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The classical dynamics and the construction of quantum states in a plane wave curved spacetime
are examined, paying particular attention to the similarities with the case of an electromagnetic
plane wave in flat spacetime. A natural map connecting the dynamics of a particle in the Rosen
metric and the motion of a charged particle in an electromagnetic plane wave is unveiled. We then
discuss how this map can be translated into the quantum description by exploiting the large number
of underlying symmetries. We examine the complete analogy between Volkov solutions and fermion
states in the Rosen chart and properly extend this to massive vector bosons. We finally report the
squared S-matrix element of Compton scattering in a sandwich plane wave spacetime in the form
of a two-dimensional integral.

I. INTRODUCTION

Gravitational waves that reach the Earth are generally weak. To have an idea, the typical fractional
deformation h coming from astrophysical sources is of the order h ∼ 10−21 or less. This means that
Earth-based detectors like LIGO, Virgo or KAGRA, which have sizes of the order of 103m, need the
incredible displacement sensitivity of ∼ 10−18m in order to detect a gravitational perturbation [1–3].
This is the reason why gravitational waves are usually treated in the weak field approximation [4], in
which the spacetime metric gµν is approximated as the flat metric ηµν plus a samll correction κhµν and
a first-order treatment of the latter is in most cases enough for any measurable prediction. Despite
the weakness of the perturbation amplitudes typically measured on Earth, nonlinear gravitational
plane waves, as exact solutions of Einstein’s equations, can become an interesting subject for different
reasons. One motivation comes from the fact that higher order corrections can grow substantially with
the distance between the source and the observer, making nonlinear effects eventually not negligible.
This has been pointed out, for example, in Refs. [5, 6]. This is due to the fact that the dynamics
can be expressed in terms of a matrix eij satisfying the harmonic equation ëij = Hike

k
j , where the

profile Hij encodes the spacetime curvature as a function of the wave phase (see Sec. III). For small

amplitudes one can identify 2Hij = κḧij . However, this does not necessarily imply that only the
first-order term in eij has to be considered, in fact the second-order correction involves an integration

of (ḣii)
2 and this generally grows with the phase length of the wave [5]. These large-scale effects could

in principle affect pulsar timing measurements [5, 7], which very recently evidenced the presence of
low-frequency background gravitational waves [8]. Nonlinear effects are interesting also because they
can be of a different nature than the linear ones, position and velocity memory effects provide an
example that attracted a lot of attention in the last years as well [5, 6, 9–11]. Another reason for
which exact gravitational plane waves are worth to be studied comes from the so-called Penrose limit
[12, 13]. Penrose proved that “any spacetime has a plane wave as a limit”, namely the spacetime in a
small region around a null geodesic assumes a plane wave form. This is the gravitational analog of a
well known fact in electromagnetism, indeed an observer moving at ultrarelativistic velocities perceives
an arbitrary electromagnetic field approximately as a plane wave and the faster the observer moves
the more accurate is the similarity [14]. The generality of this property suggests that despite being
idealizations exact plane waves can provide an interesting scenario for studying limiting cases.
The paper is organized as follows, in Sec. II we discuss how plane waves in flat spacetime can be

defined through their symmetries and the role that these play in the dynamics. Section III is devoted
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to the description of Brinkmann and Rosen charts, which provide two somehow complementary ways
of describing a nonlinear gravitational wave. In Sec. IV we examine the construction of quantum
states in a plane wave spacetime for scalar, spinor, and vector particles, underlining the similarities
with the flat spacetime case deriving from shared symmetries and extending the results found in Ref.
[15]. Finally, in Sec. V we provide the full spin and polarization summed squared S-matrix element
for Compton scattering in a nonlinear gravitational wave background.

A. Conventions

The signature of the metric chosen in this work is -2 and we assume ~ = c = 1, κ =
√
32πG. Referring

to the Misner-Thorne-Wheeler systematization [16] we adopt the convention [−,−,−]. Plane waves
propagating along z depend on the variable t − z only. For this reason we will choose to work with
light-cone coordinates {x+, xi, x−} defined as x− = t − z ≡ φ, x+ = 1

2 (t+ z), xi = {x, y}. The Latin
indices will be used throughout this paper referring to the two transverse coordinates. In general, we
can introduce the four quantities {nµ, δµi , ñ

µ} with nµ = (1, 0, 0, 1), ñµ = 1
2 (1, 0, 0,−1) such that any

vector vµ can be decomposed as vµ = v−ñµ + v+nµ + viδµi with v− = n · v, and v+ = ñ · v. Letters
belonging to the first half of the Greek alphabet α, β,... will refer to the flat spacetime metric unless
otherwise stated, whereas µ, ν,... will be used as curved spacetime indices. The dot symbol will only
be used for flat spacetime products such that v · w = vαwβηαβ but vµwνgµν 6= v · w. Overdots ḟ will
represent derivatives with respect to plane wave phase φ, as already done in the introduction. Vierbein
projected quantities are indicated with an overbar v̄α = eαµv

µ, consequently γ̄α are the usual Dirac

matrices. Symmetrization and antisymmetrization are defined as T(µ1..µn) = 1
n!

∑

σ∈Sn
Tµσ(1)...µσ(n)

and T[µ1..µn] =
1
n!

∑

σ∈Sn
sgn(σ)Tµσ(1)...µσ(n)

, respectively, where Sn indicates the permutations of n
indices and sgn is the sign function.

II. PLANE WAVES AND THEIR SYMMETRIES

What is a plane wave? We are used to think about a plane wave Φ(φ) as a field that depends only on
the combination φ = n ·x = t−z of spacetime coordinates, with z identifying the propagation direction
of the plane wave itself. This intuitive idea unveils three symmetries, namely translations along all the
spacetime coordinates except φ, i.e. x+ = (t + z)/2 and xi, where i = 1, 2 refers to the coordinates
transverse to z. A more careful investigation reveals that plane waves feature two more symmetries
χi belonging to the Lorentz group. These Killing vector fields correspond to the infinitesimal Lorentz
transformations Λα

β = δαβ+ω
α
β leaving nα unchanged, namely ωαβn

β = 0. This equation defines the
massless Wigner little group associated to the null vector nα (see e.g. [17–19]). The Lorentz coefficients

satisfying this equation are a linear combination of the two antisymmetric tensors F
αβ
i = nαδβi −nβδαi ,

which are the natural transverse tensors associated to the wave. Recalling the scalar field representation

of the Lorentz generators Σαβ
Φ = 2ix[α∂β] we conclude that the two symmetries χi leaving unchanged

the scalar wave χiΦ(φ) = 0 are

χi = 2iFαβ
i xα∂β . (1)

The five Killing vector fields (∂+, ∂i, χj) have been reported by Bondi, Pirani and Robinson in one
of the first treatments of exact gravitational waves [20], along with the coordinate isometries they
generate. Above, we considered a scalar wave but the same symmetries preserve electromagnetic
waves as well, i.e., the vector field Aα(φ). To be more precise, the Lorentz transformations χi in this
case perform a gauge transformation on Aα(φ) [21, 22] and therefore Fαβ is precisely invariant, we
will discuss this in more detail in the following. It has been observed that these generators define
a Heisenberg algebra (see e.g. [23], Eq. 2.3), which is substantially the same as the one satisfied
by space and momentum operators in quantum mechanics but with ∂+ replacing the identity. One
way to extend plane waves to curved spacetime is to require the latter to exhibit at least five Killing
vectors. This is what has been accomplished in Ref. [20], where it is observed that such a metric
can always be locally put in a Rosen-type form ds2 = 2dx+dφ + γij(φ)dx

idxj [24, 25]. We will see
that this chart exhibits coordinate singularities, however other charts describing a gravitational plane
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wave and covering the whole spacetime are available. For the sake of clarity, it is useful to discuss
here in more detail the familiar case of an electromagnetic plane wave in flat spacetime Aα(φ). As

previously observed, this field is gauge transformed by the Lorentz-like generators F
αβ
i . This being

said, there is a particular combination of these generators which is the key to solve the dynamics in

this background, namely ωαβ(φ,A) = eAi(φ)Fαβ
i or equivalently ωαβ(φ,A) = e

∫ φ
dφ̃Fαβ(φ̃). As

already mentioned, for generic functions Ai(φ) these define the local little group E2(n) associated to
the vector nα [21, 22, 26]. In addition, when these functions are the plane wave components it turns
out that these Lorentz-like generators completely solve the motion. Namely, one can easily show that
the momentum of a charged particle in a plane wave is described by [21, 27]

πα
p (φ) = Λα

p,β(φ,A)p
β , Λp(φ,A) = exp

(

e

∫ φ dφ̃

p−
F (φ̃)

)

≡ e
ω(φ,A)

p− , (2)

where the transformation Λα
p,β has the following properties [21, 22, 26]:

Λα
p,βΛ

γβ
p = ηαγ , Λα

p,βn
β = nα ⇒ ∂βΛα

p,β = 0 , Λα
p,βA

β = Aα + ∂αf, (3)

with f(φ) = e
p−

∫ φ
dφ̃Aα(φ̃)Aα(φ̃). The physical meaning of the above equations is that Λα

p,β is a

Lorentz-like transformation, it describes the Wigner little group of the null vector nα and finally it
defines a U(1) gauge transformation. The momentum evolution tells us something interesting. The
motion of a particle in a plane wave can be described by local Lorentz-like transformations of the
initial momentum on the constant-φ hypersurfaces. These transformations depend on the plane wave
components. They do not alter the background because they act as gauge transformations and they
do not change the phase direction due to the fact that they belong to its little group. These features
will turn out to be very general and surprisingly useful also in the gravitational generalization. In fact,
we will show that they are manifestly present in the Rosen metric. The underlying connection between
gauge and spacetime symmetries basically turns the problem of finding quantum field states in a plane
wave background into a simple procedure. This construction will be discussed in detail later.

III. TWO COMPLEMENTARY CHARTS: BRINKMANN AND ROSEN COORDINATES

There are two charts particularly useful to describe a plane wave spacetime: the Brinkmann [28]
and the Rosen [25] coordinates. These metrics have the form Gµν = ηµν + Hij(φ)X

iXjnµnν and
gµν = 2n(µñν) + γij(φ)δ

i
µδ

j
ν , respectively. While the Rosen metric shows manifestly three of the five

symmetries of plane waves, it has the drawback of being not global: in general, at least two Rosen charts
are needed in order to cover the whole spacetime. On the other hand, the Brinkmann chart has only
one manifest symmetry but it is global and the Einstein equations have a trivial form when described
in these coordinates. In the following, we will describe the main properties and the geodesic motion in
both these charts, underlying the natural interplay between them. It is convenient to introduce from
the beginning the key element connecting these metrics, namely the Rosen vierbein eαµ defined by

eαµeβνη
αβ = gµν . (4)

The matrix eβν will appear in the discussions of both the Rosen and the Brinkmann charts, the link
between the two metrics being encoded in the evolution of its transverse part ëij = Hike

k
j . This

equation will be properly derived in the following. Note that the Rosen vierbein’s first index will be
assumed to be raised and lowered by the Minkowski metric while the second one by the Rosen metric.
Thus, eβν is not a tensor in Brinkmann coordinates but just a matrix. Moreover, we will assume
without losing generality the symmetry condition ė µ

α eβµ = ė µ
β eαµ [13].

A. The Brinkmann chart

A plane wave is described throughout all the spacetime by the Brinkmann metric Gµν(X) [28]

Gµν = ηµν +Hij(φ)X
iXjnµnν , (5)
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where φ = n ·X = T − Z is the same light-cone coordinate introduced in the previous sections. The
independence of Gµν on X+ = (T +Z)/2 makes manifest the symmetry associated to the Killing vector
field ∂+. It is worth noting that only one of the five symmetries of plane waves is explicit in this metric,
for this reason the equations of motion in this chart are not as trivial as in the Rosen one, where three
symmetries out of five are manifest. The fact that this metric is in the Kerr-Schild form assures three
easily verified facts [29]: the inverse metric is simply G µν = ηµν −Hij(φ)X

iXjnµnν , the vector nµ is
null with respects to both Gµν and ηµν , and, finally, the metric determinant is constant and equal to
the Minkowskian one detGµν = det ηµν = −1. The physical information is encoded in the matrix Hij ,
which is connected to the Ricci tensor by the simple relation [30]

Rµν = H i
i nµnν . (6)

The Einstein’s equations in this spacetime read

H i
i nµnν = −8πGTµν (7)

and therefore the trace ofHij represents the energy density of the source which induces the gravitational
perturbation. This is clearly zero for vacuum solutions, the Brinkmann profile Hij in this case satisfies
the same traceless condition as the weak-field perturbation hij in the physical transverse traceless
(TT)-gauge. The pure gravitational wave is thus represented by a 2 × 2 traceless matrix Hij and we
can identify the two polarizations usually introduced under weak-field approximation [6, 13]

Hij =

(

H+ H×
H× −H+

)

. (8)

Going back to the general case, where Tµν 6= 0, the weak energy condition T00 ≥ 0 implies H i
i ≤ 0 [31].

Exploiting the simple form of the Riemann tensor it is possible to verify that its traceless part, the Weyl
tensor, depends on the traceless part of the matrixHij . It thus follows that the spacetime is conformally
flat if and only if the Brinkmann profile is a pure traceHij ∝ δij . This is the case for an electromagnetic
wave perturbating the spacetime [13, 32, 33], while pure gravitational waves are represented by the
traceless components and are Ricci-flat so their Weyl tensor is equal to the Riemann one. This reflects
the nature of the tidal forces acting on geodesics: in the electromagnetic case these are acting on the
volume of a body while in the gravitational case they deform its shape along the two polarizations
+,×. Studying the geodesics we will see that the actual connection between the Brinkmann profile
Hij and the usual weak-field perturbation is given by Hij = κ

2 ḧij + O(h2), where the dot represents
a phase derivative. Despite the similarity between Hij and hij , the Brinkmann chart is not the best
candidate to generalize the TT-gauge because of its dependence on the transverse coordinates, indeed
the Rosen chart will be more suitable for this purpose. While the Einstein’s equations are algebraic,
the equations of motion in this metric are not completely trivial, as anticipated. The trajectories can
be extracted from the Lagrangian L = m−1ΠµΠνGµν , the fact that nµ∂µ is a Killing vector implies
that Π− is conserved such that Π− = p−, where p is the initial momentum. The transverse components
are easily found to follow the harmonic equation

Ẍ i = Hi
jX

j. (9)

The last component Π+ can be found algebraically from the on-shell condition ΠµΠνGµν = m2. A
study of the geodesic equation shows that there are groups of null trajectories in plane wave spacetimes
that converge on two nonintersecting null geodesics. This was first pointed out by Penrose [32], who
deduced from this feature the impossibility to embed the spacetime into a globally hyperbolic one.
A key point to study the geodesics in this chart is to find its Killing vectors. Studying the Killing
equation K(µ;ν) = 0, it is possible to identify two important symmetries. By introducing the matrix

eij satisfying ëij = Hike
k
j and ė j

[i ek]j = 0, the Killing vectors take the form [23, 34]

K
µ
j = γjk∂

µei
kX i, (10)

where γij = elie
l
j is a Rosen metric. The introduction of the matrix eij , which as anticipated at the

beginning of this section is just the transverse part of the Rosen natural vierbein, seems unjustified
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at this point. For now this matrix can just be considered a useful placeholder for the transverse
coordinate evolution and its role will become clearer when studying the Rosen metric. From these
two Killing vectors follow two conservation laws: let Ẋµ be a geodesics, then the identities K

µ
j Ẋµ are

conserved. It is immediate to see that these are equivalent to the quantities ∂φei
jX i = ckγ

kj with ck
being constant. Let us now suppose that the gravitational wave belongs to the sandwich-type, such
that Hij(φ) 6= 0 only in the interval φ0 < φ < φ1 for arbitrary φ0,1. If we assume boundary conditions
in the past flat region φ < φ0, then we can choose eij = ηij initially and write these conservation
laws as p−∂φeijX i = pkγ

kj , where pk is the particle initial momentum before the interaction with
the wave. Expanding the derivative and introducing the symmetric tensor σij = ėike

k
j we get the

following expression for the transverse momentum

Πi
p = eijpj + p−σi

jX
j ≡ pi +∆i

p, (11)

where for future convenience we have introduced the symbol ∆i
p = Πi

p − pi = ∆eijpj + p−σi
jX

j to
represent the correction to the transverse constant momentum one would have in flat spacetime. It is
worth noting that the knowledge of Πi still presumes the ability to solve the second-order differential
equation ëij = Hike

k
j and the number of wave profiles Hij allowing to find analytical solutions is

extremely limited. However, this expression can be useful to study the geodesic congruences behavior.
Exploiting the on-shell condition we can write the full momentum as [35, 36]

Πµ
p = ηµαpα +∆µ

p −
1

2p−

[

2pi∆
i
p +∆p,i∆

i
p + (p−)2H

]

nµ, (12)

where ∆µ
p = δµi ∆

i
p and H = HijX

iXj. While by definition of plane waves nµ;ν = 0, the geodesic
congruence generated by ∂− has the non trivial deformation tensor σij [23, 37]. Observing that

σ̇ij = Hij − σikσ k
j (13)

and exploiting the weak energy condition we can deduce by Schwarz inequality that σ̇ i
i + (σ i

i )
2 ≤ 0,

which is equivalent to ∂2− exp
∫

dφσ i
i ≤ 0 [32]. Now, if we choose the initial conditions at φ0 in

an asymptotically flat region we have σij(φ0) = 0, and therefore ∂− exp
∫

dφσ i
i |φ0 = 0. It follows

then that at some point φ∗ we will find exp
∫

dφσ i
i |φ∗ = 0, and there some components of σij have

to be infinite. That point is at the same time a null geodesic focusing point and a singularity of
Rosen coordinates, in fact the Rosen metric gµν inherits the singularity from its vierbein eij . Another
important property of plane wave spacetimes concerns the imprint the wave leaves on particles after
its passage. These features are known as memory effects [5, 9–11]. Let us consider a pair of particles
in a sandwich-wave, which we know being Minkowskian in the in φ < φ0 and out-region φ > φ1, both
initially at rest pν = (m, 0, 0, 0) for simplicity. If their initial perpendicular displacement is ∆X i

0 then,

exploiting the fact that e j
i ∆X i = ∆Xj

0 due to the symmetries discussed above Eq. (11), we get for
the momentum difference in the out-region the following expression [11]

∆Πν

∣

∣

out-region
= mėνi(φ1)∆X

i
0,⊥ −

m

2

(

∆X i
0,⊥ėji(φ1)ė

j
k(φ1)∆X

k
0,⊥

)

nν . (14)

This is an example of velocity memory effect: the vierbein is trivial in the in-region eij(φ0) = ηij
but it is constrained by the differential equation ëνi(φ1) = 0 in the out-region, such that its first
derivative will generally be different from zero. This means that two particles initially at rest but
displaced acquire a relative momentum after the passage of the wave. As we will see this property is
also connected to the classical and quantum scattering of a particle by the gravitational wave itself.

B. The Rosen chart

The other chart commonly used to describe plane wave spacetimes is the Rosen one gµν(φ) [25]

gµν(φ) = 2n(µñν) + γij(φ)δ
i
µδ

j
ν , (15)
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where φ is the same as in Brinkmann coordinates φ = n ·x and γij is a 2×2 matrix. In this chart three
of the five Killing vector fields are clearly manifest: ∂+, ∂i. This will be reflected in the simplicity
of the equations of motion, as we will see in the following. An important feature of this chart is
that, unlike the Brinkmann one, it does not cover the whole spacetime. Indeed, it exhibits spurious
coordinates singularities, as anticipated in the previous paragraph. This will become clear studying
the geodesics. For this reason it is generally necessary to work in Brinkmann coordinates whenever
global problems such as scattering processes are studied. Nonetheless this chart is very important
in order to exploit the symmetries of plane waves and it will be essential in solving field equations.
Moreover the Rosen chart can be chosen to generalize the concept of TT-gauge usually introduced
in the weak-field approximation. In fact, the Rosen profile γij is transverse and depends on φ only,
as the perturbation hij . The traceless property, which the Brinkmann profile shares with hij , is not
satisfied by γij . However, a perturbative expansion in vacuum shows that all the odd orders of γij are
traceless while all the even ones are pure traces [5]. Thus, in the linear limit γij = ηij + κhij , with
the perturbation in the TT-gauge. The link between the Rosen and the Brinkmann charts is easily
found observing that the Brinkmann transverse coordinates, being flat, are just the Rosen vierbein
projection of the Rosen ones X i = eijx

j , with eαµe
α
ν = gµν . In order to connect the profiles γij

and Hij one can for example compare the Rosen and Brinkmann Riemann tensors in the Rosen chart.
With the usual symmetries understood, one finds (see App. A)

1

4
γ̇klγ̇lm +

1

2
γklγ̈lm = eikejmHij . (16)

We can rewrite this relation in terms of the vierbein only as ëij = Hike
k
j , recalling that we assumed

without losing generality that the symmetry condition ė µ
α eβµ = ė µ

β eαµ is fulfilled [13]. This finally
exhibits the connection between the Rosen and the Brinkmann charts in a clear way. For completeness
we report here the full coordinate transformation that connects the two systems

xi = e i
j X

j , x+ = X+ +
1

2
σijX

iXj , ëij = Hike
k
j . (17)

We recall from the previous discussion that at some focusing point φ∗ the Rosen metric has a singulairty
and therefore this coordinate transformation has to be singular as well in order to compensate for it
and produce a globally defined Brinkmann chart. It is now time to exploit the full power of manifest
symmetries in these coordinates to find the geodesics. From the three Killing vector fields ∂+, ∂i we
deduce the corresponding conserved momenta π−

p = p−, πp,i = pi. The last component π+
p can be

derived from the on-shell condition πµ
pπ

ν
pgµν = m2. The complete momentum with initial conditions

pµ can be conveniently written as

πp,µ = pµ −
1

2p−
(

gρνpρpν −m2
)

nµ = pµ −
pipj
2p−

∫ φ

−∞
dφ̃γ̇ij(φ̃)nµ. (18)

It is interesting to observe that the vierbein projection of geodesics in Rosen coordinates is in a one-to-
one correspondence with the motion of a charged particle in an electromagnetic plane wave. To show
this let us define e µ

α = δ µ
α +∆e µ

α , where ∆e µ
α is a 2× 2 matrix with transverse indices, moreover we

introduce the notation

∆e µ
α pµ = −κPα. (19)

The vierbein projected momentum π̄α
p = eαµπ

µ
p is easily found to have the form

π̄α
p = pα − κPα +

κ

p−

(

pβP
β − κ

2
PβP

β
)

nα, (20)

with pα = δµαpµ. This is exactly the momentum of a charged particle with charge e moving in
an electromagnetic plane wave Aα(φ) in flat spacetime, with the substitution κPα ↔ eAα. It is
worth noting that the vector field Pα has only transverse degrees of freedom by definition, as the
electromagnetic wave. This formal equivalence is a consequence of the symmetries shared between
the Rosen metric and a plane wave in flat spacetime. In particular, one can consider the vierbein
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projected geodesic equation p− ˙̄πβ + π̄αωαβδπ̄
δ = 0 where ωαβδ are the spin connection coefficients

ωαβδ = e µ
α e

ν
β eδν;µ. The coefficients depend on φ only, moreover the contraction π̄αωαβδπ̄

δ is actually

linear in the geodesic momentum because of the conservation of pi and p−. It is easy to show that
π̄αωαβδ = p̄αωαβδ = −κPβδ, where we introduced the analog of the plane wave Maxwell tensor
Pβδ = 2∂̄[βPδ]. Exploiting this result we obtain a Lorentz equation for the vierbein projected geodesics

˙̄πα
p =

κ

p−
P

αβ π̄p,β . (21)

As before this is formally equivalent to the Lorentz equation of a particle with charge κ in flat spacetime
in presence of an electromagnetic plane wave Pα(φ). It follows from the analysis developed in Sec. II
that we can write the momentum as a local Lorentz transformation of the initial one, now depending
on the vierbein components

π̄α
p (φ) = Λα

p,β(φ, P )p
β , Λp(φ, P ) = exp

(

κ

∫ φ

−∞

dφ̃

p−
P(φ̃)

)

. (22)

The transformation Λα
p,β(φ, P ) is a gauge transformation for the vierbein, therefore ẽ µ

α = e µ
β Λβ

p,α

defines a local reference system in which the particle has a constant momentum pα throughout all the
trajectory. This map is not only a formal interesting feature, it is very useful for translating some known
results in electromagnetism and QED to systems in plane wave spacetimes and offers a very direct way
to compare the linear results in these different contexts. One example is the motion of a charged particle
moving in an electromagnetic plane wave keeping into account the spacetime curvature produced by
the latter. The vierbein projected motion in this case is described by p− ˙̄πα =

(

κPαβ + eF̄αβ
)

π̄β ,
therefore the momentum is formally identical to the one of a free-falling particle with the substitution
κPα → κPα + eĀα. While the formal analogy is as simple as clear, in the physical interpretation one
has to be more careful. In fact, the connection between Pα and the physical complete gravitational
wave profile Hij is P̈i = H j

i (pj + Pj). Nonetheless, in the linear limit it is Pα = 1
2p

βhβα and this is
the most natural representative of the gravitational perturbation in the weak-field limit.

IV. QUANTUM FIELDS IN A PLANE WAVE

A. In flat spacetime

In Sec. II we noticed that in an electromagnetic background the Lorentz-like transformation gener-

ated by ωαβ(φ,A) = e
∫ φ

dφ̃Fαβ(φ̃) plays a very important role. Indeed, Λp = exp (ω/p−) completely

solves the dynamics acting as an evolution operator on the initial four-momentum: πα
p = Λα

p,βp
β . The

importance of this transformation is not limited to particle dynamics but it is essential in solving fields
equations. Let us introduce the Hamilton-Jacobi action Sp such that

e−iSpiDαe
iSp = e−iSp(i∂α − eAα)e

iSp = πp,α. (23)

From the momentum evolution Eq. (22) we find that e−iSpiDαe
iSp = Λα

p,βp
β. This means that the

quantum operator U = exp i (Sp + p · x) |p→i∂ constructed from the difference between the dressed
and the free action is a unitary transformation that changes the covariant derivative into the locally
Lorentz transformed free derivative [21, 22]. If we define the operator Λ = Λp|p→i∂ we find the useful
relation

U
−1Dα

U = Λα
β∂

β. (24)

This can be seen as an evolution operator for the free field ϕp = e−ip·x such that Φp = U ϕp solves the
wave equation

(

DαDα +m2
)

Φp = 0. It is immediate to check this exploiting the identity U −1D2U =

∂2, which in turn follows from the properties Λα
βΛ

γβ = ηαγ and Λα
βn

β = nα, recalling that Λα
β

depends only on φ. We now proceed considering Dirac spinors and massive charged vector fields
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[22, 38], as we will see there is a very natural way to exploit Λ in order to find these quantum states.
Let us introduce the generalized quantum operator

Λ(φ,A) = e
e

2∂+

∫

φ dφ̃Fαβ(φ̃)Σαβ , (25)

where now Σαβ are the generators of the Lorentz algebra in a general representation. Above, the
four-vector representation was considered, where (Σαβ)

γδ = −i(δαγδβ
δ−δαδδβ

γ). The wave equations
for fields Φp of spin

{

0, 12 , 1
}

in an electromagnetic plane wave can be written as

(∇̃α∇̃α +m2)Φp = 0 , with ∇̃α = Dα1−
e

2∂+
nαF

γβ
Σγβ = ΛDαΛ

−1. (26)

Note that in order to prove the last equality one has to exploit the identity [Fαβ(φ)Σαβ , F
γδ(φ′)Σγδ] =

0 for arbitrary values of φ and φ′, which derives from the fact thatΣαβ are the generators of the Lorentz

algebra. One can expand ∇̃α∇̃α = DαD
α − eF γβ

Σγβ and check that this reproduces the equations
studied for example in [22, 38] for the scalar, Dirac and vector fields

(DαD
α +m2)Φp = 0,

(DαD
α + ie/n /A+m2)Ψp = 0,

[(DαD
α +m2)δβγ + 2ieF β

γ ]Φ
γ
p = 0 , DαΦ

α
p = 0.

(27)

Making use of the definition ∇̃α = ΛDαΛ
−1, we can write the equations (∇̃α∇̃α + m2)Φp = 0 as

(DαDα +m2)Λ−1Φp = 0, such that the problem is reduced to finding the scalar field solution. This
problem has already been solved with Φp = U ϕp and we thus conclude that U Λ is the evolution
operator for fields up to spin one

Φp = ΛU ϕp, (28)

where ϕp is the initial condition in absence of the background wave. This clearly corresponds to the fact

that Λ satisfies the equation Λ
−1U −1∇̃αU Λ = Λα

β∂
β and from this it follows Λ−1U −1∇̃2U Λ = ∂2.

For the sake of clarity, let us introduce the φ-dependent polarization Sp(φ) such that

Φp = Spe
iSp . (29)

Defining Λp = Λ|∂→−ip it is easy to check that this can be explicitly written as Sp = Λpsp, where
sp = {1, up, εαp } are the free polarizations for scalar, Dirac, and vector fields, respectively. For example,

in the well-known Volkov solution [39] ψp = Upe
iSp the spinorial term can be found as Ua

p = Λ
a
p,bu

b
p,

such that

ψp = eiSp

(

1 + e
/n /A

2p−

)

up. (30)

In the same way, the spin-one solution Φα
p = E α

p e
iSp is found to be [22]

Φα
p = eiSp

[

εαp −
ε−p
p−
eAα +

e

p−

(

εβpAβ −
ε−p
2p−

eAβA
β

)

nα

]

. (31)

Being in the vector representation, E α
p = Λα

p,βε
β
p reduces to the particle classical momentum if εαp is

replaced by pα. The Lorenz condition corresponds to the natural requirement E α
p πp,α = εαp pα = 0.

As a side note, let us mention that the symbol ∇̃α was not randomly chosen. In fact, it defines
a sort of parallel transport rule for the field. From the properties of the operator ∇̃α it follows that
∇̃αΦp = −iΛα

p,βp
βΦp. Thus, a contraction with the momentum gives πα

p ∇̃αΦp = −im2Φp. If we insert

the expression Φp = Spe
iSp this equation reduces to a condition on the polarization function, which

is formally equivalent to a parallel transport πα
p ∇̃′

p,αSp = 0, where ∇̃′
p,α = ∂α1 − i e

2p−nαF
γβ
Σγβ =

Λp∂αΛ
−1
p . It is also worth noting that if we choose the vector representation then πα

p ∇̃′
p,απ

β
p = 0 is

actually equivalent to the Lorentz equation. We could rephrase the preceding discussion as follows: to
construct the fields previously considered one can first operate a unitary transformation U that turns
the gauge derivative Dα into Λα

β∂
β , then transport the polarization function through the operator

∇̃′
p,α. We will now see how these considerations can be translated in a plane wave spacetime.
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B. In the Rosen metric

The Rosen chart is a particularly appropriated choice to solve fields equations. Let us start with the
scalar field satisfying (∇µ∇µ +m2)Φ = 0. In vacuum flat spacetime we are used to expand fields in
terms of momentum eigenstates but in a general curved spacetime this is not possible because there is
no clear global notion of Fourier components. Nonetheless, the plane wave spacetime is quite peculiar
because in this space the scalar wave satisfies the Huygens’ principle [40, 41]. By exploiting the identity

∇µ∇µΦ = 1√
g∂µ(
√
g∂µΦ) we can rewrite the wave equation as ( ˙log(

√
g)∂+ + ∂µ∂µ +m2)Φ = 0. Now,

being ∂i, ∂+ symmetries of the spacetime under consideration, we will assume the solution to be an
eigenstate of these operators. It is then easy to reduce the equation to

(∂µ∂µ +m2)g
1
4Φ = 0. (32)

From this equation one immediately sees that g
1
4Φp = eiSp is a solution with initial momentum p if

Sp is the action satisfying gµν∂µSp∂νSp = m2 and ∂µ∂µSp = 0. Introducing the notation Ω = g−
1
4 we

can write the scalar wave as

Φp = ΩeiSp . (33)

The action can be easily computed exploiting the symmetries of the metric, but it can also be borrowed
from electromagnetism. If we project the derivatives onto the vierbein and we split it as in the previous
section e µ

α = δ µ
α + ∆e µ

α we obtain [ηαβ(∂α + ∆e i
α∂i)(∂β + ∆e j

β ∂j) +m2]Ω−1Φp = 0. By observing

that ηαβ [∆e µ
α ∂µ, ∂β +∆e ν

β ∂ν ] = 0 and by recalling that Φp is eigenstate of ∂i, this equation can be
written as

[ηαβ(∂α + iκPα)(∂β + iκPβ) +m2]Ω−1Φp = 0. (34)

Now, this is formally the scalar wave equation for the field Ω−1Φp in an electromagnetic plane wave
with the potential and charge product replaced by κPβ . It then follows that the action Sp(x) is just
the one of a charged particle moving in an electromagnetic plane wave under the same substitution:

Sp(x) = −pµxµ −
κ

p−

∫ φ

dφ̃
(

pαP
α − κ

2
PαP

α
)

. (35)

To summarize, we found that the solution of the Klein-Gordon equation in the Rosen metric is Φp =
ΩΦp, where Φp is formally the field with charge κ satisfying the Klein-Gordon equation in flat spacetime
with an electromagnetic plane wave potential Pβ .
The same is true for Dirac fields, such that the spinor in a plane wave spacetime is Ψp = ΩΨp, where

Ψp is the Volkov state [39] of charge κ in a wave potential Pβ

Ψp = ΩeiSp

(

1 + κ
/n/P

2p−

)

up. (36)

This can be verified by observing that the Dirac equation (iγµ∇µ − m)Ψp = 0 can be reduced to
[i(/∂+ iκ /P )−m]Ω−1Ψp and this is once again formally the Dirac equation in flat spacetime in presence
of a plane wave field κPα. In this case, the spin connection term γµΓµ is exactly compensated by
the Ω prefactor. The spin-one massive case is slightly more involved. Let us introduce the notation
Āα = ΩΦ̄α, where Āα = eαµA

µ is the vierbein-projected vector field. Keeping into account the

condition ∇µA
µ = 0 it is possible to reduce the field equation (∇µ∇µ +m2)Aν + Rν

µA
µ = 0 to the

form

(∂̄β ∂̄β +m2)Φ̄α + 2iκP̂α
γΦ̄

γ +
1

2
¨loggΦ̄−nα = 0, (37)

where we introduced the quantum analog of the Maxwell-like tensor Pαβ substituting pi → i∂i,

namely κP̂αβ = −F
αβ
j ėjki∂k. Here, we see that the last term in the l.h.s., which comes from the

contraction of two spin connections, is a nonlinear term absent in flat spacetime. However, contracting
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with nα one finds that (∂̄β∂̄β + m2)Φ̄− = 0 and therefore assuming initial momentum p one finds
Φ̄−
p = ε−p e

iSp , with ε−p constant. Exploiting the property ∂̄βΦ̄
−
p = −iπ̄p,βΦ̄−

p , one can check that the

shift Φ̄′α
p = Φ̄α

p +
i

4p−
˙loggΦ̄−

p n
α restores the form of a flat spacetime field equation in an electromagnetic

wave background

(∂̄β ∂̄β +m2)Φ̄′α
p + 2iκPα

γΦ̄
′γ
p = 0. (38)

Indeed, this field satisfies the condition ∂̄αΦ̄
′α
p = (∂α + iκPα)Φ̄

′α
p = 0, which is the analog of DαΦ

α
p = 0

found in flat spacetime in the previous section.
Finally, we can report the solution for the massive vector field in the form Āα

p = ΩeiSp Ē α
p , namely

Āα
p = ΩeiSp

[

εαp −
ε−p
p−
κPα +

κ

p−

(

εβpPβ −
ε−p
2p−

κPβP
β

)

nα + i ˙logΩ
ε−p
p−
nα

]

. (39)

Here one can explicitly observe once again the formal analogy with the case of an electromagnetic
background in flat spacetime. Once the shift previously described is operated the polarization Ē α

p can
be found substituting eAα → κPα in the flat spacetime solution. If the massless case is considered one
can exploit the gauge freedom to fix ∂̄αΦ̄

α
k = 0 = Φ̄−

k , which implies ∇µA
µ
k = 0 as well. In this case

the additional term proportional to ¨logg in Eq. (37) vanishes and the solution is once again in direct
correspondence with the one in flat spacetime without any shift needed. We will deal with this choice
studying the field in Brinkmann coordinates. The massive spin-two field is not of our interest in the
present work and we will confine ourselves to the massless case, which is easily treated in Brinkmann
coordinates once the proper gauge is chosen [23].
We can now retrace the discussion carried out in flat spacetime, i.e., that the operator constructed

from the difference between the free and the curved spacetime actions U = exp i (Sp + pµx
µ) |p→i∂ is

a unitary transformation that changes the vierbein projected derivative into the Lorentz transformed
curved one U −1∂̄αU = Λ β

α ∂β , with ∂α = δµα∂µ. We can introduce the gravitational analog of the
Lorentz-like transformation exploited in the electromagnetic wave background treatment, which can
be obtained through the simple substitution emerged in the study of the dynamics eȦj → −iκ∆ėjk∂k

Λ = e
κ

2∂+

∫

φ
−∞

dφ̃P̂
αβ(φ̃)Σαβ . (40)

The wave equation for the fields {Φ,Ψ, Ā′α} ≡ Φ̄p can be written as

(∇̃α∇̃α +m2)Ω−1
Φ̄p = 0 , with ∇̃α = ∂̄α1−

κ

2∂+
nαP̂

γβ
Σγβ, (41)

where we recall that the spin-one field involves the shift Ā′α = Āα − i
p−

˙logΩĀ−nα.

Let us point out that ∇̃α is not the vierbein projected covariant derivative. This operator is defined
by the representation of the considered field and not by the object it is acting on. This is where its
relevance comes from as it allows one to write the wave equation as the actual square of an operator.
However, when taken along a geodesic this operator is actually equivalent to the vierbein-projected
covariant derivative for the representations here discussed, namely π̄α

p ∇̃p,α = π̄α
p ∇̄α, with ∇̃p,α = ∂̄α1−

i κ
2p− nαPγβ

Σγβ. This is quickly verified exploiting the spin coefficients property π̄αωαβδ = −κPβδ.

To complete the correspondence we have the properties

Λ
−1

U
−1∇̃αU Λ = Λ β

α ∂β , Λ
−1

U
−1∇̃2

U Λ = ηαβ∂α∂β . (42)

This allows us to easily find the aforementioned fields as

Φ̄p = ΩΛU ϕp, (43)

where ϕp is the flat initial condition. Once again we can introduce the polarization Sp(φ) such
that Φ̄p = ΩS̄p(φ)e

iSp . As before one can check that this can be written as S̄p = Λpsp where
sp = {1, up, εαp } are the flat-spacetime free polarizations for scalar, Dirac and vector fields respectively.

By adapting the discussion in an electromagnetic wave background we find that ∇̃αΩ
−1

Φ̄p =
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−iΛ β
α pβΩ

−1
Φ̄p and from this π̄α∇̃αΩ

−1
Φ̄p = −im2Ω−1

Φ̄p. Inserting into this equation the form

Φ̄p = ΩS̄p(φ)e
iSp we obtain a condition for the polarization which reads π̄α

p ∇̃′
p,αS̄p = 0, where

∇̃′
p,α = ∂α1 − i κ

2p− nαPγβ
Σγβ. Now, observing that π̄α

p ∇̃′
p,αS̄p = π̄α

p ∇̃p,αS̄p = π̄α
p ∇̄p,αS̄p, we finally

find that the polarization function is defined by a proper parallel transportation πµ
p∇µSp = 0, or

DSp

Dφ
= 0. (44)

This is a covariant equation and it holds in other charts as well. In particular, it can be used as an
alternative way to find the states in Brinkmann coordinates. Moreover, this equation underlines once
again the semiclassical behaviour of quantum states in a plane wave background and offers an intuitive
geometric picture. For example, the polarization of the shifted spin-one field evolves as a free falling
gyroscope [4] being just parallel transported.

C. In the Brinkmann metric

It is needless to say that we could just transform the fields obtained in the Rosen chart and find
the states in Brinkmann coordinates. However here we want to underline the role of the operator Λ
in this chart and also the form this takes in a particular gauge reproducing the spin-raising operator
studied in [23] for massless fields. The scalar field can be clearly expressed as Φp = ΩeiSp where Sp is
the classical action for a particle in Brinkmann coordinates [23, 31]

Sp(X) = −p−X+ −X ie j
i pj −

p−

2
σijX

iXj +
pipj
2p−

∫ φ

dφ̃γij . (45)

The operator Λ can be written in this chart as

Λ = e
− i

2∂+
ΣαβF

αβ
i ηij(∂

Xj−ekj∂Xk ). (46)

If we choose the natural vierbein associated to this chart Eαµ = ηαµ + H
2 nαnµ we can immediately

find the spinor solutions, in fact Eij = e′ij where e′ij = eik
∂xk

∂Xj is the Rosen transverse vierbein in
Brinkmann coordinates. We can thus expand the operator to obtain

Ψp = ΩeiSp

(

1 +
/∆p/n

2p−
,

)

up, (47)

where we recall that ∆i
p = Πi

p − pi. Once again the solution is similar to the Volkov one, with the

substantial difference that now ∆i
p depends on the three coordinates φ,X i and not just on φ. This

will be a major difference as compared to the electromagnetic case when we will calculate S-matrix
elements, along with the definition of in- and out- states discussed in the next section. This solution
can be verified to match the one found in the Rosen chart, in fact the transformation of the spinor field
is generated by the Lorentz transformation connecting the Brinkmann chosen vierbein and the Rosen
one expressed in Brinkmann coordinates Eα

µ = Λ̃α
βe

β
ν

∂xν

∂Xµ = Λ̃α
βe

′β
µ. Expanding Λ̃αβ = ηαβ−ωαβ the

infinitesimal Lorentz transformation is found to be ωαβ = 2n[ασβ]iX
i and accordingly the transformed

spinor follows as

Ψp = e−
i
2ωαβΣ

αβ

ΩeiSp

(

1 + κ
/n/P

2p−

)

up = ΩeiSpe2σαiX
iγ̄α/n

(

1 + κ
/n/P

2p−

)

up = ΩeiSp

(

1 +
/∆p/n

2p−

)

up.

(48)

One can also verify that the spinorial matrix satisfies the parallel transport equation, as discussed in the
context of the Rosen metric. Let us now consider the photon field. If we fix the gauge such that only the
transverse components of the flat polarization are left εµ = δµi ε

i and they obey the Lorentz condition
kiε

i = 0, we can reduce the operator action to Aµ
k = ΩΛµ

iε
ieiSk ≡ ΩRµeiSk , where we introduced the
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spin raising operator studied in [23, 42] Rµ = Λ
µ
iε

i = 1
∂+

[δµi ∂+ − ∂inµ] εi = − 1
∂+
εiFµν

i ∂ν . In this

gauge the massless vector field is thus

Aµ
k = ΩeiSk

(

δµi −
1

k−
∆k,in

µ

)

εi. (49)

This is clearly in agreement with the field found in the Rosen chart once the same gauge is imposed.
As noticed in [23], in vacuum we can choose for a massless spin-2 field the covariant TT-gauge and fix
nµhµν = 0. As a result the field can be found applying two times the spin raising operator, such that
hµνk = ΩRµRνΦk. The polarization tensor is easily found to be E

µν
k = E

µ
k E ν

k − i
k− σijε

iεjnµnν such
that

hµνk = ΩeiSk

[(

δµi −
∆k,in

µ

k−

)(

δνj −
∆k,jn

ν

k−

)

− i

k−
σijn

µnν

]

εiεj. (50)

V. COMPTON SCATTERING

A. Definition of scattering states

When dealing with scattering problems we have to work in Brinkmann coordinates, because the
regularity of fields over the whole spacetime is essential. Due to the presence of a gravitational
wave in and out states are generally different. Let us consider for simplicity the scalar case Φ(X) =
Ω(φ)eiS(X). Moreover we will assume the spacetime to be flat at φ = ±∞. We can impose the
free plane wave boundary condition in the in- or out-region and define the positive energy in- and
out-states, respectively Φ↑,Φ↓ as [23, 31]

Φl
p = ΩleiS

l
p , lim

φ→∓∞
Φ↑,↓

p = e−ip·X . (51)

As observed in the previous sections, these fields depend on a matrix eαµ, which is also the vierbein of a
Rosen metric. This is the reason why in- and out-states are different, they depend on vierebeins which
do not represent the physical wave profile Hij but they are connected to it through the differential

equation ëik = Hije
j
k. A vierbein does not have to be trivial eαµ = ηαµ in order to describe a flat

region, but it can be at most linear in φ such that ëik = 0. In other words a Rosen metric does not
have to be Minkowskian in a flat region and if we require it to be so, for example in the in-region,
it will not be Minkowskian in the out-region. The boundary conditions are thus transferred to the
vierbeins, such that

lim
φ→∓∞

e↑,↓µα = δµα , e↑,↓µα = b↑,↓µα φ+ c↑,↓µα for φ→ ±∞. (52)

There are only two constrains on these coefficients, one comes from the symmetry condition ė µ
[β eα]µ = 0

and reads [23] b↑,↓µ[β c↑,↓α]µ = 0, the other one comes from the conservation of the Wronskian related to

the harmonic oscillator equation and links in and out-states [31] b↓αµδ
α
ν = −b↑ανδαν . It is worth recalling

that the coefficients bl represent the velocity memory effect induced by the passage of the wave. Now,
the states are well defined we should introduce a scalar product, however the standard definition [43]
needs a Cauchy surface Σ to be defined

〈Ψ2|Ψ1〉 = −i
∫

Σ

√

GΣdΣ
µΨ2
←→
∂ µΨ

∗
1. (53)

As we already discussed, it is impossible to define a Cauchy surface Σ in this spacetime [32], nevertheless
the surfaces of constant φ are intersected by almost all the geodesics except the ones with constant φ
[44], therefore they can be chosen to construct a foliation of the spacetime. We can thus choose an
arbitrary φ and rewrite the the product definition as

〈Ψ2|Ψ1〉 = −i
∫

φ=const.

dX+d2X⊥Ψ2
←→
∂ +Ψ

∗
1, (54)
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where we recall that the absolute value of the Brinkmann determinant is always equal to one due to
its Kerr-Schild form. A straightforward calculation shows that the Bogoliubov coefficient encoding
particle creation is zero. This corresponds to the amplitude for a positive frequency in-state to develop

a negative frequency out-state component: 〈Φ↓
1|Φ↑∗

2 〉 = 0 [23, 31, 44]. It follows that the in- and
out-vacua can be identified, as in the electromagnetic case no particle is created by the background.
On the other hand, one can show that the in-to-out scattering probability depends on the determinant

of ė↑ij in the out-region [31]

∣

∣

∣
〈Φ↓

1|Φ↑
2〉
∣

∣

∣

2

∝ δ(p−1 − p−2 )
| det ė↑ij |

∣

∣

∣

∣

∣

out-region

. (55)

Thus the probability for a scalar field to be scattered from the gravitational wave background is directly
correlated to the velocity memory effect. This is what one would expect, in fact the difference between
the initial and final momenta induced by the background corresponds to this effect. The same is true
for the classical cross section describing the interaction between a particle and the gravitational wave
[31].

B. S-matrix element

In the previous sections we prepared all the tools needed in order investigate the emission of a single
photon by an electron (Compton scattering) in a sandwich plane wave spacetime. The amplitude for
the process e(p)→ e(p′) + γ(k′) in this background is

M = −ie
∫

d4XΨ̄↓
p′γ

µΨ↑
pA

↓∗
k′,µ. (56)

As a first consistency check it is interesting to consider its linear order in κ in the monochromatic
assumption. This has to coincide with the known results for the inverse graviton photoproduction
g(k) + e(p)→ e(p′) + γ(k′) in vacuum quantum field theory, where kµ = ωnµ is the momentum of the
gravitational wave. In this approximation we are free to use the quantum states in Rosen coordinates,
in fact the difference between the in and the out-vacua emerges at the second order. We will thus
drop the in and out labels and consider M = −ie

∫

d4xΨ̄p′ γ̄αΨpĀ
∗
k′,α + O(κ2), where the states will

be defined below and where the metric determinant does not contribute at this order. Everything we
need for this approximation is encoded in the vierbein, which is now expanded as

eαµ = ηαµ +
κ

2
hαµ , e µ

α = δµα −
κ

2
h µ
α , (57)

where hαµ is the graviton field. We can now introduce the monochromatic assumption defining
hµν = εµενe

−ik·x, where the graviton polarization tensor has been written as a product of two photon
polarization vectors εµν(k) = εµ(k)εν(k) satisfying ε ·ε = 0, k ·ε = 0 and ε ·ε∗ = −1 [45]. This together
with the energy-momentum conservation leads to the simple substitution rule

Pα →
1

2
e−ik·xε · pεα (58)

in Ψp, in Ψ̄p′ (with p → p′), and in Ā∗
k′,α (with p → k′). With this in mind we can easily find the

states under these assumptions in the form

Ψp ≃ e−ip·x
[

1 + e−ik·xκ
p · ε
4p · k (2p · ε+ /k/ε)

]

up + O(κ2),

Ā∗
k′,α ≃ eik

′·x
[

ε
′∗
α + e−ik·xκ

k′ · ε
2k · k′

(

ε
′∗ · εkα − k′ · εε

′∗
α − ε

′∗ · kεα
)

]

+ O(κ2).

(59)

Now, one can plug these expressions into the amplitude previously defined. Introducing the notation
M = (2π)4δ(4)(p+ k − p′ − k′)A + O(κ2), the following result is found after a proper rearrangement
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of the various terms

A = −ieκ
2
ūp′

[

p′ · ε
2p′ · k (−2p′ · ε+ /ε/k) /ε

′∗ +
p · ε
2p · k /ε

′∗ (2p · ε+ /k/ε)

+
ε · k′
k · k′

(

ε
′∗ · ε/k − ε · k′/ε

′∗ − ε′∗ · k/ε
)

]

up,

(60)

which agrees with the vacuum QFT result as expected (see e.g. [46, 47]). The first-order expansion
of the dressed fermions naturally generates the s and u channels contributions, while the expansion
of the photon state reduces to the sum of the γ-pole and the seagull diagrams [46]. The contact term
never shows up explicitly in our calculation as a consequence of graviton gauge invariance [48]: the
seagull diagram only provides a momentum-independent contribution which cancels out a term of the
same kind in the γ-pole diagram.
Let us now go back to the original amplitude. In the fully nonlinear case we have to work in the

Brinkmann chart in order to have a well defined matrix element. Choosing the gauge ∇µA
µ = 0 = A−

for the photon field, the amplitude gets the following form

M = −ie
∫

d4X(Ω↓)2Ω↑ei(S
↑
p−S↓

p′
−S↓

k′ )ūp′

(

1−
/∆
↓
p′/k

2k · p′

)(

/ε
∗ −

εi∗∆↓
k′,i/k

k · k′

)(

1−
/k /∆

↑
p

2k · p

)

up, (61)

The unpolarized squared amplitude averaged over the initial spin reads

1

2

∑

s,s′,ε′

M †M =
e2

2

∫

d4XI(X)

∫

d4X ′
I
∗(X ′)×

× Tr

[

(/p
′ +m)

(

1−
/∆
↓
p′(X)/k

2k · p′

)(

γ̄α − ∆↓,α
k′ (X)/k

k · k′

)(

1−
/k /∆

↑
p(X)

2k · p

)

× (/p+m)

(

1−
/∆
↑
p(X

′)/k

2k · p

)(

γ̄β − ∆↓,β
k′ (X ′)/k

k · k′

)(

1−
/k /∆

↓
p′(X ′)

2k · p′

)]

(

−ηαβ +
kαk

′
β + k′αkβ

k · k′
)

,

(62)

where the prefactor is defined as I = (Ω↓)2Ω↑ei(S
↑
p−S↓

p′
−S↓

k′ ). Once the trace is computed this expression
reduces to the following form

1

2

∑

s,s′,ε′

M †M =
e2

2

∫

d4XI(X)

∫

d4X ′
I
∗(X ′)

×
{

k · p′
k · k′

(

Π↑i
p (X)Π↓

k′,i(X
′) + Π↓i

k′(X)Π↑
p,i(X

′) + 2p+k′− + 2p−k′+
)

+
k · p
k · k′

(

Π↓i
p′ (X)Π↓

k′,i(X
′) + Π↓i

k′ (X)Π↑
p′,i(X

′) + 2p′+k′− + 2p′−k′+
)

− k · p′
k · p

(

Π↑i
p (X)Π↑

p,i(X
′) + 2p+p−

)

− k · p
k · p′

(

Π↓i
p′ (X)Π↓

p′,i(X
′) + 2p′+p′−

)

− 2
k · pk · p′
(k · k′)2

(

Π↓i
k′ (X)Π↓

k′,i(X
′) + 2k′+k′−

)

+
m2(k · k′)2
k · pk · p′

}

.

(63)

It is interesting to observe that the terms in the amplitude quadratic in the gravitational field disappear
in the unpolarized sum. For this reason, the integrals in the three coordinatesX+, X i are easily carried
out by observing that the prefactor is Gaussian in X i. Namely

∫

d4XI(X) = − i(2π)2δ(p− − p′− − k′−)

×
∫

dφ
(Ω↓)2Ω↑

p−
√
C
e

i

2p−
Bi(C−1)ijB

j+i
pipj

2p−

∫

φ
−∞ dφ̃γ↑ij−i

(

p′ip
′
j

2p′−
+

k′
ik

′
j

2k′−

)

∫

φ
∞ dφ̃γ↓ij

,

(64)
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where Cij = σ↑
ij−σ

↓
ij , C = detCij and Bi = e↑ji pj−e

↓j
i (p′j+k

′
j). By setting

∫

d4XI(X) = i(2π)2δ(p−−
p′− − k′−)

∫

dφĨ(φ), the only other integral needed is the one with a prefactor linear in the transverse
coordinate X i, namely

∫

d4XI(X)X i = i(2π)2δ(p− − p′− − k′−)
∫

dφĨ(φ)
(C−1)ijB

j

p−
. (65)

We can finally write down the partially integrated transverse momentum as
∫

d4XI(X)Π↑i
p (X) = −i(2π)2δ(p− − p′− − k′−)

∫

dφĨ(φ)
(

e↑ijpj − σ↑i
j (C−1)jkB

k
)

, (66)

with this substitution rule the squared amplitude can be written as an integral in φ, φ′ only. A further
simplification can be achieved exploiting the identity C−1

ij = 1
C (C k

k ηij − Cij) for rank-two matrices.
Having derived the full nonlinear squared amplitude it would be natural to consider some physically
interesting examples, however one runs very soon into the mathematical complexity of the problem. In
particular we recall that once the Brinkmann profile is chosen one has to solve the differential equation
ëij = Hike

k
j , in fact the knowledge of the in and out vierbein is a key element. There are very few

profiles Hij for which an analytical solution of this equation is available. These comprend for example
impulsive waves Hij = δ(φ)dij where dij is a constant matrix, these solutions are relevant as they
represent the gravitational field produced by a massless particle moving at the speed of light [49–51].
Other possibilities are profiles with conformal symmetry of the form Hij = a(φ2 + b2)−1ǫij studied
in [52]. However physically interesting scenarios for the process here considered would require proper
approximations and numerical evaluations. Also the concept of formation length, of great importance
in electromagnetism, could be worth to be studied in this context. In fact, despite the non-locality
of the interaction and the clear implications of a curved spacetime background, the high amount of
symmetries of the problem could lead to some interesting developments. A detailed study of this and
similar processes in the aforementioned directions will be left for future works.

VI. CONCLUSIONS AND OUTLOOK

We examined the one-to-one map connecting the dynamics of a charged particle in an electromagnetic
plane wave and a particle in a nonlinear gravitational plane wave. This map enables to translate
interesting results known in electromagnetism to the context of plane wave spacetimes. The dynamics
in an electromagnetic plane wave is completely determined by a specific Lorentz-like transformation
Λα

β , which provides a way to transport the initial momentum of a free particle through the wave such

that πα = Λα
βp

β. This transformation has a number of interesting properties. Besides belonging to the
Lorentz group, it operates on constant-φ hypersurfaces and it acts as a gauge transformation on the
background wave. For these reasons its proper generalization as a quantum operatorΛ turns out to be a
key element to construct quantum states in an electromagnetic plane wave background. Exploiting the
aforementioned analogy between electromagnetic waves in flat spacetime and gravitational nonlinear
waves we showed that the curved spacetime generalization of Λ can be used to find quantum states in
gravitational plane waves as well. In particular we showed how scalar, spinor, and vector fields can be
naturally mapped from one context to the other. Finally, in the last part of the paper we applied the
found states for spin 1/2 and spin 1 particles to consider Compton scattering in a nonlinear sandwich
gravitational wave. Here we provide the spin- and polarization-summed squared amplitude for the
process, exact in the gravitational plane wave. A detailed study of the Compton cross section for
physically interesting plane wave gravitational backgrounds is left for a future work. Other processes
could be naturally investigated as well in the future, an interesting example being the graviton emission
by a moving particle. This could provide insights about its relation with photon emission, a relation
which has been studied in vacuum QFT [46, 53] and in the presence of a background electromagnetic
plane wave within strong-field QED [54, 55].

ACKNOWLEDGMENTS

The authors would like to thank C. H. Keitel for reading the paper and for the valuable comments.



16

Appendix A: Metrics handbook

In this appendix, we collect a few known but useful formulas about the Brinkmann and the Rosen
metrics. We refer to the main text for the notation.

• Brinkmann

– The metric: ds2 = ηµνdX
µdXν +Hdφ2

– Christoffel symbols: Γλ
µν = nλ

(

1
2Ḣnµnν + 2H(µnν)

)

−Hλnµnν

– Riemann tensor: Rρµνδ = [Hρνnµnδ − (ρ↔ µ)]− (ν ↔ δ)

– Ricci tensor: Rµδ = Hi
inµnδ

– Vierbein: Eαµ = ηαµ + H
2 nαnµ

– Spin connection: ωµαβ = 2nµH[βnα]

where H = HijdX
idXj , Hµ = HµiX

i.

• Rosen

– The metric: ds2 = 2dx+dφ+ γijdx
idxj

– Christoffel symbols: Γλ
µν = 1

2g
λρ (nµγ̇ρν + nν γ̇ρµ − nργ̇µν)

– Riemann tensor: Rρµνδ =
[(

1
4γρσ γ̇

σλγ̇λν + 1
2 γ̈ρν

)

nµnδ − (ρ↔ µ)
]

− (ν ↔ δ)

– Ricci tensor: Rµδ =
(

1
4 γ̇

ρλγ̇λρ +
1
2γ

ρλγ̈λρ
)

nµnδ

– Vierbein: eαµ

– Spin connection: ωµαβ = n[αėβ]µ
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