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Abstract: Transient gas network simulations can significantly assist in design and
operational aspects of gas networks. Models used in these simulations require a de-
tailed framework integrating various models of the network constituents - pipes and
compressor stations among others. In this context, the port-Hamiltonian modelling
framework provides an energy-based modelling approach with a port-based coupling
mechanism. This study investigates developing compressor models in an integrated
isothermal port-Hamiltonian model for gas networks. Four different models of com-
pressors are considered and their inclusion in a larger network model is detailed. A
numerical implementation for a simple testcase is provided to confirm the validity of
the proposed model and to highlight their differences.

Keywords: gas networks, port-Hamiltonian system, compressor, mathematical mod-
elling, numerical simulation

Mathematics subject classification: 93-10, 93-04, 76N15

Novelty statement:

• A first attempt at including compressors in port-Hamiltonian formulation for
gas networks.

• Four nodal models for compressors with a pairwise combination of two specifi-
cations and two assumptions.

• Numerical implementation for a simple testcase.

• Publicly available software material for reproducibility and extension.

1 Introduction

Transportation of hydrogen is a vital strategy in Germany’s renewable energy transition. The
federal government has drawn up regulatory policies, convened gas transmission operators and has
proposed developing a new core hydrogen-gas network alongside initiatives to repurpose existing
pipeline infrastructure. The initiative brings forth a host of technical challenges related to an
optimal design of a gas network and its operation [6, 14].
A gas transportation network comprises mainly of large pipelines interconnected at junctions, but

there exist other critical components which can influence gas flow. Network design and operation
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decisions can be aided by simulation tools that can predict the transmission operators with vital
supply requirement for target demands within the network. The computational tools serve as an
a priori analysis tool into the transient behavior of gas within the network and its components
greatly improving efficiency and reliability. Gas networks crucially contain compressor stations
specifically to increase the pressure of incoming gas stream, to compensate for pressure loss due
to flow and friction in the pipes. A significant portion of the operational costs of gas networks
are attributed to compressor stations and this differs vastly for hydrogen, natural gas and their
blends [18]. A digital twin of the entire gas network can aid in such economic forecasts, redundancy
planning and emergency response.
An accurate simulation of gas networks requires an integrated model of all its constituents.

Network models have generally emphasized on connected pipeline flow models with only recent
studies focusing on including compressor models [2,8,12,17]. Typical models of compressor stations
are based on their power ratings, whereas some models consider it as a node with the pressure scaled
by a compression ratio [2,8] or as an element scaling the in-flow to a specified target pressure [13]. In
this study, an integrated model is proposed from an energy-based modelling viewpoint considering
that gas networks fit into a port-Hamiltonian framework [4,9–11,13]. Port-Hamiltonian systems are
a combination of port-based modeling and geometric mechanics and are well suited for modeling
physical networks such as gas networks. An introduction and overview of these models can be found
in [20]. Such models are suitable to be solved using geometric integration methods, preserving the
structure. An emphasis in this study is placed specifically on including compressor models within
the port-Hamiltonian models for gas networks and its software implementation.

2 Gas Networks

Gas networks consist of many components: pipes, compressors, resistances, heaters, coolers, valves,
etc. [4]. In this study, we focus on the former two, combining them in a port-Hamiltonian fashion.

2.1 Pipe Model

As gas pipelines are long and thin, gas flow in a pipe can be modelled using the Euler equations
in one spatial dimension [4, 12],

∂tρ+ ∂x(ρv) = 0,

∂t(ρv) + ∂x(p+ ρv2) = − λ

2D
ρv|v| − gρ sinα,

∂tE + ∂x((E + p)v) = −kw
D

(T − Tw),

(1)

where ρ denotes the density of the gas, v denotes the velocity, p is the pressure, E = ρ( 12v
2+ cvT +

gh) is the total energy with specific heat cv and height h, T is the temperature of the gas and Tw

is the temperature of the wall. Furthermore, λ is the pipe friction coefficient, D is the diameter of
the pipe, g the gravitational constant, α the inclination angle of the pipe and kw the heat transfer
coefficient of the wall. The pressure, density, and temperature are connected via the equation of
state

p = ρRTz(p, T ), (2)

with gas constant R and compressibility factor z(p, T ).
The Euler equations (1) can be transformed into port-Hamiltonian form as they are, but for our

case we use the simplified ISO2b model [4], by making the following assumptions:

1. The model is isothermal, meaning the temperature of the pipe is constant in time and space.

2. The gas velocity v is insignificant compared to the (constant) speed of sound c, i.e., (v/c)
2 ≪

1.

3. The pressure in a pipe is related to the density by p = c2ρ.

4. The influence of gravity is neglected.
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The ISO2b model then reads

∂tρ+ ∂xm = 0,

∂tm+ ∂xp = − λ

2D
m|v|,

(3)

with momentum m = ρv.
We apply the ISO2b model in port-Hamiltonian form to a pipe of length L, i.e., x ∈ [0, L]. To

that end, define the state z(x, t) =

[
ρ(x, t)
m(x, t)

]
and the effort e(z)(x, t) =

[
p(ρ(x, t))
m(x, t)

]
, as well as

J(z) =

[
0 −Dx

−Dx 0

]
and R(z) =

[
0 0
0 λ

2D |v|

]
,

where Dx is the differential operator Dxf = fx for any function f : [0, L] → R. Similar to [4], we
can enforce the pressure p0 at the inflow and the momentum mL at the outflow of the pipe as
boundary conditions, and write the ISO2b model in input-output port-Hamiltonian form as

[
I2
0

]
ż =

[
J(z)−R(z) 0

−U 0

] [
e(z)
Y e(z)

]
+

[
0
I2

]
u

y =
[
0 I2

] [ e(z)
Y e(z)

]
,

(4)

where

Ue(z) =

[
e(z)1(0)

−e(z)2(L)

]
, Y e(z) =

[
e(z)2(0)
e(z)1(L)

]
, u =

[
p0

−mL

]
.

Here, e(z)i(x) denotes the i-th component of e(z), evaluated at x, i.e., for x = 0 and x = L, at the
inflow and outflow of the pipe, respectively.

2.2 Compressor Model

Compressors are used in gas networks to increase gas pressure, which drops along pipes due to
friction. The most commonly used compressors in gas networks are centrifugal compressors and
piston compressors. While the internal physics of a compressor are quite complex, the relation
between the compression ratio

c̃ =
pout
pin

(5)

and the enthalpy Had added to the gas is given by [12,21]

Had = z(pin, Tin)TinRs
κ

κ− 1

((pout
pin

)κ−1
κ − 1

)
, (6)

where κ denotes the isentropic exponent. For a specific given compressor, the enthalpy Had is a
function of the mass flow rate and the drive speed of the compressor, which is usually approximated
from data.

z1 z2

Figure 1: A compressor is inserted between two pipes.

To insert a compressor between two pipes in a port-Hamiltonian framework, we combine two
pipes from (4), visualized in Fig. 1, and implement the compressor in the matrix Ĝ(ẑ) and the
boundary vector û as

Ê
∂ẑ

∂t
=
(
Ĵ(ẑ)− R̂(ẑ)

)
ê(ẑ) + Ĝû

ŷ = ĜT ê(ẑ),

(7)
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where

ẑ =

[
z1
z2

]
, ê(ẑ) =




e(z1)
Y e(z1)
e(z2)
Y e(z2)


 ,

Ê =




I2 0
0 0
0 I2
0 0


 , Ĵ(ẑ) =




J1(z1) 0 0 0
−U 0 0 0
0 0 J2(z2) 0
0 0 −U 0


 , R̂(ẑ) =




R1(z1) 0 0 0
0 0 0 0
0 0 R2(z2) 0
0 0 0 0


 .

We model compressors as jump conditions under two different assumptions and in two different
frameworks, respectively.

1. Assumption AV: Constant velocity of the gas is assumed across the compressor, as in [5,
Table 9.2]. In this case, the relationship between the momentum min at the inlet of the
compressor and the momentum mout at the outlet is given by

mout = c̃
1
κ

z(pin, Tin)

z(pout, Tout)
min. (AV)

In practice, we consider z to be constant, so that we model mout = c̃
1
κmin.

2. Assumption AM: Constant momentum of the gas is assumed across the compressor, as
in [12,19,22]. In this case

mout = min. (AM)

Under both of those assumptions, we model compressors in the following two frameworks.

2.2.1 Framework FC

We choose the compression ratio c̃ of the compressor, meaning the output pressure varies with the
input pressure

pout(c̃, pin) = c̃pin. (FC)

In this case, the matrix Ĝ(ẑ) in (7) is given by

ĜFC(ẑ) =




0 0 0 0
1 0 0 0
0 −m2(0) 0 0
0 0 0 0
0 0 p1(L) 0
0 0 0 1



,

and, depending on the assumption, the boundary vector û is given by

ûAV
FC =




p0
c̃−

1
κ

c̃
−mL


 or ûAM

FC =




p0
1
c̃

−mL


 .

The output ŷ in this setting is given by

ŷFC(ẑ) = ĜFC(ẑ)
T ê(ẑ) =




m1(0)
−m2(0)p1(L)
p1(L)m2(0)

p2(L)


 ,
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which leads to external energy exchange

ŷFC(ẑ)
T ûAV

FC = p1(0)m1(0)− p2(L)m2(L) +
(
c̃− c̃−

1
κ

)
p1(L)m2(0), or

ŷFC(ẑ)
T ûAM

FC = p1(0)m1(0)− p2(L)m2(L) + (c̃− 1) p1(L)m2(0).

In both cases, we see that for compression ratio c̃ = 1, the external energy exchange is the energy
inserted at the inlet minus the energy removed at the outlet, while for a compression ratio c̃ > 1,
energy is added by the compressor.

2.2.2 Framework FP

We choose the output pressure pout of the compressor, meaning the compression ratio varies de-
pending on the input pressure

c̃(pout, pin) =
pout
pin

. (FP)

In this case, depending on the assumption, the matrix Ĝ(ẑ) in (7) is given by

ĜAV
FP (ẑ) =




0 0 0 0
1 0 0 0

0 −m2(0)p1(L)
1
κ 0 0

0 0 0 0
0 0 1 0
0 0 0 1




or ĜAM
FP (ẑ) =




0 0 0 0
1 0 0 0
0 −m2(0) 0 0
0 0 0 0
0 0 1 0
0 0 0 1




and, depending on the assumption, the boundary vector û is given by

ûAV
FP =




p0

p
− 1

κ
out

pout
−mL


 or ûAM

FP =




p0
1

pout
−mL


 .

The output ŷ in this setting, depending on the assumption, is given by

ŷAV
FP (ẑ) = ĜAV

FP (ẑ)T ê(ẑ) =




m1(0)

−m2(0)p1(L)
κ+1
κ

m2(0)
p2(L)


 or ŷAM

FP (ẑ) = ĜAM
FP (ẑ)T ê(ẑ) =




m1(0)
−m2(0)p1(L)

m2(0)
p2(L)




which leads to external energy exchange

ŷAV
FP (ẑ)T ûAV

FP = p1(0)m1(0)− p2(L)m2(L) +

(
pout − p1(L)

(
p1(L)

pout

) 1
κ

)
m2(0), or

ŷAM
FP (ẑ)T ûAM

FP = p1(0)m1(0)− p2(L)m2(L) + (pout − p1(L))m2(0).

In both cases, it is readily seen that if the pressure at the inlet of the compressor p1(L) is equal to
the output pressure pout, no energy is added by the compressor.

2.3 Network Interconnection

Structure preserving interconnection of the compressor model into a port-Hamiltonian gas network
can be done by extension of the approach in [15, Section 10.2], i.e., by implementing a third
incidence matrix AC for the compressor nodes, in addition to the incidence matrices for the internal
nodes AI and boundary nodes AB .

Accordingly, all the port-Hamiltonian pipes and compressors in a given network are stacked in
block diagonal form into E(z),J(z),R(z) and G(z). Assuming that the nodes are ordered in such
a way that the first set of nodes are the boundary nodes, the second set of nodes — the compressor
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nodes, and the third set of nodes — the internal nodes. Thus, the dynamics of the system are then
given by




E(z) 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0







ż
µ̇

λ̇B

λ̇C

λ̇I



=




J(z)−R(z) G(z) 0 0 0
−G(z)T 0 AT

B AT
C AT

I

0 −AB 0 0 0
0 −AC 0 0 0
0 −AI 0 0 0







e(z)
µ
λB

λC

λI



+




0 0
0 0
Ib 0
0 Ic
0 0




[
uB

uC

]

y =

[
0 0 Ib 0 0
0 0 0 Ic 0

]



e(z)
µ
λB

λC

λI



=

[
λB

λC

]
.

(8)

Example In case of the simple network depicted in Fig. 2, the incidence matrices are

AB =



1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1


 ,

AC =

[
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0

]
and

AI =
[
0 0 0 1 1 0 1 0

]
.

The boundary inputs are given as uB =




pv1

in

−mv2
out

−mv3
out


, where pv1

in is the inlet pressure at v1 and

v1

z1

v4 v5

z2

v6 z3

v3

z4 v2

Figure 2: A simple pipe network with an inserted compressor.

mvi
out are the outlet momenta at vi, i = 1, 2. The inputs for the compressor, uC , are, according to

assumption AV and framework FC,

uAV,FC
C =

[
c̃−

1
κ

c̃

]
, uAM,FC

C =

[
1
c̃

]
, uAV,FP

C =

[
p
− 1

κ
out

pout

]
and uAM,FP

C =

[
1

pout

]
.

3 Numerical Experiments

As an indicative experiment, the widely benchmarked Yamal-Europe pipeline testcase is considered
for its simplicity, similar to various articles in literature [3,13]. The gas flow over a day is computed
using the port-Hamiltonian model across the 363 km-long, 1.422m-diameter pipeline with a minor
modification. A compressor with a variable configuration is placed exactly midway along the
pipeline (Fig 1). The gas is supplied into the left pipe consistently with a temperature of 276.25K
and pressure of 80 bar. A variable flow rate is chosen for gas extraction at the end of the right
pipe at every 6 h period during the day. The pipe friction factor is considered a constant value of
1.8 × 10−3. The fluid is considered ideal with a gas constant of 530 J kg−1 mol−1 and an isentropic
exponent of 1.4.
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Figure 3: Pressure and Momentum values at each of the nodes for four different models of com-
pressor placed between two pipes.

The numerical implementation of the model utilizes the finite difference method in space. The
pipe is discretized in space into 32 equal intervals and a steady state simulation is performed for the
initial boundary conditions ignoring the time-derivative terms in the port-Hamiltonian model to
serve as initial conditions for the transient case. The transient simulation is subsequently computed
for the dynamic discontinuous boundary conditions using an implicit-midpoint integration with a
timestep of 100 s. The numerical scheme is particularly chosen for its numerical stability [15].
The simulation is performed for compressor models where the specified parameter is either

compression ratio (FC) or output pressure (FP). For the FC framework, the compression ratio
is 1.2, whereas for the FP framework, a constant compressor pressure of 84 bar is specified. The
two different frameworks are paired with either a constant velocity assumption (AV) or a constant
momentum assumption (AM). Fig 3 shows the result of pressure and momentum values at the
inlet and outlet of the two pipes across the compressor. The results are constrasted against values
obtained when there is no compressor present between the pipes. It is clearly observed that for FC
compressors, the inlet pressure at the right pipe is scaled by the compression ratio factor relative to
the outlet pressure at the left pipe. Additionally for FP compressors, the gas into the compressor
maintains a fixed outlet pressure. The AM assumption ensures a constant momentum across the
compressor while AV assumption allows variations. The choice of the right compressor model
and assumption is seen to have significant effect on the pressure and momentum fields within the
adjacent pipes.

4 Conclusion

The objective of this investigation was to explore the inclusion of compressor models in the port-
Hamiltonian framework for gas networks. Four different models of compressors were considered
with a pairwise combination of two specifications, either a compression ratio or output pressure;
and two assumptions, constant velocity or constant momentum. The compressor models were
imbued into an isothermal port-Hamiltonian model for gas networks by linking the nodes across
it through ports. The numerical implementation of the model was performed and the results
displayed the validity of the proposed model. The study serves as a preliminary outlook into
developing an integrated energy-based model for gas networks.
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Software Material

The scripts used in this article are developed using C++ programming language and containerized
for reproducibility. Eigen library [7] is used to handle operators and linear algebra, and Ceres
solver [1] is used to solve the system of non-linear equations. The record of the code along with
execution instructions are available with doi:10.5281/zenodo.11387852 [16].
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