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Abstract

A BEM (boundary element method) based approach is developed to accurately solve an
EEG/MEG forward problem for a modern high-resolution head model in approximately 60
seconds using a common workstation. The method utilizes a charge-based BEM with fast
multipole acceleration (BEM-FMM) and a “smart” mesh pre-refinement (called b-refinement) close
to the singular source(s). No costly matrix-filling or direct solution steps typical for the standard
BEM are required; the method generates on-skin voltages as well as MEG magnetic fields for
high-resolution head models in approximately 60 seconds after initial model assembly. The

method is verified both theoretically and experimentally.
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1. Introduction

EEG/MEG source reconstruction, or source localization, consists of locating the neural activity
within the brain from EEG/MEG-recorded measurements [1]. Many excellent open-source
software packages implement EEG source localization, including Brainstorm [2], FieldTrip [3],
MNE [4], and EEGLab [5]. All four packages include BEM (boundary element method)-based
dipole source localization, typically using three layers extracted from the subject’'s MRI: scalp,
outer skull, and inner skull or “brain”. For most practical applications, the resolution of these layers
is low; it is limited to less than 5-10 thousand triangles per layer. This is because a dense system
matrix needs to be computed and stored in the classic BEM formulation, which becomes too large
for higher-resolution accurate head models.

Recent progress in the charge-based BEM with fast multipole acceleration (a matrix-free
BEM or BEM-FMM) [12] has made it possible to overcome the matrix storage limitation [13].
However, there exists one more difficulty, which is specific to the singular cortical dipole models.
The default cortical surface resolution of modern head segmentation pipelines [10], [7],[11] is
approximately the same as the separation distance between the dipole and the surfaces. It has
long been known [14] that the BEM cannot accurately model the response of singular sources at
such short distances, no matter how many neighbor surface integrals are precomputed
analytically. Therefore, an adaptive mesh refinement (AMR) is necessary close to the sources
[16]. While possessing an unconstrained numerical accuracy, the corresponding solution
suggested in [15],[16] is still relatively slow for practical purposes.

The present study introduces a new fast method of AMR that is based on one-time “smart”
mesh pre-refinement using the first, almost trivial, approximation to the solution of the BEM
integral equation written in terms of the surface charge density. This method, which we name “b-
refinement”, is quite accurate. Simultaneously, it allows us to reduce the forward solution time per
dipole distribution from ca 30 min to approximately 60 seconds when a detailed head model is
used. Without the costly matrix-filling and direct solution steps typical for the standard BEM, the
method generates on-skin voltages as well as output MEG magnetic fields for a high-resolution
(ca. 1 million facet) head model in approximately 60 seconds after its first assembly.

The study is organized as follows. Section 2 describes the idea of the method and its
realization. It also describes three test cases: comparison with an analytical solution, comparison
with the precise AMR algorithm [15],[16] (which is considered as the ground truth) for realistic
head models with three challenging dipole locations, and finally, application to practical source

reconstruction for experimental data on median nerve stimulation. Section 3 reports the obtained
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results in all three cases. Section 4 provides a short discussion; Section 5 concludes the study.
The software is available to interested researchers via a GitHub repository [32].

2. Materials and Methods

2.1 Why adaptive mesh refinement?

Fig. 1a shows a cortical dipole placed at the posterior wall of the central sulcus halfway between
the gray matter (GM) and white matter (WM) surfaces for Connectome Young Adult subject
110411 [6]. The dashed line indicates the dipole’s orientation. The head model was segmented
by headreco [7] and has approximately 1 million triangular facets with an average edge length of
approximately 1.5 mm (GM) and 1.4 mm (WM).

Such an edge length (triangle size) — the default computational resolution of the common
segmentation packages FreeSurfer [10], headreco [7], and Charm [11] — is typically greater than
or equal to half of the cortical thickness [8],[9], and therefore also greater than the separation of
the mid-surface dipole from either cortical boundary. This resolution is insufficient to enable a
BEM-based solution to accurately model the singular dipole source very close to the nearest
“‘large” triangles. As a result, inaccurate predictions are obtained for both the on-skin electric
potential (Fig. 1b) and off-skin magnetic field (Fig. 1d) as compared to those for a sufficiently
refined surface mesh in Fig. 1 c, e, respectively. There, the refined facets in the vicinity of the
source are approximately 10-20 times smaller than the separation distance between GM and WM
shells (cortical thickness).

Therefore, regardless of the initial segmentation, mesh refinement must be performed for
proper EEG/MEG source modeling. Due to present computer hardware limitations, it is not
practical to employ a uniform (global) mesh refinement scheme that achieves the requisite
resolution. A local, and ideally adaptive (based on physically justified criteria) mesh refinement is

therefore required for accurate EEG/MEG source modeling by BEM.

2.2 Existing h-refinement method
The charge-based BEM equation for the surface charge density p(r) induced at all interfaces S

of a piecewise-homogeneous multi-compartment head model is written in the following form [12]

!

o = :f|3 ds(r') + 2eoK(ME'(r) -n(r), TE€S (1)

where K (1) = % is the electric conductivity contrast for the facet positioned at r, n(r) is
inTOPout

the outer normal vector at the compartmental interfaces, and g, and o,,; are the conductivities
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of the materials just inside and outside (respectively) the interface at r. The induced charges are
generated by the impressed or primary electric field E*(r) of a cortical current dipole (or a cluster
thereof). A solution p(r) to Eq. (1) is found iteratively via the Generalized Minimum Residual
Method (GMRES), which takes its initial estimate for p(r) as:
p(r) =26)K(ME(r) n(r), TES 2)
In a previous approach [15],[16], an h-refinement method was applied wherein facets of
the model were selected for 4:1 barycentric subdivision according to the absolute value of total
charge q,, = |Ampm| upon them, where 4,, and p,, denote the area and charge density,
respectively, on the facet with index m. The solution was carried out in alternating steps of “solve”
(by a full GMRES solution) and “refine” until a convergence criterion for relative inter-iteration
change in skin potential was reached. While the method produced quite accurate results [16],

the runtime became prohibitive when looping over multiple configurations of sources.

2.3. Concept of b-refinement
In this study, we suggest using the initial estimate for p(r) by Eq. (2) for an a priori mesh
refinement, which is performed only once and before carrying out the iterative GMRES solution.
While this initial estimate does not take into account the final charge redistribution due to self-
interaction, it sufficiently identifies regions where q,, will have the maximum absolute values.
These regions are indeed located close to the source(s), but their exact topology depends on the
compartmental conductivities and interfacial bends. This method is used in place of h-refinement,
although a multi-phase process that combines the two may be viable.

We refer to the mesh refinement method based on Eq. (2) as “b-refinement” to highlight
its association with the iterative solution of a well-conditioned system of linear equations in the
form x + Ax = b where the first approximation to x is x = b (the right-hand side). This is the form

taken by Eq. (1) when discretized; for a detailed explanation, see [16].

2.4 Mesh refinement strategy
First, Eq. (2) is used to find the approximate surface charge distribution on the conductivity
interfaces. Following Refs. [15],[16], the facets having the largest total charges q are each
subdivided into four congruent triangles whose edges are the halves of the original edges. To
restore manifoldness after refinement, the border facets of the refinement region are also
subdivided into two facets each.

An m-th facet is refined if its total charge q,, satisfies the following inequality:
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|gm| > k x mean(lql) ©)
where k is a constant on the order of 5-10 and the absolute mean charge value is found over all
facets. The refinement is performed iteratively according to the following steps: find a new initial
charge distribution estimate following Eq. (2), select facets for refinement according to Eq. (3),
subdivide those facets, and repeat. The number of necessary mesh refinement steps was
empirically found to vary from 3 (the sphere model) to 4-5 (realistic head models). Surface-
preserving Taubin smoothing [17] is additionally applied at every refinement step, with the scale
factors of -0.62 and +0.60, respectively. After application of b-refinement, the full charge solution
is found by GMRES as usual, without further mesh refinement steps.

2.5 Validation example - a four-layer sphere

A classical EEG and MEG solution for a four-layer conducting sphere shown in Fig. 2 is analyzed
first, similar to many other studies (cf. [18],[19]).To validate and compare the accuracy of the b-
refinement approach, we create the standard four-layer sphere model, where analytical solutions
for infinitely short EEG [20],[21] and MEG [22] dipoles exist and can be used as a reference. We
test both horizontal (challenging for EEG) and vertical (challenging for MEG) dipoles located 2
mm away from the “brain” surface in Fig. 2. To test different mesh resolutions, we create and
clone nine high-quality triangular sphere meshes with numbers of triangular facets ranging from

approximately 6,000 to 0.4 M using a high-quality surface mesh generator developed in [23],[24].

2.6 Validation example - dipole sources in realistic head models

Headreco models for Connectome Young Adult [6] subjects 110411 and 120111 are modeled
with three dipole locations each: posterior wall of central sulcus, M;anp area, and auditory cortex.
The dipole locations for subject 110411 are shown in Fig. 3. The material properties are those
employed by the open-source software SIMNIBS [7].

Both EEG (on-skin voltage) and MEG (vector magnetic field 10 mm away from skin)
outcomes are compared across two solutions: the b-refinement method and the most accurate
adaptive mesh refinement solution [15],[16], which shows excellent self-convergence but runs
approximately 30 times slower. The standard 2-norm error and the RDM (relative difference

measure) error (cf. [16]) are employed for comparison.
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2.7 Source localization with b-refinement method from experimental data

A 1 mm T1 MRI scan of a healthy subject at A.A. Martinos Ctr. for Biomedical Imaging,
Massachusetts General Hospital was followed by median nerve stimulation. Electrical stimuli over
the median nerve at the right wrist were delivered to the subject using brief transcutaneous pulses
every 1.5 seconds. The task was to respond to each stimulus by pushing a button with the left-
hand index finger. This generates EEG evoked responses in S;yanp (primary somatosensory
cortex contralateral to the nerve stimuli), and M;yanp at different latencies [25],[26].

The P20/N20 response peaking at about 20 ms after the stimulus in Fig. 4a was used for
source localization, since at this latency its neuronal generators are well-known to be located in
the posterior wall of the central sulcus in the Brodmann area 3b [27],[28]. The recordings (3 runs
of 80 trials each) were done at Massachusetts General Hospital using a 70 channel EEG system
with electrode locations shown in Fig. 4b and the P20/N20 normalized electrode voltages shown
in Fig. 4c. The head model and cortical surface reconstruction were obtained with SimNIBS
headreco segmentation.

The b-refinement method was used to find forward solutions for 8,000 cortical dipoles
located in the vicinity of the expected neuronal response, at the mid-surface between gray and
white matter. The dipole locations are schematically shown in Fig. 4d. The source localization
problem was solved both by the standard Moore-Penrose pseudoinverse and by computing a
minimum norm least-squares solution; both methods are implemented in MATLAB. The electrode
voltages are normalized by their self-variances. The goal of this experiment is to compare the

known anatomical region of the neural activity with the modeling predictions.

3. Results

3.1 Validation example - a four-layer sphere
Fig. 5 demonstrates the solution process for a coarse four-layer sphere model. The source in this
case was the horizontal electric dipole in Fig. 2 with a moment of 4e-11 A/m. The figure’s first
column shows, for each shell, the initial surface charge distribution estimates from Eq. (2) that
were used as the starting point for AMR. The second column demonstrates the corresponding
meshes obtained after four b-refinement steps, also for every shell. Note that the fourth step
produces triangles that are barely visible on the figure. The figure’s third column demonstrates
the resulting forward EEG solution (potential on every shell) after AMR is done.

The obtained solution was compared with the analytical solution as described in the
previous section. Fig. 6a,b shows the 2-norm/RDM error for electric potential over the entire outer

shell (skin surface), and Fig. 6¢,d shows the 2-norm/RDM error in the vector magnetic field at a
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shell 10 mm from the skin surface. The results shown in Fig. 6 a,b,c,d are for the horizontal electric
dipole 2 mm away from the innermost shell (the “brain” surface), while Fig. 6 e,f,g,h presents
results for the vertical electric dipole in the same location (cf. Fig. 2).

Every plot in Fig. 6 has five curves. The red, green, blue, and magenta curves are those
without adaptive mesh refinement. The red curve is the solution with analytical integration over 4
neighbor facets for both the field and the potential [12]; the green curve is the solution with
analytical integration over 16 neighbor facets; the blue curve utilizes 64 neighbor-facet integrals;
and the magenta curve uses 128. The black curve is the b-refinement solution with four refinement
steps as shown in Fig. 5. This solution utilizes 64 neighbor integrals.

In every pane of Fig. 6, the argument is the dimensionless ratio of the dipole distance from
the “brain” surface (2 mm) or the spacing between the “CSF” shell and the “brain” shell (also 2
mm) to the average edge length of the non-refined, original model mesh. The last number in every
curve legend is a dimensionless radius of a sphere (in terms of average edge length) within which

an analytical integration of the dipole’s primary electric field [30] in Eq. (2);

. 1 . .
<p<r>=+%m-v( |),E (r) = —Vp'(r) @

|T — Tdipole
over the planar surface triangles is performed instead of the center-point approximation used
anywhere else. Here, m = I,d is the vector current dipole moment (A-m), d is the vector from
the current sink —I, to the current source +1,, and o is the background conductivity of the

medium where the dipole source is located.
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3.2 Validation example - dipole sources in realistic head models

Fig. 7 demonstrates the b-refinement method outcome for the realistic head topology. Fig. 7a is
the original headreco segmentation superimposed onto T1 NIfTI data for subject 110411. The
dipole position at the posterior wall of the central sulcus is marked by a circle. Red dots indicate
edge intersections with the transverse plane. Fig. 7b shows the mesh for the gray matter surface
close to the dipole position after 4 b-refinement steps. Refinement level 4 is deeply inside the
sulcus and is not visible. Fig. 7c is the same plot as in Fig. 7a, but after b-refinement with four
steps. Fig. 7d shows the mesh for the white matter surface close to the dipole position after 4 b-
refinement steps. The skin surface is not refined for the present dipole position when four
refinement steps are used. The b-refinement leads to a moderate total mesh size increase of
approximately 13% (1.04 M to 1.17 M facets) in the present case.

Table 1 reports averaged 2-norm and RDM error percentages for the two head models
and three dipole positions (previous section, Fig. 3) between the b-refinement method with four
levels of refinement and the accurate converging AMR solution [16],[31]. For the EEG electric
potential, the errors are computed for the entire skin surface. For the MEG vector magnetic field
(magnetic flux) B, the errors are computed 10 mm away from the skin surface in the normal
direction.

Fig. 8 demonstrates the dipole fields within cortical as well as extracerebral compartments
for subject 120111. The first row in Fig. 8 is the electric potential distribution in three principal
planes for subject 120111. The cortical dipole is located at the posterior wall of the central sulcus.
The second row in Fig. 8 is the magnetic field (flux) magnitude distribution for the same cortical
dipole in three principal planes. Note that a logarithmic scale has been used in both cases.

3.3 Source localization with b-refinement method using experimental EEG data
Basic source reconstruction was performed for the experimental data on median nerve stimulation
described in Section 2.7. Fig. 9 displays the reconstructed dipole strength density for the P20/N20
peak. Red spheres indicate cortical dipole locations with the maximum positive strength (dipoles
directed from white matter to gray matter) while blue dots indicate cortical dipoles with the
maximum negative strength (dipoles directed oppositely). The three panes of Fig. 9 correspond
to the threshold values of the dipole strength set to 70", 80", and 90" percentiles. The crown of
the postcentral gyrus is indicated by a black curve in every pane.

The results obtained with the Moore-Penrose pseudoinverse and the minimum-norm

least-squares solution were found to be nearly identical.
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4. Discussion

4.1 Validation example - a four-layer sphere
The results given in Fig. 6 demonstrate that the b-refinement method leads to much lower and
very consistent computational errors for relatively coarse meshes, when the ratio of the dipole
distance from the nearest shell to the average edge length of the non-refined (original) model
mesh is less than one. Exactly this case is observed for the realistic head models. A larger number
of neighbor integrals computed analytically also reduces the error, but this approach becomes
impractical due to the large storage and extensive precomputations necessary.

In a further series of numerical experiments, “segmentation noise” was also introduced by
randomly perturbing mesh vertices, and excellent resilience against the noise was observed when

using b-refinement.

4.2 Validation example - dipole sources in realistic head models

Table 1 indicates that the RDM error for both EEG and MEG forward problems does not exceed
2% on average when the b-refinement is applied with a relatively small number of steps. Similarly,
the average 2-norm error does not exceed 4.5%. This is certainly acceptable in practical
applications. Notably, the b-refinement results in a very modest overall mesh size increase of 13-
15% or so for a point dipole or a small cluster of closely spaced dipoles up to 5-7 mm in size.
Further, Fig. 8 demonstrates that the dipole field could be substantially distorted by nearby white
and gray matter interfaces. This underscores the importance of the high-resolution models and

the adaptive mesh refinement for source reconstruction.

4.3 Source localization with b-refinement method using experimental EEG data
The source reconstruction maps given in Fig. 9 indicate that the present approach provides
localization results for median nerve stimulation that agree with the experimental predictions for
neuronal generators [27],[28]. All three panes in Fig. 9 predict source locations in the posterior
wall of the central sulcus or at its bottom, in the Brodmann area 3b. Those are the red spheres in
Fig. 9.

At the same time, dipolar sources of opposite polarity can also be predicted at the anterior
wall of the central sulcus as shown by a blue cluster in Fig. 9. This result is to be expected since
the simultaneous interchange of both the wall and the polarity would lead to nearly the same

dipole field. A (small) change in the source location has apparently little effect on the ill-posed
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EEG inverse problem. In any case, the solution remains stable with regard to the source strength

threshold — all three panes in Fig. 9 are quite similar to each other.

5. Conclusion

The b-refinement method for forward EEG and MEG problems introduced in this study has been
verified both theoretically and experimentally. This method, in conjunction with the boundary
element fast multipole method (BEM-FMM), allows us to solve a forward problem for a single
dipole or a compact dipole cluster in approximately 60 seconds when a modern detailed head
model is used. Without the costly matrix-filling and direct solution steps typical for the standard
BEM, the method generates on-skin voltages as well as output MEG magnetic fields for a high-
resolution (ca. 1M facet) head model in approximately 60 seconds after its first assembly.

Acknowledgements

WAW, GNP, ZQ, GMN, and SNM were supported by the NIBIB grant RO1EB035484 and NIMH
grant RO1IMH130490. TR was patrtially supported by the NINDS grant 1IRO1INS126337. KW was
partially supported by the BMBF grant: 01GQ2201. JH received funding from the German Federal
Ministry of Education and Research (BMBF) grant Dry- Pole (01GQ2304A) and the Free State of
Thuringia (2018 IZN 004), co-financed by the European Union under the European Regional
Development Fund (ERDF).

10


https://doi.org/10.1101/2024.06.07.598024
http://creativecommons.org/licenses/by-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.06.07.598024; this version posted June 8, 2024. The copyright holder for this preprint (which
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-ND 4.0 International license.

References

[1] Knosche, Thomas R. and Jens Haueisen (2022). EEG/MEG Source Reconstruction.
Textbook for Electro-and Magnetoencephalography. Springer Cham. isbn: 978-3-030-74916-
3. doi: 10 . 1007 /978-3-030-74918-7.

[2] Tadel, F. et al. (2011). Brainstorm: a user-friendly application for MEG/EEG analysis. In:
Comput. Intell. Neurosci. doi: 10.1155/2011/879716.

[3] Oostenveld, R. etal. (2011). “FieldTrip: Open Source Software for Advanced Analysis of MEG,
EEG, and Invasive Electrophysiological Data”.In: Comput. Intell. Neurosci. 2011. Article ID
156869. doi: 10.1155/2011/156869.

[4] Gramfort, A. et al. (Feb. 2014). “MNE software for processing MEG and EEG data”. In:
Neurolmage 86, pp. 446—460. doi: 10.1016/j.neuroimage. 2013.10.027.

[5] Delorme, Alain and Scott Makeig (2004). EEGLAB: an open source toolbox for analysis of
single-trial EEG dynamics including independent component analysis”. In: J. Neurosci.
Methods. doi: 10.1016/j.jneumeth.2003.10.009.

[6] Van Essen DC, Ugurbil K, Auerbach E, Barch D, Behrens TE, Bucholz R, Chang A, Chen L,
Corbetta M, Curtiss SW, Della Penna S, Feinberg D, Glasser MF, Harel N, Heath AC,
Larson-Prior L, Marcus D, Michalareas G, Moeller S, Oostenveld R, Petersen SE, Prior F,
Schlaggar BL, Smith SM, Snyder AZ, Xu J, Yacoub E. The Human Connectome Project: A
data acquisition perspective. Neurolmage. 2012; 62(4):2222—-2231. Online (Jan. 2020):
http://www.humanconnectomeproject.org/

[7] Saturnino GB, Puonti O, Nielsen JD, Antonenko D, Madsen KH, Thielscher A. SimNIBS 2.1:

A Comprehensive Pipeline for Individualized Electric Field Modelling for Transcranial Brain

Stimulation. In: Makarov S, Noetscher G, Horner M. Eds. Brain and Human Body Modeling.
Springer Nature. NY 2019. ISBN 9783030212926.

[8] Cardinale F, Chinnici G, Bramerio M, Mai R, Sartori I, Cossu M, Lo Russo G, Castana L,
Colombo N, Caborni C, De Momi E, Ferrigno G. Validation of FreeSurfer-estimated brain
cortical thickness: comparison with histologic measurements. Neuroinformatics. 2014
Oct;12(4):535-42. doi: 10.1007/s12021-014-9229-2.

[9] Seiger R, Ganger S, Kranz GS, Hahn A, Lanzenberger R. Cortical Thickness Estimations of
FreeSurfer and the CAT12 Toolbox in Patients with Alzheimer's Disease and Healthy
Controls. J Neuroimaging. 2018 Sep;28(5):515-523. doi: 10.1111/jon.12521.

11


http://www.humanconnectomeproject.org/
https://doi.org/10.1101/2024.06.07.598024
http://creativecommons.org/licenses/by-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.06.07.598024; this version posted June 8, 2024. The copyright holder for this preprint (which
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-ND 4.0 International license.

[10] Fischl B. FreeSurfer. Neurolmage. 2012;62(2):774-81. doi:
10.1016/j.neuroimage.2012.01.021.

[11] Puonti O, Van Leemput K, Saturnino GB, Siebner HR, Madsen KH, Thielscher A.
Accurate and robust whole-head segmentation from magnetic resonance images for
individualized head modeling. Neuroimage. 2020 Oct 1;219:117044. doi:
10.1016/j.neuroimage.2020.117044.

[12] Makarov SN, Noetscher GM, Raij T, Nummenmaa A. A Quasi-Static Boundary Element
Approach with Fast Multipole Acceleration for High-Resolution Bioelectromagnetic Models.
IEEE Trans Biomed Eng. 2018 Mar 7. doi: 10.1109/TBME.2018.2813261.

[13] Makarov SN, Hamalainen M, Okada Y, Noetscher GM, Ahveninen J, Nummenmaa A.
Boundary Element Fast Multipole Method for Enhanced Modeling of Neurophysiological
Recordings. IEEE Trans Biomed Eng. 2021 Jan;68(1):308-318. doi:
10.1109/TBME.2020.2999271.

[14] Clerc, Maureen & Dervieux, Alain & Keriven, Renaud & Faugeras, Olivier & Kybic, Jan &
Papadopoulo, Théodore. (2002). Comparison Of Bem And Fem Methods For The E/meg
Problem. Online only.

[15] Weise K, Wartman WA, Knosche TR, Nummenmaa AR, Makarov SN. The effect of
meninges on the electric fields in TES and TMS. Numerical modeling with adaptive mesh
refinement. Brain Stimul. 2022 Apr 18;15(3):654-663. doi: 10.1016/j.brs.2022.04.009. pp.
654-663.

[16] Wartman WA, Weise K, Rachh M, Morales L, Deng ZD, Nummenmaa A, Makaroff SN.
An adaptive h-refinement method for the boundary element fast multipole method for quasi-
static electromagnetic modeling. Phys Med Biol. 2024 Feb 28;69(5):055030. doi:
10.1088/1361-6560/ad2638.

[17] Taubin, Gabriel. (1995). Curve and Surface Smoothing Without Shrinkage. IEEE
International Conference on Computer Vision. 852-857. 10.1109/ICCV.1995.466848.

[18] Engwer C, Vorwerk J, Ludewig J, Wolters CH. A Discontinuous Galerkin Method to
Solve the EEG Forward Problem Using the Subtraction Approach. SIAM J. Sci. Compuit.
2017;39(1): B138-B164. doi. 10.1137/15M1048392.

[19] Piastra MC, NiRing A, Vorwerk J, Bornfleth H, Oostenveld R, Engwer C, Wolters CH. The
Discontinuous Galerkin Finite Element Method for Solving the MEG and the Combined
MEG/EEG Forward Problem. Frontiers in Neuroscience. 2018;12(Article 30):1-18. doi:
10.3389/fnins.2018.00030

12


https://doi.org/10.1101/2024.06.07.598024
http://creativecommons.org/licenses/by-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.06.07.598024; this version posted June 8, 2024. The copyright holder for this preprint (which
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-ND 4.0 International license.

[20] Zhang Z. A fast method to compute surface potentials generated by dipoles within
multilayer anisotropic spheres. Phys. Med. Biol. 1995 March;40(3):335-349. PMID: 7732066.

[21] Mosher JC, Leahy RM, Lewis PS. EEG and MEG: forward solutions for inverse methods.
IEEE Trans Biomed Eng. 1999. Mar;46(3):245-59. PMID: 10097460.

[22] Sarvas J. Basic mathematical and electromagnetic concepts of the biomagnetic inverse
problem. Phys. Med. Biol. 1987; 32(1):11-22. PMID: 3823129.

[23] Persson P.-O, Strang G. A Simple mesh generator in MATLAB. SIAM Review. 2004
June;46(2): 329-345. doi: 10.1137/S0036144503429121.

[24] Persson P.-O. Mesh Generation for Implicit Geometries. 2005. PhD Thesis, MIT, 126 p.
Online: http://persson.berkeley.edu/thesis/persson-thesis-color.pdf

[25] Raij T, Karhu J, Kici¢ D, Lioumis P, Julkunen P, Lin FH, Ahveninen J, limoniemi RJ,
Makela JP, Hamaladinen M, Rosen BR, Belliveau JW. Parallel input makes the brain run faster.
Neuroimage. 2008 May 1;40(4):1792-7. doi: 10.1016/j.neuroimage.2008.01.055.

[26] LiuY, RuiJ, Gao K, Lao J. Variable innervation of the first dorsal interosseous muscle: an
electrophysiological study. Ann Transl Med. 2020 Dec;8(23):1563. doi: 10.21037/atm-20-
1466.

[27] Allison T, Wood CC, McCarthy G, Spencer DD. Cortical somatosensory evoked potentials.
Il. Effects of excision of somatosensory or motor cortex in humans and monkeys. J
Neurophysiol. 1991 Jul;66(1):64-82. doi: 10.1152/jn.1991.66.1.64.

[28] Antonakakis M, Schrader S, Wollbrink A, Oostenveld R, Rampp S, Haueisen J, Wolters
CH. The effect of stimulation type, head modeling, and combined EEG and MEG on the
source reconstruction of the somatosensory P20/N20 component. Hum Brain Mapp. 2019
Dec 1;40(17):5011-5028. doi: 10.1002/hbm.24754.

[29] Gramfort A, Luessi M, Larson E, Engemann DA, Strohmeier D, Brodbeck C, Parkkonen
L, Hamalainen MS. MNE software for processing MEG and EEG data. Neuroimage. 2014 Feb
1;86:446-60. doi: 10.1016/j.neuroimage.2013.10.027.

[30] Malmivuo J, Plonsey R. Bioelectromagnetism. Principles and Applications of Bioelectric
and Biomagnetic Fields. Oxford University Press. 1995. Oxford, UK. Ch. 8. ISBN-10:
0195058232.

[31] Accuracy of dipole source reconstruction in the 3-layer BEM model against the 5-layer
BEM-FMM model. Guillermo Nufiez Ponasso, Ryan C. McSweeney, William A. Wartman,

Peiyao Lai, Jens Haueisen, Burkhard Maess, Thomas R. Kndsche, Konstantin Weise,

13


http://persson.berkeley.edu/thesis/persson-thesis-color.pdf
https://doi.org/10.1101/2024.06.07.598024
http://creativecommons.org/licenses/by-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.06.07.598024; this version posted June 8, 2024. The copyright holder for this preprint (which
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-ND 4.0 International license.

Gregory M. Noetscher, Tommi Raij, Sergey N. Makaroff. bioRxiv 2024.05.17.594750; doi:
https://doi.org/10.1101/2024.05.17.594750

[32] Wartman WA, Makaroff SN. BEM-FMM with B-Refinement for EEG. GitHub repository.
2024. https://github.com/wiwartman/BEM-FMM-with-B-Refinement-for-EEG

14


https://doi.org/10.1101/2024.06.07.598024
http://creativecommons.org/licenses/by-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.06.07.598024; this version posted June 8, 2024. The copyright holder for this preprint (which
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-ND 4.0 International license.

Figures and Tables
Table 1. Averaged 2-norm and RDM error percentages for two head models and three dipole

positions (Fig. 3) between the b-refinement method with four levels of refinement and the accurate
self-converging AMR solution [16],[31]. For the EEG electric potential, the errors are computed
for the entire skin surface. For the MEG vector magnetic field (magnetic flux) B, the errors are

computed at a surface 10 mm away from the skin surface (in the normal direction).

Potential error-RDM 1.86%
Potential error - 2-norm 4.27%
B Field error -RDM 1.79%
B Field error -2-norm 3.68%
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Fig. 1. a) Cortical dipole position at the posterior wall of the central sulcus. b,c) On-skin electric
potential with and without adaptive mesh refinement. d, €) Magnitude of the magnetic field 10 mm

away from the skin surface with and without adaptive mesh refinement. The cortical dipole has a

moment of 4e-9 A-m.
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Fig. 2. Model of four-layer sphere used for comparison along with the dipole positions and

conductivity values.
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a) dipole #1 - posterior wall of CS b) dipole #2 - M1 hand c¢) dipole #3 audltory cortex
_,-t'ransverse plane; transverse-plane ‘ :

Fig. 3. Three dipole positions used for comparison purposes. a) Position at the posterior wall of

the central sulcus. b) Position within M;yanp area. ¢) Position within auditory cortex.
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Fig. 4. a) Electrode voltages and P20/N20 peak after median nerve stimulation of a heathy
subject. b) Electrode positions (70 electrodes). ¢) Normalized on-skin voltage distribution for
P20/N20 peak. d) Positions of 8,000 cortical dipoles used for source localization.
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Fig. 5. First column — initial surface charge distributions for a coarse four-layer sphere model from

Fig. 2. Second column — the corresponding b-refinement maps obtained with the four refinement

steps for every shell. Third column — surface electric potential for every shell obtained after mesh

refinement. All data are for the horizontal electric dipole in Fig. 2 with the moment of 4e-11 A-m.
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Fig. 6. 2-norm and RDM error percentages between analytical and numerical solutions for the

four-layer sphere model. Results for the b-refinement with four steps (levels) are black curves.
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level 3

Fig. 7. a) Original headreco segmentation superimposed onto T1 NIfTI data for subject 110411.
The dipole position at the posterior wall of the central sulcus is marked by a circle. Red dots
indicate edge intersections with the transverse plane. b) b-refinement for the gray matter surface
close to the dipole position after 4 refinement steps. Refinement level 4 is deeply inside the sulcus
and is not visible. ¢) The same plot as in a), but after b-refinement with four steps. d) b-refinement

for the white matter surface close to the dipole position after 4 refinement steps.
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Fig. 8. First row — electric potential distribution in three principal planes for subject 120111. The
cortical dipole is located at the posterior wall of the central sulcus. Second row — magnetic field
(flux) magnitude distribution for the same cortical dipole in three principal planes. Note that a

logarithmic scale is used in both cases.
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Reconstructed dipole strength density

Fig. 9. Reconstructed dipole strength density for the experimental data on median nerve
stimulation. Red spheres indicate cortical dipoles with the maximum positive strength (directed
from white matter to gray matter) while blue dots indicate cortical dipoles with the maximum
negative strength (directed oppositely). From left to right: threshold values of dipole strength are
set up at 70", 80", and 90" percentiles. Crown of the postcentral gyrus is indicated by a black

curve in every pane.
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