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Abstract

We continue our study of integral points on moduli schemes by combining the
method of Faltings (Arakelov, Parsin, Szpiro) with modularity results and Masser—
Wiistholz isogeny estimates. In this work we explicitly bound the height and the
number of integral points on coarse Hilbert moduli schemes outside the branch locus.

In the first part we define and study coarse Hilbert moduli schemes with their
heights and branch loci. Building on the foundational works of Rapoport, Katz—Mazur,
Deligne—Pappas and using the Faltings height, we first develop the basic definitions.
Then we prove some geometric results for the height and the branch locus. In particular
we relate the branch locus to automorphism groups of the involved moduli stack which
allows us to compute the branch locus in some relevant cases.

In part two we establish the effective Shafarevich conjecture for abelian varieties A
over a number field K such that Az has CM or Ag is of GLa-type and isogenous to all
its Aut(K /Q)-conjugates. If Az has no CM, then we use isogeny estimates and results
of Ribet and Wu to reduce via Weil restriction to the known case K = QQ proven by
one of us via Faltings’ method and modularity. We also use isogeny estimates to reduce
the CM case to effectively bounding the height h(®) of simple CM types in terms of
the discriminant. To bound h(®) we follow Tsimerman’s strategy and we combine the
averaged Colmez conjecture with explicit analytic estimates for L-functions.

In the third part we continue our explicit study of the Pargin construction given
by the forgetful morphism of Hilbert moduli schemes. We now work out our strategy
for arbitrary number fields K and we explicitly bound the number of polarizations
and module structures on abelian varieties over K with real multiplications.

In the last part we illustrate our results by applying them to two classical surfaces
first studied by Clebsch (1871) and Klein (1873): We explicitly bound the Weil height
and the number of their integral points. Hirzebruch proved that both surfaces are
models over C of a Hilbert modular surface Y¢. To show that they are coarse Hilbert
moduli schemes over Z[g—lo], we go into the construction of Rapoport and Faltings—Chai
of the integral minimal compactification of Y and we make it explicit via Hirzebruch’s
work. Here we use geometric results for integral Hirzebruch-Zagier divisors of Bruinier-
Burgos-Kiithn and Yang, and we compute the Fourier expansion of certain Eisenstein
series via analytic results of Klingen, Siegel and Zagier. To explicitly relate the height
to the Weil height, we combine Pazuki’s height comparison with formulas for Hilbert
theta functions due to Gotzky, Gundlach and Lauter—Naehrig—Yang.
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1 Introduction

In [vKK19] we explicitly studied integral points on Hilbert moduli schemes generalizing
the results for moduli schemes of elliptic curves in [vK14]. In this paper we continue our
study and we consider more generally coarse Hilbert moduli schemes. In particular we
combine the method of Faltings (Arakelov, Parsin, Szpiro) with modularity results and
Masser—Wiistholz isogeny estimates in order to explicitly bound the height and the number

of integral points on coarse Hilbert moduli schemes outside the branch locus.

1.1 Integral points on coarse Hilbert moduli schemes

To provide some motivation for the explicit study of integral points on coarse Hilbert
moduli schemes, we discuss two underlying Diophantine problems.

1.1.1 The Clebsch—Klein surfaces

Let S be a finite set of rational primes and let ZZ be the unit group of Zg = Z[1/Ng]
where Ng = Hpe P with Ng = 1if S is empty. We first consider the cubic equation

o tas+altal=1=21+ a2tz +24, 3 €ZLS (1.1)

Let o; be the i-th elementary symmetric polynomial. It turns out (§11.7) that solving (1.1)
is equivalent to a special case of the following substantially more difficult Diophantine

problem: Determine the set Y (Zg) of Zg-points of the surface Y/Z given by
Y=X\Z XCP}: 00=0=o0y. (1.2)

Here Z C X is the union of the five Z-points defined by the five permutations e; of
(1,0,...,0). More explicitly, let 3 be the set of x € Z5 with coprime coordinates such that
for all rational primes p ¢ S the image of = in (Z/pZ)® does not lie in some line (Z/pZ)e;.
Then Lemma 11.15 identifies Y (Zg) with the set of solutions (modulo £1) of

o2(x) =0 =o04(z), x€3. (1.3)

In the 1870s, Clebsch [Cle71] and Klein [Kle73] initiated the study of geometric properties
of the surfaces (1.1) and (1.2). These surfaces play a fundamental role in geometry and

over the last 150 years many authors showed that they have many striking properties. For
example, Hirzebruch [Hir76] identified Y¢ with a Hilbert modular surface for Q(v/5).



In this paper we study the Diophantine equations (1.1) and (1.3). They are non-trivial
in the sense that they have infinitely many solutions over Q. Diophantine approximation
leads to very strong results for (1.1): Evertse-Schlickewei-Schmidt [ESS02] bounded the
number of solutions of (1.1) only in terms of |S|, and Corvaja—Zannier [CZ04, CZ06, CZ10)]
established the degeneration of an even larger set of solutions of (1.1); see (11.4).

An application of our main results for integral points (Theorem 4.1) with the surface
Y/Z gives explicit finiteness results for (1.1) and (1.3). To discuss these results, we consider
again the set Y (Zg) of S-integral points of Y and we denote by h the usual logarithmic
Weil height ([BGO6, p.16]). Define e = 1012 and ¢ = 10°. We obtain the following:

Corollary. Any P € Y (Zs) satisfies h(P) < ¢cN2* and it holds |Y (Zs)| < (¢cNg)®.

More explicitly, we deduce in Corollaries 11.1 and 11.2 that any solution z of (1.1) or
(1.3) satisfies h(z) < ¢cN2* and that (1.1) and (1.3) have at most (cNg)¢ solutions. Here
the height bound assures that for any given S one can in principle determine all solutions
of (1.1) and (1.3). Moreover, if S is small then our height bound is sufficiently strong for
completely solving the equations in practice when combined with efficient sieves; we are
currently trying to construct such efficient sieves for (1.1) and (1.3). Additional discussions
of the Diophantine problems (1.1) and (1.3) can be found in Sections 11.1 and 11.7.

1.1.2 Coarse Hilbert moduli schemes

Let L/Q be a totally real number field of degree g with ring of integers O. Before we give
the formal definition, we try to briefly explain and motivate the notion of coarse Hilbert
moduli schemes. Intuitively one can think of a coarse Hilbert moduli scheme Y as a variety
whose geometric points parametrize pairs (A, ), where A is a ‘polarized’ abelian variety
of dimension g with O-multiplication and « lies in a certain set P(A) associated to A.
If here in addition all points of Y parametrize pairs (A, a) then Y is a Hilbert moduli
scheme. For instance, for any n € Zs1 consider the set P(n)(A) = {(O/n0)? = A,} of
principal level n-structures on A. If n > 3 then there is a Hilbert moduli scheme Y'(n)
for P(n) such that a connected component of Y (n)(C) identifies with H9/T'(n), where the
group I'(n) = ker (SL2(O) — SL2(O/n0)) acts on HY via the g distinct real embeddings of
L and via the action of SLy(R) on H = {z € C; im(z) > 0}. In the cases n = 1 and n = 2,
there is no Hilbert moduli scheme for P(n) but there still exists a coarse Hilbert moduli
scheme Y (n). The Diophantine equations (1.1) and (1.3) come from the coarse Hilbert
moduli scheme Y (2) for L = Q(+/5). In fact the literature contains many more interesting

examples of varieties which are (birationally equivalent to) coarse Hilbert moduli schemes:



For example one can find in [HVdV74, HZ77, vdG88] many surfaces of general type but
also various surfaces which are rational, blown-up K3, or elliptic over P'. Moreover, as
demonstrated in [vK14] for g = 1, the moduli formalism allows to explicitly study a class
of Diophantine equations of interest that is substantially more general than just defining
equations of HY/I" for finite index subgroups I' C SLg(O). This motivates to work with

the following general notions developed in detail in Section 3.

Definitions. We build on the formalism of moduli problems of Katz—Mazur [KMS85]
which is very suitable for our purpose. Let M be the Hilbert moduli stack associated to
L by Rapoport [Rap78] and Deligne-Pappas [DP94], and let P be a presheaf on M. We
call P a moduli problem. Further we say that P is algebraic if the category Mp of pairs
(z,a) with x € M and « € P(x) is an algebraic stack ([Sta]). Let Y be a scheme. We say
that Y is a coarse Hilbert moduli scheme of an algebraic moduli problem P on M, and
we write Y = Mp, if there exists a coarse moduli space m : Mp — Y in the usual sense
(§3.3). The branch locus Bp C Y of P is defined as the complement of the union of all
open subschemes U C Y such that 7y is étale. Further we say that Y is a Hilbert moduli
scheme of P if it represents Mp. A discussion of the notion of Hilbert moduli schemes can
be found in [vKK19, §3]. If Y is a Hilbert moduli scheme of P, then P is algebraic and
Y is a coarse Hilbert moduli scheme of P with empty branch locus Bp. Finally, we say
that P is arithmetic if Mp is a separated finite type DM stack ([Sta]) and we say that a

scheme Y is variety over 7Z if it is separated finite type over Z.

1.1.3 Main result for integral points

We continue our notation. Let Y be a variety over Z, let Z C Y be a closed subscheme
and let A be the absolute value of the discriminant of the totally real number field L of
degree g. Our main result for integral points (Theorem 4.1) is a slightly improved version

of the following theorem in which e = 4% and ¢ = 99",

Theorem A. Suppose that Y becomes over a ring Z[1/v], v € Z>1, a coarse moduli

scheme of some arithmetic moduli problem P on M with branch locus Bp C Zz[1 ).
(i) Then any point P € (Y \ Z)(Zs) satisfies hy(P) < c(vNg)?¥9,

(ii) and the cardinality of (Y \ Z)(Zs) is at most c|P|c(vNg)¢Alog(3A)29~1,

Here hy : Y(Q) — R denotes the height (§3.4) given by the pullback of the stable Falt-
ings height [Fal83] along the forgetful morphism ¢ induced by forgetting P-level structures,



and |Plc = supge ey [P ()| denotes the maximal number of P-level structures over C

defined in (3.1). We now discuss various aspects of Theorem A.

Finiteness. If |P|c < oo then (ii) gives that (Y \ Z)(Zg) is finite. This finiteness result
is essentially due to Faltings [Fal83] as explained in (10.14). To this end, for large classes
of representable moduli schemes Y of abelian varieties, Deligne-Szpiro [Szp85, §5.3] and
Ullmo [Ul104] deduced from Faltings [Fal83] the finiteness of S-integral points and also
of rational points if Y is projective. For example, Ullmo deduced this for subvarieties of
adjoint Shimura varieties of abelian type with neat level structure ([Ul104, Thm 3.2]); for
ball quotients see also Dimitrov-Ramakrishnan [DR15] using Mordell-Lang [Fal94].

Known effective bounds. For many coarse modular curves Y with Y (C) = H/I" for
some I' C SLy(Z), Bilu [Bil95, Bil02], Sha [Shal4b, Shalda] and Cai [Cai2l, Cai22]| used
the theory of logarithmic forms to prove strong explicit height bounds for all points with S-
integral j-invariant. Suppose now that P is representable. Then Theorem A was proven in
[vKK19], and in [vK14] when g = 1. The case g = 1 contains various classical Diophantine
problems [vKM16, §4.2.6], including the case of Mordell equations obtained in [vK14,
Cor 7.4] and the case of S-unit equations (see Frey [Fre97]) obtained independently and
simultaneously by K. [vK14, Cor 7.2] and by Murty—Pasten [MP13, Thm 1.1]. For all these
classical Diophantine problems and many others, effective bounds were first established via
Diophantine approximations or the theory of logarithmic forms; see [BW07, EG15, EG16]
for an overview. Moreover, the latter methods usually can deal with any number field K,

while substantially new ideas (see §1.3.4) are required to generalize Theorem A to any K.

Branch locus. For both statements of Theorem A it is necessary to restrict to Zg-points
of Y outside the branch locus Bp. Indeed there are many coarse Hilbert moduli schemes
Y of arithmetic P with |[P|c < co and |Y (Zg)| = co. For example, if L = Q and P = {x}
is constant, then the coarse Hilbert moduli scheme Y = A% satisfies Y(Zg) = Zg.
Motivated by Theorem A, we study in Section 5.3 the branch locus Bp of coarse
Hilbert moduli schemes. We prove Proposition 5.5 which relates Bp to jumps of the sizes
of the automorphism groups of the underlying stack Mp. This result allows to compute
the branch locus in certain cases of interest. For instance, we deduce in Corollary 5.6 that
the branch locus of Y(2) is empty and thus Theorem A holds for all Zg-points of Y'(2).

Applications. As illustrated in the Corollary, Theorem A (i) can provide (after a height

comparison) an explicit bound for the Weil height which in principle allows to solve the



underlying Diophantine equations. See also the analogous discussion in [vKK19, §1.1].
Theorem A applies to a class of varieties which is substantially more general than just

integral models of complex Hilbert modular varieties HY/I" with I' C SLy(O) of finite index.

Also, the class of (coarse) Hilbert moduli schemes is stable under covers. For example, let

X Dbe a variety over Z which admits a morphism of schemes
f:X—-Y (1.4)

to a Hilbert moduli scheme Y = Mp with height hy. Then X = Mp: is again a Hilbert
moduli scheme with height hgy = f*he, and it holds that |P'|c < oo if f is quasi-finite
and |P|c < oo. The construction (1.4) was for instance used in [vK14, §7.4] to study cubic
Thue equations. Other explicit (relative) curves X are discussed in [vKM16, §4.2.6], and
we hope to find in addition some interesting higher dimensional X.

Theorem A also applies to Q-rational points if Xq is proper and thus X(Q) = X(Zg)
for some Zg. In this context, the problem of constructing proper curves Xqg with a quasi-
finite morphism (1.4) was investigated by Alpoge in his work [Alp20, Alp21a] on algorithms
for rational points of curves. In particular he observed that for higher dimensional Hilbert
modular varieties Yg there are many such proper curves Xg; this was also observed inde-

pendently by Baldi-Grossi [BG21, §1.2] in the context of existence of rational points.

Bounds. We conducted some effort (see §1.3.3) to obtain bounds in Theorem A which
are polynomial in terms of ¥ Ng and to include optimizations which exponentially improved
the constant ¢ and the exponents e and 24g. However, we did not try to fully optimize
the constants which we simplified according to Baker’s philosophy. If ¥/ Ng has reasonable
size then our simplified bounds are already strong enough for solving equations when
combined with efficient sieves such as for example those in [dW87, vKM16, GS22]. On the
other hand, for large v Ng it is often beneficial for solving equations to work out optimized
bounds which might be complicated but can be computed instantly; we leave this for
the future. Theorem A crucially depends on a relevant special case (Theorem B) of the
effective Shafarevich conjecture for abelian varieties over number fields. After discussing
Theorem B in the next section, we give an outline of the proof of Theorem A in §1.3 which

contains a discussion (§1.3.3) of the shape of our bounds.

10



1.2 Effective Shafarevich conjecture

Let K be a number field with ring of integers O, let S be a nonempty open subscheme
of Spec(Ok) and let g € Z>;. Faltings [Fal83] proved the Shafarevich conjecture which
asserts that the set of isomorphism classes of (polarized) abelian schemes over S of relative
dimension ¢ is finite. Let hp be the stable Faltings height (§3.4) introduced by Faltings in
[Fal83]. It is known that effective versions of the Shafarevich conjecture would have many
striking Diophantine applications. For example, the following Conjecture (ES) implies via

Kodaira’s construction an effective version of the Mordell conjecture; see Rémond [Rém99].

Conjecture (ES). There exists an effective constant ¢, depending only on K, S and g,

such that any abelian scheme A over S of relative dimension g satisfies hp(A) < c.

The case g = 1 of this conjecture was proven in [Coa70, FvKW11, dJR11] via the theory
of logarithmic forms [BWO07]. In the case g > 2 the following is known: (1) when K = Q
and A is of (product) GLg-type, and (2) when Ay is a simple non-CM abelian variety
of GLy-type with Gg-isogenies as in (1.5) below. Here (1) was established in 2013 by the
first named author [vK21] by combining Faltings’ method [Fal83] with modularity and
isogeny estimates, while (2) was obtained in [vK13a, Prop 9.9] by reducing to (1). Also,
building on [vK21], Alpége [Alp21a] obtained an algorithmic version of Conjecture (E.S)
in the case when A is of GLao-type and K is totally real of odd degree; see §1.3.4.

GLo-type with Gg-isogenies. We now define a class of abelian schemes with the follow-
ing properties: In the case K = Q they are the usual abelian schemes over S of GLo-type
([Rib92]), and in the case g = 1 they are the elliptic curves E over S with geometric generic
fiber E; isogenous to all its Gg-conjugates; such elliptic curves E were studied among
others by Gross [Gro80], Ribet [Rib92] and Elkies [Elk04] who called them Q-curves.

Let A be an abelian scheme over S of relative dimension g and denote by End(A)
the ring of S-group scheme morphisms A — A. We say that A is of GLa-type with Gg-
isogenies if the Q-algebra End’(A) = End(A) ®z Q contains a number field F' of degree g
and if for each o in Gg = Aut(K/Q) there is an isogeny j, : 0* A — A such that

Hooo*(f)=fouy, fEF. (1.5)

Here o* denotes the pullback via o and we identified F' with its image in the endomorphism
algebra of the base change Ay of A to an algebraic closure K of the function field K of

S. As explained in §7.1.1, the notion of GLa-type with Gg-isogenies generalizes various

11



definitions in the literature such as for example Ribet’s notion of Q-HBAV in [Rib94].
More generally, we say that A is of product GLa-type with Gg-isogenies if A is isoge-
nous to a product [[ A; of abelian schemes A; over S of GLa-type with Gg-isogenies.

Results. To measure K and S we use the quantities d = [K : Q], D = |Disc(K/Q)|
and Ng = [],cge Nv, where N, is the norm of the prime ideal v of Ok and S¢ is the
complement of S. The first part of the next theorem establishes the effective Shafarevich

Conjecture (ES) for abelian schemes of product GLa-type with Gg-isogenies.
Theorem B. The following statements hold with | = (d3%9°)!,

(i) Let A be an abelian scheme over S of relative dimension g. If A is of product GLs-
type with Gg-isogenies, then hr(A) < (4gl)1449'rad(Dy Ng)?49.

(i) The number of isomorphism classes of abelian schemes over S of relative dimension
g and of product GLa-type with Gg-isogenies is at most (4gl)(59)7lrad(DKNs)(59)7.

Here rad(n) = Hp|nn denotes the radical of n € Z>;. As explained in §1.2.1 below,
statements (i) and (ii) are essentially [vK21, Thm A and Thm B] respectively when re-
stricted to the case K = Q. In Section 7 we also obtain other results in the context of
Conjecture (ES). In particular we prove Conjecture (ES) in the CM case and we give
more precise versions of Theorem B in certain situations of interest. Discussions of various

aspects of our bounds in (i) and (ii) can be found in §1.3.3 below.

1.2.1 Ideas of the proofs

We continue our notation introduced above. Let A be an abelian scheme over an open
S C Spec(Of) such that A is of GLa-type with Gg-isogenies.

Strategy. Building on [vK21], the main idea of the proof of Conjecture (ES) for A
is to combine Faltings’ method [Fal83] with modularity as follows. By the known ef-
fective isogeny estimates (§7.3.1) based on the method of Faltings [Fal83] or Masser—
Wiistholz [MW93b, MW93a], it suffices to show that each isogeny class contains an abelian
scheme with effectively bounded height. Then one constructs such an abelian scheme by
combining inter alia the Tate conjecture [Fal83], modularity results and effective analytic

estimates. We now describe more precisely the steps carried out in the current work.
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Key case. In the first part of the proof we assume that Az has no CM. After possibly
enlarging K in a controlled way, we can reduce in Proposition 7.2 the problem to the case
S C Spec(Z) as follows. On using and generalizing arguments of Ribet [Rib92, Rib94],
Pyle [Pyl04] and Wu [Wu20], we show that A is isogenous to a power of an abelian
scheme B over S of GLa-type with Gg-isogenies fi, satisfying p, o 0*(f) = f o p, for all
f € End®(Bg). Then we go into the proof of [vK13a, Prop 9.9]: A result of Ribet [Rib92]
and Wu [Wu20], which relies on a Galois cohomology computation of Tate, gives that B
is geometrically a factor of an abelian variety Cg over Q of GLo-type. Moreover, we show
that Cg extends here to an abelian scheme C' over some explicit open 7' C Spec(Z). Now,
over T" we can apply the case of Conjecture (ES) proven in [vK21, Thm A] via the above
described strategy using Serre’s modularity conjecture [KWO09]. This explicitly bounds
hp(C) and then isogeny estimates allow us to deduce Conjecture (ES) for A.

Abelian varieties with CM. In the second part we prove Conjecture (ES) for abelian
varieties with CM. First, we use isogeny estimates and a result of Colmez [Col93] to reduce
the problem to the case of abelian varieties Ag associated to some CM type ® of a CM field
E. Moreover, after possibly replacing K by a controlled field extension, we can use CM
theory to relate the ramification loci of E/Q and K/Q. This allows then to further reduce
the CM case of Conjecture (ES) to effectively bounding hp(Ag) in terms of Dg. The
height hp(Ag) is related to certain L-values associated to E by the averaged Colmez
conjecture [Col93]. This conjecture was established independently and simultaneously
by Yuan—Zhang [YZ18] and by Andreatta—Goren-Howard-Madapusi-Pera [AGHMP18].
Tsimerman [Tsil8, Cor 3.3] deduced from the averaged Colmez conjecture the asymptotic
bound hp(As) < D%(l); see also the discussions in §7.2.1. On working out explicitly (via
Rademacher’s arguments [Rad60]) some of the analytic estimates for L-values used in
[Tsil8, Cor 3.3], we deduce from the averaged Colmez conjecture a much weaker but fully

explicit bound for hp(Ag) in terms of Dp and g which is sufficient for our purpose.

Number of isomorphism classes. To prove the bound in Theorem B (ii) for the
number of isomorphism classes, we follow Faltings [Fal83]. After passing to a controlled
finite field extension L of K, we divide the proof into two parts: (a) finiteness of the
number of isogeny classes and (b) finiteness of each isogeny class. Part (a) is done as
follows: We apply basic CM theory in the CM case, while in the non-CM case we use the
above described arguments to reduce again to the situation S C Spec(Z) and then we
apply [vK21, Thm B]. To deal with part (b), we combine as in the proof of [vK21, Thm

B| the height bound in Theorem A with the minimal isogeny degree estimate of Masser—
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Wiistholz [MW93a] based on the theory of logarithmic forms. In fact throughout this
work we use the most recent versions, due to Gaudron-Rémond [GR23]|, of the isogeny
and endomorphism results of Masser—Wiistholz [MW93b, MW93a, MW95]. Finally we
count via an explicit version of the Hermite-Minkowski theorem the number of possible
field extensions L of K and we explicitly control the number of (unpolarized) twists over

L by using a trick (Lemma 7.19) involving Weil restriction and isogeny estimates.

1.3 Proof of Theorem A

We continue the notation of §1.1. Suppose that Z C Y and P are as in Theorem A, and
put U =Y\ Z. To prove Theorem A, we use and generalize the strategy of [vK14, vKK19]
and we apply the method of Faltings [Fal83] (Arakelov, Parsin, Szpiro) as follows.

(a) Parsin construction: We construct a finite map ¢ : U(Zs) — A,(T') for some con-
trolled open T' C Spec(Of) with K a number field, where A, classifies isomorphism
classes of abelian schemes of relative dimension g. Moreover, we compute that hy is
the pullback ¢*hp of hp by ¢, we show that each abelian scheme in ¢(U(Zg)) is of
GLa-type with Gg-isogenies and we explicitly bound the fibers of ¢.

(b) Effective Shafarevich conjecture: As the abelian schemes in ¢(U(Zg)) are all of GLo-
type with Gg-isogenies by part (a), we can apply Theorem B. This gives us explicit
bounds for the cardinality |¢p(U(Zg))| and for the height hr(A) of all A € ¢p(U(Zs))
in terms of K, T" and ¢ and then in terms of v, Ng and g.

Combining (a) and (b) leads to the estimate for hy = ¢*hp in (i) and to the bound for
|U(Zs)| in (i) since U(Zg) = ¢~ (¢(U(Zs))). We discussed in §1.2 the main ingredients

for Theorem B used in part (b). Now, we explain the principal ideas of part (a).

1.3.1 Construction of ¢ and basic properties

We continue our notation. Unfortunately the forgetful morphism of a coarse Hilbert moduli
scheme is only defined on geometric points. To obtain a map ¢ : U(Zg) — A,(T) with the
desired properties for Zg-points, we work over the base Zg (after possibly enlarging S in

a controlled way) and we study in Section 5.1 the finite cover Y/ — Y given by
Y/ZMP XMMp(n) = Mp =>TY.

We show that Y’ has the following key properties: It is a Hilbert moduli scheme of the
product presheaf P’ = P x P(n) on M for a suitable n > 3 and the pull back of Y/ — Y
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via P € U(Zg) is a finite étale cover of Spec(Zg) of bounded degree. This allows us to
construct a controlled open T' C Spec(O ) with K a number field and a map

¢: U(Zs) = Ay(T)

factoring through the forgetful morphism ¢' : Y'(T) — A (T') of the Hilbert moduli
scheme Y’. Moreover, we show that ¢ extends on Q-points to the forgetful morphism

Y(Q) — A, (Q) of the coarse moduli scheme Y = Mp. Then it is a formal consequence of
the construction of ¢ and geometric properties of the stable Faltings height hr that

he = ¢*hp.

Similarly, it is a formal consequence of the construction of ¢ that each abelian scheme
in ¢(U(Zg)) is of GLa-type with Gg-isogenies. Here the key observation is that U(Zg) is
contained in Y (Q) which are the points of Y(Q) = Mp(Q) fixed by all 0 € Gg and hence
there exist O-compatible isomorphisms 0* Ay = Ag where A = ¢(P) and P € U(Zg).
Further, we show that to control the fibers of ¢ it suffices to suitably bound the degree

of the forgetful morphism ¢ : Y'(T') — A (T') of the Hilbert moduli scheme Y” of P’.

1.3.2 Bounding the degree of the forgetful morphism

Let Y be a Hilbert moduli scheme of an arithmetic moduli problem P on M, where M is
the Hilbert moduli stack associated to a totally real field L of degree g with ring of integers
O. Let K be a number field and let ' C Spec(Ok) be open. In [vKK19] we developed
an approach to bound the degree of the forgetful morphism ¢ : Y/(7') — A/ (T). The key
steps of this approach (outlined in [vKK19, §1.2]) go through for arbitrary K. However,
in some steps substantial new ideas are required to deal with problems not appearing in

the case K = Q worked out in [vKK19]. To explain this, we recall the decomposition
b1 Y(T) % M(T) —% M(T) »* A,(T)

into forgetful morphisms. Here M (T") and M(T') are the sets of isomorphism classes of
triples (A, ¢, ¢) and pairs (A, ) respectively, where [A] lies in A (T'), ¢ : O — End(A) is
a ring morphism and ¢ is a polarization (§3.1) of (A, ). To bound deg(¢) it suffices to
bound the degrees of ¢o, ¢, and ¢,, where we define deg(f) = sup,cx |f~*(2)| for any
map of sets f: X' — X. In [vKK19, Lem 8.2] we proved that deg(¢s) < |P|c.
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The map ¢,. The fiber of the forgetful morphism ¢, : M(T) — M(T) over (A,:) in
M(T) identifies with the set Pol(A, ¢) of equivalence classes of polarizations on (A4, ¢). Thus
deg(¢y) is bounded by the following result, proven in [vKK19, Prop 9.1] when K = Q.

Proposition C. If A is an abelian scheme over T of relative dimension g with a ring
morphism v : O — End(A), then |Pol(A4,:)| < 8.

We shall obtain in Proposition 8.1 a more general result with a sharper bound. To prove
Proposition 8.1 in Section 8, we use the approach of [vKK19, §9] where we worked out the
case K = Q. Unfortunately a crucial Lie algebra argument breaks down for arbitrary K
since Lie(A) can become too large. However, we can still reduce the problem to controlling
a quotient I'* /U where U is a subgroup of the units I'* of a certain order I' in a field
F D L of degree at most 2g. This reduction (see Lemma 8.3) combines the formal results
of [vKK19, §9] with the computation of the endomorphism algebra of (A,¢) in Lemma 8.4
which uses H;(A(C),Q) instead of Lie(A). If K # Q then F/L is not always totally real
and the discriminant Dp/;, can be unbounded. Hence additional arguments are required
to control |I'* /U|. In §8.2, we use algebraic number theory to compute and relate various

unit groups in extensions of number fields. This leads to an estimate for [I'* /U] in terms

Rp
Rp/LRL

of a regulator ratio which is uniformly bounded even when D/, is unbounded.

The map ¢,. The map ¢, : M(T) — A, (T) is induced by forgetting the ring morphism
v O — End(A). As the fiber of ¢, over some A in A/ (T) identifies with the set of

isomorphism classes of O-module structures on A, Theorem D (i) below gives
deg(¢,) < c(d||hr]|)*Alog(3A)%7 1,

Here ¢ = ¢(g) and e = e(g) are as in Theorem D, d = [K : Q], A = |Disc(L/Q)|, and
|hr]| is the supremum of the function max(1,hr) on A, (T") which satisfies ||hr|| < co by
Faltings [Fal83, Thm 6]. As already discussed in Section 1.2, it is currently out of reach
to explicitly bound ||hp| only in terms of K, T and g. However, in the situation (§1.3.1)
appearing in the proof of Theorem A, we can apply here (see Theorem D (ii) below) the
bound for hp in Theorem B since the abelian schemes in ¢(U(Zg)) are all of GLa-type
with Gg-isogenies. This together with the above results for ¢, and ¢, lead to an explicit
bound for the degree of the Parsin construction ¢ : U(Zs) — A,(T') in §1.3.1.

Bounding O-structures. Let O be the ring of integers of an arbitrary totally real field

L of degree g and let A be an abelian scheme over S of relative dimension g, where S is
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any connected Dedekind scheme whose function field is a number field K. In Section 9 we
continue our study of @-module structures on A initiated in [vKK19, §10]. In particular we

obtain the following result which holds more generally for any order I' of L by Theorem 9.1.
Theorem D. The following statements hold with d = [K : Q] and A = |Disc(L/Q)].

(i) The number na of isomorphism classes of O-module structures on A satisfies
na < c-h(A)°Alog(3A)%~1

for h(A) = dmax(hp(A),1), e = (29)° and ¢ = (39)(39)11,

1) If S C Spec(Ok) is open and A is of product GLo-type with Gg-isogenies, then
(ii) Q
na < k-rad(NgDg)?'9¢Alog(3A)%71,

Here Ng and Dy are as in Theorem B, and k = 3*° fora = 749% 42

In [vKK19, Thm 10.1] we proved Theorem D when K = Q, and the Jordan—Zassenhaus
theorem (JZ) leads to a finiteness result ([vKK19, Lem 10.13]) which is more general than
Theorem D but not explicit. Theorem B and (i) directly imply (ii). To show (i) we use
the approach developed in [vKK19, §10]. It avoids (JZ) and has two parts: A reduction
to the case when R = End(A) has a special form, and a bound for such special R. After
some modifications, the reduction in [vKK19] works for arbitrary K. It consists of several
steps and uses the Masser—Wiistholz isogeny theorem [MW93a] based on transcendence.
This allows us to reduce to the situation when O is replaced by an order I' of L and when
R =M,,(Op) with Op a maximal order of D = Op ®7 Q such that either

(1) the Q-algebra D identifies with a subfield Z of L of relative degree [L : Z] = n,

(2) or D is a non-split quaternion algebra and the center of D identifies with a subfield
Z of L of relative degree [L : Z] = 2n,

(3) or D is a CM field of degree [D : Q] = 2g/n.

In [VKK19] we settled the case (1). However (2) and (3) both require substantial new ideas
since a crucial dimension argument breaks down. We refer to §9.2 and §9.3 for an outline
of our strategies to deal with (2) and (3) respectively. Roughly speaking the main steps
are as follows: For (2), after decomposing (similar to [vKK19, Lem 10.4]) into compatible

morphisms, we can reduce (as in [vKK19, §10.4]) to the problem of suitably bounding
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the set X/~ of isomorphism classes of R ® I'-lattice structures on R. Then we construct
an explicit finite map from X/~ to the class group of L. For (3), after decomposing
again into compatible morphisms, we tensor with Op to double the degree. This allows
us to reduce to the situation treated in [vKK19, Prop 10.3] and then we use Diophantine
analysis to bound everything in terms of D and I'. In each of the two cases (2) and (3) we
obtain bounds in terms of a discriminant of D which we control via the Masser—Wiistholz

endomorphism estimates [MW95] based on transcendence.

1.3.3 Shape of the bounds

The bounds in Theorems A, B and D depend polynomially on vNg and rad(Dg Ng).
This crucially exploits the polynomial dependence on Ng in [vK21, Thm A and B| and
the strong shape of the Masser—Wiistholz isogeny estimates [MW93a, MWO93b] based
on transcendence, see also the related discussions in [vK21, Rem 1)]. Further, there are
quite a few steps in the proofs where we had to modify or completely replace standard
finiteness arguments in order to obtain effective polynomial bounds. For example, while
it is conceptually satisfying in §1.3.1 to work with a single controlled 7' C Spec(O), this
requires a huge number field K whose discriminant might not be polynomial in terms of
Ng. To avoid such huge fields K, we actually work with many distinct 7" C Spec(Ok)
coming from smaller fields K and then we control the (number of) possible T'.

We did not try to fully optimize the constants and exponents in our polynomial bounds.
However, we conducted some effort to include a few optimizations providing exponential
improvements. For example, in terms of g we exponentially improve ¢ and e in Theorem A
by working out stronger versions of the effective Shafarevich conjecture in Theorem 7.1
in certain relevant situations (Propositions 7.13 and 7.14). Further, to assure that the
exponent 24¢g in Theorems A and B is not exponential in terms of g, we crucially exploit
that the exponent 24 in [vK21, Thm A] does not depend on the dimension; in fact this
was the main motivation for making the effort in [vK21, p.18-19] to remove the dimension
in the exponent of [vK21, Thm A]. We also emphasize that our bounds directly benefit
from the many important refinements of the Masser—Wiistholz isogeny results obtained
by Bost-David [Bos96b], Viada [Via05] and Gaudron-Rémond [GR14b, GR14a, GR23|.

We now compare the bounds in Theorem A with known results. The polynomial bounds
for Hilbert modular schemes in [vKK19, Thm A] and for moduli schemes of elliptic curves
in [vK14, Thm A] have sharper constants and exponents than Theorem A. The reasons are
that some steps (which blow up the bounds) in the proof of Theorem A can be omitted for

Hilbert moduli schemes and that more tools are available for elliptic curves. For example,
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the proof of [vK14, Thm A] uses a height-conductor inequality (see Frey [Fre97]) for
elliptic curves which was proven independently and simultaneously by K. [vK14] and by
Murty—Pasten [MP13] via Frey’s modular degree approach; see K.-Matschke [vEKMI6]
and Pasten [Pasl8] for some refinements of the height-conductor inequality. Further, it
is quite difficult to compare Theorem A (i) with the height bound of Bilu, Cai and Sha
(see [Cai22]) for congruence modular curves since the bounds have different shapes: Their
bound which in addition holds for any number field is better than Theorem A (i) in most

situations, except when the level is large since Theorem A (i) depends polynomially on v.

1.3.4 Conditional generalizations and algorithmic versions

The above described proof shows that the key for generalizing Theorem A is the effective
Shafarevich Conjecture (ES). An optimal form of Conjecture (ES) would follow from
the generalized Szpiro conjecture ([Szp90, Fre89]) with effective constants, see for exam-
ple [GVKM19, §4.1]. Going beyond (modular) abelian varieties, Venkatesh developed in
[BcV16, Venl8, Ven| a far-reaching height conjecture for motives of automorphic forms:
It relates an automorphic height to an arithmetic height, where the arithmetic height is
defined in the spirit of Kato’s height of motives [Katl4] which in turn generalizes the
Faltings height. Venkatesh showed in [Ven] that the height conjecture is closely related
to the Bloch—Kato conjecture for the adjoint L-function and the motivic conjecture of
[GV18, Venl9, PV21]; in particular these two conjectures imply the height conjecture.

To generalize Theorem A to any number field K, it suffices by the above described
proof to prove the GLa-case of Conjecture (ES). The strategy of [vK21] for K = Q,
combining Faltings’ method with modularity and isogeny estimates, works for any K ex-
cept the part using a geometric version of modularity (which is currently not available
for all K). Introducing new ideas, Alpoge [Alp21a] showed that one can replace in this
strategy modularity by potential modularity which allowed him to prove an algorithmic
version of the GLo-case of Conjecture (ES) for totally real K of odd degree. Conditional
on modularity and/or other standard conjectures, he similarly deduced in [Alp20] algo-
rithmic versions of other relevant cases of Conjecture (ES), including the fundamental
case of principally polarized A jointly with Lawrence (see [Alp20, §7]). Unconditionally,
he obtained in [Alp21b] an algorithmic bound for the number of isomorphism classes of A
as in Conjecture (ES) of GLo-type by proving ‘height-free’ isogeny estimates.

Finally we mention that (potential) automorphy /modularity is established in more and
more general situations, see [ACCT23, NT21a, NT21b, BCGP21] for recent breakthroughs.
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1.4 Clebsch—Klein surfaces as coarse moduli schemes

In Section 11 we study geometric properties of the Clebsch—Klein surfaces. In particular
we show that these surfaces are coarse Hilbert moduli schemes. To describe our results in
more detail, we use the notation and terminology introduced in Section 1.1. Let ¥ C X

be the relative surfaces over Z defined in (1.2). We define the closed subscheme
VCIP’%:Zzi:0:Zz§, and U=V \UVy(%) (1.6)

with the union taken over the five coordinate functions z of P} = Proj(Z[z]). Cleb-
sch [Cle71] and Klein [Kle73] initiated the study of the geometry of the surfaces de-
fined in (1.2) and (1.6). Building on the work of Hirzebruch [Hir76] in which he proved
Y (C) =2 H?/T'(2) for L = Q(+/5), we shall obtain in Theorem 11.3 the following result.

Theorem E. The surface Y/Z becomes over Z[%] a coarse moduli scheme of an arithmetic

moduli problem P on M with the following properties.
(i) The branch locus Bp is empty and |P|s < 16.

(ii) Any P € Y(Q) satisfies h(P) < 2hy(P) + 8% log(hs(P) + 8).

Here M is the Hilbert moduli stack associated to L = Q(v/5) and h is the logarithmic
WEeil height on Y C ]P’4Z. The moduli problem P in Theorem E is closely related to the
moduli problem P(2) of principal level 2-structures; see (11.6) and (11.31).

Combining Theorem E with the open immersion U < Y over Z[1/3] constructed in
Lemma 11.4, one obtains an analogue of Theorem E for U. In particular, for any alge-
braically closed field k of characteristic not in {2,3,5} we obtain natural moduli interpre-
tations of the points in Y (k) and U(k) in terms of abelian varieties A over k with a ring
morphism Z[H’T\/g] — End(A); the moduli interpretations are given in (11.1) and (11.2).

The height bound in Theorem E (ii) is linear in terms of h, which is best possible in the
sense that for any exponent e < 1 the bound h < hz can not hold on Y (Q). Furthermore
the factor 2 in front of hg might be optimal, but the constants 8% and 8 can be improved

up to a certain extent; see the discussions at the end of Section 11.5.

Moduli interpretation of X. Define B = Z[%] and let My be the minimal compact-
ification of Faltings—Chai [FC90, Cha90] of the coarse moduli scheme M, of the stack
My = Mp over B constructed by Rapoport [Rap78, Thm 1.22]; see Section 11.2. In

course of the proof of Theorem E, we obtain in Proposition 11.5 the following result.
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Proposition F. There is an isomorphism My = Xp which restricts to My = Yg.

Explicitly the isomorphism Mj = Xp is given by the five Eisenstein series E; of §11.3.3
which correspond to the five cusps of Mjy. Hirzebruch [Hir76] essentially proved Propo-
sition F over Q. Indeed his arguments over C, which were modified to work over Q by
Shepherd-Barron—Taylor [SBT97], show that the E; define isomorphisms over Q:

M; g S Xg and Myg — Y. (1.7)

This shows that Y becomes a coarse Hilbert moduli scheme over QQ, and hence over some
open T C Spec(Z). Unfortunately we have here no control over T since My is only defined
abstractly. Also, unlike in the case of relative curves, for relative surfaces an isomorphism
over the generic fiber does not automatically extend to an isomorphism over the smooth
locus. In fact the five E; can not define a morphism over Z[ﬁ] for A =5 the discriminant

of L, since one needs to invert the prime 3 by Lemma 11.10 and the g-expansion principle.

1.4.1 Principal ideas of Proposition F and Theorem E (i)

To extend the isomorphisms (1.7) over an explicit open T' C Spec(Z), it seems hopeless to
directly carry through Hirzebruch’s arguments [Hir76] over 7. The main problem is that
his arguments rely on results for algebraic surfaces whose arithmetic analogues over 1" are
not available. Thus we use a different strategy which combines Hirzebruch’s arguments
with the construction of Faltings—Chai [FC90, Cha90] of the minimal compactification

M. A key point in the latter construction is the Stein factorization
My =T My — P} (1.8)

of the morphism My — P induced by the fact ([Cha90, Thm (iii)]) that a positive power
of the Hodge bundle w on My is generated by its global sections, where My is a smooth
toroidal compactification of Ms. More precisely, as the Eisenstein series F; have Fourier
expansions over B by Lemma 11.10, they correspond to global sections s; of w®? via the

g-expansion principle [Rap78] and we obtain in Proposition 11.6 the following result.
Proposition G. The invertible sheaf w®? on My is globally generated by the five s;.

An application of (1.8) with the morphism My — ]P’jlB induced by Proposition G gives
My —™ Mz —J P4 for some finite morphism f which extends the isomorphism in (1.7).
Then we use Zariski’s main theorem to conclude that f : M5 — Xp is an isomorphism

which restricts to My = Y. In particular Y becomes over B a coarse Hilbert moduli
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scheme with initial morphism 7 : My — Yp given by f7|ar,. Our study of automorphism
groups in Section 5.3 implies that the branch locus Bp of 7 is empty and then we deduce

Theorem E (i). We next describe the ideas used in the proof of Proposition G.

1.4.2 Outline of the proof of Proposition G

On using fundamental results of Rapoport [Rap78] and Faltings—Chai [FC90, Cha90] and
also the g-expansion of E; computed in Lemma 11.10, we first reduce Proposition G to
the analogous problem for mew®? on My for w = w|m,. Here mw®? is an invertible sheaf
on My by Lemma 11.7 which we deduce from a result of Olsson [Ols12] after computing

the automorphism groups of Ms. Thus we are reduced to show that
ND; =10 (19)

for D; the divisor on Ms defined by the global section s; of w®? corresponding to E;. To
prove (1.9) we use a strategy which is inspired by Hirzebruch’s approach [Hir76] over C:
We first compute D; in terms of certain modular curves gC' C My and then we exploit the

moduli interpretation of gC'. We now explain the key steps of the strategy in more detail.

Eisenstein series F;. In §11.3.3 we consider the Eisenstein series E; of weight two for
the principal congruence subgroup I'(2) C SLs(O) which vanishes at all cusps except the
cusp i, where we label the five cusps of M5 by 0,...,4 and where O is the ring of integers
of L = Q(v/5). The Fourier expansion of F; at the cusp j is of the form

. 3 ifj =1,
3 a, TN g, e 2, ged(a,) =1, ag= J (1.10)

0 ifj#1.
We shall prove this in Lemma 11.10 by computing explicitly the quantities in Klingen’s
formulas [Kli62] for the Fourier coefficients of E; which he obtained via analytic meth-
ods. Here the computation of the constant term ag relies on the result (r(—1) = % of

Siegel [Sie69] and Zagier [Zag76], where (g, is the Dedekind zeta function of L = Q(v/5).

Modular curves inside M>. Hirzebruch, Zagier and van der Geer studied the modular
curve F; = Tj on complex Hilbert modular varieties ([Hir73, HZ76, vdGZ77]). More-
over, Bruinier-Burgos-Kiihn [BBK07] and Yang [Yan10] studied an integral model of the
Hirzebruch-Zagier divisor F; on H?/SLy(©). Building on their works, we define in §11.3.2

modular curves inside My and we prove some geometric properties. The modular curve
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C C Ms is defined as the image of the proper morphism 7¢ : & — Ms, where
¢ E — Mo, (E,a)|—>(E,a)®(9,

is defined in (11.8) for & the moduli stack over B of elliptic curves with symplectic level
2-structure. More generally, as G = SLy(O/20) acts on My, we can define analogously a
modular curve gC' C Ms for each g € G. We show the following: The curves gC' C M are
disjoint in the sense that gC N ¢’C is empty if gC # ¢'C, and any connected component
of the curve Fy C H?/T'(2) is given by gC(C) for some g € G. In particular the curves gC
are integral models of the connected components of Fy C H?/T'(2).

Computing the divisor D;. To compute the divisor D; on M5 associated to the global
section s; of m,w®? corresponding to E;, we first show in Lemma 11.11 that each prime
divisor of D; is the closure of its generic fiber. For this we use results of Rapoport [Rap78]
and Faltings—Chai [FC90, Cha90] and we work with the normal scheme MJ which is proper
over B with irreducible fibers: In particular we combine the Fourier expansion (1.10) with
the g-expansion principle to show that s; can not vanish on any vertical divisor of M3. Then
we compute in Lemma 11.12 the closure in My of the generic fiber D; g of D;: This closure,
and hence Dy, is given by four disjoint gC'. Here we combine our geometric results for gC'
with Hirzebruch’s computation [Hir76] of D; g in terms of the connected components
of F} C H?/I'(2). Moreover, we can determine which four gC appear inside D; via the
intersection behaviour ([Hir76]) with the cusp resolutions in the minimal desingularization
of M3 (C). Then the disjointness of the gC C My leads to ND; = ().

1.4.3 1Ideas of the proof of the height bound in Theorem E (ii)

To bound the logarithmic Weil height h on Y (Q) in terms of the height hg, we may and

do work over Q and we write Y for Yp and P* for IP’%. The proof consists of two parts.

Relate h to hy. In the first part of the proof, we relate h to a Theta height on Y which
we pull back from the coarse moduli space Ag o over Q of principally polarized abelian

surfaces with symplectic level 2-structure. More precisely, Lemma 11.14 provides
h(P) < ho(P), P €Y (Q), (1.11)

where hg is the pull back along the forgetful morphism Y — As o of the theta height on
Ay 5 given by the fourth powers of the 10 even Theta nullwerte 6,,. To prove (1.11) we
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identify the five coordinate functions on Y C P* with the five Eisenstein series F; and we

compute E; in terms of Gétzky’s [G28] classical Theta functions 0;; as follows:

Ef =+]]6i (1.12)
j#i

Here we crucially exploit Hirzebruch’s work [Hir76] and we use a transformation formula
for 0%- due to Gotzky [G28]. Then we apply results for Hilbert theta functions obtained
by Gundlach [Gun63] and Lauter-Naehrig-Yang [LNY16] to show that 6;; is (up to £1)
the pullback along Y — Aj 5 of some even 6,,. This together with (1.12) leads to (1.11).

Relate hy to hg. In the second part of the proof, we relate the Theta height hy on Y
to some Theta height hg on the coarse moduli space Ay over Q of principally polarized
abelian varieties. Faltings’ work [Fal83] allows to compare hg with the stable Faltings

height hr on A2(Q). Moreover, based on ideas of Bost-David, Pazuki [Paz12] obtained an

explicit comparison for hr and hg on Ay(Q). This allows us to explicitly relate hg, and
thus hyg, to the height hg and then we deduce from (1.11) the bound for A in Theorem E (ii).
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2 Conventions and notation

Unless mentioned otherwise, we shall use throughout this work the following conventions
and notation. Let M be a set. We denote by |M| the number of distinct elements of M
and we write N¢ for the complement in M of a subset N C M. Let f : M’ — M be a
map of sets. We define the set-theoretic degree of f by deg(f) = sup,,car |f~1(m)], and
we say that f is finite if for each m € M the fiber f~1(m) of f over m is finite. If G is
a group acting on M, then we denote by M% = {m € M;gm = m for all g € G} the set
of fixed points. Further, by log we mean the principal value of the natural logarithm and

the product taken over the empty set is defined as 1.

Algebra. Let K be a number field. We denote by Ok the ring of integers of K, we
identify a finite place v of K with a nonzero prime ideal of Ok and vice versa, and we
write N, for the cardinality of the residue field of v. The absolute value of the discriminant
of K/Q will be denoted by D, and we write N (I) for the absolute norm |Og /I| of an ideal
I C Ok. We say that a number field L O K is unramified over a subset 7' C Spec(Of) if
the field extension L/K is unramified at each nonzero v € T'. Let n € Z>;. For any unique
factorization domain A and x € A", we write ged(z;) for ged(zy,...,z,). The radical
rad(m) of a nonzero m € Z is defined as the product Hp‘m p of all the rational primes p
which divide m. We denote by R* the group of units of a (not necessarily commutative)
ring R and we write M,,(R) for the endomorphism ring of the free R-module R"; the unit
group of M, (R) will be denoted by GL,(R) and SL,(R) C GL,(R) is the kernel of a

determinant morphism. For any field k we denote by k an algebraic closure of k.

Schemes. We denote by (Sets) and (Sch) the categories of sets and schemes respectively.
Let C be a category. We shall often omit the subscript C of Hom¢ when it is clear from
the context in which category we are working. A contravariant functor from C to (Sets)
is called a presheaf on C. Let S be a scheme. We write Homg for Home when C is the
category of S-schemes. If 7" and Y are S-schemes, then we define Y (7') = Homg(7,Y") and
we write Yr =Y xg T for the base change of Y from S to T. We shall often identify an
affine scheme S = Spec(R) with the ring R. For example, if T' = Spec(R) is affine then we
write Yg for Yy and Y(R) for Y(T'). A variety Y over S is an S-scheme Y whose structure
morphism Y — S is separated and of finite type. If S is integral then we denote by k(.5)
the function field of S. Following [BLR90], we say that S is a Dedekind scheme if S is a
normal noetherian scheme of dimension 0 or 1. Unless mentioned otherwise, we equip a

closed subset of a scheme with the unique reduced closed subscheme structure. If G is a
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group then we denote by Gg the constant group scheme over S.

Abelian schemes and orders Let A and B be abelian schemes over an arbitrary
scheme S. We denote by Hom(A, B) the set of S-group scheme morphisms A — B, and
we write Hom?(A, B) for Hom(A, B) ®z Q and End’(A) for End(A) @7 Q.

Let O be a not necessarily commutative ring. We shall freely use the results, notation
and terminology in [vKK19, §2] on abelian schemes, O-abelian schemes and orders. A
ring morphism ¢ : O — End(A) is called an O-module structure on A, and two O-
module structures ¢,/ on A are isomorphic if there exists an automorphism 7 of A such
that ¢/(z) = 7u(z)7~! for all z € O. Further (A,:) denotes an object in the category of
O-abelian schemes and A ®o [ denotes an abelian scheme which represents the tensor
product of (A, ) with a finite projective right O-module I. In situations where the specific
choice of a ring morphism ¢ : O — End(A) is not relevant, we usually omit ¢ from the
notation and we simply write A for an O-abelian scheme (A, ¢).

Further AY = Pic’(A) denotes the dual of A, Hom(A, AY)»™ is the set of symmetric
morphisms and Pol(A) denotes the set of polarizations of A. For any nonzero n € Z we
denote by A, the kernel of the morphism [n] : A — A defined by multiplication with
n. If A is an abelian scheme over S of relative dimension g, then we say that A has CM
(resp. that A is of GLao-type) if the Q-algebra End”(A) contains a commutative semisimple
Q-algebra of rank 2¢g (resp. a number field of degree g).

Stacks. Unless mentioned otherwise, we shall use the terminology and definitions of
the Stacks project [Sta]. Let S be a scheme. By an algebraic stack over S we mean an
algebraic stack over (Sch/S)gpt in the sense of [Sta]. We usually identify schemes over S
and algebraic spaces over S with the associated algebraic stacks over S. For any category
X fibered in groupoids over (Sch/S), we denote by [X] the presheaf on (Sch/S) sending
an S-scheme 7' to the set [X(T')] of isomorphism classes of the objects in the fiber X'(T") of
X over T'. Throughout we shall freely use well-known standard results for algebraic stacks

or DM stacks which all can be conveniently found in [Stal.

26



3 Coarse Hilbert moduli schemes

In this section we introduce some terminology. After recalling the definition of Hilbert
moduli stacks, we define and discuss coarse Hilbert moduli schemes and their branch loci.

We also construct a height on coarse Hilbert moduli schemes.

3.1 Hilbert moduli stacks

Throughout this work we shall use the notation and terminology of [vKK19, §3.1] on
Hilbert moduli stacks. These stacks were constructed by Rapoport [Rap78] and Deligne—
Pappas [DP94]. For later use we now briefly recall their definition in [DP94, §2]. Let L be
a totally real number field of degree g with ring of integers O. For any nonzero finitely
generated O-submodule I of L with a positivity notion I, one obtains an algebraic stack

M! whose objects over an arbitrary scheme S are triples (A, ¢, ) given by:
(i) An abelian scheme A over S of relative dimension g.
(ii) A ring morphism ¢ : O — End(A).

(iii) A morphism ¢ : I — Homp(A4, AY)»™ of O-modules such that the induced mor-
phism I ®» A — A is an isomorphism and such that ¢(I;) C Pol(A).

Here Homp (A, AY)®™ denotes the O-module of symmetric morphisms (A, ) — (AY,.Y),
where 1¥ : O — End(A") is the ring morphism obtained by sending x € O to the endomor-
phism Pic®(¢(z)) of AY. A morphism ¢ as in (iii) is called an I-polarization of (A, ). We
say that an algebraic stack is a Hilbert moduli stack if it is isomorphic to M associated to
some L, I and I as above. Further, if I = 07! is the Z-dual of O and I, is the (standard)
positivity notion (+,...,+) on I, then we call an I-polarization simply a polarization and
we call M! the Hilbert moduli stack associated to L. In what follows, we usually identify
a Hilbert moduli stack M with some M/ via an isomorphism M = M! and we shall

freely use the geometric results on Hilbert moduli stacks discussed in [vKK19, §3.1].

3.2 Moduli problems

Katz—Mazur developed in [KM85] the moduli problem formalism for ¢ = 1 using Mum-
ford’s language of relative representability [Mum65]. Building on [KM85] we now develop
the moduli problem formalism for all g > 1 using the language of algebraic stacks. This al-
lows us to freely apply in our proofs the theory of algebraic stacks which was substantially

extended and improved over the last decades by many authors [Sta].
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Let M be a Hilbert moduli stack and let P be a presheaf on M. We call P a moduli
problem on M. Further, for each object x of M, the elements of the set P(x) are called
P-level structures on x. The category Mp, whose objects are pairs (z, «) with z an object

of M and a € P(z), is fibered in groupoids over M via the forgetful morphism
Mp - M, (z,a)— .

Then Mp is fibered in groupoids over (Sch) via the structure morphism of M. We say
that the moduli problem P is algebraic if Mp is an algebraic stack. For example any
representable P is algebraic, and P is algebraic if the forgetful morphism Mp — M is
representable in algebraic spaces. Further we say that the moduli problem P is arithmetic
if Mp is a DM stack which is separated and of finite type over Z.

Let S be a scheme. As in [vK14, vKK19] we use the quantity |P|s in order to control
the number of distinct P-level structures on any object in M(S). It is defined by

[Pls = sup[P(z)| (3.1)

with the supremum taken over all objects x of M(S). We say that P is finite over M(S)
if P(z) is finite for all z € M(S). In particular P is finite over M(S) if |P|s < cc.

3.3 Coarse Hilbert moduli schemes

Let M be a Hilbert moduli stack, let ¥ be a scheme and let P be an algebraic moduli
problem on M. We say that Y is a Hilbert moduli scheme of P if there exists an object
in M(Y') which represents the presheaf P. Then Y is a Hilbert moduli scheme of P if and
only if there exists an equivalence Mp = Y. More generally, we say that Y is a coarse

Hilbert moduli scheme of P, and we write Y = Mp, if there is a morphism
T:Mp—Y

with the following properties: It induces a bijection [Mp (k)] = Y (k) for each algebraically
closed field k, and it is initial in the sense that any morphism from Mp to an algebraic
space factors uniquely through 7. In other words, Y is a coarse moduli scheme of P if and
only if there is a coarse moduli space Mp — Y for Mp in the usual sense ([Ols16, §11]).
As 7 is initial, it is unique up to unique isomorphism. In Section 5 we further discuss some

geometric properties of 7w in the case when P is arithmetic.
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Terminology. Unless mentioned otherwise, by a (coarse) moduli scheme we mean a
(coarse) Hilbert moduli scheme and by an initial morphism Mp — Y we mean a morphism
which is initial among all morphisms to an algebraic space. Further, we simply say that Y =
Mp is a (coarse) moduli scheme when Y is a (coarse) moduli scheme of an algebraic moduli
problem P on M. When working with (coarse) moduli schemes it is usually important to
specify the involved moduli problem P on M, since Y can be a (coarse) moduli scheme of
moduli problems on M which are geometrically very different. However, we often do not

need to specify the morphism 7 : Mp — Y since it is unique up to isomorphism.

Branch locus. Let Y be a coarse moduli scheme of an algebraic moduli problem P on
M. We define the branch locus Bp of P as the complement in Y of the union of all open
subschemes U C Y such that 7 is étale where m : Mp — Y is an initial morphism. For
example Bp is empty when Y is a moduli scheme of P, and for given P the branch locus

Bp C Y does not depend on the specific choice of an initial morphism 7.

3.4 Height on coarse moduli schemes

Let M be a Hilbert moduli stack and let .S be a connected Dedekind scheme whose function
field k is algebraic over Q. We now generalize to coarse moduli schemes the height which
was defined in [vK14, (3.3)] and [vKK19, (3.4)] in the case of moduli schemes.

Faltings height. For any abelian scheme A over S we denote by hp(A) the stable Falt-
ings height hr of the generic fiber of A introduced by Faltings [Fal83]. Here we use Faltings’
original normalization [Fal83, p.354] of the involved metric; see for instance [vK21, §2.1].

In fact for each g € Z>; we obtain a height function
h F: Ag(S ) —R

since isomorphic abelian schemes over S have the same stable Faltings height. Here A,
denotes the presheaf on (Sch) which sends a scheme S to the set of isomorphism classes of
abelian schemes over S of relative dimension g. This underlined 4, should not be confused

with the usual A, = A, which classifies principally polarized abelian schemes (A, ).

Height on coarse moduli schemes. Suppose that M = M! is associated to some

(L,I,1;)and write g = [L:Q]. Let Y be a coarse moduli scheme of some algebraic moduli
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problem P on M. Now, we define the height function

he Y (S) = R (3.2)

as the pullback of hr : A (k) — R along the map ¢ : Y(S) — A (k). Here ¢y is the
composition of the following three maps: The map Y (S) — Y (k) induced by choosing
an algebraic closure k of k, the bijection 7=! : Y(k) = [Mp(k)] induced by an initial
morphism 7 : Mp — Y, and the forgetful map defined by [(z,a)] — [z] — [A] where we
identify via an equivalence M = M! an object = of M with its image (A, ¢, ¢) in M.
On using that ¢y, is induced by morphisms of presheaves and that the stable Faltings

height hp is invariant under geometric isomorphisms, we deduce the following:

(i) The function hg : Y(S) — R is compatible with any dominant base change 5" — S,

where S’ is a connected Dedekind scheme whose function field is algebraic over Q.

(i) If Y = Mp is a moduli scheme, then there is an equivalence 7 : Mp = Y such that
hg in (3.2) coincides with the height hg on Y (S) defined in [vKK19, (3.4)].

Further, if S and T are nonempty open subschemes of Spec(Z), and if Y is a scheme such
that Yr is a coarse moduli scheme of some algebraic moduli problem P on M, then we
define the height hg on Y'(S) as follows: For any P € Y'(S) we put

he(P) = he(P"),

where P’ is the canonical image of P in Y (U) = Yp(U) for U = SNT and hy : Y7 (U) = R
is the height defined in (3.2) with respect to an initial morphism = : Mp — Yr. We
point out that the height hg on Y (S) depends on the (unique up to isomorphism) initial

morphism 7 which in turn depends on the involved moduli problem P.

3.5 Coarse moduli schemes over Z[1/n]

Let M be a Hilbert moduli stack and let 7" C Spec(Z) be a nonempty open subscheme.
Sometimes we shall work over the open substack M of M: On replacing in the above
definitions and constructions M and (Sch) by Mp and (Sch/T') respectively, we directly
obtain the notion of an algebraic or arithmetic moduli problem on M7 and the notion
of a (coarse) moduli scheme Y over T of an algebraic moduli problem P on My. Here
m: (Mp)p — Y is initial among all morphisms to an algebraic space over T

For any algebraic moduli problem P on Mt and any T-scheme S, we define analogously

as in (3.1) the quantity |P|s. Let Y be a coarse moduli scheme over T of an algebraic
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moduli problem P on My with an initial morphism 7 : (M7)p — Y. Then we define
analogously as in Sections 3.3 and 3.4 the height hy and the branch locus Bp.

While it is usually difficult to ‘correctly’ extend the coarse moduli scheme Y over T
to a coarse moduli scheme over Z, one can always naively extend Y over Z via (5.6). On
the other hand, if U C T is nonempty open then the projection Y — Y is flat and Yy is

a coarse moduli scheme over U; see the discussion surrounding (5.5).

Principal level structures. To discuss an example we suppose that M = M is as-
sociated to some (L, I,I;) and we take n € Z>;. Now, we consider the moduli problem
P(n) of principal level n-structures: For any scheme S the presheaf P(n) sends an object
z = (A1) of M(S) = ML(S) to the set of isomorphisms (O/n0)% = A, which are
compatible with the O-actions, where the ring of integers O of L acts on (O/n0)% via
multiplication and on A,, via t. We also denote by P(n) the restriction of P(n) to the open
substack My C M for T' = Spec(Z[1/n]). The forgetful morphism (Mr)p@,) — Mz is
finite étale and M is a finite type separated DM stack over T'. Thus P(n) is an arithmetic

moduli problem on M7 and there exists a coarse moduli scheme Y (n) over T" of P(n).

31



4 Integral points on coarse moduli schemes: Main results

To state our results, we use the terminology introduced above. Let Y be a variety over Z,
let Z CY be a closed subscheme, let S C Spec(Z) be a nonempty open subscheme and let
M be a Hilbert moduli stack. Suppose that M = M/ is associated to some (L, I,1,). We
write g = [L : Q] and A = |Disc(L/Q)|. For any nonempty open subscheme U C Spec(Z)
we denote by Ny = [[p the product of all rational primes p not in U.

Theorem 4.1. Suppose that there exists a nonempty open T C Spec(Z) such that Yp is

a coarse moduli scheme of some arithmetic moduli problem P on M with Bp C Zp.
(i) If U =T NS then any point P € (Y \ Z)(S) satisfies hy(P) < e1 N}
(i) The cardinality of (Y \ Z)(S) is at most 02|P|QN52A10g(3A)29_1.

Here e; = max(24,5g) and ¢; = 777g, while e = 6 - 389 and ¢y = 99%? | Notice that
Ny = rad(N7Ns), and assertion (ii) holds with |P|c in place of [P|g. Then Theorem A in
the introduction follows by applying Theorem 4.1 with I the inverse different of the ring
of integers of L and I the standard positivity notion. To see this take T' = Spec(Z[1/v])
with v as in Theorem A and consider the complement of S C Spec(Z) which is a finite set
of rational primes. The proof of Theorem 4.1 can be found in Section 10, and we refer to

the introduction for an outline of the main ideas used in the proof.

The variety Y (2). We next give a first application of Theorem 4.1. Consider the coarse
moduli scheme Y'(2) over Z[1/2] of the moduli problem P(2) of principal level 2-structures
on Mz /9. We shall deduce in Section 10.3 the following result.

Corollary 4.2. Let Y be a variety over Z. Suppose that there exists a nonempty open
T C Spec(Z[1/2]) such that Yp =Y (2)7 and put U = SNT. Then the following holds.

(i) Any point P € Y (S) satisfies hy(P) < c1 N}
(ii) The cardinality of Y (S) is at most coN{?Alog(3A)%971.

In applications of Corollary 4.2, such as for example the Corollary stated in the in-
troduction, one usually chooses T' such that Y'(2) is smooth over T'. Corollary 5.6 gives
that Y'(2) is smooth over Spec(Z[5k]), and if we take 7' = Spec(Z[x]) then (the proof
of) Corollary 4.2 provides that each point P € Y (S) satisfies

ho(P) < c1(ANg)® and [Y(S)| < ca(ANg)®.
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We now consider the coarse Siegel moduli space Ao of principally polarized abelian
surfaces with symplectic level two structure. For certain S, Le Fourn [LF17, LF19b, LF19a]
and Box—Le Fourn [BLF20] proved strong explicit height bounds for the S-integral points
of As 2 outside the divisor Z of products of elliptic curves. Their results hold for arbitrary
number fields, and their proofs use and refine Levin’s approaches via Runge’s method
[Lev08, Levl18] or via the theory of logarithmic forms [BWO07, Levl4]. There are many
coarse Hilbert moduli schemes Y which admit a finite morphism ¥ — A ,. However,
usually the image of Y — A5 intersects the divisor Z and one can not directly deduce
Diophantine results for Y via the variety As o\ Z. For example, for certain Y related to
Y (2), forgetting ¢ : O — End(A) induces a canonical finite morphism Y — As o whose
image intersects the divisor Z. On the other hand, Corollary 4.2 gives no information for
S-integral points of Ay o \ Z defining abelian varieties A with End(A) = Z.
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5 Moduli problems and coarse moduli spaces

Let M be a Hilbert moduli stack. Throughout this section we work over an arbitrary
nonempty open subscheme B C Spec(Z), and we write throughout M for M p to simplify
notation. We now begin to prove some basic properties of moduli problems on M and

their coarse moduli spaces over B which shall be used in our proofs below.

Products. Let P and Q be moduli problems on M, and let P x Q be the product
presheaf on M. For several computations we shall need to explicitly identify Mp X\ Mg
with Mpyo. On using the description of the fiber product in [Sta, 0040], we see that one

obtains an equivalence of categories fibered in groupoids over (Sch/B)
Mp X MQ;M’PXQ (5.1)

by sending an object (U, (z,«),(y,),f) to the object (z,c, Q(f)F) and by sending a
morphism (a,b) to the morphism determined by a. It turns out that one obtains an
inverse Mpyo — Mp X Mg to (5.1) by sending an object (z,a,3) to the object
(U, (z, ), (z,8),id) and by sending a morphism f to the morphism determined by f. This
inverse and (5.1) are both morphisms of categories over Mp, where Mp X,y Mg — Mp
is the first projection and Mpyo — Mp is the forgetful morphism (z, o, 8) — (x, ).

Group action on a moduli problem. Let P be a moduli problem on M and let G
be a group. An action of G on P is a morphism of presheaves G x P — P such that
G x P(xz) — P(x) defines a G-action on P(x) for each z € M. Here we view G as a
constant presheaf on M. Suppose that G acts on P. Then for each g € GG one obtains an
automorphism 7, of Mp by sending an object (x, ) to the object (x, ga) and by sending
a morphism (z,a) — (2/,d’) to the morphism (z,ga) — (2/,9c’) which lies over the
same morphism z — z’. Furthermore, the automorphism 7, of Mp is compatible with the

forgetful morphism Mp — M and we observe that
G —= Aut(Mp/M), g— T4, (5.2)

is compatible with the group structures on G and Aut(Mp/M) where Aut(-) is taken in
the (2,1)-category of categories fibered in groupoids over M. We now consider the case
when M = M! is associated to (L,I,1.), P = P(n) is the moduli problem of principal
level n-structures for some n € Z>1, and G = GL2(O/n0O) for O the ring of integers of L.
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In this case we obtain an action of G on P by defining
G xP(z) = Px), (g9,a)agt. (5.3)

Here x = (A, 1, ) lies in M(S) for some B-scheme S and ag~! denotes the composition
of a: (0/n0)% = A, with the automorphism of (O/n0)?% defined by g=! € GL2(O/nO).
In what follows, the action of GL2(O/nO) on P(n) always refers to (5.3).

Some geometric properties. Let Y be a coarse moduli scheme over B of an arithmetic
moduli problem P on M. Suppose that 7 : Mp — Y is an initial morphism. Then 7 has
the following properties: It is a universal homeomorphism, it is proper and quasi-finite,
and its formation is compatible with flat base change Y’ — Y of algebraic spaces over B.
See for example Conrad’s approach to the Keel-Mori theorem [KM97] via stacks [Con05].
To this end, we notice that the separated finite type DM stack Mp over B satisfies all
assumptions made in [Con05, Thm 1.1]: The diagonal of Mp over B is finite since the
separated stack Mp over B is quasi-DM, and therefore the inertia stack of Mp is finite
over Mp. (Here we used that a morphism of algebraic spaces is finite if it is proper and
locally quasi-finite: This holds for schemes and hence for algebraic spaces by [Sta, 03XX].)
Furthermore, as Mp is separated finite type over B and 7 is surjective, it follows from
[Con05, Thm 1.1] that Y is a variety over B.

Galois action on algebraic points. Let Y be a coarse moduli scheme over B of an
arithmetic moduli problem P on M. Then Y is automatically a variety over B. The
absolute Galois group G = Aut(Q/Q) acts on the Q-points of Y by precomposition. This
induces an action of GG on the set of isomorphism classes [Mp(Q)] via transport of structure
involving the bijection [Mp(Q)] = Y (Q) defined by an initial morphism 7 : Mp — Y.

Then, on using the canonical identification Y (Q) = Y(Q)%, we obtain
Y(Q) 5 [Mp(@)°. (5:4)

Further it turns out that [Mp(Q)]“ is the set of isomorphism classes of (z,a) in Mp(Q)
such that for each 0 € G the object (z,«) is isomorphic to its pullback o*(z,«) by
the automorphism o of Q. Indeed this follows from a formal computation using that the
bijection [Mp(Q)] = Y (Q) is induced by m which is a morphism of categories over (Sch/B)

and that the pullback of an object is unique up to isomorphism.
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Compatibility with base change. The formation of the height of coarse moduli
schemes is compatible with base change to a nonempty open 7' C B. More precisely
let Y be a coarse moduli scheme over B of an arithmetic moduli problem P on M with an
initial morphism 7 : Mp — Y and associated height hg, and denote by P’ the restriction
of P to the open substack M7 of M. Then Y7 is a coarse moduli scheme over T' of P’
with initial morphism 77 : (M7)pr — Y7 and associated height hg such that

hqy = L*h¢. (5.5)

Here ¢ : Yp < Y is the projection and we identified (M7p)p: with Mp xp T by sending
an object (z,a) to the object (U, (z,«),U — T,id) and by sending a morphism f to the
morphism (f,p(f)) where U = p(x,a) and p : Mp — B. We now prove the statements
in (5.5). The formation of coarse moduli spaces commutes with flat base change and ¢ is
an open immersion. Thus the base change 7 of 7 is indeed an initial morphism. Then
we see that (5.5) follows from the (functorial) definitions of hy and hy, since the above

described identification (Mr)pr = Mp x g T is an isomorphism of categories over M.

Extension. Let T' C B be nonempty open and let Y be a coarse moduli scheme over T’
of an algebraic moduli problem P on My with initial morphism 7 : (M7)p — Y. One
can always naively extend Y to a coarse moduli scheme over B as follows: Let P’ be the
presheaf on M which sends an object x to the set P(x) if x lies in the open substack
M7 C M and to the empty set otherwise. Then the composition

7 Mp = (MT)P ="y (56)

is initial among all morphisms to an algebraic space Z over B, since = is initial over 1" and
since any morphism Mp: — Z factors uniquely through the open immersion Zp — Z.
Here Mp:r = (Mr)p is the isomorphism of categories over (Sch/B) given by the identity
functor. In particular P’ is algebraic, and Y is a coarse moduli scheme of P’ with initial

morphism 7/ and branch locus Bps = Bp. Furthermore P’ is arithmetic if P is arithmetic.

5.1 Construction of covers

We continue our notation and terminology. In particular we continue to work over an
arbitrary nonempty open subscheme B C Spec(Z) and we write M = Mp.
Let Y be a coarse moduli scheme over B of an arithmetic moduli problem P on M.

To construct various covers, let 7 : Mp — Y be an initial morphism and take a B-scheme
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Z with a surjective morphism Z — M. Now, we consider the algebraic stack over B
Y/ZMPXMZ, and Y/—>M'P—)7TY

where Y’ — Mp is the projection. The composition Y’ — Y is surjective and Y’ is an

algebraic space over B as we shall see in the proof of the following lemma.
Lemma 5.1. If Z — M is finite, then Y' — Y is finite surjective and Y’ is a scheme.

Proof. We first observe that the morphism Y’ — Y is always surjective. Indeed it factors
as Y/ — Mp —™ Y where the projection Y’ — Mp is a base change of the surjective
Z — M and the initial morphism 7 : Mp — Y is a homeomorphism.

The forgetful morphism Mp — M might not be representable in algebraic spaces. To
prove that the algebraic stack Y’ is an algebraic space, it suffices by [Sta, 04SZ] to show
that any object of Y’ has trivial automorphism group. This is a direct computation: Let
U be a scheme, let y = (U, (x, ), 2, f) be an object of the fiber product Y/ = Mp x Z
and let g = (a,b) be in Auty () (y). We obtain that b = 1 since any object of Z(U) has
trivial automorphism group. This together with fa’ = V' f implies that o’/ = f~'0'f = 1,
where a’ and b’ are the images of a and b under Mp — M and Z — M respectively.
It follows that a = 1 since any automorphism of (z,«) is determined by its underlying
automorphism of z, and thus g = (a,b) = 1. We conclude that Y is an algebraic space.

Now, we assume that the morphism Z — M is finite. Then its base change Y’ — Mp is
finite. Further, the moduli problem P is arithmetic by assumption and therefore the initial
morphism 7 : Mp — Y is proper and quasi-finite. Thus the composition Y/ — Mp =7 Y
is separated and locally quasi-finite, and then [Sta, 03XX] implies that the algebraic space

Y’ is a scheme since Y is a scheme. This completes the proof. O

Finite étale cover of Y\ Bp. We now consider the open subscheme U =Y \ Bp of Y’
where Bp is the branch locus of P. Let S be a connected Dedekind scheme with function
field k. For any P € U(S) we obtain cartesian squares

S xy Y Y.< Y’

37



If the surjective morphism Z — M is finite, then we get here a diagram of noetherian
schemes with all vertical arrows finite surjective. This follows from Lemma 5.1 and our

assumption that P is arithmetic which assures that Y = Mp is noetherian.

Lemma 5.2. Suppose that the surjective morphism Z — M is finite étale, and let T be

a connected component of S xy Y'. Then the following statements hold.
(i) The morphisms Y/, — U and T — S are finite étale.
(ii) The scheme T is a connected Dedekind scheme.

(i5i) If in addition Z is a moduli scheme over B of some moduli problem Q on M and

Z — M is up to an equivalence Z = Mg the forgetful morphism, then
[K(T) : k] < Q-

Proof. The surjective morphism Z — M is finite by assumption. Thus, as already ex-
plained, the above displayed cartesian squares form a diagram of noetherian schemes with
all vertical arrows finite surjective. In particular the scheme S’ = S xy Y’ is locally
noetherian and hence the flat closed immersion 7' < S’ induced by the canonical scheme
structure on the connected component 7' of S’, is an open immersion.

We now show (i). The above discussion shows that the morphisms Y/, — U and
T — S" — S are all finite. To see that they are étale, we denote by f the morphism
Y — Y and we let U’ C Y’ be the étale locus of f. As Z — M is finite étale by
assumption, we can apply (5.9) below which gives that Bp is precisely the branch locus
F(Y'\U’) of f. This together with U = Y\ Bp shows that f~}(U) C U’ and hence Y}, — U
is étale. Thus the base change S" — S of Y[, — U is also étale and then the composition
T — S" — S is étale since T' < S’ is an open immersion. This proves (i).

We next show (ii). An application of (i) gives that 7" is finite étale, and thus smooth
of relative dimension zero, over the regular noetherian scheme S of dimension one. This
implies that T is again a regular noetherian scheme of dimension one. In other words the
connected component 7" is a connected Dedekind scheme as claimed in (ii).

To show (iii) we relate the degree of various morphisms to the number of points in
the fiber Y/ of the morphism Y, — U over the geometric point u : Spec(k) — S =7 U.
For this purpose we use that Y, — U and T' — S are finite étale by (i) and that the
(locally constant) degree of a finite and locally free morphism is stable under arbitrary
base change. Now, the degree [k(T) : k] of the function field k(T') of T over the function
field k = k(S) of S coincides with the degree of 7' — S which is at most the degree of
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S" — S. Let n be the degree of Y, — U over the connected component V of U containing
u. The morphism P : .S — U factors as S — V < U, since S is connected and V is open
in the noetherian U C Y. Then, on using that the degree is stable under base change, we
obtain that the degree of S’ — S equals n and that n coincides with the degree [Y,! : k] of

the projection Y, — Spec(k). Combining everything leads to

k(T): k] <n=[Y: k. (5.7)

u
We now assume in addition that Z is a moduli scheme over B of some moduli problem
Q on M and that Z — M is the composition of an equivalence Z =+ Mg with the
forgetful morphism Mg — M. To bound [Y, : k] in terms of Q, we use that the degree
[Y] : k] coincides with the cardinality of the set of sections of the finite étale morphism
Y] — Spec(k). This set of sections can be computed as follows. By construction the
equivalence Mpyg — Y’ defined right after (5.1) is a morphism of categories over Mp.
Then, after recalling that Y’ — Y factors as Y/ — Mp —™ Y, we see that taking

isomorphism classes of objects over k gives a commutative diagram

[Mpxo(k)] —=Y'(k) (5.8)

T

Mp (k)] ——Y (k).

Now, the set of sections of Y] — Spec(k) identifies with the fiber of Y’(k) — Y (k) over
u € Y (k) which in turn identifies via the above diagram with the set of isomorphism classes
[(z,, B)] in [Mpxg(k)] such that 7([(x,a)]) = u. The number of these isomorphism
classes is at most |Q(x)| since they are generated by (x,«, ) with 8 € Q(x). (Here the
number of these isomorphism classes can be strictly smaller than |Q(z)|; for example this
is the case when (z,a) has a non-trivial automorphism.) Finally, on putting everything
together, we conclude that the degree Y, : k] is at most sup,¢ M 1Q(@)] = [Q[j, and then

(5.7) implies (iii). This completes the proof of the lemma. O

Branch locus. Suppose that the surjective morphism Z — M is finite étale. Then we
can compute the branch locus Bp of P in terms of the branch locus of Y/ — Y which is
defined as By = f(Y’\ U’), where f denotes the morphism Y’ — Y and U’ is the union

of all open subspaces of Y/ over which f is étale. It turns out that

Bp = By. (5.9)
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To prove this equality, we denote by Up and U the complement in Y of Bp and B respec-
tively. The base change Y/ — Mp of Z — M is again étale surjective, and Lemma 5.1
gives that f is a finite surjective morphism of schemes. In particular U C Y is open and
fu is étale since f~H(U) C U'. Therefore, as fy factors as Y/, — (Mp)y —™ U with
Y/, = (Mp)y étale surjective, we obtain that 7 is étale and thus U C Up. To prove the
converse inclusion, we take an open V' C Y such that my is étale. Thus fy, which is the
composition of my with the étale Y{, — (Mp)y, is also étale and hence f~1(V) C U'.
Then, on writing V =Y \ f(Y’\ f~1(V)) which exploits that f is surjective, we deduce
that V C Y \ f(Y'\U’) = U and thus Up C U. This completes the proof of (5.9).
Further, we remark here that the formation of the branch locus is compatible with the
base change to a nonempty open subscheme T" C B: The branch locus Bp: of the coarse

moduli scheme Y7 over T of the restriction P’ of P to M is given by
Bp: = (Bp)r. (5.10)

This follows for example from the arguments of the above proof of (5.9) after recalling

from (5.5) that the flat base change mp of 7 is an initial morphism (Myp)pr — Yp.

Height on Y’. Suppose that Z is a moduli scheme over B of some moduli problem Q
on M, and assume that the surjective morphism Z — M is finite and is the composition
of an equivalence Z = Mg with the forgetful morphism Mg — M. Then Lemma 5.1
and (5.1) give that Y’ is a moduli scheme over B of the product moduli problem P x Q
on M. Now, let hy be the height on Y’ defined in (3.2) with respect to the inverse of the
equivalence Y’ = Mpy o described right after (5.1). A formal computation shows

hy = [*hg (5.11)

where f denotes the morphism Y’ — Y and hg is the height on Y defined in (3.2) with
respect to ™ : Mp — Y. Here we used that the equivalence Y’ = Mpy g given in (5.1) is

by construction a morphism of categories over Mp.

5.2 Automorphism groups of objects of Hilbert moduli stacks

Let M’ be the Hilbert moduli stack associated to some (L, I, I;) and let S be a connected
scheme. We denote by C the category of O-abelian schemes over S for O the ring of integers
of the totally real field L. For any O-abelian scheme B over S we write EndJ(B) =
End¢(B) ®z Q. The goal of this section is to prove the following lemma.
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Lemma 5.3. Let o be an automorphism of an object (A, 1, ) of M!(S), and denote by
L(0) the Q-subalgebra of End2(A) generated by o and 1(O). Then L(o) is a field which is
isomorphic either to L or to a CM field with mazimal totally real subfield L.

At the end of this section, we shall deduce this result from the next Lemma 5.4. We
remark that in the case when S has a point whose residue field is of characteristic zero, a

refinement of Lemma 5.4 (ii) will be given in Lemma 8.4 below.

Lemma 5.4. Suppose that A and A’ are O-abelian schemes over S which are both of
relative dimension g = [L : Q|. Then the following statements hold.

(i) Any nonzero element of Homeg (A, A") is an isogeny.
(i) The Q-algebra End2(A) is finite and a division algebra.

In the case when S is in addition of finite type over Z, Lemma 5.4 (i) can be found in
van der Geer’s book [vdG88, X.1.6]. His arguments rely on a trick of Drinfeld and they

are completely different to our proof which exploits that L has a real embedding.

Proof of Lemma 5.4. To prove (i) we take a nonzero f € Hom¢(A, A’). For each point s
of the connected scheme S, the base change fs : As — A, is a morphism of O-abelian
varieties of dimension ¢ which is again nonzero by rigidity. Thus, to show that f is an
isogeny, we may and do assume that S is the spectrum of a field k. Then the image
B =Im(f) is an abelian subvariety of A. As f is compatible with the O-multiplications,
we obtain a ring morphism O — End(B) which induces L < End’(B). Next we use the
following basic result ([Lan83, 1.3.1]): (1) Let C' be an abelian variety over k and let F' be
a number field contained in End®(C). If [F : Q] > dim(C) then F is totally imaginary with
[F: Q] = 2dim(C). Applying this with C' = B and F' = L gives that dim(A") = g = [L : Q]
is at most dim(B) since L is totally real. Thus the abelian subvariety B of A’ has the same
dimension as A’. This implies that A’ = B = Im(f). As A and A" have the same dimension,
it follows that f is an isogeny. This proves (i).

We now show (ii). To reduce to the case when S is the spectrum of a field, we take
s € S and we denote by Cs the category of O-abelian varieties over k(s). Base change from
our connected scheme S to k(s) induces a ring morphism End@(A) — Endg (As) which
is injective by rigidity. Thus the Q-algebras End2(A) and Endgs (Ay) are finite, since they
embed into the finite Q-algebra End®(Aj). Next we observe: (2) If R is a not necessarily
commutative Q-algebra which is finite and a division algebra, then any Q-subalgebra R’ of
R is a division algebra. (Indeed multiplication with a nonzero r € R’ defines a Q-module

morphism m, : R — R’ which is injective since R is a division algebra and hence m,. is
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surjective since R’ is finite over Q.) An application of (2) with R’ the image of End2(A)
in R = Endgs (As) shows that we may and do assume that S is the spectrum of a field
k. Then any nonzero f € End¢(A) is an isogeny of abelian varieties over k by (i). Hence
there is an isogeny f’: A — A such that ff’ = [d] = f'f for d the degree of f. It follows
that f’ lies in Ende(A) and g = f'®d~! is an inverse of f ®1 in End2(A). As any element
of End2(A) is of the form f ® g with f € Ende(A) and ¢ € Q, we deduce that End2(A) is

a division algebra as claimed in (ii). This completes the proof. O

Proof of Lemma 5.3. Let o be an automorphism of an object (A, ¢, ¢) of M!(S) and recall
that L(o) denotes the Q-subalgebra of End(A) generated by ¢ and +(0). We first show
that L(o) is a number field. Lemma 5.4 (ii) gives that the Q-algebra End2(A) is finite
and a division algebra. Thus its Q-subalgebra L(o) is also a division algebra by (2) from
the proof of Lemma 5.4 (ii). Furthermore, on using that +(Q) is contained in the center of
End¢(A), we see that L(o) is commutative. Hence L(0) is a number field.

To compute the field L(o), we write ¢ = [L : Q] and we take s € S. Now we apply
(1) from the proof of Lemma 5.4 (i) with C = A, and F the image of L(c) C End2(A) C
End’(A) inside End’(Ay). This shows that L(o) either has degree at most dim(A,) = ¢
or L(o) is totally imaginary of degree 2g. Therefore, as L(c) contains the totally real field
L' = 1(0) ®zQ of degree [L' : Q] = g, we find that either L(c) = L' or L(o) is a CM field

with maximal totally real subfield L’. Then we deduce Lemma 5.3. O

5.3 The branch locus and automorphism groups

We now use the above covers to study automorphism groups of points in the branch locus
of coarse moduli schemes. Let M be a Hilbert moduli stack. We continue to work over an
arbitrary nonempty open subscheme B C Spec(Z) and we write again M = Mp.

Let Y be a coarse moduli scheme over B of an arithmetic moduli problem P on M,
and let m : Mp — Y be an initial morphism. We now introduce some terminology. For
any point y € Y, we denote by Aut(y) the automorphism group algebraic space ([Sta,
0DTR]) of the point 7=*(y) of Mp and the separable rank of Aut(y) is denoted by

|Aut(y)|.

This rank coincides with the number of geometric points of Aut(y) which is a finite group
scheme over a field since the inertia stack of Mp is finite over Mp. In particular |Aut(y)|
is an invariant of the point 7~!(y) of Mp. Further, a geometric automorphism group of

Mp is the automorphism group of an object defined by a geometric point of Mp.
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The main goal of this subsection is to prove the following result which says that the
points in the branch locus Bp C Y of P have ‘large’ automorphism groups if a global

congruence condition on the geometric automorphism groups is satisfied.

Proposition 5.5. Suppose that the forgetful morphism Mp — M is finite and that Mp is
reduced. Further assume that each geometric automorphism group of Mp has even order.
Then any point y € Bp satisfies |Aut(y)| > 4.

The first two assumptions are usually satisfied in situations of interest in arithmetic
such as for example when Mp — M is finite étale, while the assumption on the geo-
metric automorphism groups is more restrictive. The proof given below shows that the
assumptions can be relaxed up to a certain extent, see Remark 5.7.

The information provided by Proposition 5.5 can be useful to compute the branch
locus Bp. To illustrate this, we consider the coarse moduli scheme Y'(2) over Z[1/2] of the
moduli problem P(2) of principal level 2-structures on My, 9. Suppose that M = M
is associated to (L, I,I;) and write A for the discriminant of L/Q.

Corollary 5.6. The branch locus of Y (2) is empty, and Y (2) is smooth over Z[5x].

Proof. We now take B = Spec(Z[1/2]) and P = P(2). Then Myp satisfies the first as-
sumption in Proposition 5.5. Indeed the forgetful morphism Mp — M is finite étale,
which implies that Mp is reduced since M is reduced. We now compute the geometric
automorphism groups of Mp. Let o be an automorphism of an object (x,a) € Mp(k)
where Spec(k) — B is a geometric point. After recalling that M = M/ is associated to
(L,I,1), we identify = with a triple (A, ¢, ) € M (k). Then ¢ is induced by an auto-
morphism of the abelian variety A over k whose restriction o9 to Ao satisfies oo = «
as morphisms (0/20)% — Ay, where O is the ring of integers of L. It follows that o is
the identity since « is an isomorphism. Thus Serre’s lemma [GR72, Lem 4.7.1] shows that
either o is the identity or o has order two. Hence Lemma 5.3 assures that o is given by
[£1]. Thus the automorphism group of (x,«) € Mp(k) has order two, since [—1] defines an
automorphism of (z,«). Now, as all geometric automorphism groups of Mp have (even)
order two, we can apply Proposition 5.5 which implies that Bp is empty.

We now deduce the second part. The stack Mp has an étale scheme cover, the initial
morphism 7 : Mp — Y (2) is an étale cover since Bp is empty, and Mp is smooth over
Z[5k] since the forgetful morphism Mp — M is étale and since M identifies over Z[5x]
with the smooth stack of Rapoport [Rap78, Thm 1.20]. As being smooth is étale local on
source and target, we then deduce that Y (2) is smooth over Z[5x]. O
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In the remaining of this section we prove Proposition 5.5. The main ideas are as follows:
After identifying Bp with the branch locus of a cover Y/ — Y where Y/ = Mp Xz Mop )
with n € Z>3, we show that Y/ — Y = Y’/G is a categorical quotient for the action of
G = GLy(O/nO) on Y'. To understand the étale locus of Y — Y'/G, we then compute
in (5.13) the stabilizer groups in terms of automorphism groups of Mp and we exploit

our assumption on the geometric automorphism groups, see also Remark 5.7.

Proof of Proposition 5.5. Suppose that the forgetful morphism Mp — M is finite, that
Mp is reduced and that each geometric automorphism group of Mp has even order. Then
Proposition 5.5 is equivalent to the statement that any point y € Y with |Aut(y)| < 3
does not lie in the branch locus Bp C Y of P. We now prove this statement.

1. In the first step we view Bp as the branch locus of a suitable scheme cover of Y by
applying the results of Section 5.1. To get an étale scheme cover of M with a simple moduli
interpretation, we now reduce to the situation in which B is a scheme over Z[1/n| for some
n € Z>3. This is possible since all involved constructions are compatible with localization
on the base. The details of this reduction are as follows. There exist n € Z>3 and a point
yr € Y which becomes y € Y via the projection Yr < Y for T' = B xz Z[1/n]. Further
the discussion surrounding (5.5) shows that Y7 is a coarse moduli scheme over T" of the
arithmetic moduli problem P’ on M7 given by the restriction of P to the open substack
My of M. The flat base change 7 : (M7)pr — Yr of 7 is again an initial morphism,
where we identified (M7)pr with Mp x g T. Hence we deduce that [Aut(yr)| = |Aut(y)|
and that (Bp)r C Bps which assures that the point y € Y does not lie in Bp if the point
yr € Yr does not lie in Bps. Therefore we may and do replace B by the nonempty open
subscheme 7' C Spec(Z) which is a scheme over Z[1/n| for some n € Z>s.

Now, as M is a stack over a Z[1/n]-scheme B, the forgetful morphism Mg — M is
a finite étale cover, where Q is the moduli problem of principal level n-structures on M.
Further the algebraic stack Mg is a scheme since n > 3. Then Y/ = Mp x Mg is a

scheme and we obtain a finite surjective morphism of schemes
f:Y Y

which factors as Y/ — Mp —™ Y with Y/ — Mp the projection. Indeed this follows
from an application of Lemma 5.1 with the scheme Z = Mg and the forgetful morphism
Z — M. Furthermore, as the forgetful morphism Mo — M is a finite étale cover, the
branch locus By C Y of the morphism f satisfies Bp = By by (5.9).
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2. In the next step we view the morphism f : Y’ — Y as a categorical quotient. The
scheme Y’ is quasi-projective over B, since Z = M is quasi-projective over B and since
Mp — M is finite by assumption. Further the projection Y/ — Mp is a finite locally
free cover since Mg — M is a finite étale cover, and the fiber product R =YY" x py,, Y is
a scheme since it is a base change of Mg — M which is representable in schemes. Then
it follows from [Con05, Thm 3.1] and the universal property of 7 that f : Y/ — Y is a

categorical quotient in schemes over B of the pre-equivalence relation
R — Y’ x B Y’

defined by the groupoid in algebraic spaces (Y', R, s,t,c) over B, where s,t : R — Y’
correspond to the two projections and ¢ : R Xy R — R corresponds to the projection
which comes from the canonical equivalence R Xys R =Y’ X 1, Y/ X pq, Y.

To describe the categorical quotient f more explicitly, we may and do assume that
the Hilbert moduli stack M = M/ is associated to some (L, I,1,). Let O be the ring of
integers of L, and let G be the constant group scheme over B defined by the finite group
GL2(O/n0O) which acts on Mpy o via (5.2) and (5.3). Then we obtain an action of G on
the B-scheme Y’ by transport of structure using the equivalence Y' = Mpyg in (5.1)
and the inverse defined right after (5.1). We now show that f is a categorical quotient in

schemes over B for the induced morphism

GXB Y/—>Y/><B Y’ (5.12)

As f is a categorical quotient in schemes over B for R — Y’ x g Y’ it suffices to prove for
any morphism of B-schemes Y’ — X that it is R-invariant if and only if it is G-invariant.
It follows from (1) below that this is equivalent to the statement that for any geometric
point Spec(k) — B the map Y'(k) — X (k) is constant on weak R-orbits if and only if it is
constant on weak G-orbits. But this statement holds since the weak R-orbits are precisely
the weak G-orbits by (2) below. Hence we conclude (5.12).

(1) Let Y — X be a morphism of schemes over B. Then Y’ — X is R-invariant (resp.
G-invariant) if and only if for any geometric point Spec(k) — B the map Y'(k) — X (k) is
constant on weak R-orbits (resp. weak G-orbits). This follows for example from the results
in [Sta, 048M] which require that the schemes R and G xp Y’ are reduced with R = Y’
and G xg Y’ = Y’ locally of finite type. These conditions are satisfied. Indeed, on using
that Y — Mp is a base change of the finite étale Mo — M and that G is finite étale

over B, we see that R and G xg Y are both finite étale over Y’ which is finite étale over
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Mp and by assumption Mp is reduced and of finite type over B.

(2) For any geometric point Spec(k) — B, two k-points u,u’ € Y'(k) are weakly R-
equivalent if and only if they are weakly G-equivalent. This can be verified by a direct
computation. Let ¢ : Y/ = Mpygo be the equivalence in (5.1), let ) be the inverse
defined right after (5.1), and write ¢(u) = (z,, 8) and ¢(v') = (2/,a/, 8"). The following
computations crucially exploit that ¢ and 1 are morphisms of categories over Mp. We
first suppose that u is weakly R-equivalent to u’. Then there exists r € R(k) with s(r) = u
and t(r) = u'. Hence r = (u,u’,7) for some isomorphism 7 : (z,a) = (2/,/) in Mp(k)
which induces an isomorphism (z, a, 3*) = (2, o/, ) where 5* € Q(z). Then we compute
that g - u = ¥(z,a, B*) = o where g € G(k) is defined by (3*)~'3. Hence u is weakly
G-equivalent to ' as desired. To prove the converse, we now suppose that u is weakly
G-equivalent to u'. Then there exists g € G(k) such that g-u = v and hence (z,«, g- ) is
isomorphic to (2/,a/, 8) in Mpyg(k). Thus there is an isomorphism 7 : (z,a) = (2/,a)
in Mp(k) such that r = (u,u’,7) € R(k) satisfies s(r) = u and ¢(r) = «/, which means

that u is weakly R-equivalent to u’ as desired. This completes the proof of (2).

3. Now we are ready to show that the morphism f is étale over any point y € Y with
|[Aut(y)| < 3. For this purpose we may assume that f is the geometric quotient morphism
q:Y' = Y'/G which sends a geometric point to its G-orbit coming from the action of G
on the quasi-projective B-scheme Y’. Indeed (5.12) combined with the universal property
of categorical quotients gives a unique isomorphism y : Y = Y’/G of schemes over B such
that ¢ = xf. In particular ¢ is étale over x(y) if and only if f is étale over y, and the
separable rank |Aut(x(y))| defined with respect to the initial morphism y7 : Mp — Y'/G
satisfies |Aut(y)| = [Aut(x(y))|. In what follows we assume that f = q.

Let y € Y be a point with |Aut(y)| < 3. We consider a point y' € Y/ with f(y') =y
and we denote by D C GL2(O/n0O) the stabilizer group of y’ with respect to the action
of GL2(O/nO) on Y'. Then f : Y — Y'/G is étale at ¢/ if and only if the geometric
quotient morphism Y’ — Y’ /D is étale at y/. In particular f is étale at ¢/ in the situation
when D acts trivially on all points of Y’. We now show that we are in this situation. To
understand the action of D on Y’ we shall construct in step 4. below a group Aut(y)(k)
with the following properties: Its cardinality equals |[Aut(y)|, it has at most one element

o of order two and there exist an isomorphism of groups
Aut(y)(k) = D (5.13)

which sends this o to —1. Then we see that |Aut(y)(k)| = |Aut(y)| = 2, since by as-
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sumption each geometric automorphism group of Myp has even order and |Aut(y)| < 3.
Thus the above mentioned properties of Aut(y)(k) imply that this group is generated by
o. Hence we obtain that D = {1,—1} since the isomorphism (5.13) sends o to —1. To
understand the action of —1 € D on the points of Y’, we consider a geometric point
Spec(k’) — B. Let (z,a) be in Mp(k'). The forgetful morphism Mp — M identifies
Aut(x, o) with a subgroup of Aut(x). Further, as the inertia stack Zy, — Mop is finite,
the group Aut(z,«) is finite. Hence Cauchy’s theorem and our assumption on the geo-
metric automorphism groups of Mp imply that Aut(x,«) contains an element of order
two. Then it follows from Lemma 5.3 and Aut(z,a) C Aut(z) that this element is given
by multiplication with [—1]. Thus for each object (x,a, ) of Mpyo(k') there exists an
isomorphism (z, a, 8) = (z,a, —1 - B) defined by the element in Aut(z, ) given by [—1].
This implies that —1, and hence the whole group D = {1, —1}, acts trivially on all points
of Y'. We conclude that f is étale at each 3y’ € Y’ with f(y') = y, that is f is étale over y.
This shows that y does not lie in By and then the equality By = Bp obtained in step 1.

assures that our point y does not lie in Bp as desired.

4. It remains to construct the group Aut(y)(k) in (5.13) with all the desired properties.
For this purpose we use again the equivalence ¢ : Y/ = Mpyo. Let ' : Spec(k) — Y’
be a geometric point over ¢y’ € Y’ and denote by ¢(y') = (z, «, B) its image in Mpyo(k).

Then (z,«) lies in Mp(k) and we consider the group algebraic space over k given by
Aut(y) = Isompam, (2, @), (x, @)).

Notice that the group Aut(y)(k) identifies with Aut(z,«). As f(y') = y and ¢ is a mor-
phism over Mp, we find that 7(z,a) = y. This implies that |Aut(y)| = |[Aut(y)(k)| since
the separable rank |Aut(y)| is an invariant of the point 7~ (y) of Mp and since k is an alge-
braically closed field. The forgetful morphism Mp — M identifies Aut(y)(k) = Aut(z, @)
with a subgroup of Aut(z), and it follows from Lemma 5.3 that any element of order two in
Aut(x) is given by multiplication with [—1] : A — A where z = (A, ¢, ). Thus Aut(y)(k)
has at most one element of order two. Next, we construct an isomorphism Aut(z,a) = D.
For each o € Aut(x,a) we denote by o, the restriction to A, of the automorphism of A

underlying . Then we obtain a group morphism

Aut(z,a) = D, o+ B7lo,.
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Indeed g = 810, lies in the decomposition group D of 3/ since o defines an isomorphism
(z,a,8) = (z,0a,g-B) and hence g-y' = o/, where as before we identify an automorphism
of the constant group scheme (O/nQ)? over the algebraically closed field k with the corre-
sponding element in G(k) = GL2(O/n0O). To see that the displayed morphism is injective,
we take A € I where I are the totally positive elements of the O-submodule I of L which
appears in the definition of M. Now we consider the automorphism group Aut(A, ¢(\)) of
the polarized abelian variety (A, p(\)) over k. The forgetful morphisms induce an embed-
ding Aut(z, o) — Aut(A, p(N)), and the restriction morphism Aut(A, p(\)) — Aut(4,)
is injective since n > 3. Therefore the composition Aut(x, ) — Aut(A4,) given by o — o,
is injective, which implies that the displayed morphism is injective. On the other hand,
the displayed morphism is surjective since for any g € D there exists an isomorphism
(z,0,8) = (z,a, g - B) which defines an automorphism o of (z,a) with g = 710, 3. Fur-
ther, we notice that 37'[—~1]3 = —1 and we recall that Aut(y)(k) = Aut(z, ). Therefore
we see that the displayed group morphism, and hence the group Aut(y)(k), has all the

desired properties. This completes the proof of Proposition 5.5. O
We now briefly discuss where we used the assumptions appearing in Proposition 5.5.

Remark 5.7. The assumption that Mp — M is finite assures in 2. that the scheme
Y’ = Mp x p Mg is quasi-projective over B which we use to view Y/ — Y as a geometric
quotient Y' — Y’ /G induced by the action of G = GL2(O/nO). The assumption that Mp
is reduced assures that Y’ is reduced which we use to relate R-invariance with G-invariance,
see (1). Finally, the assumption on the geometric automorphism groups assures that certain
decomposition groups D C G act trivially on all points of Y’ and hence Y’ — Y'/D is
étale. This assumption can be relaxed by studying the étale locus of Y/ — Y’/D in terms

of the automorphism groups of Mp; such a study could be the subject of a future work.
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6 Morphims of abelian schemes over Dedekind schemes

Let S be a connected Dedekind scheme. In this section we introduce some notation and
terminology, and we collect basic results for morphisms of abelian schemes over S which
we shall use freely in what follows. We refer to [vKK19, §5] for detailed proofs or precise

references for those statements in this section which are not further explained.

Basic properties. Let A, A’ and A” be abelian schemes over S. Composition induces a
pairing o from Hom"(A, A") x Hom®(A’, A”) to Hom®(A, A”). Further f + f ® 1 embeds
the finitely generated free abelian group Hom(A, A’) into Hom®(A, A’). In what follows
we shall often identify a morphism f : A — A’ with its image f ® 1 in Hom"(A, A"). For
each nonzero n € Z and any f € Hom(A, A’) we denote by f/n the element f ® n~!
of Hom%(A, A’). Let k be the function field of the connected Dedekind scheme S. Base

change from S to the spectrum of k induces canonical isomorphisms
Hom(A, A") = Hom(A, A},) and End(A) = End(Ay). (6.1)

A direct computation shows that any element in Hom®(A, A’) takes the form f ® ¢ with
f € Hom(A, A") and g € Q. In particular, we see that the center of the Q-algebra End"(A)
identifies with Z ®7 Q where Z denotes the center of the ring End(A). We say that A is
simple if Ay is simple. Further we say that A’ is a factor of A if there exists a surjective
morphism A — A’ of abelian schemes over S. The proof of Poincaré’s reducibility theorem
together with (6.1) shows the following: The abelian scheme A is simple if and only if
End’(A) is a division algebra, and A’ is a factor of A if and only if there exists an abelian
scheme B over S such that A’ xg B is isogenous to A. We say that A is isotypic if A is

isogenous to a power of a simple abelian scheme over S.

Isogenies. Let ¢: A — A’ be a morphism of abelian schemes over S. Then ¢ is an
isogeny if and only if ¢ : A — A is an isogeny of abelian varieties over k. Suppose
now that ¢ is an isogeny. Then ¢ is flat and the rank d = deg(yp) of its kernel ker(yp) is

constant on the connected scheme S. Consider the ‘inverse’ isogeny ([vKK19, (5.1)])
o A=A and ¢*:End’(4) 3 End%(A), f ¢ /dofoe. (6.2)

Here ¢* is an isomorphism of Q-algebras and [vKK19, Lem 5.1] gives that ¢'¢ = [d] and
o’ = [d] where [n] denotes the multiplication by n € Z morphism. In particular any

isogeny A — A’ becomes invertible inside Hom®(A, A’). If A’ is simple and if A and A’
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are of the same relative dimension over S, then any nonzero element ¢ of Hom(A4, A") is
an isogeny. Indeed ¢ corresponds via (6.1) to a nonzero ¢y, : Ay — A} which is an isogeny

since A} is simple and dim(Ay) = dim(A}).

Conjugate abelian variety. Let A be an abelian variety defined over an arbitrary field
k, let o be an automorphism of k and write * A for the base change of A via o : k — k.

The abelian variety o* A is called the conjugate of A by o. We denote by
o* : Hom(A4, A") = Hom(c* A, o*A")

the isomorphism of abelian groups induced by base change via o, where A’ is an abelian
variety over k. We also denote by ¢* the isomorphism of Q-vector spaces given by ¢* ®7 Q.
Base change properties of (group) schemes imply the following: The map ¢* is a morphism

of rings if A=A’ and ¢ : A — A’ is an isogeny if and only if 0*(¢) is an isogeny.
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7 Effective Shafarevich conjecture

Let K be a number field. In this section we prove new cases of the effective Shafarevich
conjecture for abelian varieties over K. In particular, we establish this conjecture for
abelian varieties of product GLa-type with Gg-isogenies and for CM abelian varieties.
Let g > 1 be a rational integer, let S be a nonempty open subscheme of Spec(Ok ), and
let A be an abelian scheme over S of relative dimension g. We recall that A is of product
GLo-type with Gg-isogenies if A is isogenous to a product [ 4; of abelian schemes A;
over S of GLa-type with Gg-isogenies as in (1.5). A discussion of the notion of an abelian

scheme over S of GLa-type with Gg-isogenies can be found in §7.1.1 below.

Height bound. As before, we use the quantities d = [K : Q], Dk and Ng = [[,cge No-
We define [ = (d3492)! and we denote by hp the stable Faltings height (§3.4) of an abelian

scheme over S. The main goal of this section is to prove the following result.
Theorem 7.1. Let A be an abelian scheme over S of relative dimension g.

(1) If A is of product GLa-type with Gg-isogenies then

hi(A) < (4g1)"**" rad(Ns D).

(ii) If Az has CM then hp(A) < (3¢)®9’rad(NgDg ).

The proof shows that one can replace in (i) the exponent 24g by max(24,5g), while
Proposition 7.13 and (7.19) provide sharper versions of (i) in relevant special situations.
Further Proposition 7.14 and Lemma 7.10 contain more precise versions of (ii) in certain

cases of interest, see also the discussions in §7.2.1 for known asymptotic versions of (ii).

Number of classes. Another goal of this section is to prove Theorem B (ii) on the
number of isomorphism classes of abelian schemes over S of relative dimension g which
are of product GLa-type with Gg-isogenies. In course of the proof given in Section 7.4, we
shall obtain various intermediate results which improve Theorem B (ii) in certain cases of

interest; see for example Proposition 7.15 and Lemma 7.17.

Outline of the section. In Section 7.1 we study abelian schemes of GLa-type with G-
isogenies. After motivating the definition (§7.1.1), we discuss and prove Proposition 7.2
on the factors of such abelian schemes. This proposition involves a technical condition (x)

which is further studied in §7.1.4. We also collect in this section some basic results which
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are used throughout this work; in particular we consider abelian schemes of GLo-type
(Lemma 7.5) and isogenies between conjugate abelian varieties (§7.1.5).

In Section 7.2 we begin to bound the height of abelian varieties with CM. We discuss
the averaged Colmez conjecture in §7.2.1 and we work out in §7.2.2 explicit analytic
estimates for certain L-values attached to CM fields. Then we prove Lemma 7.12 on the
ramification of endomorphism algebras of simple abelian varieties with CM.

In Sections 7.3 and 7.4 we put everything together. After reviewing known results for
the Faltings height and discussing isogeny estimates (§7.3.1), we prove Theorem B (ii) and
Theorem 7.1 by using the strategy and the ideas explained in §1.2.1.

7.1 Abelian schemes of GlL,-type with G-isogenies

Let k C K be fields which are algebraic over Q and write G = Aut(k/k). In this section
we discuss a class of abelian schemes which we call of GLa-type with G-isogenies. After
motivating our definition, we show in Proposition 7.2 that the study of this class of abelian
schemes over certain base schemes S with k(S) = K can be reduced to the study of simple

abelian schemes of GLy-type over certain base schemes T" with k(T") = k.

7.1.1 The notion of abelian schemes of GLs-type with G-isogenies

Let £ C K and G be as above. Choose k with K C k and let S be a connected Dedekind
scheme with function field K. We say that an abelian scheme A over .S of relative dimension
g is of GLy-type with G-isogenies if the Q-algebra End’(A) contains a number field F' of
degree g and if for each o € G there is an isogeny i, : 0*Aj, — Aj such that

poeoo*(f)=fou, fE€F (7.1)

Here we identified F' with its image in EndO(A,;). More generally, we say that an abelian
scheme A over S is of product GLa-type with G-isogenies if A is isogenous to a product
[T Ai such that each A; is an abelian scheme over S of GLa-type with G-isogenies. If A is
an abelian scheme over S of GLo-type with G-isogenies then any abelian scheme A’ over
S which is isogenous to A is again of GLa-type with G-isogenies. Indeed one can take here
for example I' = o F'o'/d and the isogenies p, = @ppis0*(¢}) where p: A — A’ is an

isogeny of degree d and ¢’ : A’ — A is an inverse as in (6.2).

Related notions. The notion of abelian schemes over S of GLa-type with G-isogenies

generalizes various definitions in the literature. To explain this, we take K = k and we
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assume that A is an abelian variety over K of GLa-type. In the case dim(A) = 1, we
observe that A is of GLa-type with G-isogenies if and only if A is a k-curve! in the sense
of Gross [Gro80], Ribet [Rib92] and Elkies [Elk04]. Further, Ribet [Rib94] introduced the
notion of ‘k-HBAV’ which was generalized by Wu [Wu20, Def 1.9]. She defined A to be
k-virtual if for each ¢ € G there is an isogeny p, : 0*A — A such that

o 00 (f) = fous f€End’(A). (7.2)

On comparing (7.2) with (7.1), we see that the notion of GLo-type with G-isogenies gen-
eralizes the definition of k-virtual abelian varieties A over K and thus the notion of ‘k-
HBAV’. The additional generality is useful in certain situations of interest in arithmetic
such as for example in §10.1 where we can directly verify our weaker condition (7.1). How-
ever, if A has no CM then our condition (7.1) is in fact equivalent to the stronger k-virtual
condition (7.2). To prove this claim, we suppose that A has no CM and that there exist
F C End’(A) and isogenies ji, as in (7.1). Then Lemma 7.5 gives that A is isotypic and
that F' contains the center of End’(A). Thus the isogenies i, are center compatible, and

hence A is k-virtual by Lemma 7.9. This proves the claim.

7.1.2 Factors of abelian schemes of GLs-type with G-isogenies

We continue our notation. Further, we now assume that £k C K are number fields and we

suppose that S C Spec(Of) is open with complement S¢. Then we define
U=S\p ' (T° and T =p) (7.3)

where p : Spec(Ok) — Spec(Oy) is the projection and T° is the union of p(S¢) with the
branch locus of p. Weil restriction reduces the study of some abelian schemes over S of

GLo-type with G-isogenies to the study of abelian schemes over T' of GLa-type.

Proposition 7.2. Let A be an abelian scheme over S with no CM. Suppose that A is of
GLa-type with G-isogenies and assume (x). Then there is a simple abelian scheme C' over

T of GLo-type such that Ay is isogenous to a power of a simple factor of Cy.

Here condition (x) is as follows: The field extension K/k is normal, and the endomor-
phisms of A and the isogenies i, in (7.1) are all defined over K C k. In fact (x) can
always be satisfied (§7.1.4) when passing to a controlled field extension of K. The proof

LA E-curve is an elliptic curve E over K which is isogenous to ¢*E for all o € G.
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of Proposition 7.2 shows in addition that any simple factor B of A satisfies
dim(C) < dim(B)[K : k] (7.4)

for dim the relative dimension. Further we observe that T' is open in Spec(Oj) with
complement T¢ and Dedekind’s discriminant theorem shows that T is the set of finite

places v of k such that v lies under S¢ or v divides the discriminant ideal of K/k.

7.1.3 Proof of Proposition 7.2

Let K C K C k, S and G be as in Section 7.1.1, and let A be an abelian scheme over S.
Throughout this subsection we assume that A is of GLa-type with G-isogenies, that A has
no CM and that (%) holds. In a first step we show the following result.

Lemma 7.3. There is an isogeny from A to a power of an abelian scheme B over S of

GLa-type such that By, is a simple k-virtual abelian variety of GLa-type with no CM.

In particular By in Lemma 7.3 satisfies all assumptions in Wu [Wu20, Prop 1.12].
Hence there is a simple abelian variety Cj over k of GLa-type such that By, is a factor of
Cf. Moreover [vK13a, §9.4], which crucially relies on the arguments of Ribet [Rib92, §6]
and Wu [Wu20, Prop 1.12], leads to the following result.

Lemma 7.4. Suppose that K is a number field with S C Spec(Og) open, and let B be
the abelian scheme of Lemma 7.3. Then there is a simple abelian scheme C over T of

GLa-type such that By is a simple factor of Cy, where U and T are as in (7.3).

Now, on combining this result with Lemma 7.3 we deduce Proposition 7.2. The re-

maining of this section is devoted to the proofs of the above two lemmas.

Proof of Lemma 7.3. By assumption S is a connected Dedekind scheme and A is an
abelian scheme over S of GLo-type with no CM. Hence (7.5) and Lemma 7.5 give a
simple abelian scheme B over S of GLa-type and n € Z>1 such that A is isogenous to B".

We next prove that By is a simple abelian variety over k of GLo-type with no CM.
Firstly By, is of GLa-type, since it is a base change of B which is of GLy-type. Further, all
endomorphisms of A are defined over K by (x). Therefore (6.1) gives

End(A4;) = End(A). (7.5)

This shows that Az has no CM since A has no CM. Then on using that Ay, is isogenous to
B}, we deduce that the abelian varieties By’ and By, both have no CM. Poincaré reducibility
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shows that any factor of A also has property (7.5). Thus End®(B;) = End(B) is a division
algebra since B is a simple factor of A. This implies that By, is simple.

To show that By is k-virtual, we now use our assumption that A is of GLg-type with
G-isogenies. Hence there is a number field F inside End®(A;) of degree dim(Ay) and for
each o € G there is an isogeny p, : 0" Ar — Ag satisfying (7.1). As Ay is an abelian variety
over k of GLo-type with no CM, an application of Lemma 7.5 with A gives that the center
7% of End®(Ay) is contained in F. Then, on using that Hom(c* Ay, Az) is torsion-free and
that Z = Z ®7 Q for Z the center of End(Ay), we see that (7.1) implies

o0 (2) = zpt, 2z € Z.

In other words the isogeny ji, : 0*Aj — Af is center compatible in the sense of §7.1.5. Now,
an application of Lemma 7.7 with the isotypic abelian variety Aj; and the automorphism o
of k gives a center compatible isogeny o* By, — Bg. Thus an application of Lemma 7.8 with
the simple abelian variety By provides an isogeny o*Bj — Bj which (is fully compatible
and hence) satisfies (7.2). Therefore we conclude that By is a simple k-virtual abelian
variety of GLo-type with no CM. This shows that B has the desired properties. O

In the following proof, we assume in addition that k£ C K are number fields and that
S C Spec(Ok) is open. Further, we let p : U — T be as in Section 7.1.2.

Proof of Lemma 7.4. Let B be the abelian scheme over S of Lemma 7.3. Then Bj is a
simple k-virtual abelian variety of GLo-type with no CM. In particular, the k-virtual
condition assures that for each o € G there is an isogeny p, : 0* B — Bj.

To show that each p, is defined over K, we use condition (x). It assures that K/k is
normal and the restriction of ¢ € G to the subfield K C k defines an automorphism of
K /k which we also denote by o. Then o*Bg is an abelian variety over K. It is simple,
since it is geometrically isogenous via p, to the simple Bj. Moreover, on using that Ay
is isogenous to o*Ax by (%) and that A is isogenous to B", we see that o*Bg is a
simple factor of Ax. Hence o* By has to be isogenous to the simple factor By, and then
Hom’(0* Bg, Bi) = End’(By) identifies with Hom®(0* By, B) = End®(By,) since By has
property (7.5). We conclude that each isogeny p, is defined over K.

We now go into Wu’s proof of [Wu20, Prop 1.12]. The above statements show that
By, satisfies all assumptions of [Wu20, Prop 1.12] and that our K has all the properties
of the field F' appearing in Wu’s proof ([Wul7, §1.2]). Then Wu’s proof, which uses and
generalizes Ribet’s arguments in [Rib92, §6] for Q-curves, shows in addition that the Weil
restriction Dj = ResK/k(BK) of Bg has a simple factor C of GLs-type.
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To prove that C extends to an abelian scheme C' over T', we use our assumption that
K is a number field. Hence Milne [Mil72, Prop 1] gives that Dy has good reduction at a
finite place v of k if v does not divide the discriminant ideal of K/k and if Ax has good
reduction at all points in p~!(v). Further the generic fiber Ax of the abelian scheme A
over S has good reduction at each point in .S, and Dedekind’s discriminant theorem shows
that v divides the discriminant ideal of K/k if and only if v lies in the branch locus B,
of p. We deduce that Dy, extends to an abelian scheme over T' = (p(S¢) U Bp)¢, and then
also the factor Cj of Dy extends to an abelian scheme C' over T'. Furthermore (6.1) gives
that C is simple and of GLs-type, since C) has these properties.

We next show that By is a factor of Cyy. The generic fiber C'k of Cyy identifies with the
abelian variety Cj, x K over K, since the composition of Spec(K) — U with p: U — T
factors as Spec(K) — Spec(k) — T Further, as Cy, is a factor of Dy, we obtain a surjective

morphism D — C} of abelian varieties over k£ which induces a surjective morphism
HO'*BK:)Dk XkK—>Ck XkK:>CK

of abelian varieties over K with the product taken over all o € Aut(K/k). Here we used
that the field extension K/k is Galois by (*) which assures ([Wei82, p.5]) that the abelian
variety Dy X K over K is isomorphic to [ [ o* Bx. We showed above that By is isogenous
to each o*Bp. Therefore, on exploiting that the displayed morphism is surjective and
hence nonzero, we see that Bg has to be a simple factor of C'x. This implies that By is

a simple factor of Cyy. We conclude that C' has the desired properties. O

We conclude this subsection by collecting basic results for abelian schemes of GLa-type
which are essentially due to Ribet [Rib75, Rib92] and Wu [Wu20]. In the above proofs we

used (i) and (ii) of the following lemma, while (i)- (iii) will be used in later sections.

Lemma 7.5. Let S be a connected Dedekind scheme whose function field k embeds into
C, and let A be an abelian scheme over S of GLa-type such that A has no CM.

(i) The abelian scheme A is isogenous to a power B™ of a simple abelian scheme B over
S of GLa-type for some n € Z>1. In particular the Q-algebra EndO(A) 18 isomorphic
to M, (D) where D = End®(B) is a division algebra.

(ii) Let F be a subfield of the Q-algebra End(A) such that [F : Q] equals the relative
dimension of A over S. Then F is the centralizer of F in End®(A).

(1ii) Either D identifies with a subfield Z of F with [F : Z] = n or D is a quaternion
algebra whose center identifies with a subfield Z of F with [F : Z] = 2n.
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Proof. To prove (i) we reduce to the case S = Spec(k) which was treated in Wu [Wu20,
Prop 1.5 (i)] when k is an arbitrary field of characteristic zero. Notice that Wu stated the
result under the assumption that Aj; has no CM. However, it turns out that her proof
can be copied word by word when making the weaker assumption that the abelian variety
over k has no CM. Now, the reduction goes as follows: As End’(A) = End’(4;) by (6.1)
we obtain that Ay is of GLa-type with no CM. Then an application of [Wu20, Prop 1.5]
with Ay, gives an isogeny A, — B where By is a simple abelian variety of GLa-type
and n € Z>1. In particular By, is a factor of A, which extends to the abelian scheme A
over S. Thus By extends to an abelian scheme B over S, and then the isogeny A, — B}
extends to a morphism A — B" of abelian schemes over S which is again an isogeny; see
for example [vKK19, §5.1]. This together with End®(B) = End®(By) implies (i).

To show (ii) and (iii) we may and do assume that S = Spec(k) since End’(A4) =
End’(Ag) and D = End%(By). Our A is isotypic by (i) and A has no CM. Thus no
factor of A has CM. Then we deduce (ii) and (iii) by using precisely the same arguments
as Ribet in his proof of [Rib92, Prop 5.2]; these arguments exploit a trick (attributed
by Ribet to Tunnel) which exploits that the field & embeds into C and hence [D : Q]
divides 2 dim(B) since the division algebra D acts Q-linearly on the 2 dim(B)-dimensional
homology H;(B(C),Q). This completes the proof of Lemma 7.5. O

7.1.4 Condition (%) and controlled field extensions

In this section we investigate the technical condition () appearing in Proposition 7.2. For
this purpose we let k C K C k, G, S and T be as in Section 7.1.2.

Let A be an abelian scheme over S of relative dimension g such that Aj is of GLo-
type with G-isogenies. We say that condition (%) holds over a number field L O K if
L/k is normal and if the endomorphisms of Aj; and the isogenies p, in (7.1) are all
defined over L C k. On using Silverberg’s work [Sil92] and the criterion of Néron-Ogg-
Shafarevich [ST68], we obtain that condition (%) holds over a controlled field L.

Lemma 7.6. Condition (%) holds over a field L O K such that L is contained in the
normal closure of K(Ay)/k for each n € Z>3 and such that L/k is unramified over T'.

Here and in what follows, for any n € Z>;, we denote by K(A,) the field of defini-
tion of the n-torsion points of A(k). The degree of K(A,) over K is at most n*", and
Lemma 7.6 combined with Dedekind’s discriminant theorem allows to explicitly control
the discriminant of L/k in terms of g, the discriminant of K/k, and Ng =[], cgc No.

Proof of Lemma 7.6. Let n € Z>; and denote by K (A,,) the normal closure of K(A,)
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over k. To show that L = Ny,>3K Cl(An) has the desired properties, we take o € G. The
field L is normal over k. Thus pulling back Ay, via the restriction of o to L gives an abelian
variety o* Ay, over L which identifies over k with o* Az. We denote by L(c*A,) and L(A,)

the field of definition of the n-torsion points of 0* A (k) and Ap (k) respectively. On using

that o is invertible and that L(c*A,) and L(A,) are normal over L, we deduce
L(c*A,) = L(A,).

Then an application of Silverberg [Sil92, Thm 4.2] with c*A; and Ay implies that any
morphism in Hom(o* A, Ag) is defined over the subfield N, >3L(A,,) of k. Furthermore we
obtain that L = N,>3L(A,), since it holds that L(A,) = K(A,)L and that K(A,)L C
K (A,) for each n > 3. Thus we deduce that condition () holds over L.

To prove that L/k is unramified over T, we take a rational prime p > 3 and for any
scheme S’ we write S’[%] = 5 xz Z[%]. The abelian variety Ax has good reduction at
each closed point of S, since Ag extends to the abelian scheme A over S. Thus K (4,)/K
is unramified over S [%] by the criterion of Néron-Ogg—Shafarevich [ST68, Thm 1]. Then
the construction of 7" in (7.3) shows that K(A,)/k is unramified over T[%] and hence its
normal closure K(A,)/k is also unramified over T[%]. Therefore, for any rational prime
q > 3 with ¢ # p, we deduce that the subfield L of K/(A,) N K(A,) is unramified over
T = T[%] U T[%]. Finally, as the field L = N,,>3K(A,,) is contained in K°(A4,) for each
n > 3, we conclude that L/k has all the desired properties. O

7.1.5 Center compatible isogenies between conjugate abelian varieties

In this section we collect basic lemmas which we used in §7.1.1 and §7.1.3 above. These
lemmas allow in situations where isogenies of conjugate abelian varieties are center com-
patible to reduce to the case where the isogenies are compatible with the whole endomor-
phism ring. The results should be all well-known. However, we are not aware of suitable
references and for the sake of completeness we will thus give the proofs which use and
generalize arguments of Ribet [Rib94] and Pyle [Pyl04].

Let A be an abelian variety defined over an arbitrary field k, let & be an automorphism
of the field k and write o*A for the base change of A via o : k — k.

Center compatible isogenies. We say that an isogeny u : 0*A — A is center compati-
ble if any z in the center of End(A) satisfies po*(z) = zu. The existence of such an isogeny
does not necessarily guarantee a center compatible isogeny o*B — B for the simple factors

B of A. However, in the isotypic case we obtain the following result.
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Lemma 7.7. Suppose that A is an isotypic abelian variety over k. If there exists a center

compatible isogeny o*A — A, then there exists a center compatible isogeny o*B — B.

It is crucial for our applications in §7.1.3 that the statement of Lemma 7.7 does not
depend on how o acts on an isogeny A — B™ or on End(A). Luckily, these dependences

‘cancel out’ as we shall see in the proof given at the end of this section.

Fully compatible isogenies. We say that an isogeny p: 0*A — A is fully compatible
if any f € End(A) satisfies uo*(f) = fu. In the isotypic case, one can always modify
center compatible isogenies by an inner automorphism (obtained from the Skolem—Noether

theorem) to get fully compatible isogenies. We first consider the simple case.

Lemma 7.8. Let B be a simple abelian variety over k. If there exists a center compatible

1sogeny o* B — B, then there exists a fully compatible isogeny c*B — B.

Proof. We may and do assume that B # 0. To modifiy a center compatible isogeny
T :0*B — B, we use a trick which we learned from Ribet [Rib92] and Pyle [Pyl04]. In
fact their trick works exactly the same in our setting. The details are as follows:

Our B is simple. Thus R = End’(B) is a central simple algebra over its center F.
Further r +— (071)*(771 o7 o 7) defines an F-algebra morphism ¢ : R — R, since T is
center compatible, F' = Z @z Q for Z the center of End(B), (¢71)* is a ring morphism
and o is a pairing. Hence Skolem-Noether gives s € R such that ¢(r) = soros~! and as

B is simple we can take any p: 0*B — B with p® ¢ = 70 0*(s) for some ¢ € Q. O

We now use this result to strengthen the statement of Lemma 7.7 in the sense that we

can moreover construct an isogeny oc*A — A which is fully compatible.

Lemma 7.9. Let A be an isotypic abelian variety over k. If there exists a center compatible

isogeny oA — A, then there exists a fully compatible isogeny o*A — A.

Proof. We may and do assume that A # 0 is isotypic. Thus there is an isogeny ¢ : A — B"
with n € Z>; and B a simple abelian variety over k. Let ¢’ : B" — A be its inverse isogeny
as in (6.2). Further there is a center compatible isogeny 0*A — A by assumption. Hence
Lemma 7.7 provides a center compatible isogeny ¢*B — B, and then Lemma 7.8 gives
a fully compatible isogeny p : 0*B — B since B is simple. After identifying o*B™ with
(o0*B)™, we see that p defines a fully compatible isogeny ™ : 0*B™ — B"™. Now we consider

ot A 7@ grpn _Ht pn @' g
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Then 7 is an isogeny, since it is a composition of isogenies. Further ¢’¢ and ¢y’ are both
multiplication with d = deg(y), and [d] commutes with any morphism of group schemes.
Thus we deduce that 70*(f)[d] = [d]fT = f7]d] for all f € End(A), since o* is a functor
and since p" is fully compatible. Then, on using that Hom(o*A, A) is torsion-free, we

conclude that the isogeny 7: 0*A — A is fully compatible as desired. O

It remains to verify the statement of Lemma 7.7. The following proof consists of check-
ing various compatibilities (using standard arguments) in order to assure that a certain

explicitly constructed isogeny 7 : 0*B — B is indeed center compatible.

Proof of Lemma 7.7. We may and do assume that A is nonzero. By assumption there
exists a center compatible isogeny p : 0% A — A and there is an isogeny ¢ : A — B" where
B is a simple abelian variety over k and n € Z>;. Let ¢/ : B — A be the ‘inverse isogeny’
of p as in (6.2) and let ¢ : B — B" be the diagonal embedding. Now, we define

t:o*B =7 (W) gxpn (@) x4 kA % B

The base change o*(¢) of ¢ is injective, since ¢ is universally injective. Then, on using that
a*(¢’), p and ¢ are all isogenies, we deduce that ¢ has finite kernel and thus is nonzero
since 0* B # 0; here we used our assumption A # 0 to assure that B # 0. Hence there is

a projection p : B™ — B such that ¢ composed with p is a nonzero morphism
T:0"'B— B

of abelian varieties over k. Moreover T # 0 is surjective since B is simple. Then, on using
that o* B and B have the same dimension, we conclude that 7 is an isogeny.

To verify that 7 is center compatible, we take z in the center Z of End(B). We view
End(B) as a subring of End(B"™) via the diagonal embedding ¢ and we observe that this
identifies Z with the center of End(B™). A direct computation gives the identities

popi(z)=zop and ¢oz=p'(z)oy (7.6)

inside Hom®(A, B") and inside Hom®(B", A) respectively. Here we used the definition
of the Q-algebra isomorphism ¢* : End®(B") 5 End°(A) in (6.2). Pulling back by o
is a functor. Hence (7.6) shows that *(¢') o 0*(2) equals o*(p*(2)) o 0*(¢'), and o*(¢)

commutes with o*(z) since 1z = zt. Therefore, on using that p is center compatible and
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that ¢*(2) lies in the center of End®(A), we deduce from (7.6) the identity
too*(z) =zot

inside Hom®(c* B, B™). This identity then also holds inside the torsion-free abelian group
Hom(o*B, B™), and we observe that pz = zp. It follows that 70*(z) = 27 for all z € Z,

which means that 7 is center compatible. This completes the proof. O

7.2 Abelian varieties with CM

In this section we prove explicit upper bounds for the Faltings height of certain abelian
varieties with CM. For this purpose we first recall the averaged Colmez conjecture in
§7.2.1. Then we work out in §7.2.2 explicit analytic estimates for certain L-values and we

control in §7.2.3 the ramification of CM endomorphism algebras.

CM types and abelian varieties. We now introduce some terminology which will be
used throughout this section. A CM field is a number field which has no real embeddings
but which is quadratic over a totally real subfield. Let E be a CM field and let FF C F
be the maximal totally real subfield. A CM type ® of E is a subset ® C Hom(E, C) such
that ® L &7 = Hom(E, C) where 7 € Aut(E/F') is not trivial. We say that a CM type of
F is simple if it is not the full preimage under restriction of a CM type of a proper CM
subfield of E. For any ¢ : E — C, we write C,, for C viewed as an F-algebra via ¢.

Let A be an abelian variety defined over a subfield & of C. Suppose that 2dim(A) =
[E : Q] and assume that there exists a ring morphism ¢ : £ — End’(A). Then ¢ induces
an action of E'®qg C =[], C, on the Lie algebra Lie(Ac) of Ac. This action decomposes
Lie(Ac) into a corresponding product of eigenspaces Lie(Ac),, over C. Let ®4 be the set
of ¢ € Hom(E,C) such that the eigenspace Lie(Ac), has dimension one. Then ®4 is a
CM type of E which is simple if and only if A¢ is a simple abelian variety; see for example
[CCO14, §1.5]. We call ® 4 the CM type of E associated to (A,¢).

For any CM type ® of E, we denote by Ag the usual complex abelian variety associated
to ® which is defined for example in [CCO14, 1.5.3]. The complex abelian variety Ag has
the following properties: There exists a ring morphism m : Op < End(Ag) such that @
is the CM type of E associated to (Ag,t) for t = m ® Q and Ae(C) = CI/P(Of). Here
g = dim(Ag) and ®(Op) denotes the lattice in CY given by the image of O under the
embedding E < CY defined by the ¢ distinct embeddings £ < C in .
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7.2.1 Averaged Colmez conjecture

To state the averaged Colmez conjecture, let £ be a CM field with maximal totally real
subfield F' C E and let ® be a CM type of E. We write g = [F': Q.

The height h(P). Let Ag be the complex abelian variety associated to ®. Any complex
abelian variety with CM is defined over a number field and then we define h(®) = hp(Ag).
Here the invariance of the stable Faltings height hr under geometric isomorphisms assures
that h(®) does not depend on the choice of a model of Ag over a number field. Moreover,
this invariance of hp together with Colmez’ [Col93, Thm 0.3 (ii)] implies that

B(®) = hi(A) (7.7)

for any abelian variety A of dimension g which is defined over a number field K — C and
which has the following property: There is a ring morphism j : Op — End(Ac) such that
® is the CM type of E associated to (Ac,j ® Q). Yuan-Zhang obtained in [YZ18, §2] an
alternative proof of (7.7) as a by-product of their height decomposition.

The formula. Define ¢ = Dg/Dp and let L'(s) be the derivative of the L-function L(s)
of the quadratic character of A}, corresponding to E/F'; here L(s) is without the infinite
part. Now we can state the averaged Colmez conjecture ([Col93]) which in the case g =1

is a reformulation of the classical Lerch—Chowla—Selberg formula:

% > (@) =358 — Lloge — flogn (7.8)
P

with the sum taken over all distinct CM types ® of E. Here the term —% log 7 takes into ac-
count that we use Faltings’ normalization of the height hr. Colmez [Col93], Obus [Obul3]
and Yang [Yan10, Yan13] proved important special cases of the exact version [Col93, Conj
0.4] of (7.8). In general (7.8) was established by Yuan-Zhang [YZ18] using the method of
Yuan—Zhang—Zhang [YZZ13] and independently by Andreatta—Goren—Howard—Madapusi-
Pera [AGHMP18] using the method of Yang [Yan10, Yan13].

An explicit upper bound. Colmez’ conjectures give useful bounds for the height h(®)

of any CM type @ of E. For example Colmez [Col98, §3] bounded h(®) conditional on the
exact version of (7.8) and other conjectures. Further Colmez [Col98, p.365] for g = 1 and
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Tsimerman [Tsil8, Cor 3.3] in general deduced from (7.8) the asymptotic bound
h(®) < DyW.

The proof uses analytic estimates for L'(0)/L(0) via Brauer—Siegel and the lower bound
h(®) > ¢4 which is contained in Faltings’” work ([Fal83, p.356], [Del85, 1.22]). In fact one
can take here ¢, = —9 log(2n?) by Bost’s lower bound (7.10), and the analytic estimates
(except Brauer—Siegel) applied in [Tsil8, Cor 3.3] can be worked out explicitly by using

Rademacher’s arguments in [Rad60]. This leads to the following result.

Lemma 7.10. Let hg and hp be the class number of E and F respectively. If ¢ > 0 is a
real number with e < 1/2, then any CM type ® of E satisfies

hp 1/2 €
+h(®) < azte / max((f—fﬁ)g,c) +1logc—1g.

Here a = %C(l + 6)(2(73;% where ((s) is the Riemann zeta function, v is the Euler—
Mascheroni constant, w is the cardinality of the group p of roots of unity in E and @ =

O : nOg] € {1,2} is the Hasse unit index of E/F.

Proof. On combining h(®) > —%log(2?) in (7.10) with the explicit analytic estimates
worked out in (the proof of) Lemma 7.11, we see that (7.8) implies Lemma 7.10. O

Class field theory gives that hp divides hg and then Lemma 7.10 provides an explicit
upper bound for h(®) in terms of €, Dg and g. This bound is sufficient for our purpose,
but it is asymptotically substantially weaker than Tsimerman’s bound h(®) < D%(l).

7.2.2 Explicit analytic estimates

We now work out the explicit analytic estimate which we used in Lemma 7.10 above. As

before, ((s) is the Riemann zeta function and ~ is the Euler-Mascheroni constant.

Lemma 7.11. Let € > 0 be a real number with e < 1/2, let E be a CM field with mazimal
totally real subfield F, and let L' (s) be the derivative of the L-function L(s) of the character
of Ay corresponding to E/F. Put g = [F : Q] and ¢ = Dg/Dp.

(i) If the real part o of s € C satisfies —e < o < 1+ € then

l4+e—0
L) <+ (G +sl7)
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(i) Let hg and hp be the class number of E and F' respectively, let w be the number of
roots of unity in E and let Q be the Hasse unit index of E/F. It holds

‘ ‘ < 2ahF 1/2 max((fﬂg) ,c)5+logc+b,

(2+)9

W and b = glog(2ﬂ'eﬁf)

where a = “é—?ﬁ(l +¢€)

Here (ii) is a standard consequence of (i) and the analytic class number formula, while
the bound in (i) is up to a factor (1 +€)9~! due to Rademacher [Rad60, Thm 5]. In fact
we shall obtain (i) by applying his arguments with our entire Artin L-function L(s).

Proof of Lemma 7.11. Let € > 0 be a real number with ¢ < 1/2. We first introduce some
notation. For each s € C we write s = o+t with o,t € R and we denote by S(a, b) the strip
a<o<bforabeR with a <b. Let x : G — C be the non-trivial irreducible character
of G = Aut(E/F) = Z/27Z. In particular x has degree one with image x(G) = {—1,1},
and L(s) coincides with the Artin L-function of .

We now prove (i). In the case 0 > 1+, it holds log L(s) = >, >, Ly (p™)p~* with
X(p"™) € Z satistying |x(p™)| < 1 and hence |log L(s)| < log {(c) which implies

IL(s)] < C(1+¢). (7.9)

Let T'(s) be the Gamma function. The field E is CM with maximal totally real subfield
F. Thus the conductor ¢ of the non-trivial character y of G is given by ¢ = Dg/Dp and
the completed Artin L-function A(s) takes the following form

A(s) = ¢ Log(s)L(s),  Loo(s) = m 9FDAD(s1)9,

As the character x is fixed by complex conjugation, the functional equation becomes
A(s) = W(x)A(1 — s) for some W (x) € C with absolute value 1. Therefore we obtain

e _s5y\ Y
L(s) = W) (=) <¥) L(1-s).

2
U (=7)

Next, an application of Rademacher’s [Rad60, Lem 2] with @ = 1 gives for all s in the

strip S(—3, %) that [I'(1— £)/T'(£52)] is at most (5|1 + s\)1/2_0. Then, as 0 < e < 1/2 by

assumption, the above displayed expression for L(s) together with (7.9) shows

L(—e+it)] < AL —e+it] /299, A= (5) 7 C(1+ ),
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Further (7.9) provides |L(1 4 € +it)| < (1 + €), and the Artin L-function L(s) of our
non-trivial x is entire since GG is abelian. Then an application of Rademacher’s version
[Rad60, Thm 2] of the Phragmén—Lindel6f theorem with Q@ = 1, « = (1/2+¢€)g and § =0
gives for all s in the strip S(—e¢, 1 + €) an upper bound for |L(s)| as claimed in (i).

We now prove (ii). For this purpose we take the radius r = € and the entire function
f(z) = L(z) in the basic inequality | f'(1)|r < sup|,_y =, | f(2)| which follows from Cauchy’s
integral formula. This together with (i) leads to

IL'(1)] < £¢(1+ ) max(1, 5 (2 +€)9)"

We next express L(1) in terms of class numbers. As G = Z /27, the Artin L-function L(s)
of the non-trivial y is the quotient L(s) = (g(s)/Cr(s) of the Dedekind zeta functions of
E and F. Then the analytic class number formula and [Was82, Prop 4.16] imply

L(1) = &P he12,

>
e

To relate the values L'(0)/L(0) and L'(1)/L(1), we differentiate the functional equation
A(s) = W(x)A(1 — s) and we use that the Digamma function ¢(z) = I''(2)/T'(z) has
special values 1(1/2) = —2log 2 — v and (1) = —~ respectively. Then we obtain

L'(0)
7(0)

LL((ll)) + log ¢ — glog(2me?).

Finally, on combining the above displayed results we deduce an upper bound for
|L'(0)/L(0)| as claimed in (ii). This completes the proof of Lemma 7.11. O

7.2.3 Ramification of CM endomorphism algebras

The endomorphism algebra of a simple complex abelian variety with CM is a CM field
whose ramification over QQ can be controlled by CM theory. The goal of this subsection is

to prove the following result in which Ng =[] N, is as above.

veS®

Lemma 7.12. Let K be a number field, let A be an abelian scheme over a nonempty open
subscheme S C Spec(Ok) and let B be a simple factor of Ag such that B has CM.

(i) The CM field E = End®(B) is unramified at each rational prime p{ DgNs.

(ii) If B and all its endomorphisms are defined over K C K, then the CM field E is

unramified at each rational prime pt Dy .
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Proof. Let p be arational prime. To show that (ii) implies (i), we assume that (ii) holds. Let
L be the field of definition of the endomorphisms of Ay . Poincaré’s reducibility theorem
implies that B is isogenous to an abelian subvariety B’ of Ag and that B’ and all its
endomorphisms are defined over L. Further B’ is a simple factor of Ag and B’ has CM.
Then an application of (i) with B’ gives that E = End’(B’) is unramified at p if p{ Dr.
Further [Sil92, Thm 4.1] implies that L/K is unramified over S, since the generic fiber
of the abelian scheme A over S is an abelian variety over K with good reduction over
S. Thus rad(Dy) divides DgNg by Dedekind’s discriminant theorem and therefore we
conclude that E is unramified at p if pt NgDg as claimed in (i).

We now prove (ii). By assumption B is a simple abelian variety with CM. Hence the
CM type @ of E associated to (B,id) is simple. The reflex field E* of (E, ®) is defined
by E* = Q(Y,cq p(€);e € E), and [Lan83, Thm 3.1.1] gives E* — K since B and all
its endomorphisms are defined over K by assumption. Thus the Galois closure (E*)! of
E* is unramified at p if p t Dg. Further, an application of [Lan83, Thm 1.5.2] with our
simple ® identifies E' with the reflex field of (E*, ®*) for some CM type ®* of E* and thus
E — (E*). Hence E is unramified at p if p{ Dy as claimed in (ii). O

7.3 Proof of the effective Shafarevich conjecture

Let K be a number field, let S be a nonempty open subscheme of Spec(Of) and let g > 1
be a rational integer. Following the strategy of proof outlined in the introduction, we prove
in this section the effective Shafarevich conjecture (see Theorem 7.1) for abelian varieties

over K which are of GLa-type with Gg-isogenies or which have CM.

No CM case. In the first part of the proof of Theorem 7.1, we consider abelian varieties
which have no CM. In Section 7.3.2 we prove the following result by reducing the problem
via Proposition 7.2 to the known case K = Q stated in (7.16).

Proposition 7.13. Let A be an abelian scheme over S of relative dimension g with no

CM. Suppose that A is of GLa-type with Gg-isogenies and assume (x). Then
hip(A) < (4gd)**499rad(Dg Ng)*.

Here hp is the stable Faltings height (§3.4), while Dg, d = [K : Q] and Ng = [[,cgc No
are as before. Further, we recall that condition (%) means that K/Q is normal and that

all endomorphisms of Az and all isogenies p, in (7.1) are defined over K C K = Q.
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CM case. In the second part of the proof of Theorem 7.1, we deal with the general CM
case by reducing to the situation A = Ag which was treated in Lemma 7.10. In course of

the proof (§7.3.3) we shall obtain the following bound which only depends on K and g.

Proposition 7.14. Let A be an abelian scheme over S of relative dimension g such that
A has CM. If all endomorphisms of Ag are defined over K C K, then

hi(A) < (39)59" rad(Dg ).

In the remaining of this section, we first review some known results and then we give

the proofs of Proposition 7.13, Proposition 7.14 and Theorem 7.1.

7.3.1 Properties of the Faltings height and isogeny estimates

Let K be a number field and let A be an abelian variety over K of dimension g. In this
section we review properties of the stable Faltings height hr of A used in our proofs. In
particular, we collect effective bounds for the variation of hp under isogenies.

We start with the following basic property: Any abelian variety A’ over K satisfies
hp(Axg A") = hp(A)+ hp(A"). Further, Faltings’ work [Fal83] gives that hp(A) > ¢, for
some constant ¢, depending only g; see [Del85, 1.22]. In fact Bost [Bos96a] obtained

hr(A) > —1log(27?)g. (7.10)

See for example [GR14b, Cor 8.4] and notice that hp(A) = hp(A) — §logm where hp
denotes the height which appears in the statement of [GR14b, Cor 8.4].

Variation under isogenies. We now suppose that A’ is an abelian variety over K

which is isogenous to A. Faltings’ formula [Fal83, Lem 5] implies that
|hp(A) = hp(A)] < 5 log deg(y) (7.11)

for any isogeny ¢ : A — A’. Moreover, Faltings [Fal83] bounded |hp(A) — hp(A’)] in
terms of A/K alone. On using Faltings’ arguments and some refinements of Parsin—Zarhin,
Raynaud [Ray85, Thm 4.4.9] worked out an effective bound for the variation under the

assumption that A has everywhere semi-stable reduction, that is

|hp(A) = hp(A')] < ca (7.12)
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with ¢4 an effective constant (simplified in [vK21, Prop 6.10]) depending only on g,
Dk, [K : Q] and the bad reduction places of A. In fact the semi-stable assump-
tion is not required here ([vK21, Lem 3.1]). The above bounds for the variation all
do not use Diophantine approximation or transcendence techniques. Masser—Wiistholz
[MW93b, MW93a, MW95] obtained bounds via a completely different approach using
their isogeny estimates based on transcendence theory. These isogeny estimates are fully
effective ([Bos96b, p.121]), and completely explicit constants were obtained by Gaudron—
Rémond [GR14a]: Their most recent version [GR23, Thm 1.9] gives isogenies A — A’ and
A" — A of degree at most k(A) and this combined with (7.11) proves

b (A) — hp(A)] < Llogk(A),  k(A) = ((79)%" dmax(hp(A),log d, 1)) (7.13)

for d = [K : Q]; one can replace here x(A) by r(A)"/? if End(A) identifies with a maximal
order of End®(A). We remark that (7.12) improves (7.13) in some cases, and vice versa in
other cases. However, in the situations considered in this paper, it turns out that (7.13)

leads to exponentially better bounds for the same reasons as in [vK21, Rem 5.2].

7.3.2 Proof of Proposition 7.13

We continue our notation. Let K be a number field and let S C Spec(Ok) be a nonempty
open subscheme. As before we write d = [K : Q] and Ng = [[, cge NVo. Let A be an abelian
scheme over S of relative dimension g which has no CM. We suppose that A is of GLa-type

with Gg-isogenies and we assume that condition (x) is satisfied.

Proof of Proposition 7.13. Let U C S and T' C Spec(Z) be the open subschemes defined
in (7.3) with £ = Q. Our A satisfies all the assumptions in Proposition 7.2. Thus this
proposition gives a simple abelian scheme C' over T' of GLs-type such that Ay is isogenous
to a power B™ of a simple factor B of Cy. As B is a factor of Cyy and U is a connected
Dedekind scheme, Poincaré’s reducibility theorem and (6.1) provide an abelian scheme D

over U such that B xg D is isogenous to Cpr. Now, on using isogenies
AU—>Bm and BXUD—>CU,

we can estimate the heights as in [vK21, §5.2.2]. For any abelian scheme X over an open
S’ C S, we denote by vy the maximal variation of hr in the isogeny class of X; that is

vy = sup|lhp(X) — hp(X')| with the supremum taken over all abelian schemes X’ over S’
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which are isogenous to X. The abelian scheme A’ = B™ over U satisfies
hp(A") = mhp(B) and hp(A) <va + hp(A) (7.14)

since Ay is isogenous to A’. The stable height hp is invariant under the base change U — T,
and B Xy D is isogenous to Cpr. Thus we obtain that hp(B) is at most ve, +hp(C)—hp(D)
and then we see that the lower bound for hp(D) in (7.10) implies

hp(B) <ve, + hr(C) + %log(27r2). (7.15)

Here we used that the relative dimension of D over U is at most g. The relative dimension
of B over U is g/m. Thus the relative dimension n of C' over T satisfies n < dg/m by
(7.4), and applying [vK21, Thm A] with the abelian scheme C over T' of GLa-type gives

hp(C) < (3n)Mn NZL (7.16)

As Ny =rad(Dg Ng) we then see that (7.13), (7.14) and (7.15) lead to an upper bound for
hr(A) as claimed in Proposition 7.13. We now include some details of our computations

described above. For example, one can use the inequalities

C, hF(B) S

V][N

¢, hr(A) < %gc and vq < %c

=

Vo <
as intermediate steps to deduce that hp(A) < 2gc where ¢ = (3gd)'4494 N2, O

7.3.3 Proof of Proposition 7.14 and Theorem 7.1

We continue our notation. Let K be a number field of degree d over Q, let S C Spec(Ok)

be a nonempty open subscheme with geometric generic point § = Spec(K) and write again

Ng = [],ese No. Let A be an abelian scheme over S of relative dimension g.

Proof of Proposition 7.1/. As in the statement of Proposition 7.14, we assume that Aj
has CM and that all endomorphisms of Az are defined over K C K. Then (6.1) gives that
End(A) = End(As). We claim that there exist simple factors A; of A of relative dimension
gi, CM fields E; of degree 2¢; with Op, = End(4;) and an isogeny

A =T[4 = A e €. (7.17)

To prove this claim, let A; be a simple factor of A and write g; for the relative dimension
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of A; over S. On using that End(A) = End(45), we see that End(A;) = End(4; ;). Then
CM theory gives that A; has CM since Az has CM by assumption. As K has characteristic
zero, this implies that the Q-algebra End’(4;) is a CM field E; of degree 2g;. The order
O = End(4;) of E is contained in the maximal order of E which is O’ = Op,. Hence
an application of [vKK19, Lem 5.3], which is based on [CCO14, §1.7.4], shows that after
possibly replacing A; by an isogenous abelian scheme over S we may and do assume that
Op, = End(A;). Then the claim follows from Poincaré’s reducibility theorem and (6.1).

To estimate the heights, we choose an embedding K < C and we let ®; be the CM
type of E; associated to (A;c,j ® Q) where j is the composition of the ring morphisms
Op, = End(A4;) = End(A;c). An application of (7.7) with A; ¢ gives that hp(A;) =
hp(®;). This implies that hp(A") = > e;h(®;) and then (7.17) shows

hp(A) <va+ Y eh(®:), 9= egi.

To bound h(®;) in terms of Dk and g, we first control Dg,. As End(A4;) = End(4;5) we
see that A; 5 has the following properties: It has CM, it is a simple factor of Ag, it is defined
over K C K and all its endomorphisms are defined over K C K. Then an application of
Lemma 7.12 (ii) with B = A; s gives that the CM field E; = EndO(Ai7§) of degree 2g;
is unramified at each rational prime p t Dg. Hence [vK13b, Lem 6.2], which is a direct

consequence of Dedekind’s discriminant theorem, implies
Dg, < rad(DK)59(2g)24gz.

Here we used the effective version of the prime number theorem in [RS62, (3.12) and (3.16)]
which gives that the number n of rational prime divisors of D satisfies n™ < rad(Dp )3/
in the case when n > 12. Next, we recall that Lemma 7.10 and the subsequent discussion
give an explicit upper bound for h(®;) in terms of ¢, Dg, and g;. We take € = 1/2 in this
bound and then the above displayed results together with the bound for v, in (7.13) and
d < 3max(1,log Dk ) lead to an estimate for hr(A) as claimed in Proposition 7.14.

We now include some details of the explicit computations. For example, to compute

the final bound one can use the following inequalities as intermediate steps:
C(3) <3, a<% <4g, hp(4) = h(®;) < (39)* rad(Dx)".
Here ((s) is the Riemann zeta function and a;,w; are as in Lemma 7.10 with £ = E;; a

proof of the bound w; < 8¢? can be found in the discussion right after (8.4). O
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Proof of Theorem 7.1 (ii). Assume that As has CM and let L be the field of definition of
the endomorphisms of Az. The height hp is invariant under the base change from S to
S" = S %0, Or. Then, on replacing in the proof of Proposition 7.14 the application of part
(ii) of Lemma 7.12 by part (i), we obtain the claimed bound for hp(A) = hr(Ag). O

Proof of Theorem 7.1 (i). Assume first that A is of GLa-type with Gg-isogenies such that
Az has no CM. Then let L O K be the number field constructed in the proof of Lemma 7.6
and denote by S’ the preimage of S under the projection Spec(Or) — Spec(Ok).

We now verify that Ag: satisfies all assumptions in Proposition 7.13. Lemma 7.6 pro-
vides that (%) holds. In particular all endomorphisms of Az are defined over L and then
base change induces an isomorphism End(Ag/) — End(Ag) by (6.1). This shows that
Agr has no CM and that Ags is of GLa-type with Gg-isogenies, since As has these two
properties by assumption. Hence all assumptions in Proposition 7.13 are satisfied.

We next control L and S’. Lemma 7.6 gives that the extension L/Q is unramified over
T = Spec(Z[1/n]) for n = NgD and that the field L is contained in the Galois closure
of K(A3)/Q. Thus Dedekind’s discriminant theorem and basic Galois theory lead to

rad(NgDyp) | rad(NgDg) and [L:Q] <= (d3%°)!. (7.18)

It holds that hrp(A) = hp(Ag/) since the generic fiber of Ag/ identifies with Ax X L.
Hence (the computation used in the proof) of Proposition 7.13 provides a bound for
hp(A) = hp(Ag/) in terms of L and S” which together with (7.18) implies

hip(A) < 2¢(3g1)*49' vad(Ns D )**. (7.19)

This completes the proof of Theorem 7.1 (i) in the case when the abelian scheme A over
S is of GLg-type with Gg-isogenies such that As has no CM.

More generally, we now assume that A is of product GLa-type with Gg-isogenies. Then
A is isogenous to a product A" = [] 4; of abelian schemes A; over S of GLa-type with G-
isogenies. It holds that hrp(A) <wva + > hr(A;) and the relative dimensions g; of A; over
S satisfy g = > g;. Hence, on combining the above established case and Theorem 7.1 (ii)
with the bound for v4s provided by (7.13), we deduce Theorem 7.1 (i) in general. O

7.4 Bounding the number of isomorphism classes

Let K be a number field, let S C Spec(Og) be nonempty open and let g € Z>p. In

this section we use the strategy outlined in the introduction to bound the number of
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isomorphism classes of abelian schemes over S of product GLa-type with Gg-isogenies.
Before we give in §7.4.1 a proof of Theorem B (ii) in full generality, we consider a

relevant special situation where we obtain a better bound which is used in Theorem 4.1.

Proposition 7.15. Suppose that K/Q is normal and let n € Z>3. Then the number of
isomorphism classes of abelian schemes A over S of relative dimension g such that A is
of GLa-type with Gg-isogenies and K = K(Ay,) is at most (9gd) 49 drad(Dg Ng)“49)".

Here d = [K : Q], Dk and Ng = [[,cge

which we shall use in the proof of Proposition 7.15 given below. To control the size of each

N, are as before. We now prove some lemmas

isogeny class, we apply minimal isogeny degree estimates for abelian schemes A over S

which are based on transcendence (§7.3.1) and we let kK = k(Ag) be as in (7.13).

Lemma 7.16. Let A be an abelian scheme over S of relative dimension g. Up to isomor-

phisms, there exist at most k?9 abelian schemes over S which are isogenous to A.

Proof. The statement follows by using the same arguments as in step 3. of the proof of
[vK21, Thm 6.6] where the exponent 2g comes from Masser—Wiistholz [MW93a, Lem 6.1].
The details are as follows: If A’ is an abelian scheme over S which is isogenous to A, then
there exists an isogeny ¢ : A — A’ of degree at most x by Gaudron-Rémond [GR23, Thm
1.9] and (6.1). As A’ represents the fppf quotient A/ ker(y), the number of such A" up to
isomorphisms is thus at most the number of subgroups of A(K )% of cardinality at most
k. Then [MW93a, Lem 6.1] and A(K)%*" = (Q/Z)% imply Lemma 7.16. O

Next, we bound the number of isogeny classes. If A is an abelian scheme over S of
GLa-type with Gg-isogenies satisfying condition (*) as in §7.1.2, then any abelian scheme
over S which is isogenous to A is again of GLo-type with Gg-isogenies satisfying ().
Proposition 7.2 and the proof of [vK21, Thm 6.6] lead to the following result.

Lemma 7.17. Let C be the set of isogeny classes of abelian schemes A over S of relative
dimension g such that A is of GLa-type with Gg-isogenies satisfying (x) and such that A
has no CM. It holds |C| < 9°%rad(Dy Ng)?.

Proof. Let U C S and T C Spec(Z) be the open subschemes defined in (7.3). For each
isogeny class [A] in C, Proposition 7.2 provides a simple abelian scheme C over T of
GLo-type such that Ay is isogenous to a power of a simple factor B of Cy. Moreover
inequality (7.4) assures that the abelian scheme C over T' has relative dimension at most

dg. Therefore we see that [A] — [B] defines an injective map
C—=D
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into the set D of isogeny classes of the simple factors of Cyy where C is a simple abelian
scheme over 7' of relative dimension at most dg which is of GLa-type. For any n € Z>1 the
arguments in steps 2. and 4. of the proof of [vK21, Thm 6.6] show the following: There are
at most 2—141/ distinct isogeny classes of simple abelian schemes over T of relative dimension
n which are of GLa-type, where v € Z satisfies v < NZ(2n + 1)% for p the number of
rational primes at most 2n + 1. This implies that |D| < 99dgN% since the explicit prime
number theorem in [RS62, (3.6)] gives >, ., n(2n + 1)67 < 9%49. Then the inclusion
C < D together with Ny = rad(Dg Ng) proves Lemma 7.17. O

Next we deal with abelian varieties which have CM. To explicitly bound their isogeny
classes, we reduce to the geometric situation over K and then we apply CM theory which

reduces the problem to count CM fields with bounded degree and discriminant.

Lemma 7.18. If n € Z>3 then up to isogenies there exist at most (29)49)° rad(Dy ) 109

distinct abelian varieties A over K of dimension g such that Ag has CM and K = K(A,,).

Proof. We take n € Z>3. Let A be an abelian variety over K of dimension g such that
K = K(A,) and Az has CM where 5 = Spec(K). Silverberg [Sil92, Thm 2.4] gives that all
endomorphisms of Az are defined over K C K since K = K(A,,). Hence we can apply the
arguments of the proof of Proposition 7.14. They show that Aj is isogenous to a product
[T A" with e; € Z>1 and A; simple pairwise non-isogenous abelian varieties over K of
dimension g; such that E; = EndO(A,-) is a CM field of degree 2¢; with Dg, < D for
D = rad(Dg )% (29)?*". The number of isomorphism classes of CM fields E; of degree 2g;
and discriminant Dg, < D is bounded by the explicit version (7.20) of Hermite’s theorem,
and each CM field F; has precisely 29 distinct CM types; in this proof the CM types
are K-valued in the sense of [CCO14, p.66]. Further CM theory ([CCO14, 1.5.4.1]) gives
that the abelian variety A; over K is determined up to an E;-compatible isogeny by the
isomorphism class of the CM type associated in [CCO14, p.66] to A;, where two CM types
® and @', of CM fields E and E’ respectively, are isomorphic if there exists an isomorphism
o:E S E' of fields with ® = ® 0. On combining these observations, we find that up to
isogenies there exist at most m = g2(29+1)2 (2D)?9 distinct abelian varieties 4; over K as
above. As Ajs is isogenous to [[ A" and g = ) e;¢;, a combinatorial argument ([vK21,
p.21]) shows that the number of isogeny classes of A; with A as above is bounded by m9.
Then the number of isogeny classes of A as above is at most m¢ since K = K(A,,). Indeed,
if A and B are abelian varieties over K with K = K(A,,) = K(B,) then Silverberg [Sil92,
Thm 2.4] gives that Hom(A, B) = Hom(Aj, Bs) and hence A is isogenous to B if and only

if Az is isogenous to Bs. This completes the proof of the lemma. O
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We point out that Orr—Skorobogatov [OS18, Thm A] obtained a uniform finiteness
result for Q-isomorphism classes of abelian varieties of CM type of given dimension which
can be defined over a number field of given degree; their arguments use results of Tsimer-
man [Tsil8] and Masser—Wiistholz [MW93a] and also Zarhin’s quaternion trick. As a (poly-
nomial) bound in terms of rad(Df) is sufficient for our purpose, we shall use Lemma 7.18
which has the advantage of providing a dependence on g and K.

We are now ready to prove Proposition 7.15 and we combine the above lemmas with

the explicit height bounds obtained in Propositions 7.13 and 7.14.

Proof of Proposition 7.15. Let A be an abelian scheme over S of relative dimension g¢
which is of GLa-type with Gg-isogenies. Suppose that K /Q is normal and that K = K (A,,)
for some n € Z>3. Then Lemma 7.6 assures that condition (x) in §7.1.2 is satisfied. In par-
ticular all endomorphisms of Ay are defined over K C K. Now, we combine Lemma 7.16
with the upper bounds for hp(A) in Propositions 7.13 and 7.14. This shows that the num-
ber of isomorphism classes of abelian schemes over S which are isogenous to our given A is
at most (7gd)5%89 drad(Dg Ng)%%9". On combining this with the estimates for the number
of isogeny classes obtained in Lemmas 7.17 and 7.18, we deduce an upper bound for the

number of isomorphism classes as claimed in Proposition 7.15. O

7.4.1 Proof of Theorem B (ii)

In this section we prove Theorem B (ii) by reducing to the situation treated in Proposi-
tion 7.15. The reduction uses two results: An explicit bound for the number of twists of
an abelian variety over a number field (Lemma 7.19), and an explicit estimate (7.20) for

the number of number fields of given degree and bounded discriminant.

Twists. Let A be an abelian variety of dimension g > 1 defined over number field K.
To bound the number of twists of the unpolarized A over a finite L/K, it seems difficult
to extend the standard approach via Galois cohomology which works in the polarized
case; see Remark 7.20. Instead we exploit that each twist embeds into the Weil restriction
Rk (AL) and then we apply the isogeny estimates (7.13) based on transcendence. This

leads to the following result which holds moreover for twists up to isogenies.

Lemma 7.19. Let K C L be a finite field extension of relative degree m. There exist
at most (ng)9 isogeny classes, and at most (ng)9x(A)?9 isomorphism classes, of abelian

varieties B over K such that By, is isogenous to Ay, where k(A) is as in (7.13).
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Proof. We define C' = R(Ar) where R = Ry i denotes the Weil restriction from L to K.
Let B be an abelian variety over K with an isogeny By — Ap. Its image R(Br) — C
under the functor R is a morphism of abelian varieties over K. If S is a K-scheme then
B(S x i L) = R(BL)(S). On using that K ®x L = K", we see that R(By) — C is quasi-

finite and hence an isogeny. Further, the projection S x x L. — S induces a morphism
B < R(Br) — C

of abelian varieties over K. Here B < R(Bp) is a closed immersion since the identity
of B(K) factors through B(K) — B(K ® L) via the decomposition K — K ®@x L —
HSDK’ — K of the identity of K, where ]_Lp ranges over all K-morphisms ¢ : L — K.
Now, we can apply the arguments of steps 2 and 3 of the proof of [vK21, Thm 6.6] to
bound the number of isomorphism classes of B as above. We first control the number of
isogeny classes. Let C,...,C,, be pairwise non-isogenous simple abelian varieties over K
such that C is isogenous to [[ C}" with n; € Z>1. As B — R(Bp) — C has finite kernel,
Poincaré’s reducibility theorem gives e; € Z>( such that B is isogenous to [[ Cf*. Here
[1C;" has dimension ) e;g; = dim(B) where g; = dim(C};), and dim(B) = g since B is
geometrically isomorphic to A. A combinatorial argument ([vK21, p.21]) shows that the
number of e € ZT; with > eigi = g is at most (g) for a = g+ m — 1. Thus the number of

distinct [] C;?, and hence the number of isogeny classes of B as above, is at most

Let [By] be such an isogeny class. We now bound the number of isomorphism classes of
abelian schemes B as above which are inside [Bp]. There exists an isogeny By — B of
degree at most k(B) by (7.13), and k(B) equals k(A) since the geometrically isomorphic
A and B have the same stable Faltings height hp. It follows that [By] contains at most
k(A)29 distinct isomorphism classes of B as above. Here we used the arguments of step 3
in [vK21, p.21] which we applied already in the proof of Lemma 7.16 and which rely on
the counting result [MW93a, Lem 6.1] of Masser—-Wiistholz. Then we deduce that the
number of isomorphism classes of abelian schemes B as above is at most (3)&(%1)29 where
(g) < mY. This proves the lemma since m < dim(C') and dim(C) = ng. O
Remark 7.20. (i) The above proof shows that one can refine Lemma 7.19 as follows. One
can replace (ng)? by the smaller quantity (‘;), where a = g +m — 1 and m is the number
of isogeny classes of simple factors of the Weil restriction R(Ar). Also, if the minimal

isogeny degree of abelian varieties of dimension g over K would be bounded by a constant
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depending only on g and K, then one could replace x(A) by this constant. For example,
one can replace x(A)29 by the number 8 if K = Q and g = 1. Indeed this follows by going
into the step where we bound the number of isomorphism classes in [By| and by replacing
therein (7.13) by Kenku’s refinement [Ken82, Thm 2] of Mazur’s [Maz78, Thm 5].

(i) Let (A, X) be a polarized abelian variety over K, let L be a finite Galois extension
of K and write G = Aut(L/K). The set of isomorphism classes of polarized abelian
varieties (A’, \') over K such that (A7, \}) is isomorphic to (A, Ar) identifies with the
first Galois cohomology group H'! (G,Aut(AL,/\L)). It should be possible to explicitly
bound the cardinality of the finite group Aut(Ay, Az) and hence of H'(G, Aut(Ar, A)).
However, the automorphism group of an unpolarized abelian variety over K can be infinite

and quite complicated. Thus we used a different approach in Lemma, 7.19.

Number fields. Let d and D be in Z>;. Hermite proved that the number n of isomor-
phism classes of number fields K of degree [K : Q] = d and discriminant Dg < D is finite.

On making Minkowski’s proof of this result explicit, one obtains for example
n < 20D pd (7.20)

Stronger bounds in terms of D are known, see for instance Schmidt [Sch95], Ellenberg—
Venkatesh [EV06] and the recent results of Lemke-Oliver-Thorne [LOT22], Bhargava—
Shankar-Wang [BSW22] and Anderson et al. [AGH'22]. As a polynomial bound in terms
of D is sufficient for our purpose, we shall use (7.20) which has the advantage of providing
also a dependence on d. To compute the bound (7.20), we go into the proof of [Neu99,
Thm 3.2.13]. We find that vol(X) = 2(2m)*cD'? and ¢ > Z(2)*. Hence, if K is totally
complex, then it has an integral primitive element « such that each coefficient a of its
minimal polynomial [] (z — o(a)) satisfies |a| = |3 [[o(a)] < 2¢D. If K has a real
embedding 70, then we take X = {(z,) € Kg; |2r,| < ¢DV?|2;| < 1 for 7 # 75} with
vol(X) = (2m)*2"¢D'/? and ¢ > (2)* which leads again to |a| < 2¢D. This implies (7.20).

We are now ready to prove Theorem B (ii). Recall that therein K is a number field of

degree d, S C Spec(Of) is a nonempty open subscheme, Ng = [[,cgc Ny and g € Z>.

Proof of Theorem B (ii). Let A be an abelian scheme over S of relative dimension g. To
reduce to the situation treated in Proposition 7.15, we make a base change to a controlled

scheme T which is defined as follows: Choose Q with K C Q, let L C Q be the normal
closure of K(A3)/Q and let p : Spec(Or) — Spec(Ok) be the projection. Now we define

T =pY9).
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It is a connected Dedekind scheme with function field L of degree [L : Q] < [ where
I = (d3492)!. As in the proof of Lemma 7.6, we see that the criterion of Néron—-Ogg—
Shafarevich [ST68, Thm 1] implies that K(A3), and hence its normal closure L, is un-
ramified over each rational prime p t 3Ng D . Thus rad(NpDp) divides rad(3NgDg) and
[vVK13b, Lem 6.2] leads to D, < D where D = rad(3NsDg )%, Here we used the ef-
fective version of the prime number theorem in [RS62, (3.12) and (3.16)] which gives that
the number s of rational prime divisors of Dy, satisfies s* < rad(Dy)? if s > 12.

Let F(S) be the set of isomorphism classes of abelian schemes over S of relative
dimension g which are of GLa-type with Gg-isogenies, and let F’(S) be the set of all
[A] € F(S) with K(A3) = K. The notion of GLa-type with Gg-isogenies is stable under
the base change T'— S for any T as above. Hence [A] — [Ar] defines a map

F(S) — UrerF'(T).

Here T is the set of all schemes T = p~!(S) where p : Spec(Or) — Spec(Of) is the
projection for some number field K C L C Q with the following properties: L/Q is
normal, [L: Q] <[, Dy < D, and rad(NpDy) divides rad(3NgD).

To bound |F(S)| we now control |T| and the degree of the map F(S) — UperF'(T).
It follows from (6.1) that any two abelian schemes over a connected Dedekind scheme are
isomorphic if and only if their generic fibers are isomorphic. Thus Lemma 7.19 gives that
the fibers of the map F(S) — Upe7F'(T) have cardinality at most

(lg)? sup K([A])*

with the supremum taken over all [A] € F(S). Here k([A]) = k(Ak) and k(Ak) is defined
in (7.13). Further, the construction of 7 shows that |7 is bounded by the number of
subfields L ¢ Q with [L : Q] <1 and Dy, < D. Therefore (7.20) implies

‘7-’ < 122(l+1)2Dl.

If T € T then its function field L = k(7T') is normal over Q and the definition of F'(T")
assures that each [A] € F'(T) satisfies L = L(Aj3). Therefore we can apply Proposition 7.15
which bounds |F'(T')| for all T' € T, while Theorem 7.1 bounds sup x([A]). On combining

these bounds with the above displayed results, we deduce

IF(S)| < (3g1) 09 P rad(Ng Dy ). (7.21)

7



We now deal with the general case and we consider A with the following properties (}):
A is an abelian scheme over S of relative dimension g and A is of product GLo-type with
G-isogenies. Let m be the number of isogeny classes of abelian schemes over S of relative
dimension at most g which are of GLa-type with Gg-isogenies. Suppose that Aq,..., A,
generate these isogeny classes, and write g; for the relative dimension of A; over S. Then
for any A with (1) there exists e € ZZ, with g = >_ e;g; such that A is isogenous to [ Aj".
Thus a combinatorial argument, Whigh we used already in the proof of Lemma 7.19, shows
that the number of isogeny classes of abelian schemes A with (f) is at most m9. Then
Lemma 7.16 gives that the number of isomorphism classes of abelian schemes A with (1)
is at most sup k(A4)29m? with the supremum taken over all A with (1) for x(A) = k(Ag)
as in (7.13). Theorem 7.1 bounds sup k(A4), and (7.21) leads to

m<Zc <29+ 1)y

Here the sum is taken over all & € Z>q with k < g, and ¢;, denotes the expression obtained
by replacing g by k in the upper bound of (7.21). We combine the bounds and then we

deduce the estimate for the number of isomorphism classes claimed in Theorem B (ii). O
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8 Polarizations

Let L be a totally real number field of degree g over Q with ring of integers O, and let
I be a nonzero finitely generated O-submodule of L with a positivity notion 7. In this
section we continue our study in [vKK19, §9] of equivalence classes of I-polarizations on
O-abelian schemes of relative dimension g. In particular, we explicitly bound the number
of such equivalence classes by using and generalizing the arguments of [vKK19, §9].

Let S be a connected Dedekind scheme with function field of characteristic zero, let C
be the category of O-abelian schemes over S and let (A,:) be an O-abelian scheme over

S of relative dimension g. We denote by ® the set of I-polarizations on A.

Equivalence relation. Recall from Section 3.1 that an I-polarization on A is an O-
module morphism from I to the O-module Homp (A4, AY)®™, which maps I, to polariza-
tions and which induces an isomorphism I ®» A = AY. We say that two I-polarizations
0, € @ are equivalent, and we write ¢ ~ ¢, if there exists an automorphism o of the
O-abelian scheme A such that p(\) = oV¢'(A)o for all A € I.

Equivalence classes. To state our bound for the equivalence classes, we denote by w

and w’ the number of roots of unity in End2(A) and Ende(A) respectively.

Proposition 8.1. The number of equivalence classes satisfies
2 -1
|/~ < 57277

The number w is uniformly bounded: For example (8.4) gives that w < 4¢°? and
w < g for all real € > 0, while Lemma 8.3 shows that w = w’ = 2 if the abelian
scheme A over S has no CM. In particular we obtain that w = w’ = 2 if the function field
of S embeds into R, and hence [vKK19, Prop 9.1] is a special case of Proposition 8.1. An
important feature of Proposition 8.1 is that the bound EUU—? -29~1 can be controlled only in
terms of the relative dimension g of A. This is crucial for deducing the next result which
explicitly controls the degree over S of the natural forgetful morphism ¢, : M — M defined

in [vKK19, (6.2)] with respect to the Hilbert moduli stack M associated to (L, I,1,).
Corollary 8.2. The degree of ¢,(S) is at most c-29 for some constant ¢ < 4q*.

Proof. We go into the proof of [vKK19, Cor 9.2] and we replace therein the application of
[VKK19, Prop 9.1] by Proposition 8.1. This proves the corollary. O
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The proof of Proposition 8.1 will be given in the remaining of this section. The strategy
is as follows: After applying the formal result [vKK19, Lem 9.3] which computes the set
® in terms of certain isomorphisms A = AY ®o -1, we use and generalize the arguments
of [vKK19, Lem 9.4] to construct in Section 8.1 an embedding

&/~ — IT% /.

Here I' is an order of a number field F' O L which comes from Lemma 8.3 and U denotes
a certain subgroup of the units I'* of I'. Then in Section 8.2 we use algebraic number
theory to relate the cardinality of I'* /U to a ratio Rr/(Rp/rRy) of regulators which can

be computed by using classical results from CM theory.

8.1 Equivalence classes of polarizations and quotients of unit groups

We continue our notation introduced at the beginning of Section 8. The goal of the current
section is to view equivalence classes of [-polarizations on O-abelian schemes inside finite
quotients of certain unit groups of orders of number fields containing L.

To give a precise statement, we recall that ® denotes the set of [-polarizations on
an arbitrary O-abelian scheme (A,¢) over S of relative dimension g = [L : Q] where §
is a connected Dedekind scheme with function field of characteristic zero. Notice that
D = End2(A) becomes an L-algebra via ¢, since t(O) C Ende(A) and L = O @7 Q.

Lemma 8.3. The following statements hold.

(i) Suppose that dimp, (D) = 1. Then the ring End¢(A) identifies with an order T' of L
and there ezists an embedding ®/~ < T /(T'*)2.

(ii) Suppose that dimp, (D) # 1. Then End¢(A) identifies with an order T' D> O of a CM
field F' with maximal totally real subfield L and there exists an embedding

O/~ < T /N(IX).

Here the image N(I') of T under the field norm N : F — L is a subgroup of T'*.

The assumption that the function field of S has characteristic zero is crucial for (ii)
which relies on the computation of the L-algebra D in Lemma 8.4 below.

In what follows in this section we write ® = ®¢ for simplicity. Our proof of Lemma 8.3
uses the formal result in [VKK19, Lem 9.3] which computes ®/~ in terms of equivalence

classes of certain isomorphisms A = AY ® I~!. To state [vKK19, Lem 9.3], we need to
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introduce some notation. Firstly, we observe that multiplication defines an isomorphism
p:I7'@1 5 O of O-modules since I is invertible. Secondly, in the category of O-modules
it holds: If X, Y, Z are O-modules, then mapping any morphism ¢ : X — Hom(Y, Z) to the
morphism X ®Y — Z defined by 2@y — o()(y) gives a bijection Hom(X, Hom(Y, Z)) =
Hom(X ® Y, Z) which is functorial. Therefore, on using the isomorphism I '@ I® A4 = A

induced by p and tensoring with 7=, we obtain a bijection
7 : Hom(I,Home (A, AY)) = Home (A, I7' @ AY).

Further, any A € I defines a morphism my : 7! ® AY — AY of O-abelian schemes over
S as follows: If T is an S-scheme, then m(7T) sends j @ x in I-! ® AY(T) to the element
jA®xin O® AV(T) = AV(T). We denote by ¥ the set of isomorphisms ¢ : A = I~1@ AY
of O-abelian schemes over S such that for each A\ € I the morphism myy : A — AY is

symmetric and moreover a polarization if A € I;. Now [vKK19, Lem 9.3] says
T(®) = 0. (8.1)

On using the canonical bijection 7: ® =+ ¥ and the equivalence relation on ®, we obtain
an equivalence relation on ¥ by transport of structure. We write again ¢ ~ ' if two

isomorphisms 1,1’ € ¥ are equivalent. We are now ready to prove Lemma, 8.3.

Proof of Lemma 8.3. To show (i) we suppose that dimy (D) = 1. Then we are in the case
when End(A) = L, and this case was treated in our proof of [vKK19, Lem 9.4]. Therefore
we deduce (i) by using exactly the same arguments as in the proof of [vKK19, (9.2)].

We next show (ii). Assume that dimyz(D) # 1 and notice that our abelian scheme A
over S satisfies all the assumptions made in Lemma 8.4. Therefore Lemma 8.4 gives an L-
algebra isomorphism D = F from D to a CM field F with maximal totally real subfield L.
Further, End¢(A) is a subring of End(A) which is a finitely generated torsion-free abelian
goup. Thus End¢(A) identifies with an order of D. Let I' C F' be the image of this order
under the L-algebra isomorphism D = F. Then I is an order of F, and I' contains O
since ¢(O) C End¢(A). This proves the first part of (ii).

It remains to construct the embedding of ®/~ appearing in the second part of (ii). As
the equivalence relation on V¥ is defined by transport of structure via (8.1), we see that
7:® 5 U induces a bijection from ®/~ to the set ¥ /~. To embed ¥ into I'*, we may
and do assume that there exists an isomorphism o : A = I~!' ® AV which lies in V.
We observe that ¢ — 1) 4 defines an embedding ¥ < Aute(A), and the isomorphism
D = F identifies the image of Aut¢(A) < D with I'*. Therefore the composition of the
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maps ¥ < Aute(A4) <= D = F gives an embedding
ji W — I'*,

Further, the image N (I'*) of I'* under the field norm N : F* — L* is a subgroup of I'*,
since the order I is contained in the maximal order Op of F and since N(O}) is contained

in O* CT'*. We now claim that j : ¥ < I'* induces an embedding
U/~ TX/N(T). (8.2)

To prove this claim, we suppose that 1,1’ € ¥ and we denote by ¢, ¢’ € ® their preimages
under 7 respectively. Then 1) ~ 1’ if and only if there exists o € Aute(A) with ¢’ = V0.
Moreover, on applying the formal arguments of the proof of [vKK19, Lem 9.3], we compute
that ¢/ = o¥po if and only if ¢/ = (I7! ® 0¥)yo. The latter equality is equivalent to
Yo M = g HIT @ oV )hoty tbo, which in turn is equivalent to (v, 1Y) = o* (¥, 1¥)o.
Here for any f € Ende(A) the involution * is defined by f* =45 (I @ f¥)ibo. Thus we
obtain that 1) ~ ¢’ if and only if there exists o € Aut¢(A) with

(W ') = o™ (v )0

To further compute this in terms of I'*, let A € I, and denote by * the usual Rosati
involution on End”(A) associated to the polarization ¢(\) of A, where ¢ = 77 (1/g) lies in
® by (8.1). Then our * coincides on I" with the restriction of the Rosati involution * to D =
End2(A). Indeed, on using that any f in Ende(A) is a morphism of O-abelian schemes, we
compute fVmy =m\(I~'® fV) and then we deduce that f* = o(A)~!fVp(\) = f* inside
End2(A) since mytho = ¢(\) by [vKK19, (9.1)]. Moreover, as End°(A4) = End®(Ay) for k
the function field of the connected Dedekind scheme S, it follows for example from [Lan83,
p.5] that the positive involution * on D C End®(A) identifies via the L-algebra isomorphism
D 5 F with the non-trivial automorphism ¢ of F//L. Then the above computations and
* = * on D show that v ~ ¢’ if and only if there exists v € I'* with

where the last equality exploits that I' is commutative. Hence our claim in (8.2) follows

and thus all statements of (ii) are proven. This completes the proof of Lemma 8.3. O

The above proof relies on description of the L-algebra D = End3(A) in the following
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result which further refines Lemma 5.4 (ii) in the case when the base is a connected scheme

which has a point whose residue field is of characteristic zero.

Lemma 8.4. Let L be a totally real number field with ring of integers O, let S be a
connected Dedekind scheme with k(S) of characteristic zero, and let A be an O-abelian
scheme over S of relative dimension g = [L : Q|. The L-algebra D = End2(A) either has

dimension one or is isomorphic to a CM field with mazimal totally real subfield L.

Proof. We first treat the case when the function field k£ = k(S) embeds into C. Let Ac be
the base change of Ay to C via an embedding & — C and consider the Q-vector space V'
given by its first homology H;(Ac(C),Q). We obtain a ring morphism p : D — End(V)
by composing D C End’(A) — End’(Ac) with the morphism End’(Ac) — End(V)
induced by the functor Hi( ,Q). By assumption A = (A,:) is an O-abelian scheme over
S. Composing p with t®7zQ : L — D gives V an L-vector space structure. The L-dimension
of V is two, since its Q-dimension is 2¢g and [L : Q] = g. As the image of L — D lies in

the center of D, we then see that p induces a morphism
D — My(L) (8.3)

of L-algebras. This morphism is injective since D is a division algebra by Lemma 5.4. This
implies that dim; D < 4. We claim that dimy D can not be 3 or 4. Indeed dim; D = 4
would imply that D = My (L) which is not possible since Ma(L) is not a division algebra.
Further, the division algebra D is a central simple algebra over its center Z. Thus dimy D is
a square, while (8.3) and dimy, D < 4 assure that dimy, Z lies in {1, 2,4}. Hence we deduce
that dimz D = 3 is not possible, proving our claim. Suppose now that dimy D = 2. Then
the division L-algebra D is commutative. In particular D is a number field of degree
2dim(Ac) which embeds into End®(Ac). Thus D is totally imaginary. As [L : Q] = g and
dimy, D = 2, we then conclude that D is L-isomorphic to a CM field with maximal totally
real subfield L. This proves Lemma 8.4 in the case when k& embeds into C.

The general situation can be reduced to the above case as follows. As k is of charac-
teristic zero, we may and do choose a subfield ¥’ C k with the following properties: It is
finitely generated over Q, A descends to an abelian variety A;s over k' and there is a ring
morphism End®(4;,) — End®(Ac) where now Ag is the base change of A to C via an em-
bedding k¥’ < C. Thus the arguments above (8.3) provide again a morphism D — My (L)
of L-algebras and then the arguments below (8.3) imply Lemma 8.4 in general. O

In the next sections we bound the cardinality of I'*/(I'*)? and T'* /N (I'¥).
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8.2 Quotients of unit groups

In this section we prove two lemmas controlling the cardinality of quotient groups of the
form I'* /N (I"*). For this purpose we use algebraic number theory in order to relate and
compute various quotients of unit groups in extensions of number fields.

We introduce some notation. Let F' be a number field and let L C F be a subfield.
We denote by N : F* — L* the group morphism given by the field norm, we write Rp,,
for the relative regulator ([CF93, §3]) and we put Rp = Rp/q. Further for any ring R we
denote by u(R) the group of roots of unity in R and we write wg = |u(R)|. Our first goal

is to prove the following lemma on quotients of unit groups in general number fields.
Lemma 8.5. The following statements hold.

(i) If T is an order of F' with O, CI', then N(I'*) is a subgroup of I'* and

[ker(N) N T - [0 /N(I%)] < [ker(N) 1 OF] - |05 /N(OF)].

(ii) The cardinality of the quotient O /N(O}.) satisfies

R
|Op/N(Op)| < wr - |Op/u(F)OL| - Rr)LBL
Proof. To show (i) we assume that the order I contains Or. Any order of F is contained
in the maximal order Op of F', and N sends Oy to O since the norm takes the form
x + [[o(z) with the product taken over all ¢ € Homy, (F, F'). Thus our assumption that
T" contains Op, implies that the restriction of N to I'* is a group morphism N : '’ — T'*.

In particular N(I'*) is a subgroup of I'* and we obtain a diagram

1—>ker(N)NI* rx . I /N(*) ——=1
1 —— ker(N) N OF 03 05 O /N(OF) —=1

where I'* — OF is the inclusion. This is a commutative diagram of abelian groups, with
exact rows and with the first three vertical morphisms injective. Therefore an application
of the snake lemma shows that the kernel of I'* /N(I'*) — O /N(O}.) has cardinality at
most | ker(N)NOx|/| ker(N)NT*| when ker(N)N Oy is finite. This implies the inequality
in (i), which also holds when ker(XN) N O} is infinite since oo < oo.

We next prove (ii). Costa—Friedman observed that |Of /u(L)N(Of)| can be written
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as the quotient of regulators Rr/(Rp/R1), see [CF93, (3.1)]. Then, on using that the

index of subgroups is multiplicative and that N(O}:) is a subgroup of O}, we compute
|05 /N(OF)| = |05 /OF| - |OF IN(OF)| = |OF /u(F)OF | - n- g - m

Here n = |p(F)O; /Of| and m = |uw(L)N(OF)/N(OF)|. The indices n and m are both
finite, and they satisfy n < wp/wy, and m < wy,. Therefore the displayed formula implies
the upper bound for |0 /N(O})| stated in (ii). This completes the proof. O

We now apply the above lemma in the case of CM fields. In this case CM theory allows

to compute the quantities appearing in Lemma 8.5 leading to the following result.

Lemma 8.6. Suppose that F is a CM field with mazximal totally real subfield L and write
g=1[L:Q]. Then any order T of F' with Or, C T satisfies
w? -1
T /N(T™)| < w—‘;~29 :
Proof. We assume that F'; L and I' are as in the statement. Then the claimed upper bound

for | /N(I'*)] is in fact contained in the statements of Lemma 8.5. To see this we now

compute the quantities appearing in Lemma 8.5. We first show that
ker(N)NOp = pu(F) and p(I') =ker(N)NT*.

For this purpose we may and do assume that the CM field F' C C. Then the non-trivial
automorphism of the quadratic field extension F'/L is given by complex conjugation™ and
we obtain that ker(N) N O = {|z| = 1} where we write {|z| = 1} for {z € OF; zz = 1}.
Further - commutes with any embedding F' — C since F is a CM field. Thus, if z € O
satisfies x& = 1, then for each embedding o : ' — C the complex absolute value of o(x) is 1
and hence x has to be a root of unity. This shows that {|z| = 1} is contained in pu(F) which
in turn is contained in {|z| = 1}. Thus we obtain that ker(N) N Oy = {|z| = 1} = pu(F),
which implies that ker(N) N T = p(T") since I' € Op. Next, we compute that

O /u(F)O |- gy = 2077,

Indeed this is a consequence of Rp/r, =1 and the standard formula for the regulator ratio
Rp /Ry, which can be found for example in [Was82, Prop 4.16]. Here Rp/;, = 1 follows
directly from the definition of the relative regulator ([CF93, §3]), since {|z| = 1} = u(F)

assures that the relative units of F'/L have (free) rank zero. Now, we insert the displayed
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computations into the inequalities of Lemma 8.5 and then we deduce Lemma 8.6. O

8.3 Proof of Proposition 8.1

In this section we prove Proposition 8.1 by combining the results collected in previous

sections. We continue the notation introduced at the beginning of Section 8.

Proof of Proposition 8.1. Recall that the set ® in Proposition 8.1 denotes the set of I-
polarizations on an arbitrary O-abelian scheme (A,:) over S of relative dimension g =
[L : Q], where S is a connected Dedekind scheme with function field of characteristic zero.
Hence we can apply Lemma 8.3 and we consider again the L-algebra D = Endg(A).

We first assume that dimz (D) = 1. Then Lemma 8.3 (i) gives an order I' of L with
Endc(A) 2 T and an embedding ®/~ < I'*/(I'*)2. In particular it holds

|@/~| < [DX/(T7)2].

Further, Dirichlet’s unit theorem [Neu99, p.81] provides that the free part of I'* has rank
g — 1, since L is totally real. Thus [ /(I'*)?| is at most wy, - 2971, where we recall that
wpg denotes the cardinality of the group p(R) of roots of unity in a ring R. Notice that
w(L) = {1,—1} are the only roots of unity in the totally real field L, the ring D is
isomorphic to L since dimy,(D) = 1, and the ring I' = End¢(A) contains {1, —1}. Hence
we obtain that w = wy, = wr = w’ and it follows that | /(I'*)?| < EUU—? - 2971, Therefore
the displayed inequality proves Proposition 8.1 in the case when dimp (D) = 1.

We now assume that dimy (D) # 1. Then an application of Lemma 8.3 (ii) gives the
following: The ring End¢(A) identifies with an order I' O O of a CM field F' with maximal
totally real subfield L and there exists an embedding ®/~ < I'*/N(I'*) where we recall
that N : F* — L* denotes the field norm. It follows that

@/~ < I7/N(T7)].

Next, we observe that the field extension F//L and the order I' O O of F satisfy all
assumptions of Lemma 8.6. Hence this lemma provides that [['*/N(I'*)| < % -2971,
Moreover, in this bound we can replace wr by w’ and wg by w, since I' 2 End¢(A) and
thus F' = T' ®z Q =2 D. Therefore the displayed inequality proves Proposition 8.1 in the

case when dimp, (D) # 1. This completes the proof of Proposition 8.1. O

The above proof shows that the number w appearing in Proposition 8.1 can be bounded

only in terms of the relative dimension g of A over S. For example, one obtains an explicit
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bound and an inexplicit but asymptotically sharper bound for each real € > 0,
w<4¢g®> and w <. g'", (8.4)

by controlling wr as follows: Suppose that ¢ € F' generates the group of roots of unity in
F and write n = wp. Then we deduce (8.4) by combining ¢(n) = [Q(¢) : Q] < 2¢ with the
elementary bound n'/? < ©(n) which holds when n > 6 and the asymptotically sharper
bound n'~¢ <. (n) which follows from [RS62, Thm 15] for ¢ the Euler totient function.
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9 Endomorphism structures

Let T" be an order of an arbitrary number field L of degree g = [L : Q), let S be a connected
Dedekind scheme whose function field is a number field K, and let A be an abelian scheme
over S of relative dimension g. The goal of this section is to show the following result,
which was proven in [vKK19, §10] when K = Q.

Theorem 9.1. Suppose that A has no CM or that L is totally real.

(i) Then the number na of isomorphism classes of I'-module structures on A satisfies

na < c(h(A)|O/T])*Alog(3A)%9~1

where h(A) = dmax(hr(A),1), e = (29)° and c = (39)(39)11.
(ii) Suppose that S is an open subscheme of Spec(Ok), and define k = 3% fora = 749° 42,
If A is of product GLa-type with Gg-isogenies, then

na < k|O/T|*rad(NgDg )?49¢ Alog(3A)%9 L.

Here the quantities d = [K : Q], Dg and Ng = [],cgc Ny are as before, while hp
denotes the stable Faltings height (§3.4). Further we write O = Op and A = Dy.

In the case when A has no CM, we obtain in (9.1) and (9.2) more precise bounds
which show that Theorem 9.1 holds in this case with Alog(3A)29~! replaced by the class
number of L. If A has CM then a slightly sharper version of (i) can be found in (9.4).

Notice that (i) and Theorem 7.1 directly imply the bound in (ii) which is uniform in K,
g and S for all abelian schemes A of product GLo-type with Gg-isogenies. This uniformity

is crucial for the proof of Theorem 4.1 (ii) given in Section 10.

9.1 Proof of Theorem 9.1

We continue our notation. To prove Theorem 9.1 we use and generalize the arguments of
[VKK19, §10]. As already mentioned, (ii) follows directly from (i) and Theorem 7.1.

We now prove (i). To bound the number n 4 of isomorphism classes of I'-module struc-
tures on A, we assume that there exists a ring morphism ¢ : I' — End(A). Hence A is of
GLoa-type. In steps 1-4 below we prove Theorem 9.1 under the assumption that A has no
CM and we distinguish two subcases (a) and (b). In step 5 we deal with the CM case.

88



1. Suppose that A has no CM. As A is of GLy-type, Lemma 7.5 (i) and Yu [Yull, Thm
1.3] then imply that A is isogenous to a power A’ = B" of a simple abelian scheme B over
S such that End(B) identifies with a maximal order of the division algebra D = End’(B).
Furthermore, Lemma 7.5 (iii) gives that the Q-algebra D has the following properties:

(a) Either D identifies with a subfield Z of L of relative degree [L : Z] = n,

(b) or D is a non-split quaternion algebra and the center Z(D) of D identifies with a
subfield Z of L of relative degree [L : Z] = 2n.

Let m be the degree of an isogeny A — A’ of minimal degree, that is any isogeny A — A’
has degree at least m. Write f for the conductor ideal of I'. On using precisely the same

arguments as in steps 2-4 of the proof of [vKK19, Thm 10.1], we see in case (a) that
na <mPITVINGI T gh,  h = [Pic(O)].

We have |O/T'| € f and hence N(f) < |O/T'|9. Then the displayed bound for ny4 and the

(minimal isogeny degree) estimate m? < k(Af) coming from (7.13) lead to
na < (79)7|O/T D (h(A)d) 2 . (9.1)

Thus the bound for i in terms of A provided by (9.5) proves statement (i) in case (a). In

the following steps 2-4 of the proof we assume that we are in case (b).

2. We are going to compare n 4 with the number of isomorphism classes n 4/ of I'-module
structures on A’, where I" = Z[mI'] denotes the subring of I' generated by mI'. We write
R’ = End(A’). On using precisely the same arguments as in step 2 of the proof of [vKK19,
Thm 10.1], we see that ng < |R'/mR/|na. To determine |R'/mR/|, we first recall that
D = End’(B) and A’ = B". Hence the Q-algebras End’(A’) and M,,(D) are isomorphic.
Thus the Q-dimension of End’(A’) equals n?[D : Q] = 2ng, since we are in case (b)
and since the order R’ = End(A’) of End®(4’) is a free Z-module of rank 2ng. Therefore
|R'/mR'| equals m?™9. We conclude that n4 < m?9n 4.

3. We now bound n 4 by applying the main result of §9.2 below. As we are in the case
(b), the center Z(D) of D = End’(B) identifies with a subfield Z of L with [L : Z] = 2n.
The ring End(B) identifies with a maximal order Op of D and thus End(4’) = End(B")
is isomorphic to M,,(Op). Then Proposition 9.2 implies

na < £3589 N(disc (D))" h.
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Here § is the index |O/T”| of I in O and discz (D) denotes the finite Brauer discriminant
(see §9.2) of the quaternion algebra D. In fact we applied here Proposition 9.2 with the
order p(T") of p(L) where p : L — M, (D) is the composition of 1q : L — End’(A) with
End®(A) = End®(A’) = M, (D); notice that p(L) automatically contains Z(D) by the
proof of Lemma 9.3 below and [p(L) : Z(D)] = 2n since Z(D) = Z.

4. In this step we bound the index § and the discriminant N (discz(D)) and then we
complete the proof of (i) in the case when A has no CM. We first relate N (discz(D)) to a
covolume of End(By). Write Z for Z(D). It holds that discz(D)? = d(Op/Oz) by (9.9),
and N(d(Op/Oz)) divides d(Op/Z); note Oz C Op (As Oy lies in the center of D, we see
that OpOy is an order of D. Hence the maximal order Op of D contains the commutative
ring Oz since maximal orders of D are unique up to conjugation.). Here d(-) denotes the
discriminant ideal defined in [Rei75, p. 218] using the reduced trace tr. Notice that 2trp
equals the trace Tp/q of the representation induced by left multiplication, see [Rei75,
(9.14) and (9.32)]. As B is simple and End(By) has Z-rank 2g/n, we find that nTp q
coincides on Op = End(B) = End(Bg) with the trace Tr in [GR14a, Def 2.1]. In the proof
of [GR14a, Prop 2.9], Gaudron-Rémond showed that |det(Tr(p;p;))] = vol(End(Bg))?
where vol(+) is the covolume defined in [GR23, p. 2067] using the Rosati metric and (¢;)
is a basis of the free Z-module End(Bg ). It follows that

N(discz(D)) < vol(End(Bg)) < r(Bg)"*.

Here r(Bf) is defined in (7.13) and the upper bound for vol(End(Bg)) is due to Gaudron—
Rémond [GR23, Thm 1.9 (3)]. To estimate the index § of I' = Z[mI] in O, we observe
that mI’ C TV C T and that I'/mI" 2 (Z/mZ)9. Hence we obtain

§ < |O/mI| = |O/T|m?.

Now we combine the results of steps 2 and 3 with the displayed bounds for N(discz (D))
and ¢ and with the estimate m? < k(A ) provided by (7.13). Then, after bounding hp(B)
in terms of h(A) and g via (7.10), (7.13) and Rémond’s [Rém19, Cor 1.2], we deduce

na < (39)29" |0 /T|*%° (h(A)d)®9" . (9.2)

Thus the bound for A in (9.5) proves (i) in the case when A has no CM. We now include
some details of our computations described above. To bound hr(B) in terms of h(A), g
and d, we used the inequality hp(B) < hp(A)+ §log(2n?) + hp(B) — hp(C) which follows
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from (7.10) and [Rém19, Cor 1.2], and then we bounded hp(B) — hp(C) via (7.13) where
C'is an abelian subvariety of Ax which is isogenous to the factor By of Ag. This leads to

hp(B) < max(2hp(A) + a,b,d) (9.3)

for a = glog(27?) + 32g5 log(7go) + 493 log d, b = exp(4g3) and gy = dim By = g/n. Here
we exploited that any real x > b satisfies 493 logz < z and we distinguished whether
hp(B) > b or not. Further, we bounded the right hand side of (9.3) by 2abh(A).

5. From now on we assume that A has CM and L is totally real. Then A is isotypic since
the field L embeds into End®(Af) and [L : Q] = dim(Ag). Indeed, otherwise Wu [Wu20,
Prop 1.5] would imply that the field L embeds into End®(C) for some factor C' = A"* of
Ag with 2dim(C) = dim(Ax) = [L : Q] and this is not possible since L is not totally
imaginary ([Lan83, Thm 3.1 (ii)]). It follows that A is isogenous to a power A’ = B™ of
a simple abelian scheme B over S such that End(B) identifies with the maximal order
Op of a CM field F of degree [F : Q] = 2¢/n. In particular the ring R’ = End(A’) is
isomorphic to M,,(OF) which is a free Z-module of rank 2ng. Then, as in step 2, we have

na < m?"9ny where ny and m are defined as before. Proposition 9.9 implies that
na < (29)1%° (6DF)%" Alog(30)%1,

Here § = |O/T”| where the order I'' = Z[mI'] of L is defined as in step 2. To estimate Dp
we use that the abelian variety By is simple and that the free Z-module End(Bg) has
rank 2g/n. Thus, as in step 4, we find that nTx/g = Tr on Op = End(Bk) and

Dp < vol(End(Bg))? < r(Bg)"?.

In step 4 we proved that § < |O/T'|mY, and (7.13) shows that the minimal isogeny degree
m satisfies m? < k(Ag). Further, in (9.3) we estimated hp(B) in terms of hr(A), g and
d. Now we combine everything and then we see that (i) also holds in the remaining case

when A has CM and L is totally real. Here one can use for example the inequalities
Dr < (39)% d(h(A)d)*" and ny < (3g)B9°6%9° (h(A)d)*° Alog(3A)%9~1  (9.4)

as intermediate steps. This completes the proof of Theorem 9.1.

In the above proof we used the following estimate for the class number: Any number
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field K of degree d and class number hx = |Pic(Ok)| satisfies

hi < adD}(/2 (max(l,log(DK))d_l, ag = 7 (9.5)

For example, this estimate follows directly from Lenstra’s bound [Len92, Thm 6.5].

9.2 The quaternion case

In this section we prove the bound for the number of conjugation classes of ring morphisms
used in the proof of Theorem 9.1 in the quaternion case (b).

Let D be a non-split quaternion algebra with center Z, let n € Z>;, and let L be a
number field contained in M, (D) with Z C L and [L : Z] = 2n. Let I" be an order of L
and let Op be a maximal order of D. Write g for the degree of L/Q, let § be the index of
I' C Oy, and denote by hz, the class number of L. The finite Brauer discriminant discyz (D)
is the product of all finite Z-places p where D, is ramified.

Proposition 9.2. We have
[Hom(T', M,,(Op))/GL(Op)| < £5'97°9° N(disc (D))" hy,.

Here GL,,(Op) = M,,(Op)* acts on the set of ring morphisms Hom(I', M,,(Op)) via
conjugation, that is 7- p = (z — 7p(z)71) for 7 € GL,(Op) and p € Hom(T', M,,(Op)).
In Proposition 9.2, one can replace discz(D)? by the usual discriminant d(Op/Oz) defined
for example in [Rei75, p.218]; see (9.9) and notice that Oz C Op.

Strategy of proof. We first decompose Hom(I',M,,(Op)) into sets of ¢-compatible
morphisms Hom,(I', M,,(Op)) where ¢ ranges over Hom(Z, L). Let A = M, (D) ®, L.
We embed each piece Hom, (I',M,(Op)) (as in [vKK19, §10.4]) into the set Xo/~ of
isomorphism classes of I' ;-module structures on M,,(Op) for I'y = M,,(Op) ®p-1ry I

Hom (T, My (Op))/GLa (Op) 4 Xo/~.

The Jordan—Zassenhaus theorem (JZ) gives that X/~ is finite. However, it seems difficult
to make the proof (see [Rei75, §26]) of (JZ) effective for Xy/~. Hence we use a different
approach: We first show that A = My, (L) is split and hence acts on L?". We consider
a certain set X (resp. Y) of I's-sublattices (resp. Ma(Op)-sublattices) A of L?® and use
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X,Y to construct an explicit finite map to the class group Z/L* of L,
P2 x B X ™~ X
Xo/~—= X/L* 5 Y/L* - TI/L".

If M € Xo then o(M) = g(M) C L*" for some A-isomorphism g: M ® Q = L?". Such a
g always exists by a dimension argument using that A is a simple ring with simple module
L™, see the construction of 1 = 1Py in (9.7). The map 8 : X/L* — Y/L* is induced
by A — Ms,(Op)A and its degree can be controlled (Lemma 9.6). Finally the bijection
Y/L* = I/L* is given by the first projection.

9.2.1 Proof of Proposition 9.2

We continue our notation. Let ¢: Z — L be a morphism. Write Hom(I', M,,(Op)) for the
set of ring morphisms p: I' = M,,(Op) such that pg — M, (D) is a Z-algebra morphism.
Here L and M,,(D) are Z-algebras via ¢ and Z C D C M,,(D) respectively.

The following decomposition is an analogue of [vKK19, Lem 10.4]:

Lemma 9.3. We have Hom(I',M,,(Op)) = UcpeHom(Z’L) Hom(I', M,,(Op)).

Proof. Let p € Hom(I', M,,(Op)). We claim that pg(L) C M, (D) contains Z. Define K =
Zpg(L) C M, (D). Then K is a commutative finite étale Z-algebra. Thus dimz(K) < 2n
and dimg(K) < 2n[Z : Q] = g. As pg(L) C K is also of dimension g over Q, we obtain
po(L) = K, and hence Z C pg(L) as claimed. Thus pgp induces some isomorphism of a
subfield Z’ C L to Z C M, (D). Define ¢ = (pg|z)~!. Then p € Hom,(I', M, (Op)). O

As [Hom(Z, L)| < £, the proof of Proposition 9.2 is reduced to bounding the set
HOHLP (F, Mn(oD))/GLn(OD) (9'6)

for a fixed morphism ¢: Z — L, where GL,(Op) acts by conjugation. In the rest of the

argument we assume that Hom,(I', M,,(Op)) is nonempty. Define
Iz=¢'(), A=M,(D)®zeL and Ty =M,(Op)®r,,T

where I'y € Oz C Op. We write ®, as shorthand for ®r, , and ®z . An application
of [Jac89, Thm 4.12] with n = 2 and r = n gives isomorphisms ¢: D ®, L = My(L)
and M, (D) ®, L = My, (L) of L-algebras. Then ¢(Op @, I') C Ma(L) is an order of
Ms(L). We replace ¢ by a suitable conjugate so that ¢(Op @, I') € Ma(Op). Write
¢': A =M,(D) @, L = Ma,(L) for the isomorphism induced by ¢.
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The unique (up to isomorphism) simple A-module S is given by L?" on which A acts
by usual matrix multiplication (using ¢’). Write X for the set of I'4-submodules A C S
such that QA = S and A is of finite type as Z-module.

We are now going to define a map
¢: Homy, (I, M,,(Op)) — X/L*. (9.7)

Let p € Hom,(I', M,,(Op)). Define the I y-module M, = M,,(Op) given by ' 4 x M, — M,
(d®~y,m) — dmp(vy) where on the right hand side dmp(v) is the product in M,,(Op).We
claim that M, ® Q = S as A-modules: As A is a simple ring, we have M, ® Q = §" for

some integer r > 0. We compute the dimensions
dimg(M, ® Q) = 4n*[Z : Q] = 2ng = dimg(S),

and thus r = 1. This proves the claim. Let g: M,®Q 5 S be an A-isomorphism. We define
Y(p) = g(M,) € X/L*. If we had chosen a different A-isomorphism ¢': M, ®Q = S, then
g (M,) = hg(M,) for h = ¢'g~ € Enda(S)* = L*. In particular the construction does
not depend on the choice of g and v is well-defined. This completes the definition of .

Lemma 9.4. Let 7 € GL,(Op) and p € Homy,(T',M,,(Op)). Then (tpr=t) = ¢ (p). In
particular we obtain a map 1: Hom,(I',M,,(Op))/GL,(Op) — X/L*.

Proof. The map k: M, — M_,,.—1 defined by m mr~!is an T'4- isomorphism Choose
an isomorphism g: M,®Q 5 8. Letg': M, ror-1®@Q 5 S be the composition gk‘ . By the
definition of ¢ we have ¢(rpr~ 1) = ¢/(M, 1) = gkg (MTqu) = g(M,) = (p) inside
X/L*, where we used that kq(M,) = M, 1. O

Lemma 9.5. The map ¢: Hom,(I',M,(Op))/GL,,(Op) = X/L* is injective.

Proof. Let p,p’ € Hom,(I',M,(Op)) and assume that 1(p) = 1¥(p’). Then there exist
A-isomorphisms ¢g: M, ® Q = S and ¢': My ® Q = S, such that g(M,) = A\¢'(M,) C S
for some \ € L*. After replacing g by Ag', we obtain g(M,) = ¢'(M,y) C S. Define the
I g-isomorphism h = (¢""'g): M, = My. Then h is a morphism M,(Op) — M, (Op)
such that for all m € M,,(Op) and all d® v € T'y we have h((d ® y)m) = (d ® v)h(m), so

h(dmp(v)) = dh(m)p' (7). (9-8)

Taking v = 1, we get h(dm) = dh(m) and thus h(d) = dh(1). Define u = h(1), then h(m) =
mh(1) = mu for all m € M, (Op). In particular (9.8) becomes dmp(y)u = dmup' (7).
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Taking d = m = 1 we obtain p(y)u = up/(y) for all v € ', and hence p' = u~pu (as h is
invertible, u = h(1) is invertible as well). This completes the proof. O

Write Y for the set of My, (Of)-submodules A of S = L?" such that A is of finite type
over Z and such that QA = S. Consider the mapping 5: X — Y, A — Mg, (Or)A. Recall
that discz(D) is the finite Brauer discriminant and that § = |Or/T|.

Lemma 9.6. We have deg(3) < §'67°9° N(disc(D))'6"°9".

Proof. By definition I'y = M, (Op) @, I' and ¢': A = M, (D) ®, L = My, (L) is induced
by the L-algebra isomorphism ¢ : D ®, L = Ma(L) with ¢(Op ®,, ') € Ma(Oy). Define
R = ¢/(Ta) C Mg, (Or) and m = My, (OL)/R| = [Ma(OL)/(Op @, T)|". We have
mMa,(Or) € R and thus M, (Or) € m™'R. If A,\’ € X satisfy S(A) = B(A’), then
A C Mo, (Op)N € m~tRAN = m~'A’ and, in the same way, A’ C m~'A. Hence

B7HB(A)) C{A € X | mA C A Cm A} < {subgroups of A/m?*A}

for all A € X, where the injection is induced by A’ — mA’ and the subgroups in the
image are generated by rankz(A’) = dimg(S) = 2ng elements. Thus deg(3) is at most
suppcy |[A/m2A|?9m = m8"*9” where m < 629" N (discz(D))?"" by Lemma 9.7 below. [

Lemma 9.7. We have [M2(Opr)/¢(Op ®,1')| < 5279N(dich(D))2".

Proof. Define R = Oz, Ag = ¢(Op @r ¢(Oz)I') and A = ¢(Op @r Or). The images of
the orders Op ®,I" and Op ®@r ¢(Oz)I" in D ®, L are the same and thus

IM2(OL)/¢(Op ®, ') = [M2(OL) /Ao| = [M2(OL)/A| - |A/Ag].

Tensoring the canonical morphisms p(Oz)I' — O — Or/p(Oz)T' with Op gives

Op ®r Op,
Op ®@r @(Oz)C

= Op @r (OL/p(O2)T).
29
As Op ®7 (0Or/o(Oz)T) = (O, /p(Oz)T) » surjects onto Op ®r (Or/¢p(Oz)T), we get
[A/Aol < |0L/(O2)T] W < 6.

We compute [M2(Op)/A|. Write I for the Op-fractional ideal [M2(Or) : Alo, (see e.g.
[Voi2l, §9.6]). We have I? = d(A/Or) by [Voi2l, 15.2.11,15.2.15]. Moreover [Voi2l,
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Ex 15.8] implies that d(A/Or) = d(Op/Oz)Oy, since A = Op ®@r O, while [Voi2l,
15.4.7,15.5.5] gives
d(Op/Oz) = discz (D). (9.9)

Thus I? = discz(D)?>Op. Taking norms we find [My(Or)/A| = N(I) = N(discz (D))=
where [L : Z] = 2n by assumption. This implies the lemma. O

Write py: L?" — L for the first projection and consider the map ¢: Y — Z, A + p1(A),
where Z is the set of non-zero Op-fractional ideals, so that hy = |Z/L*|. We use the

following version of Morita equivalence:
Lemma 9.8. The map <: Y — T is a bijection with inverse given by I — I*™.

Proof. If I € T and A = I*" then p;(A) = I. Conversely, let A € Y and define I = p;(A).
We claim 72" = A. We first check A C I*". Let v € A. Write Sy; € End(@%") = M2, (Or)
for the endomorphism (z;) ~— (z4(;)) where o is the permutation (1i) € &g,. Then
S1;A = A. In particular v; = p1(S;v) € p1(A) = I for all i. Consequently, v € I?" as
well and indeed A C I?". Conversely, let v € I*". For each i we have v; € I, and so
v; = p1(w;) for some w; € A. Let P; € End(O%") be the endomorphism (z1,...,z9,) —
0,...,0,24,0,...,0). Define w, = P;Sy;w;. Then w, = (0,...,0,v;,0,...,0) € A, and
v =" w, € A. This proves A = I*". O

7

For each A € L* and A € Y we have ¢(AA) = p1(AA) = Ap1(A) = A¢(A), and in

particular we obtain an induced bijection ¢ : Y/L* = Z/L*. In conclusion we have
Hom,, (O, M(Op))/CLa(Op) & X/1* 2 v/L* 3 7/L%.
So Proposition 9.2 follows from (9.6) and the above lemmas.

9.3 The CM case

In this section we prove the bound for the number of conjugation classes of ring morphisms
which we used in the proof of Theorem 9.1 in the CM case.

Let L be a totally real field of degree g, let I' be an order of L of index ¢ in Op, let
n € Z>1, let F be a CM field of degree 2g/n, and let F© C F be the totally real field of

degree g/n. The following result is an analogue of Proposition 9.2 in the CM case.

Proposition 9.9. We have [Hom(I',M,,(Or))/GL,(OF)| < c(6Dr)¢Alog(3A)29~1,
Here ¢ = (29)1593, e = 5¢° and A = Dr. In the proof of Proposition 9.9 we obtain the

sharper (but more complicated) bound %gN 9+1h with N and h defined in (9.10).
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Strategy of proof. We first decompose Hom(I", M,,(Or))/GLy,(OF) into ¢-compatible
morphisms for varying ¢ € Hom(F™,L). Then, after applying ®eu-1(mOF, the degree
doubles and we can apply [vKK19, Prop 10.3]. This gives a bound in terms of the class
number of the number field M, = L ®,, p+ F and the conductor of the order I' ® -1 (1) Op

of M. Finally we use Diophantine analysis to bound everything in terms of F' and I

9.3.1 Proof of Proposition 9.9

We continue our notation. For any ¢ € Hom(F T, L) we define Hom,(I', M, (OF)) to be
the set of morphisms p : I' = M,,(Op) such that pg(¢(z)) = x for all z € FT.

Lemma 9.10. We have Hom(I', M,,(OF)) = ngéHom(FiL) Homy(I', M, (OF)).

Proof. Asin Lemma 9.3, the statement follows from the following claim: If p: L — M, (F)
is a morphism, then F* C p(L) in M,(F). Let a € F be a generator of F//F*. Define
the subalgebras KT = p(L)F* and K = p(L)F of M, (F). As p(L) is totally real, we
have o € K but o ¢ K* and thus KT # K. Note that K is a semisimple commutative
F-subalgebra of M,,(F). Thus dimp(K) < n and this implies [K : Q] < n[F : Q] and
[K : L] < n[F :Q]/[L : Q] = 2. Note that dimy(K") < dimy(K) < 2, as well. We have
K™ C K and both algebras have dimension at most 2 over L. Since K # K the dimension
of Kt over L must be 1. Thus K = p(L), and hence F* C p(L) as claimed. O

Let ¢ € Hom(F*,L). Define I'f = ¢™'(T') € Op+ and Ty p =T ®ps Op. Sending
p:I' = My(OF) to pr : Ty p = My, (OF) with prp(a ® b) = p(a)b induces an injection

HOII]SD(P, Mn(OF))/GLn(OF) — Hom(F%F, Mn(OF))/GLn(OF), p = pr.

Define M, = L ®0,, Op. Then Q ®z 'y p = Mg, and I'y r identifies with an order
of M,. Note M, is a field, since L is totally real while F' is totally imaginary. We have
[M, : Q] = 2g. Then [vKK19, Prop 10.3, (10.4)] give

[Homy, (T, M, (OF))/GLy(OF)| < 2N (5, ) hat,

for f, r the conductor of 'y, r. (Here we obtain the factor 2, since (the proof of) [vKK19,
Prop 10.3] bounds compatible morphisms without the factor ¢ and pg is compatible with
a morphism F' — M, that extends ¢: F™ — L.) Lenstra’s bound [Len92, Thm 6.5] and
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Lemma 9.11 show that hyz, < h, while Lemma 9.12 provides N(I'y r) < N, where

N = (259)%" (5@)  h=dBEg = (2)'D, <DD2F> . (9.10)
Ft Ft

Combining the above results gives |Hom(T', M,,(OF))/GL,(OF)| < 2ﬁNnglh, which leads

to the bound claimed in Proposition 9.9. It remains to prove Lemmas 9.11 and 9.12.

n
Lemma 9.11. The discriminant Dy, divides D% <DD2F > .
Ft+

Proof. Write Ay, for the discriminant ideal of an extension of fields K'/k. From Q C
F* — M, we get Dy, = D%ZN(AMW/FQ, and Ay p+ divides A%/F+A%/F+ since M,
is the composite of L and F over F*. As N(Ap p+) = DD, and N(Ap/p+) = DFD;?H
we find that Dy, divides D2\ N(Ap p+)?N(Ap/p+ )" = D2 D? D" DEDLT" O

ng
Lemma 9.12. We have N (f, r) < (295)292 (%) .

Ft+
Proof. 1t suffices to bound i = |0y, /T, F| since (i) C f, 7 = {a € On, | aOn, €Ty r}.
Let @ € Op be a generator of F/F™ from Lemma 9.13. Write f € F*[z] for the minimal
polynomial of v over F*. Then ¢(f) is irreducible over L and [Voi21, 15.2.15] gives

(Ayp(p)) = [On, : OLlallp, - A,/

where A is the discriminant of a polynomial g and Og[a] is the subring in Oy, generated
by 1 ® o and Op,. Lemma 9.13 provides N(Ay) < 4%(%DF+)%N(AF/F+), and thus

g 3 [Lip(F )]

On, /OL[a]? < N(Ayp) < (473(8Dps) AN (Apyrs)) .

Define R = Oy, Sy Or. As Orla] € R C Op,, we get |On,/R| < |On,/OLla]| and
hence i < |0y, /OL[a]| - |[R/Ty r|. The index of I'y p =T ®ry Op+ inside R is bounded
by [(Or/T) Sy Op+| < |(OL)T) @z Op+| = 69/™. This implies the lemma. O

The proof of Lemma 9.12 uses a result on generators of quadratic field extensions
which can be deduced quite directly from the proof of Minkowski’s theorem. We include

here the result since we could not find a reference.

Lemma 9.13. Let k be a number field of degree n and let k' /k be a quadratic extension
with discriminant ideal Ay . There exists o € Oy such that k' = k(a) and such that

N(Ap) < 4"miN(Apy)  and Oy /Oplal] < 2"m})
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for Ay € Oy, the discriminant of the minimal polynomial f of o over k, my, = nL (—)8 D,

nn

and s the number of complex places of k. In particular mj < (nDk)l/2 if s=0.

Proof. Take 3 € Oy with 3% € Oy and k' = k(). By [Voi2l, 15.2.15] we have
(4d) = [Op : OB}, - Apryi,  d =B (9.11)

The proof of Minkowski’s theorem gives representatives J; C O, i = 1,...,r, of the class
group of k with N(J;) < my. Choose I C Oy, such that dI~2 is a square-free ideal of Oy.
Write M = dI~2. For some i € {1,...,r} and some x € k we have I = J;(xz) C Oy, so
(dz=2) = J2M C O and thus dz~2 € Oy.

We define o = Bz~! € Ops. Thus k' = k() and o? = dz~2. In particular if p C Oy, is
a prime ideal such that ord,(dz=2) = 1, then p ramifies in k¥'/k and p|A k- Write dI -2
as a product AB of ideals A, B C O;, where A is a product of prime ideal divisors of J;
and B is coprime to J;. As AB = M is square free, B is square free as well and any prime
p dividing B divides (dz~2) = J?M with multiplicity 1, hence is ramified in &’/k. Thus
B|Ay, and M = AB divides J; Ay .. Write J;Ayj, = MC with C' C Oy an ideal. Using
(de=%) = J2M we find J?Ay ), = C(dz™?). Thus (dz~?)|[J? Ay x and hence N(dz™?) <
mzN(Ak//k). Then (9.11) gives |Ox /Ox[a]|? = N(4dm‘2)/N(Ak//k) < 4"m3. O
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10 Proof of the main results for integral points

In this section we combine the results obtained in the previous sections to prove The-
orem 4.1 on integral points on coarse moduli schemes. Let Y be a variety over Z, let
S C Spec(Z) be nonempty open, and let M be a Hilbert moduli stack. Suppose that
M = M! is associated to some (L,I,1,), and write g = [L : Q] and A = Dy, We shall

see in Section 10.2 below that Theorem 4.1 is a consequence of the following result.

Theorem 10.1. Let n € Z>3 and suppose that'Y is a coarse moduli scheme over Z[1/n]

of some arithmetic moduli problem P on Mz, /) with branch locus B = Bp.
(i) Any point P € (Y \ B)(S) satisfies hg(P) < c1Ng'.
(i) The cardinality of (Y \ B)(S) is at most 62|P|@N§2Alog(3A)2g_l.

Here ey = max(24, 5g) and ¢; = (4n)(5")4g, while e3 = 5-n89 and ¢, = n?’9""* . Further
|P|g is the maximal number of P-level structures over Q, and hg is the height on Y (S5)
defined in Section 3.5. We also recall that for any nonempty open subscheme 7' C Spec(Z)
we denote by Np the product of all rational primes p not in 7.

10.1 Proof of Theorem 10.1

We continue the notation introduce above. An outline of the principal ideas of the following

proof of Theorem 10.1 can be found in the introduction.

Proof of Theorem 10.1. We suppose that Y, P, B and n are as in Theorem 10.1. To prove
the theorem, we may and do assume that U(S) is not empty for U = Y \ B. Then we take
P € U(S) and we notice that S is a scheme over Z[1/n] since the coarse moduli scheme Y
of P on Mgy, is a Z[1/n]-scheme. In what follows in this proof we work (in the category
of stacks) over Z[1/n], and to simplify notation we write M for Mz /).

Furthermore, to prove the statements of Theorem 10.1, we may and do assume that
M equals M!. Indeed this follows from a formal computation using that Y is a coarse
moduli scheme of the arithmetic moduli problem P’ = P7 on M! where 7 : M! 5 M is

an inverse of the equivalence involved in the definition of the height h.

1. In this first step we reduce via the covers constructed in Section 5.1 to the situation
in which the moduli problem is representable. Let @ be the moduli problem on M of
principal level n-structures. As we work over Z[1/n], the forgetful morphism Mg — M is

finite étale and surjective. Furthermore the moduli problem @ is representable by a scheme

100



Z since n > 3 by assumption. Therefore we may apply the constructions and results in
Section 5.1 with B = Spec(Z[1/n]), the scheme Z and the morphism Z — M obtained
by composing an equivalence Z =+ Mg with the forgetful morphism Mg — M. Then
Lemmas 5.1 and 5.2 together with the diagram displayed right before Lemma 5.2 give
a connected Dedekind scheme T with a finite étale morphism 7' — S and a morphism

P’ : T — Y’ fitting into a commutative diagram of noetherian schemes
T
S

Here we recall that Y/ = Mp x Mg and that the morphism Y’ — Y factors as Y/ —

Py (10.1)
l

oy

Mp —="Y where m : Mp — Y is the initial morphism of the coarse moduli scheme Y of
P used in the definition of the height hy on Y'(S). Let hy be the height on Y'(T') defined
right before (5.11). Evaluating both functions in (5.11) at P’ € Y'(T) leads to

ho(P) = hy (P) (10.2)

since the height hy is compatible with the dominant base change 7" — S and the diagram
(10.1) is commutative. We write (z, o, 3) for the image of P’ € Y'(T') under the equivalence
Y' 5 Mpyo in (5.1). In particular = = (A, ¢, ) is an object of M(T) and (o, 3) lies in
P(x) x Q(x). Then it follows from the definition of hy that

hy (P') = hip(A) (10.3)

and we now proceed to bound the stable Faltings height hp(A) of A. For this purpose
we denote by k£ and K the function fields of S and T respectively. It holds that k = Q
since S is a nonempty open subscheme of Spec(Z). Further, on using that 7" and S are
connected Dedekind schemes with 7' — S finite, we deduce that K is a number field and
that T is an open subscheme of the spectrum of the ring of integers of K. Furthermore,

the construction of 7" shows that we may and do assume that K C Q.

2. In the following step we show that the abelian scheme A over T is of GLa-type with
G-isogenies where G = Aut(k/k). As x = (A,1,¢) is an object in M(T), the relative
dimension of A over T equals the degree ¢ = [L : Q] and hence A is of GLo-type since
L ®7 Q embeds L = O x7z Q into End’(A) where we denote by O the ring of integers of
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L. The reason why A has G-isogenies is as follows: The O-abelian scheme (A4,:) ‘comes’
from a point in Y'(S) C Y (k) and hence the isomorphism class of (A, )z is stable under
the action of the Galois group G assuring that there exist isomorphisms p, : 0*A; = Ay
with the desired properties. We now work out the details. As K is a finite extension of k,
we may and do choose k with K C k. In particular this defines a morphism Spec(k) — T

which induces the following commutative diagram:

Y'(T) Y'(k) Y (k) (10.4)

| | |

Mpyo(T)] — [Mpxg(k)] —= [Mp(k)].

Here the commutative diagram on the left hand side comes from the equivalence Y’ =
Mpy o in (5.1). The diagram on the right hand side is commutative, since Y’ — Y factors
as Y’ — Mp =7 Y and since Y/ = Mpy g is a morphism of categories over Mp. Notice
that P’ € Y/(T') maps to the class of (z,«, 8) in [Mpxo(T)] which in turn maps to [(z, «)]
in [Mp(k)] where we view (z, «) inside Mp (k) via k(T) = K C k. We next show that the

class [(z, a)] is invariant under the G-action on [Mp (k)] defined right before (5.4), that is

(2, 0)] € [Mp(R)]“.

Denote by P; and Py, the images of P’ and P under Y'(T') — Y'(k) and Y'(S) — Y (k)
respectively. On using that the diagram (10.1) commutes, we see that P]é maps to the
point P; in Y (k). In fact P lies in Y (k)¢ since P lies in Y(S) C Y (k), and (5.4) gives
that Y (k) identifies with [Mp(k)]“ via 7—!. Hence in view of the commutative diagram
(10.4) we see that the image [(x, )] of P’ in [Mp (k)] actually lies in [Mp(k)]“. In other
words [(z, )] is indeed invariant under the G-action. Then the description of [Mp(k)]¢

given right after (5.4) shows that for each o € G there exists an isomorphism

to 0 (z,0) 5 (2, )

in the category Mp (k). In particular u, is an isomorphism between the O-abelian schemes
(0*Ar,0*(1)) and (A, ;) over k, which implies that p, o 0*(I) = [ o p, for each [ in
L = 0 x7Q viewed inside End®(4}) via ¢ ®7 Q. Therefore we conclude that the abelian
scheme A over T is of GLa-type with G-isogenies as desired.
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3. In this step we apply the effective Shafarevich conjecture for abelian varieties of GLo-
type with G-isogenies established in Theorem 7.1. To obtain better bounds, we would like
to apply here the version of Conjecture (ES) in Proposition 7.13. This requires to check
that the following condition (x) is satisfied: The field extension K/k is normal, and the
endomorphisms of Az and the isomorphisms s, are all defined over K C k.

We first verify that K/k is a normal field extension. The reason why K/k is normal is
as follows: It is the function field extension induced by 7" — S which is essentially a base
change of the Galois cover Mpx o — Mp defined by forgetting principal level n-structures.
In what follows in this paragraph we work out the details. As Spec(K) — Spec(k) is the
generic fiber of T' — S, we observe that by Galois theory it suffices to show that the
automorphism group Autg(7) of the finite étale morphism 7" — S acts transitively on
F,(T) where Fj is the fundamental functor associated to s : Spec(k) — S. Recall from
(the proof of) Lemma 5.2 that T is a connected component of the noetherian scheme
S’ = 8 xy Y’ which is finite étale over S. Then, on using that any automorphism of a
scheme permutes its connected components, we see that we are in fact reduced to show

that Autg(S’) acts transitively on Fy(S’). To this end we consider group homomorphisms
GL2(0O/n0O) — Auty (Y') — Autg(S’). (10.5)

The first morphism is obtained as follows: The group GL2(O/nQ) acts on the product
presheaf P x Q via (5.3) and then it acts on the Y-scheme Y' — Y by (5.2) and transport
of structure using the equivalence Y/ = Mpyo in (5.1) and the inverse Mpygo — Y’
defined right after (5.1). The second morphism is induced by the base change S —*
U C Y. In view of (10.5) and the above reductions, we then see that we are reduced
to show that GL2(O/n0O) acts transitively on Y/ (k) where we denote by Y/(k) the set
of k-rational points of the fiber Y,/ of the morphism Y’ — Y over the geometric point
u : Spec(k) —* S =¥ U C Y. To compute Y/(k), we view again our (z,a) € Mp(T)
inside Mp(k) via k(T) = K C k. On using that Y’ — Y factors as Y/ — Mp =7 Y and
(5.1) is a morphism of categories over Mp, we deduce from (10.1) that 7(z, ) = u. Then

the arguments surrounding (5.8) show that the equivalence Y’ = Mpy o in (5.1) induces
Yo (k) S {[(z, 0, 8], 8" € Q()}. (10.6)

Moreover, we observe that this identification is by construction (via transport of struc-
ture) compatible with the GL2(O/nO)-actions. Now, the key point is that the action of
GL2(O/nO) on the set Q(x) is transitive. Indeed if 5 and 5’ are in Q(x), then the automor-
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phism 8=’ of the constant group scheme ((’)/nO)% identifies with some g € GL2(O/n0O)
and thus we obtain that g-3’ = 'g~! = 3. It follows that GL2(O/n0O) acts transitively on
the right hand side of (10.6) and hence on Y, (k) since the identification in (10.6) is com-
patible with the GLy(O/nO)-actions. Then in view of the above reductions we conclude
that K /k is indeed normal. Thus the first part of condition (x) is satisfied.

To verify the second part of condition (x), we recall that (z,q, ) lies in Mpyo(T).
The existence of the principal level n-structure g € Q(z) for x = (A4, t,¢) implies that K
equals the field of definition K(A,) of the n-torsion points of Ax. Then, on using that
n > 3 and that K /k is a normal extension, we see that the field L appearing in Lemma 7.6
has to coincide with our K. Thus Lemma 7.6 proves that condition (x) is satisfied.

Now, we may and do apply Proposition 7.13 with our abelian scheme A over T of
relative dimension g which is of GLo-type with G-isogenies by step 2. After recalling that
d = [K : Q], we see that Propositions 7.13 and 7.14 lead to the bound

hi(A) < (4gd)" 9 4rad(Ng D), e = max(24, 5g). (10.7)

Here we used that the morphism 7" — S is finite and thus integral, which implies that T’
has to be the spectrum of the integral closure of Z[1/Ng] in K and hence for any finite
place v of K with v ¢ T the residue characteristic of v divides Ng.

4. In the next step we control the discriminant Dg and degree d in terms of S, g and
n. As K and k = Q are the function fields of 7" and S respectively, Lemma 5.2 (iii)
gives that d < |Q|;. The number of principal level n-structures on an O-abelian scheme
over the algebraically closed field k is bounded from above by the number of O-module
isomorphisms of (O/n0)2. Further the cardinality of GLy(O/nO) is at most n* since O

is a free Z-module of rank g. Combining these observations leads to
d < |QJz < n%. (10.8)

To bound the discriminant Dg, we use that the finite morphism 7' — S is étale. This
implies that the (corresponding function) field extension K/Q is unramified over each

rational prime in S. Therefore the divisibility statement
rad(Dg) | Ng (10.9)

follows from Dedekind’s discriminant theorem. We are now ready to prove the height

bound in statement (i), and this will be done in the following step.
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5. To prove statement (i), we combine (10.2) with (10.3) and we deduce that our point
P € U(S) satisfies hy(P) = hp(A). Then the estimate for hp(A) in (10.7) together with
(10.8) and (10.9) proves the upper bound for hy(P) claimed in (i).

6. To bound the cardinality of U(S) we reduce again to the situation in which the moduli
problem is representable. In steps 1-4 we showed that for each P € U(S) there exists a
morphism P’ € Y'(T) fitting into a commutative diagram (10.1) where T is the spectrum
of the integral closure of Z[1/Ng] in a normal extension K/Q with [K : Q] < n* and
rad(Df) | Ng. Moreover, we showed that P’ lies in the subset
Y*(T) CY'(T)

which consists of those points Q € Y/(T) such that the equivalence Y’ = Mpy g in (5.1)
sends @ to some object (x,a, ) of Mpyo where z = (A, (,) with A an abelian scheme

over T of relative dimension g such that A is of GLa-type with G-isogenies satisfying
condition (x) and K = K(A,). Then we deduce

U(S) < (VD)
TeT
where T is the set of schemes T = Spec(Ox[1/Ng]) with K/Q a normal extension of
degree at most n'9 and rad(Dk) | Ng. Here we used that O[1/Ng] is the integral closure
of Z[1/Ng] in K and we applied the following: Given T'— S, P : T - Y'  and Y’ —» Y,
there is at most one P : S — Y such that the diagram (10.1) commutes; indeed the
uniqueness of P : S — Y follows for example from our assumption that Y is separated

since T' — S sends the generic point to the generic point. As rad(Dg) divides Ng, we see
as in the proof of Theorem B (ii) that Dg < Ng’JZGIZ for [ = n* and then (7.20) leads to

1T < 1PN,

Next, we take T' € T and we bound |[Y*(T')|. Write P/ = P x Q and B = Z[1/n|. The
equivalence Y’ = Mp, induces an isomorphism of presheaves Y = [Mp/] on (Sch/B),
where [Mp/] sends a B-scheme S to the set of isomorphism classes of objects in Mp/(.5).
Notice that [Mp/] is the presheaf in [vKK19, Lem 3.1] with (Sch) replaced by (Sch/B).

Then, as explained in [vKK19, §3.2 and §6], composing Y’ = [Mp/] with the forgetful
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morphism gives a morphism ¢ : Y’ — A/ of presheaves on (Sch/B) which factors as

Y =% M % M % A
Here the presheaves M, M, and A, on (Sch/B) are as in [vKK19, §6] and the morphisms
ba, ¢, and ¢, are induced by forgetting the P’-level structure, the I-polarization and the
O-module structure respectively. Write d,, d, and d, for the (set-theoretical) degrees of
the maps ¢ (T), ¢,(T') and ¢,(T) respectively. The factorization of ¢’ shows

Y*(T)| < dadpd, - |6/ (Y*(T))]. (10.10)

To compute the set ¢/ (Y*(T')) we take Q € Y*(T). Let (x, o, 8) in Mp/(T') be the image of
Q under the equivalence Y’ = Mp: and write z = (A4, ¢, ¢). The isomorphism Y’ = [Mp/]
sends @ to the isomorphism class [(z, o, 3)] and hence ¢'(Q) = [A]. Thus the definition of
the subset Y*(T') C Y'(T') assures that the isomorphism classes in ¢/(Y*(T")) are generated
by abelian schemes A over 7' of relative dimension g such that A is of GLo-type with Gg-
isogenies satisfying K(A,) = K. Moreover, our assumption 7' € 7T assures that K/Q is
normal with [K : Q] < n%9 = [ and that rad(Dy) divides Ng. Thus Proposition 7.15 gives
6/ (1)] < (991" L

To bound the set-theoretical degree d, of ¢o(T") we use that the Hilbert moduli schemes
Z 5 Mg and Y 5 Mps are both varieties over Z[1/n]. Hence, as in the proof of [vKK19,
Cor 4.2], we see that an application of [vKK19, Lem 8.2] with the (naive) extension of
the presheaf P’ to the Hilbert moduli stack over Z gives do < [P'|7 < [P'|g. Then the
inequalities |P'|g < |Q|g|Plg and |Q|g < I show

do < l|P|Q.

It seems difficult to explicitly bound d, only in terms of Ng, g and L. However (10.10) holds
with d, replaced by d, = sup |¢,; 1 ([A])| with the supremum taken over all [A] € ¢'(Y*(T)),
and d, < d, can be bounded as follows: For each [A] € ¢'(Y*(T')) we see as in the proof
of [vKK19, Cor 10.2] that |¢; 1([A])| coincides with the number of isomorphism classes of
O-module structures on A. Therefore Theorem 9.1 (i) together with the bounds for hr(A)
provided by Propositions 7.13 and 7.14 leads to

d < aNZAlog(3A)%9~1
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for a = (3g)B9" (4g1)37@D"L < (4n)49)* 0" and b = 12(2¢)°. Here we used T' € T which
assures in particular that we can apply Propositions 7.13 and 7.14. Indeed the isomorphism
classes in ¢/ (Y*(T)) are generated by abelian schemes A over T' with K (A,,) = K normal
over Q since T' € T, and hence condition (x) is satisfied by Lemma 7.6.

We now put everything together. The above arguments give
[U(S)| < IT1- sup dadyd, - |¢'(Y(T))].
TeT

Then, on combining the displayed bounds with the estimate for d, in Corollary 8.2, we
deduce an upper bound for |(Y \ B)(S)| = |U(95)| as claimed in Theorem 10.1 (ii). In the
case when g = 1 and n = 3 we can take c; = 29° in Theorem 10.1 (ii). Indeed this follows

from the above arguments by computing the constant a instead of estimating it. O

10.2 Proof of Theorem 4.1

In this section we deduce our main result for integral points by applying the above estab-
lished Theorem 10.1. We continue our notation and we recall that M is a Hilbert moduli

stack, Y is a variety over Z and S C Spec(Z) is a nonempty open subscheme.

Proof of Theorem j.1. As in Theorem 4.1, we let Z C Y be a closed subscheme and we
suppose that there exists a nonempty open 7' C Spec(Z) such that Yp is a coarse moduli
scheme of some arithmetic moduli problem P on M with branch locus B = Bp contained
in Z7. To reduce to the situation treated in Theorem 10.1, we take n € Z>3 and we define
S’ = SNTNSpec(Z[1/n]). Then Theorem 4.1 follows from an application of Theorem 10.1
with n = 3 and the open subscheme Yy of the coarse moduli scheme Y7 C Y, since all
involved constructions are compatible with flat base change.

In what follows in this proof we give the details showing that indeed everything is

compatible with the base change S’ < Spec(Z). In a first step we prove that
(Y\ Z)(S) C (Yg \ Bg/)(S"). (10.11)

The schemes S’ and S are nonempty open subschemes of the irreducible scheme Spec(Z).
Thus S” C S is a dense open subscheme, which implies that (Y \ Z)(S) C (Y \ Z)(5)
since Y\ Z is (an open subscheme of Y which is) separated over Z. Further it holds that
(Y\Z)(S) = (Y \Z)s(5), since 8" C S are both open subschemes of the terminal object
Spec(Z) in (Sch). Then we deduce (10.11) by using our assumption B C Zp which assures
that (Y \ Z)sr = Y/ \ Zg is an open subscheme of Yg/ \ Bgr.
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Next, we check that Yg satisfies the assumptions of Theorem 10.1. Notice that Yg =
(Yr)s: and that S’ C Spec(Z[1/n]) is open. Then the discussions surrounding (5.5) and
(5.6) imply that Yy is a coarse moduli scheme over Z[1/n] of some arithmetic moduli
problem P’ on Mgy ,,) which is essentially the restriction of P to the open substack
Mg C M; see (10.13) for explicit constructions. In particular the variety Ys: over Z, the
open S’ C Spec(Z), the arithmetic moduli problem P’ on Mgz1/y) and the integer n > 3
indeed satisfy all assumptions of Theorem 10.1. Therefore an application of Theorem 10.1
with Y =Yg, P =P and S = 5’ gives for each point P € (Yg \ Bg)(S’) that

hg(P) <kiNg  and  |(Yer \ Be)(S')| < ko| P'|gNG Alog(3A)%0~! (10.12)

with the constants e; = max(24,5¢), k1 = (4n)®" and ey = 5 - nd9, ky = n?’9""* Here
we used that Bgr = Bps which follows from (10.13) and (5.10), and hg denotes the height
on Yg defined with respect to the initial morphism 7’ in (10.13).

We claim that hy restricts to the height hy on Y (S) appearing in statement (i). To
prove the claim, we consider the inclusion Y (S) C Y7(S’) obtained by using (10.11) with Z
empty and Yg C Yp. This inclusion factors as Y (S) C Yp(U) C Yp(S') where U = SNT,
and the height hg on the coarse moduli scheme Y7 = Mp is stable under the base change
S" — U. Thus (5.5) together with (10.13) implies that he(P) = hg (P) for each point
P e Y(S) viewed inside Yg (S’) using (10.11) with Z empty. This proves our claim.

Now we deduce Theorem 4.1: After taking n = 3, we see that (10.11) and (10.12) lead
to the bound in (i) and also to the bound in (i) since (10.13) assures that |P'|g = |P|g.
More precisely, we obtain here that Theorem 4.1 holds with ¢; = 2779, e = 39 and
ey = 5-3%. To verify this in the case when g = 1, we used that we can take ky = 29" in
(10.12) for g = 1 and n = 3 as explained at the end of the proof of Theorem 10.1 (ii).

To complete the proof, we give the construction of P’ and «’ combining (5.5) with
(5.6). The presheaf P’ on Mz1 /) is defined by setting P’ = P over the open substack
Mg € Mgy n) and by setting P’'(x) = () for all objects x of Mz /n) not in Mg/. Then we
define the initial morphism 7’ : (Mg /n))pr — Yo as the composition of the morphisms

(Mafi/n))pr = (Msr)pr =7 Ysr. (10.13)

Here g : (Mg/)pr — Ygr is a base change (see (5.5)) of the initial morphism 7 : Mp — Yp
used in the definition of hy, and (Mg /n))pr = (Mgr)pr is the isomorphism of categories
over (Sch/Z[1/n]) given by the identity functor where we also write P’ for the restriction
of P’ to the open substack Mg C Mz1/n)- In fact P’ is automatically an arithmetic
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moduli problem on Mz, since (Mg)ps identifies with Mp xz " as explained right
after (5.5) and Mp is a separated finite type DM stack over Z by assumption. O

We now explain that the finiteness statement provided by Theorem 4.1 is essentially
due to Faltings [Fal83]. Recall that Z C Y is closed and T' C Spec(Z) is nonemtpy open
such that Y7 is a coarse moduli scheme of some arithmetic moduli problem P on M with
Bp C Zp. Suppose that ]77\@ < o0. Then the finiteness result

(Y\Z)(S)| < o0 (10.14)

can be proved as follows. As in the proof of Theorem 4.1, we reduce to the situation treated
in Theorem 10.1. Then the arguments of Theorem 10.1 give a finite finite set 7 of schemes

T, with T an open subscheme of Spec(Of ) for some number field K, such that

(YA Z)(S) < Y YD)l

TeT

Here Y is a moduli scheme of a moduli problem P’ on M, which satisfies |P'|g < oo since
|Plg < oo by assumption. Now, we see that (10.14) follows directly from the finiteness
of Y/(T) obtained in [vKK19, Prop 12.1] which ultimately relies on Faltings’ finiteness
result [Fal83, Thm 6]. Furthermore, as the latter two results hold for any number field F,
we expect that the same strategy allows to deduce the finiteness statement (10.14) more

generally for any open subscheme S C Spec(Op); we leave this for the future.

10.3 Proof of the corollaries

In this section we prove the corollaries. We continue our notation. Recall that M is a
Hilbert moduli stack and that S C Spec(Z) is nonempty open. Let Y (2) be the coarse
moduli scheme over Z[1/2] of the moduli problem P(2) of principal level 2-structures on
M1 /9. We first deduce Corollary 4.2 from Theorem 4.1 and Corollary 5.6.

Proof of Corollary 4.2. Let Y be a variety over Z. Suppose that there exists a nonempty
open T C Spec(Z) such that Ypr = Y (2)7r. We write P for P(2). As in (10.8), we find that
Plg < 249, Further, Corollary 5.6 gives that the branch locus Bp C Y (2) is empty. Thus
an application of Theorem 4.1 with Y7 and Z = () implies Corollary 4.2.

We now give some details explaining how to formally apply here Theorem 4.1. After
identifying Y with the coarse moduli scheme Y (2)7 over T using (5.5), we extend Yy =

Y (2)r to a coarse moduli scheme over Z via P’ defined in (5.6). Then Yp is a coarse
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moduli scheme of the arithmetic moduli problem P’ on M such that on Y7(S N T) the
height h, defined with respect to an initial morphism 7 : (Mr)p — Y (2)r equals the
height defined with respect to the initial morphism 7’ : Mpr — Y7 in (5.6). Further it
holds [P'|g = |P|g, while (5.10) implies Bps = (Bp)r and hence Bp: C Y7 is empty.
Finally, to see that we can indeed take in Corollary 4.2 the same constants as in
Theorem 4.1, we used that Theorem 4.1 holds in fact with ¢ = 2779, cy = 39 and
es = 5-3% as explained in its proof. Therefore we can also take the same constants in the

remark below Corollary 4.2 concerning the case T' = Spec(Z[5x]). O
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11 Integral points on the Clebsch—Klein surfaces

In this section we study integral points on the Clebsch—Klein surfaces. After discussing
various aspects of the motivating Diophantine equations, we show that the Clebsch—Klein
surfaces are coarse Hilbert moduli schemes over Z[%] and we compare the height hy with
the Weil height. Then we deduce from Theorem 4.1 explicit bounds for the Weil height

and the number of integral points on the Clebsch—Klein surfaces.

11.1 Main results

To explain the main results of this section, we continue the notation of §1.1.1. Recall that
S is an arbitrary finite set of rational primes, that Zg = Z[1/Ns] for Ng = [[,c5p and
that h denotes the usual absolute logarithmic Weil height ([BG06, p.16]).

11.1.1 Diophantine equations

The study of integral points on the Clebsch—Klein surfaces is motivated by the Diophantine
equations (1.1) and (1.3). We now discuss various aspects of these equations; see also

§11.1.3 for a discussion of two Diophantine results based on completely different methods.

Icosahedron equation. We first consider (1.3). Let ¥ be the set of 2 € Z° such that
ged(z;) = 1 and such that for all rational primes p ¢ S the image of z in (Z/pZ)® is not
a scalar multiple of a standard basis vector of (Z/pZ)>. Recall that (1.3) is given by

o4(x) =0=o02(z), xe€X. (1.3)

Here 0, denotes the n-th elementary symmetric polynomial for n € Z>;. Notice that (1.3)
has infinitely many solutions if one removes in the definition of > any of the two extra
assumptions on z. Indeed the equations oo = 0 and o4 = 0 are homogeneous, and they
define the projective scheme X C ]P’4Z which has infinitely many Q-points by (11.3).

For any solution z of (1.3), we define the logarithmic Weil height h(z) = max; log |z;|.

A main goal of this section is to deduce from Theorem 4.1 the following result.

Corollary 11.1. Any solution x of (1.3) satisfies h(z) < cNZ' and the number of solu-
tions of (1.3) is at most (cNs)¢, where e = 102 and ¢ = 10°.

The explicit height bound in Corollary 11.1 implies that for any given set S one can in
principle determine all solutions of (1.3) as follows: For each of the finitely many x € Z°
with h(z) < eN2', check whether  lies in ¥ and satisfies (1.3). Furthermore, for small
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sets S this allows to completely solve (1.3) in practice when combined with an efficient
sieve for the z € ¥ which satisfy (1.3). Such efficient sieves which can deal with initial
height bounds of the size of Corollary 11.1 were developed for many Diophantine equations
via Diophantine approximation techniques, see for example Baker—Davenport [BD69], de
Weger [dW87], K.-Matschke [vKM16], Gherga—Siksek [GS22] and the references therein.

However, new ideas are required to construct an efficient sieve for (1.3).

Cubic diagonal equation. We next discuss equation (1.1). This equation is contained

in (1.3) from a geometric point of view, see Lemma 11.4. If one replaces Zg by Q*, then
3 3 3 3_1_ x
i+ ay+az+ay=1=w +w2+ w3+ 14, T €ZLG, (1.1)

has infinitely many solutions. Indeed the solutions of (1.1) with z; € Q* correspond to
the Q-points of the variety U over Z defined in (1.6) and U has infinitely many Q-points,
see Section 11.7. For each solution = = (z;) of (1.1), we denote by h(z) the logarithmic
Weil height of z € A%(Q). We deduce from Theorem 4.1 the following result.

Corollary 11.2. Any solution x = (z;) of (1.1) satisfies h(z) < cN2* and the number of
solutions of (1.1) is at most (cNg)¢, where e = 102 and ¢ = 10°.

Here again, the explicit height bound implies that for any given S one can in principle
determine all solutions of (1.1) and that for small S one can completely solve (1.1) in
practice when combining with an efficient sieve. We are currently trying to develop such
an efficient sieve for (1.1) via Diophantine approximation techniques. In fact Diophantine

approximation techniques give that the number n of solutions of (1.1) satisfies
n<b, b=exp(24"%(49]+1)).

This is a very special case of the result of Evertse-Schlickewei-Schmidt [ESS02] for the
generalized unit equation. We point out that b does not depend on the size of the primes
in S and that n < b is substantially stronger than our estimate for n in Corollary 11.2;
indeed b < (3Ng)*24"* and for each real ¢ > 0 the prime number theorem gives b <, N s

11.1.2 Clebsch—Klein surfaces and coarse Hilbert moduli schemes

The solutions of the Diophantine equations (1.1) and (1.3) correspond to Zg-points on the
Clebsch—Klein surfaces. We next discuss these surfaces and we state Theorem 11.3 which

gives that these surfaces are coarse Hilbert moduli schemes over Z[%].
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Icosahedron surface. To relate the solutions of (1.3) to points on a coarse Hilbert
moduli scheme, let Z C IP’4Z be the union of (the images of) the five Z-points obtained by

permuting the coordinates of (1,0,...,0) and consider the relative surface Y over Z:
Y=X\2Z XCP}:o0y=0=o0y. (1.2)

The rational surfaces Yo C X¢ can be obtained via Klein’s construction involving the
Icosahedron; see [Kle73, Hir76]. The solutions of the Diophantine equation (1.3) correspond
(modulo +1) to Zg-points of Y by Lemma 11.15. Hirzebruch [Hir76] showed that Y is
the Hilbert modular variety of the principal level 2 subgroup of the Hilbert modular group
of the field L = Q(+/5). Moreover, building on the work of Hirzebruch [Hir76], we shall
obtain the following theorem which is the main result of this section: Let M be the Hilbert
moduli stack associated to L = Q(v/5) and define B = Z[].

Theorem 11.3. The scheme Yy is a coarse moduli scheme of an arithmetic moduli prob-

lem P on M with the following properties.
(i) The branch locus Bp is empty and |P|g < 16.
(ii) Any P € Y (Q) satisfies h(P) < 2hy(P) + 8% log(hy(P) + 8).

Here the restriction of P to Mp C M is the moduli problem of principal level 2-
structures as in [Rap78, 1.21]; we shall recall in (11.6) the definition of P on M p. Further
|P|g is the maximal number of P-level structures over Q as in (3.1), h is the logarithmic
Weil height on Y C P4, and hy is the height on Y(Q) = Yp(Q) defined in (3.2) with
respect to the initial morphism 7 : Mp — Yp given in (11.31).

We now discuss some aspects of Theorem 11.3. For any algebraically closed field k& of

characteristic not in {2, 3,5}, it provides a natural moduli interpretation of Y (k) = Yp(k):
Y (k) S [(Mp(k)]. (11.1)

Concerning the shape of the height bound in (ii): It is linear in hy which is best possible
and the factor 2 in front of hys might be optimal, but the constants 8% and 8 can be

improved up to a certain extent; see the discussions at the end of Section 11.5.

Cubic diagonal surface. The Icosahedron surface is related to the cubic diagonal
surface which was first studied by Clebsch [Cle71]. Recall that V is the closed subscheme

VCIP’%:Zzi:0:Zz§, and U=V \UVy(%) (1.6)
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with the union taken over the five coordinate functions z; of P} = Proj(Z|z]). The solu-
tions of (1.1) correspond to Zg-points of U by Lemma 11.16. Thus the following lemma

shows that solving (1.1) is equivalent to solving a special case of (1.3).

Lemma 11.4. There exists an open immersion ¢ : U — Y over Z[1/3] such that

W(P) < h(p(P)) < 4h(P), P e U(Q).

=

Here h denotes the logarithmic Weil height on U C IP’% and Y C IP’%. Now, as the open
immersion ¢ : U — Y is flat, we can view U as a coarse moduli scheme via Theorem 11.3
which gives that the open substack Mp: = U Xy Mp of Mp admits a coarse moduli

space Ty : Mpr — U. In particular we obtain a natural moduli interpretation of U (k):
ot U(k) S [(Mpi(k)] (11.2)

for any algebraically closed field k& whose characteristic does not lie in {2,3,5}. As 7 is
étale by Theorem 11.3 (i), its base change 7y remains étale and hence the branch locus
of my : Mpr — U is again empty. In the proof of Lemma 11.4 given in Section 11.7, we
shall explicitly construct the open immersion ¢ : U < Y over Z[1/3].

Terminology. The literature contains various names for (surfaces which are birational
to) the surfaces defined in (1.2) and (1.6) such as for example Clebsch diagonal (cubic)
surface, Clebsch surface, Klein’s icosahedron surface or Clebsch—Klein surface. In what
follows we shall refer by Clebsch—Klein surfaces to the surfaces defined in (1.2) and (1.6).

11.1.3 Rational points and degeneration of S-integral points

To complement our discussion of Diophantine aspects of the Clebsch—Klein surfaces, we
now mention in addition two important Diophantine results. They both directly follow

from general theorems for smooth cubic surfaces based on completely different methods.

Rational points. The varieties Y and U both have infinitely many Q-points. To give
a stronger statement, we define Y? = Y \ U;V, (x;) for z; the i-th coordinate function on
P4 = Proj(Z[xz;]) and we take W € {U,Y"}. Then for any b € R with b — oo it holds

1 #W=U,
{P € W(Q), h(P) < logb}| > b (logb) !, v = 1 (11.3)
1/4 it W=Y0
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Here p is the Picard rank of the smooth projective surface Vg and the implied constant
depends only on Vp. In §11.7.2 we shall deduce (11.3) by combining Lemma 11.4 with
a result of Slater—Swinnerton-Dyer [SSD98] in which they established for certain smooth
cubic surfaces the lower bound predicted by Manin’s conjecture ([FMT89]). In fact the
lower bound in (11.3) is optimal for W = U if Manin’s conjecture holds, see §11.7.2.

Degeneration of S-integral points. Let K be a number field and let S be a finite
set of places of K. On using Diophantine approximation techniques, Corvaja, Levin and
Zannier ([CZ04, Zan05, CZ06, Lev09, CLZ09, CZ10]) established fundamental Diophantine
results proving in particular the degeneration of S-integral points for large classes of
varieties over K. For example, consider the divisor D = V, (z;) UV, (z;) of Vg with i # j.
Then, as explained in §11.7.3, the general result of Corvaja—Zannier [CZ10, Thm 1] for

smooth cubic surfaces proves that the set of S-integral points of
Vo \ D (11.4)

is not Zariski dense. Furthermore, it follows from Corvaja—Zannier [CZ10, Thm 9] that
this degeneration result is essentially optimal; see §11.7.3. We point out that even in the
special case when K = Q, proving the degeneration of S-integral points of Vg \ D is out of
reach for our approach which can only deal with the much smaller variety Ug C Vg \ D.
Here the main issue is that the moduli interpretation of the points in V'\ U is substantially
more complicated and it is not clear to us how to exploit it.

One could try to prove new degeneration results for S-integral points on surfaces by
combining the moduli formalism with the powerful techniques developed by Corvaja, Levin
and Zannier. To this end we now discuss an open problem for Hilbert modular surfaces.
Let L be a totally real quadratic field, let T" be a congruence subgroup of SLo(Op), and
let Y be the canonical model over Q of the complex Hilbert modular surface H?/T". We
denote by X the Baily—Borel compactification of Y. The singular locus X® of X is finite
and X \Y C X®. Let 7 : X — X be a minimal desingularization. We write E for the
exceptional divisor of 7, and we let D be a divisor of X with supp(D) C E.

Problem. Let S be a finite set of places of a number field K over which everything is
defined. Prove or disprove that the set of S-integral points of X \ D is Zariski dense.

In the simplest case when supp(D) = E, we expect that the set of S-integral points
of X\ D is finite and thus degenerate. This follows for example from Theorem 4.1 (ii) for
K = Q and it should follow from the discussion below (10.14) for all K, since X\ E 2 Y'\Y*
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and Y is a coarse Hilbert moduli scheme whose branch locus is precisely the singular locus
Y?® of Y. On the other hand, the problem seems to be more complicated when D # E. A
difficulty arises from the fact that the divisor D is never big, since codim(X, 7 (D)) > 2
and 7 : X — X is birational. However X and D have other useful geometric properties
which one could try to combine with the techniques of Corvaja, Levin and Zannier in order
to study the problem. For instance Hirzebruch [Hir73] explicitly determined the divisor
E, while Hirzebruch—van de Ven—Zagier [Hir73, HVdV74, HZ77] and others classified the

surfaces X in the sense of Enriques-Kodaira; see van der Geer [vdG88, VII].

11.1.4 Outline of the section

In Section 11.2 we introduce some notation and we give in Proposition 11.5 a moduli in-
terpretation of X and Y over Z[%]. Then we prove Proposition 11.5 in Sections 11.3 and
11.4. More precisely, in Section 11.3 we study the Hodge bundle w on the toroidal com-
pactification of Rapoport [Rap78] and we show in Proposition 11.6 that w®? is generated
by its global sections. For this we first collect various results: We prove in §11.3.1 that
w®? descends to a line bundle on the coarse moduli space, we define and study in §11.3.2
integral models of modular curves, and we determine in §11.3.3 the Fourier expansion of
the Eisenstein series F; corresponding to the cusps. This allows us to compute in §11.3.4
the divisors of the Eisenstein series F; in terms of integral models of modular curves and
then we complete in §11.3.5 the proof of Proposition 11.6. In Section 11.4 we deduce
Proposition 11.5 by combining Proposition 11.6 with Hirzebruch’s work [Hir76] and the
construction of the minimal compactification due to Faltings—Chai [FC90, Cha90].

In Section 11.5 we study heights and we prove the height bound in Theorem 11.3 (ii).
Here an important part of the proof is the construction of a Theta height on Y which we
relate in Lemma 11.14 to the Weil height on Y C ]P’4Z. In Section 11.6 we complete the
proof of Theorem 11.3 and we deduce the Corollary from the introduction.

In Section 11.7 we first collect basic results for the Clebsch—Klein surfaces and the
Diophantine equations (1.1) and (1.3). Then we deduce in §11.7.1 the Corollaries 11.1
and 11.2 which explicitly bound the height and the number of solutions of (1.1) and
(1.3). We conclude by discussing a lower bound for the rational points of bounded height
(§11.7.2) and a degeneration result for S-integral points (§11.7.3).

11.2 Moduli interpretations for X and Y

Let X and Y be as in (1.2), and let M be the Hilbert moduli stack associated to the real
quadratic field L = Q(v/5) with discriminant A = 5. We denote by O the ring of integers
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of L. Throughout Sections 11.2, 11.3 and 11.4, we shall work over B = Z[4-] and we write
M= Mp, X = Xp and Y = Yy to simplify notation.

The stack Ms. We define My = Mp where P is the moduli problem on M of principal
level 2-structures satisfying the condition (11.6) of [Rap78, 1.21]. Then My is a separated
finite type DM-stack over B with a coarse moduli space m : My — Ms. In fact M is a

scheme ([Con05, Thm 3.1]) since My admits a finite étale scheme cover.

Moduli interpretation. Faltings—Chai [FC90, Cha90] constructed the minimal com-
pactification M3 of M. In particular MJ is a normal scheme containing M, as an open

subscheme. The following result gives a moduli interpretation for the points of X and Y.
Proposition 11.5. There is an isomorphism M 5 X which restricts to My =Y.

Hirzebruch [Hir76] constructed the isomorphism M; = X over C by using the five
Eisenstein series F; corresponding to the five cusps of the Hilbert modular variety Ms(C).
Proposition 11.5 shows in particular that Y is a coarse moduli scheme over B of the
arithmetic moduli problem P on M; we shall explicitly construct in (11.21) an initial
morphism 7 : My — Y using the five Fisenstein series F;. In the following Sections 11.3

and 11.4, we give a proof of Proposition 11.5 via the strategy outlined in §1.4.1.

11.3 The square of the Hodge bundle

We continue our notation and terminology. Rapoport [Rap78] constructed a smooth
toroidal compactification My of Ms. In this section we study the square w®? of the
Hodge bundle w on My defined by Chai in [Cha90, 4.1]. We denote by s; the five global

sections of w? corresponding to the five Eisenstein series F; defined in §11.3.3.
Proposition 11.6. The invertible sheaf w®? on My is globally generated by the s;.

Hirzebruch [Hir76] essentially proved this statement over the generic fiber, while the
method of Faltings—Chai [FC90, Cha90] gives that a positive power of w is generated by
its global sections. The proof of Proposition 11.6 given in §11.3.5 crucially relies on the

results and arguments of Hirzebruch and Faltings—Chai, see §1.4.2 for the principal ideas.
Geometric properties. We now introduce some notation and we review geometric

properties of Mg, My, My and M which we shall use in the proofs below. The stack
M is smooth over B since the smooth stack in [Rap78, 1.22] identifies over B with M.

117



Then Corollary 5.6 implies that Ms is also smooth over B. The following statements
are (direct consequences of) fundamental results in [Cha90, §3.6 and §4.3]: The minimal
compactification M5 is a normal scheme which is projective and finite type over B, My C

Mo and My C M3 are dense open, there exists a canonical surjective morphism
T My — My (11.5)

induced by the fact that a positive power of the Hodge bundle w on M is generated by its
global sections, the restriction of © to My C My is the initial morphism 7 : My — Mo,
and 7(Ms \ My) = M3 \ Ms. In particular My is fiberwise dense in Mj since My is
fiberwise dense in My by construction. As 7 : My — My is a universal homeomorphism
and My has irreducible fibers by [Rap78, 6.2], the fibers of My, and thus of M5, are
irreducible. This implies that M, and hence Mj, is irreducible since M, is flat and of
finite presentation over B. Further M; and Mj have both dimension 3 with all fibers
of dimension 2, since the generic fiber of M, has dimension 2 by [Rap78, p.269]. We
also mention that Lan’s book [Lan13] on compactifications of PEL-type Shimura varieties

contains a detailed construction of the toroidal and minimal compactifications of Ms.

The moduli problem P. For several computations in this section it will be useful to
recall the definition of the moduli problem P of principal level 2-structures satisfying the
condition in [Rap78, 1.21]. Let & = (A, ¢, ¢) be in M(S) for some B-scheme S. Then P(z)
is the set of all principal level 2-structures o : (0/20)% — A such that the diagram

Homp (A4, AY)SY™ @0 /\?MOAQ L @7 uo (11.6)

o l®a~!

07! ®0 AY 90 (0/20)% v ' ®y (Z/27)5
commutes. Here 07! is the Z-dual of O and we view Homgp(A, AY)™ as a sheaf for the
étale topology on (Sch/S). As explained in [Rap78, p.266] the top horizontal morphism
is an isomorphism induced by the Weil pairing of A which is O-compatible. The bottom
horizontal morphism comes from the isomorphism AZ /20((9 /20)* 5 020 given by the
determinant and the right vertical morphism comes from ps = (Z/27)s.
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11.3.1 Descending powers of w

We continue our notation. In what follows we also denote by w the restriction of w to
My C Mjy. The method of Faltings-Chai [FC90] gives that a positive power w®* of w
descends along the initial morphism 7 : My — Ms to an invertible sheaf on My, see
[Cha90, Main Thm]. To show that one can take here k = 2, we use a different strategy
which follows Olsson’s proof of [Ols12, Prop 6.1] and which exploits that we can explicitly

compute all the geometric automorphism groups of M.

Lemma 11.7. The canonical (adjunction) morphism w*mw®? = w®? is an isomorphism

®2

of sheaves on My, and m,w®* is an invertible sheaf on M.

Proof. On using the arguments in the proof of Corollary 5.6 which combine Serre’s lemma
with Lemma 5.3, we compute that the geometric automorphism groups of My are all given
by {£1}. In particular the order of each geometric automorphism group of My is invertible
in our base B = Spec(Z[45]). Hence M is a tame stack. Then [Ols12, Prop 6.1] gives that
the pullback functor 7* induces an equivalence of categories between invertible sheaves on
My and invertible sheaves £ on My with the following property: For every geometric point
x : Spec(k) — My the action of the automorphism group scheme G, on x*L is trivial. We
claim that w®? has this property. Any non-trivial automorphism ¢ in G, has order two,
and z*w is a rank 1 representation of G,. Thus we obtain that gv ® gw = ¢>v@w = v W
for sections v, w of x*w. This shows that G, acts trivially on z*w ® z*w = 2*w®?, proving
the claim. Now we can apply with £ = w®? the arguments of the part of the proof of
[Ols12, Prop 6.1] showing that 7* is essentially surjective. These arguments directly give
that m,w®? is an invertible sheaf on M and that the adjunction morphism 7* m,w®? — w®?

is an isomorphism. This completes the proof of Lemma 11.7. O

The method of Faltings—Chai also gives that a positive power of w on the toroidal
compactification My descends along the morphism 7 in (11.5) to an invertible sheaf on
the minimal compactification M;. More precisely, for any k € Z>; such that w® s

generated by its global sections we obtain that 7,w®" is an invertible sheaf on M3 with

F* 7wk

1

w®k, (11.7)

To see this one can proceed as follows: By construction 7 : My — MJ is the canonical
morphism which comes from My — P} via Stein factorization My =T My —% P%, where
My — P% is induced by the assumption that w®k is generated by its global sections. Then
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(11.7) follows from the isomorphism Oy = 7Oy, and the projection formula which
identifies £ = (£ ®@ 7,.Oxg,) with 7,7 L = T.w®k for £ = p*O(1).

As the line bundle w®* is generated by its global sections for some k € Z>1 by [Cha90,
Main Thm], we obtain (11.7) for this k. This is used in the proof of Proposition 11.6 given
below. After completing the proof of Proposition 11.6, we can come back and deduce that
(11.7) holds in fact with the explicit k& = 2 by Proposition 11.6.

11.3.2 Modular curves inside M,

We continue our notation. In this section we define and study modular curves inside Ms.
After giving the construction, we establish some geometric properties which we will use

in §11.3.4 below to compute the divisors associated to certain Eisenstein series.

Modular morphism. To define the modular curves ¢gC' C Ms, we consider the sep-
arated finite type DM-stack & over B whose objects (F,«) over any B-scheme S are
elliptic curves E over S with a symplectic level 2-structure o : (Z/2Z)% = E» as in [FC90,
p.121]. By tensoring with O, we then define a morphism of stacks over B,

$:E = My, (E,a)— (E,a)@0 =(A,,¢,05), (11.8)

which lies over the modular morphism & — M, E +— (A, ¢), constructed by Bruinier—
Burgos—Kiihn [BBK07, Prop 5.12] for the stack £ over B of elliptic curves. In (11.8) the
abelian scheme A = E' ® O over S represents the presheaf T — E(T') ®z O on (Sch/S5),
and ¢ : O < End(A) is induced by O-multiplication on O. Further, as AY = F ® 0~}
represents the presheaf 7'+ E(T) ® 97! on (Sch/S), the polarization ¢ is given by:

©: 071 = Homp(A4, AV)™™ p(N)(e® a) =e® I,

for e@ain A(T) = E(T)®70 and 07! the Z-dual of O. The symplectic o : (Z/2Z)% = E»
is compatible with the determinant (Z/27)% x (Z/2Z)? — 7/27 and the Weil pairing
composed with pg ~+ (Z/27)s. Thus, on using results in [AK18, §1], we compute that

B=a®0:(0/20)%4=2(Z/22) 20 5 E;20 = A,

is a principal level 2-structure on (A4, ¢) with (11.6). Furthermore (E,a) — (A, ¢, ¢, )
is functorial and ¢ : & — My is a morphism of stacks over B. Indeed E +— (A, ¢, ) is
functorial since it defines the functor &€ — M, and if f : (E,a) — (E', ) is a morphism
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in £(S) then o = f|g,a and thus ¢(f) = f ® O satisfies 5/ = ¢(f)|4,5-

Modular curves gC. Let g € GLy(0O/20). We denote by gC C My the scheme-
theoretic image of the morphism n74¢ : & — Ms, where the automorphism 7, of My
is as in (5.2) and m : My — M> is an initial morphism. Write C for gC if g = id. We
next use results of Bruinier-Burgos-Kiithn [BBK07] and Yang [Yanl0] to establish some
geometric properties of gC' C My which are applied in Lemma 11.12 below.

Lemma 11.8. The following statements hold.
(i) The morphism ¢ : E — My is proper.
(i) The curve C(C) is an irreducible component of F;(C).
(iii) Let g,h in GLo(0O/20). If gC N hC' is nonempty, then h™'g lies in GLy(Z/27).

Here we view GLg(Z/27) as a subgroup of GL2(0O/20) via Z/2Z @ O = O/20, and
F1(C) is the usual modular curve inside M»(C). Such modular curves were studied among
others by Hirzebruch, Zagier and van der Geer (see [Hir73, HZ76, vdGZ77]); notice that
F1(C) can be defined analogously as in [vdG88, Def V.1.3] with M3(C) in place of Xt. In

what follows we shall make identifications via GAGA without mentioning it explicitly.

Proof of Lemma 11.8. We first prove (i). As already observed by Yang in his proof of
[Yan10, Lem 2.2], it follows from Bruinier-Burgos—Kiithn [BBKO07, Prop 5.14] that the

modular morphism & — M is proper. This morphism fits into the commutative diagram

& 4¢>M2

E——M

of algebraic stacks in which the vertical morphisms are the forgetful morphisms. As the
forgetful morphisms are finite and & — M is proper, the composition & — £ — M is
proper and My — M is separated. Thus ¢ : & — My is proper as claimed in (i).

We next show (ii). To relate C(C) with F(C), choose a coarse moduli space M — M
and consider the image V' C M (C) of the curve F;(C) C M(C) under the quotient map

pe : Mo (C) =2 H?/T(2) — H?/SLy(0) = M(C) (11.9)
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where I'(2) denotes the kernel of the natural projection SLa(O) — SLa(O/20). Here the
algebraic space M is in fact a scheme over B and the quotient map pc comes from the
base change to C of a morphism p : My — M of B-schemes, which is induced by the initial

property of m and which fits into a commutative diagram

Mz#]\@
P
M M.

We now combine the displayed diagrams: Bruinier-Burgos—Kiithn [BBK07, Prop 5.12]
showed that V is the image of £(C) under the composition £(C) — M(C) — M(C)
and hence C' = 7¢(&,) satisfies C(C) C p'(V). On using that F;(C) = W/T'(2) and
V 22 W/SL(O) for some W C H? which is stable under the SLy(O)-action, we obtain

pc' (V) = Fi(C). (11.10)

As the morphism 7¢ : &5 — My is universally closed by (i) and £2(C) is irreducible, we see
that C'(C) is irreducible and closed inside F;(C). Notice that C'(C) can not be of dimension
zero. Thus C(C) is an irreducible component of the curve F;(C) as claimed in (ii).

To prove (iii) we take g, h in GLy(O/20) and we suppose that gC' N hC' is nonempty.
After possibly replacing g by h~!g, we may and do assume that h = id. Then gC (k)N C (k)
is nonempty for some algebraically closed field k. We next construct an elliptic curve F

over k with symplectic level 2-structures «, a* such that
g (a®0)=a"®0. (11.11)

As gC(k) N C(k) is nonempty and gC' is the scheme theoretic image of the morphism
mTe¢ : €3 — My which is closed by (i), we obtain (E,«) and (E', ') in E(k) such that
T4¢(E, o) and ¢(E', a’) are isomorphic in My (k). Write (z,g - (a ® O)) for 74¢(E, ) and
(', o/ ®0) for ¢(E’, o). Yang showed in [Yan10, Lem 2.2] that £ — M induces a bijection

Homg g, (F, EY S Hom () (, ).

Thus, after applying isomorphisms in (k) and Ms(k), we obtain a symplectic level 2-
structure o* of E satisfying (11.11). Now, it follows from (11.11) that ¢ = uv ® O with
u = (a*)"la. Hence g lies in the image of GLy(Z/27Z) inside GLo(Z/2Z®0) = GLy(0/20)
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as claimed in (iii). This completes the proof of the lemma. O

In view of (11.10), the group SLy(0/20) = SLy(O)/T'(2) acts on F;(C) and then on
the set of irreducible components of Fi(C). In what follows, the action of SLy(O/20) on

(the set of irreducible components of ) F;(C) will refer to this action.

Components of F;(C). We showed in Lemma 11.8 (ii) that C'(C) is an irreducible
component of F(C). To describe all irreducible components of F3(C) in terms of C, write
G for SLy(0/20) and let H C G be the stabilizer of C(C) under the action of G on the
set of irreducible components of Fi(C). It is known ([vdG88, p.189]) that

Fy(C) =UFY (11.12)

has 10 irreducible components Féj which are labelled so that the closure of Fg in M3 (C)
does not intersect after desingularization the two cusps 7 and j of the minimal desingu-
larization of Mj(C). Here we label the five cusps of Mj(C) by 0,...,4 following Hirze-
bruch [Hir76]. The next result computes Fg in terms of C.

Lemma 11.9. For each ij there exists g;; € G such that F9 = (9i;C)c. In particular,
F1(C) =U(gC)c with the disjoint union taken over all left cosets g € G/H.

Proof. Let pc : My(C) — M(C) be the quotient map induced by I'(2) C SLy(O) as
in (11.9). The Hirzebruch—Zagier divisor V' = pc(F1(C)) in M (C) is irreducible, and the
arguments before (11.10) show that the irreducible component C'(C) of Fi(C) satisfies V' =
pc(C(C)). Then we deduce that G acts transitively on the set of irreducible components
of F1(C). Hence for each ij there exists g;; € G such that

FJ = g;;(C(C)) = (9:C)c-

Here the second equality uses that the identification My(C) = H?/T'(2) is compatible
with the actions of G = SLy(0)/I'(2), where G C GL2(0O/20) acts on My(C) via 7 :
[M2(C)] = Mo (C) and (5.3) while SLy(0Q)/I'(2) acts on H?/I'(2) as usual. This proves the

first statement, which implies the second statement since H is the stabilizer of C(C). O

This description of the connected components of F7(C) is crucial for our computation

of the divisors of certain Eisenstein series in Lemma 11.12 below.
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11.3.3 [Eisenstein series

We continue our notation. Let I'(2) be the kernel of the projection SL2(O) — SLa(O/20).
In this section we discuss the Fourier expansion of the Eisenstein series of weight two for

I'(2) corresponding to the cusps of H?/T'(2). In particular we compute the constant terms.

Definition of F;. Following Hirzebruch [Hir76] we label the five cusps of H2/T'(2) by
0,...,4 with the cusp oo labelled by 0. The group SL2(Q) acts transitively on these five
cusps. For any ¢ € {0,...,4} choose A; € SLo(O) which sends the cusp i to co. Hirzebruch
works in [Hir76, p.164] with five Eisenstein series F; of weight two for I'(2), defined by

Eo = Z N(mi-‘,—n)?’ Ei = E0|Ai7 (1113)

such that FE; vanishes at all cusps except the i-th. Here the restricted sum is taken via
Hecke’s summation over all coprime (m,n) € O? reducing to (0,1) in (0/20)2, where the
restriction ' means we sum modulo the subgroup of @* reducing to 1 in O /20. Further

we denote by |4, the usual slash operator and by N(-) the usual norm, see (11.14).

Fourier expansion. Klingen [Kli62] used analytic methods to establish formulas for the
Fourier coefficients of Eisenstein series of weight k£ > 2 for I'(2). Therein the constant term
ag is determined by the value at k of certain zeta functions, and for E; one can reduce
the computation of ag to the result (g \/g)(—l) = 55 of Siegel [Sie69] and Zagier [ZagT6].

Then computing the quantities in Klingen’s formulas leads to the following:

Lemma 11.10. The coefficients of the Fourier expansion of E; at the cusp j lie in Z and

are coprime. The constant term ag satisfies ag = 3 when j =1 and ag = 0 otherwise.

The computations required to deduce this lemma from [Kl1i62] are all basic and straight
forward. However, we include them here since we are not aware of precise references. We

begin by recalling the slash operator |4 and the norm N(-). They are defined by
fla(r) = Wf(/h’) and N(ut +v) = (ury +v)(u'7o + ) (11.14)

for any Hilbert modular form f of weight two for I'(2), any A € SLy(O) given by ( ),

ab
cd

any (u,v) € O? and any 7 € H2. Here 2’ denotes the conjugate of 2 € Q(v/5).

Relation to G and G35. To apply Klingen’s results, we first relate Ey to the Eisenstein
series Gy and G% defined in [K1i62, (12) and §3] with £ =2, a = O, n = 20 and (a1, a2) =
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(0,1). The ray class group modulo 20 is trivial. Hence [Kli62, (20)] leads to

wEy = G = 5igyG2, w=4. (11.15)

Here (2(2) = > W with the sum taken over all ideals I C O coprime to 20, and w is
the index of {z € OF; T = 1} inside {x € O*; = 1} where we denote by O the totally

positive units of O and we write Z for the image of € O inside O/20.

Constant term and (2(2). We next compute the constant term ay of the Fourier
expansion of Ey at oo and the value (2(2). The index of {z € OF; Z = 1} inside O is
given by |(O/20)*|w. Then, on using the formula [K1i62, (14)] for the constant term ¥,
of the Fourier expansion of Gg at 0o, we find that ¥; = 3w(2(2). Thus (11.15) proves

ag=3, while ((2)= 2z 4 (11.16)

follows from (7 (—1) = % in [Sie69, Zag76] where (7, is the Dedekind zeta function of
L = Q(v/5). Here we used the Euler product formula which gives (2(2) = 1—2( £(2) and we
applied the functional equation which relates (r,(—1) with (7 (2).

Proof of Lemma 11.10. Let i € {0,...,4} be a cusp. By construction the Eisenstein series
E; is of the form F; = Ep|4, where A; € SLa(O) sends the cusp ¢ to co. Thus the constant
term ag of the Fourier expansion of F; at the cusp j has the following properties: It equals
the constant term of the Fourier expansion of Ey at oo if j = 4, and it satisfies ag = 0
otherwise. Hence (11.16) proves the statements about the constant term.

We now deal with the higher Fourier coefficients of E;. Denote by Go; the Eisenstein
series defined by Klingen in [K1i62, (12)] with k = 2, a = O, n = 20 and (ay,a2) = A%(0,1)
where Al is the transpose of A;. On using (11.15) and (11.16) we compute

E; = Eola, = Y3 - 10G,. (11.17)

In [K1i62, p.182], Klingen obtains a formula for the higher Fourier expansion ¥y of G
at the cusp oo and he observes that e2mi(@2v+av") ig 5 4-th root of unity for all v € ﬁ@.
These results and (11.17) imply that all higher Fourier coefficients of E; lie in Z[y/—1],
and then they all lie in Z since the terms involving /—1 cancel out by symmetry.
Finally, we show that the Fourier coefficients are coprime. For this it suffices to find
a Fourier coefficient a, with 3 1 a,, since ag = 3 and E; = Ep|a,. A set of representatives

of O* modulo {x € OF; z = 1} is given by {#+€’;i = 0,...,5}. Then, on using again
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Klingen’s formula for Y5, we compute that the totally positive element v = €/v/5 of the
module %0_1 satisfies a,, = —8 which is not divisible by 3. This completes the proof. [

In particular, Lemma 11.10 assures that the Hilbert modular form F; of weight two
for I'(2) has all Fourier coefficients in B = Z[z]. Thus the g-expansion principle of
Rapoport [Rap78] and Faltings—Chai [FC90, Cha90] gives that E; corresponds to a global
section of the square of the Hodge bundle w®? on the toroidal compactification M.

11.3.4 Divisors of the Eisenstein series

We continue our notation. Lemma 11.7 gives that m.w®? is an invertible sheaf on the
regular scheme My, where  : Mgy — Mo is an initial morphism and w is the Hodge bundle.
In this section we study the divisors D; on M associated to the five global sections of
mew®? corresponding to the five Eisenstein series E; defined in §11.3.3.

To compute the divisors D;, we first show that they are horizontal. The following lemma
relies on the computation of the constant term of F; in Lemma 11.10 and fundamental
results for My and M; proven by Rapoport [Rap78] and Faltings—Chai [FC90, Cha90].

Lemma 11.11. FEach prime divisor Z of D; is the closure of its generic fiber Zg.

Proof. Let Z be a prime divisor of D;. The idea of the proof is as follows: We first reduce
the problem to showing that the closure Z* of Z in M3 is a horizontal divisor. Then
we prove that Z* is a horizontal divisor by combining the g-expansion principle with the
computation of the constant term of the Eisenstein series F; in Lemma 11.10.

We first introduce some notation and make a reduction. Let s; be the global section of
w®? on M, corresponding to the Eisenstein series E;. We also denote by s; its restriction to
My C My. Write s = s; and D = D;. For each k € Z>1 we obtain that kD is the divisor on
M associated to the global section of mw®F defined by s®k; indeed 7w®2F =~ (W*w®2)®k
by Lemma 11.7 and the projection formula. To prove Lemma 11.11, we thus may replace
s by s and D by kD for any k € Zs1. Moreover [Cha90, Main Thm (iii)] and (11.7)

show that we may and do this for some k such that T w®2k

is an invertible sheaf on M
with T 7w®?F = WOk for 7 : My — MJ as in (11.5). We now can consider the divisor
D* on the normal scheme M associated to the global section of T.w®%k defined by s.
Let Z* be the closure in My of our given prime divisor Z of D. As 7 is the restriction of
7 to Mgy C Mg and T(Ma\My) = M3\ Mz, we see that m,w®?¥ is the restriction of 7,w®?¥
to My C Mj. It follows that D is the restriction of D* to My C M. In particular Z* is
a prime divisor of D*. Moreover the claim (1) below gives that Z* is a horizontal divisor.

Thus the generic point z of Z* lies in the generic fiber Z of Z* and Z* is the closure of
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Z@ in M. In fact 2z also lies in Z since Z = My N Z* is nonempty open in the irreducible
Z*. Hence Zg = Z N Z@ contains z and thus the closure of Zg in Ma is Z* N My = Z.
This proves that Z is the closure of its generic fiber as claimed in Lemma 11.11.

It remains to show the claim (1) that any prime divisor of D* is horizontal. Each prime
divisor of D* is either horizontal or vertical, since My — B is closed and B is a connected
Dedekind scheme. To show that D* has no vertical prime divisors, we take a closed point
p € B. The fiber M3 , of MJ over p is irreducible. Hence any vertical prime divisor Z* of
D* over p equals Mj,,, since Z* C Mj , is irreducible closed with dim Z* = dim M3 — 1
equal to 2 = dim M3 . This implies that the global section of 7.w®2F defining D* vanishes
on Z* = Mj ,. As s identifies with the pullback of this section under 7, we deduce that
s vanishes on the whole fiber My, of M3 over p. Then the g-expansion principle assures
that the g-expansion of s at each cusp of Ms is zero modulo p. But at the cusp ¢ of My
corresponding to F;, Lemma 11.10 gives that the constant term of the g-expansion of
s = s;@k is 3F which is nonzero modulo p. This shows that D* can indeed not have vertical

prime divisors, which completes the proof of the lemma. O

Next, we combine the above result with Lemmas 11.8, 11.9 and 11.10 to compute the

divisors D; in terms of the modular curves gC' constructed in §11.3.2.
Lemma 11.12. The following statements hold.
(i) The support of D; is the union of four disjoint gC with g € SLa(O/20).
(i) The intersection N;D; is empty.

Proof. To prove (i) we first determine the support of D; over Q. In Lemma 11.10 we
computed the constant term of the Fourier expansion of our Eisenstein series F; in each
cusp j of M3 (C): It is nonzero if and only if 7 = ¢. Thus our E; is up to a constant factor
the Eisenstein series F; 1 in [vdG88, p.190]. Then [vdG88, p.190] implies

suppD; ¢ = UFY (11.18)

since by construction the Eisenstein series F; corresponds to the global section of m,w®?

defining the divisor D;. Here the union is taken over the four cusps j # ¢ and we recall
from (11.12) that the curve F;(C) = UFg has 10 irreducible components Fg Lemma 11.9
gives gi; € SLy(O/20) such that Fg = (9i;C)c. Then (11.18) leads to

suppD; o = UFY,  F9 = g;;C (11.19)
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with the union taken over the four cusps j # i. We now compute the closure inside Ms. As
the moduli stack & of elliptic curves with symplectic level 2-structures is irreducible and
Fi = gijC is the scheme-theoretic image of w7y, . ¢ : &2 — Mz, we obtain that F' = 9i;C
is an integral closed subscheme of M, with generic fiber Fg nonempty. Hence F¥ is the
closure of Fé] in M. Further, the closure of suppD; g in My is given by suppD; since each
prime divisor of D; is the closure of its generic fiber by Lemma 11.11. Thus (11.19) shows

suppD; = UF% (11.20)

with the union taken over the four cusps j # i. Next, we determine the intersection
F N F* for arbitrary cusps 4, j, k, [. We claim that either F'7 0 F* is empty or FJ = F*,
To prove this claim, we assume that F%7 N F¥! is nonempty. Then Lemma 11.8 gives that
g = gy, 9i; lies in the image of GL2(Z/2Z) in GLy(0/20) via Z/2Z® 0 = 0 /20. Tt follows
that gC = C, since C' is the scheme-theoretic image of the morphism 7¢ : & — My and
¢ is induced by tensoring with O. This implies that F¥ = 9i;C = guC = F kL as claimed.
We now consider the four subschemes F'J C M, appearing in (11.20). They are pairwise
distinct since their base changes F(éj are pairwise distinct by (11.12), and thus the claim
below (11.20) assures that these four F¥/ are disjoint. This completes the proof of (i).

It remains to prove (ii). Suppose that (ii) does not hold, that is ND; is nonempty.
Then (11.20) gives that N; U F¥/ is nonempty and hence there are j; # i such that N;F¥
is nonempty. But, as the five F/i can not all be equal by (11.12), the claim below (11.20)
shows that there exist at least two disjoint Fi C My which implies that N;F¥ is empty.

This contradiction proves (ii) and completes the proof of Lemma 11.12. O

In the proof of Lemma 11.12 (i) we obtain in addition a description in (11.20) of those
four g € SL2(0/20) with gC a prime divisor of D;. The description is in terms of the
intersection behaviour of the cusp resolutions in the minimal desingularization of M (C).

This is crucial for the proof of (ii) and might be of independent interest.

11.3.5 Proof of Proposition 11.6

We continue our notation. Recall that # : My — Mj is the canonical morphism from
(11.5) and that s; is the global section of w®? corresponding to the Eisenstein series F;
defined in §11.3.3 where w denotes the Hodge bundle on Ms. In the following proof of
Proposition 11.6, we combine Lemmas 11.10 and 11.12 with fundamental results for MJ
obtained by Rapoport [Rap78] and Faltings—Chai [FC90, Cha90].
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Proof of Proposition 11.6. We first show that the sections s; have no common zeroes on
the boundary Mz \ Mas. It follows for example from [Cha90, Main Thm] that Mz \ M3 has
five connected components which we label such that 7 : My — M3 sends the component
i to the cusp ¢ of M5, where the five cusps of M3 are labelled by 0,...,4. The section s;
corresponds to the Eisenstein series F;, and Lemma 11.10 gives that the constant term of
the Fourier expansion of E; at the cusp 7 of M is invertible in B. Then the g-expansion
principle implies that s; does not vanish in the connected component i of My \ Ms. Thus
the sections s; have no common zeroes on the boundary Ms \ My as desired.

Further, it is a rather direct consequence of Lemma 11.12 (ii) that the sections s; have
no common zeroes in Msy. The details are as follows. Let p : X — M5 be an étale scheme
cover of My. To show that the sections s; generate w®? over Mo, it suffices to prove
that the intersection N;div(p*s;) is empty. Corollary 5.6 implies that the initial morphism
m: Mg — Ms is étale and hence ¢ = pm is étale. Then we compute

div(p*s;) = div(q*t;) = ¢"D;

where D; is the divisor associated to the global section t; of m,w®? defined by s;. Here we
identified 7*¢; with s; via the adjunction isomorphism m*mw®? = w®? in Lemma 11.7.
Now, as the intersection N;D; is empty by Lemma 11.12 (ii), we deduce that N;div(p*s;) =
N;q*D; is empty as desired. This completes the proof of Proposition 11.6. O

11.4 Proof of Proposition 11.5

We continue the notation and terminology of §11.2 and §11.3. Recall that M3 denotes
the minimal compactification of the coarse moduli scheme Ms. In this section we use the

above results to construct the isomorphisms My 5 X and My 5 Y in Proposition 11.5.

Proof of Proposition 11.5. Asin the statement of Proposition 11.5, we consider the objects

over the base scheme B = Spec(Z[%]). The following proof consists of four steps.

1. We first construct a morphism M5 — IP’43 using the Hodge bundle w on the toroidal
compactification My of Ms. Proposition 11.6 gives that w®? is globally generated by the
five global sections s; corresponding to the five Eisenstein series F; defined in §11.3.3.
Hence these sections s; define a morphism My — ]P’jlB which is automatically proper since

M, is proper over B. Then Stein factorization decomposes My — IP’43 into two morphisms:

My =7 My —T Py,
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where the canonical morphism OMS = ﬁ*Oﬂz is an isomorphism and the morphism f is
finite. Here we used the construction of My which gives moreover that the restriction of
T to My is an initial morphism My — My, see [Cha90, Main Thm (vi)].

2. Next, we prove that the scheme theoretic image X’ of f equals X. The projection
formula together with w®? = 7* f*O(1) and 7+Oxz, = Ong implies that w2 22 f*O(1).
In particular 7,w®? is an invertible sheaf on Mj which is globally generated by the five
sections defined by the s;. The section s; corresponds to the Eisenstein series F; which
coincides up to a constant factor with the Eisenstein series F; ;1 in van der Geer [vdG88,
p.191]. Thus the arguments in [vdG88, p.190-191], which can be modified so that they
work over Q as explained by Shepherd-Barron—Taylor [SBT97, p.289], show that

fo: Mg — Pg

is a closed immersion with scheme theoretic image Xg C ]P’a. Hence X, equals Xg inside
IP’@. The schemes X’ and X are both integral closed subschemes of IP’A‘B. Indeed the scheme-
theoretic image X’ of the finite morphism f : Mj — P} has this property since Mj is
integral, while a computation (using Macaulay2) with the defining equations of X gives
that X is integral as well. Furthermore X' C IP’% and X C IP’% have the same generic point,
since X{@ = X inside ]P’% and since the generic points of X’ and X are the generic points
of X(’@ and Xgq respectively. It follows that X’ = X as desired.

3. We now apply Zariski’s main theorem to deduce that f : M; — ]P’jlB induces an
isomorphism on its image. The noetherian schemes M35 and X are both integral, and a
computation (using Macaulay2) with the defining equations of X shows that X is normal.

As X is the scheme-theoretic image of f by step 2, we obtain that f induces a morphism
f:M5— X.

This is a birational morphism of integral schemes, since it extends fg : M3 o — Xg which
is an isomorphism of (Q-schemes as explained in step 2. Then, as X is normal, we can
apply Zariski’s main theorem to deduce that Ox = J+Ongz. This proves that the finite
morphism f : M5 — X has to be an isomorphism.

4. It remains to show that f: Mj = X restricts to an isomorphism My = Y. Write V
for the boundary M5\ Ma, and recall that Z is the union of the images of the five B-points
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of X obtained by permuting the coordinates of (1,0,0,0,0). We now prove that
fV)=2.

It follows from [vdG88, p.190-191] and [SBT97, p.289] that Vp is given by five Q-points
of M5 and f(Vg) = Zg. Further, Z is the closure of Zg in X and [Cha90, Main Thm (vi)]
implies that V' is the closure of Vg in Mj. As f is a homeomorphism, we then deduce
that f(V) = f(Vg) = Z. Thus the isomorphism f : Mj = X restricts to an isomorphism
My = M3\V 5 X\ Z =Y as desired. This completes the proof of Proposition 11.5. [

Proposition 11.5 implies that Y is a coarse Hilbert moduli scheme over B of the moduli
problem P on My defined in (11.6). For what follows it will be crucial to specify an initial
morphism My — Y. In the above proof of Proposition 11.5, we constructed in step 1 the
morphisms My —7 M3 —7 ]P’jlB and we showed in step 4 that the restriction to My C My

of the composition f7: My — IP’43 defines an initial morphism
T My =Y. (11.21)

Indeed f restricts to an isomorphism M, = Y by step 4 and the restriction of 7 to
My C Mj is an initial morphism Ms — My by [Cha90, Main Thm (vi)]. By construction
T : My — Y is given by the five global sections of w®? on My corresponding via the g¢-
expansion principle to the five Eisenstein series E; for I'(2) of weight 2 defined in §11.3.3.

11.5 Heights

Let Y be asin (1.2) and define B = Z[%]. Proposition 11.5 gives that Yp is a coarse moduli
scheme over B of the arithmetic moduli problem P on M p of principal level 2-structures
with (11.6). The goal of this section is to prove the following result which explicitly bounds
the logarithmic Weil height h on Y C ]P’4Z in terms of the height hy.

Proposition 11.13. Any P € Y(Q) satisfies h(P) < 2hy(P) 4 8% log(hy + 8).

Here hy is the height on Y(Q) = Yp(Q) defined with respect to the initial morphism
m: Mp — Ypin (11.21), and recall that the logarithmic Weil height h on projective space
is normalized as in [BGOG6, p.16]. We shall discuss the bound at the end of Section 11.5.

In the remaining of this section we prove Proposition 11.13 as follows. We first relate
the height h to a Theta height hy on Y by using the work of Hirzebruch [Hir76] and
computations for Hilbert theta functions due to Gétzky [G28], Gundlach [Gun63] and
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Lauter-Naehrig-Yang [LNY16]. Then we bound hg in terms of h, via the explicit height
comparison of Pazuki [Paz12] which is based on ideas of Bost-David. Throughout this

section we work over Q and we write Y for Yy and P" for ]P% where n € Z>1.

Theta height on Y. We can define a Theta height on Y by pulling back a Theta height
on the coarse moduli space Ao over Q of principally polarized abelian varieties with a

symplectic level two structure [FC90, p.19]. More precisely, we define the Theta height
hg =60*h: Y(Q) = R

where 6 : Y — P? is the composition of the following morphisms: The morphism Y — Ao
induced on coarse moduli schemes by forgetting ¢« : O — End(A) and the morphism
Az o — P? defined by the fourth powers of the even Theta functions 6, = 0, (7,0) as in
[vdG88, p.217]. The heights hy and h on Y are closely related.

Lemma 11.14. Any P € Y(Q) satisfies h(P) < hg(P).

Proof. Let x; be the pullback along Y < P* of the i-th coordinate function on P4, and let
zj be the pullback along 6 : Y — PY of the j-th coordinate function on PY. Lemma 11.14

is a direct consequence of the following claim: On Y (Q) it holds

vi=+]] % (11.22)
JjeJi
where J; C {0,...,9} with |J;] = 4. To prove this claim, we need to introduce some

notation. Let Hs be the Siegel upper half space of genus 2 on which the symplectic group
Spy(Z) acts as usual and write H = {z € C,im(z) > 0}. We denote by I'y the kernel of
the projection Spy(Z) — Spy(Z/27Z) and we denote by I'(2) the kernel of the projection
SL2(O) — SLy(O/20). Then we consider the commutative diagram

Y(Q)S Y(C) > [M3(C)] ———H*/T(2) (11.23)

be

Ag2(Q) = 422(C) = [Ag2(C)] —= Hy/T'y

which is obtained as follows: The map ¢, is the modular morphism of Lauter—Yang [LNY 16,
p.153] with e = 1+—2‘/5 The two bijections in the middle come from the coarse moduli spaces
g Mz =Y and Az 2 — Ag, where My = (Mp)g and Asg is the moduli stack over Q
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of principally polarized abelian schemes with a symplectic level two structure as in [FC90,
p.19]. The two bijections on the right come from the usual uniformization of complex
abelian varieties (with real multiplications), where [My(C)] = H?/I'(2) factors through
the inverse of the map ¢q : H? — H? defined in [LNY16, p.153].

We now use the diagram to compute z; in terms of the z;. The discussion right after
(11.21) provides that mg : Mz — Y is given by the five global sections of the square
w®? of the Hodge bundle on My corresponding via the g-expansion principle to the five
Eisenstein series F; for I'(2) of weight 2 which are defined in §11.3.3. Then the inverse
H?/T'(2) = Y(C) of the composition of the isomorphisms Y (C) = [M3(C)] = H?/T(2)
in the diagram (11.23) is given by the five Eisenstein series F;. Moreover, it holds

Y(C = Proj ((C[EZ]/(O'Q, 0'4))\Z([j, and E(] == 901902903904 (1124)

by Hirzebruch’s computation in [Hir76, p.166]. Here Z¢ is given by the five permutations
of (1,0,...,0) and 6;; is the theta function (viewed on H?) of Gotzky [G28, (19)] and
Gundlach [Gun63, p.233]. We next express the 6;;, and then all Eisenstein series Ej, in
terms of the Hilbert theta functions 6, for some (a,b) € (0/20)%, where we write 0,
for the function 6f , of Lauter-Naehrig-Yang [LNY16, (2.5)] defined with respect to the
fundamental unit e = # and where O denotes the ring of integers of Q(v/5). In the table
displayed in [Gun63, p.232], Gundlach computed all pairs («, ) which are relevant for the
definition of the functions ¢;;. For any pair («, 3) in this table, it holds that o5 € {0,1, -1}
and thus the field trace t = Tr(%%b) is zero for (a,b) = (o, f/€). Then unwinding the
definitions of the functions 6;; and 6, on H? leads to

0ij = € ™00 = b (11.25)

for some (a,b) € (0/20)%. The group SL2(0O/20) acts transitively on the set of cusps of
H?2/T'(2) and recall from (11.13) that the Eisenstein series F; = FEp|a, is obtained from
Ey via the slash operator for some A; € SLy(O). Thus, on combining (11.24) and (11.25)
with the transformation formula for Hfj established by Gétzky [G28, Lem 6], we obtain

Ef = ][04, (11.26)

Here the product is taken over four distinct pairs (a,b) € (O/20)2. These four pairs are
all even in the sense of [LNY16, p.154] since E; # 0. For any even (a,b) € (O/20)2,
Lauter-Naehrig-Yang [LNY16, §2.5,§3] showed that each Hilbert theta function 6, is
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(up to a sign) the pullback along ¢. : H?/T'(2) — Hy/T's of an even Theta function
Op,. Thus the commutative diagram (11.23) gives that 02‘;717 identifies on Y (C) = H?/T'(2)
with the pullback z; = 6*t; of a coordinate function t; on PY along the composition
0:Y — Ags — P% Then (11.23) and (11.26) imply the claim (11.22) since x; identifies
on Y (C) = H?/T'(2) with E; by (11.24). This completes the proof of the lemma. O

One can determine the sign of E} = £[[6%, in (11.26), and thus of 2} = +11e, 2
in (11.22), by going into the proof of [G28, Lem 6] and computing therein the sign in the
transformation formula for five explicit A; € SLa(O) defining the five E; = Ey|4,.

Proof of Proposition 11.13. To prove an explicit height bound, we need to compare

our normalizations of the heights with other normalizations. Recall from Section 3.4 that

hg 1 Y(Q) — R is the pullback of hp : Ay(Q) — R along the forgetful map

1

¢g: Y (Q) 37 [Mp(Q)] = A,(Q) (11.27)

of the coarse Hilbert moduli scheme Y defined right after (3.2), where hp is the stable
Faltings height with the metric normalized as in Faltings [Fal83, p.354]. Further, we recall
that the logarithmic Weil height h on P" is defined as usual in Diophantine approximation
with respect to the infinity norm at the infinite places ([BG06, p.16]). It holds

hp =hp —logm, h<h <h+ 3log(n+1), (11.28)

where hp denotes the stable Faltings height with the metric normalized as in
Deligne [Del85, p.27] and where h’ denotes the logarithmic Weil height on P" defined
with respect to the usual Euclidean or Hermitian [? norm at the infinite places.

We now deduce Proposition 11.13 by combining Lemma 11.14 with the explicit height

comparison of Pazuki [Paz12, Cor 1.3.2] which is based on ideas of Bost—David.

Proof of Proposition 11.15. To prove the statement, it suffices to bound the Theta height
hg on Y since hg > h by Lemma 11.14. We first relate hy to another Theta height h’g on
Y which is the pullback of the Theta height defined in Pazuki [Paz12]. More precisely,

applying [Paz12, Def 2.6] with ¢ = 2 and r = 2 gives a height hg : A2(Q) — R on the

coarse moduli scheme Ay over Q of principally polarized abelian surfaces. Then we define

hy=f*he : Y(Q) - R

134



where f :Y — A is the composition of the morphism ¥ — A » induced on coarse moduli
schemes by forgetting ¢ : O — End(A) and the morphism Aj 5 — A induced on coarse
moduli schemes by forgetting the symplectic level 2-structure. The Theta height hg is
determined by the 10 even Theta functions 6,,, since any Theta function 6,, is nonzero if
and only if the Theta characteristic m is even. Thus (the proof of) (11.28) leads to

hg < 4hp < 4hg + 21og 10. 11.29
0

We next compare the heights hj and hg on Y. It follows from (11.27) that the map

bg + Y(Q) — Ay(Q) factors as Y(Q) — A2(Q) — Ay(Q) where A2(Q) — Ay(Q) is
induced by forgetting the polarization. Then, on combining (11.28) and (11.29) with the

bound for |he — $hs| in Pazuki [Paz12, Cor 1.3.2], we deduce
4hy < 2hy + 8%log(hy + 8). (11.30)

To simplify the shape of this estimate, we used here in addition Bost’s explicit lower bound

h» > —log(27) in [Bos96al. Finally for any P € Y(Q) the inequalities (11.29) and (11.30)
give an upper bound for hyg(P) > h(P) as claimed in Proposition 11.13. O

We now discuss the bounds. The constants 8% and 8 appearing in (11.30) and Propo-
sition 11.13 crucially depend on the value at g = 2 and r = 2 of the function Cy(g,r) in
Pazuki’s general result [Paz12, Cor 1.3]. We simplified both constants 8% and 8 and thus
they can be improved up to a certain extent. However, the factor 2 in front of hg is optimal
in (11.30) by the height comparison [Paz12, Cor 1.3] and hence the factor 2 might also be
optimal in Proposition 11.13 in view of the relation z} = +]] z; in (11.22).

The bound in Proposition 11.13 is linear in hg which is best possible in the sense that
for any exponent e < 1 the bound h < hg can not hold on Y (Q). Indeed on combining
[Paz12, Cor 1.3] and (11.29) with the relation z} = &[] 2; in (11.22), we see that such a
bound already fails on the subset Y°(Q) C Y(Q) which is an infinite set by (11.3), where
Y0 =Y \ UV, (z;) for z; the i-th coordinate function on P4 = Proj(Z[xz;]).

11.6 Proof of Theorem 11.3 and the Corollary

In this section we first prove Theorem 11.3 by combining Propositions 11.5 and 11.13.

Then we deduce from Theorems 4.1 and 11.3 the Corollary stated in the introduction.
We continue the notation of Section 11.1. Let Y be the variety over Z defined in (1.2).

We denote by h the logarithmic Weil height on Y C P4, we write M for the Hilbert moduli
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stack associated to L = Q(v/5) and we define B = Z[].

Proof of Theorem 11.53. Let P be the moduli problem on Mp of principal level 2-
structures satisfying the condition (11.6). Proposition 11.5 gives that Yp is a coarse moduli
scheme over B of P. Let m : (Mp)p — Yp be the initial morphism given in (11.21) and

let hg be the height on Y(Q) = Yp(Q) defined with respect to 7. We claim that
Bp =10, |Plg<16 and h(P) < 2h4(P)+ 8% log(hy(P) +8), P € Y(Q).

Indeed on using exactly the same arguments as in the proof of Corollary 5.6, we deduce
from Proposition 5.5 that the branch locus Bp is empty. Further, as in (10.8) we find
that the maximal number of level P-structures over Q is bounded by |Plg < 16, while the
height bound is provided by Proposition 11.13. Now, the claim implies Theorem 11.3 after
extending Y3 to a coarse moduli scheme over Z. The details are as follows: We extend Yp
to a coarse moduli scheme over Z via the naive extension P’ on M defined right above

(5.6) and we use the initial morphism 7' : Mp, — Yp given by the composition
Mpr = (Mp)p =7 Yp. (11.31)

Here Mp: = (Mp)p is induced by the identity. Thus the branch locus Bps equals Bp, the
height defined with respect to 7’ : Mp: — Y5 coincides on Y (Q) = Yz(Q) with the height
he defined with respect to 7 : (Mp)p — Yp, and P’ is an arithmetic moduli problem on
M since P is an arithmetic moduli problem on Mp. We also notice that |P'|g = |P|g.

Hence the claim proves that Theorem 11.3 holds with P = P’ and 7w = «’. O
We now deduce from Theorems 4.1 and 11.3 the Corollary stated in the introduction.

Proof of Corollary. Let S be a finite set of rational primes. Theorem 11.3 gives that Yp
is a coarse moduli scheme of an arithmetic moduli problem P on M with |P|g < 16 such

that the branch locus Bp is empty and such that each P € Y (Q) satisfies

h(P) < 2h4(P) + 8%log(hy(P) + 8).

Here hy is the height on Y(Q) = Y5(Q) defined in (3.2) with respect to the initial mor-
phism 7 : Mp — Yp given in (11.21). Base change properties of the height hyg assure that
hg coincides on Y (Zg) C Y (Q) with the height kg on Y (Zg) obtained by applying the def-
inition at the end of Section 3.4 with 7 : Mp — Yp; notice that Spec(Z)— S = Spec(Zg) is

a nonempty open subscheme of Spec(Z). Then an application of Theorem 4.1 with 7' = B,
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S = Spec(Zs) and Z = () gives that any P € Y (Zg) satisfies
ho(P) < eiNG', and Y (Zg)| < c2|PlgN{? Alog(3A)°.

Here the constants are ¢; = 7714, co = 99" and ey = 416, while A =5 and Ny = Hpes,p
for §" = SU{2,3,5}. As [P|g < 16 and Ny < 30Ng, the displayed bounds show that the
Corollary holds with e = 10'? and ¢ = 10¢ as claimed. This completes the proof. O

11.7 Diophantine equations and the Clebsch—Klein surfaces

In this section we first collect basic results for the Clebsch-Klein surfaces and the Dio-
phantine equations (1.1) and (1.3). Then we combine these results with the Corollary
stated in the introduction to deduce Corollaries 11.1 and 11.2 giving explicit bounds for
the solutions of (1.1) and (1.3). Finally, we discuss lower bounds for rational points of
bounded height (§11.7.2) and the degeneration of S-integral points (§11.7.3).

We continue the notation introduced in Section 11.1. Let Y be the variety over Z
defined in (1.2) and let U be the variety over Z defined in (1.6). For any finite set S of
rational primes, we recall that Zg = Z[1/Ng] where Ng = [[ g p. We first state basic
lemmas relating the solutions of (1.1) and (1.3) with the Zg-points of Y and U respectively.
Sending x to —z defines an action of the group {+1} on the set of solutions of (1.3).

Lemma 11.15. The set of solutions of (1.3) modulo {1} identifies with Y (Zg).

Here the identification comes from the usual description of Zg-points on projective

space. The identification in the following lemma also comes from this description.
Lemma 11.16. The set of solutions of (1.1) identifies with U(Zg).

We write P* for P3. In Section 11.1 we defined the logarithmic Weil height i on the
sets of solutions of (1.1) and (1.3) and also on the subsets Y (Zg) and U(Zg) of P*(Q).

Lemma 11.17. The identifications in Lemmas 11.15 and 11.16 are compatible with h.

In the remaining of this section we prove inter alia the above lemmas and we explicitly
construct the open immersion U < Y over Z[1/3] appearing in Lemma 11.4. The proofs

use standard computations. In particular we shall use the usual identification

PY(Zs) = Spa/Z5. (11.32)
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Here the group Z§ acts diagonally on the set ¥ps of & € Zg with ged(z;) € Z§ and the
bijection (11.32) comes from the standard description of P4(Zg) in terms of isomorphism

classes of surjections Z% — Zg using that Pic(Zg) = 0. We first prove Lemma 11.15.

Proof of Lemma 11.15. Let P a Zg-point of P* corresponding via (11.32) to some [z] in
Ypi/Z5, and let @ be the Zg-point of P* given by e; = (1,0,...,0). For any closed point
p € Spec(Zs), the images in P* of the sections P and @ have empty intersection in the
fiber ]P’;l, if and only if the image of z in Fi—’, does not lie in the line L, = F, - e; where
[, = Zs/pZs. 1t follows that the identification (11.32) restricts to a bijection

Y (Zs) = Ty /LY

for Ty the set of x € Z3 with ged(z;) € ZF such that o2(z) = 0 = o4(2) and such that for
all rational primes p ¢ S the image of x in Ff, does not lie in any of the five permutations
of the line L,. Let X, be the set of z € ¥ with o3(z) = 0 = oy4(x) for ¥ as in (1.3).
Multiplying with the denominators of the x; and dividing by the gcd defines a bijection

Sy /2% S S, /{£1} (11.33)

which composed with Y (Zg) = Sy /Z% gives an identification Y (Zg) = X,/{£1} as
desired. The remaining of this proof contains the details of the definition of the bijection
(11.33). Suppose that = = (z;) lies in Xy. As the z; are in Zg with ged(z;) € ZF, there
exists u € Z§ which is unique up to %1 such that y = ux lies in 75 with ged(y;) = 1.
The scalar multiple y = ux of x satisfies again the homogeneous equations o9 = 0 = 0y4.
Moreover, if p ¢ S is a rational prime then ord,(u) = 0 and thus our assumption z € Xy
assures that the image of y in (Z/pZ)® = Ff’, is not a scalar multiple of a standard basis
vector of (Z/pZ)°. Hence y lies in ¥,. On using that u is unique up to +1, we see that
x +— y defines an injective map ¥y /Z§ — X,/{£1} which is surjective since X, C By
Now, we define (11.33) by x + y. This completes the proof of Lemma 11.15. O

We now deduce Lemma 11.16 from the identification P*(Zg) = Yps/Z7 in (11.32).

Proof of Lemma 11.16. Recall that U = V \ UV, (z;) for V. C P* as in (1.6). We first
compute the image of U(Zg) C P*(Zg) under the identification (11.32). Let P be a Zg-
point of P* = Proj(Z[z;]) corresponding via (11.32) to [z] in Xpa/Z%. Then P is a Zg-point
of P*\ V(2) if and only if z; lies in Z3. This implies that (11.32) restricts to a bijection

U(Zs) = Su/Zs
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where Z§ acts diagonally on the set Xy of z € (ZF)® satisfying Y- a; =0 =Y 7. Let &/
be the set of solutions of (1.1). To identify ¥y7/Z§ with X', we take x € Xy and we define
yi = —xi/wq for i <3. As S y; =1 = y3, we see that y = (y;) lies in X'. It follows that
z — y defines a bijection ¥y/Z% = ¥’ which composed with U(Zg) = Sy /Z§ gives an
identification U(Zg) = %' as desired. This completes the proof of Lemma 11.16. O

Next, we show that the two identifications constructed in the above proofs are com-
patible with h. For each [z] € Xpi/ZF we define h([z]) as the logarithmic Weil height of
z € P4(Q). Then the identification P*(Zg) = Xps/Z% in (11.32) is compatible with h.

Proof of Lemma 11.17. In the proof of Lemma 11.15 we identified (modulo £1) the set of
solutions Y, of (1.3) with Y (Zg) via the inverse ¥,/{#+1} = Y (Zg) of the composition

~

Y (Zs) S Sy /L5 = So /{£1}.

Here Y (Zs) = Sy /Z% is compatible with h since it is the restriction of (11.32), while
Yy /Z§ = ,/{£1} is induced by x + y which is compatible with h since z and y = uz
are equal in P*(Q) and since h(z) = max;log|z;| for any z € P*(Q) with x; € Z and
ged(z;) = 1. Thus the identification ¥, /{£1} = Y (Zg) is compatible with h as desired.
We now go into the proof of Lemma 11.16. Therein we identified the set ¥’ of solutions

of (1.1) with U(Zg) via the inverse ¥’ = U(Zg) of the composition
U(Zs) S Sy /28 5 5.

Here again, the bijection U(Zg) = Xy/ Z§ is compatible with h since it is the restriction
of (11.32). The bijection ¥y /Zg 5 3 is induced by x — y which is compatible with h
by the following computation: As x and y’ = (y, —1) are equal in P4(Q), we obtain that
h(z) = h(y') = h((y,1)) = h(y). Hence the identification ¥’ = U(Zg) is compatible with
h as desired. This completes the proof of Lemma 11.17. O

Finally we construct the open immersion ¢ : U < Y over Z[1/3] of Lemma 11.4.

Proof of Lemma 11.4. Consider the open subscheme Y? = Y \ UV, (z;) of Y. Any isomor-
phism U = Y9 induces an open immersion U < Y. To construct an isomorphism U = Y
over Z[1/3], we first explicitly describe the schemes U = V' \ UV, (z;) and YV inside AJ.
On using that U = Dy (][] z;) C V, we see that ¢; = z;/zy satisfies

U= Spec(Z[ti,ti_l]/(u,v))C Al (11.34)

139



Here u = o1(t;) = Y. t; and v = >t} with both sums taken over all i € {0,...,4}.
Analogously, on using that Y° = D, ([]z;) C Y, we deduce that s; = x;/z¢ satisfies

YY = Spec (Z[s;, si_l]/(ag(si), o4(si))) C Az,

In the remaining of this proof, we work over R = Z[1/3] and we use the descriptions of

U C A4Z and Y C A4Z to show that s; — 1/t; defines an isomorphism of R-schemes:
0 :Ur > Y.

Let I be the ideal of A = R[s;,s; '] generated by oa(s;),c4(s;) and let J be the ideal of
B = RJt;,t; '] generated by u,v. To see that s; ~— 1/t; defines an isomorphism A/I = B/.J
of R-algebras, we recall the Newton identity 303 = o102 — o1p2 + p3 for p, = >yl and
we observe that 7o9(s;) = o3(t;) and 7o4(s;) = u where s; = 1/t; and 7 = []¢;. Thus
s; +— 1/t; sends I inside J since 3 is invertible in R, and ¢; — 1/s; sends J inside I.
It follows that s; — 1/t; indeed defines an isomorphism A/I = B/J of R-algebras, and
hence an isomorphism ¢ : Up — Y}% of R-schemes, whose inverse is given by t; — 1/s;.

It remains to prove the height inequalities for any point P € U(Q). We view P inside
P*(Q) via U < V < P*. Then the description of U in (11.34) shows that P € P*(Q) is
defined by some x € Q° with z; = 1 and z; # 0. There exists a € Z® with ged(a;) = 1 and
a; # 0 such that x; = a;/ap. It holds that h(P) = log max; |a;| and then we compute

h((P)) < maxlogla; ' [] aj < 4h(P).

To verify the converse height inequality, we now use the displayed description of Y°. Then
an application of the above arguments with =1 : Y}% 5 Ui and Q = o(P) shows that
h(P) = h(¢~1(Q)) is at most 4h(Q) = 4h(p(P)). Thus the height inequalities hold for
any P € U(Q) as desired. This completes the proof of Lemma 11.4. O
11.7.1 Proof of Corollaries 11.1 and 11.2

We continue the notation of the previous section. For any finite set S of rational primes,
the (proof of the) Corollary stated in the introduction gives that each P € Y (Zg) satisfies

4h(P) < ¢(3Ns)*!  and  [Y(Zg)| < (§Ns)° (11.35)
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for e = 10'? and ¢ = 10°. We now deduce Corollaries 11.1 and 11.2 by combining the

results in (11.35) with the basic lemmas collected in the previous section.

Proof of Corollary 11.1. In Lemma 11.15 we identified (modulo +1) the set of solutions of
(1.3) with the set Y(Zg), and Lemma 11.17 assures that this identification is compatible
with the Weil height h. Thus (11.35) proves Corollary 11.1. O

Proof of Corollary 11.2. Recall that ¥/ denotes the set of solutions of (1.1) and define
T = S U{3}. Lemma 11.17 gives that the identification ¥’ = U(Zg) constructed in
Lemma 11.16 is compatible with the Weil height h. Then we deduce

¥ =|U(Zs)| < [Y(Zr)| and suph(z)= sup h(P)<4 sup h(Q).
xexy’ PeU(Zs) QEeY (Zr)
Here we exploited that U(Zs) C U(Zr) = Uz /3)(Z7) which follows since U is separated
over the terminal object Z and 3 is invertible in the dense open Spec(Zr) C Spec(Zg), and
we used the open immersion ¢ : Uzi/3) — Y1/ of Lemma 11.4 with h(P) < 4h(p(P))
for all P € U(Q). An application of (11.35) with S =T gives explicit bounds for |Y (Z7)|
and supgey (z;) h(Q) in terms of Ny. As Ny < 3Ng, these explicit bounds combined with
the displayed inequalities show that Corollary 11.2 holds with e = 10'? and ¢ = 10°. O

11.7.2 Lower bounds for the number of rational points of bounded height

On using a secant-tangent process, Slater—Swinnerton-Dyer [SSD98] established for certain
smooth cubic surfaces the lower bound predicted by Manin’s conjecture ([FMT89]) on
rational points of bounded height. In this section we give the basic computations which
show that their result directly implies the lower bounds in (11.3).

We continue our notation. Let U C V be as in (1.6) and let p be the Picard rank of
the smooth projective surface V. We first consider the Q-points of U of bounded height.

Claim: For any b € R with b — oo it holds |[{P € U(Q), h(P) <logb}| > b(logb)’~1.

Here the implied constant depends only on Vg. The claim has the following two conse-
quences. Firstly, it proves the lower bounds in (11.3) when combined with the isomorphism
Up — Y(S constructed in the proof of Lemma 11.4 for Y? = Y \ U;V, (;). Secondly, the
claim and (the proofs of) Lemmas 11.16 and 11.17 show for each b € R with b — oo that

{x € S, h(z) <logb}| > b(logh)’~!, S ={x € (QX)4,Zx§’ =1= sz} (11.36)
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Here for each z € S we denote by h(x) the logarithmic Weil height of z € AZ(Q) and
the implied constant depends again only on Vg. The following proof shows that the lower
bounds in the claim and in (11.36) are both optimal if Manin’s conjecture holds for the
Q-points of the smooth cubic surface defined by > 3 — (3 2;)3 inside IP’%.

Proof of the Claim. To identify Vg with a smooth cubic surface in IP’%, we consider f =
Soad— (X x)% in A = Zlxy,...,74) and p3 = > 23 in B = Z[z,...,24]. Then z; — z
defines an isomorphism of rings A/(f) = B/(o1,p3) with inverse given by z; + z; for

i > 1 and zp — — Y x;. This induces an isomorphism of varieties over Z:
7: V' = Proj (B/(f)):> V, h(P) < h(r(P)) < h(P)+1log8, PcV'(Q), (11.37)

where h denotes the logarithmic Weil height on V' C IP’?Z’ and V C IP’%. We now work
over Q. To simplify notation we write V' for Vi and V' for V. As V' C ]P’% is a smooth
cubic surface with two rational skew lines, it satisfies all assumptions in [SSD98, Thm 1]

of Slater—Swinnerton-Dyer. Thus for each b € R with b — oo their result gives
{P € U'(Q), h(P) <logb}| > b(logb)’ !, (11.38)

where U’ C V' is obtained by removing all the lines from V' and where the implied
constant depends only on V = V', To relate U’ with U, we consider the 15 lines A,, on V
given by the permutations of the line zg + z; = 0, 25 + 23 = 0, z4 = 0 and we consider for

€= % the 12 lines L; on V given by the permutations (fixing zy) of the line

21+ €z0+23=0, ez1 +20+24 =0, —e(21 +22) + 20 =0.

Notice that 771(L;) and 77!(A,) are both lines inside V', the lines L; have no Q-points
since € does not lie in Q, and the variety V' contains exactly 27 lines since it is a smooth

cubic surface. Then, on using the Newton identity for p3, we compute
U=V\(UA, and 7:U(Q) > (U\UL)(Q)=U(Q). (11.39)

Thus (11.37) and (11.38) prove the claim. Furthermore, if Manin’s conjecture holds for
V’(Q), then the lower bound (11.38) is optimal and hence the claim is optimal as well;
indeed (11.37) assures that the bijection 771 : U(Q) = (U \ UL;)(Q) = U’(Q) injects the
set {P € U(Q),h(P) <logb} into {P € U'(Q), h(P) < logb} for all b € R~. O
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11.7.3 Degeneration of S-integral points

Corvaja—Zannier [CZ04, CZ06, CZ10] proved in particular the degeneration of S-integral
points on smooth cubic surfaces minus two completely reducible hyperplane sections. In
this section we give the basic computations which show that their result directly implies
the degeneration of S-integral points on the affine variety defined in (11.4).

We continue our notation. Denote by V' = Vg the projective variety over Q defined by
(1.6), and for ¢ # j consider the divisor D = V(%) U Vi (z;) of V. We again identify V
with the smooth cubic surface V' C ]P’% defined by (11.37). After restricting the inverse
771V 5V’ of the isomorphism in (11.37) to the open subvariety V \ D, we obtain

T VADS VD, D' =7rND).

To determine the divisor D" of V', we denote by {A,,} the 15 lines defined in §11.7.2. On
using the same arguments as in (11.39), we compute that V. (z;) is the union of the three
lines in {A,,} with z; = 0. Then D = UA,, is the union of six lines A,, and we find that

D = UT_l(An)

consists of six lines 77(A,,) lying in two planes such that no three of them intersect. Hence
an application of Corvaja—Zannier [CZ10, Thm 1] with V' and D’ gives the following: For
any number field K and each finite set S of places of K, the set of S-integral points of
V' \ D', and thus of V' \ D, is not Zariski dense. Moreover [CZ10, Thm 9] of Corvaja—
Zannier shows inter alia that this statement is optimal in the following sense: For any line
A,, inside D define Dy = D\ A,, and D, = D'\ 77!(A,,). Then there exist K and S such
that the set of S-integral points of V' \ D{, and thus of V' \ Dy, is in fact Zariski dense.
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