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A UNIFIED APPROACH TO EXOTIC CLUSTER STRUCTURES
ON SIMPLE LIE GROUPS

MISHA GEKHTMAN, MICHAEL SHAPIRO, AND ALEK VAINSHTEIN

ABSTRACT. We propose a new approach to building log-canonical coordinate
charts for any simply-connected simple Lie group G and arbitrary Poisson-
homogeneous bracket on G associated with Belavin—Drinfeld data. Given a pair
of representatives r,r’ from two arbitrary Belavin—Drinfeld classes, we build a
rational map from G with the Poisson structure defined by two appropriately
selected representatives from the standard class to G equipped with the Poisson
structure defined by the pair r,r’. In the A, case, we prove that this map is
invertible whenever the pair r,7’ is drawn from aperiodic Belavin—Drinfeld
data, as defined in [I3]. We further apply this construction to recover the
existence of a regular complete cluster structure compatible with the Poisson
structure associated with the pair r, 7’ in the aperiodic case.

1. INTRODUCTION

Shortly after cluster algebras were discovered by Fomin and Zelevinsky, impor-
tant ties emerged between the new theory and Poisson geometry. As was first
observed in [9] and then expounded upon in [10], cluster algebras carry natural
Poisson structures compatible with cluster transformations. This, in turn, helps
in uncovering cluster structures in rings of regular functions on Poisson varieties
of interest in Lie theory. In particular, the cluster structure constructed in [2] for
(double Bruhat cells of) a simply-connected simple Lie group G was shown in [10]
Ch. 4.3] to be compatible with the standard Poisson—Lie structure on G. This led to
a question, posed in [I1], of existence of what we called ezxotic cluster structures on
g, i.e. cluster structures non-isomorphic to the standard one and compatible with
other Poisson—Lie brackets. Although the answer to this question is negative in
general—an example to that effect was constructed in [I1] in the case of SLy—we
conjectured that the answer is affirmative in the case of Poisson—Lie structures
corresponding to quasi-triangular solutions of the classical Yang—Baxter equation
classified by Belavin and Drinfeld in [I]. Up to an automorphism, each such solu-
tion, called an r-matrix, is parametrized by discrete data consisting of an isometry
between two subsets of positive roots in the root system of the Lie algebra of G and
a continuous parameter that can be described as an element of the tensor square of
the Cartan subalgebra that satisfies a system of linear equations governed by the
discrete data. The discrete data determines a Belavin—Drinfeld class of r-matrices
and corresponding Poisson—Lie brackets, and continuous data specifies a particular
r-matrix and bracket within this class. Given two such brackets on G associated
with representatives of two Belavin—Drinfeld classes, one can define a Poisson—Lie
group G x G equipped with the direct product Poisson structure and then construct
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a Poisson-homogeneous structure on G with respect to the action of G x G by right
and left multiplication.

The conjecture of [II] was modified in subsequent publications. Most impor-
tantly, in [I3] we restated it to include not just Poisson—Lie brackets but also
Poisson-homogeneous brackets of the kind described above. It now claims that for
any such bracket associated with an arbitrary pair of Belavin—Drinfeld data there
exists a compatible reqular complete, possibly generalized, cluster structure in the
ring of regular functions on G. In [I3], we proved this conjecture for a large class
of Belavin—Drinfeld data in SL,, called aperiodic and oriented. Generalized cluster
structures are not needed in this case. They arise when the aperiodicity condition
is not satisfied, and a conjectural but supported by examples construction for this
situation was outlined in [12].

The most crucial and, as a rule, the most difficult step in constructing a cluster
structure compatible with a Poisson bracket is finding an initial coordinate chart
consisting of regular functions with particularly simple Poisson brackets between
them, so-called log-canonical coordinates. In [I3], this goal was accomplished in an
ad hoc way, with the choice of functions in the chart motivated by their invariance
properties with respect to the action of certain subgroups specified by the data,
and with Poisson relations between these functions established via lengthy and
cumbersome computations. It was also not immediately clear how to adapt these
computations to verify our conjecture for other Lie types. In contrast, the standard
cluster structure of Berenstein—Fomin—Zelevinsky [2] is described in purely Lie-
theoretic terms using generalized minors and combinatorics of the Weyl group, and
its compatibility with the standard Poisson-Lie structure was also verified in Lie
type independent way in [10].

In this paper, we propose a new approach to building log-canonical coordinate
charts for any simply-connected simple Lie group G and arbitrary Belavin—Drinfeld
data. The main ingredient is a rational Poisson map h™"" between two copies of
G endowed with two different Poisson-homogeneous structures. One is {-,-},. ., de-
termined by a pair of r-matrices from two arbitry Belavin—Drinfeld classes. The
other, which we denote here by {-, -}ffr,, corresponds to two r-matrices from the
standard Belavin-Drinfeld class whose Cartan parts match those of r,7/. The ra-
tional map h™" maps (G, {-, }itT,) to (G,{-,},,,). Existence of such a map is a
new result interesting in its own right, and we will explore its applications in the
Poisson—Lie theory, in particular, to integrable systems on Poisson—Lie groups, in
our future work. In the context of construction of an initial seed for a cluster struc-
ture compatible with {-,-}, ., the map’s utility is that by inverting R’ and using
the inverse to pull back any of the clusters in the standard cluster structure on G,
one obtains a log-canonical parametrization for (G,{-,-},.,,). In particular, when

h™"" has a rational inverse, one can build a regular log-canonical coordinate chart
this way and then use it as an initial seed for a cluster structure. We illustrate this
point in Section 4, where we use the current approach not only to recover all the
results of [I3] in a much more conceptual way, but also to drop the orientability
condition which was imposed in [I3] and which does not appear to be natural in
a general Lie-theoretic framework. The aperiodicity condition is retained, how-
ever, since it is precisely the one that guarantees that the map h™"" has a rational
inverse. If this condition is not satisfied, finding the inverse involves considering
certain polynomials in one variable whose roots allow to restore frozen variables
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for the standard cluster structure in terms of elements of (G, {-,-}, /) and whose
coefficients serve as coeflicients for generalized exchange relations in a compatible
generalized cluster structure on (G, {-,-}, ,,). We do not discuss these results in the
current paper and reserve them for future publications.

The paper is organized as follows. Section 2 contains a brief overview of the nec-
essary background, including Berenstein—Fomin—Zelevinsky factorization parame-
ters in simple Lie groups and Poisson—Lie groups and Poisson-homogeneous struc-
tures on simple Lie groups arising from the Belavin—Drinfeld classification of quasi-
triangular r-matrices. The main result of the paper—construction of the rational
Poisson map described above—is presented in Section 3 (Theorem BI]). Section 4
deals with the case G = SL,,. Here, we show that in the case of aperiodic Belavin—
Drinfeld data (the notion we introduced in [I3]), the Poisson map of Section 3 has
a rational inverse. Explicit formulas for the inverse are obtained in terms of minors
forming an initial cluster for the standard cluster structure on G = SL,, (Theo-
rem [44]). These formulas allow us to construct a regular complete cluster structure
compatible with the Poisson structure associated with a pair of representatives r, r’
from two arbitrary Belavin—Drinfeld classes satisfying the aperiodicity condition
(Theorems 171 [4.14], and [Z17).
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2. PRELIMINARIES

2.1. Factorizations in Lie groups. Let G be a semsimple complex Lie group
of rank r, g be its Lie algebra with the Cartan decomposition g =n; & hdn_,
ei, hi, fi, i € [1,r] be the standard generators of g. We denote by b = ny @b
the Borel subalgebra of g and by b_ = n_ @ b the opposite Borel subalgebra. The
corresponding subgroups in G are denoted Ny, H, N_, B, and B_.

Let W be the Weyl group of G; it is generated by simple reflections s1, ..., s,.
A reduced word for w € W is a sequence of indices i = (i1, ...,4,,) of the shortest
possible length such that w = s;, -+ - s;,,. Following [3], for any reduced word i for
the longest element wy € W we can write a generic element N € N, in a unique
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way as a product N = wx;, (1) - - - ;,, (tm) where t; are nonzero complex numbers
and z;(t) = exp(te;). A similar factorization with x;(t) replaced by exp(tf;) holds
for a generic element in NV_.

Let J C [1,7], Wy be the subgroup of W generated by reflections s;, j € J,
W7 = {w € W: l(ws;) > l(w) for any j € J} be the quotient. By [4, Prop. 2.4.4],
every w € W has a unique factorization w = w”’ -wy such that w’ € W7, wy € Wy,
and [(w) = l(w”’)+1(w;). We apply this result to wg and rewrite the reduced word
i as the concatenation of the reduced words i’ and i;. Consequently, this yields a
factorization of an arbitrary element N € N+ as N = N'N” where N belongs to
the unipotent subgroup NJZ that corresponds to J. Similarly, an element N e N_

can be factored as N = NN’ with N” € N7.

2.2. Poisson—Lie groups. A reductive complex Lie group G equipped with a Pois-
son bracket {-,-} is called a Poisson—Lie group if the multiplication map G x G >
(X,Y) — XY € G is Poisson. Perhaps, the most important class of Poisson-Lie
groups is the one associated with quasitriangular Lie bialgebras defined in terms of
classical R-matrices (see, e. g., [Bl, Ch. 1], [I4] and [I5] for a detailed exposition of
these structures).

Let g be the Lie algebra corresponding to G, (-, ) be an invariant nondegenerate
form on g, and let t € g® g be the corresponding Casimir element. For an arbitrary
element r = ). a; ® b; € g® g denote

[rrl) =D lanas] @b @b+ > a; @ [bi,a] @b+ > a; @ a; @ by, by
inj ij ij
and r?! = Yo bi ®ai. A classical R-matriz is an element r € g ® g that satisfies
the classical Yang-Baater equation (CYBE) [[r,r]] = 0 together with the condition
r + 12! = . The Poisson-Lie bracket on G that corresponds to r can be written as

{f1, f2}r = (RL(V" 1), VE fo) = (Re(VE f1), VE f2)
= (R_(V"f1), V" f2) = (R_ (V7 11), VT fa),

where R, R_ € Endg are given by (Ry7,() = (r,n® (), —(R-(,n) = (rn® ()
for any 7, ¢ € g and V¥, V¥ are the right and the left gradients of functions on G
with respect to (-, ) defined by

(VRF(x),6) = &

o odt
forany (£ € g, X € G.

The classification of classical R-matrices for simple complex Lie groups was given
by Belavin and Drinfeld in [I]. Let G be a simple complex Lie group, ® be the root
system associated with its Lie algebra g, ®* be the set of positive roots, and IT C ®*
be the set of positive simple roots. A Belavin—Drinfeld triple T' = (T'1,T3,7) (in
what follows, a BD triple) consists of two subsets I'1,I's of II and an isometry
~: 't — I'e nilpotent in the following sense: for every a € I'; there exists m € N
such that 7 (a) € Ty for j € [0,m — 1], but v™(a) ¢ I';.

The isometry « yields an isomorphism, also denoted by v, between the Lie sub-
algebras g'* and g'? that correspond to I'y and T's. It is uniquely defined by the
property veq = €4(q) for a € I'1, where e, is the Chevalley generator corresponding
to the root . The isomorphism «*: g2 — gt is defined as the adjoint to v with
respect to the form (-, -). It is given by y* e, (a) = €a for y(a) € I'z. Both v and ~*

(2.1)

feX), (VIf(X), &)= —| f(Xe?)

t=0 t=0
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can be extended to maps of g to itself by applying first the orthogonal projection on
g' (respectively, on g'2) with respect to (-,-); clearly, the extended maps remain
adjoint to each other. Note that the restrictions of v and v* to the positive and the
negative nilpotent subalgebras n;. and n_ of g are Lie algebra homomorphisms of
ny and n_ to themselves, and y(e1,) = 0 for all « € IT\ I'y. Further, if g is simply
connected vy can be lifted to oy = exp~; note that v is defined only on Ay and N_
and is a group homomorphism.

By the classification theorem, each classical R-matrix is equivalent to an R-
matrix from a Belavin—Drinfeld class defined by a BD triple I'. The operator R£
corresponding to a member of this class is given by

r r v
R, =Ry + e

> — T<,

1 —
where 7, m. are projections of g onto ny and n_ and Rf acts on b (see [L3] for
more details).

In what follows we will use a Poisson bracket on G that is a generalization
of the bracket (2.I)). Let r,r" be two classical R-matrices, and R, R be the
corresponding operators, then we write

(2.2) {f1, folow = (R (VE 1), VE f2) = (R (VE£1), VE f2).

By [14, Proposition 12.11], the above expression defines a Poisson bracket, which
is not Poisson—Lie unless » = 7/, in which case {f1, fa}r, evidently coincides with
{f1, f2}r. The bracket (Z2) defines a Poisson homogeneous structure on G with
respect to the left and right multiplication by Poisson-Lie groups (G, {-,-},.,) and
(G, {-,-},), respectively.

3. POISSON MAP

3.1. The main construction. We will write G, ,s for the Poisson manifold (G,
{+s-},.+). Fix a pair of R-matrices T, 7T from the BD classes defined by '™ and
I'¢, respectively. Additionally, fix two R-matrices rl’i, rl’i from the standard BD
class (corresponding to the empty triple ') so that Ry for T and rl’i coincide,
and Ry for T and T?C coincide. Our aim is to build a rational Poisson map
h: g’“?rﬂ“?c — grrrﬂ‘rC.

Take U € G and consider its Gauss decomposition U = U_UyU;. (so, in fact, U
lies in an open dense subset in G). We further factor U_ = V'U_ with V* € N
and Uy = U, V® with V¢ e /\/}:g, as explained in Section Il Next, choose W' €
G" and We € G such that WB L (W)=t = B and WeB 2 (We)~! = B2,
The elements W' and W may be chosen, for example, as representatives of the
longest elements of the Weyl groups of G' and G2, respectively, via the procedure
described in [7, Sect. 1.4]. Write

VW = (VIWE) (VW o, WV = WV o(WVe)_
and set V' = (VIWT), € N1, Ve = (WeVe)_ e N2,
Define
H' = H'(U) = - (f )P (V) () (VI (V) € N,
HE = H(U) = - (7)) (V) )2 (V) () (V©) e NI
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(the products above are finite due to the nilpotency of 4" and ~¢).
Theorem 3.1. The map h:G e o — Gurr re defined by h(U) = H*(U)UH(U)

TrrsTre
is a rational Poisson map.

Proof. Fix an arbitrary r? from the standard BD class and define a map h* :
QT?“TQ — G,rr oo via h'(U) = H*(U)U. For the same r? as above define a map
he : Qrgm?c = Gy pre via h¢(U) = UH®(U).

Theorem 3.2. The maps h' and h® are rational Poisson maps.

The proof of Theorem is given in the next subsection.

Since the Borel subgroup By C G and the opposite Borel subgroup B_ C G are
Poisson submanifolds, the restrictions of A° to B and of A" to B_ are Poisson maps
as well; their images h®(B,) and h*(B_) are called twisted Borels.

Note that the following diagram is commutative:

(B-)yz o % (Bi)yo pg, " WH(B)we o X RE(By), o o

(3.1) lg L{J

h
G, r2, G, yre

where g : (U~,UT) — U~UT = U is the multiplication map. Indeed, since
RU™)=H"(U")U~ and h*(UT) = UTH¢(U™), we get

go (W)U, UY) = H (U U UTH(U") = H (U ) UH(U™").

Recall that H*(U) depends only on the first term of the Gauss decomposition, and
H¢(U) only on its last term, hence H*(U~) = H*(U), H(U*) = H¢(U), and

(3.2) hog(U ,U")=h(U)=H(U)UHU).

Proposition 3.3. For any three R-matrices v, r', v, the multiplication map g :
Grr r X Gy prr — Gpr o is Poisson.

Proof. Let Ax denote the left translation by X and py denote the right translation
by Y. We have to check the identity

(33) {prlu pr2}7",T(X) + {)‘Xf17 )‘Xf2}7‘,r”(y) = {flu f2}7",7‘”(Z)

for Z = XY. Note that Vx (py f)(X) =YVzf(Z)and Vy Ax f)(Y) = Vzf(2)X.
Consequently,

V¥:oy /)(X) = XVx(py [)(X) = 2V 2f(Z) = V" f(2),
VE(py £)(X) = Vx(py £)(X)X = Ady (V2 f(2)Z) = Ady V" f(2),
VEAxN)Y) =YVyAx )Y) = Ady (V2 f(2)Z) = Ady V" f(2),
VEOXNY) =VyAx Y)Y =V f(2)Z = V" f(2).

We thus have

{ov ', py £} o (X) = (Ry V(v £1), VE(py £2)) — (R R oy 1), VE(py 7))
= (Ry Ady VI f1, Ady VE£2) — (R VR f1 VEf2)
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and

LA 2 (V) = (RUVE A 1), VEOAX )= (R VEOX £1), VE(Ax 7))
= (RLVE L VR ) — (R Ady VEfY Ady VEF2),
which proves (B.3]). O

A particular case of this claim for r = r’ or r = v is given in Proposition 5.2.18
of [14]. Note: in their notation, our {-,-},. ., is {-,-},. _,.

Since h' and h¢ are Poisson and g is Poisson and surjective we get that h is
Poisson. ]

3.2. Proof of Theorem We only present the proof for hA*, since the proof
for h¢ is similar. To make the formulas more readable, in this Section we use the

following notation: T =T*, I, =T, y=~", G+ =G, V=V" W =W" V =V,
H=H".

Our first goal is to invert h*. We start with finding V via H. Since H € ./\/'_l;2
and v is a homomorphism we have

Y(H) = A (VP (VI*(V) = Hy(V) ™,
and so (V) = y(H~1)H, which gives
Yy(V) =yy(H ™y (H).
Recall that 4*y acts on Ay as the projection to /\/}:1, so v*y(V) = V and hence
(3.4) V=2y(H W (H).
Next, we find V via H. Recall that V = (VW),, hence V(VW)y_ = VW,
hence
VWL (W W) W) =V.
Applying the Gauss decomposition once again we get
(3.5) VW H_ (VW s (WVW)o W) =V.
The last bracket on the left belongs to By, while V' € N_, so the second and
the third bracket cancel each other and we get V = (VW ™1)_, which together
with ([B4) gives
V= (yy(H " (H)W ).
Consider two parabolic subalgebras of g determined by I': pfr contains by and
all the negative root spaces in g'*, while pI' contains b_ and all the positive root
spaces in g'2. Denote by PL the corresponding parabolic subgroups of G, and

let Z = ’P}: NPL. Note that the corresponding subalgebra pE NpL is a seeweed
subalgebra introduced for type A in [6]. There is a commutative diagram

Z x Go1o2 M Z x o102
Js Js
G— M g
where G792 is the reduced double Bruhat cell corresponding to o1 = wg Lo,
o2 = wg 2wo with wo, wg ! and wg % being the longest elements of the corresponding

Weyl groups, and g is the product similarly to (3I). So, to invert h* on G it is
enough to invert it on Z and to invert the vertical arrow on the right. Note that
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reduced double Bruhat cells are not Poisson submanifolds. For this reason, to prove
that (h*)~! is Poisson on the whole G provided it is Poisson on Z we use, similarly
to 1), the commutative diagram

ry—1 :
01,02 ((h")™7,1d) 01,02
ZTFJ“Z X gr@,rg Zrlg,r‘a X gr‘a,r‘a

lg I

(R)~1
G,r o gr{?,r'z

where g on both sides is Poisson by Proposition 3.3
To invert h* on Z note that for U € Z one has U_ = 1, and hence
Z=0(U)=HVUo4 = (HV)-(HV)o1Uo+ = Z_Zo 4,
(one more open condition), so that
Z_ = (HV)_ = (Hy(H W H)W ) ).
Clearly, (AB_)_ = (AB)_, since AB= AB_By = (AB_)_(AB_)o,+Bo 4, so
Z_ = (Hy"y(H )y (H)W™')_.

Recall that H € ./VIZ, hence y*(H)W~! € G'. On the other hand, the projection
of Hy*y(H™') to N1 is given by

YY(HY Y (HY) =y y(H)y y(H ') =1
since y*y is an idempotent, and so Z_ = (y*(H)W~1)_. Using the same trick as
in [@.5) in the opposite direction we get y*(H) = (Z_W)y = Z, for Z = Z_W.
Note that Z; € Ni'. Since ¥y* acts on N, as the projection to N}*, we get
yy*(H) = H =(Z4), and finally, U = (h*)"1(Z) = H™'Z =~y(Z")Z. Thus, we
have inverted h" on Z.

To proceed further we need to find the variation 6U. Recall that Z = Z_Z2, .,
hence T7G = (Tz_N_)Zo+ ® Z_(Tz, . B+), or, in other words, 60Z = 0Z_Zy + +
Z_6Zp 4. Here and in what follows we admit a common abuse of notation and
write gv instead of (Ag)«(v) for the left translation of a tangent vector v by a
group element g and vg instead of (pg).«(v) for the right translation. Note that
Z~Y67_ € n_ since the left translation by Z~! identifies n_ = TYN_ with T, N_.
Similarly, Z~'6Z € g and Z;}6Z04 € by. Therefore,

Adg,, 27902 = 2-"67Z_ + Adz,, 2 0Z+.

The first term on the right belongs to n_ and the second to b;, hence we get
(Adgz, , Z716Z)« = Z='6Z_; here and in what follows we write A< for m(A),
ete.

Similarly, Z = Z+Zo7_, and hence

Ady, 77072 =767y +Ady, Z;'6Z .
Here the first term on the right belongs to n; and the second to b_, hence
Z'6Zy =(Ady, Z7'6Z)s = (Adg, w1 Z27'62-)s
= (Adz(Adg, , Z27162)<).
with Z = Zo_ W', since Z=2_W and Z='6Z = Ady 1+ Z="67_.
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Finally, U = y(Z;")Z, so
U NU=U1S(y(Z:")Z+U'y(Z: "oz
= U 22232 + 27167 = = Ady— (V(Z51024)) + 27167
= —Ady-s (7 ((Ad(Adg, , 27162)<), )) + 27102

Let us compute the gradients of f(Z) = f o (h*)~(Z). We start with
(VU UU)

= (VIU)U,27152) = (VO Ady-1 (7 ((Adz(Adz, , Z27%62)<). )

= (VF(U)U, Z762) — <AdU(Vf(U) )y ((Ad (Adz, , Z2762)<). >

Note that (a,7(8s)) = (v*(arc), ) for any a, 3 € g, since

(a,7(85)) = {a<,7(B>)) + (o=, 7(B>)) = (a<,7(B>))
= (v (a<), 8>) = (v (a<), B>) + (v (a<), B<) = (v (a<), B),

so that
(Adu(TFO), 7 ((Ad(Adz,, 2762)2).))
= (7" ((Adu(VF(U)D)).) , Ad (Adz, L (27462)) )

- <Ad2,1 v (A (VFU)T)).) (AdZH(Z*le))<> .

Further, v* ((Ady (Vf(U)U))_) € n_, hence Adz (v (Adu(VFU)U)).)) €
n_, so that Adw Adz—1 (v* (Ady(Vf(U)U))_)) € ny. Therefore

<Ad2,1 v (Ady (VFU)T)) ), (AdZO’+(Z‘162))<>
— (Ady-i 7" (AU (VFU)U)).)  Adz, , (2752))
= <Adza1+ Ady v (Ad (VFU)D)).) ,z—laz> ,
so finally
(VF(U)U, U160 = <Vf(U)U — Ady1 Adz oy ((Adu(VFU)D)).) ,2—152>

= (VIO = Ay, 2" (Adu(VFO)D)).) 27167
since Z&i_WZ&i =7"'Z,.
Recall that (Vf(Z)Z, Z716Z) = (Vf(U)U,U~6U), hence
VI =VHZ)Z = VU ~ Adgaz, 7" (Adu(VFU)D)).)
VA= Adz(Vf(2)2) = Adz(VF(U)U) = Adz,_ 7" ((Adu(VF(O)D)).).
To prove Theorem B2 we need to verify that { f1, fg}rr)rz (Z) = {f1, fQ}T?J‘g (U)
for U = h;}(Z). Recall that
{flva}rr,r’g = <Rvaf1, VEfo) — <R£VRf1, VEf),

3.6
(36) {f17f2}rlgyrz = (REVEf1,VE o) — (R)RVEf1,VEfo),



10 MISHA GEKHTMAN, MICHAEL SHAPIRO, AND ALEK VAINSHTEIN

with

1 y*
T> —

RY = Rl +
(3.7) R Y
R? = R§ + 7>, (Ry)E = Ry + 7.
Further, R} = (% + STY7_, where 7= is the projection on h and ST is a skew-

symmetric operator on b satisfying ST (1 —v) = %(1 +7) on hI'. Consequently, on

bt

STy =) =51 -y = %(1 +)7 = %(v* +1),
and hence
(3.8) RE(" —1) =~ onpr™.
Finally, (Rf)* = (3 — ST)m- = 7= — R{, so that
(3.9) (RE)*(1—7") =1 onp'™.

Introduce some notation:
ayp =VEf=VFU)U,  By=VEf=Adyay.
Further,
CGr=Adz, 7" (Br)<, & =Adz-1 (s
Note that &; € ny since Z71Z, = Zo_,i-WZO_,i- Finally, denote
Adz ay = Ady(z,) Br = ny,
so that
Vif=ar=&,  VEf=n-¢
We will need the following technical result.

Lemma 3.4. For any X € G'' and n € g holds v(Adx n) = Adyx)v(n).

Proof. Write n = A\ + 6 with A € g'* and 6 orthogonal to g with respect to
(-,-), then v(n) = v(\). Next, v(Adxn) = v(Adx \) + v(Adx #). Note that
Y(Adx ) = Adyx)7(A) = Ad(x) 7(n) since 7 is a Lie algebra isomorphism on g"*.
It remains to prove that Adx 6 is orthogonal to g''t, and thus y(Adx @) = 0. This
is equivalent to (adg 0,¢) = 0 for any &, ¢ € g''. Clearly, ([¢,0],¢) = (0,[¢,¢]) =0
since [¢,(] € g'. O

From (3:6) and (37) follows that the non-diagonal part of {f1, fo}r.& equals
B310) (V42 V51— (T2 (V0= V) + (T (V7)< V7 )
The first expression in ([B.I0) is equal to
<(af1 _€f1>>a Qfy _é.f2> = <(o‘fl)>a O‘f2> - <(§f1)>a o‘f2> - <(af1)>a €f2>+<(€f1)>7 5j’2>'

Recall that £y € n, so the last two expressions above vanish. The second expression
equals

((r)>rap) = Eprap) = (Adz-1 Cp,ap) = (G Adz ap,) = (Cronf)s
so that finally

<(va1)>vaf2> = <(o‘fl)>ao‘f2> - <<f1777f2>'
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The second expression in BI0) is equal to

1
<m(77f1 - <f1)>777f2 - <f2>

= <(77f1 - <f1)>a77f2 - <f2> + <ﬁ(77f1 - <f1)>777f2 - <f2>

= <(77f1 - <f1)>777f2 - <f2> + <(77f1 - C.f1)>7 11—7*(77.702 - <f2)>'

Note that
T s = i) = 7= (07 (1) = ) +
= ,Y* (7 (Ady(z,) Br.) —Adz, 7*(ﬁ.f2)<) + (o
= ,.Y* (Ad sz) AdZ+ 7*(Bf2)<> +C

1
1—

(Adz 7*(5f2)z) + Ctas

since y*y(Z,) = Z,. Consequently,

*

<(77f1 - C.f1)>7 11—7*(77]02 - <f2)>

1
= <(77f1 - <f1)>7 1_—7* (*AdZJr 7*(5702)2) + <f2>
= <(77f1 - <f1)>7<f2> )

since Z; € Ny and hence Adz, v*(Bf,)> € by, so that finally
1 R
1—~ (V fl)>av f2 = <(77f1)>a77f2>_<(<f1)>777f2>'

The third expression in ([BI0) is treated similarly to the second one:

<1j—,.y*(nf1 - C.f1)>777f2 - Cf2>

= <1 _1,}/* (Ad2+ 7*(ﬂf1)2)< + (<f1)<777f2 - <f2>
= <(<f1)<777f2> - <(<f1)<a<f2>'

since Adz, v*(Bf,)> € by

Further, _<<f1a77f2> + <(<f1)>777f2> + <(<f1)<a 77f2> = _<(<f1)=a (771'2)=>- Note that
for A € Ny and B € g one has (Ada 8)< = (Ada B<)< and for £ € ny one has
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(Ada B<,&) = (Ada B,E), hence
- <(77f1)>a77f2> - <(<f1)<7<f2> = _<77f17 (77f2)<> - <<f1a (<f2)>>
= - <77f17 (Ad'y(2+) ﬂf2)<> - <AdZ+ v* (6f1)<7 (sz)>>

=- <77f17 (Ad7<z+>(ﬂf'z)<)<> - <Ad2+ Y (Br.)s (sz)>>
= — <77f1 ; Ad~,<z+)(ﬁf2)<> + <77f17 (Ad'y(Z+)(ﬁ.f2)<)Z> - <Adz+ Y (B ) (Cf2)>> :

The first term above is equal to

- <77f17Ad'y(Z+)(ﬂf2)<> = - <Ad'y(Z+) ﬂf'lvAd'y(Z+)(ﬂf2)<>
= _<ﬁ.f17 (Bf2)<> = _<(Bf1)>7ﬁf2>'

The second term above is equal to

<77f1 ; (Ad'y(Z+) (Bt )<) N > = <Ad7(z+) B (Ad'y(2+) (Bt )<) . >

= <”Y* Ad’y(Z+) Bp,dy* (Ad'y(Z+) (ﬂfz)<) >>

= <Adz+ Y (B, (Adm ”Y*(ﬂf2)<) >> = <Adz+ Y (B1,), (Cf2)z> :
which together with the third term gives

((Adz, v (8) . (€r)-) = (7 (1) (p)-)-

3

Therefore, the total contribution of the non-diagonal terms equals to

<(af1)>7af2> - <(Bf1)>76f2> - <(<f1)=7 (77f2)=> + <’7*(77f1))=7 (C.f2)=>'

On the other hand, the total contribution of the non-diagonal terms to { f1, f2},2 ,=
rc'pr
equals to

((ap)>sap) ={(Bn)>:Br),

so it remains to prove that

(311) <R(I)a(o‘f1 - gfl)’ (afz - §f2)=> - <R(1;(77f1 - Cfl)? (77f2 - <f2)=>
= <R0g(af1)7 (a.f2)=> - <R(];(ﬁf1)7 (ﬁ.f2)=> + <(Cf1 )=7 (nf2)=> - <7* (nfl )=7 (C.f2)=>'
Recall that £ € ny, hence (£f)- vanishes. Therefore, the first term on the left
in (3100 equals (RS (ay, ), (s, )-), which coincides with the first term on the right.

Further, ¢y = Adz, (v*(8y)) — Adz, (v"(By)>), hence ((r)- = 7" (ns)- =" (Fy)-
since Z € ny and v*(ff)> € by, so that finally

(mr —Cp)== (1 = )y — By)=+ (By)--
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Note that (n; — Bf)- € b2, consequently, in view of ([B.), the second term in
BI0) can be rewritten as

(Rg (nf, = Cr)s (g = Cpa)=)
= (R (L =) (5 = Br) (np, = Co)=) + (RS (Br.), (n, = )=
= —(v" (= Br)= (s = Cp)=) + (RE(Br)s (g = Cpn)=)
—((Cr)= (mpa)=) + (7 (17)= (C2)=) = (Y (B )=, (Cpa)=) + (RS (Bry)s (g — Ca)=)-

The first two terms in the last line above are cancelled by the last two terms in the
right hand side of II)). So, BI) is reduced to

<Rg(ﬂf1)7 (77f2 - <f2)=> - <’Y* (/Bfl)=’ (<f2)=> = <Rg(ﬂf1)a (ﬂfz)=>'
The first term in the left hand side above can be rewritten using (39) as

(R5 (B1,)s (nga = Cpa)=) = (RG (Bry), (1 =) (g, = Bra)-) + (BG (Br,), (Bg)-)
= ((B1,)-» (RG)* (L =" )(ng, — Bo)) + (BG (Br,)» (Ba)-)
= ((Br1)= (15, = Br)=) + (R§ (B1.): (Ba)=)
= (v (Br )+, (Cpa)=) + (R5 (Bra)s (Bra)-)s
which proves (317)).

4. THE A,, CASE

In this Section we assume that G = SL,,, and hence I'1 and I's can be identified
with subsets of [1,n — 1]. Note that the isometry condition on 7 implies that if
i,i+1 €T’y then v(i + 1) = v(i) £ 1. We say that T' is oriented if i,i+ 1 € Ty
y1elds ~v(i+1) = () + 1. In other words, the orientation of every subset of I'y that
consists of consecutive roots is preserved by 7. In [I3] we treated the case when
both BD triples I'" and I'® are oriented. In this paper we lift this restriction and
consider the general case.

4.1. Combinatorial data. Let us briefly remind combinatorial constructions in-
troduced in [I3] together with their non-oriented analogs (see [13] for more details
and examples).

For any i € [1,n] put

iy =min{j € [1,n]\T1: j >i}, i— =max{j € [0,n]\T1: j <i}.
The interval A(7) = [i— +1,44] is called the X -run of i. Clearly, all distinct X -runs
form a partition of [1,n]. The X-runs are numbered consecutively from left to right.
The dual partition of [1,n] into X T-runs is defined via AT(4) = [n—iy +1,n—i_];
the XT-runs are numbered consecutively from right to left. In a similar way, I'
defines another two partitions of [1,7n] into Y-runs A(i) and Y T-runs AT(3).

Runs of length one are called trivial. The map v induces a bijection on the sets
of pairs of nontrivial X- and Xf-runs and Y- and Y-runs. Abusing notation, we
denote by the same v and say that (A;, A:) = (4, A;) if there exists k € A; such
that A(y(k)) = A;. The inverse of the bijection v is naturally denoted ~*.

The BD graph Gr is defined as follows. The vertices of Gt are two copies of the
set of positive simple roots identified with [1,n — 1]. One of the sets is called the
upper part, of the graph, and the other is called the lower part. A vertex i € I'y is
connected with an inclined edge to the vertex v(i) € I'y. Finally, vertices ¢ and n—1
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in the same part are connected with a horizontal edge. If n =2k and i =n—1 =k,
the corresponding horizontal edge is a loop.

Given a pair of BD triples (I'",I'®), one can define a BD graph Gr- r- as follows.
Take Gp: with all inclined edges directed downwards and G in which all inclined
edges are directed upwards. Superimpose these graphs by identifying the corre-
sponding vertices. In the resulting graph, for every pair of vertices ¢,n — 4 in either
top or bottom row there are two edges joining them. We give these edges opposite
orientations. If n is even, then we retain only one loop at each of the two vertices
labeled %. The result is a directed graph Gpr pe on 2(n — 1) vertices. For example,
consider the case of GL; with I'" = ({1,2,5},{1,3,4},1— 4,2+ 3,5+— 1) and
I = ({3,4,6},{2,3,5},3— 2,4~ 3,6 — 5). The corresponding graph Gr: re is
shown on the left in Fig.[[l For horizontal edges, no direction is indicated, which
means that they can be traversed in both directions.

FiGure 1. BD graph Gpr re

A directed path in G- e is called alternating if horizontal and inclined edges
in the path alternate. In particular, an edge is a (trivial) alternating path. An
alternating path with coinciding endpoints and an even number of edges is called
an alternating cycle. We can decompose the set of directed edges of Grr e into a
disjoint union of maximal alternating paths and alternating cycles. If the resulting
collection contains no alternating cycles, we call the pair (I'", T'°) aperiodic. For the
graph in Fig. [l the corresponding maximal alternating paths are 5234, 2516, 5234,
25614343, 16, and 61 (here vertices in the lower part are marked with a dash for
better visualization). None of them is an alternating cycle, so the corresponding
pair is aperiodic.

Every horizontal directed edge in an upper part of the BD graph defines a pair
of blocks carved out from two n x n matrices: a matrix of indeterminates X = (x;;)
and the dual matrix XT obtained via conjugation of the cofactor matrix of X by
wod with J = diag((—1)")"_; and wp being the matrix of the longest permutation.
The rows of X are partitioned into X-runs with respect to I'", and the columns of
X, into X-runs with respect to I'°. The rows and columns of XT are partitioned
into the corresponding dual X '-runs: rows with respect to I'" and columns with

respect to I'°. A block in X is a submatrix X [[iﬂn}] whose row and column sets are

unions of consecutive X-runs; a block in X1 is defined similarly via Xf-runs. The
X-block that corresponds to a horizontal directed edge i — (n — i) is the minimal
block in X that contains the subdiagonal through the entries (n — ¢ + 1,1) and
(n,i). These entries are called the exit point and the entrance point of the X-block,
respectively. Note that the exit point of an X-block belongs to its uppermost X-run
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(with respect to I'"), and its entrance point belongs to the rightmost X-run (with
respect to I'°). The XT-block that corresponds to the same horizontal edge is the
minimal block in XT that contains the subdiagonal through the entries (i + 1,1)
and (n,n — i) called the exit and the entrance points of the X f-block; these points
have similar extremal properties as the corresponding points of an X-block. It is
easy to see that if (i,1) and (if,1) are the entry points of the X- and XT-blocks
corresponding to the same horizontal edge then i +if =n + 2.

In a similar way, every horizontal directed edge in the lower part of the BD
graph defines a pair of blocks carved out from an n x n matrix of indeterminates
Y = (y;;) and the dual matrix YT obtained from cofactor matrix of ¥ by the same
procedure as above. The rows and columns of Y are partitioned into Y-runs with

respect to I'" and T'°, respectively. The row and columns of }fT are partitioned
Y[ﬂ;”]
[1,4]

column sets are unions of consecutive Y-runs; a block in YT is defined similarly via
YT-runs. The Y-block that corresponds to a horizontal directed edge i — (n — i)
is the minimal block in Y that contains the superdiagonal through the entries
(1,n—1i+1) and (i,n). The YT-block that corresponds to the same horizontal edge
is the minimal block in YT that contains the superdiagonal through the entries
(1,i+1) and (n —14,n). The exit and the entrance points retain their meaning and
have similar extremal properties: namely, the exit point belons to the leftmost Y-
or Yf-run with respect to I'°, and the entrance point belongs to the lower Y- or
Y T-run with respect to I'. If (1,5) and (1,;') are the entry points of the Y- and
Y T-blocks corresponding to the same horizontal edge then j + jT = n + 2.

For the BD graph shown in Fig. [I} the rows of X are partitioned into the X-
runs A} = [1,3], AL = [4,4], A5 = [5,6], and A} = [7,7]; the first and the thrid
are nontrivial. The columns of X are partitioned into the X-runs A§ = [1,1],
A§ = [2,2], A§ = [3,5], A = [6,7]; the last two are nontrivial. Consequently, the
dual partition of rows and columns of XT is given by (A})T = [5,7], (AT = [4,4],
(Ag)T = [2,3], (AZ)T = [1,1], and (AE)T = [7,7], (AS)T = [6,6], (Ag})T = [3,5],
(AS)T = [1,2]. Thus, the X-block defined by the edge 5 — 2 in the upper part is

the submatrix X9 and the corresponding X f-block is the submatrix (X T)E%

Similarly, the rows of Y are partitioned into the Y-runs A} = [1,2], AL = [3,5],
AL = [6,6], and A} = [7,7]; the first two of them are nontrivial. The columns of
Y are partitioned into the Y-runs AS = [1,1], AS = [2,4], AS = [5,6], AS = [7,7];
the second and the third are nontrivial. Consequently, the dual partition of rows
and columns of YT is given by (A})T = [6,7], (AL)T = [3,5], (AL)T = [2,2], (A})T =
[1,1], and (AS)T = [7,7], (AS)T = [4,6], (AS)T = [2,3], (AS)T = [1,1]. Thus, the
Y-block defined by the edge 3 — 4 in the lower part is the submatrix v and

(1,5 *
the corresponding Y T-block is the submatrix (YT)EQ

Every maximal alternating path defines a pair of matrices glued from blocks
defined above that correspond to horizontal edges of the path. There are two types
of gluing: row-to-row gluing governed by the BD triple I'" and column-to-column
gluing governed by the BD triple I'°. The first situation occurs when we consider
three consecutive edges in an alternating path such that the first of them is a
horizontal edge ¢ — (n — i) in the upper part, the second one is an inclined edge
(n—14) — k with k = 4"(n—1), and the third one is the horizontal edge k — (n —k)

into the corresponding Y T-runs. A block in Y is a submatrix whose row and
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in the lower part. Assume that n —i belongs to an X-run A} and k belongs to a Y-
run A} ; as explained above, this means that (A7, (A} )T) = 47(A%, (A})T). Note
that each X-run defined by I'" contains a connected component of I'], while each
Y-run defined by I'" contains a connected component of I';. If the restriction of 7"
to this connected component is oriented we glue A% to Ar. and (A;-)Jr to (AL ).
If the restriction of 4" reverses the orientation, we glue A to (A )T and (A;)T to
AL o

For example, consider the path 5234 in the BD graph shown in Fig. Il The
corresponding blocks were described above. The exit point of the X-block X!
belongs to A} = [1, 3], and the corresponding connected component of T} is [1, 2].

The entry point of the Y-block }/[[1557]} belongs to AL = [3,5], and the corresponding
connected component of T} is [3,4]. The map " on [1, 2] reverses the orientation,
so Al is glued to (AL)T = [3,5] and (A})' = [5,7] is glued to AL. The resulting
matrices are shown in Fig. 2l All entries outside the blocks are equal to zero. The
numbers of the rows that are glued are indicated in the figure.

al

FIGURE 2. The pair of matrices corresponding to the path 5234

The column-to-column gluing occurs when we consider three consecutive edges
in an alternating path such that the first of them is a horizontal edge i — (n —¢) in
the lower part, the second one is an inclined edge (n — i) — k with n — i = °(k),
and the third one is the horizontal edge kK — (n — k) in the upper part. Assume
that n — ¢ belongs to a Y-run A; and k belongs to an X-run AS; as explained
above, this means that (AS, (AS)") = y°(Ag,, (Ag,)T). If the restriction of 4¢ to
the connected component of I'{ contained in A7, is oriented we glue A to A7, and
(AS)T to (AS,)T. If the restriction of ¢ reverses the orientation, we glue AY to
(As)1 and (A%)T to AY,.

For example, consider the path 5234 in the BD graph shown in Fig. Il The

exit point of the Y-block Y[[1257]} belongs to A = [2,4], and the corresponding

connected component of I'§ is [2, 3]. The entry point of the X-block X [[;)’%] belongs
to A§ = [3,5], and the corresponding connected component of I'§ is [3,4]. The
map ¢ on [3,4] preserves the orientation, so A$§ is glued to A§ and (A$)T = [4, 6]
is glued to (A§)T = [3,5]. The resulting matrices are shown in Fig. Bl All entries
outside the blocks are equal to zero. The numbers of the columns that are glued
are indicated in the figure.

In general, the number of blocks in the obtained pair of matrices is equal to the
number of horizontal edges in the alternating path. Clearly, the entrance point of
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FIGURE 3. The pair of matrices corresponding to the path 5234

the first block is its lower right corner, while the exit point of the last block is its
upper left corner, so each of the obtained matrices is square. The pair of matrices
defined by the alternating path 25614343 is shown in Fig. @

x|

,,,,,,,,,,,,,,,,,,,

FIGURE 4. The pair of matrices corresponding to the path
25614343

Let £ and £ be two matrices corresponding to a maximal alternating path in
Grr re. Every initial segment of this path that ends with a horizontal edge defines
a pair of distinguished trailing submatrices of £ and £ that are built of blocks that
correspond to the horizontal edges in this segment. In the example shown in Fig. [,
the initial segment 2561 defines a 7 x 4 submatrix in the lower right corner of the
matrix on the left and a 8 x 7 submatrix in the lower right corner of the matrix on
the right; both these submatrices consist of two blocks.

For every pair of matrices as above we consider the set of principal trailing
minors with the following property: the upper left corner of the minor belongs to
an X-block or to a Y-block. For example, for the pair of matrices in Fig. 2l these
are the first three principal trailing minors of the second matrix and the last five
of the first one. For the pair of matrices in Fig. ] these are all principal trailing
minors of the first matrix, while none of the second are used.

Remark 4.1. The situation described in the last example, when one of the matrices
in the pair is built solely of X- and Y-blocks, and the other one is built solely of X -
and YT-blocks occurs for all pairs if both I'* and I' are oriented. For this reason we
only needed one block matrix for each alternating path in our constructions in [13].
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Consider a trailing minor as above, and assume that its upper left corner contains
an entry x;; (for ¢ > j) or y;; (for ¢ < j). We denote this minor by £;;(X,Y’) and
its restriction to the diagonal X =Y = Z by f;;(Z). Additionally, define f;;(Z) as
the trailing minor of Z in rows and columns [i,n].

The following claim follows immediately from the construction.

Proposition 4.2. For any pair (i,j) € [1,n] x [1,n] there exists a unique function
£,;. The upper left corner of the corresponding minor belongs to the X -block X (i, j)
defined by the horizontal edge (n—i+7j) — (i—j) in the upper part of the graph (for
1> 7), or to the Y-block Y (i,7) defined by the horizontal edge (n+i—j) — (j —1)
in the lower part of the graph (for i < j).

It follows from Proposition @2l that we can unambiguously define £(i, j) for i # j
as the matrix corresponding to the maximal alternating path that goes through the
horizontal edge (n — i+ j) — (i — j) in the upper part of the graph (for ¢ > j), or
through the horizontal edge (n 4+ — j) — (j — @) in the lower part of the graph
(for i < j); let £T(i,7) stand for the other matrix defined by the same path. For
example, the pair of matrices shown in Fig. [ can be described as £(4,1) and
L7(4,1), or £(4,7) and L£(4,7), or £1(2,1) and £(2,1), etc. It is clear from the
definition that the matrices £(i,5) and L'(i, j) depend only on the difference i — j.

Theorem 3.4 in [13] claims that in the oriented case the family {f;;} forms a log-
canonical coordinate system on SL,, with respect to the Poisson bracket defined by
the pair I'", I'°. The proof is very technical and occupies 40 pages. Below we deduce
a generalization of this result, which covers both the oriented and the non-oriented
cases, from Theorem [B11

4.2. The basis. The goal of this Section is the proof of the following generalization
of Theorem 3.4 in [13].

Define Frrre = {fi;(Z) : 1,5 € [1,n], (i,7) # (1,1)}.

Theorem 4.3. Let (T*,T'¢) be an aperiodic pair of BD triples, then the family
Frr re forms a log-canonical coordinate system on SL, with respect to the Poisson
bracket {-,-}, re rr.

Proof. Let F;;(A) denote the trailing minor of A whose upper left corner contains
the entry a;;. By Theorem 4.18 in [I0] (see also Theorem 5.2 in [9]) functions
F;; are log-canonical with respect to the standard Sklyanin bracket. The proof
of Theorem is an immediate consequence of this fact, Theorem [3] and the
following statement.

For an arbitrary pair (i, j), i # j, consider the pair of matrices £(i, j) and LT (i, 5).
We say that an exit point (k, 1) of an X-block (or an exit point (1, m) of a Y-block)
is subordinate to (i,7) if either it or the exit point (k' 1) of the dual X T-block (the
exit point (1, m") of the dual Y f-block, respectively) belongs to the main diagonal
of the matrix £(7, j) and lies below or to the right of the block X (¢, 5) (or Y (4, 5)).
For example, consider the entry (3,6) that belongs to the block Y'(3,6) in the left
matrix in Fig. @l The exit points subordinate to (3,6) are (2,1) and (1,6) in the
matrix on the right, since the exit points (7,1) and (1, 3) of the corresponding dual
blocks lie to the right of Y'(3,6). The exit point (1,4) is not subordinate to (3, 6).

Let (k1,1),...,(ks,1) and (1,mq),...,(1,m;) be all exit points subordinate to
(,7) (note that s — t is either 0 or £1).
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Theorem 4.4. Let h be the Poisson map defined in Theorem [T 1], and let [;-(U) =
f” e} h(U), then

(4.1) 5(U) = Fy(©) T By a(©) T] Fom, (0.

Remark 4.5. For i = j (@) holds trivially as f2(U) = F;;(U).

Proof. We start from stating an invariance property of the functions f;; that is a
direct generalization of the invariance property (4.11) in [13].

Proposition 4.6. Let f = £;; for some (i, j), then for any Ny € Ny and N_ € N_
SN X () (N2), 7" (Np)YN-) = f(X,Y).

Proof. 1t follows from the construction of the matrices described above that if an
X-block is multiplied on the left by N4 then to keep the same value of f the Y-block
immediately to the left of this X-block should be multiplied on the left by 4" (V).
Similarly, if a Y-block is multiplied on the right by N_, the X-block immediately
above it should be multiplied on the right by (y°)*(N-). O

Remark 4.7. In fact, it follows from the proof that one can choose different matrices
N, for different X-blocks, and different matrices N_ for different Y-blocks.

Let us apply this Proposition for Ny = (H*V*)™! and N_ = (V°H¢)~!, then
we get
(4.2)  fi;(2) =1£j(2,Z) = £;(H'UH®, HUH®) = £,;(V") 'O, U(V) ™).

The proof of Theorem [£.4] proceeds by induction on the number of blocks in the
submatrix of £(4,j) that defines the minor f;;. If b = 1, that is, the upper left
corner of the above minor lies in the lower right block of L(4, ), then by ([&2) it
is either an X-block for X = (V*)7'U or a Y-block for Y = U(V¢)~!. In both
cases (4] holds trivially, since left multiplication by a matrix from A} and right
multiplication by a matrix from A_ do not change minors in question.

For b > 1, consider the lower right block B of £(4,j) and assume first that it is
an X-block. The block Laplace expansion of f;; by the last block column involves
minors of X in the first ¢ columns, where c is the width of B. Clearly, such minors
are not affected by multiplication of X on the right by a matrix in Ay. Let [k, m]
be the upper X-run of B that contains its exit point (ks, 1) (so that ¢ = n—kys+1).
Consider once again the Gauss decomposition U = U_Up 4+ and refactor U_ as
follows. Let sp, 4 stand for the product of reflections s,s,41...8, for p < g and
SpSp—1...8q for p > ¢. Besides, let N_(r) stand for the subset of matrices in N_
such that the r» x r submatrix in the lower left corner is upper triangular. The
factor U_ corresponds to the reduced expression s(i ,—1)S[1,n—2] - - - S[1,2)51 for the
longest permutation wy. First, we use 2-moves to rewrite it as

(S[1,m—1])5[1,m—2] - - - 511,2)51) (8[m,1]S[m+1,1] - - - S[—1,1])-

Next, we replace the left reduced expression above by its opposite

Sim—1,1)8[m—1,2] - - - S[m—1,m—2]Sm—1-

Finally, we use 2-moves to rewrite it as

(S[m—l,k]s[m—l,k-i-l] - -S[m—l,m—Q]Smfl)(s[k—l,m—l]5[k—2,m—1] . -5[1,m—1])-
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The corresponding factorization of U_ is U_ = ylkml UpUg with ylkml ¢ ./V'Lk’m],

Uy e NP (m —k+1), and Uy' € N_(m) (the latter inclusion can be observed
from the fact that the corresponding reduced word is s[1n—1)5[1,n—2] - - - S[1,m])-

Consequently, we get U = utemlyy UrUyp,+, which can be further refactored as

U =URMULug Uy with U, € By and (Up) ™" € N_(n — m).

Recall that (V*)~! has a block-diagonal structure, and its blocks correspond
to X-runs defined by I'". The block that corresponds to the X-run [k, m] is

(U[,k’m]wék’m})frl. Note that
(Ul tgteml _ grlhmly lomly =1 grthmly omly, loml
(Uyc,m]wgc,m])o)_wgc,m],

and hence
X = (VU = vl _wl MU s U

Note that V retains all blocks of (V¥)~! except for the one corresponding to
[k, m], so that

Vi 0 0
V(U[_k,m]w([Jk,m])O)_wgc,m] _ 0 ‘72 p
0 0 Vs

with V4 upper triangular of size (k — 1) x (k — 1), V4 is lower anti-triangular of size
(m—Fk+1)x (m—k+1) and V5 is upper triangular of size (n —m) x (n —m).
Further,

Ul 00
U= U U2 0
0 0 1

where ULl is of size (k—1) x (m—k+1), U?? is of size (m—k+1) x (m—k+1), and
U?! is upper triangular of size (m—k+1) x (m—k+1) since Uy, € N (m—FEk+1).
Consequently

* * 0
(4.3) vormlyplmhy, _wlEmy, = 102« o
0o 0 U3

where U?! is lower anti-triangular of size (m—k+1)x(m—-—k+1), 33 is upper
triangular of size (n —m) x (n — m), and shapes of all submatrices denoted by
are not relevant for this discussion.

To proceed further, we need the following technical statement.

Lemma 4.8. Let M be an n x n matriz such that M~ € N_(r). Write M as

M = My M, where Mis is of size r X 1, then C(M) = My — M11M2_11M22
Mz Moo

is upper triangular.

My 0 S :
~ ~ here M. f d
] M, M22] where Moy 1? of size r >~< 7, an
hence upper triangular. Then MHMH + M13Mo1 = 1 and Moy My + Moo Moy = 0,
so that (M2 — M1 My, Mao)May = 1, and the claim follows. O

Proof. Indeed, write M~! as M~ = [
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We apply this Lemma to the matrix M = Uy, with r = m, and get that C(U})

is an m x m upper triangular matrix. Recall that multiplying X on the right by
a1

a matrix in A} does not affect f;;; we thus multiply X by K = B M2i Mm].

!
Note that U}, K = [: C(OUR)

the shape of the result, that is, the upper right m x m submatrix remains upper
triangular. Comparing this with (£3)) yields

] ; multiplication by U(IL . on the left does not change

XK =

b S
ONI*
S X *

where X is an (m — k + 1) x (m — k 4+ 1) lower anti-triangular matrix and the
submatrix in the lower left corner is of size (n — m) x (n — m). Consequently,
any minor of XK in the first ¢ columns and rows RU [m + 1,n] for R C [k, m],
|[R| = ¢—n+m = m — ks + 1, vanishes unless R = [ks;,m]. The corresponding
minor is exactly Fi, 1(XK) = Fy, 1(X) = Fi, 1(U).In the Laplace expansion for
fi; by the last block column it us multiplied by the minor i’j similar to f;;. It has
b—1 blocks: the block B is deleted and the previous Y- or Y -block is truncated by
deletion of the last m — ks + 1 rows. All the exit points subordinate to (7, j) remain
the same except for (k;, 1) that disappears. So, by induction (@I holds for f;; with
s —1 factors in the first prodcut, hence it holds for fijoh(U) = fi;0h(U)- Fi, 1(U).

Assume now that the lower right block B of £(i,j) is an X '-block. In this case
the Laplace expansion by the last block column involves minors of XT. By the
Jacobi’s complementary minor formula for the minors of the adjugate matrix,
(4.4) X7 = [(x )],

’IJJ()I

where bar stands for the complement and wy moves each index p to n — p + 1.
The sign (—1)*/+*7 in the Jacobi’s formula is compensated by the conjugation
by the signature matrix J. Let [mf, k'] be the upper XT-run of B. The minors
involved in the Laplace expansion lie in the first ¢/ = n — kf + 1 columns and in
rows RT U [kT + 1,n] for R C [m', k'] and |RT| = kT — kI + 1. By (@34) such
minors correspond bijectively to the minors of the X-block studied above since
|R| + |RT| =m —k+1=k" —m' + 1. Consequently, all of them vanish except for
the one that corresponds to RY = [kl k], which is equal to Fy, 1(U).

The case when the lower right block B of L(3, j) is a Y-block is treated similarly
to the case of and X-block. In this case Uy is refactored and Y is multiplied from
the left by a lower triangular matrix K’ so that

* Kk %
KY=|x Y 0
* *x 0

where Y is a lower anti-triangular matrix whose size is equal to the size of the
leftmost Y-run of B, so that the only non-vanihing minor of B involved in the
Laplace expansion by the last block row is F} ,,, (U). The case when B is a Y-
block is treated via the Jacobi’s complementary minor formula exactly as above.
O

d
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Note that the double product in the right hand side of (@I) that defines the
ratio f5(U)/F;;(U) depends only on the difference i — j; we denote it ¢;_;(U).
Consequently,

M iU)  Foy a0 (0)

(4:5) PO Ey(U)

for 1 <14,j < n. Further,

tion(U) = f(};r)*(i)+1,1(U) if i € Ty,
(4.6) o 1 otherwise,
.6

" 1 otherwise.

If (v*)* keeps the orientation of the connected component of I'; that contains 4,
or, respectively, 7¢ keeps the orientation of the connected component of I'{ that
contains j, the above formulas follow immediately from ([@I]). If the orientation is
reversed, it is enough to note that by ([44]), each minor in the product that defines
t;—;(U) can be replaced by the corresponding minor of the dual block.

It follows from the proof of Theorem [L4] that formulas similar to @) are valid
for certain other minors of matrices £ and £ restricted to the diagonal X =Y = Z.
Slightly abusing notation, we will write £ o h(U) instead of L(h(U), h(U)), etc. In
particular, let £(i,1) be of size N x N, and let p be such that L£(i,1)pp, = 1.

Recall that this entry of £(i,1) belongs to an X-block X[[i’_’i]] with a = (i —1)_ 4+ 1.

Similarly, let £7(i, 1) be of size NTx N, and let p' be such that £T(i, 1),1,1 = @11,
and let (X1)#") be the XT-block dual to X[/

[af,n] [a,n]"
Proposition 4.9. (i) Let I C [a,n] be an arbitrary subset of size n — i+ 1, then
; N oy [Ln—itl
@7 det£(, BN o h(U) = det i) (),
where I + v denotes the shift of I by 7.
(ii) Let I C [aT,n] be an arbitrary subset of size n — il + 1, then

. Nl r 1,n—it+1
(4.8) det £7(i, DNt v @ R(O) = det(Rr @)D (@),

Note that [@7) for I = [i,n] coincides with (@) for j = 1. There are similar
formulas for the minors of £(1,7) and LT(1,5), but we will not reproduce them
here.

Remark 4.10. Formulas (£77) and (L&) can be generalized even further. They
remain valid if one replaces the top block in the left hand side with the correspond-

ing block of an arbitrary n x n matrix A and h*(U) in the right hand side with
AHe(U)™L

4.3. The quiver. The goal of this Section is to describe the quiver Qr-re and
to prove that the seed ¥ = (Frr e, Qr=re) defines a cluster structure Cp: pe com-
patible with a Poisson bracket {, },rr ,.re. This provides a generalization of Theo-
rem 3.19 in [I3] that dealt only with oriented BD data. Moreover, the proof is much
simpler that the one in [I3]. It is based on Theorem [£4] and avoids complicated
calculations.
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The quiver has n? — 1 vertices labeled (i,7). The function attached to a vertex
(1,7) is fij. It is convenient to describe the quiver with an additional dummy
frozen vertex (1,1) that corresponds to fi11 = |X| = 1. In fact, the latter quiver
corresponds to the cluster structure on GL,, defined by (I'",T'¢).

FIGURE 5. Quiver Qg & for SLy

Recall first how looks the quiver () z. This quiver corresponds to the standard
cluster structure built for the open double Bruhat cell in [2] and extended to the
whole group in [IT]. All vertices in the first row and column are frozen, all other
vertices are mutable. The quiver Qg & for SL7 is presented in Fig.

The quiver Qrr re is obtained from g & in the following way. For every row X-
run [k, m], the vertex (k, 1) remains frozen, and all other vertices (k+1,1), ..., (m,1)
become mutable. If 4" preserves the orientation of the connected component [k, m—
1] € T} then the following two paths are added: (m,1) = (m—1,1) = -+ — (k,1)
and (v'(k),n) — (k+1,1) = (v"(k+1),n) = (k+2,1) — -+ = (v*(m —
1),n) = (m,1) = (v"(m—1)+1,n). If 4" reverses the orientation of the connected
component [k, m — 1] then the following two paths are added: (k+1,1) — (k,1)
and (v*(m —1),n) —» (m,1) - (v*(m —-2),n) > (m—-1,1) = --- = (v*(k),n) —
(k+1,1) = (7" (k) + 1,n).

Similarly, for every column Y-run [p, ¢, the vertex (1, p) remains frozen, and all
other vertices (1,p+1),..., (1, q) become mutable. If (y°)* preserves the orientation
of the connected component [p, g—1] € I'§ that corresponds to the run [p, g] then the
following two paths are added: (1,q) — (1,¢q—1) = --- — (1,p) and (n, (v)*(p)) —
(Lp+1) = (0 () P+ 1) = (Lp+2) = = (1,(1) (g — 1)) = (Lg) —
(n,(v¢)*(¢ — 1) + 1). If (v°)* reverses the orientation of the connected component
[p, ¢—1] then the following two paths are added: (1,p+1) — (1,p) and (n, (v¢)*(¢—
1) = (Lg) = (n,(v)(¢—2) = (Lig—1) = = (n,(v)"(p) = (Lp+1) =
(n, (v)*(p) + 1)

Consider our running example. As explained above, Y-runs defined by ¢ are
[1,1], [2,4], [5,6], and [7,7]. Consequently, vertices (1,1), (1,2), (1,5), and (1,7)
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@y fway wey ey e
N~ N ~ , 4 ~No - N~ 4

- AL N
w3 A (16))

FIGURE 6. Quiver Qr: re for the BD graph in Fig.[Il

remain frozen and vertices (1, 3), (1,4), and (1, 6) become mutable. Further, (v°)*
preserves the orientation of all connected components, hence the following paths are
added: (1,4) — (1,3) — (1,2) and (7,3) — (1,3) — (7,4) — (1,4) — (7,5) for the
component [2,3] and (1,6) — (1,5) and (7,6) — (1,6) — (7,7) for the component
[5,5]. Similarly, X-runs defined by ~* are [1, 3], [4, 4], [5, 6], and [7, 7]. Consequently,
vertices (4,1), (5,1), and (7,1) remain frozen and vertices (2,1), (3,1), and (6,1)
become mutable. Further, 4" reverses the orientation of the connected component
[1,2] and (trivially) preserves the orientation of the connected component [5,5],
hence the following paths are added: (2,1) — (1,1) and (3,7) — (3,1) — (4,7) —
(2,1) — (5,7) for the component [1,2] and (6,1) — (5,1) and (1,7) — (6,1) —
(2,7) for the componant [5,5]. The resulting graph is presented in Fig. [0l Vertices
shown as dotted circles are copies of the existing vertices and are placed to make
the figure easier to comprehend. The edges of additional paths are shown by paler
arrows.

Theorem 4.11. Let (I'*,T'°) be an aperiodic pair of BD triples, then the seed
(Frere, Qrere) defines a cluster structure compatible with the Poisson bracket
{, '}Trc)rrr on SL, for any pair of R-matrices v , ¥ from the BD classes defined
by ', I'", respectively.

Proof. The proof is based on the characterization of pairs of compatible Poisson
and cluster structures given in [9] and on Theorems B.I] and [£.4] above.
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Recall the definition of cluster y-variables associated with a seed (F = (F)veq, Q)
(see [9,[8)]): for any mutable v € @

I1 Fu

4.9 v:l,
(4.9) Y 0 7o

w—rv
where — means an arrow in the quiver Q.

For i,j € [2,n], let y;; and Y;; be the y-variables that correspond to the vertex
(i,7) in the seeds (Frr e, Qre,re) and (Fz o, Qo,2), respectively; recall that Fp o =
(Fij)ij=1-

Lemma 4.12. For any i,j € [2,n],
(4.10) yiy(U) = Y5(U),
where yZ(U) = y;; 0 h(U).

Proof. For i,j € [2,n—1] the neighborhoods of the vertex (4, j) in Qr:re and Qg
are identical, and
ho(U) f(U) fr ()
yh(U) _ i+1,74+1 . i—1,7 . i,j—1
N P11 (U) Sl U) i ;)
by @.I) and (L5).

For j € [2,n — 1] the neighborhoods of the vertex (n,7) in Qrr re and Qg & are
identical unless j or j — 1 belongs to I'{, in which case the former contains one or
two additional vertices. No matter which case occurs, we can use ([@3]) and the
second formula in (£6) to write

h h
’ rlifl,jfl(U) r];,qul(U) tn*jJrl(U)
1 F,-1,;U)
= . : - Fni-1(U) =Y,;(U).
F’n,fl,jfl(U) Fn,j«‘rl(U) »J 1( ) ]( )
A similar argument based on the first formula in (L8] applies in the case of the
vertex (4,n), i € [2,n — 1]. To treat the vertex (n,n) we use both arguments. O

=Yy(U)

For brevity, in what follows we write {-, -} for {, '}r{?c,r?r and {-, -}p for {-, -}, re .
By Theorem 4.5 in [I0], to prove Theorem .11l it suffices to check relation
(4.11)

- . F oo [ fer )= ()
{9ij, i3} = Z {fuv: fishr = Z {Fuw, fizhr = {0 otherwise
(u,0) = (i.4) (6,3) 7 (w,v)
for all pairs (¢,7),(i,7) such that f;; is not frozen, where A # 0 is fixed, - is

an arrow in Qrr e, and the bar over a function stands for the logarithm of this

function.
For i,j € [2,n], Theorems Bl and [£.4] together with Lemma T2 imply

B L _ o 1 for (¢,7) = (2,7),
{9ij, fishr = {Yig, oy + tiej} = {Yij, Fig} = ( ].) &.3)
0 otherwise.

Here the second equality uses the fact that ¢;—;(U) is a product of frozen variables
for the standard cluster structure defined by the seed (Fz o, @z,2), and therefore
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haz a zero Poisson bracket with Y;;(U). The third equality follows from the com-
patibility of the log-canonical basis (F;;) with the standard cluster structure, see
the proof of Theorem 4.18 in [10, p.98]. Note that the bracket in this theorem has
the opposite sign, which is compensated by the opposite direction of the quiver,
see [10, p.32].

Consider now the case 1 < i < n, j = 1. Assume first that i — 1 € T}, ¢ ¢ T},
and +" preserves the orientation of the connected component of I'] that contains
¢ — 1. In this subcase the index set in the first sum in ([@I1]) consists fo the vertices
(v"(i—1),n) and (i,2), and the index set of the second sum consists of the vertices
(i+1,2), (i —1,1), and (y"(i — 1) + 1,n). Further, tyr(;_1)—n = Fi1 + t;—1, and
ﬂyr(i,l)ﬂ,n = 0. Consequently, the left hand side of ([@II]) boils down to

{Fil - Fi71,1 + Fi2 - Fi+1,2 + F'yr(i—l),n - va(i—l)-l-l,na Fij + fifj} = {<I>, Fiﬁ‘{iﬁ}-

Assume now that ¢ — 1,7 € I'}, and ~" preserves the orientation of the connected
component of T'} that contains ¢ — 1, so that v*(¢ — 1) + 1 = +"(¢). In this subcase
the vertex (i + 1,1) is added to the index set in the first sum in (@IT]). Further,
condition yr(;_1)41—, = 0 is replaced by &,r(;)—n, = Fit1,1 + ;. Consequently, the
left hand side of (ZII) is given by the same expression {®, F}; + #;—;} as before.

Assume next that ¢ — 1 € T}, i — 2 ¢ T} and " reverses the orientation of the
connected component of I'] that contains ¢ — 1. In this subcase the index sets for
both sums in [IT]) are the same as in the first subcase, and the tails ¢, ¢ satisfy the
same conditions. Consequently, the left hand side of (LII]) is given by the same
expression {®, F}; + t;_;} as before.

Finally, assume that ¢ — 2,7 — 1 € I'] and 7" reverses the orientation of the
connected component of I' that contains ¢ — 1, so that v*(i — 1) + 1 = v"(i — 2).
In this subcase the vertex (i — 1,1) is deleted from the index set in the second
sum in (LII). Further, condition fir;_1)41-n = 0 is replaced by tyr(_2y_p =
Fi_11 + ti_2. Consequently, the left hand side of II]) is given by the same
expression {®, Fj; + £;_;} as before.

To evaluate {®, F};+1;_;}, we start with studying the bracket {-,-}, = {-,"},2 ,2

T’g,’f‘g
where 75 corresponds to Rf = gm-. For an arbitrary i € [1,n] and a subset
I C [1,n] define

-1 if 7 is less than the minimal element in I,
sign(t—I)=1<¢0 ifiel,
1 if the maximal element in I is less than 7;

otherwise sign(? — I) is not defined.

Lemma 4.13. Ifsign(i — I) and sign(j — J) are defined and satisfy the inequality
|sign(i — I) +sign(j — J)| <1 then

{15,107 Yo = 3 (sian(i — 1) + sign(j — J)).

Proof. Follows immediately from [10, equation (8.21)] and [10, Lemma 4.7]. O
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Further, for an arbitrary pair of functions f1, fo we have A(f1, fo) = {f1, f2} —
{f1, f2Yo = (ST mVEf1, VEfo) — (ST 7V Ef1, VEfy). A straightforward compu-
tation gives A(u;j;, ki) = s}}c — 51,;:, hence
(4.12) A(det U det Uy = > siy = Y s

iedjed’ il jer

It follows from Lemma that

: for2<i<i—1,n—i+3<ji<n—i+1+i,
{Fa—Fi 11, Flo=q—-3 fori<i<n,i—i+2<j<n—i+2,
0 otherwise.
Further,
1 fori+1<i<n,i—i+2<j<n—i+2,
n n n Or(i,j)z(i,l),or(i,j)Z(l,n—i—i—Q),
E _FZ ;F"ZA = N . ~
{F 1.2, Figo —% for3<i<i,n—i+3<)i<n—i+1,
0 otherwise,
and
) ) -3 fori=~"(i—1)+1
{F,Yr(ifl)ﬁn — er(i,1)+17n}0 = orl S D S ")/r(l — 1), j: n — ")/r(’L - 1) + 7A,,

0 otherwise.

Consequently, {(I)’Fff}o vanishes if (2,7) does not belong to the rows i = i and
i=7"(i—1)+1 or to the diagonals j—i=n—~"(i—1) and j—i =n—i+ 1. Both
rows and the first of the diagonals contribute —%, the second diagonal contributes %
Therefore, for i—1 > ~"(i—1) the second diagonal intersects the row i = 4" (i—1)+1
and the contributions cancel at (7" (i—1)+1,~"(i—1)+i—n), while for i—1 < 4*(i—1)
the first diagonal intersects the row i = ¢ and the contributions at (i,n+i—~"(i—1)
add to —1. Finally, the value of the bracket at (i,1) equals 1/2.

To compute A(®, F;;) note that the column sets for the minors involved with the
positive sign are [1,n —i+ 1], [2,n — i+ 2], and [n,n], while for the minors involved
with the negative sign they are [1,n —i+ 2], [2,n — i+ 1], and [n,n]. Consequently,
the contribution of the elements of ST in ({@I2) vanishes. The row sets for the
minors involved with the positive sign are [i,n], [i,n], and [y*(i — 1),y"( — 1)],
while for the minors involved with the negative sign they are [i — 1,n], [ + 1, n],
and [y"(: — 1)+ 1,4"(i — 1) + 1]. Tt follows from [@I2]) that

A(®, Fyy) = Z (Szr—l,l — s —Shon, S'I;T(i—l)-i-l,l)
1
where [ belongs to the row set of the minor that defines Fj;. Recall that ST s
skew symmetric and ST (1 — 4")ho = 5(1 +7")ha, hence
forl=iorl=~"(i—1)+1,
forl=i—1orl=~"(i—-1),
otherwise.

T T T rr _
Si—1,0 = S~ Syr(i—1),0 T Syr(i—141,0 = \ —

D o= NI

Consequently, A(®, F};) vanishes if (7, j) does not belong to the same rows 7 = i and
i =7"(i—1)+1 or to the same diagonals j—i = n—~"(i—1) and j—i = n—i+1. This
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time both rows contribute 3, and both diagonals contribute —1. Fori—1 > ~*(i—1)
the second diagonal intersects the row 2 = "(¢ — 1) + 1 and the contributions cancel
at (v"(i —1)4+1,9"(¢ — 1) + i —n), while for i — 1 < 4"(i — 1) the first diagonal
intersects the row i = 4 and the contributions cancel at (i,n+i—~"(¢—1) add to 1.

Combining this result with the previous computations for the bracket {®, Fij}o
we see that {®, F3;} equals 1 for (3,7) = (i,1), —1 on the diagonal j—i = n—~"(i—1)
and vanishes otherwise. Consequently, {®,#;_;} equals 1 on the diagonal j — 7 =
n—~"(i—1) (those (%, j) for which (4, 1) is subordinate and (1,n—~"(¢—1)+1) is not
subordinate) and vanishes otherwise. Tus, {®, F}; + ;—;} equals 1 for (3,j) = (i,1)
and vanishes otherwise, which completes the verification of (@11 in this case.

The case i = 1, 1 < j < n is treated along the same lines. In this case the left
hand side in (@I boils down to

{Flj - Fl,j—l + sz - F2,j+1 + Fn,(yc)*(jq) = Fo vy (G—1)+1> Fij + fi—j} :

The latter is treated in a similar way as above. In this case the contribution of the
elements of ST" vanishes, and the required result follows from ST*((¢)* — 1)h, =
(14 (¥°)*)hq and the skew symmetry of ST".

Casesi=mn, j=1and i =1, j = n are treated similarly taking into account
th—1 = F17ry('r(1)+1 Tt 1) for 1 e I'{ and t1_,, = F(,Yr)*(l)JrLl + t(,yr)*(l) for 1 €
Is. O

4.4. Regularity. Recall that a cluster structure in the field of rational functions
on a quasi-affine variety is called regular if every variable in every cluster is a regular
function. By [I3 Proposition 3.11], to prove regularity it is enough to exhibit a
regular cluster such that all adjacent clusters are regular as well. The goal of this
section is to extend the regularity result of Theorem 6.1 in [I3] to the general case
of an aperiodic pair (I'",T'¢).

Theorem 4.14. For any mutable cluster variable f;; € Frr e, the adjacent variable
Z—’j is a regular function on SL,,.

Proof. We start with the following auxiliary statement. Assume that ¢ —1 € I’}
and that " reverses the orientation of the connected component of I'] that contains
i — 1. Let this component be [i — 1 — s, —1+4+1t], s+ ¢ > 0. Consider the pair
of dual matrices £(i,1) and L£'(i, 1) restricted to the diagonal X = Y. Abusing
notation, we denote them by the same symbols £(i,1) and £(i,1). This should
not lead to confusion since from now on we will only deal with matrices subject to
this restriction.

Denote by M and MT the pair of square trailing submatrices of £(i,1) and
LT(i,1), respectively, such that the entry in the upper left corner of M is x;1, and
the entry in the upper left corner of M is xLl; recall that by definition, f;; = det M.
Let r denote the size of M and r' denote the size of MT. Note that the first row of
M is an initial segment of the row X;. For 1 < j < sand 0 < k <t — 1 define an
r x r matrix M (4, k) via deleting row k + 1 from M and adding the corresponding
segment of row X;_; on top of the obtained matrix. Similarly, the first row of M7
is an initial segment of the row XZT; define an 7 x 7 matrix MT(j, k) via adding

f

it_p_q on top of MT and deleting row j + 1 of

the corresponding segment of row X
the obtained matrix.
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Lemma 4.15. Forany1<j<sand 0<k<t—-1

det M (j, k) = det MT(j, k).
Proof. Define I(j, k) = (i—j)U([i,n] \ (i + k)) and IT(j, k) = ([if,n] U (it — k — 1))\
(i" +j—1), then

Sy — (i 1) [P
M (G, k) = L0 V) (7.k)—i-4p)oln—i+1+p.N]

. . f Nt
MT (.77 k) = ‘CT (Z, 1)Ep[t(j)]g])_ﬁ+pT)U[n_iT+1+pt)NT]7

and hence det M (j,k) and det MT(j,k) are particular cases of minors studied in
Lemma Note that IT(j, k) = wol(j, k), so by [@4) and Lemma it follows
that det M (4, k)oh(U) = det MT(j, k)oh(U). It remains to note that h is invertible,
as explained in Section O

Remark 4.16. (i) The statement of the lemma remains true for (j,k) = (0,0),
in which case 1(0,0) = [i,n] and I7(0,0) = [i",n], so that M(0,0) = M and
MT(0,0) = MT; the proof goes without any changes.The obtained equality gives an
alternative representation f;; = det M.

(ii) In fact, the statement of the lemma holds also for the corresponding mi-
nors of £(X,Y) and £F(X,Y) and can be proved directly by using block-Laplace

expansions.

We can now proceed with the proof of Theorem .14l Assume first that we want
to prove the regularity of f{j for 1 <i < mn, 1< j<n. Recall that the approach
suggested in [13] consists of the following steps. If p = degfi; < degfi—1,; = m, we
define an m x (m+ 1) submatrix A of £(¢ —1, j) such that Ay2 = z;_1 ;. Note that

fic1,; = det A", fijr1 = det A7,

(4.13) _ R
fi—1,j—1 - det B = det Am“, fij - det B = det A%mﬂ

with B = A{Zig’ﬂ; here and in what follows “hatted” subscripts and superscripts
indicate deleted rows and columns, respectively.

Applying the Desnanot—Jacobi identity for matrices of size d x (d 4+ 1) we get
(4.14) fiz1,j - det A% + fic1,j-1fij+1 = fij - det A2

where A = AHiIH has the property f;—1 ;-1 = det A.
If p = degfi; > degfi—1,; =m, we define a (p + 1) x (p + 2) matrix A by taking
the submatrix of £(i — 1,5 — 1) whose upper left entry equals x;_1 j—1 and adding

on the right the column [0,...,0,1]7. Similarly to (@.I3), we have

fic1j-det B=det A", f; i1 -det B =det A}*,
(4.15) _ e
fi—l7j_1 = det Ap+2, fij = det A%p+2
with B = A{Zﬁg Iﬂ Applying the same Desnanot-Jacobi identity we arrive at
the same equation ([@I4), see Section 6.1 in [13] for more details.
Next, we compare degf;; with degf; ;_1 and consider in a similar way two cases
degf;; < degf; ;-1 and degf;; > degf; j—1, both producing equation

(4.16) fij - det Cié + firrgeifijo1 = firr - det A2
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where C' is the square submatrix of £(i,j — 1) with the property f; ;-1 = detC
and A is the same as in (@I4). The linear combination of (£I4]) and (£I6) with
coefficients f;y1; and f;_1 ;, respectively, yields

fii(fixrjdet A% — fi_1 ;det CF) = fisyj1fijr1fivry + fim1,yfio1fit1,41-
Combining this with the description of the quiver Q)rr e given in the previous

section we see that f/; = fi41,;det A% — fiz1,j det Ci2 is a regular function. Note
that the above reasoning does not depend on whether 4" and ¢ reverse orientation
or preserve it.

Consider now f! for 1 <i < n. Assume first that both ¢ — 1 and i belong to '}
and that (y")* preserves the orientation of the corresponding connected component
of T'%, that is, (7")*(¢) = (v")*(¢ — 1) + 1. Then the above reasoning remains valid

with f; j41 in (@I3)-@I5) replaced by fryr)=(y,1 and fiy1 541 in (EI6) replaced by
Jyy=(i)+1,1- The resulting equation reads

Fin(fistndet A2 — fi_y , det C?)
—fz 1,n— lf'y) z)lfz+1n+fz lnfzn lf )*(4)4+1,15

and hence f],, = fiy1,, det A% — fiz1,ndet 012 is a regular function. If (y*)* reverses
the orientation of the connected component of I';, that contains ¢ — 1 and 4 then
(v)*(i — 1) = (7*)* (i) + 1. Using the alternative representation of f(,r)«;_1),1 and
J)*(i=1)+1,1 provided by Remarkd.16, we apply the same reasoning as above with

fij+1 in (AI13)-(@I5) replaced by f(yry«(i—1),1 and fiy1 441 in (4I6) replaced by
fyy(i—1)+1,1- The resulting equation reads

Jin(fiy1,n det A2 fi—1,ndet 012)
= fictn-1f(y) i1 firin + fictnfin—1fiy) (-0 41,15

which yields the same regular expression for f/,. If i —1 ¢ I'y then f; j+1 in
all formulas above is replaced by 1, which corresponds to a vertex of degree 5.
Similarly, if ¢ ¢ T'5 then f; 11 j41 in all formulas above is replaced by 1, which again
corresponds to a vertex of degree 5. If both conditions hold simultaneously then
both functions are replaced by 1, which corresponds to a vertex of degree 4.
Consider now f/; for 1 <4 < n. Assume first that both ¢ — 1 and ¢ belong to '}
and that " preserves the orientation of the corresponding connected component
of T, that is, v"(¢) = 7*(i — 1) + 1. Then the above reasoning remains valid
with fifl’jfl in (m)—(m replaced by f'yr(i—l),n and fi,jfl in (m) replaced by

fyr(i),n- The resulting equation reads

fir(fiyrpdet A* = fi_11det CF) = formrymfivrafiz + fict1 firr2frr(i 1

and hence f/; = fi111det A% — fiz1,1det C’i2 is a regular function. If i ¢ I'] then
fyr(i),1 above is replaced by fyr(i—1)41,1 while f;y11 is replaced by 1, which corre-
sponds to a vertex of degree 5.

Consider now the case when both ¢ —1 and ¢ — 2 belong to I'] and " reverses the
orientation of the corresponding connected component of T}, that is, v"(i — 2) =
~"(i—1)+ 1. Assume first that degf;1 > degfi_1,1. Consider the (p+ 1) X p trailing

submatrix A of £(i,1) defined by the property As; = x;1. Note that Aﬁz} for some
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m < p is the submatrix of L(i — 1,1) whose determinant equals f;_1,1; we denote
it M to distinguish it from M that plays the same role for £(i,1). Consequently,

fi1 = det Ay, fix1,2 = det Al

(4.17) e )
fi11-det B=det Ay, fio - det B = det A%p/ﬁ
with B = A{Zii’z } Applying the Desnanot—Jacobi identity for matrices of size
(d+1) x dwe get
(4.18) fi1 - det Méi + fic11fit1,2 = fiz - det AQ.

Next, consider the (p' + 1) x (pf + 1) trailing submatrix AT of £(7*(i — 1),n)
defined by the property AIl = Tyr(i—1),n- Note that degf r(j_2), = 1+degfi_11 <

i
1+ degfi1 = degfyr(i—1),n, and hence (AT)EZTI;} for some m! is the submatrix of

L(y"(i —2),n) whose determinant equals fr(;_2),. Additionally, (AT)% is exactly
the submatrix MT of £T(i,1) defined above, and MT = (AT)EEII;% plays the same
role for £T(i—1,1). Consequently, using the alternative description of fi1 and f;_1 1
provided by Remark .16 we get

) for(i—1),n = det AT, fi1 = det(AT)%,

(4.19 o o
Fre(i—2)n - det B = det(AT2'H £y ;- det Bf = det(Af) 12"

with BT = (AT){Ziigg :]H]. Applying the Desnanot—Jacobi identity for square

matrices we get

(4.20) fir - det(AT); = Jyrti—nymfi-11 + fyri—2)ym det(AT)%

with AT = (AT)HZ:E} The linear combination of ([£I8) and (@20) with coeffi-

cients fyr(j—1),, and fi1,2, respectively, yields

(4.21) fil(f,yr(i,l))n -det Mﬁi + fi+1,2 . det(/_ﬂ)g)
= fiofyri—1)n - det Ay + fir12fyri—2)n det(AT)%.
Note that As is M (1,0) and (AT); is MT(1,0) for the dual pair £(i,1), £(4, 1),
hence by Lemma L5 we get det A5 = det(AT)%, and so the right hand side of (£.21))

factors.
Further, expand f,r;_1), in the left hand side of (@2I]) by the first column as

S S

fyri—1)n = Z(—l)j%r(i—l)ﬂ,n det M1(j,0) = Z(_l)jx'yr(i—l)-i-j,n det M(3,0)
iz i=0

via Lemma [LI5l Similarly, expand det(AT)s in the left hand side of ([@ZI]) by the
first column as

det(AN)y = e (1) det MY+ " (=1) " a1 4 det MT(j = 1,1)

Jj=2

= Tyr(i-1)n det M + Z(—l)jilxvr(i_l)_,_j’n det M(] -1,1)

Jj=2
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via Lemma ELT5 note that the exit point for the block that defines M is (i—1, 1), so

M (5—1,1) has on top the same segment of row X, _; that M (7, 1) does. Substituting
into the left hand side of ([@2T]) gives

(4.22) f,),r(i,l)ﬁn - det Mg + fit1,2- det(/_ﬁ)g
= (it (det M det M} + fi41,5 det M) — (1)1 det M(1,0) det M

+ 3 (1 i1y (det M(j,0) det NI} — fip1 0 det M(j — 1, 1)) .
j=2

Consider the coefficient at @ r_1), in @22). Recall that by @IT), M =

Aj, fisrz = det Ay, det Mydet B = det Al det Mdet B = det Ay and

det ]\7[11 det B = det A}ﬁ\l’ so that the Desnanot-Jacobi identity for the (p+ 1) x p
matrix A yields

det M det M} + fi12 det M = det M(1,0) det M.

To treat the coefficient at x,r(;_1)4;, in (@22), consider the (p 4+ 1) x p matrix

A(j) obtained by adding the initial segment of X,;_; on top of M(1,0). Then
M(5,0) = A(j)s, fir1,2 = det A(j)],, det M] det B = detA(j)%ﬁ\l, det M (5 —
1,1)det B = detA(j)p/ﬁ and det M (j — 1,1)% det B = detA(j);;ﬁ, so that the
Desnanot-Jacobi identity for the (p + 1) x p matrix A(j) yields

det M (j,0) det M — fi412det M(j —1,1) = det M(1,0)det M(j —1,1)L.

Substitution of the obtained formulas into (£2I]) and cancellation of det M(1,0) in
both sides yields

fir | @yrimyn det M+ 37 (=1)7 20121y jn det M (G — 1,1)]

j=1
= fiefyr(i—1yn + fir1.2f57—2) ms

which means that f/; is a regular function, and the degree of the vertex (i,1) is 4.

If i —2 ¢ I'] the above reasoning remains valid with f,;_9), replaced by
Jyr(i—1)+1,nfi—1,1, which yields a vertex of degree 5.

The case when degf;1 < degf;—1,1 is treated in a similar way. We consider an
mxm submatrix A of £(i—1, 1) characterized by A1; = x;_1,1 and an (m!+1) x mT
submatrix AT of £T(i — 1,1) characterized by A;l = Tyr(j—2),n- Reasoning along
the same lines we arrive at

fil(f,yr(i_l)7n -det Mii + ffL'Jrl_’Q - det A;)
= fiofoyr(i—tyn - det As + fiy12for(ima)p - det(AT),

which coincides with ([@ZI)) up to switching M with M, etc.
Functions f,; and fi; are treated in a similar way with an analog of Lemma[4.15
d
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4.5. Completeness. Recall that a cluster structure in the ring of regular functions
of an algebraic variety is called complete if the corresponding upper cluster algebra
is naturally isomorphic to this ring. The goal of this section is to extend the
completeness result of Theorem 3.3(ii) in [I3] to the general case of an aperiodic pair
(", T°). As explained in Section 3.4 of [I3], this amounts to extending Theorem
7.1 in [13] and to claim the following Laurent property.

Theorem 4.17. Let (I'",T°) be an aperiodic pair of Belavin—Drinfeld triples and
C = Crr e be the cluster structure on SL, defined by the seed (Frr e, Qrr re).
Then every matriz entry can be written as a Laurent polynomial in the initial cluster
Fre re and in any cluster adjacent to it.

Proof. We will adjust the inductive argument of the corresponding proof in [I3]
to allow for non-oriented BD data. In the process, we will use Theorem 4] and
formulas (£H), (4.0 to streamline the necessary technical results of [13, Section
7.1] even in the oriented case.

Recall that the induction is on the total size [T'}|+ || of the pair (', T'°). Since
each step of induction involves either I'" or I'°, but not both, we will only consider
the case of reducing the size of I'"; the other case can be treated similarly.

The induction step involves removing the first or the last root a of a connected
component of I'}, removing its image in I'}, and modifying " accordingly. We
denote the BD triple resulting from the operation above by I = (f"i, 1:‘5, 7). Below,
for any object associated with the pair (I'", I'®), we decorate with ~ the notation for
its counterpart associated with (f‘r, I'°). Since the total size of this pair is smaller,
we assume that C = Cfr,rc possesses the above mentioned Laurent property.

Let F = {fi;(Z):4,j € [1,n]} and F = {f;;(Z): i,j € [1,n]} be initial clusters
for C and C, respectively, and @) and Q be the corresponding quivers. It is easy to
see that all maximal alternating paths in Gpr pe are preserved in G, . except for
the path that goes through the directed inclined edge o — 7" (a). The latter one
is split into two: the initial segment up to the vertex a and the closing segment
starting with the vertex 4" (a). Consequently, the only difference between @ and Q
is that the vertex v = (a+1, 1) that corresponds to the chosen endpoint of [k, m—1]
is mutable in Q and frozen in Q, and that the neighborhoods of this vertex in Q
and Q are different. This allows to invoke Proposition 7.4 in [I3]. Namely, define

_ degfij(ZN) - deg;fij(Z)
degfa+1,1(Z)

and choose ® = {f;‘_ﬂllﬁ]} as an initial cluster associated with (); note that we do
not go beyond polynomials since it will be shown below that A;; defined as above
are integers. Then if ¢ is obtained via a sequence of mutations avoiding v applied
to the seed (1:", Q), then the same sequence of mutations applied to the seed (®, Q)
yields ¢ = fo)t‘+171327 for some integer A.

To implement the induction step, we need the following statement which is a
simultaneous extension of Theorems 7.2 and 7.3 in [13] to the case of arbitrary

aperiodic pairs of Belavin—Drinfeld triples.

Theorem 4.18. There exists a unipotent upper triangular matriz C = C (Z ) whose
entries are rational functions in &;; with denominators equal to powers of fat1,1(Z)
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such that Z = CZ and
fi:(2) {ﬁJ(Z)faHl(Z) if (a+1,1) is subordinate to (i,7) for (T*,T'°),
ij =4

fii(2) otherwise.

It follows from Theorem that \;; defined above is equal to 1 if (v + 1,1)
is subordinate to (4,7) for (I'*,I'°), and equal to 0 otherwise. Since, additionally,
fa+171(2) = fa+1,1(Z), we conclude that any Laurent polynomial in F is also a
Laurent polynomial in F', and any Laurent polynomial in variables of the cluster in
C obtained by mutation of F in a direction other than v = (a+1,1) is also a Laurent
polynomial in the cluster in C obtained by mutation of F' in the same direction.
By inductive assumption, every matrix entry Z;; can be expressed as a Laurent
polynomial in F or any cluster adjacent to it. The first claim of Theorem
then implies that for any of these clusters except the one obtained by mutation in
the direction v, the entries of C' = C(Z), and therefore of Z = CZ, are Laurent
polynomials in the corresponding cluster in C. To verify the claim of Theorem AT
for the cluster in C obtained by mutation of the initial one in the direction v, we
apply the same induction step to a different root in I'" or, if I = {a}, apply a
similar procedure to a root in I'°. In the latter case, we use an analogue of Theorem
418 that can be easily obtained by transposition. The case |I'}| 4+ |T'§| = 1 serves
as the base of induction; it was handled in Section 7.3 of [I3]. Thus, to complete
the proof of Theorem [£17 we only need to finish

Proof of Theorem [J-18 First, we compare functions f;;(Z) and f;;(Z) in the initial
seeds of the two cluster structures using formula (@I)). The pair of indices (3, j),
i # j, defines uniquely a directed horizontal edge e(i,j) = (n —i+j) — (i — j) in
the upper part of the BD graph for ¢ > j and a directed horizontal edge e(i, j) =
(n+i—j) = (j—1i) in the lower part of the BD graph for ¢ < j. Note that despite
the functions themselves depend on the whole BD graph, the right hand side of
this formula can be read off directly from the maximal alternating path through
e(i,j) and does not depend on the rest of the graph. Indeed, each factor in the right
hand side of (@] corresponds to a minor of U defined by a directed horizontal edge
preceding the edge e(4, j) in the alternating path. Further, the exit points of all such
blocks are subordinate to (4,7) for both (I'",I'¢) and (I'*,T'¢). As an immediate
consequence, we conclude that if maximal alternating paths that correspond to
(4,7) in G and G coincide up to and including e(i, j) then hU) = 1’;(U), which
immediately yields
(4.23) fij(Z) = [fi;(Z),
since Z = hoh™'(Z).

It is easy to see that all maximal alternating paths in G are preserved in G
except for the path P that goes through the directed inclined edge o — 7" (). The
latter one is split into two: the initial segment up to the vertex oo and the closing

segment starting with the vertex v"(«). Using (@I and the reasoning above, we
conclude that if the inclined edge o — ¥*(«) precedes e(i,j) in P then

(4.24) 1ii(2) = [i3(Z2) fas10(2),
since the horizontal edge in P that immediately preceeds o — 7" () is (n—a) — «,

which corresponds to fa41,1. Note that in this case the exit point (o + 1,1) is
subordinate to (4, j) for (T'*,T°).
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Recall that by B2), Z = H*(U)UH®(U) and Z = H*(U)UH¢(U). Additionally,
He(U) = H¢(U) since I'° is the same in both cases. Consequently,
(4.25) Z=H'(U)H'(U)"*Z =CZ.

To complete the proof of Theorem E.18 we have to check that the entries of the
matrix C as functions in Z obtained via U = h~!(Z) are rational with denominators
equal to powers of fa+171(2).

Assume that [k, m — 1] is the connected component of I'} to which the induction

step is being applied; denote p = m — k 4 1. Define the subgroup K C N}:; via

T
{diag (1k_1, [11”01 51 ] ,1n_m)} fora =m — 1,
K= )
fams (s b Jan)) mra
.

where £ = (&1,...,&—1). Every p x p unipotent upper triangular matrix A can be
uniquely factored in every one of the following four ways:

ORI R R
0 1 0 1 0 1 0 1

ool &l &0
10 Ay |0 1,00 T |0 1,40 A’

where Ay, Ay are (p—1) x (p—1) unipotent upper triangular matrices and &1, . .., &,

(4.26)

(4.27)

are (p— 1)-vectors. Consequently, every element V' € /\/}:; can be uniquely factored
as V = TWV)K1(V) = Kx(V)T(V) with T(V) € J\/Jl;r1 and K1(V),K2(V) € K.
Recall that (y")*y* acts on N} as the projection to ./\/};rl, which allows to define
T(V)and K(V) for any V € Ny as T((4*)*y*(V)) and K ((4*)*y*(V)), respectively.

We start with the following relation between V* and f/r, as defined in Section 311

Lemma 4.19. T(V*) = v

Proof. Let us start with comparing V* and V'. By construction, they are block-
diagonal matrices with lower unipotent blocks that differ only in the block with
the row and column set A = [k, m]; let us call it the A-block. For V', this block
coincides with the A-block of the factor U*™ € A*™ iy the factorization U_ =
ULk’m] UrUg, see the proof of Theorem 4.4] above. We denote this block B; it is a
lower unipotent p X p matrix.

Let $pm—1} = Sim—2,k]S[m—2,k+1] - - - Sm—2 be the reduced expression for w([)k’m_l]
analogous to one used in the proof of Theorem B4l and s{xy1,m} = Sim—1.k+1]

S[m—1,k+2] - - - Sm—1 be a similar reduced expression for w([)kﬂ’m]. Note that both
products Sgx ;m—1}8[m—1,k a0d S{x41,m}S[k,m—1) constitute reduced expressions for
w(gk’m]. The two corresponding factorizations of B are

B 0] g1 _

[O JS fora=m—1,
(4.28)

1 0
[0 B}S for a = k,
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where S is a lower unipotent bidiagonal p x p matrix with generically nonzero
subdiagonal entries. In both casesf? is the A-bloclg for V.

We can now compare V' and V*. Let B and B be the corresponding A- and
A-blocks. Recall that V™ = (V'w("™) . so that B = (Bw}'"™),. A straightforward

check shows that S _1w([)1’p ] can be refactored as

(1,p—1]
1, w, *
Slwép]——{oo 1}11

with T € B_. Consequently, [2]) for o = m — 1 yields

5 B 0 w([)l,pfl] d0) Ew([Jl,pfl] « B *
0 1 0 1 1+ 0 1, o 1)

Taking into account that all other blocks for V" and V" are identical, we get the
statement of Lemma for « = m — 1.
Further, a straightforward check shows that S’w(gl’p | can be refactored as

1 *
S = {0 w([)l,pl]} T

with Ty € B_. Consequently, (L.28) for o = k yields

B 1 0] (1 * T 1 * N
“\|0 B||o w([)l’p_ll 2 +_ 0 Bw([)l’p_l] +_ 0 B|°

Once again, all other blocks for V' and V" are identical, hence we get the statement
of Lemma for a = k. O

Our next step is to make relation ([@Z5) between Z and Z more explicit.

Lemma 4.20. (i) There exists K € K such that 4" (C) = Cy*(K~1).
(ii) Consequently, C = ... (y")*(K)y"(K).

Proof. (i) As explained above, any V € N, can be factored as V =T (V)K (V). It
follows from (L.27) that

(4.29) (V) =7(T(V)) =7 (T(V)) =y (VE(V)™).

Define Ko, K1, - € K via Ky = K(V),
Then (#29]) implies

@(T(V) =5 (" (T (V) =7" (THE (V) =7 (3" (V)ET ")
=7 (V(TV)E) = )TV (KT = () (V) By ' (KT,
and more generally,
) (T(V)) = (Y (V)Y (Bg Oy )Y HETY - (K ).
Consequently,

(4.30) Y (FY(TV)) = @) THT V)" (K)).

=
Il
2
—
2
S
~—
<.
~—
<
S~—
S~—"
e
]
<.
Il
=
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Recall that H*(U) = ... (§")2(V")3*(V*) and V' = T(V"), hence H*(U)~! =
F(TV)AHAT(V))... for V = (V)7L Therefore, (E30) yields

= @)(T V) (K)EA)(TV)y' (Ks) ... )

= ()@ V)HATWV)) .. )y (K =4 (V) H (U)y (K')

for some K’ € K due to commutation rules (£.27). Further, the definition of H"(U)
in Section B.1l immediately yields v*(H*(U)) = H*(U)y*((V*)~1). So, finally,

Y (H(U)T)

V(€)= H Uy (V)™ (VO (U) "y (i)
= YUy (V)" (V) (U) y (K)
= YUy (K" (U)~ " (K) = HIU) T U) )y ( 1) = O (K7

for some K € K; here the equality in the second line follows from ([4.29), the first
equality in the third line follows from Lemma for K" = (V*)~%(V") € K, and

the second equality follows from commutation rules ([@27]).
(ii) Indeed, by (i), ¥*(K) =~*(C)~'C and hence

() (K) = (") ()" ()Y ~H(O),
so that ... (v")?(K)y"(K) = C. O

To complete the proof of Theorem [.18 we have to find an explicit expression for
the matrix K in LemmalL.20, that is, to compute parameters &1, ..., &,—1 in ([@26).
These parameters are determined uniquely via equations (£23), (£24) and the
determinantal description of functions fi;(Z) and f;;(Z) for a particular collection
of p — 1 pairs (i,5). There are four cases to consider depending on whether the
deleted root « is k or m — 1 and on whether or not 4" reverses the orientation of
[k,m —1].

Case 1: « = k, +" preserves the orientation of [k,m — 1]. Let K =
diag(1x—1,Z, 1p_p,) with = = [(1) 15 } Denote ¢ = v"(k) and consider f,;(Z)
p—1

for j € [n—p+2,n]. Recall that f,;(Z) is the determinant of the principal trailing
submatrix M of £(q, j) such that the entry in the upper left corner of M is z,;. It
is easy to see that for j as above, the top left block of M is a Y-block, and since the
orientation is preserved, the block immediately to the right of it is an X-block with
the exit point (k4+n—j+1,1). By Remark[£7] this determinant does not change if
the first of the above blocks is replaced by the corresponding block of 4" (N4 )Z, and
the second one by the corresponding blok of Ny Z. We choose Ny = C~!, hence,
as mentioned in the proof of Lemma E20(ii), v*(Ny) = *(K)C~!. Consequently,
by @2H), the matrix in the first block is 4*(K)Z, and the matrix in the second
block iz Z.

Consider the Laplace expansion of the matrix M amended as explained above
with respect to the first block column. In the obtained sum, apply Remark
with A = Z to all second factors and collect all the obtained expressions back to
the unexpanded form. We thus obtain
(4.31) f4i(Z) = det EZ[[;:Z']FP—” ' (ZHC(U)_l)[l’jfk] t (U)

. qj 0 | [k,n] k+n—j )
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where 0 is a zero (n —k —p+1) X (n — j 4+ 1) matrix. In a similar way,

. AR ! 0...0 .
(432) Fu(Z) =det | Dot o 0 B (U);
0 '(ZH (U) )[k-l—l,n]

note that in this case there is no need to amend the first two blocks of M. Fur-

ther, (£1) and @23), [E24) yield
teini(U) fes11(Z) if (k4 1,1) is subordinate to (k +n —j +1,1)
tk+n7j(U) =

thrn—j (U) otherwise.
Consequently, (@3], (@32) and @23)), [@24) yield
= >ljn] b ) >1d,n] ' 0 0
=Z Cqp 1\ [1j—k] Z o
det la.g+p—1] ' (ZHS(U) = det lg,q+p—1] ~ N [Lj—k
R B R e Y

for j € [n — p+ 2,n]. In other words, let P = (ZHC(U)_l)&f;ﬂ be a (n — k) x

(n — k) matrix and v = (ZHC(U)’l)EJ’"_k] be an (n — k)-vector, then all dense
(n—k+1) x (n—k+1) minors of the (n — k + 1) x (n — k + p — 1) matrices

=n—p+2n] > [n—p+2,n] !
S qp-1 ' Y and Zigqip-1) ' 0
0 ! 0 ' P
are equal, which gives p — 1 linear equations for £;,...,&,—1. Define a unipotent

1 oP7!
0 1n—k
multiplying the second matrix above on the left by © we preserve all dense (n —
k+1) X (n —k+ 1) minors and obtain

upper triangular (n — k + 1) X (n — k + 1) matrix © via © = { } then

Lp] Z[n—p+2,n] '
9[1717} Z[q,q-irp—l] v 1 .
0 ' P
Consequently, all the minors in question are equal for = = H’Z %, which yields
(=1)"~1 det P _
) € 15 -1 )
13 P i€ll,p—1]
where P is obtained from P via replacing the ith row by v. Note that this solution
remains valid if Z [[Z;f:Eﬂ] above is replaced by an arbitrary p x (p — 1) matrix A.
It follows from the lower semicontinuity of the rank function that &; are defined
uniquely, since for A = [1* the system of equations for &; is triangular and
p—1

diagonal elements are minors of P. Finally, we invoke once again Theorem [£.4] and
Remark to conclude that the ratio above is equal to
(=1)"=1det LD (k +1,1)(2)
det L(k +1,1)(Z)
where £ (k 4+ 1,1)(Z) is obtained from L(k + 1,1)(Z) via replacing the ith row

of its upper leftmost block, which is a submatrix of Z|j ), by the corresponding

)

segment of the row Zs (cf. the construction preceding Lemma [ TH). Consequently,
&; are polynomials in Z divided by fr11,1(Z), as required.
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Case 2: o = m — 1, 4" preserves the orientation of [k,m — 1]. Let K =
1p—1 gT

0 1
fotim—pti+1(Z) for j € [1,p —1]. Note that foijn—ptj+1(Z) is the determinant
of the principal trailing submatrix M of £(m, 1) such that the entry in the upper
left corner of M is zq4jn—p+j+1- It is easy to see that for j as above, the top left
block of M is a Y-block, same as in the previous case, and since the orientation is
preserved, the block immediately to the right of it is an X-block with the exit point
(m,1). Arguing as in Case 1, we arrive at the equality of the first p — 1 leading
minors of the (n —k + 1) x (n — k + 1) matrices

diag(1x—1,Z,1p_p,) with E = } Put ¢ = ~"(k) as before and consider

= [n—p+2,n] ' >[n—p+2,n] 0
HZ[q)q_,’_p_l] | (ZHC(U)—l)ECyn]f’m‘Fl] and lg,9+p—2] ~ [Ln—m+1] | >
0 ! o 0 (ZHC(U)_l)[n; n]
which yields a triangular system of linear equations on &;,...,&,—1. Write

5 —1\[l,n—m+1] P’

@y = 7]

where P’ consists of the upper p— 1 rows, and P is the remaining square submatrix,
and define a unipotent upper triangular (n — k + 1) x (n — k + 1) matrix © via
o — 1p71 pPp!
0 1n7m+2
preserves the leading minors and produces

} . Multiplication of the second matrix above on the left by ©

=oln-pt2n]
HZ[qthpfl] (ZHC(U)—l){IIC,Z]ferl]

Consequently, all the minors in question are equal for = = @H’Z %, which yields
det P((®)
YT T detP

where P(()) is obtained from P via replacing its first row by the ith row of P’. The
same reasoning as in Case 1 shows that &; are polynomials in Z divided by fml(Z ),
as required.

Cases 3 and 4. These are the two cases when o« = k or @« = m — 1 and ~*
reverses the orientation of [k,m — 1]. The treatment of these cases is very similar
to the treatment described above. In both cases the second block of the matrix M
is an Xt-block, so ZH(U)" in all formulas should be replaced by (ZH<(U)~ ).
Further, finding 4" (K') now involves the conjugation of the cofactor matrix by wgJ.
Note that conjugation by weJ of the cofactor matrix of = used in Case 1 gives
= used in Case 2. Consequently, the argument of Case 1 should be now used for

(S [17p_ 1]7

a =m — 1, and the argument used in Case 2 should be used for o = k. O
Therefore, the proof of Theorem .17 is completed. O
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