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Driven by advances in scattering amplitudes and worldline-based methods, recent years have
seen significant progress in our ability to calculate gravitational two-body scattering observables.
These observables effectively encapsulate the gravitational two-body problem in the weak-field and
high-velocity regime (post-Minkowskian, PM), with applications to the bound two-body problem
and gravitational-wave modeling. We leverage PM data to construct a complete inspiral-merger-
ringdown waveform model for non-precessing spinning black holes within the effective-one-body
(EOB) formalism: SEOBNR-PM. This model is closely based on the highly successful SEOBNRv5 model,
used by the LIGO-Virgo-KAGRA Collaboration, with its key new feature being an EOB Hamil-
tonian derived by matching the two-body scattering angle in a perturbative PM expansion. The
model performs remarkably well, showing a median mismatch against 441 numerical-relativity (NR)
simulations that is somewhat lower than a similarly calibrated version of SEOBNRv5. Comparisons
of the binding energy with NR also demonstrate better agreement than SEOBNRv5, despite the latter
containing additional calibration to NR simulations.

Introduction – Since the initial detection of a grav-
itational wave (GW) from a binary–black-hole (BBH)
merger [1], the LIGO-Virgo-KAGRA (LVK) Collabora-
tion [2–4] and independent analyses have identified about
100 mergers of compact binaries [5–10]. These observa-
tions have begun to reveal the distributions of BH-masses
and spins [11], improved constraints on the neutron-star
(NS) equation of state [12], obtained independent mea-
surements of the Hubble-Lemâıtre parameter [13, 14],
and validated General Relativity (GR) [15–17].

Enhancements in the sensitivity of current GW detec-
tors, coupled with the development of next-generation
(XG) observatories like the Einstein Telescope and Cos-
mic Explorer [18–20], as well as future space-based de-
tectors such as LISA [21], TianQin [22] or Taiji [23], are
poised to dramatically increase the number of detectable
GW sources. These advancements will enable observa-
tions with a signal-to-noise ratio up to two orders of mag-
nitude higher than what is currently achievable [24], ne-
cessitating a commensurate improvement in the accuracy
of waveform models. Recent research [25] has demon-
strated that even state-of-the-art waveform models, de-
signed for quasi-circular, spin-precessing BBHs, exhibit
systematic biases when applied to future LVK runs and
XG detectors. This bias becomes pronounced, especially
for high-spin rates and significant asymmetries in spins
and masses. Addressing the challenge of waveform accu-
racy is essential to realizing the full scientific potential of
future runs and detectors [24, 26–29], and avoiding false
claims of GR violations [30, 31].

Waveform models for compact binaries are crafted by
synergistically combining analytical and numerical rela-
tivity (NR) results. NR tackles the formidable task of
solving Einstein’s equations on supercomputers [32–34],
a process notorious for its time-intensive nature. On the
other hand, perturbative methods are used to obtain ap-

proximate solutions to the Einstein’s equations, offering
analytic formulas that are swift to evaluate. Three pri-
mary perturbative approaches have been developed: (i)
post-Newtonian (PN) theory [35–50] applicable in the
weak-field and small-velocity limit, post-Minkowskian
(PM) theory [51–60] in the weak-field regime, and the
gravitational-self force (GSF) formalism [61–74] for the
small mass-ratio limit. These analytical results are
then synthesized in the effective-one-body (EOB) ap-
proach [75–79], which efficiently resums the perturbative
calculations for the inspiral while retaining known non-
perturbative results for BHs, achieving high accuracy for
current observing runs via calibration to NR [80–94].

Thus far, the EOB waveform models utilized by the
LVK Collaboration [95] have primarily relied on re-
summations of the PN expansion, with the exception
of Refs. [94, 96], which included second-order GSF re-
sults [73] for the gravitational modes and radiation-
reaction force. Given recent advancements in PM [97–
111] and GSF [73, 74], there is now significant interest
in exploring and developing waveform models that com-
bine information from various perturbative methods in
innovative ways. The aim is to address the waveform-
accuracy challenge. In this regard, the PM approach is
particularly interesting since an (n + 1) PM-order Hamil-
tonian includes all information up to the nPN order, and
additional weak-field/high-velocity information from in-
finitely higher PN orders, making it suitable for systems
with high velocities or large eccentricities at fixed perias-
tron distances [112]. Using sophisticated quantum-field-
theory–based methods, tremendous progress has been
made on the precision PM-frontier using both scatter-
ing amplitudes [113–115] and worldlines [116–119]. This
progress is largely due to a blend of a clever and effi-
cient organization of perturbative calculations and for-
mal mathematical developments in understanding the

ar
X

iv
:2

40
5.

19
18

1v
1 

 [
gr

-q
c]

  2
9 

M
ay

 2
02

4

https://orcid.org/0000-0002-5433-1409
https://orcid.org/0000-0003-3070-5717
https://orcid.org/0000-0002-7055-0345
https://orcid.org/0000-0002-0710-6778


2

−4000 −3000 −2000 −1000

t[M]

−0.2

−0.1

0.0

0.1

0.2

<
[h

2
2
]

q= 4.67, χ1 = − 0.5, χ2 = 0.8

SEOBNR-PM with ∆tNR

NR

−100 0 100

FIG. 1. An SEOBNR-PM inspiral-merger-ringdown waveform
generated using the pySEOBNR code [150], compared against
the NR simulation SXS:BBH:1445, after a low-frequency align-
ment by a time and phase shift. The time t = 0 corresponds
to the peak of the (2, 2) mode of the NR waveform.

properties of multi-loop integrals [120–126]. These de-
velopments were primarily driven over the last several
decades to address precision-collider physics. Further-
more, several sophisticated techniques, such as general-
ized unitarity [127, 128], double copy [129–132], super-
symmetry [110] and massive higher spins [133–140] have
also been used to further enhance these computations

In this paper, leveraging on Refs. [93, 141, 142], we
present the first PM-informed spinning EOB waveform
model: SEOBNR-PM, encompassing the inspiral, as well
as, the merger and ringdown phases. This model incor-
porates the most recent findings from PM theory into
the EOB Hamiltonian, and it is mildly calibrated to NR
waveforms. The SEOB-PM Hamiltonian (so-named as it
does not include an NR calibration term) includes the
non-spinning (conservative) 4PM [114, 116] and spinning
5PM terms [118, 135, 143–148], alongside the known non-
spinning 4PN [41–45] contributions, which also corrects
the tails from unbound to bound orbits up to that or-
der [149]. Our PM counting is a physical one, with spin
orders contributing in addition to loop orders (see Ta-
ble II in Ref. [142]). We construct our SEOBNR-PM model
within the pySEOBNR code [150], which was recently built
to make the development of SEOBNR models, including
the calibration to NR waveforms, highly efficient. As
an example, we show in Fig. 1 the agreement between
the (mildly) calibrated SEOBNR-PM and NR for a spinning
BBH coalescence.

The EOB framework for waveforms – We use ge-
ometric units G = 1 = c, and set M = m1 + m2 and
ν = m1m2/M

2, where m1 and m2 are the BH’s masses.
In the EOB formalism, the binary’s conservative dy-
namics is described by the EOB Hamiltonian HEOB =
M
√
1 + 2ν(Heff/µ− 1), where Heff is the Hamiltonian

of an effective test-body of mass µ = ν M moving in the
(deformed) Kerr spacetime, being 0 ≤ ν ≤ 1/4 the de-
formation parameter. We also introduce the mass ratio
q = m1/m2 > 1. We limit to nonprecessing spins (i.e.,
aligned spins) and introduce the spin lengths ai = miχi,
with a± = Mχ± = a1 ± a2.

In the center-of-masss frame, the inspiral-plunge dy-
namics, for aligned-spin BHs, is computed from the EOB
equations of motion [76, 83]:

ṙ =
∂HEOB

∂pr
, ṗr = −∂HEOB

∂r
+

pr
pϕ

Fϕ , (1a)

ϕ̇ =
∂HEOB

∂pϕ
, ṗϕ = Fϕ , (1b)

where (r,ϕ,pr,pϕ) are the polar-coordinates canonical
variables. (The construction of Heff will be described in
the next section.) Employing results from the SEOBNRv5
model [93, 141], the radiation-reaction force (Fϕ) is
computed by summing over the PN GW modes (aug-
mented with GSF information [96]) in a factorized form
[82, 93, 151–153], which are used to obtain the inspiral-
plunge modes after enhancing them by non-quasi-circular
corrections [86, 87, 93, 154] during the plunge.
For the merger-ringdown part of the EOB wave-

form, we use instead a phenomenological ansatz [87,
93, 155, 156], informed by NR and BH perturbation
theory, as realized in the SEOBNRv5 model [93]. The
start of the merger-ringdown waveform is enforced to be
at the peak of the (2, 2)-mode amplitude. The grav-
itational polarizations can be written as h+ − ih× =∑

ℓ,m −2Yℓm(φ, ι)hℓm(t), where −2Yℓm(φ, ι) are the -2
spin-weighted spherical harmonics, with φ and ι being
the azimuthal and polar angles to the observer, in the
source frame. In the EOB approach, the inspiral-merger-
ringdown (ℓ,m) modes are given by

hℓm =

{
hinsp−plunge
ℓm , t < t22peak ,

hmerg−RD
ℓm , t > t22peak .

(2)

where t22peak is the time at which the (2,2) mode has a
peak, generally associated to the merger time. Such a
time is suitably chosen to agree with the corresponding
time in NR waveforms (see below).
PM-informed EOB Hamiltonian – We employ an

effective Hamiltonian similar to that recently introduced
in the SEOB-PM scattering model [142]:

Heff =
Mpϕ(ga+

a+ + ga−δa−)

r3 + a2+(r + 2M)
(3)

+

√√√√A

(
µ2 +

p2ϕ
r2

+ (1 +BKerr
np )p2r +BKerr

npa

p2ϕa
2
+

r2

)
,

where δ = (m1 −m2)/M , while BKerr
np = χ2

+u
2 − 2u and

BKerr
npa = −(1 + 2u)/[r2 + a2+(1 + 2u)], where u = M/r

is the dimensionless PM counting parameter. In the
probe limit ν → 0, Heff reduces to the Hamiltonian of
a probe µ moving under the influence of a Kerr BH
with mass M and directed spin length a+. This Hamil-
tonian is determined by computing the scattering angle
and matching it to established PM results, but here we
use only the conservative part of the angle containing



3

terms with even powers in the center-of-mass momentum

p∞ = µ
√

γ2 − 1, where γ = Eeff/µ > 1 for scattering
trajectories.

Following Ref. [142], the ν-corrections with re-
spect to the probe limit are built into the A-
potential and the gyro-gravitomagnetic factors as A =
(1− 2u+ χ2

+u
2 +∆A)/[1 + χ2

+u
2(2u+ 1)] and ga± =

∆ga±/u
2. These respectively carry the even- and odd-in-

spin corrections, and are PM-expanded up to a physical
5PM (u5) order (see Table II in Ref. [142]):

∆A =

5∑
n=2

un∆A(n) +∆A4PN , ∆ga± =

5∑
n=2

un∆g(n)a±
.

(4)

The γ-dependent coefficients ∆A(n) and ∆g
(n)
a± are series

expanded in even powers of the spins, up to a highest
quartic order at 5PM. We lack an analytic 5PM term
only in the non-spinning case, where the complete re-
sult is not currently known (see Ref. [157] for the re-
cently derived 1GSF conservative contribution). Tech-
nically, as γ = Eeff/µ ≡ Heff/µ, the Hamiltonian (3)
is self-dependent. To produce an expression depend-
ing only on the canonical variables (r,pr,pϕ), we inter-
pret γ = HKerr/µ within these deformations, plus what-
ever corrections are required in order to ensure the full
Hamiltonian HEOB is correct up to the desired PM order.
This procedure was used previously in the non-spinning
case [112, 158, 159], and is fully described in the Supple-
mental Material.

An important subtlety within our Hamiltonian is the
presence of non-local-in-time contributions (tails). These
imply a dependence on the full past history of the bi-
nary, and thus distinguish between elliptic and hyper-
bolic (scattering) trajectories. In the scattering Hamil-
tonian presented in Ref. [142], tails are signaled by factors
of log(γ2 − 1), which develops an imaginary part when
γ < 1 for bound orbits. To produce a real Hamiltonian,
we therefore replace log(γ2 − 1) → log(u) (see Supple-
mental Material for details). We also include the 4PN
non-spinning bound-orbit correction ∆A4PN in Eq. (A2):

∆A4PN = u4(γ2 − 1)c1 + u5(c2 + c3 log u) , (5)

ensuring the correct bound-orbit dynamics at 4PN order
in the non-spinning case (the numerical coefficients ci are
provided in the Supplemental Material). We verify our
complete EOB Hamiltonian up to 4.5PN order [41, 160–
163] by finding a suitable canonical transformation to its
PN-expanded counterpart [164]. The non-spinning com-
ponent is determined only up to quadratic order in eccen-
tricity (p2r) in the tail integral, as higher powers in eccen-
tricity appear at lower-PM orders. Thus, we ensured that
the 1PM–3PM (tail-free) non-spinning dynamics are un-
modified by the presence of the 4PN correction (5) [165].

Finally, let us comment on the appearance of special
functions in Heff . Starting at 3PM order we encounter

the combination arccosh(γ)/
√
γ2 − 1. As arccosh(γ)

−0.10

−0.08

−0.06

−0.04

E

q= 1

q= 3

q= 5

q= 10

SEOBNRv5 with a6

SEOB-PM

SEOB-PM (circular orbits)

NR

SEOBNRv5 with a6

SEOB-PM

SEOB-PM (circular orbits)

NR

0.30 0.35 0.40 0.45 0.50
v

0

1

2

|∆
E|
/
|E
|(%

)

1234510
NR GW cycles before merger (q= 1)

FIG. 2. Non-spinning binding energy as a function of the
(quasi-circular) velocity v = (Mϕ̇)2/3, for the (calibrated)
SEOBNRv5 with a6 and (uncalibrated) SEOB-PM Hamiltonians
(both along a circular orbit [112, 159] and inspiral) across
different mass ratios q = m1/m2. The shaded region is an
estimate of the NR uncertainty [166]. The lower panel shows
the fractional difference.

and
√
1− γ2 are both imaginary-valued when γ < 1,

we find it convenient to replace this combination by

arccos(γ)/
√

1− γ2, which has the same small-velocity
expansion for scattering kinematics. At 4PM order we
then encounter logarithms, dilogarithms (Li2) and el-
liptic functions (K/E) of the first and second kind, all
evaluated as functions of γ. In this case, we also find
it convenient to introduce the inverse tangent integral
Ti2(x) :=

∫ x

0
(dt/t) arctan t, analogously to what is done

above. Fast numerical routines exist for evaluating all
of these functions in Cython [167], and this leads to an
efficient numerical evaluation within pySEOBNR [150].

Comparing SEOB-PM and NR binding energies
during the inspiral – In EOB models one has access
to the binary’s dynamics, which enables testing their ac-
curacy by comparing (gauge-invariant) dynamical quan-
tities such as the binding energy [112, 166, 168–170] and
periastron advance [171, 172]. As SEOBNR-PM’s essential
new feature is its PM-informed SEOB-PM Hamiltonian,
the binding energy is a particularly relevant quantity to
compare with NR data. Previous comparisons in the non-
spinning case [112, 159] have focused on the binding en-
ergy computed for circular orbits (i.e., ignoring radiation-
reaction effects), although Ref. [159] investigated the ef-
fect of neglecting dissipation (see Fig. 6 therein). We
instead compute the (dimensionless) binding energy by
evaluating E = (HEOB −M)/µ along the inspiraling dy-
namics, and compare with NR–binding-energy data from
Ref. [166]. Fig. 2 shows the EOB and NR non-spinning
binding energies as a function of the (quasi-circular) ve-

locity parameter v = (Mϕ̇)1/3, for SEOBNRv5 with a6 and
SEOB-PM for circular orbits and along an inspiral. We
stress that for the former, a 5PN-unknown parameter
(a6) in the A-potential has been calibrated against 18
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FIG. 3. Spin-orbit (left panel) and spin-squared (right panel) contributions to the binding energy, for an equal-mass BBH, as a

function of the (quasi-circular) velocity v = (Mϕ̇)2/3, for the (calibrated) SEOBNRv5 with (a6,dSO) and (uncalibrated) SEOB-PM
Hamiltonians at different PM orders. The vertical line represents the merger of the NR configuration (the one at the lowest
velocity among those used), with the number of GW cycles (top axis) referring to the same simulation. The shaded regions
are estimates of the NR uncertainty [166]. The lower panel shows the absolute value of the fractional difference. The feature
in the lower-right panel around v ∼ 0.4 is due to a zero-crossing.

non-spinning simulations (see below). Both models show
excellent agreement with NR during most of the inspiral,
with errors within the NR uncertainty (represented by
the gray region) until around 1 GW cycle before merger.
The (uncalibrated) SEOB-PM maintains agreement within
NR error up to slightly higher velocities for higher mass
ratios, and it has much better agreement than when com-
puted on circular orbits [112, 159].

We also extract different spin contributions to the
binding energy by combining results from NR simula-
tions for various equal-mass spin combinations [166, 173]:
ESO = − 1

6 (−0.6, 0)+ 8
3 (0.3, 0)−2(0, 0)− 1

2 (0.6, 0)+O(S3)

and ES2 = 3
2 (−0.6, 0)− 2(0, 0) + 3

2 (0.6, 0)− (0.6,−0.6) +

O(S3), where the numbers in brackets correspond to the
dimensionless spins (χ1, χ2) of the BHs. In Fig. 3 we il-
lustrate the spin-orbit and spin-squared contributions for
an equal-mass BBH to the binding energy for the (uncal-
ibrated) SEOB-PM at different PM orders, as compared
with NR and with the (calibrated) SEOBNRv5 with (a6,
dSO). Despite not being calibrated to NR, SEOB-PM shows
excellent agreement with the NR results, with a clear con-
vergence towards the NR prediction, as more PM correc-
tions are included. Its accuracy is somewhat better than
SEOBNRv5, despite the latter model using a Hamiltonian
calibrated in the non-spinning (a6) and spin-orbit cou-
pling (dSO) sector (see below).

Calibration to numerical-relativity waveforms –
As discussed, the accuracy of EOB inspiral-merger-
ringdown waveforms can be enhanced through calibra-
tion to NR simulations. For the inspiral-plunge stage,
this is generally achieved by introducing in the Hamilto-
nian high-order (still unknown) PN terms, whose coef-
ficients are tuned to NR, and fitting the time of merger
(i.e., the (2,2)-mode’s peak time) to NR. In the SEOBNRv5

model [93], which was built integrating PN results in
the Hamiltonian, three calibration parameters were em-
ployed: (∆tNR, a6, dSO). The parameter ∆tNR is defined
by t22peak = tISCO +∆tNR (see also Eq. (2)), where tISCO

is the time at which r = rISCO, with rISCO the radius of
the Kerr ISCO [174] with the mass and spin of the rem-
nant BH, as given by NR fitting formula [175, 176]. The
parameter a6 is a 5PN correction to the A-potential and
dSO is a 4.5PN correction in the gyro-gravitomagnetic
coefficients [177]. Here, for the SEOBNR-PM model, we do
not calibrate high-order PN terms in the non-spinning
and spin sectors of the Hamiltonian (3), but we calibrate
only the merger’s time through ∆tNR. In future work,
we will explore NR calibrations tailored to the particular
structure of the PM terms. Henceforth, we compare the
PM-informed model with several versions of the most
recent PN-GSF–informed SEOBNRv5, with and without
calibration.
Waveform accuracy is often quantified in terms of the

mismatch M, defined as 1 minus the overlap between the
normalized waveforms, maximized over a relative time
and phase shift:

M = 1−max
ϕ0,t0

(h1 | h2)√
(h1 | h1) (h2 | h2)

. (6)

The overlap is a noise-weighted inner product [178, 179]

(h1 | h2) ≡ 4Re
∫ fh
fl

dfh̃1(f)h̃
∗
2(f)/Sn(f), where h̃(f) is

the Fourier transform of the time-domain signal, the ∗

superscript indicates complex conjugation, and Sn(f) is
the power spectral density (PSD) of the detector noise,
which we assume to be the design zero-detuned high-
power noise PSD of Advanced LIGO [180].
To calibrate the SEOBNR-PM model, we closely follow

the procedure outlined in Refs. [87, 93, 150]. This pro-
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cedure essentially consists of determining values of the
calibration parameters that minimize a combination of
the mismatch and the difference in merger time (defined
as the peak of the (2, 2)-mode amplitude) between EOB
and NR waveforms with the same physical parameters
(q, χ1, χ2). This is carried out in a Bayesian fashion using
the Bilby [181] package, and the pySEOBNR code [150].
Finally, we interpolate the best-fit values for each NR
simulation across the (q, χ1, χ2) parameter space. As
said, in our SEOBNR-PM model, we only calibrate the
∆tNR parameter (see the Supplemental Material for its
expression) using 441 NR simulations of aligned-spin
BBHs produced with the pseudo-Spectral Einstein code
(SpEC) of the Simulating eXtreme Spacetimes (SXS) Col-
laboration [87, 182–195], which were also employed in
Ref. [93] for the SEOBNRv5 model. They cover mass ratios
q = m1/m2 from 1 to 20 in the non-spinning limit, and di-
mensionless spin values going from −0.998 ≤ χi ≤ 0.998
for q = 1 to −0.5 ≤ χ1 ≤ 0.5, χ2 = 0 for q = 15.
SEOBNR-PM waveform-model performance – To as-

sess the accuracy of the waveform model, we compute
its mismatch against the set of 441 SXS NR simula-
tions, and compare its performance to the SEOBNRv5
(∆tNR, a6, dSO) model, as well as, to a version of
SEOBNRv5 calibrated only via ∆tNR. Fig. 4 illustrates
the cumulative maximum mismatch against the NR sim-
ulations over the binary’s total-mass range 10M⊙ ≤ M ≤
300M⊙, for the (ℓ,m) = (2, 2) mode. The overall mis-
match of SEOBNR-PM against NR falls roughly between
that of the two SEOBNRv5 variations, with a median value
Mmedian ∼ 6.1 × 10−4. This represents a remarkably
good agreement. When tuning only ∆tNR, we observe
that the accuracy of both SEOBNR-PM and SEOBNRv5 tends
to degrade for configurations with large positive spins.
This results in a tail of high-mismatch cases above ∼ 1%,
more pronounced for SEOBNRv5, which includes spin-orbit
(3.5PN), spin-square (4PN), and spin-cube (3.5PN) ef-
fects at a lower PN order than SEOBNR-PM, which in-
cludes spin terms up to 5PM order [196]. Resumming

the PM-EOB potentials and introducing calibration pa-
rameters could greatly improve SEOBNR-PM’s accuracy for
these cases, similar to the calibrated SEOBNRv5. We leave
this important work to the future.
Conclusions – In this Letter, we took advantage of

the flexible and efficient pySEOBNR code [150] and recent
prediction for the scattering angle in the EOB formal-
ism [142] to build the first inspiral-merger-ringdown EOB
waveform model (SEOBNR-PM) for aligned-spin BHs that
uses a PM-informed Hamiltonian (i.e., expanded in G,
but at all-orders in the velocity). Importantly, we found
that the SEOB-PM non-spinning binding energy, computed
along an inspiraling trajectory, at 4PM, and its spin-orbit
and spin-spin contributions through 5PM, agree remark-
ably well with the NR data up to 1 GW cycle before
merger (see Figs. 2 and 3). The agreement is compara-
ble and in some cases better than SEOBNRv5, which how-
ever was calibrated to NR results [93]. Furthermore, we
calibrated SEOBNR-PM to 441 NR simulations provided by
the SXS collaboration [87, 182–195] by tuning the (2,2)-
mode’s peak time (i.e., ∆tNR), and found a median mis-
match lower than SEOBNRv5, when the latter is similarly
calibrated to NR (see Fig. 4). For now, without opti-
mization, the SEOBNR-PM’s evaluation time is an order of
magnitude slower than SEOBNRv5.
Considering the recent attention to the two-body

gravitational-scattering problem in quantum-field theory,
with a slew of new results produced [113–119], we see
the development of the SEOBNR-PM model a watershed
moment — the first true application of these methods
to an astrophysically relevant inspiral-merger-ringdown
waveform model. Yet, this is only a first step. Given
the relevant progress at 5PM [157], we hope to incorpo-
rate the complete 5PM scattering angle into our effective
Hamiltonian in the near future. Recent results separat-
ing the local from non-local parts of the 4PM angle [197]
will likely be crucial for achieving good agreement with
NR for highly elliptic bound systems — ultimately, this
may be the SEOBNR-PM model’s raison d’être. In light
of the progress in PM fluxes [198–209], PM corrections
could also be fed into the EOB radiation-reaction forces
and gravitational modes. The SEOB-PM Hamiltonian and
fluxes will also need to be extended to the astrophysically
relevant precessing-spin case. We leave these tantalizing
prospects for future work.
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SUPPLEMENTAL MATERIAL

Appendix A: PM-informed effective Hamiltonian in
the EOB approach

Here we present the effective Hamiltonian Heff (3),
which depends on the A-potential and gyro-
gravitomagnetic factors:

A =
1− 2u+ χ2

+u
2 +∆A

1 + χ2
+u

2(2u+ 1)
, ga± =

∆ga±

u2
. (A1)

These are PM-expanded in Eq. (A2). Corrections to the
A-potential incorporate even-in-spin PM corrections:

∆A(n) =

⌊(n−1)/2⌋∑
s=0

2s∑
i=0

α
(n)
(2s−i,i)δ

σ(i)χ2s−i
+ χi

− , (A2)

where σ(i) = 0, 1 if i is even or odd, respectively. The
gyro-gravitomagnetic factors incorporate odd-in-spin PM
corrections:

∆g(n)a+
=

⌊(n−2)/2⌋∑
s=0

s∑
i=0

α
(n)
(2(s−i)+1,2i)χ

2(s−i)
+ χ2i

− , (A3a)

∆g(n)a−
=

⌊(n−2)/2⌋∑
s=0

s∑
i=0

α
(n)
(2(s−i),2i+1)χ

2(s−i)
+ χ2i

− . (A3b)

The dimensionless parameters α
(n)
(i,j) are functions of γ =

Eeff/µ and the symmetric mass ratio ν.

We now provide the deformation coefficients required
in order to fully specify the effective Hamiltonian for non-
spinning configurations. For the full spinning, we refer
the interested reader to the ancillary file attached to the
arXiv submission of this Letter that contains the com-
plete EOB and effective Hamiltonians. Firstly, the 2PM
non-spinning deformation is

α
(2)
(0,0) =

3(Γ− 1)(5γ2 − 1)

2γ2Γ
, (A4)

where Γ =
√
1 + 2ν(γ − 1) is the dimensionless total en-

ergy. Next, at 3PM order we require

α
(3)
(0,0) =

9(Γ−1)
(
30γ4−31γ2+5

)
+ 2ν

(
−214γ5+270γ4+323γ3−279γ2−145γ+45

)
6γ2 (γ2 − 1) Γ2

+
4ν
(
4γ4−12γ2−3

)
γ2Γ2

arccos γ√
1− γ2

.

(A5)

Here, we have replaced arccosh(γ)/
√
γ2 − 1 by arccos(γ)/

√
1− γ2. Finally, at 4PM order we encounter

α
(4)
(0,0) =

7ν
(
380γ2 + 169

)
8(γ − 1)γ2Γ3

E2

(
γ − 1

γ + 1

)
+

(
1200γ2 + 2095γ + 834

)
ν

4γ2 (γ2 − 1) Γ3
K2

(
γ − 1

γ + 1

)
(A6)

+

(
−1200γ3 − 2660γ2 − 2929γ − 1183

)
ν

4γ2 (γ2 − 1) Γ3
E

(
γ − 1

γ + 1

)
K

(
γ − 1

γ + 1

)
+

(
−25γ6 + 30γ4 + 111γ2 + 20

)
ν

γ2Γ3
Li2

(
1− γ

1 + γ

)
+

(γ + 1)
(
25γ5 − 25γ4 − 5γ3 + 65γ2 + 64γ + 12

)
ν

2γ2Γ3
Li2

(
γ − 1

γ + 1

)

+

(
35γ4 + 120γ3 + 90γ2 + 152γ + 27

)
ν

2γ2Γ3
log2

(
γ + 1

2

)
−

4
(
2γ2 − 3

) (
15γ2 − 15γ + 4

)
ν

γ(γ + 1)Γ3

Ti2

(√
1−γ
1+γ

)
√
1− γ2

+

(
2γ2 − 3

)2 (
35γ4 − 30γ2 + 11

)
ν

8 (γ2 − 1)
3
Γ3

arccos2 γ +
2
(
75γ6 − 140γ4 − 283γ2 − 852

)
ν

3γ (γ2 − 1) Γ3
log(γ)

+

(
210γ6 − 552γ5 + 339γ4 − 912γ3 + 3148γ2 − 3336γ + 1151

)
ν

12γ2 (γ2 − 1) Γ3
log
(u
4

)
+

((−35γ4 − 60γ3 + 150γ2 − 76γ + 5
)
ν

2γ2Γ3
log
(u
4

)
+

(
−75γ7 + 416γ5 + 612γ4 + 739γ3 + 136γ2 + 2520γ + 152

)
ν

3γ2 (γ2 − 1) Γ3

)
log

(
γ + 1

2

)
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+

((−420γ9 + 96γ8 − 48γ7 + 5328γ6 − 5279γ5 − 1584γ4 + 7142γ3 − 9360γ2 + 3453γ + 720
)
ν

12γ2(γ2 − 1)2Γ3

−
48
(
7γ2 − 5

) (
4γ4 − 12γ2 − 3

)
(Γ− 1)ν

12γ2(γ2 − 1)Γ3

−
(
2γ2 − 3

) (
35γ4 − 30γ2 + 11

)
ν

4γ(1− γ2)Γ3
log
(u
4

)
+

4
(
2γ2 − 3

) (
15γ2 + 2

)
ν

γ(1− γ2)Γ3
log

(
γ + 1

2

))
arccos γ√
1− γ2

+ (Γ− 1)

(
5115γ8 − 9537γ6 + 5657γ4 − 1115γ2 + 72

16γ4 (γ2 − 1)
2
Γ3

+

(
8159γ8 − 3136γ7 − 23601γ6 − 3360γ5 + 15409γ4 + 4000γ3 − 1995γ2 + 108

)
ν

24(γ − 1)γ4(γ + 1)2Γ3

)
+

ν

144γ9 (γ2 − 1)
2
Γ3

(
− 600π2γ17 + 3600γ16 + 480

(
9 + 4π2

)
γ15 + 2

(
720π2 − 28843

)
γ14 +

(
36759− 5136π2

)
γ13

+
(
44698− 1056π2

)
γ12 +

(
6624π2 − 43235

)
γ11 +

(
7702− 2208π2

)
γ10 − 5

(
2155 + 504π2

)
γ9

+ 2
(
23947 + 912π2

)
γ8 −

(
45605 + 288π2

)
γ7 + 12701γ6 + 648γ5 − 1471γ4 + 207γ2 − 45

)
,

where Ti2(x) :=
∫ x

0
(dt/t) arctan t is the inverse tangent

integral. This expression also includes log(u), which is
obtained by taking the bound circular-orbit limit (at
leading-PN order) of log(1 − γ2) (i.e., the real part of
log(γ2 − 1)). This ensures that the coefficient is real for
γ < 1. Finally, to complete the non-spinning dynam-
ics we require the 4PN correction coefficient ∆A4PN (5).
This includes three numerical coefficients:

c1 =
ν

15
(−1411+296γE−1328 log 2+2187 log 3) , (A7a)

c2 =
9ν3

4
+

ν2

192

(
615π2 − 16408

)
(A7b)

+ν

(
−51187

360
+
136γE

3
+
1571π2

6144
− 856 log 2

15
+
729 log 3

5

)
,

c3 = −68ν

3
, (A7c)

with γE ≈ 0.557 Euler’s constant.

Appendix B: Interpreting γ within α
(n)

(i,j)

The effective Hamiltonian Heff (3) contains deforma-

tion parameters α
(n)
(i,j) that depend on γ = Eeff/µ (i.e.,

the Hamiltonian technically depends on itself). In prin-
ciple, one should therefore solve for Eeff = Heff as a func-
tion of the kinematic variables (r,pr,pϕ); however, given
the highly non-trivial dependence on γ on the right-hand
side of Eq. (3), not to mention the appearance of spe-
cial functions including dilogarithms and elliptics, such
an approach is not practical. While one might also try
solving for the Hamiltonian numerically at a given phase-
space point, this approach will not lead to an efficient
implementation within pySEOBNR.
Instead, building on the approach taken in Ref. [112,

159] for the non-spinning case, we interpret γ as the ef-

fective energy expanded only up to whatever PM and/or
spin order is necessary to ensure that the complete re-
summed Hamiltonian HEOB = M

√
1 + 2ν(Heff/µ− 1)

is consistent with the known PM and spin results. The
effective Hamiltonian may be perturbatively expanded as

γ = γKerr +
∑
n≥2

∑
s≥0

∆
(n)
(s) (γKerr) (B1)

with deformations ∆
(n)
(s) (γKerr), characterized by PM or-

der n and spin order s, depending on γKerr = HKerr/µ.
The Kerr Hamiltonian here is

HKerr =
2Mpϕa

r3 + a2(r + 2M)
(B2)

+

√√√√AKerr

(
µ2 +

p2ϕ
r2

+ (1 +BKerr
np )p2r +BKerr

npa

p2ϕa
2

r2

)
,

where we identify the total spin a = a+ in the EOB. The
three functions appearing in the Kerr Hamiltonian are

AKerr =
1− 2u+ χ2u2

1 + χ2u2(2u+ 1)
, (B3a)

BKerr
np = χ2u2 − 2u , (B3b)

BKerr
npa = − 1 + 2u

r2 + a2(1 + 2u)
. (B3c)

For our purposes, expressions for the following five defor-
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mations (up to 3PM order) are sufficient:

∆
(2)
(0) =

u2

2
α
(2)
(0,0)(γKerr)γKerr , (B4a)

∆
(2)
(1) = ℓu3

(
(α

(2)
(1,0)(γKerr)− 2)a+ + α

(2)
(0,1)(γKerr)δa−

)
,

(B4b)

∆
(3)
(0) =

u3

2

(
2α

(2)
(0,0)(γKerr) + α

(3)
(0,0)(γKerr)

)
γKerr , (B4c)

∆
(3)
(1) = ℓu4

(
α
(3)
(1,0)(γKerr)a+ + α

(3)
(0,1)(γKerr)δa−

)
, (B4d)

∆
(3)
(2) =

u3

2

(
α
(3)
(2,0)(γKerr)a

2
+ + α

(3)
(0,2)(γKerr)a

2
−

+ α
(3)
(1,1)(γKerr)δa+a−

)
γKerr , (B4e)

Within a given coefficient α
(n)
(i,j) we use whatever defor-

mations in Eq. (B4) are required. The explicit coefficient-
by-coefficient replacements used in our model are

α
(2)
(0,0)(γ) : γ → γKerr +∆

(2)
(0) +∆

(2)
(1) +∆

(3)
(1) +∆

(3)
(2) ,

α
(3)
(0,0)(γ) : γ → γKerr +∆

(2)
(1) ,

α
(2)
(1,0)(γ) : γ → γKerr +∆

(2)
(0)+∆

(2)
(1)+∆

(3)
(0)+∆

(3)
(1)+∆

(3)
(2) ,

α
(2)
(0,1)(γ) : γ → γKerr +∆

(2)
(0)+∆

(2)
(1)+∆

(3)
(0)+∆

(3)
(1)+∆

(3)
(2) ,

α
(3)
(1,0)(γ) : γ → γKerr +∆

(2)
(0) +∆

(2)
(1) ,

α
(3)
(0,1)(γ) : γ → γKerr +∆

(2)
(0) +∆

(2)
(1) ,

α
(3)
(2,0)(γ) : γ → γKerr +∆

(2)
(0) +∆

(2)
(1) ,

α
(3)
(0,2)(γ) : γ → γKerr +∆

(2)
(0) +∆

(2)
(1) ,

α
(3)
(1,1)(γ) : γ → γKerr +∆

(2)
(0) +∆

(2)
(1) , (B5)

and in all other cases we replace γ → γKerr (including

∆A4PN). For example, as α
(3)
(1,0) appears at 3PM order in

Heff , we need all corrections up to 2PM order in order to
ensure that our Hamiltonian remains correct up to 5PM.

An exception is the two non-spinning parameters α
(2)
(0,0)

and α
(3)
(0,0), wherein we do not include ∆

(3)
(0) and ∆

(2)
(0), re-

spectively, as the non-spinning 5PM contribution is not
included from known perturbative PM results. We in-
stead correct using the 4PN term ∆A4PN. The result of
this procedure is an effective Hamiltonian that now de-
pends explicitly on (r,pr,pϕ). As this procedure changes
the nature of the resummation, our Hamiltonian is there-
fore different from the one encountered in the SEOB-PM
scattering model [142].

A consequence of treating γ via Eq. (B1) is that it
vanishes wherever HKerr does. For example, in the non-
spinning limit, this leads to a pole at the Schwarzschild

horizon r = 2M in the α
(n)
(i,j) coefficients (A2), which con-

tain powers of 1/γ, and consequently in the A-potential.
This would not necessarily occur if γ was defined as
γ = Eeff/µ, as the effective Hamiltonian does not need

to vanish at the horizon. Since the pole appears at a
very small separation, it does not prevent evolving the bi-
nary until the merger time (which occurs before the time
of horizon crossing) and obtaining an accurate inspiral-
merger-ringdown waveform. However, the presence of
the pole impacts the shape of the A-potential (and of the
overall Hamiltonian) in the strong-field regime and might
limit the flexibility that can be gained from incorporating
higher-order calibration parameters in the EOB Hamilto-
nian. For example, adding a 5PN calibration parameter
a6u

6 to the A-potential via Eq. (5), similar to the one
used in SEOBNRv5, does not improve the agreement of
the non-spinning SEOBNR-PM against NR simulations as
effectively as the corresponding parameter in SEOBNRv5.
In the future, we will explore different strategies to in-
terpret γ, and seek for a more suitable choice of the NR
calibration parameters tailored to the particular struc-
ture of the PM terms, which can enable a more effective
NR calibration of the spinning model.

Appendix C: Fits of the NR-calibration parameters

Since NR simulations are only available at discrete pa-
rameter values, to generate the model for generic con-
figurations we need to fit the NR calibration parameter
∆tNR across the (q, χ1, χ2), or equivalently (ν, χ+, χ−),
parameter space. We do this hierarchically, fitting first
non-spinning and then aligned-spin configurations, using
the same ansatz as in SEOBNRv5. The final expression for
SEOBNR-PM reads

∆tNR = ν−1/5+12.73ν
(
113115.96ν3 − 25626.22ν2 (C1)

− 1457.38ν − 60.17
)

+ ν−1/5
(
195.45ν2χ+ − 190.15ν2χ− + 52.14νχ2

+

− 72.80νχ+χ− − 72.56νχ+ + 50.90νχ2
−

− 15.76νχ− + 0.24χ4
+ − 1.51χ3

+ + 4.23χ2
+χ−

− 10.51χ2
+ + 1.22χ+χ

2
− + 18.89χ+χ−

+ 10.10χ+ − 10.50χ2
− + 17.08χ−

)
.

For completeness, we also report the fit used in the vari-
ation of the SEOBNRv5 model shown in Fig. 4, in which
only this parameter is tuned to NR:

∆tNR = ν−1/5+4.97ν
(
− 4091.55ν3 + 2493.06ν2 (C2)

− 205.61ν − 53.99
)

+ ν−1/5
(
45.32ν2χ+ − 874.81ν2χ− + 71.25νχ2

+

+ 65.96νχ+χ− + 3.72νχ+ − 100.55νχ2
−

+ 160.60νχ− − 89.85χ4
+ − 43.49χ3

+ − 1.07χ2
+χ−

+ 59.49χ2
+ + 0.94χ+χ

2
− − 17.51χ+χ−

+ 36.27χ+ + 26.08χ2
− + 15.37χ−

)
.

The complete SEOBNRv5 model also contains calibrations
of the a6 and dSO parameters, together with a different
fit for ∆tNR [93].



9

[1] B. P. Abbott et al. (LIGO Scientific, Virgo), “Obser-
vation of Gravitational Waves from a Binary Black
Hole Merger,” Phys. Rev. Lett. 116, 061102 (2016),
arXiv:1602.03837 [gr-qc].

[2] J. Aasi et al. (LIGO Scientific), “Advanced LIGO,”
Class. Quant. Grav. 32, 074001 (2015), arXiv:1411.4547
[gr-qc].

[3] F. Acernese et al. (VIRGO), “Advanced Virgo: a
second-generation interferometric gravitational wave
detector,” Class. Quant. Grav. 32, 024001 (2015),
arXiv:1408.3978 [gr-qc].

[4] T. Akutsu et al. (KAGRA), “Overview of KAGRA: De-
tector design and construction history,” PTEP 2021,
05A101 (2021), arXiv:2005.05574 [physics.ins-det].

[5] B. P. Abbott et al. (LIGO Scientific, Virgo),
“GW170817: Observation of Gravitational Waves from
a Binary Neutron Star Inspiral,” Phys. Rev. Lett. 119,
161101 (2017), arXiv:1710.05832 [gr-qc].

[6] R. Abbott et al. (KAGRA, VIRGO, LIGO Scientific),
“GWTC-3: Compact Binary Coalescences Observed
by LIGO and Virgo during the Second Part of the
Third Observing Run,” Phys. Rev. X 13, 041039 (2023),
arXiv:2111.03606 [gr-qc].

[7] Alexander H. Nitz, Sumit Kumar, Yi-Fan Wang, Shilpa
Kastha, Shichao Wu, Marlin Schäfer, Rahul Dhurkunde,
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laume Faye, and Sylvain Marsat, “Energy and peri-
astron advance of compact binaries on circular orbits
at the fourth post-Newtonian order,” Phys. Rev. D95,
044026 (2017), arXiv:1610.07934 [gr-qc].

[45] Damour, Thibault and Jaranowski, Piotr and Schäfer,
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Carrillo-González, Marco Chiodaroli, Henriette Elvang,
Henrik Johansson, Donal O’Connell, Radu Roiban, and
Oliver Schlotterer, “Snowmass White Paper: the Dou-
ble Copy and its Applications,” in 2022 Snowmass Sum-
mer Study (2022) arXiv:2204.06547 [hep-th].

[133] Ming-Zhi Chung, Yu-Tin Huang, Jung-Wook Kim, and
Sangmin Lee, “The simplest massive S-matrix: from
minimal coupling to Black Holes,” JHEP 04, 156 (2019),
arXiv:1812.08752 [hep-th].

[134] Nima Arkani-Hamed, Yu-tin Huang, and Donal
O’Connell, “Kerr black holes as elementary particles,”

JHEP 01, 046 (2020), arXiv:1906.10100 [hep-th].
[135] Zvi Bern, Andres Luna, Radu Roiban, Chia-Hsien Shen,

and Mao Zeng, “Spinning black hole binary dynamics,
scattering amplitudes, and effective field theory,” Phys.
Rev. D 104, 065014 (2021), arXiv:2005.03071 [hep-th].

[136] Yilber Fabian Bautista, Alfredo Guevara, Chris Ka-
vanagh, and Justin Vines, “Scattering in black hole
backgrounds and higher-spin amplitudes. Part I,” JHEP
03, 136 (2023), arXiv:2107.10179 [hep-th].

[137] Yilber Fabian Bautista, Alfredo Guevara, Chris Ka-
vanagh, and Justin Vines, “Scattering in black hole
backgrounds and higher-spin amplitudes. Part II,”
JHEP 05, 211 (2023), arXiv:2212.07965 [hep-th].

[138] Marco Chiodaroli, Henrik Johansson, and Paolo Pi-
chini, “Compton black-hole scattering for s ≤ 5/2,”
JHEP 02, 156 (2022), arXiv:2107.14779 [hep-th].

[139] Rafael Aoude, Kays Haddad, and Andreas Helset,
“Classical gravitational scattering amplitude at
O(G2S1∞S2∞),” Phys. Rev. D 108, 024050 (2023),
arXiv:2304.13740 [hep-th].

[140] Lucile Cangemi, Marco Chiodaroli, Henrik Jo-
hansson, Alexander Ochirov, Paolo Pichini, and
Evgeny Skvortsov, “From higher-spin gauge interac-
tions to Compton amplitudes for root-Kerr,” (2023),
arXiv:2311.14668 [hep-th].

[141] Mohammed Khalil, Alessandra Buonanno, Hector Es-
telles, Deyan P. Mihaylov, Serguei Ossokine, Lorenzo
Pompili, and Antoni Ramos-Buades, “Theoretical
groundwork supporting the precessing-spin two-body
dynamics of the effective-one-body waveform mod-
els SEOBNRv5,” Phys. Rev. D 108, 124036 (2023),
arXiv:2303.18143 [gr-qc].

[142] Alessandra Buonanno, Gustav Uhre Jakobsen, and
Gustav Mogull, “Post-Minkowskian Theory Meets the
Spinning Effective-One-Body Approach for Two-Body
Scattering,” (2024), arXiv:2402.12342 [gr-qc].

[143] Alfredo Guevara, Alexander Ochirov, and Justin
Vines, “Scattering of Spinning Black Holes from Ex-
ponentiated Soft Factors,” JHEP 09, 056 (2019),
arXiv:1812.06895 [hep-th].

[144] Dimitrios Kosmopoulos and Andres Luna, “Quadratic-
in-spin Hamiltonian at O(G2) from scattering ampli-
tudes,” JHEP 07, 037 (2021), arXiv:2102.10137 [hep-
th].

[145] Wei-Ming Chen, Ming-Zhi Chung, Yu-tin Huang, and
Jung-Wook Kim, “The 2PM Hamiltonian for binary
Kerr to quartic in spin,” JHEP 08, 148 (2022),
arXiv:2111.13639 [hep-th].

[146] Gustav Uhre Jakobsen and Gustav Mogull, “Conser-
vative and Radiative Dynamics of Spinning Bodies at
Third Post-Minkowskian Order Using Worldline Quan-
tum Field Theory,” Phys. Rev. Lett. 128, 141102
(2022), arXiv:2201.07778 [hep-th].

[147] Gustav Uhre Jakobsen and Gustav Mogull, “Linear
response, Hamiltonian, and radiative spinning two-
body dynamics,” Phys. Rev. D 107, 044033 (2023),
arXiv:2210.06451 [hep-th].

[148] Fernando Febres Cordero, Manfred Kraus, Guanda Lin,
Michael S. Ruf, and Mao Zeng, “Conservative Binary
Dynamics with a Spinning Black Hole at O(G3) from
Scattering Amplitudes,” Phys. Rev. Lett. 130, 021601
(2023), arXiv:2205.07357 [hep-th].

[149] We plan to update our SEOBNR-PM model in the near
future to include the recent findings in Ref. [197], which

http://dx.doi.org/10.1103/PhysRevLett.131.151401
http://dx.doi.org/10.1103/PhysRevLett.131.151401
http://arxiv.org/abs/2306.01714
http://dx.doi.org/10.1103/PhysRevD.109.L041504
http://dx.doi.org/10.1103/PhysRevD.109.L041504
http://arxiv.org/abs/2312.00719
http://dx.doi.org/10.1007/JHEP11(2020)023
http://arxiv.org/abs/2005.04236
http://arxiv.org/abs/2005.04236
http://arxiv.org/abs/2201.03593
http://dx.doi.org/10.1088/1751-8121/ac87de
http://dx.doi.org/10.1088/1751-8121/ac87de
http://arxiv.org/abs/2203.13014
http://dx.doi.org/10.1088/1751-8121/ac8086
http://dx.doi.org/10.1088/1751-8121/ac8086
http://arxiv.org/abs/2203.13015
http://dx.doi.org/10.1103/PhysRevLett.132.201602
http://dx.doi.org/10.1103/PhysRevLett.132.201602
http://arxiv.org/abs/2312.11371
http://arxiv.org/abs/2405.17255
http://arxiv.org/abs/2401.07899
http://dx.doi.org/10.1016/0550-3213(94)00488-Z
http://dx.doi.org/10.1016/0550-3213(94)00488-Z
http://arxiv.org/abs/hep-ph/9409265
http://dx.doi.org/10.1088/1751-8113/44/45/454003
http://arxiv.org/abs/1103.1869
http://arxiv.org/abs/1103.1869
http://dx.doi.org/10.1103/PhysRevLett.105.061602
http://dx.doi.org/10.1103/PhysRevLett.105.061602
http://arxiv.org/abs/1004.0476
http://arxiv.org/abs/1909.01358
http://dx.doi.org/10.1088/1751-8121/ac93cf
http://dx.doi.org/10.1088/1751-8121/ac93cf
http://arxiv.org/abs/2203.13013
http://arxiv.org/abs/2204.06547
http://dx.doi.org/10.1007/JHEP04(2019)156
http://arxiv.org/abs/1812.08752
http://dx.doi.org/10.1007/JHEP01(2020)046
http://arxiv.org/abs/1906.10100
http://dx.doi.org/10.1103/PhysRevD.104.065014
http://dx.doi.org/10.1103/PhysRevD.104.065014
http://arxiv.org/abs/2005.03071
http://dx.doi.org/10.1007/JHEP03(2023)136
http://dx.doi.org/10.1007/JHEP03(2023)136
http://arxiv.org/abs/2107.10179
http://dx.doi.org/10.1007/JHEP05(2023)211
http://arxiv.org/abs/2212.07965
http://dx.doi.org/10.1007/JHEP02(2022)156
http://arxiv.org/abs/2107.14779
http://dx.doi.org/10.1103/PhysRevD.108.024050
http://arxiv.org/abs/2304.13740
http://arxiv.org/abs/2311.14668
http://dx.doi.org/10.1103/PhysRevD.108.124036
http://arxiv.org/abs/2303.18143
http://arxiv.org/abs/2402.12342
http://dx.doi.org/10.1007/JHEP09(2019)056
http://arxiv.org/abs/1812.06895
http://dx.doi.org/10.1007/JHEP07(2021)037
http://arxiv.org/abs/2102.10137
http://arxiv.org/abs/2102.10137
http://dx.doi.org/10.1007/JHEP08(2022)148
http://arxiv.org/abs/2111.13639
http://dx.doi.org/10.1103/PhysRevLett.128.141102
http://dx.doi.org/10.1103/PhysRevLett.128.141102
http://arxiv.org/abs/2201.07778
http://dx.doi.org/10.1103/PhysRevD.107.044033
http://arxiv.org/abs/2210.06451
http://dx.doi.org/10.1103/PhysRevLett.130.021601
http://dx.doi.org/10.1103/PhysRevLett.130.021601
http://arxiv.org/abs/2205.07357


14

allow to derive the local-in-time EOB Hamiltonian for
bound orbits at 4PM.

[150] Deyan P. Mihaylov, Serguei Ossokine, Alessandra Buo-
nanno, Hector Estelles, Lorenzo Pompili, Michael
Pürrer, and Antoni Ramos-Buades, “pySEOBNR: a
software package for the next generation of effective-
one-body multipolar waveform models,” (2023),
arXiv:2303.18203 [gr-qc].

[151] Thibault Damour, Bala R. Iyer, and Alessandro Nagar,
“Improved resummation of post-Newtonian multipolar
waveforms from circularized compact binaries,” Phys.
Rev. D 79, 064004 (2009), arXiv:0811.2069 [gr-qc].

[152] Thibault Damour and Alessandro Nagar, “Faithful
effective-one-body waveforms of small-mass-ratio coa-
lescing black-hole binaries,” Phys. Rev. D 76, 064028
(2007), arXiv:0705.2519 [gr-qc].

[153] Yi Pan, Alessandra Buonanno, Ryuichi Fujita, Eti-
enne Racine, and Hideyuki Tagoshi, “Post-Newtonian
factorized multipolar waveforms for spinning, non-
precessing black-hole binaries,” Phys. Rev. D 83,
064003 (2011), [Erratum: Phys.Rev.D 87, 109901
(2013)], arXiv:1006.0431 [gr-qc].

[154] Thibault Damour, Bala R. Iyer, Piotr Jaranowski, and
B. S. Sathyaprakash, “Gravitational waves from black
hole binary inspiral and merger: The Span of third post-
Newtonian effective one-body templates,” Phys. Rev. D
67, 064028 (2003), arXiv:gr-qc/0211041.

[155] Thibault Damour and Alessandro Nagar, “A new ana-
lytic representation of the ringdown waveform of coa-
lescing spinning black hole binaries,” Phys. Rev. D 90,
024054 (2014), arXiv:1406.0401 [gr-qc].

[156] Roberto Cotesta, Alessandra Buonanno, Alejandro
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Jakob Neef, and Rafael A. Porto, “Radiation Re-
action and Gravitational Waves at Fourth Post-
Minkowskian Order,” Phys. Rev. Lett. 130, 101401
(2023), arXiv:2210.05541 [hep-th].

[207] Gustav Uhre Jakobsen, Gustav Mogull, Jan Plefka, and
Jan Steinhoff, “Classical Gravitational Bremsstrahlung
from a Worldline Quantum Field Theory,” Phys. Rev.
Lett. 126, 201103 (2021), arXiv:2101.12688 [gr-qc].

[208] Gustav Uhre Jakobsen, Gustav Mogull, Jan Plefka, and
Jan Steinhoff, “Gravitational Bremsstrahlung and Hid-
den Supersymmetry of Spinning Bodies,” Phys. Rev.
Lett. 128, 011101 (2022), arXiv:2106.10256 [hep-th].

[209] Gustav Uhre Jakobsen, Gustav Mogull, Jan Plefka, and
Benjamin Sauer, “Dissipative Scattering of Spinning
Black Holes at Fourth Post-Minkowskian Order,” Phys.
Rev. Lett. 131, 241402 (2023), arXiv:2308.11514 [hep-
th].

[210] Parameswaran Ajith et al., “Phenomenological template
family for black-hole coalescence waveforms,” Class.
Quant. Grav. 24, S689–S700 (2007), arXiv:0704.3764
[gr-qc].

[211] Geraint Pratten et al., “Computationally efficient mod-
els for the dominant and subdominant harmonic modes
of precessing binary black holes,” Phys. Rev. D 103,
104056 (2021), arXiv:2004.06503 [gr-qc].
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Szilágyi, “Numerical relativity waveform surrogate
model for generically precessing binary black hole merg-
ers,” Phys. Rev. D 96, 024058 (2017), arXiv:1705.07089
[gr-qc].

http://dx.doi.org/10.1103/PhysRevD.104.024041
http://arxiv.org/abs/2102.08339
http://dx.doi.org/10.1103/PhysRevLett.129.121601
http://dx.doi.org/10.1103/PhysRevLett.129.121601
http://arxiv.org/abs/2203.04283
http://dx.doi.org/10.1103/PhysRevLett.130.101401
http://dx.doi.org/10.1103/PhysRevLett.130.101401
http://arxiv.org/abs/2210.05541
http://dx.doi.org/10.1103/PhysRevLett.126.201103
http://dx.doi.org/10.1103/PhysRevLett.126.201103
http://arxiv.org/abs/2101.12688
http://dx.doi.org/10.1103/PhysRevLett.128.011101
http://dx.doi.org/10.1103/PhysRevLett.128.011101
http://arxiv.org/abs/2106.10256
http://dx.doi.org/10.1103/PhysRevLett.131.241402
http://dx.doi.org/10.1103/PhysRevLett.131.241402
http://arxiv.org/abs/2308.11514
http://arxiv.org/abs/2308.11514
http://dx.doi.org/10.1088/0264-9381/24/19/S31
http://dx.doi.org/10.1088/0264-9381/24/19/S31
http://arxiv.org/abs/0704.3764
http://arxiv.org/abs/0704.3764
http://dx.doi.org/10.1103/PhysRevD.103.104056
http://dx.doi.org/10.1103/PhysRevD.103.104056
http://arxiv.org/abs/2004.06503
http://dx.doi.org/10.1103/PhysRevD.105.084040
http://dx.doi.org/10.1103/PhysRevD.105.084040
http://arxiv.org/abs/2105.05872
http://dx.doi.org/10.1103/PhysRevD.96.024058
http://arxiv.org/abs/1705.07089
http://arxiv.org/abs/1705.07089

	Post-Minkowskian Theory Meets the Spinning  Effective-One-Body Approach for Bound-Orbit Waveforms
	Abstract
	Supplemental Material
	PM-informed effective Hamiltonian in the EOB approach
	Interpreting  within (n)(i,j)
	Fits of the NR-calibration parameters 
	References


