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Abstract

In this work, we present a comprehensive study of holographic stress ten-

sor correlators on general Riemann surfaces, extending beyond the previ-

ously well-studied torus cases to explore higher genus conformal field theo-

ries (CFTs) within the framework of the Anti-de Sitter/conformal field the-

ory (AdS/CFT) correspondence. We develop a methodological approach to

compute holographic stress tensor correlators, employing the Schottky uni-

formization technique to address the handlebody solutions for higher genus

Riemann surfaces. Through rigorous calculations, we derive four-point stress

tensor correlators, alongside recurrence relations for higher-point correlators,

within the AdS3/CFT2 context. Additionally, our research delves into the

holography of cutoff AdS3 spaces, offering novel insights into the lower-point

correlators of the T T̄ -deformed theories on higher genus Riemann surfaces up

to the first deformation order.
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1 Introduction

The Anti-de Sitter/conformal field theory (AdS/CFT) correspondence [1–3], as a

strong-weak duality, provides a powerful toolkit for understanding the behavior of

strongly coupled quantum field theories. Especially, it offers us a way to compute

the correlators of local operators in the boundary CFT by performing gravitational

perturbative calculations in the bulk.

The correlators of local operators are the most fundamental observables of a

CFT. Among them, the stress tensor correlators have received substantial attention.

They contain information about the energy, momentum, and stress distribution of

a system, enabling analyses of phenomena such as the c-theorem [4] and others.

Extensive research has been conducted on these correlators both within field theory
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and in the context of holography [5–11]. While CFTs on Riemann surfaces have

been explored in depth, research on holographic correlators of the stress tensor

has predominantly focused on CFTs with trivial topology. Further research into

holographic field theories on manifolds with nontrivial topologies is necessary to

provide nontrivial tests of AdS3/CFT2.

In our previous works [12,13], we computed holographic torus correlators of the

stress tensor by solving the boundary value problem of Einstein’s equation in the

bulk. The prescription we proposed applies to any Riemann surface. In [14] we

applied our approach to compute holographic torus correlators involving both the

scalar operator and the stress tensor. Additionally, we extended the procedure to

holographic correlators at a finite cutoff in the bulk. We further extended our anal-

ysis to AdS5/CFT4 in [15], where we computed the holographic Euclidean thermal

two-point correlators of the stress tensor and U(1) current from the AdS planar

black hole. In this paper we will take another step beyond the torus: we consider

the higher genus case.

The holography of arbitrary genus compact Riemann surfaces has long been

established [16]. Moreover, higher genus partition functions have been previously

investigated [17–20], both for the handlebody and non-handlebody solutions. Our

paper focuses on the handlebody solution, which can be constructed through the

Schottky uniformization, as outlined in [16]. Following the approach in [12], we

calculate the holographic correlators of the stress tensor on the conformal bound-

ary, based on the well-established near-boundary solution in the form of Fefferman-

Graham coordinates [21–25]. Our results coincide with the Ward identity of CFT on

the general Riemann surface [10], providing a non-trivial verification of AdS3/CFT2.

We also derive recurrence relations for computing some higher-point correlators dur-

ing the calculation.

Furthermore, we extend our procedure to the case of the cutoff-AdS3/T T̄ -CFT2

correspondence. The T T̄ deformation [26,27], as an integrable deformation, has at-

tracted considerable attention in recent years. It has been proposed that the AdS3

gravity with a Dirichlet boundary as a cutoff at a finite radial coordinate is dual

to a T T̄ -deformed CFT2 living on that Dirichlet boundary [28]. It is an interest-
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ing and valuable topic to calculate correlation functions of T T̄ -deformed theories.

Stress tensor correlators of T T̄ -deformed CFTs have been investigated using vari-

ous approaches [11–14, 29–34]. Nevertheless, most of relative studies focus on the

T T̄ -deformed theory either on the complex plane or on the torus. The T T̄ operator

has been observed to lose factorization property in the presence of non-zero cur-

vature [35], posing a challenge for studying T T̄ -deformation in curved spacetime.

However, the factorization property still holds in a large c limit. Following the dy-

namical coordinate formulation in [36] established for T T̄ deformation in curved

spacetime with trivial topology, we generalize the construction to the case of gen-

eral Riemann surfaces, which allows us to derive a set of flow equations describing

how the modular parameters of the cutoff Riemann surface change along the flow.

Based on this construction, we calculate the stress tensor one-point correlators and

two-point correlators perturbatively, as a worthwhile attempt to study the T T̄ de-

formation in curved spacetime with nontrivial topology.

The remainder of the paper is organized as follows. In section 2, we briefly review

the Schottky uniformization as the basis for subsequent calculations. In section 3, we

calculate holographic correlators of the stress tensor on the conformal boundary. We

review how to obtain holographic correlators through near-boundary analysis and

the GKPW dictionary and calculate stress tensor one-point correlators in subsection

3.1. Two-point correlators are computed in subsection 3.2. Recurrence relations are

derived in subsection 3.3. In section 4 we investigate holographic correlators at a

finite cutoff. We derive the explicit form of the dynamical coordinate transformation

for a Riemann surface cutoff in subsection 4.1. Perturbative stress tensor one-

point and two-point correlators are calculated in subsection 4.2 and 4.3, respectively.

Section 5 is for conclusions and perspectives. Additionally, we review the necessary

definitions and properties of differentials and Green’s function in appendix A, which

are utilized in the main text. In the end, we list all the independent three-point and

four-point correlators of the CFT case in appendix B.
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2 Holography of Riemann surfaces

In this section, we briefly review the basics of the holography of arbitrary genus

compact Riemann surfaces [16].

In general, one can obtain all types of constant negative curvature three-dimensional

spaces by identifying the points of the Euclidean AdS3 appropriately. Specifically,

starting with the Euclidean AdS3, namely the three-dimensional hyperbolic space

H3, we can obtain other constant negative curvature space by the quotient construc-

tion

H3/Σ, (1)

where Σ is the Kleinian group [16, 37], a discrete subgroup of PSL(2,C), the group

of orientation-preserving isometries of H3. The quotient presents some subtleties

when extending the action of Σ to the conformal boundary S2 ≃ C ∪ {∞}: the

action may have fixed points on S2. We denote Λ as the so-called limit set, that

is, the closure of the set of fixed points of the action. The difference set Ω = S2\Λ
is called the region of discontinuity of Σ, an open set on which the Kleinian group

Σ acts freely discontinuously. The quotient Ω/Σ then can be a smooth manifold,

serving as the conformal boundary of the quotient space H3/Σ.

The topology of the three-dimensional space obtained from quotient by a general

Kleinian group can be very complicated [37, 38]. In this paper, we focus on the

simplest case that Σ is a classical Schottky group [16, 39, 40]. In this case, the

quotient space we obtain corresponds to a handlebody solution.

A marked classical Schottky group Γg of genus g is freely generated by g lox-

odromic generators L1, · · · , Lg (an element in PSL(2,C) is called loxodromic if its

action has two fixed points on S2 and Tr(Li) /∈ [0, 2]). To show how Γg acts on the

Riemann sphere, let C1, · · · , Cg, C
′
1, · · · , C ′

g denote 2g non-intersecting circles in S2.

Each generator Li, i = 1, 2, · · · , g can be represented in the form

Li(z)− ai
Li(z)− bi

= λi

z − ai
z − bi

, z ∈ C ∪ {∞}, (2)

where ai and bi are the two fixed points of Li, which can always be chosen as the

centers of Ci and C ′
i, and the multiplier λi is a complex number with 0 < |λi| < 1.
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The action of Li maps Ci to C ′
i, while the exterior of Ci is mapped to the interior

of C ′
i, and vice versa. The fundamental domain of Γg is thus the exterior of all the

2g circles. An example of the g = 2 case is shown in figure 1.

According to the classical retrosection theorem [41,42], for any compact Riemann

surface, one can always find a Schottky group Γ such that the Riemann surface can

be represented in the form Ω/Γ, where Ω is the region of discontinuity of Γ. The

Schottky group can be chosen such that the image of Ci’s become g generators

of the fundamental group π1(X) of the Riemann surface X we construct. Also,

the moduli space of X can be obtained from 3g − 3 parameters of Γg after fixing

three parameters by Möbius transformation [16, 40]. The procedure above is called

Schottky uniformization.

The holography of Riemann surfaces has received significant attention in the

study of 2+1 dimensional wormholes [43–47], where the handlebodies play a role of

Euclidean counterparts of the Lorentzian wormholes in the sense of the real-time

gauge/gravity duality [46, 48, 49]. Non-handlebody geometries are also considered

in [18, 45].

Figure 1: The illustration of the Schottky uniformization for a genus 2 Riemann surface. Schottky

generator Li identifies the exterior of Ci with the interior of C′

i, i = 1, 2, and vice versa. The green

part stands for the fundamental domain D of the Schottky group Γg=2.
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3 Holographic correlators of higher genus CFT

In this section, we compute holographic correlators of the stress tensor of conformal

field theories on Riemann surfaces of genus g > 2. During the calculation, we follow

the method developed in [12, 14].

3.1 Holographic setup and one-point correlators

Firstly we review how to obtain holographic stress tensor correlators within the

framework of AdS3/CFT2. As outlined in [12], we employ the Fefferman-Graham

coordinates near the boundary [21,24] for the holographic calculation, in which the

bulk metric can be expressed in the form

ds2 =
dρ2

4ρ2
+

1

ρ
gij(x, ρ) dx

i dxj . (3)

gij(x, ρ) can be expanded into a series of ρ, which truncates in three dimension

spacetime:

gij(x, ρ) = g
(0)
ij (x) + g

(2)
ij (x)ρ+ g

(4)
ij (x)ρ2. (4)

With this metric, Einstein’s equation can be reduced into three equations about

g(0), g(2) and g(4):

g
(4)
ij =

1

4
g
(2)
ik g(0)klg

(2)
lj , (5)

∇(0)ig
(2)
ij = ∇(0)

j g
(2)i

i, (6)

g
(2)i

i = −1

2
R[g(0)]. (7)

In all three equations above, the covariant derivative and raising (lowering) indices

are with respect to g(0), which can be identified with the boundary metric the CFT

living in.

According to the GKPW dictionary of AdS/CFT [3], there exists an equivalence

between the bulk gravitational partition function and the generating functional of

the boundary CFT, where the former can be approximated as a sum over all saddles

in the semiclassical limit. In our calculation, we assume that only one saddle dom-

inates, thus the generating functional of connected correlators of the CFT is equal
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to the on-shell action of this saddle. The one-point correlator of the stress tensor in

the boundary CFT can be identified with the Brown-York tensor [23] in the case:

〈Tij〉 = − 1

8πG
(Kij −Khij + hij), (8)

where G is Newton’s constant, which is related to the CFT central charge through

the Brown-Henneaux relation [50] c = 3
2G

. Kij and hij are the extrinsic curvature

and the induced metric of the boundary, respectively. Using the Fefferman-Graham

coordinates and equations (5)(6)(7) above, we can obtain the expression of one-point

correlator with respect to g(0) and g(2)

〈Tij〉 =
1

8πG

(

g
(2)
ij − g(0)klg

(2)
kl g

(0)
ij

)

(9)

with the conservation law and holographic Weyl anomaly:

∇i 〈Tij〉 = 0, (10)

〈T i
i 〉 =

1

16πG
R[g(0)]. (11)

To compute multi-point correlators of the stress tensor, by definition, we only

need to take the functional derivative of the one-point function with respect to the

metric. Here we choose the convention of the definition to be

〈Ti1j1(z1) · · ·Tinjn(zn)〉 = − (−2)nδnICFT
√

det(g(0)(z1)) · · ·
√

det(g(0)(zn))δg(0)i1j1(z1) · · · δg(0)injn(zn)
,

(12)

where ICFT is the generating functional of connected correlators of the boundary

CFT.

Now we return to the concrete calculation of higher genus correlators. we need

to fix the boundary metric first. What should be noted is that in the higher genus

case, the boundary metric cannot be set to be flat like the torus case. This can be

seen from the Euler characteristic of a closed-oriented Riemann surface, given by

χ = 2− 2g, where g > 2 yields a negative value. Instead, a unique complete metric

with constant negative curvature R = −1 [40] exists on any such compact Riemann

surface. This metric can be obtained from the flat metric in conformal gauge via a

Weyl transformation:

ds2 = e2φ(z,z̄) dz dz̄, (13)
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where φ(z, z̄) is a Liouville field that satisfies

8∂z∂z̄φ = e2φ (14)

by the condition R[g(0)] = −1. Moreover, to make the metric single-valued under the

Schottky uniformization, the Liouville field φmust have the transformation property

φ(γ(z), γ(z)) = φ(z, z̄)− 1

2
ln |γ′(z)|2 (15)

under the action of any generator γ of the Schottky group Γg. This property provides

a boundary condition if we choose γ as the generator Li’s of Γg. The Liouville

equation (14) is hard to solve with such quasiperiodic boundary conditions. There

has been some work solving it numerically [51, 52]. Throughout this paper, we will

keep the Liouville field φ in all expressions.

To obtain the correlators, we start by finding the proper Fefferman-Graham

coordinates, in which the metric coincides with (13) on the boundary. Starting from

the Poincaré coordinates

ds2 =
dξ2

4ξ2
+

dy dȳ

ξ
, (16)

this can be done directly by taking the transformation [53]:

ξ =
ρe−2φ

(1 + ρe−2φ|∂zφ|2)2
, y = z + ∂z̄φ

ρe−2φ

1 + ρe−2φ|∂wφ|2
. (17)

After the coordinate transformation, the metric becomes the Fefferman-Graham

form that we need:

ds2 =
dρ2

4ρ2
+

1

ρ
e2φ dz dz̄ + T φ dz2 + T̄ φ dz̄2 + 2R dz dz̄

+ ρe−2φ(T φ dz +R dz̄)(T̄ φ dz̄ +R dz), (18)

where

T φ = ∂2
zφ− (∂zφ)

2, R = ∂z∂z̄φ. (19)

Therefore, when compared with the general form of the metric in Fefferman-Graham

coordinates (3)(4), we can read off

g(0) =




0 1

2
e2φ

1
2
e2φ 0



 , g(2) =




T φ R
R T̄ φ



 ,

g(4) = e−2φ




T φR 1

2
(T φT̄ φ +R2)

1
2
(T φT̄ φ +R2) RT̄ φ



 .

(20)
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It is easy to verify that they indeed satisfy Einstein’s equations (5)(6)(7). Then we

get the expression of one-point correlators in terms of the Liouville field:

〈Tzz〉 =
1

8πG
T φ =

1

8πG

(
∂2
zφ− (∂zφ)

2
)
,

〈Tzz̄〉 = 〈Tz̄z〉 = − R
8πG

= − 1

8πG
∂z∂z̄φ = − e2φ

64πG
,

〈Tz̄z̄〉 =
1

8πG
T̄ φ =

1

8πG

(
∂2
z̄φ− (∂z̄φ)

2
)
.

(21)

It’s also straightforward to verify that they satisfy the conservation law (10) and

Weyl anomaly (11).

There is also one point worth mentioning. Taking 〈Tzz〉 as an example, to en-

sure the holomorphic form 〈Tzz〉 dz2 is single-valued on the Riemann surface after

Schottky uniformization, 〈Tzz〉 must be an automorphic form of type (2,0) [54], that

is, 〈Tzz〉 must satisfy

〈Tzz(γ(z))〉 [γ′(z)]
2
= 〈Tzz(z)〉 (22)

on the covering space for any element γ of the Schottky group. This can be verified

straightforwardly. By utilizing the transformation property (15) of the Liouville

field φ, we can get

〈Tzz(γ(z))〉 =
1

8πG

1

[γ′(z))]2

(

∂2
zφ− (∂zφ)

2 − 1

2
S{γ, z}

)

, (23)

where S{γ, z} is the Schwarzian derivative

S{γ, z} =
γ′′′(z)

γ′(z)
− 3

2

(
γ′′(z)

γ′(z)

)2

. (24)

This Schwarzian derivative term doesn’t contribute because the Schottky group is

a subgroup of PSL(2,C), and (24) vanishes for any γ in PSL(2,C). Consequently,

(23) simplifies to the expected (22).

3.2 Two-point correlators

Now we are ready to compute higher-order correlators of the stress tensor, starting

with 〈Tzz(z)Tww(w)〉 as an illustrative example. As previously mentioned, we initiate

by varying the boundary metric:

δg
(0)
ij dxi dxj = ǫχij dx

i dxj . (25)
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The variation of g
(0)
ij induces a corresponding variation of the one-point correlator

〈Tij〉, which can be formally expressed as a series of the infinitesimal parameter ǫ:

∞∑

n=1

ǫn 〈Tij〉[n] . (26)

We can solve 〈Tij〉[n] order by order from the two equations (10), (11) and take n-th

functional derivatives to obtain (n + 1)-point correlators. For 〈Tzz(z)Tww(w)〉, we
take the first order terms of ǫ in (10), and then take the functional derivative with

respect to χz̄z̄, and then evaluate the result in the unperturbed metric:

∂z̄
δ 〈Tzz〉[1] (z)
δχw̄w̄(w)

+
1

16πG
e−2φ(z,z̄)

(
12(∂zφ)

2∂z + 12∂zφ∂
2
zφ− 8(∂zφ)

3 − 6∂2
zφ∂z − 6∂zφ∂

2
z

− 2∂3
zφ+ ∂3

z

)
δ(2)(z − w) = 0.

(27)

This differential equation can be solved with Green’s function on general Riemann

surfaces [10, 39, 54]. The Green’s function is an automorphic form which satisfies

1

π
∂z̄G

z
ww(z, z̄;w, w̄) = δ(2)(z − w)− p2(z, z̄;w), (28)

where

p2(z, z̄;w) =

3g−3
∑

α=1

µz
αz̄(z, z̄)φαww(w). (29)

Here, φαzz and µz
αz̄ are holomorphic quadratic differential on the Riemann surface

and Beltrami differential dual to φαzz [10,39,55]. We review the details about these

differentials and Green’s function on a general Riemann surface in appendix A. Thus

we have

δ 〈Tzz(z)〉
δg

(0)
w̄w̄(w)

=
δ 〈Tzz〉[1] (z)
δχw̄w̄(w)

=

∫

D

d2z0 δ
(2)(z0 − z)

δ 〈Tzz〉[1] (z0)
δχw̄w̄(w)

=

∫

D

d2z0

(
1

π
∂z̄0G

z0
zz(z0, z̄0; z, z̄) + p2(z0, z̄0; z)

)
δ 〈Tzz〉[1] (z0)
δχw̄w̄(w)

, (30)

where D is the fundamental domain of Γg. We consider the two terms separately.

For the first term, integrating by part and applying Stokes’ theorem, we obtain:

∫

D

d2z0
1

π
∂z̄0G

z0
zz(z0, z̄0; z, z̄)

δ 〈Tzz〉[1] (z0)
δχw̄w̄(w)

10



=

∫

D

d2z0
1

π
∂z̄0

[

Gz0
zz(z0, z̄0; z, z̄)

δ 〈Tzz〉[1] (z0)
δχw̄w̄(w)

]

−
∫

D

d2z0G
z0
zz(z0, z̄0; z, z̄)

[ −1

16π2G
e−2φ(z0,z̄0)

(
12(∂z0φ)

2∂z0 + 12∂z0φ∂
2
z0
φ− 8(∂z0φ)

3

− 6∂2
z0
φ∂z0 − 6∂z0φ∂

2
z0
− 2∂3

z0
φ+ ∂3

z0

)
δ(2)(z0 − w)

]

= − i

2

∮

∂D

dz0
1

π
Gz0

zz(z0, z̄0; z, z̄)
δ 〈Tzz〉[1] (z0)
δχw̄w̄(w)

− 1

16π2G
e−2φ(w,w̄)∂3

wG
w
zz(w, w̄; z, z̄),

(31)

where ∂D denotes the boundary of the fundamental domain D of the Schottky group

Γg. By the construction of Schottky uniformization, ∂D is just the 2g circles Ci, C
′
i,

i = 1, 2, · · · , g. And ∀zi ∈ Ci, there exists a z′i = γi(zi) ∈ C ′
i. Remembering that

both Gz0
zz(z0, z̄0; z, z̄) and 〈Tzz〉[1] (z0) are automorphic forms, we find

∮

∂D

=

g
∑

i=1

(
∮

Ci

−
∮

C′

i

)

(32)

and

∮

C′

i

d[γi(z
i
0)]G

γi(zi0)
zz (γi(z

i
0), γ(z

i
0); z, z̄)

δ 〈Tzz〉[1] (γi(zi0))
δχw̄w̄(w)

=

∮

C′

i

dzi0[γ
′
i(z

i
0)]G

zi0
zz(z

i
0, z̄

i
0; z, z̄)[γ

′
i(z

i
0)]

δ 〈Tzz〉[1] (zi0)
δχw̄w̄(w)

[γ′
i(z

i
0)]

−2

=

∮

C′

i

dzi0G
zi0
zz(z

i
0, z̄

i
0; z, z̄)

δ 〈Tzz〉[1] (zi0)
δχw̄w̄(w)

=

∮

Ci

dzi0 G
zi0
zz(z

i
0, z̄

i
0; z, z̄)

δ 〈Tzz〉[1] (zi0)
δχw̄w̄(w)

.

(33)

Therefore the boundary term cancels out, yielding:

∫

D

d2z0
1

π
∂z̄0G

z0
zz(z0, z̄0; z, z̄)

δ 〈Tzz〉[1] (z0)
δχw̄w̄(w)

= − 1

16π2G
e−2φ(w,w̄)∂3

wG
w
zz(w, w̄; z, z̄).

(34)

By definition, the two-point correlator 〈TzzTww〉 can be obtained by taking the

first-order functional derivative of 〈Tzz〉 with respect to g(0)ww, namely

〈Tzz(z)Tww(w)〉 =
−2

√

g(0)(w)

δ 〈Tzz(z)〉
δg(0)ww(w)

. (35)

Simultaneously, we have

g
(0)
w̄w̄ = −1

4
e4φ(w,w̄)g(0)ww. (36)
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Thus, the relationship between the two-point correlator and the functional derivative

with respect to χw̄w̄ is

δ 〈Tzz〉[1] (z)
δχw̄w̄(w)

= e−2φ(w,w̄) 〈Tzz(z)Tww(w)〉 . (37)

Then we obtain

∫

D

d2z0
1

π
∂z̄0G

z0
zz(z0, z̄0; z, z̄) 〈Tzz(z)Tww(w)〉 = − 1

16π2G
∂3
wG

w
zz(w, w̄; z, z̄). (38)

For the second term in (30), adopting the notation in [10], we define the Te-

ichmüller deformation of the correlator as

1

Z
δTeich (〈φ1 · · ·φN〉tot Z) =

∑

α

δτα

∫

D

d2z
√

g(0)g(0)zz̄µz
αz̄ 〈Tzzφ1 · · ·φN〉tot , (39)

where τα’s are modular parameters of the moduli space of the Riemann surface. We

add the subscript ’tot’ to distinguish these total correlators from the connected ones

we consider.

When the curvature of the Riemann surface is a constant, we can also express

the one-point correlator as an integral with holomorphic quadratic differential and

Beltrami differential:

〈Tww〉 =
∑

α

φαww

∫

D

d2z
√

g(0)g(0)zz̄µz
αz̄ 〈Tzz〉 . (40)

Combining (39) with (40), it is straightforward to obtain

∫

D

d2z0 p2(z0, z̄0; z) 〈Tzz(z0)Tww(w)〉 =
3g−3
∑

α=1

φαzz

∂

∂τα
〈Tww〉 . (41)

This result can be generalized to the case with an (n + 1)-point correlator on the

left and an n-point correlator on the right.

There is also another more direct way to obtain (41). By employing the definition

(12) of the stress tensor correlator, we can rewrite the second term in (30) as follows,

∫

D

d2z0 p2(z0, z̄0; z)
δ 〈Tzz〉[1] (z0)
δχw̄w̄(w)

= e−2φ(w,w̄)

∫

D

d2z0 p2(z0, z̄0; z)〈Tz0z0(z0)Tww(w)〉

=

3g−3
∑

α=1

φαzze
−2φ(w,w̄)

∫

D

d2z0 φαz0z0

δ〈Tww(w)〉
δg

(0)
z̄0z̄0(z0)

. (42)
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The second line describes the change in the one-point correlator 〈Tww〉 after a phys-

ical variation of the boundary metric. As reviewed in appendix A, the physical vari-

ation of the metric is characterized by holomorphic and antiholomorphic quadratic

differentials on the Riemann surface,

δg
(0)
ij dzidzj =

3g−3
∑

α=1

(

φαzzδτ̄α(dz)
2 + φαzzδτα(dz̄)

2
)

. (43)

Then it is straightforward to obtain

∫

D

d2z0 φαz0z0

δ〈Tww(w)〉
δg

(0)
z̄0z̄0(z0)

=
∂

∂τα
〈Tww(w)〉, (44)

which immediately reproduces (41).

Combine (38) with (41), we finally obtain the result

〈Tzz(z)Tww(w)〉 = − 1

16π2G
∂3
wG

w
zz(w, w̄; z, z̄) +

3g−3
∑

α=1

φαzz

∂

∂τα
〈Tww(w)〉 , (45)

which matches the result from Ward identity in [10] correctly. The specific expres-

sions of the Green’s function Gw
zz, the holomorphic quadratic differentials φαzz, and

modular parameters τα depend on the genus of the Riemann surface and the basis

we choose.

Two-point correlators of other stress tensor components can be obtained by the

same method. Here we list all independent two-point correlators:

〈Tzz(z)Tww(w)〉 =− 1

16π2G
∂3
wG

w
zz(w, w̄; z, z̄) +

3g−3
∑

α=1

φαzz

∂

∂τα
〈Tww〉 , (46)

〈Tzz(z)Tw̄w̄(w)〉 =
1

16πG
(4∂wφ∂w̄φ− ∂wφ∂w̄ + 2∂w̄φ∂w − 8∂w∂w̄φ− ∂w∂w̄)δ

(2)(w − z)

+
3

8πG
∂w∂w̄φ p2(w, w̄; z) +

3g−3
∑

α=1

φαzz

∂

∂τα
〈Tw̄w̄〉 , (47)

〈Tzz̄(z)Tww(w)〉 =
1

16πG

(
2∂2

zφ− 2(∂zφ)
2 − 2∂zφ∂z + ∂2

z

)
δ(2)(z − w), (48)

〈Tzz̄(z)Tww̄(w)〉 =
1

16πG

(
2∂zφ∂z̄ + 2∂z̄φ∂z − 4∂zφ∂z̄φ− ∂z∂z̄

)
δ(2)(z − w). (49)

3.3 Recurrence relations and higher-point correlators

We can also compute higher point correlators and derive valuable recurrence re-

lations concerning them. By taking the n-th (n > 2) functional derivative of the

13



n-th order of (10) with respect to χz̄z̄ and evaluating the result in the unperturbed

metric, we obtain

∂z̄
δn 〈Tzz〉[n] (z)

n∏

i=1

δχz̄z̄(zi)
− e−2φ(z,z̄)

n∑

i=1

∂z
δn−1 〈Tzz〉[n−1] (z)
∏

j 6=i

δχz̄z̄(zj)
δ(2)(z − zi)

− 2e−2φ(z,z̄)
n∑

i=1

δn−1 〈Tzz〉[n−1] (z)
∏

j 6=i

δχz̄z̄(zj)
∂zδ

(2)(z − zi)

+ 4e−2φ(z,z̄)

n∑

i=1

δn−1 〈Tzz〉[n−1] (z)
∏

j 6=i

δχz̄z̄(zj)
∂zφδ

(2)(z − zi) = 0. (50)

Following (37), we have

δn 〈Tzz〉[n] (z)
δχz̄z̄(z1) · · · δχz̄z̄(zn)

= e−2φ(z1,z̄1) · · · e−2φ(zn,z̄n) 〈Tzz(z)Tzz(z1) · · ·Tzz(zn)〉 , (51)

thus (50) becomes

e2φ(z,z̄)∂z̄ 〈Tzz(z)Tzz(z1) · · ·Tzz(zn)〉

=

n∑

i=1

e2φ(zi,z̄i)∂z 〈Tzz(z)Tzz(z1) · · ·Tzz(zi−1)Tzz(zi+1) · · ·Tzz(zn)〉 δ(2)(z − zi)

+ 2
n∑

i=1

e2φ(zi,z̄i) 〈Tzz(z)Tzz(z1) · · ·Tzz(zi−1)Tzz(zi+1) · · ·Tzz(zn)〉 ∂zδ(2)(z − zi)

− 4

n∑

i=1

e2φ(zi,z̄i) 〈Tzz(z)Tzz(z1) · · ·Tzz(zi−1)Tzz(zi+1) · · ·Tzz(zn)〉 ∂zφ(z, z̄)δ(2)(z − zi).

(52)

Solved with Green’s function, we have

〈Tzz(z)Tzz(z1) · · ·Tzz(zn)〉 =
2

π

n∑

i=1

∂ziG
zi
zz(zi, z̄i; z, z̄) 〈Tzz(z1) · · ·Tzz(zn)〉

+
1

π

n∑

i=1

Gzi
zz(zi, z̄i; z, z̄)∂zi 〈Tzz(z1) · · ·Tzz(zn)〉+

3g−3
∑

α=1

φαzz(z)
∂

∂τα
〈Tzz(z1) · · ·Tzz(zn)〉 ,

(53)

which gives the recurrence relation of correlators of Tzz components.

In particular, we can obtain the three-point correlators 〈TzzTzzTzz〉 directly from

14



the recurrence relation above:

〈Tzz(z)Tzz(z1)Tzz(z2)〉 =
2

π

2∑

i=1

∂ziG
zi
zz(zi, z̄i; z, z̄) 〈Tzz(z1)Tzz(z2)〉

+
1

π

2∑

i=1

Gzi
zz(zi, z̄i; z, z̄)∂zi 〈Tzz(z1)Tzz(z2)〉+

3g−3
∑

α=1

φαzz(z)
∂

∂τα
〈Tzz(z1)Tzz(z2)〉 .

(54)

There are also other useful relations. For example, by taking the n-th (n > 3)

functional derivative of the n-th order of (10) with respect to χzz and evaluating the

result in the unperturbed metric, we have

∂z̄
δn 〈Tzz〉[n] (z)

δχzz(z1) · · · δχzz(zn)
+ e−2φ(z,z̄)

n∑

i=1

δ(2)(z − zi)∂z
δn−1 〈Tz̄z̄〉[n−1] (z)

δχzz(z1) · · · δχzz(zi−1)δχzz(zi+1) · · · δχzz(zn)

− 2e−4φ(z,z̄) 1

(n− 2)!

∑

σ∈Sn

(

2δ(2)(z − zσ(1))
δn−2 〈Tz̄z̄〉[n−2] (z)

δχzz(zσ(2)) · · · δχzz(zσ(n−1))
∂z̄δ

(2)(z − zσ(n))

+ δ(2)(z − zσ(1))δ
(2)(z − zσ(2))∂z̄

δn−2 〈Tz̄z̄〉[n−2] (z)

δχzz(zσ(3)) · · · δχzz(zσ(n))

+ 4δ(2)(z − zσ(1))δ
(2)(z − zσ(2))

δn−2 〈Tz̄z̄〉[n−2] (z)

δχzz(zσ(3)) · · · δχzz(zσ(n))
∂z̄φ(z, z̄)

)

= 0. (55)

Solved with Green’s function, finally, we have

〈Tzz(z)Tz̄z̄(z1) · · ·Tz̄z̄(zn)〉 =
1

π

n∑

i=1

Gzi
zz(zi, z̄i; z, z̄)∂z̄i 〈Tz̄z̄(z1) · · ·Tz̄z̄(zn)〉

− 2

(n− 2)!π

∑

σ∈Sn

G
zσ(1)
zz (zσ(1), z̄σ(1); z, z̄)

(

2 〈Tz̄z̄(zσ(1)) · · ·Tz̄z̄(zσ(n−1))〉 ∂z̄σ(1)

+ ∂z̄σ(1)
〈Tz̄z̄(zσ(1)) · · ·Tz̄z̄(zσ(n−1))〉+ 4 〈Tz̄z̄(zσ(1)) · · ·Tz̄z̄(zσ(n−1))〉 ∂z̄σ(1)

φ
)

δ(2)(zσ(1) − zσ(n))

+

3g−3
∑

α=1

φαzz(z)
∂

∂τα
〈Tz̄z̄(z1) · · ·Tz̄z̄(zn)〉 , (56)

which gives the relation between the correlator of one Tzz component, n Tz̄z̄ compo-

nents and the correlator of n Tz̄z̄ components (n > 3).

We can also obtain the relation between the correlator of one Tzz̄ component, n

Tzz components, and the correlator of n Tzz components (n > 2). Taking the n-th

derivative of the n-th order of (11) with respect to χz̄z̄ and evaluating the result in
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the unperturbed metric, we have

〈Tzz̄(z)Tzz(z1) · · ·Tzz(zn)〉

=

n∑

i=1

〈Tzz(z)Tzz(z1) · · ·Tzz(zi−1)Tzz(zi+1) · · ·Tzz(zn)〉 δ(2)(z − zi).

(57)

Applying the same method, we compute all independent three-point and four-

point correlators of the stress tensor. However, many contain numerous contact

terms, so we leave them to appendix B.

4 Holographic correlators at finite cutoff

In the previous sections, we computed the holographic stress tensor correlators on

a general Riemann surface within the framework of AdS3/CFT2. In what follows,

we will investigate the holographic aspects of a cutoff AdS3. Let (ρ, z, z̄) be the

FG coordinates in the bulk. The Dirichlet boundary ∂Mc is a hard radial cutoff at

ρ = ρc. The generalized GKPW relation gives a natural holographic dictionary for

cutoff AdS3,

ZG[g
(c)
ij ] =

〈

exp
[

− 1

2

∫

d2z
√

g(c)g(c)ijTij

]〉

EFT
, (58)

where the sources g
(c)
ij (z, z̄) = gij(ρc, z, z̄) are the components of the boundary metric.

The dual EFT on the right-hand side is obtained by T T̄ deformation of the original

CFT [28], which is defined by the following flow equation for the action,

dSλ

dλ
= −1

4

∫

d2z det[Tλ]. (59)

The deformation parameter λ is related to the cutoff location ρc by

λ = 16πGρc. (60)

This paper is concerned with the holographic stress tensor correlators in cut-

off AdS3. The one-point correlator is identified with the Brown-York tensor [56]

evaluated on the cutoff surface,

〈Tij〉ρc =− 1

8πG
(K

(c)
ij −K(c)h

(c)
ij + h

(c)
ij ). (61)
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Plugging (61) into Einstein’s equation to replace the extrinsic curvature, we obtain

∇i〈Tij〉ρc = 0, (62)

〈T i
i 〉ρc =

1

16πG
R(c) − 8πGρcdet[T ]ρc , (63)

∂ρc〈Tij〉ρc = 4πG[2〈T k
i 〉ρc〈Tkj〉ρc − 〈T k

k 〉ρc〈Tij〉ρc − det[T ]ρcg
(c)
ij ], (64)

where the indices are raised by g(c)ij and det[T ]ρc =
1
2
(〈T i

i 〉2ρc − 〈T ij〉ρc〈Tij〉ρc). The

first two equations (62) and (63) represent the conservation equation and the trace

relation of the stress tensor, respectively. These equations are subsequently utilized

for calculating two-point correlators. The final equation (64), which characterizes

the radial flow effect of the stress tensor within the same FG coordinate system, will

be employed to compute the deformed one-point correlators.

4.1 Dynamical coordinate transformation

The gravitational partition function on the left-hand side of (58) can be approxi-

mated as a sum over all saddles in the semiclassical limit, with the dominant saddle

being assumed to be the handlebody solution. In contrast to the solution employed

in section 3, here we fix the metric at a finite cutoff instead of on the conformal

boundary. The boundary metrics on various radial slices can be related by employ-

ing the dynamic coordinate transformation [57–59] and Weyl transformation [36,60].

In the following, we derive the explicit form of the dynamical coordinate trans-

formation for a Riemann surface as the cutoff boundary. In a certain FG coordinate

system, the metric on a given fixed ρ slice is expressed in the conformal gauge as

gij(ρ, z, z̄)dx
idxj = e2ωρ(z,z̄)dzdz̄. (65)

Meanwhile, the Riemann surface at ρ is constructed by taking the quotient of C ∪
{∞}\Λ(Γρ) with respect to some Schottky group Γρ. To ensure the invariance of

the line element under the action of Γρ, it is necessary for the Weyl factor ωρ to

satisfy the following equivariance condition,

ωρ(γρ(z), γρ(z)) = ωρ(z, z̄)−
1

2
ln|γ′

ρ(z)|2, (66)
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for any γρ ∈ Γρ. Consider a small radial shift δρ of the cutoff boundary. The

variation of the boundary metric can be expressed in the original FG coordinate

system as follows:

δρgij = (g
(2)
ij + 2ρg

(4)
ij )δρ = 8πG(〈Tij〉ρ − gkl〈Tkl〉ρgij)δρ. (67)

Under a tangential coordinate transformation δxi = ǫiρ, the metric on the new

boundary (i.e. the hard radial cutoff at ρ + δρ) can be rewritten in the conformal

gauge, and the metric variation corresponds to an infinitesimal Weyl transformation,

δgij = δρgij + Lǫgij = 2δωρgij. (68)

It follows that

∂z̄ǫ
z
ρ = −8πGe−2ωρ〈Tz̄z̄〉ρδρ, ∂zǫ

z̄
ρ = −8πGe−2ωρ〈Tzz〉ρδρ, (69)

δωρ =
1

2
e−2ωρ [∂z(e

2ωρǫzρ) + ∂z̄(e
2ωρǫz̄ρ)− 16πG〈Tzz̄〉ρδρ]. (70)

The variation of the stress tensor one-point correlator is also divided into two parts:

one arises from the radial flow in the original FG coordinate system (64), and the

other originates from the tangential coordinate transformation,

Lǫ〈Tij〉ρ = ǫkρ∂k〈Tij〉ρ + ∂iǫ
k
ρ〈Tkj〉ρ + ∂jǫ

k
ρ〈Tik〉ρ. (71)

Combining (64)(69)(71) we obtain

δ〈Tzz〉ρ = (ǫk∂k + 2∂zǫ
z)〈Tzz〉ρ,

δ〈Tz̄z̄〉ρ = (ǫk∂k + 2∂z̄ǫ
z̄)〈Tzz〉ρ,

δ〈Tzz̄〉ρ = (ǫk∂k + ∂kǫ
k)〈Tzz̄〉ρ − 2πGe2ωρdet[T ]ρδρ. (72)

Next, we need to find the explicit form of the diffeomorphism ǫiρ that satisfies (69).

In [36], the authors present a construction of ǫi on a curved plane. However, directly

extending this construction to a Riemann surface can’t be feasible, as the metric e2ω

and the stress tensor correlators 〈Tzz̄〉, 〈Tzz〉 and 〈Tz̄z̄〉 on a Riemann surface should

exhibit “periodicity”. In the Schottky uniformization, this “periodicity” implies that

e2ω, 〈Tzz̄〉, 〈Tzz〉, and 〈Tz̄z̄〉 are automorphic forms of type (1, 1), (1, 1), (2, 0), and

(0, 2) respectively. As we vary the radial coordinate of the boundary, the Schottky
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group associated with the Riemann surface also changes, which is described by a

curve in the modular space,

τα = τα(ρ), α = 1, 2, ..., 3g − 3. (73)

Assuming that e2ωρ and 〈Tij〉ρ are already automorphic forms with respect to the

Schottky group Γρ. After a small radial shift δρ, the metric and stress tensor cor-

relators on the new boundary should be manifested as the automorphic forms to

another Schottky group Γρ+δρ, i.e. satisfy

e2ωρ+δρ(z,z̄) = γ′
ρ+δρ(z)γ

′
ρ+δρ(z)e

2ωρ+δρ(γρ+δρ(z),γρ+δρ(z)),

〈Tzz̄(z, z̄)〉ρ+δρ = γ′
ρ+δρ(z)γ

′
ρ+δρ(z)〈Tzz̄(γρ+δρ(z), γρ+δρ(z))〉ρ+δρ,

〈Tzz(z, z̄)〉ρ+δρ = (γ′
ρ+δρ(z))

2〈Tzz(γρ+δρ(z), γρ+δρ(z))〉ρ+δρ,

〈Tz̄z̄(z, z̄)〉ρ+δρ = (γ′
ρ+δρ(z))

2〈Tz̄z̄(γρ+δρ(z), γρ+δρ(z))〉ρ+δρ. (74)

The variations of the Weyl factor δωρ and the one-point correlators δ〈Tij〉ρ are

determined by (70) and (72), respectively. By combining these with (74), we can

deduce the periodicity conditions of ǫzρ and ǫz̄ρ,

ǫzρ(γρ(z), γρ(z)) = γ′
ρ(z)ǫ

z
ρ(z, z̄)− δγρ(z),

ǫz̄ρ(γρ(z), γρ(z)) = γ′
ρ(z)ǫ

z̄
ρ(z, z̄)− δγρ(z). (75)

One can observe that ǫzρ is not an automorphic form. It is multiple-valued on the

Riemann surface, and the discontinuity corresponds to the variation of the Schottky

group element γρ. Based on (69) and (75), we present the following construction,

ǫzρ = −8Gδρ

∫

Dρ

e−2ωρ(w,w̄)〈Tw̄w̄〉ρ
[

Gz
ww +

3g−3∑

α=1

f z
αφαww

]

Γρ

d2w,

ǫz̄ρ = −8Gδρ

∫

Dρ

e−2ωρ(w,w̄)〈Tww〉ρ
[

Gz
ww +

3g−3
∑

α=1

f z
αφαww

]

Γρ

d2w, (76)

where Dρ is the fundamental domain for Γρ. Gz
ww is the Green’s function on the

Riemann surface, and {φαww} forms a basis of the space H2
g, both of which have

been employed in section 3. f z
α is the Bers potential (as defined in appendix A),

which is associated with the Beltrami differential through

1

π
∂z̄f

z
α = µz

αz̄, α = 1, 2, ..., 3g − 3. (77)
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f z
α is not an automorphic form, and its discontinuity can be written as

f z
α(γρ(z), γρ(z))− γ′

ρ(z)f
z
α(z, z̄) = γ′

ρ(z)Ξ
z
α[γρ](z). (78)

The function4 Ξz
α[γρ](z) is polynomial in z of degree 2 [39]. The discontinuity of

Bers potential governs the flow of the corresponding Schottky group element in the

modular space [39, 61, 62],

∂γρ(z)

∂τα
=

1

π
γ′
ρ(z)Ξ

z
α[γρ](z), α = 1, 2, ..., 3g − 3. (79)

Returning to the construction of ǫiρ in (76), it becomes apparent, based on the

definitions in (28) and (77), that ǫiρ satisfies the differential equation (69). Moreover,

the discontinuities of ǫzρ and ǫz̄ρ are given by

ǫzρ(γρ(z), γρ(z))− γ′
ρ(z)ǫ

z
ρ(z, z̄) =− 8πGδρ

3g−3
∑

α=1

[∂γρ(z)

∂τα

∫

Dρ

e−2ωρ(w,w̄)〈Tw̄w̄〉ρφαwwd
2w
]

,

ǫz̄ρ(γρ(z), γρ(z))− γ′
ρ(z)ǫ

z̄
ρ(z, z̄) =− 8πGδρ

3g−3
∑

α=1

[∂γρ(z)

∂τ̄α

∫

Dρ

e−2ωρ(w,w̄)〈Tww〉ρφαwwd
2w
]

.

(80)

Comparing equations (75) and (80), since δγρ = δρ
∑3g−3

α=1
∂γρ
∂τα

dτα
dρ

, we read off

dτα
dρ

= 8πG

∫

Dρ

e−2ωρ(w,w̄)〈Tw̄w̄〉ρφαwwd
2w, α = 1, 2, ..., 3g − 3. (81)

One can observe that the changes in the modular parameters are also dynamic since

they depend on the deformed stress tensor correlators 〈Tww〉ρ and 〈Tw̄w̄〉ρ. In the

perturbative calculation, the dynamical flows (81) of the modular parameters do

not contribute to the first-order correction of the correlator (as we will demonstrate

in the next subsection); however, they play a crucial role in computing higher-order

corrections of the correlator.

4.2 Perturbative stress tensor one-point correlator

Starting from AdS3 with the boundary located at ρ = 0, the boundary metric is

written in the conformal gauge as gijdx
idxj = e2ω0dzdz̄. Following the approach

4Moreover, Ξz
α[γρ](z) is the component of an Eichler 1-cocycle for Γρ.
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in [53, 63, 64], the near-boundary solution is constructed by transforming Poincaré

AdS3 using a bulk diffeomorphism that preserves the FG gauge, and the stress tensor

one-point correlator takes the form

〈Tij〉ρ=0 =
1

8πG
(∂i∂jω0 − ∂iω0∂jω0 − ηkl∂k∂lω0ηij +

1

2
ηkl∂kω0∂lω0ηij). (82)

Since ω0 satisfies the equivariance condition (66), it is easy to check that the com-

ponents of 〈Tij〉ρ=0 are automorphic forms. Then, we need to solve the coupled

nonlinear equations (70) and (72) by employing the diffeomorphism (76), while im-

posing Dirichlet boundary conditions at ρ = ρc,

ωρc(z, z̄) = φ(z, z̄), Γρc = Γ. (83)

In general, obtaining the exact solution can be quite challenging; however, the per-

turbation method remains viable. Expanding ω0 and 〈Tij〉ρc in ρc,

ω0(z, z̄) = φ(z, z̄) +

∞∑

n=1

ρnc φn(z, z̄), 〈Tij(z, z̄)〉ρc =
∞∑

n=0

ρnc 〈Tij(z, z̄)〉n, (84)

and plugging them into (70) and (72). At the leading order, 〈Tij〉0 agrees with the

CFT one-point correlator. At the subleading order, we obtain

φ1(z, z̄) =
1

2π

[

− π

4
+

∫

D

e−2φ(w,w̄)
(

(∂2
w̄φ− (∂w̄φ)

2)(∂z + 2∂zφ)(G
z
ww +

3g−3
∑

α=1

f z
αφαww)

+ (∂2
wφ− (∂wφ)

2)(∂z̄ + 2∂z̄φ)(Gz
ww +

3g−3
∑

α=1

f z
αφαww)

)

d2w
]

,

〈Tzz〉1 =
1

16π2G

[π

4
(∂2

zφ− (∂zφ)
2) +

∫

D

e−2φ(w,w̄)(∂2
w̄φ− (∂w̄φ)

2)∂3
z (G

z
ww +

3g−3
∑

α=1

f z
αφαww)d

2w
]

,

〈Tz̄z̄〉1 =
1

16π2G

[π

4
(∂2

z̄φ− (∂z̄φ)
2) +

∫

D

e−2φ(w,w̄)(∂2
wφ− (∂wφ)

2)∂3
z̄ (G

z
ww +

3g−3
∑

α=1

f z
αφαww)d

2w
]

,

〈Tzz̄〉1 = − 1

8πG

[ 1

64
e2φ(z,z̄) − e−2φ(z,z̄)|∂2

zφ− (∂zφ)
2|2
]

. (85)

A self-consistency check is that 〈Tij〉1 satisfies both the conservation law (62) and

the T T̄ trace relation (63). Furthermore, since ∂3
zΞ

z
α[γρ](z) = 0, we can verify

that the one-point correlators 〈Tzz〉1 and 〈Tz̄z̄〉1 are indeed automorphic forms.

The deformed one-point correlators 〈Tzz〉1 and 〈Tz̄z̄〉1 involve integrals of the forms
∫
e−2φ〈Tw̄w̄〉0∂3

z (G
z
ww+

∑

α f
z
αφαww)d

2w and
∫
e−2φ〈Tww〉0∂3

z̄ (G
z
ww+

∑

α f
z
αφαww)d

2w,

which could suggest the non-locality of the T T̄ deformation.
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4.3 Perturbative stress tensor two-point correlator

According to the generalized GKPW relation (58), the multi-point stress tensor

correlators can be computed by taking functional derivatives of 〈Tij〉 with respect

to the boundary metric. We specify the boundary metric as

g
(c)
ij (z, z̄) = e2φ(z,z̄)ηij + ǫχij(z, z̄), (86)

where ǫ is an infinitesimal parameter. The perturbed stress tensor 〈Tij(ǫ)〉ρc can be

written as a power series in ǫ, 〈Tij(ǫ)〉ρc =
∑∞

n=0 ǫ
n〈Tij〉[n]ρc . Expanding the conser-

vation equation (62) the T T̄ trace relation (63) in ǫ, and the coefficients of ǫk lead

to

〈Tzz̄〉[k]ρc
= Āρc〈Tzz〉[k]ρc

+ Aρc〈Tz̄z̄〉[k]ρc
+ F [k]

zz̄ρc , (87)

∂z̄〈Tzz〉[k]ρc
= −e2φ∂z(e

−2φ〈Tzz̄〉[k]ρc
) + F [k]

zzρc
, (88)

∂z〈Tz̄z̄〉[k]ρc
= −e2φ∂z̄(e

−2φ〈Tzz̄〉[k]ρc
) + F [k]

z̄z̄ρc . (89)

Here F [k]
zz̄ρc , F

[k]
zzρc and F [k]

z̄z̄ρc consist of lower-order coefficients and local functions of

χij. Aρc and Āρc are defined by

Aρc(z, z̄) =
8πGρc〈Tzz(z, z̄)〉[0]ρc

e2φ(z,z̄) + 16πGρc〈Tzz̄(z, z̄)〉[0]ρc

,

Āρc(z, z̄) =
8πGρc〈Tz̄z̄(z, z̄)〉[0]ρc

e2φ(z,z̄) + 16πGρc〈Tzz̄(z, z̄)〉[0]ρc

. (90)

Once again, each coefficient 〈Tij〉[n]ρc can be expanded in terms of ρc. In the leading

order, (87)(88)(89) are consistent with the differential equations of CFT correlators.

At the subleading order, we obtain

〈Tzz̄〉[k]1 = 8πGe−2φ(〈Tz̄z̄〉[0]0 〈Tzz〉[k]0 + 〈Tzz〉[0]0 〈Tz̄z̄〉[k]0 ) + F [k]
zz̄1, (91)

∂z̄〈Tzz〉[k]1 = −8πGe2φ∂z[e
−4φ(〈Tz̄z̄〉[0]0 〈Tzz〉[k]0 + 〈Tzz〉[0]0 〈Tz̄z̄〉[k]0 )]

+ F [k]
zz1 − e2φ∂z[e

−2φF [k]
zz̄1], (92)

∂z〈Tz̄z̄〉[k]1 = −8πGe2φ∂z̄[e
−4φ(〈Tz̄z̄〉[0]0 〈Tzz〉[k]0 + 〈Tzz〉[0]0 〈Tz̄z̄〉[k]0 )]

+ F [k]
z̄z̄1 − e2φ∂z̄[e

−2φF [k]
zz̄1]. (93)

One can observe that 〈Tzz̄〉[k]1 , 〈Tzz〉[k]1 , and 〈Tz̄z̄〉[k]1 are decoupled in these differential

equations, which can be solved by employing the genus-g Green’s function defined in
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appendix A. In this paper, we present detailed results for the T T̄ -deformed two-point

correlators at the subleading order in the expansion parameter ρc

〈Tzz̄Tww〉1 = e−2φ(z,z̄)
[

(∂2
z̄φ− (∂z̄φ)

2)〈TzzTww〉0 + (∂2
zφ− (∂zφ)

2)〈Tz̄z̄Tww〉0
]

+
[ 1

16π2G

∫

D

e−2φ(z′,z̄′)(∂2
z̄′φ− (∂z̄′φ)

2)∂3
z (G

z
z′z′ +

3g−3
∑

α=1

f z
αφαz′z′)d

2z′

+
1

64πG
(∂2

z + 2∂zφ∂z + 5∂2
zφ− 3(∂zφ)

2)
]

δ(2)(z − w),

〈Tzz̄Tw̄w̄〉1 = c.c. of 〈Tzz̄Tww〉1,

〈Tzz̄Tww̄〉1 = e−2φ(z,z̄)
[

(∂2
z̄φ− (∂z̄φ)

2)〈TzzTww̄〉0 + (∂2
zφ− (∂zφ)

2)〈Tz̄z̄Tww̄〉0
]

− 1

32πG

[

∂z∂z̄ + 12e−2φ(z,z̄)|∂zφ− (∂zφ)
2|2 − 1

16
e2φ(z,z̄))

]

δ(2)(z − w),

〈TzzTww〉1 =
3g−3
∑

α=1

φαzz

∂

∂τα
〈Tww〉1 −

1

π

∫

D

[

e−2φ(z′,z̄′)(∂z′ + 2∂z′φ)G
z′

zz

× [(∂2
z̄′φ− (∂z̄′φ)

2)〈Tz′z′Tww〉0 + (∂2
z′φ− (∂z′φ)

2)〈Tz̄′z̄′Tww〉0]
]

d2z′

− 1

16π2G

[(1

4
∂3
w + (∂2

wφ− (∂wφ)
2)∂w +

1

4
(∂3

wφ+ 2∂wφ∂
2
wφ− 4(∂wφ)

3)
)

Gw
zz

− 1

π

∫

D

e−2φ(z′,z̄′)(∂2
z′φ− (∂z′φ)

2)(Gw
zz∂w + 2∂wG

w
zz)∂

3
w(G

w
z′z′ +

3g−3
∑

α=1

fw
α φαz′z′)d

2z′
]

,

〈Tz̄z̄Tw̄w̄〉1 = c.c. of 〈TzzTww〉1,

〈TzzTw̄w̄〉1 =
3g−3∑

α=1

φαzz

∂

∂τα
〈Tw̄w̄〉1 −

1

π

∫

D

[

e−2φ(z′,z̄′)(∂z′ + 2∂z′φ)G
z′

zz

× [(∂2
z̄′φ− (∂z̄′φ)

2)〈Tz′z′Tw̄w̄〉0 + (∂2
z′φ− (∂z′φ)

2)〈Tz̄′z̄′Tw̄w̄〉0]
]

d2z′

− 1

16π2G

[1

2
(∂2

w̄φ− (∂w̄φ)
2)(∂w + 2∂wφ)− ∂3

w̄[e
−2φ(w,w̄)(∂2

wφ− (∂wφ)
2)]
]

Gw
zz

− 1

16πG

[1

4
(∂w∂w̄ − 2∂w̄φ∂w + 2∂wφ∂w̄) + (

3

16
e2φ(w,w̄) − ∂wφ∂w̄φ

− 4e−2φ(w,w̄)|∂2
wφ− (∂wφ)

2|2)
]

(δ(2)(w − z)−
3g−3
∑

α=1

µw
αw̄φαzz), (94)

where 〈TijTkl〉0 represent the CFT two-point correlator, which has been obtained in

subsection 3.2. Some integral terms that imply the non-locality of the T T̄ deforma-

tion can also be found in the two-point stress tensor correlators.
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5 Conclusions and perspectives

In this paper, we investigate the holographic correlators of stress tensor on a higher

genus Riemann surface within the frameworks of AdS3/CFT2 and cutoff-AdS3/T T̄ -

CFT2, respectively. In AdS3/CFT2, we employ the near-boundary analysis to solve

Einstein’s equation and utilize the GKPW relation in the semiclassical limit for cal-

culating holographic correlators. We obtain the concrete form of the correlator with

up to four stress tensors inserted. In addition, we derive recurrence relations for a

specific class of higher-point correlators to establish connections between the n-point

and (n + 1)-point correlators. Our results are consistent with the Ward identity in

CFT, thus providing a specific validation of AdS3/CFT2 with non-trivial topology.

In the context of cutoff-AdS3/T T̄ -CFT2, we extend the method of dynamical coor-

dinates to the Riemann surface. We provide a construction of dynamical coordinate

transformation that ensures the single-valuedness of deformed stress tensor corre-

lators on the Riemann surface. Subsequently, we employ the perturbation method

to calculate the deformed one-point and two-point stress tensor correlators at the

subleading order in the deformation parameter.

The results in this paper apply to the case where the Euclidean space is a han-

dlebody, and it would be interesting to extend our calculations to non-handlebody

solutions, such as the solution described in [45]. Furthermore, investigating holo-

graphic correlators in the presence of matter fields in the bulk is also a crucial

direction. Additionally, it is imperative to develop a non-perturbative approach for

computing holographic correlators in cutoff-AdS3.
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A Differentials and Green’s function

We start by reviewing certain aspects of differentials on a Riemann surface. After

introducing the metric ds2 = gabdξ
adξb on the Riemann surface, the compatible

complex structure is defined as follows:

J b
a =

√
g εacg

cb, (95)

where ε11 = ε22 = 0, ε12 = −ε21 = 1. Subsequently, one can establish harmonic

coordinates (z, z̄) that satisfy the Beltrami equation,

J b
a

∂z

∂ξb
= i

∂z

∂ξa
, J b

a

∂z̄

∂ξb
= −i

∂z̄

∂ξa
, (96)

in which the metric takes the form

ds2 = ρ(z, z̄)dzdz̄. (97)

The space of the metrics on a genus-g Riemann surface is denoted as Gg. The

variations of the metric can be classified into two categories, with the first category

being unphysical and encompassing diffeomorphisms and Weyl transformations,

δg̃ijdz
idzj = ρδω̃dzdz̄ + ρ∂zǫ

z̄(dz)2 + ρ∂z̄ǫ
z(dz̄)2, (98)

where δω̃ = δω + ∂z(ρǫ
z) + ∂z̄(ρǫ

z̄) for some Weyl rescaling δω and infinitesimal

vector field ǫi. Typically, selecting a gauge slice Σ in Gg is necessary to fix the

unphysical degrees of freedom, and the variations tangent to the gauge slice are

considered as physically meaningful. The physical variation is denoted as δgij, and

it can be formally written as

δgijdz
idzj = ρδϕdzdz̄ + δφzz(dz)

2 + δφzz(dz̄)
2. (99)

Applying the orthogonality condition introduced in [65],

‖δg̃, δg‖ =

∫ √
ggikgjlδg̃ijδgkld

2z

=

∫ (

ρδω̃δϕ+ δφzz∂z̄ǫ
z + δφzz∂zǫ

z̄
)

d2z

= 0, (100)
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we obtain

δϕ = 0, ∂z̄δφzz = ∂zδφzz = 0. (101)

The physical variation δφzz(z)(dz)
2 is known as the holomorphic quadratic differ-

ential. According to the Riemann-Roch theorem [66], the dimension of the linear

space H2
g for holomorphic quadratic differentials is 3g− 3 (when g ≥ 2, and 1 when

g = 1). Thus δφzz(z) can be parameterized by the variations of 3g − 3 complex

modular parameters {τ̄α},

δφzz(z) =

3g−3
∑

α=1

φαzz(z)δτ̄α. (102)

After selecting a basis {φαzz} in H2
g, the dual basis in the space of Beltrami differ-

entials is defined as follows:

∫

φαzz(z)µ
z
βz̄(z, z̄)d

2z = δαβ, (103)

where δαβ = 1 for α = β and δαβ = 0 for α 6= β. The construction of the basis {µz
αz̄}

is provided in [65],

µz
αz̄ =

3g−3
∑

β=1

ρ−1(N−1
2 )αβφβzz,

where (N2)αβ =

∫

ρ−1(z, z̄)φαzz(z̄)φβzz(z)d
2z. (104)

By choosing an appropriate basis5 {φαzz} such that (N2)αβ = δαβ , the dual Beltrami

differential can be simplified as µz
αz̄ = ρ−1φαzz, as employed in [54, 55, 61, 67]. The

Beltrami differentials naturally parameterize the metrics on a Riemann surface. Se-

lect a point on the gauge slice Σ equipped with the metric ds2(τ) = ρ(τ)dzdz̄, and

the metric at the neighboring point τ + δτ can be expressed as

ds2(τ + δτ) = ρ(τ)
∣
∣
∣dz +

3g−3
∑

α=1

µz
αz̄(τ)δταdz̄

∣
∣
∣

2

. (105)

5Given any basis for the space of holomorphic quadratic differentials, we can employ the Gram-

Schmidt orthogonalization to find a new basis satisfies (N2)αβ = δαβ .
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On a genus-g Riemann surface, the Green’s function GN(z, z̄;w, w̄) for ∂z̄ is a

bidifferential of weight (1−N,N) satisfies the following two equations [39],

1

π
∂z̄G

N−1
︷︸︸︷
z...z
w...w
︸ ︷︷ ︸

N

(z, z̄;w, w̄) = δ(z − w)− pN(z, z̄;w),

1

π
∂w̄G

N−1
︷︸︸︷
z...z
w...w
︸ ︷︷ ︸

N

(z, z̄;w, w̄) = −δ(z − w). (106)

Here pN(z, w) is the projection kernel defined as

pN(z, z̄;w) =

dimHN
g∑

α=1

φ∗
αw...w
︸ ︷︷ ︸

N

(w)φαz...z
︸︷︷︸

N

(z̄)ρ1−N (z, z̄), (107)

where {φαz...z
︸︷︷︸

N

} is a basis of the space HN
g for holomorphic N -differentials and

{φ∗
αw...w
︸ ︷︷ ︸

N

} is the dual basis of {φαw...w
︸ ︷︷ ︸

N

} with respect to the Petersson inner product,

〈φ∗
αw...w
︸ ︷︷ ︸

N

, φβw...w
︸ ︷︷ ︸

N

〉 =
∫

ρ1−N(w, w̄)φ∗
αw...w
︸ ︷︷ ︸

N

(w)φβw...w
︸ ︷︷ ︸

N

(w̄)d2w = δαβ . (108)

In this paper, we are concerned with the case of N = 2. Since we have already

assumed that (N2)αβ = δαβ , the Petersson dual φ∗
αww is equivalent to φαww. The

complex conjugate φαzz is further substituted with the Beltrami differential µz
αz̄,

yielding [10, 39]

p2(z, z̄;w) =

3g−3∑

α=1

µz
αz̄(z, z̄)φαww(w). (109)

For a general basis {φαzz} the projection kernel takes the form

p2(z, z̄;w) =

3g−3
∑

α,β=1

[(N2)αβµ
z
βz̄](z, z̄)φ

∗
αww(w). (110)

When employing Schottky uniformization, the exact Green’s function can be ex-

pressed by utilizing the Poincare series in the following manner [39, 54, 68, 69]:

G
N−1
︷︸︸︷
z...z
w...w
︸ ︷︷ ︸

N

(z, z̄;w, w̄) =−
∑

γ∈Γ

(γ′(w))N
1

γ(w)− z

2N−1∏

j=1

z − Aj

γ(w)− Aj

−
dimHN

g∑

α=1

φ∗
αw...w
︸ ︷︷ ︸

N

(w)f
N−1
︷︸︸︷
z...z
α (z), (111)
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where Γ is the Schottky group and {Aj} are distinct elements of the limit set Λ(Γ).

f
N−1
︷︸︸︷
z...z
α is the Bers potential for φαz...z

︸︷︷︸
N

[70, 71], which can be constructed as

f
N−1
︷︸︸︷
z...z
α = −

∫

ρ1−N (w, w̄)
∑

γ∈Γ

(γ′(w))N
1

γ(w)− z

2N−1∏

j=1

z − Aj

γ(w)−Aj

φαw...w
︸ ︷︷ ︸

N

d2w. (112)

The second term on the right-hand side of (111) ensures thatG
N−1
︷︸︸︷
z...z
w...w
︸ ︷︷ ︸

N

is an automorphic

form in both z and w, i.e. satisfies [68]

G
N−1
︷︸︸︷
z...z
w...w
︸ ︷︷ ︸

N

(γ(z), γ(z);w, w̄)(γ′(z))1−N = G
N−1
︷︸︸︷
z...z
w...w
︸ ︷︷ ︸

N

(z, z̄;w, w̄),

G
N−1
︷︸︸︷
z...z
w...w
︸ ︷︷ ︸

N

(z, z̄; γ(w), γ(w))(γ′(w))N = G
N−1
︷︸︸︷
z...z
w...w
︸ ︷︷ ︸

N

(z, z̄;w, w̄). (113)

B List of three-point and four-point correlators

We show the list of all six independent three-point correlators and nine independent

four-point correlators of the CFT case in this appendix. Other correlators at the

same order can be obtained by complex conjugation. For simplicity, we will use

δi and δij as the abbreviation of δ(2)(z − zi) and δ(2)(zi − zj). The six three-point

correlators are:

〈Tzz(z)Tzz(z1)Tzz(z2)〉 =
2

π

2∑

i=1

∂ziG
zi
zz(zi, z̄i; z, z̄) 〈Tzz(z1)Tzz(z2)〉

+
1

π

2∑

i=1

Gzi
zz(zi, z̄i; z, z̄)∂zi 〈Tzz(z1)Tzz(z2)〉+

3g−3
∑

α=1

φαzz(z)
∂

∂τα
〈Tzz(z1)Tzz(z2)〉 ,

(114)

〈Tzz(z)Tz̄z̄(z1)Tz̄z̄(z2)〉 =
1

π

2∑

i=1

Gzi
zz(zi, z̄i; z, z̄)∂zi 〈Tz̄z̄(z1)Tz̄z̄(z2)〉

+
1

16π2G

2∑

i=1

[

Gzi
zz(zi, z̄i; z, z̄)

(
− 8∂2

z̄i
φ∂z̄i + 8∂z̄iφ∂

2
z̄i
− 4∂3

z̄i
φ+ 24∂z̄iφ∂

2
z̄i
φ− 16(∂z̄iφ)

3
)

+ 2∂z̄iG
zi
zz(zi, z̄i; z, z̄)

(
∂2
z̄i
− 4∂2

z̄i
φ∂z̄i

)]

δ12 +

3g−3
∑

α=1

φαzz

∂

∂τα
〈Tz̄z̄(z1)Tz̄z̄(z2)〉 , (115)

〈Tzz̄(z)Tzz(z1)Tzz(z2)〉 = 〈Tzz(z)Tzz(z2)〉 δ1 + 〈Tzz(z)Tzz(z1)〉 δ2, (116)
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〈Tzz̄(z)Tzz(z1)Tz̄z̄(z2)〉 = 〈Tzz(z)Tz̄z̄(z2)〉 δ1 + 〈Tz̄z̄(z)Tzz(z1)〉 δ2

+
1

16πG
(∂zδ2∂z̄δ1 − ∂zδ1∂z̄δ2 − 4δ2∂z̄δ1∂zφ− 4δ1∂zδ2∂z̄φ+ 16δ1δ2∂zφ∂z̄φ),

(117)

〈Tzz̄(z)Tzz̄(z1)Tzz(z2)〉 = 〈Tzz̄(z)Tzz(z2)〉 δ1 + 〈Tzz(z)Tzz̄(z1)〉 δ2

+
1

16πG

(
4(∂zφ)

2δ1δ2 + 4δ1∂zδ2∂zφ− ∂zδ1∂zδ2 − 4δ1δ2∂
2
zφ− δ1∂

2
zδ2
)
, (118)

〈Tzz̄(z)Tzz̄(z1)Tzz̄(z2)〉 = 2 〈Tzz̄(z)Tzz̄(z1)〉 δ2 + 2 〈Tzz̄(z)Tzz̄(z2)〉 δ1

+
1

16πG

[

24δ1δ2∂zφ∂z̄φ− 6δ1
(
∂zφ∂z̄δ2 + ∂z̄φ∂zδ2

)
− 6δ2

(
∂zφ∂z̄δ1 + ∂z̄φ∂zδ1

)

+ ∂zδ1∂z̄δ2 + ∂zδ2∂z̄δ1 − 4δ1δ2∂z∂z̄φ+ 2δ1∂z∂z̄δ2 ++2δ2∂z∂z̄δ1

]

. (119)

And the nine four-point correlators are:

〈Tzz(z)Tzz(z1)Tzz(z2)Tzz(z3)〉 =
2

π

3∑

i=1

∂ziG
zi
zz(zi, z̄i; z, z̄) 〈Tzz(z1)Tzz(z2)Tzz(z3)〉

+
1

π

3∑

i=1

Gzi
zz(zi, z̄i; z, z̄)∂zi 〈Tzz(z1)Tzz(z2)Tzz(z3)〉+

3g−3
∑

α=1

φαzz(z)
∂

∂τα
〈Tzz(z1)Tzz(z2)Tzz(z3)〉 ,

(120)

〈Tzz(z)Tz̄z̄(z1)Tz̄z̄(z2)Tz̄z̄(z3)〉 =
1

π

3∑

i=1

Gzi
zz(zi, z̄i; z, z̄)∂z̄i 〈Tz̄z̄(z1)Tz̄z̄(z2)Tz̄z̄(z3)〉

− 2

π

∑

σ∈S3

G
zσ(1)
zz (zσ(1), z̄σ(1); z, z̄)

(

2 〈Tz̄z̄(zσ(1))Tz̄z̄(zσ(2))〉 ∂z̄σ(1)
+ ∂z̄σ(1)

〈Tz̄z̄(zσ(1))Tz̄z̄(zσ(2))〉

+ 4 〈Tz̄z̄(zσ(1))Tz̄z̄(zσ(2))〉 ∂z̄σ(1)
φ
)

δσ(1)σ(3) +

3g−3∑

α=1

φαzz

∂

∂τα
〈Tz̄z̄(z1)Tz̄z̄(z2)Tz̄z̄(z3)〉 ,

(121)

〈Tzz̄(z)Tzz(z1)Tzz(z2)Tzz(z3)〉 = 〈Tzz(z)Tzz(z2)Tzz(z3)〉 δ(2)(z − z1)

+ 〈Tzz(z)Tzz(z1)Tzz(z3)〉 δ(2)(z − z2) + 〈Tzz(z)Tzz(z1)Tzz(z2)〉 δ(2)(z − z3), (122)

〈Tzz̄(z)Tzz̄(z1)Tzz̄(z2)Tzz(z3)〉 = 〈Tzz(z)Tzz̄(z1)Tzz̄(z2)〉 δ3 + 〈Tzz̄(z)Tzz̄(z2)Tzz(z3)〉 δ1

+ 〈Tzz̄(z)Tzz̄(z1)Tzz(z3)〉 δ2 − 2 〈Tzz(z)Tzz̄(z2)〉 δ1δ3 − 2 〈Tzz(z)Tzz̄(z1)〉 δ2δ3

+
1

16πG

[

− 4δ1δ2δ3(∂zφ)
2 − 12δ1δ2∂zφ∂zδ3 + 2δ1∂zδ2∂zδ3 + 2δ2∂zδ1∂zδ3 + 4δ1δ2δ3∂

2
zφ

+ 2δ1δ2∂
2
zδ3

]

, (123)
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〈Tzz̄(z)Tzz(z1)Tzz(z2)Tz̄z̄(z3)〉 = 〈Tzz(z)Tzz(z1)Tz̄z̄(z3)〉 δ2 + 〈Tzz(z)Tzz(z2)Tz̄z̄(z3)〉 δ1

+ 〈Tz̄z̄(z)Tzz(z1)Tzz(z2)〉 δ3 +
1

16πG

[

− 8δ3δ1∂zδ2∂zφ− 8δ3δ2∂zδ1∂zφ+ 2δ1∂zδ2∂zδ3

+ 2δ2∂zδ1∂zδ3 + 4δ3∂zδ1∂zδ2

]

, (124)

〈Tzz̄(z)Tzz̄(z1)Tzz(z2)Tzz(z3)〉 = 〈Tzz(z)Tzz̄(z1)Tzz(z2)〉 δ3 + 〈Tzz(z)Tzz̄(z1)Tzz(z3)〉 δ2

− 2 〈Tzz(z)Tzz(z2)〉 δ1δ3 − 2 〈Tzz(z)Tzz(z3)〉 δ1δ2, (125)

〈Tzz̄(z)Tzz̄(z1)Tzz(z2)Tz̄z̄(z3)〉 = 〈Tzz(z)Tzz̄(z1)Tz̄z̄(z3)〉 δ2 + 〈Tz̄z̄(z)Tzz̄(z1)Tzz(z2)〉 δ3

− 〈Tzz(z)Tz̄z̄(z3)〉 δ1δ2 − 〈Tz̄z̄(z)Tzz(z2)〉 δ1δ3 +
1

16πG

[

− 48δ1δ2δ3∂zφ∂z̄φ+ 8δ1δ3∂z̄δ2∂zφ

+ 8δ2δ3∂z̄δ1∂zφ+ 8δ1δ2∂zδ3∂z̄φ+ 8δ2δ3∂zδ1∂z̄φ+ δ1∂zδ2∂z̄δ3 − δ1∂z̄δ2∂zδ3 − 2δ2∂z̄δ1∂zδ3

− 2δ3∂z̄δ2∂zδ1

]

, (126)

〈Tzz̄(z)Tzz̄(z1)Tzz̄(z2)Tzz̄(z3)〉 = 2 〈Tzz̄(z)Tzz̄(z2)Tzz̄(z3)〉 δ1 + 2 〈Tzz̄(z)Tzz̄(z1)Tzz̄(z3)〉 δ2

+ 2 〈Tzz̄(z)Tzz̄(z1)Tzz̄(z2)〉 (δ3 + δ13 + δ23)− 6 〈Tzz̄(z)Tzz̄(z1)〉 δ2δ3

− 6 〈Tzz̄(z)Tzz̄(z2)〉 δ1δ3 − 4 〈Tzz̄(z)Tzz̄(z3)〉 δ1δ2 + 6 〈Tzz̄(z)〉 δ1δ2δ3

+
1

16πG

∑

σ∈S3

[

− 24δσ(1)δσ(2)δσ(3)∂zφ∂z̄φ+ 12δσ(1)δσ(2)∂z̄δσ(3)∂zφ

+ 12δσ(1)δσ(2)∂zδσ(3)∂z̄φ− 3δσ(1)∂zδσ(2)∂z̄δσ(3) + 6δσ(1)δσ(2)δσ(3)∂z∂z̄φ

− 3δσ(1)δσ(2)∂z∂z̄δσ(3)

]

, (127)

〈Tzz(z)Tzz(z1)Tz̄z̄(z2)Tz̄z̄(z3)〉 =
1

π

[
− 4Gz2

zz(z2, z̄2; z, z̄)∂z̄2 〈Tzz(z1)Tz̄z̄(z2)〉 δ23

+ 2Gz1
zz(z1, z̄1; z, z̄)∂z̄1 〈Tzz(z1)Tz̄z̄(z2)〉 δ13 + 2Gz1

zz(z1, z̄1; z, z̄)∂z̄1 〈Tzz(z1)Tz̄z̄(z3)〉 δ12

+ 16Gz2
zz(z2, z̄2; z, z̄) 〈Tzz(z1)Tz̄z̄(z2)〉 δ23∂z̄2φ− 4Gz2

zz(z2, z̄2; z, z̄) 〈Tzz(z1)Tz̄z̄(z2)〉 ∂z̄2δ23

− 4Gz3
zz(z3, z̄3; z, z̄) 〈Tzz(z1)Tz̄z̄(z3)〉 ∂z̄3δ23 +Gz3

zz(z3, z̄3; z, z̄)∂z3 〈Tzz(z1)Tz̄z̄(z2)Tz̄z̄(z3)〉

+Gz2
zz(z2, z̄2; z, z̄)∂z2 〈Tzz(z1)Tz̄z̄(z2)Tz̄z̄(z3)〉 −Gz1

zz(z1, z̄1; z, z̄)∂z1 〈Tzz(z1)Tz̄z̄(z2)Tz̄z̄(z3)〉

+ 4Gz1
zz(z1, z̄1; z, z̄) 〈Tzz(z1)Tz̄z̄(z2)Tz̄z̄(z3)〉 ∂z1φ+ 2Gz1

zz(z1, z̄1; z, z̄)∂z1 〈Tzz(z1)Tz̄z̄(z2)Tz̄z̄(z3)〉

+ 2∂z1G
z1
zz(z1, z̄1; z, z̄) 〈Tzz(z1)Tz̄z̄(z2)Tz̄z̄(z3)〉

]

+
1

16π2G

{

Gz2
zz(z2, z̄2; z, z̄)

[

208δ12δ23(∂z̄2φ)
2∂z2φ− 80δ23∂z̄2δ12∂z2φ∂z̄2φ

+ 80δ12∂z̄2δ23∂z2φ∂z̄2φ+ 16∂z̄2(δ12δ23∂z2φ)− 48δ12δ23∂z2φ∂
2
z̄2
φ+ 8δ23∂

2
z̄2
δ12∂z2φ

− 40δ12∂
2
z̄δ23∂z2φ− 4∂2

z̄δ23∂z2δ12 − 32∂z̄2δ23∂z2δ12∂z̄2φ− 4∂z̄2(∂z2δ12∂z̄2δ23)
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+ 4δ23∂z2δ12∂
2
z̄2
φ+ 8∂2

z̄2
δ23∂z2δ12 − 52δ12∂z2δ23(∂z̄2φ)

2 + 20∂z2δ23∂z̄2δ12∂z̄2φ

+ 12∂z2(δ12∂z̄2δ23∂z̄2φ) + 12δ12∂z2δ23∂
2
z̄2
φ− 2∂z2δ23∂

2
z̄2
δ12 − 6∂z2(δ12∂

2
z̄2
δ23)

− 112δ12δ23∂z̄2φ∂z2∂z̄2φ+ 16δ23∂z̄2δ12∂z2∂z̄2φ+ 8δ12∂z̄2δ23∂z2∂z̄2φ+ 4∂z̄2δ23∂z2∂z̄2δ12

− 8δ12∂z2∂z̄2δ23∂z̄2φ− 4∂z̄2(δ12∂z2∂z̄2δ23) + 24δ12δ23∂z2∂
2
z̄2
φ+ 4δ12∂z2∂

2
z̄2
δ23

]

+ ∂z2G
z2
zz(z2, z̄2; z, z̄)

[

12δ12∂z̄2δ23∂z̄2φ− 6δ12∂
2
z̄2
δ23

]

+ ∂z̄2G
z2
zz(z2, z̄2; z, z̄)

[

16δ12δ23∂z2φ

− 4∂z2δ12∂z̄2δ23 − 4δ12∂z2∂z̄2δ23

]}

+
1

16π2G

{

z2 ↔ z3

}

+

3g−3
∑

α=1

φαzz

∂

∂τα
〈Tzz(z1)Tz̄z̄(z2)Tz̄z̄(z3)〉 . (128)
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