Wd*ICx(d))
is P 4o. Thus the map (6.37)) is obtained by multiplication by equivariant parameters

from the map
A)\: PAo — PAo.
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We may thus assume that A = A°. The Hall product is induced by a map
my: i)\*ﬂA*ICx(d)A — Wd*ICDC(d)-

The lowest non-zero piece of the perverse filtration on ix.m)\ICy(g) Is given by
. . Xm;
pTng)\*ﬂ')\*ICx(d)A =i X7 (ICX(ei)[—l]) e

The (shifted) perverse sheaf iy, X7_, (ICX(ei)[—l])gmi splits as a direct sum of
simple sheaves, and one such sheaf is P4. There is thus a natural inclusion P4 C
i TAICy (g2 . The map

(6.38) Aymy: Py — i)\*ﬂ')\*lcx(d)A

has image in the lowest non-zero perverse truncation of iy, mx\ICxy(g)n, and thus
(6:38]) induces a map:

(6.39) Axmy: Py = Pr5% 30 ICx g = B, (IC X(ei)[—u)@m" .

The (shifted) perverse sheaf iy, K_; (ICx/(,)[— 1])®mi has only one summand iso-
morphic to P4, which is a simple (shifted) perverse sheaf. Thus the map ([€.39)
restricts to a map

(6.40) PA — PA

All such maps are given by multiplication by scalars. It is thus an isomorphism if it
is not the zero map. It suffices to show that the maps (6.38]) or (6.39]) are not zero.
We will show this after passing to a convenient open set of X (d)*.

For any non-zero e € N/, by the same argument used to prove that (614, there
exists a stable point in R(e), equivalently the map m.: X(e) — X(e) is generically
a C*-gerbe. For 1 < ¢ < k, let R; be a simple representation of @ of dimension d;
such that R; and R; are not isomorphic for 1 < i < j < k. Let R := @le R;.
Note that the stabilizer of R is T' = (C*)*. By the etale slice theorem, there is an
analytic smooth open substack R € U/T C X(d) such that

U)T — X(d) and U* — X (d)*

are an analytic neighborhoods of 74(R) and x*_ 7 (R;) = ma(R), respectively.
After possibly shrinking U, we may assume that U and U* are contractible. The
maps

X(d)r +L— X(d)*>0 2 X(d)

~ .

are, analytically locally over m4(R) € X (d), isomorphic to the following:

(6.41) UM T <2 =0/ <22y /T
W

Note that the maps py and a) in (6.41]) are closed immersions. To show that the
map (6.40) is non-zero, it suffices to check that the map

(6.42) Aymyfyr: Pahy = Pahpe
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is non-zero. It suffices to check that the map is non-zero after passing to global
sections. We drop the restriction to U* from the notation from now on. The
element 1 € HO(U*/T) is in P<*H (U*/T). We check by a direct computation that

(6.43) Aymy(1) =1 € HO(UM/T).

Note that the computation (6.43]) shows that the map (6.42) is non-zero, and thus
the conclusion follows. It suffices to check the computation in (6.43) for U*/C*,
where by C* we denote the image of \, because H(U*/C*) = HO(UT/T) = Q.
Observe that H'(U*/C*) = Q[h] and that

ma(1) = prgi(1) = h

because p)y has relative dimension —cy. Note that Ay (h®*) = 1 from the construction
of Ay, and thus the conclusion follows.

(b) If pp < pa, the map Ay: Pp — P4 is zero by considering the perverse degree.
If pg = pa, then the map is zero because, after a shift, it is a map of simple perverse
sheaves with different support. O

We next prove the analogue of Proposition for a non-zero potential. Let
W be an arbitrary potential of (). Recall the sheaves Q4 from Subsection
Let H(mepr wlCyx(q)[—1]) be the total perverse cohomology of w1 wICy(g)[—1].
There are natural maps:

Qa — H(mepn wICy(g)[—1]) — Qa.
Apply the vanishing cycle functor to the maps (6.36]) to obtain:
(6.44) At TapTe wlCx(a)[—1] = ineTaspme wlCy g [—1]
= i Ky (mae oo wICx(an [—1]) -
Let Qiffv be defined by the exact triangle

QY [~1] = Qa —5 Qi — Q}.

Proposition 6.17. Let A, B € P with corresponding sheaves Qa and Qp of differ-
ent support. Assume that pg < pa.
(a) The map ([6.44) induces isomorphisms

~

(6.45) Ax: Qa5 Qa, Ay QY 5 Q.
(b) The maps Ay: Qp — Qa and Ay: QB — QY are zero.

Proof. The maps above are induced from the map (6.36]), thus the conclusion follows
from Proposition [6.16] O

We now record corollaries to be used in the proof of Theorem Fix a splitting

(6.46) H* (X(d), ¢ wICo(a)[-1]) = @D H*(X(d), Q).
AcP

Let x € H* (X(d), o1 ICx(4)[—1]). Use the decomposition above to write
(6.47) T=) 34

with 4 € H*(X(d), Q).
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Corollary 6.18. Let ¢ € M(d)gd. Let X\ be an antidominant cocharacter of T'(d)
with associated partition d such that €y s = eq5. Let x € HY(X(d), @%VWICx(d)[—l])
and assume that

Cd’gfl

aj(z) € @ H ™ (X(d), @ ICxqgm[—2D)H .
§=0

(a) If g5 =1, then Ax(xz) = 0.
(b) If eq5 = 0, then Ax(x) is in the image of

HY(X(d)™, oY ICx gy [<2]) = H(X(d), oy ICx g [—1])-
Proof. Recall the definition of S from (6.35]).
(a) If eq 5 = 1, then Sp3(x) =0, so Ax(x) = 0.
(b) If eq5s = 0, then Sp}(z) € H <X(d)A,goijﬂlfwle(d)/A[—cA - 2]) The conclu-
sion follows from the definition of A in ([6.44]). O
Corollary 6.19. Let ¢ € M(d)gd. Let X\ be an antidominant cocharacter of T(d)

with associated partition d such that ex5 = eq5. Let x € H'(X(d), o1 ICx(g)[—1])
and assume that

cd75—1
aj(x) € @ H™(X(d), SwICxays [-2)h.
j=0

Recall the decomposition (6.47T).
(a) If eq5 =1, then x4 = 0 for all tuples A € P with corresponding cocharacter
A

(b) If eq5 = 0, then x4 = 0 for all tuples A € P with corresponding cocharacter
A and different from A°.

Proof. Both claims follow from Proposition and Corollary O
Proof of Theorem [6.3. Recall the cycle map in (6.7))
c: g, ;P (S(d; 6)) — HI D207 (d), oYy ICo(a)[2])-

By Proposition [6.10, we may assume that @) has at least two loops at every vertex.
Let y be in the image of the above map. By Proposition and Corollary [6.19]
we have that y4 = 0 unless A = A° for some partition d = (di,mi)le of d with
m; > 1 and d; pairwise distinct with eq s = 0. The statement thus follows. ]

7. TOPOLOGICAL K-THEORY OF QUASI-BPS CATEGORIES FOR PREPROJECTIVE
ALGEBRAS

In this section, we use the results of Sections [{l and [6] to compute the topological
K-theory of preprojective algebras of quivers satisfying Assumption 2.I]in terms of
BPS cohomology, see Theorem

7.1. The preprojective BPS sheaf. Let Q° = (I, E°) be a quiver. Recall the
moduli stack of dimension d representations of the tripled quiver @ of Q° of dimen-
sion d and its good moduli space:

x4 :=7mq: X(d) = X(d).
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Recall also the moduli stack of dimension d representation of the preprojective
algebra of Q° and its good moduli space:

TpPd: fP(d)d — P(d)

Consider the moduli stack of dimension d representations of the double quiver of
Q° and its good moduli space:

my.a: Y(d) == (R°(d) & R°(d)")/G(d) — Y (d).

Consider the diagram:

P(d)? L Y(d) «L— X(d)

J/WP,d \LWY,d lﬂx,d

P(d) —1— Y (d) +—— X(d).

Here n: X(d) — Y(d) is the projection which forgets the g(d)-component and the
bottom horizontal arrows are induced maps on good moduli spaces. Let C < g(d)
be the diagonal embedding, which induces the closed immersion

v: X'(d) := (R°(d) ® R°(d)" @ C)JG(d) — X(d).

Let ' := 1|x/(). By [Daval, Theorem/ Definition 4.1], there exists a preprojective
BPS sheaf

BPSh € Perv(P(d))
such that the BPS sheaf of the tripled quiver with potential (Q, W) associated to
Q° is
(7.1) BPSq = v.n* j (BPSY)[1] € Perv(X(d)).

For a partition A = (d;)¥_; of d, define BPS", € Perv(P(d)) as in (6.4). For
o€ M(d)ﬂ‘g/d, define the following perverse sheaves on P(d):
(7.2) BPS} = P BPSY, BPS, := BPS,

vTq?
Aesg

where the set of partitions Sg is defined from the tripled quiver @, see Subsec-
tion B2 Then BPSY, is a direct summand of TP, d«Wp(g)er, see [Daval, Theorem

A], and so H=*(P(d),BPS", ) is a direct summand of
HM(P(d)") = H*(P(d), 7p.aswp(aya) -
Recall the maps
P(d) < 7 (P(@) > X(d).

The dimension of P(d) as a quasi-smooth stack is dim P(d) := dim Y(d) — dim g(d).
Recall the dimensional reduction isomorphism from Subsection BTt

g s HEM(P(a)) = HEM(P(d)) = H> ™I DX (d), o1 wQy(ay[—1])
= HIm P~ (30(d), o1 wICx(g)[—1]).

By the construction of the PBW isomorphism for preprojective Hall algebras [Daval,
Equation (31)], the above isomorphism preserves the BPS cohomologies:

(7.3) jin*: H-(P(d), BPSY ) = HY™P(=¢(X(d), BPS q,).
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7.2. Computations. Recall the categories
T(d), € D°(P(d)) and T(d)**d ¢ D(P(d)*ed)

from Subsection 213l Consider the natural closed immersion I': P(d)*d < P(d).
The closed immersion 1: P(d)*! < P(d) factors through P(d)* — P(d)r4 L P(d).
Proposition 7.1. Let QQ be a symmetric quiver. Then there is a weak equivalence
of spectra I : K*P(T(d)rd) — K*P(T(d),).

Proof. There is a weak equivalence of spectra [ : G*P (’P(d)red) = G'P(P(d)). The
claim then follows from Theorem 2.9 O

For i € Z, consider the Chern character map (B.8) for the quasi-smooth stack
P(d):

(7.4) ch: GI (P(d)) — HPM(P(d)).
It induces a Chern character map
(7.5) ch: K!°P(T(d),) < G (P(d)) — HPM(P(d)).

Corollary 7.2. The maps (C4l) and (TH) are injective.

Proof. Tt suffices to check that (Z.4]) is injective. This follows from Proposition .10
Theorem 2.8 (applied to a fixed p and all @ € Z>1), and the Koszul equivalence

(ZI14). O
Corollary 7.3. We have that G\°®(P(d)) = 0. Thus also K|°*(T(d),) = 0.

Proof. We have that HEM(P(d)') = 0 by [Davb, Theorem A]. The conclusion fol-
lows by Proposition O

Recall the filtration EgGBOp (P(d)) of GBOP(T(d)) from Subsection 3.3l Define the

filtration:
EgKy™ (T(d)o) == EeGg™ (P(d)) N K™ (T(d)e) © Ko™ (T(d)w).
We denote by gr Ky P (T(d),) the associated graded piece, and note that it is a
direct summand of gr,GP(P(d)) by Theorem ZI Define similarly a filtration
EGP(P(d)d) € GP(P(d)*e?) and a filtration E K °P(T(d)'ed) ¢ Ki°P(T(d)r).
Corollary 7.4. The forget-the-potential functor © induces an isomorphism:
(7.6) ar, K% (MFS(X(d), Tr W)) = gr, K (MF(X(d), Tr W)).
There are thus also isomorphisms:
gt Ko (T(d)o) = 80y dim (@) Ko (SF(d)o) = 8ot dim (@) Ko™ (S(d)y) -

Proof. The isomorphism (Z.6) follows from Corollaries and [[3l The other iso-
morphism follow from the Koszul equivalence, see Proposition [5.2]for an explanation
of the degree of the graded pieces. O

Corollary 7.5. There is a commutative diagram, where the vertical maps are cycle

maps and the left horizontal maps are the dimensional reduction maps i, p™*.

gr. GyP (P(d)) —— gr K P (MF& (X (d), Tr W)) —— gr K ;P (MF(X(d), Tr W))

e e |

HEM(P(d)) —=— HO(X(d), o1y w[—1]) ——— HO(X(d), 920 [2]).
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Here we have suppressed the cohomological degrees to make the diagram simpler.
Proof. The claim follows from Proposition and Corollary [7.4 O

Theorem 7.6. For an arbitrary quiver Q°, the cycle map (T4l) for P(d) induces a
cycle map

(7.7) c: groKo ™ (T(d),) = gr Ko™ (T(d)) — H(P(d), BPSY ).
If Q° satisfies Assumption[2.23, then (LX) is an isomorphism.

Proof. The isomorphism grgKSOp(T(d)v) = grgKSOp(T(d)f)ed) follows from Proposi-
tion [l Consider the diagram, whose lower square commutes from Corollary
and the top horizontal map is an isomorphism by Corollary [7T.4}

gt Ko (T(d)y) ——— 8r4y dimg(a) Ko T (S(d)y)

! I

gr Gy P (P(d)) —=— gré—i—dimg(d)K(t)op(MF(x(d)aTr W)

J -

HyM(P(d)) ———— H2AID=24X(d), o [-1]).

B

By Theorem [6.3] the map S has image in
HImPD=20X(d), BPS 4,) € H> T2 (d), o w[-1]).

If Q° satisfies Assumption 2.2 it is an isomorphism onto H4™?(@)=2¢(X(d), BPS dv)
by Theorem 6.2l By (7:3), the map « has image in H~2(P(d), BPS},), and, if Q°
satisfies Assumption 2.2} it is an isomorphism onto H ~*(P(d), BPSY ). O

Remark 7.7. There are two perverse filtrations on H®M(P(d)) for any quiver Q°.
One of them is induced from the tripled quiver with potential (Q, W) and studied in
[DM20]; the first non-zero piece in the perverse filtration is P7<1mg, oy wlCy ) =
BPS,. Another filtration is induced from the map mpg and studied in [Daval,
where it is called the “less perverse filtration”; the first non-zero piece in the perverse
filtration is pT<07TP7d*w:p(d)cl. Note that, for any v € Z, pTglﬂ'd*(pTrwle(d) is a direct
summand of BPS ,,, which itself is a direct summand of Pr<O7 PdxwWp(gyer- Thus the
topological K-theory of quasi-BPS categories (for Q° satisfying Assumption 2.2 and
for any v € Z) lies between the first non-zero pieces of these two perverse filtrations.

Remark 7.8. Davison—-Hennecart—Schlegel Mejia [DHSMbl [DHSMa| computed the
preprojective BPS sheaves in terms of the intersection complexes of the varieties

P(d).
We note the following numerical corollary of Theorem

Corollary 7.9. Let Q° be a quiver satisfying Assumption[Z.2 and let (d,v) € N/ xZ.
Then

dimg K (T(d),) = dimg H' (P(d), BPS4,)-

Proof. The map (T3)) is injective by Proposition The conclusion then follows
from Theorem O
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8. EXAMPLES

In this section, we discuss some explicit examples of computations of the topolog-
ical K-theory of quasi-BPS categories. All vector spaces considered in this section
are Q-vector spaces. We first note a preliminary proposition.

Proposition 8.1. Let Q = (I, E) be a symmetric quiver, let d € N', and let v € 7Z.
Then
dim K (M(d),) = # (M(d)* N (W(d) +vrg — p)) .
Proof. There is a natural isomorphism
Ko(X(d)) = Ko™ (X(d)) 2 Ko(BG(d)).
The category M(d), is admissible in D*(X(d)), so the above isomorphism restricts
to the isomorphism
Ko(M(d),) = Ko (M(d)o).
The generators of Ko(X(d)) are the classes of the vector bundles Oy ® I (x),

where x is a dominant weight of G(d) and I'4)(x) is the irreducible representation
of G(d) of highest weight y. The computation

dim Ko(M(d)y) = # (M(d)" 0 (W(d) + vra — p))
follows then from the definition of M(d),. O

Remark 8.2. In view of Proposition B1] and Theorem 6.6 the total intersection
cohomology of the spaces X(d) can be determined by counting lattice points inside
the polytope (W(d) + v1g — p).

8.1. Toric examples. Let g € N. Consider the quiver Q = (I, E), where I = {1,2}
and F has one loop at 1, one loop at 2, 29+ 1 edges {e1,...,ezg41} from 0 to 1 and
29 + 1 edges {€1,...,€2411} from 1 to 0. The following is a figure for g = 1.

€3

Fix d = (1,1) € N’. Then
X(d) = <<C2 @ <c2<2g+1>> J(CH2.

The diagonal C* < (C*)? acts trivially on C?@C2(9+1) | The factor C* correspond-
ing to the vertex 1 acts with weight 0 on C2, weight 1 on C?9*!, and weight —1 on
C2?9%L. We consider the stack, which is the C*-rigidification of X(d):

X(d) = (CGaci e ) [C.
The GIT quotient for any non-trivial stability condition provides a small resolution
of singularities:
SIS}
Y = (@3 ®C¥ g 02_91“) /C* = C2 x Totpas (O(—1)%*1) = X(d).

Here, small means that dimY xxg) Y = dim X (d) and Y X x(4) Y has a unique
irreducible component of maximal dimension. Then, by the BBDG decomposition
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theorem, we have that 7.ICy = ICx). We decorate the BPS sheaves with a
superscript zero to indicate that the potential is zero. We obtain that:

(8.1) BPSy = 7.ICy = ICx(q) and BPSY, 4 = BPS{, ;) = ICc.

Proposition 8.3. If v is odd, then M(d), = D*(Y) and BPS},, = BPS;.
If v is even, then M(d), has a semiorthogonal decomposition with summands

equivalent to D*(Y') and D°(C?), and BPS?LU =BPSY @ BPS?LO) X BPS(()OJ).

Proof. The category M(d), is the subcategory of D’(X(d)) generated by the line
bundles Ox(q)(wpB2 + (v — w)pB1) for w € Z such that

(8.2) g§w§2g+1+%.

One can show that M(d), is equivalent to the “window subcategory” (in the sense

of [HLI5]) of D¥(X'(d)) containing objects F' such that the weights of C* on Fq are
in [%,%+29+1]NZ.

If v is odd, then M(d), = D*(Y’) by [HLI5, Theorem 2.10]. The boundary points
5 and § + 2g + 1 are not integers, so BPSg’U = 87333.

2
If v is even, then BPS?M =BPSY @ BPS(()LO) X BPS?OJ). The fixed locus of the

unique Kempf-Ness locus in the construction of Y is ((Cg @ (C%g+1 &) (C%glﬂ)c* = C2.
As a corollary of [HL15, Theorem 2.10], see the remark in [HLS16, Equation (3)],
the category M(d), has a semiorthogonal decomposition with summands D®(Y") and
Db(C?). O

As a corollary of the above proposition and of the computations (81]), we obtain
the following:

2g + 1, if v is odd,
2g + 2, if v is even.

dim K P (M(d),) © dim H' (X (d), BPSY,) = {

The equality (*) is also the consequence ([6.4]) of Theorem Note that the di-
mensions of K'*P(M(d),) can be computed immediately using Proposition B1] and
([B2), and then (x) can be checked without using window categories. However, by
Proposition B3] the equality (x) is obtained as a corollary of the Atiyah-Hirzebruch
theorem for the smooth varieties Y and C2.

Further, Proposition R3] is useful when considering a non-zero potential for Q.
For example, consider the potential

2g+1
W .= Z €;€;.
i=1
Note that W: Y — C is smooth. The computation (8I]) implies that:
(83)  BPSi=¢wlCx(q) = 7pwlCy = 0 and BPS|, ; = BPS{, ;) = 1Cc.
The BPS sheaves have trivial monodromy. Further, Proposition B3] implies that:

S(d)y, ~ MF(Y,W) =0 if v is odd,
S(d), = (MF(Y, W), MF(C?,0)) ~ MF(C?,0) if v is even.



TOPOLOGICAL K-THEORY OF QUASI-BPS CATEGORIES 59

Let ¢ € Z. The following equality (which also follows by (6.4])) holds by a direct
computation:

0, if v is odd,

1, if v is even.

dim K}°P(S(d),) = dim H' (X (d), BPS4.,) = {

Remark 8.4. A similar analysis can be done for any symmetric quiver @ = (I, E)
(not necessarily satisfying Assumption 1) and a dimension vector d = (d*);c; € N/
such that d’ € {0,1} for every i € I. We do not give the details for the proofs. Let
v € Z such that ged(d,v) = 1. Assume W = 0.

One can show that, for a generic GIT stability ¢ € M(d)g‘i = M(d)g, the GIT
quotient Y := R(d)**/G(d) = R(d)***/G(d) is a small resolution

7:Y — X(d).
Then BPSY = 7,ICy. By [HLS20], there is an equivalence:
M(d), = D*(Y).

The following equality (which is a corollary of Theorem [6.2)) follows then by the
Atiyah-Hirzebruch theorem for the smooth variety Y:

dim K (M(d),) = dim K;P(Y) = dim H' (V) = dim H (X (d), BPSY).
Similar computations can be done also for a general v € Z.

8.2. Quivers with one vertex and an odd number of loops. Let g € N.
Consider @ the quiver with one vertex and 2g 4+ 1 loops. The following is a picture
for g = 1.

(8.4) Cg

For d € N, recall the good moduli space map:
X(d) := gl(d)®?9+Y /GL(d) — X (d) := gl(d)®?9+) JGL(d).

For g > 0, the variety X(d) is singular. For every stability condition ¢ € M (d)ﬂ‘g/ 4
we have that X(d)*% = X(d), so we do not obtain resolutions of singularities of X (d)
as in the previous example. There are no known crepant geometric resolutions (in
particular, small resolutions) of X(d). For ged(d,v) = 1, Spenko-Van den Bergh
[SVAB17] proved that M(d), is a twisted noncommutative crepant resolution of
X(d). In view of Theorem [6.6] we regard M(d), as the categorical analogue of a
small resolution of X (d).

Reineke [Reil2] and Meinhardt-Reineke [MR19] provided multiple combinatorial
formulas for the dimensions of the individual intersection cohomology vector spaces
IH®*(X(d)). As noted in Remark 82] Theorem also provides combinatorial for-
mulas for the total intersection cohomology of X (d). We explain that our formula
recovers a formula already appearing in the work of Reineke [Reil2, Theorem 7.1].

Fix v € Z. By Proposition Bl we need to determine the number of (integral,
dominant) weights x = 2?21 cifBi € M(d)™ with 2?21 ¢; = v and ¢; > c¢;_1 for
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every 2 < ¢ < d, such that

Lsumlo, 3 — 8],

where the Minkowski sum is after all 1 < 4,j < d. Define ¥ € M(d) and ¢; € Z for
1 < i < d as follows:

2
(85) X+p—vrge 2T

d
Xi=x—g-(2p) =) @b
i=1
Note that, for every 2 < i < d, the inequality ¢; > ¢;_1 becomes:
(86) G —¢i—1+2g>0.

A dominant weight y satisfies (83]) if and only if, for all dominant cocharacters
A of T'(d) C GL(d), we have:

2g+1 2g+1
(8.7) (A x+p—v7a) < T()\,gbO) =—5{An.
Proposition 8.5. The inequalities (8T) hold for all dominant cocharacters X if and
d—k k

—~——
only they hold for the cocharacters \i(z) = (1...,1,%,...,2) € T(d) for 1 <k < d.

Proof. In the cocharacter lattice, any dominant cocharacter A is a linear combination
with nonnegative coefficients of Ay for 1 < k < d. Then, if (87) holds for all A, it
also holds for all dominant A. U

We rewrite the conditions (87 for A\ using the weight x:
(Aks X) < (ks v73).
Alternatively, the condition above can be written as:

d vk
(8:8) > Ea<
i=d—k+1
Definition 8.6. Let 9'639:1 be the set of tuplets of integers (¢;)%, € Z¢ satisfying

the inequality (8.6]) and (B.8]) for every 2 < k < d and such that Zf’l:1 ¢ =v. Let
H29+1 = g2+
dv dov

2g+1 . . .
Remark 8.7. The numbers H d%+ appear in combinatorics as “score sequences of

complete tournaments”, and in the study of certain C*-fixed points in the moduli
of SL(n)-Higgs bundles, see [Reil2l Section 7]. By Proposition B1], we have that:

dim K{*P(M(d),) = H39
By Theorem [6.6] for any v € Z such that ged(d,v) = 1, we obtain that:
(8.9) dim TH (X (d)) = H2M.

The above statement was already proved (by different methods) by Reineke and
Meinhardt—Reineke by combining [Reil2l, Theorem 7.1] and [MRI9, Theorem 4.6],
see also [MR19) Section 4.3]. Note that we assume that the number of loops is odd
in order to apply Theorem In loc. cit., Reineke also provided combinatorial
formulas for m-loop quivers for m even.
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Remark 8.8. Note that, as a corollary of (89), we obtain that Hfﬂ)“ = Hfﬂjl if
ged(d,v) = ged(d,v") = 1. There are natural bijections J’Cflgvﬂ = f]{zgjl for d|v —'

or for v = —v, but we do not know such natural bijections for general v, v’ coprime
with d.

For ged(d,v) = 1 and n € Zs1, the topological K-theory K;°P(M(nd),,) is com-
puted from the intersection cohomology of X (e) for e € N, and the set S"?. The
following is a corollary of Proposition

Corollary 8.9. For ged(d,v) = 1 and n € Zs,, the set ST consists of partitions
(di)F_, of nd such that d; = n;d for (n;)%_, € N¥ a partition of n.

Example 8.10. Suppose that g = 0. In this case, the variety X (d) is smooth:
X(d) = gl(d)JOL(d)  Sym(©) = .

The above isomorphism is given by sending an element of gl(d) to the set of gener-
alized eigenvalues. However X (d)** = ) if d > 1, thus BPSy; = IC¢ if d = 1, and
BPS4 = 0 for d > 1. Then by Corollary B3] we have BPS4, = 0 unless d|v, case
in which BPS4, = Sym?(BPS;) = ICx(qy- Thus for g = 0, we have

1, if dv,
0, otherwise.

(8.10) dim H' (X (d), BPSq,) = {

On the other hand, by [Tod23b, Lemma 3.2] we have that M(d), = 0 unless d|v,
case in which it is the subcategory of D?(X(d)) generated by Ox(ay(v74), and thus
equivalent to D?(X(d)), see [Tod23b, Lemma 3.3]. Then:

1, if d|v,

8.11 dim K°P(M(d),) =
( ) im Ky (M(d),) {O, otherwise.

For g = 0, we can thus verify (6.4]) by the direct computations (810]), (81T]).

8.3. The three loop quiver. In this subsection, we make explicit the corollary of
Theorem [6.2] for the three loop quiver (84]) with loops {z,y, 2z} and with potential
W = z[y,z]. The quasi-BPS categories S(d), are the quasi-BPS categories of C3
and are admissible in the DT category DT (d) studied in [PTa]. The quasi-BPS
categories T(d), are the quasi-BPS categories of C? and are admissible in D°(C(d)),
where €(d) is the commuting stack of matrices of size d. For n € N, we denote by
p2(n) the number of partitions of n.

Proposition 8.11. Let (d,v) € N x Z be coprime, let n € N and i € Z. Then:
dim K (S(nd)py) = dim K (T(nd)p,) = p2(n).
Proof. By a theorem of Davison [Davbl, Theorem 5.1], we have that
BPS. =1C¢s

for every e € N, where C? < X (e) is the subvariety parameterizing three diagonal
matrices. Then dim H' (X (e), BPS.) = 1, and so Sym* (H'(X(e), BPS.)) = 1 for
every positive integers e and k. Then H (X (nd), BPS 4) is also one dimensional for
every A € S"?. Note that #S7¢ = ps(n) by Corollary Then

H (X (nd), BPSpan) = € H (X(nd), BPS 4) = Q7).

Aesmy
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The monodromy is trivial on H (X (nd), BPSydny). By Theorems and [0l we
obtain the desired computations. O

Remark 8.12. By Theorem [6.2] the topological K-theory of quasi-BPS categories
may be determined whenever one can compute the BPS cohomology and the set
SY. Proposition B.11lis an example of such a computation. We mention two other
computations for the three loop quiver with potentials W’ := z[y, z] + 2% (for a > 2)
and W" := [y, 2] + yz2.

Let BPS!, and S'(d), be the BPS sheaves and the quasi-BPS categories of (Q, W’).
Denote similarly the BPS sheaves and the quasi-BPS categories of (Q,W”). By
[DP22, Theorem 1.5], we have that H (X (d), BPS))™ = 0 because H (C, ¢t )™ =
0. Then Theorem [6.2] implies that, for every ,v € Z with ged(d,v) = 1:

K (8/(d),) = 0.
By [DP22, Corollary 7.2], we have that H (X (d), BPS))™ = H (X (d), BPSY) is

one dimensional. As in Proposition R, we have that, for every i,v € Z:

dim K;°P(S"(d),) = pa(ged(d, v)).

9. ETALE COVERS OF PREPROJECTIVE ALGEBRAS

In this section, we prove an extension of Theorem to étale covers of pre-
projective stacks which we use to compute the topological K-theory of quasi-BPS
categories of K3 surfaces in [PTd].

We first define quasi-BPS categories and BPS cohomology for étale covers of pre-
projective stacks. BPS sheaves are defined by base-change from the BPS sheaves of
preprojective algebras. Quasi-BPS categories are defined via graded matrix factor-
izations and the Koszul equivalence, see Subsection

Recall that Theorem [(.6] follows, via dimensional reduction and the Koszul equiv-
alence, from Theorem The two main ingredients in the proof of Theorem
are the semiorthogonal decomposition from Theorem and the construction of
the cycle map (6.9) from Theorem The analogous statements for étale covers
are Propositions and [0.6], respectively.

We will use the notations and constructions from Subsection [.I1 Throughout
this section, we fix a quiver Q° satisfying Assumption and a dimension vector
d e N

We begin by discussing the setting and by stating Theorem 0.2 the main result
of this section.

9.1. Preliminaries. Let E be an affine variety with an action of G := G(d) and
with a G-equivariant étale map
e: E— R°(d) @ R°(d)".
Consider the quotient stacks with good moduli spaces
mp:F = (E®g)/G — F:=(Edg)/G.

Consider the moment map p: E — gV and the induced function f: F — C, where
f(z,v) = (u(x),v) for x € F and v € g. Consider the quotient stack with good
moduli space

mr: L :=p 1 (0)/G = L:=pu'(0))G.
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There are maps:
£l P(d)
lm e
L —=— P(d).

Throughout this section, we assume that both horizontal maps in the above diagram
are étale.

Note that the moment map p has image in the traceless subalgebra gy = go C g.
Let po: E — gy and let £74 := ;51(0)/G.

Definition 9.1. Let BPS" € Perv(P(d)) be the preprojective BPS sheaf and let
(9.1) BPS* .= ¢*(BPSh) € Perv(L).
One defines BPS¥ for 6 € M(d)g‘i and BPSCLLU = BPS%M as in (C2).
By Theorem [2.9] there is a semiorthogonal decomposition:
D" (P(d)), = (A(d), T(d)u)
for any v € Z. The purpose of this section is to prove the following:

Theorem 9.2. Let v € Z. There are subcategories T = T(L), and A = A(L), of
Db(L), such that:

(1

(2
(3

) there is a semiorthogonal decomposition Db(L), = (A, T),

) if e is the identity, then T = T(d), and A = A(d),,

) if h: E' — E is an étale map inducing €’ := eoh: E' — R°(d)® R°(d)", and
if we consider wp: L' — L' and the categories A(L'), T(L') c D®(L') for
E’, then h induces functors h*: T(L), — T(L'), and h*: A(L), — A(L'),,

(4) for any i,L € Z, the cycle map B8] for L induces isomorphisms

c: grK;°P(T) = H*"/(L,BPSY,).

Further, one can also define categories T4, Ard < Db(L£red), which satisfy the
analogous conditions to (1)-(4) above. In particular, the map I': £ — L induces
an isomorphism

(9.2) coll: greKitOp(’]Tred) = ngKitOp(T) = Hﬁy*i([/, BPSdL’U).

We will only explain the constructions for £, the case of £ is similar. In
Subsection [@.2] we define the categories T and A using graded matrix factorizations
and the Koszul equivalence. In Subsection [@.3] we prove the third claim in Theorem
9.2l

9.2. Quasi-BPS categories for étale covers. We will use the setting from Sub-
section There is a Cartesian diagram, where the maps e are étale maps:

F ——— X(d)
ml 0 yx,d
F —— X(d).
By Theorem 2.9] there is a semiorthogonal decomposition

(9.3) D*(X(d)), = (B(d)y, M(d)).

(2
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Define subcategories B = B(F), M = M(F) of D*(F), to be classically generated
(see Subsection 2I5)) by e*B(d),, e*M(d), respectively. Note that, for § € M(d)ﬂ‘évd,
we can define analogously

(9.4) M(8) = M(F; ) C D°(F).

Lemma 2.11] implies that:

Corollary 9.3. There is a semiorthogonal decomposition
DY(F), = (B, M).

If e is the identity, then M(d) = M(d), and B(d) = B(d),.

Consider the category of graded matrix factorizations MF® (&, f), where the grad-
ing is of weight 2 for the summand g and is of weight 0 on F. By the Koszul
equivalence, we have that:

(9.5) kr: DP(L) 5 MF&' (T, f).
Define the subcategories of D?(£):

T =T(L) :=r;' (MF*(M, f)), A =A(L) := r,' (MF#(B, f)).
By [PTa, Proposition 2.5, we obtain:

Corollary 9.4. The properties (1), (2), and (3) in the statement of Theorem [T2
hold for the categories A and T of D(L).

We also need a version of Theorem [2.8] for étale covers. Consider the forget-the-
framing map 7,: X/ (d)* — X(d). Let 3/ be such that the following diagram is
Cartesian:

(9.6) F—4— X(d

Recall the semiorthogonal decomposition of Theorem
DP (2o () = (7 (2, M(d), ) )-

For a partition d := (d;)%_, of d € N/ and for integer weights v := (v;)¥_;, define
M(d,v) C D° (Ff) to be classically generated by e*77 (@F_;M(d;),,). By Lemma
211l we obtain that:

Proposition 9.5. There is a semiorthogonal decomposition
D" (7°) = (M(d,v)).
where the left hand side is as in Theorem [2.3.

The category M(d, v) can be described via the Hall product, same as in Theorem
Let A be an antidominant cocharacter associated to (d;)¥_;. Consider the
diagram:

g EE gAZ0 PE g
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There is an étale map e: F* — X(d)* = x¥_,X(d;). Then the Hall product
*p = pragp: D"(F) = D(3)
is base-change of the categorical Hall product D°( x¥_, X(d;)) = ®F_, D*(X(d;)) —

DY(X(d)). Let M(d,v) C D’(F(d)) be the subcategory classically generated by
e* (®f:1M(di)vi). There is then an equivalence:

(9.7) 74 o *p: M(d,v) = M(d, v).

9.3. Comparison with BPS cohomology. Recall the notation from Subsection
[Tl Consider the commutative diagram:

/ e

F—" 5 FE)jG — Y(d)

Recall the sheaf BPST € Perv(L) defined in (@I and consider the BPS sheaf
BPS,; € Perv(X(d)) for the tripled quiver with potential (@), W) associated to Q°.
Define the BPS sheaf:

BPST = e*(BPS,) € Perv(F).
For § € M(d)gfd, define
BPS§ € D!, (F), BPSY, := BPSE,

con VTq

as in (6.5]). Note that, by base-change of the decomposition (G.I8]), we obtain the
analogous decomposition for 7p: F — F:

(9.8) mrpICs[—1] = €D €*(Qa).
Ae?

By base-change of (6.17)), we obtain the following decomposition for the map 7, p :=
TF O Ta,F: gof — F:

(9.9) o, s fQpas [dimF — 1] = € €*(Qa).
A€Pq
The monodromy on H*®(JF,¢y) is trivial, so there is a cycle map:
(9.10)
c: graKitop (1\/[1_—5(5_v~7 f)) Y H2 dim ?—z—Qa(S_r’ Lpf@g[—l])@Hz d1m?—z—2a(5_r~’ @f@?[_Q])-
We now define a cycle map from topological K-theory of quasi-BPS categories to
BPS cohomology, which is the analogue of Theorem

Proposition 9.6. Let § € M(d)ﬂ‘évd and recall the categories M(0) from (@4). The

cycle map (@.I0Q) has image in
(9.11)

c: gr  Ki% (MF(M(6), f)) — HYI™I==20(p BpSE) @ gdmI=i=2a( g ppsk[—1)).
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Thus, for 6 = vrg and M = M(vty), the cycle map (QI0) has image in
(9.12)

c: gr, K" (MF(M, f)) — HY™I==20(F, BPSY ) @ HI™T~i=20(F, BPS] [-1]).
Proof. The same argument used in the proof of Theorem applies here. The
A-widths (see ([G28])) of the category M(d) are equal to the A\-widths of the category
M(d; d) for all cocharacters A. The analogue of Proposition then holds for
MF (M(0), f).

There is an explicit decomposition of 7r,.ICs obtained by base-change from
(6.16]), and where the summands are in the image of (the base-change of the) Hall
product. In Subsection[6.6, we constructed the map (6.36]), proved Proposition [6.16],
and noted corollaries of Proposition There are versions of the map (6.36) and
of Proposition by F' by base-change, and the results in Subsection also
apply for 7p,ICg, and thus for mp,pICH[—1]. O

We next prove the analogue of Theorem
Proposition 9.7. The cycle map [QI2) is an isomorphism.

Proof. The same argument used to prove Theorem applies here, see Subsection
[63] that is, the statement follows from comparing summands in the semiorthogonal
decomposition (@.5) with summands in the decomposition ([@9]). The cycle map
(@I12) is injective by ([@.I0) and the admissibility of MF&' (M, f) in MF&(F, f).

Consider a partition d = (di)f“':l of d and weights v = (vi)if“':l € ZF. Consider the
perverse sheaf

BPSg, = ®s (&fﬂBPSdi,vi) € Perv(X(d)),
where @: x¥ |, X(d;) — X(d) is the direct sum map. By Proposition for
the disjoint union of k copies of (), dimension vector (di)le € (NI )k, and 6 =
ZLI v;Tq,, there is an injective map for any i € Z:
gr K;°° (M(d, v)) — H (F,e*BPSg4,) -
The claim now follows as in the proof of Theorem O
We prove the analogue of Theorem

Proposition 9.8. The cycle map obtained by composing (QIQ) with the forget-the-
potential map is an isomorphism:

(0.13) ¢t g, KIP (MES'(F, f)) S5 H?AmI--20(5 [ 1)),
Thus there is an isomorphism:
(9.14) c: gr K (MFE (M, f)) — HEmT=i720(F, BPST).

Further, there is an isomorphism:
g1 K" (T) = H~>*~'(L,BPSg,)

Proof. The isomorphism (O.I3]) follows from Proposition The isomorphism
(@:14]) follows then from Proposition The last isomorphism follows from (©@.I4])
and the compatibility between dimensional reduction and the Koszul equivalence
from Proposition O

Proof of Theorem[9.2. The first three properties hold by Corollary The fourth
property follows from Proposition The statement for reduced stacks follows
similarly. The isomorphism (@.2]) also follows directly from Proposition O
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We also note the following analogue of Corollary

Proposition 9.9. The Chern character map

ch: K;OP(T) — GEOP(L) - EBHB%[J‘(L)
JEL

18 1njective.

Proof. The proof is analogous to that of Corollary The claim follows from
Proposition 210, a version of Proposition involving potential, and the Koszul
equivalence. O
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