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We present the mean field solution of the quantum and classical Heisenberg spin glasses, using the
combination of a high precision numerical solution of the Parisi full replica symmetry breaking equations
and a continuous time quantum Monte Carlo algorithm. We characterize the spin glass order and its
low-energy excitations down to zero temperature. The Heisenberg spin glass has a rougher energy
landscape than its Ising analog, and exhibits a very slow temperature evolution of its dynamical properties.
We extend our analysis to the doped, metallic Heisenberg spin glass, which displays unexpectedly slow
spin dynamics, reflecting the proximity to the melting quantum critical point and its associated Sachdev-

Ye-Kitaev Planckian dynamics.
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While the physics of classical and quantum Ising spin
glasses has been rather thoroughly understood, glasses of
Heisenberg (vector) spins have remained a difficult and
largely unsolved problem, including especially its quantum
version, which governs the local moments in randomly
doped, strongly correlated materials.

The approach of Sachdev and Ye [1] (SY), which takes
a double limit of a fully connected exchange model with
SU(2) spins promoted to SU(M > 1), has attracted a lot
of attention, as it exhibits very interesting features in the
M = oo limit. In a fermionic representation of the
SU(M — o) generators, the spins do not freeze, but
remain in a spin liquid state [1] similar to the related
Sachdev-Ye-Kitaev model of randomly coupled Majorana
fermions [2]. When expanding around M = oo, it was
conjectured that a transition into a glassy phase occurs at an
exponentially small critical temperature log(7',) o M
[3], and a recent study has established that this phase
displays full replica symmetry breaking (RSB) [4]. A glass
phase with similar features was found to occur in the
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transverse field Ising model [5,6] and the related multi-
component quantum rotor models [7-9]. In contrast, for
bosonic SU(M) representations, a spin glass phase occurs
even for M = oo, albeit with one-step RSB [3,10].

There is a fundamental difference between glasses
displaying full RSB and one-step RSB. The energy land-
scape of the former features marginally stable local minima
with a gapless spectrum of excitations, while the latter
display a fully stable, gapped ground state, lying far below
the manifold of marginally stable excited states that trap the
dynamics. Marginal stability is key to the dynamics and the
physics of avalanches in full RSB systems [11]. Which of
these two scenarios applies to the physically relevant
Heisenberg SU(2), S = 1/2 spin glass is an open question.
Exact diagonalization of small fully connected systems is
limited by finite size effects [12,13]. Surprisingly, not
much is known about the classical (large S) limit of the
Heisenberg mean-field spin glass either, apart from the
replica-symmetric analysis of Refs. [14,15].

The equilibrium quantum spin dynamics of the SY spin-
liquid [1] is similar to that of a marginal Fermi liquid [16].
It was realized early on [17] that this opens a new
perspective on ‘“strange” metals, culminating in recent
models in which disorder and strong interactions conspire
to prevent the emergence of quasiparticles and lead to
T-linear resistivity down to the lowest temperatures [2,18].
It has recently been shown that such a behavior is found in
the quantum critical region around the melting point of a
metallic SU(2) Heisenberg spin glass [19,20]. However,
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it is not known how the quantum dynamics change within
the metallic spin glass phase itself.

In this Letter, we answer these open questions and present
a solution of the fully connected spin-1/2 Heisenberg spin
glass throughout its ordered phase. In the quantum case, the
model reduces to an impurity problem for the spin dynamics
coupled to Parisi’s equations for the spin glass order. The
Heisenberg glass has a full RSB solution, whose structure,
however, differs crucially from an Ising glass. The insulating
quantum glass displays the universal spin dynamics found in
all solvable mean-field quantum glasses with full RSB in the
limit 7 — 0, but deviations from it persist to surprisingly low
temperatures. Upon doping, we find a metallic spin glass
with unexpectedly slow spin dynamics, close to the SY
dynamics that dominate the quantum critical melting point of
the spin glass.

Model and method.—We consider N spins S; with all-to-
all interactions, described by the Hamiltonian

i<j

The S; are either classical Heisenberg spins—vectors
constrained to the three-dimensional sphere of radius § =
1/2—or quantum SU(2) spins S [with 82 = §(S + 1)]. We
use i = kg = 1 and denote by # = 3 the number of spin
components. J;; are Gaussian random couplings with zero
mean and variance J?/N. We obtain the equilibrium
solution of this model using the replica method and
Parisi’s full RSB ansatz [21-26], as detailed in the
Supplemental Material [27].

In brief, the mean field model is reduced to an effective
single spin problem in a random frozen field h with
distribution P(h). In the classical case, it is governed by
the Hamiltonian Hy,.(h) = —h -S. In the quantum case,
the dynamics of this spin also depend on the self-averaging
spin autocorrelation function y(z) = (S(0)S(z)) — (S)?,
via the action

2
Seelt) =7 [ [ axary(e=2)8(0)-8(2)
—hA/deS(T), (2)

where 7 is Matsubara imaginary time and f = 1/T the
inverse temperature. The glass phase is described by an
order parameter g(x) (x€]0,1]). g(x) characterizes the
distribution of phase space distances between local minima
of the free energy landscape [25]. It determines the local
field distribution P(h) = P(x = 1, h), which is found by
solving Parisi’s equations for the magnetization s(x, h) and
frozen fields distribution P(x, h)

Lattice problem

Averaging
over P(h)

Tyy
Local problem Self-consistency /
(EDMFT)
hT @ P(h), q(x)
[a(z), x(7)]
PDE solver

Parisi equations

[(S)n, a()]

Self-consistency

—— Quantum case
—— Classical case

FIG. 1. [Illustration of the algorithm to solve (2)—(5). In the
classical case, the local problem is solved only once, and ¢(x) is
obtained solving Parisi’s partial differential equations. In the
quantum case, it is solved iteratively with CTQMC.

ds _ Jdg

S -5 (V2s + 2x(s - V)s), (3a)

P J*dg

R (V2P —25xV(s - P)), (3b)
S(L1) = (S) 1. b)[Sie () (3¢)
P(0,h) = 5(h). (3d)

These equations are solved self-consistently, with

a(x) :% / dh P(x, h)s(x, h)2, @)

and, in the quantum case,

£(6) =5 [ dhBm)SOSE)s. - (). ()

Such self-consistency conditions are an example of exten-
ded dynamical mean-field theory (EDMFT) [5,28-30]. The
iterative procedure to solve them is summarized in Fig. 1.
A similar procedure has recently been implemented for
mean field versions of transverse field Ising and quantum
Coulomb glasses [6,31]. In contrast to the classical case, the
single site quantum problem (2) cannot be solved analy-
tically. Its solution is obtained with a “CTSEG” continuous-
time quantum Monte Carlo (CTQMC) algorithm [27,32],
without fermionic sign problem. The Parisi equations are
solved with a high precision numerical method [error bars on

016501-2



PHYSICAL REVIEW LETTERS 133, 016501 (2024)

(a) (b) (c)
1.2 104 _ q
8] =95 12 0.248 --@-- Classical ° ,‘
1.0- 7Y Classical 0144 --@-- Quantum . ./
' . 1034 s | —— U=U(0) +cT

= Quantum| & S === U=U(0) +cT*
g 0.8 E = . PS
> Classical 3 4 ."
3 o onm|| = 1024 2 ] .
N 0.6 —e— Quantum é. 3 R
‘s T~ b= 0 —— J
£ | 0.0 02 04 .,'
S 0.4+ K
2 = 10'{ — Classical ‘

0.2+ —— Quantum _0.224 x.x

-0.256
0.05 0.10
T 100+
0.0 T T T T T T T T T
0 10 20 30 100 10! 000 002 004 006 008 0.1

BJx

Bx ™

FIG. 2. Characteristics of the glass phase. (a) Overlap function g(x)/gga(ff), normalized by gga(T = 0)/¢ma. for a range of
temperature values, from J = 25 to # = co. At low enough temperature, g(x)/gga () depends only on fSx. Inset: ggu vs T. The dashed
line is the result of [34], valid for 7'~ T,. (b) 1 — g(x)/gga(T = 0) at T = 0, showing the power law approach to g, at large fix. Inset:
local field distribution P(h) at zero temperature. (c) Internal energy as a function of temperature, with a fit for the classical case
U(T) = U(0) = cT (c =1 £0.1), and for the quantum case U(T) — U(0) = cT*.

q(x) being of order 107], using their integral form [33]
and filtering methods to suppress numerical instabilities at
low T [27].

Glass phase.—A spin glass phase appears below a
critical temperature T,, where the Edwards-Anderson order
parameter ggp = g(x = 1) turns on, as illustrated on
Fig. 2(a). Our results for T, are consistent with previous
analytical work: T, = J§%/3 (x0.08/ for §? = 1/4) in the
classical case [34] and T, ~J(S?)/3v/3~0.15/ in the
quantum case [22], with gga(7) following the prediction
of [34] close to T, [Fig. 2(a), inset]. Note that T\, is higher
in the quantum case, since the quantum spins are larger
[S(S+1) > 5.

For T < T, the overlap function ¢(x) obeys an approxi-
mate scaling form q(x,T) = gga(T)f(x/T) + O(T/J)
[Figs. 2(a) and S13]. The function f is determined by
solving the Parisi equations (3a) and (3b) directly at 7 = 0,
upon changing to the natural variable u = fix. In the
quantum case, they require as a boundary condition the
zero temperature magnetizatio, (S(7))s, n)» which we

approximate by our lowest temperature QMC results
(see [27] Figs. S5-S6). The results for g(x) are shown
in Figs. 2(a) and 2(b). The maximal possible overlap is
Gmax = (S?)/¢, corresponding to a product state without
fluctuations. As expected, the classical glass approaches
this value at 7 = 0, while quantum fluctuations weakly
reduce the order parameter to gga = 0.81¢,,.x (consistent
with exact diagonalization in Ref. [12], while the fit of spin
correlations in Ref. [13] likely underestimated the order).

Unlike in the Ising case, local stability does not require
a pseudogap in the distribution of local fields. Instead
P(h =0) remains finite and P(h) ~P(0) + ah [cf. Fig. 2(b)],
since the probability of dangerously small fields is already

suppressed by the phase space factor ~i?~! [14,35]. This in
turn is related to the tail of the overlap function g(x).
Indeed, (4) suggests that for x close to 1, gga — ¢(x) counts
the number of spins that see frozen fields of order 7'/x,
for which one may expect ggs — q(x) ~ [i/* dh h2P(h) ~
(T/x)* + O(T/x)*, consistent with an apparent power law:
~(T/x)*. Numerically, we indeed find an apparent power-
law approach: 1 — ¢(x)/qga ~ 1/(fx)* as T — 0, with «
slightly larger than 3. This contrasts with the Ising case
[5,25,35], where the linear pseudogap in P(h) leads to
a = 2. The lower density of small fields in the Heisenberg
case suggests that low-lying metastable states have higher
energies. This is consistent with the smaller value of the
so-called break point x., above which ¢(x) reaches a
plateau ([27], Fig. S12). T/x.(T) can be interpreted as
the typical free energy difference between the lowest
metastable states [36]. While in the Ising case that energy
scales linearly with T as x.(T — 0) 0.5 [35], in the
Heisenberg glasses it decreases much more slowly as
T/x.(T)~1/log(1/T), corroborating the picture of a
rougher energy landscape. These differences will further
show in the response to an increasing external field,
under which the ground state magnetization increases in
random discontinuous steps called “shocks.” Their size
distribution p(Am) was numerically found to be very
similar to that of field-triggered out-of-equilibrium ava-
lanches in the classical SK model [37,38], a phenomenon
attributed to the marginal stability of the full RSB land-
scape. The equilibrium p(Am) is governed by the asymp-
totic approach of g(x) to gga. If it scales as (7/x)%, then
p(Am) ~1/(Am)** for N™'/? < Am < 1 [38]. For the
classical Ising glass with @ = 2, p(Am) « 1/(Am) exhibits
a broad spectrum of avalanches. The larger a =~ 3 of the
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Heisenberg glasses leads to p(Am) « 1/(Am)*3, with
predominant large scale rearrangements—as numerically
observed in avalanches of XY (¢ = 2) spins [39].

Specific heat—Let us now consider the internal energy
per spin. In the classical case, it is given by [27]

J2 5 [l
UC] = _ﬁzf (1 —FA dxq(x)2>. (6)

In the quantum case, denoting Q(z) = y(7) + gga and
7 =7/, it reads

vq=-2- ( [ wowr- [ dxq<x>2>. )

As shown in Fig. 2(c), the classical and quantum internal
energies behave very differently as a function of temper-
ature. For classical vector spins, one expects a constant
intrastate heat capacity ¢ = (£ —1)/2 as T — 0, each
degree of freedom contributing 1/2 by the equipartition
theorem. A linear fit to our data yields ¢~ 1.0+£0.1,
excluding sizable interstate contributions, consistently with
finite-size simulations [40]. Quantum effects gap out the
soft degrees of freedom and yield a much weaker temper-
ature dependence of the internal energy [Fig. 2(c)]. A heat
capacity proportional to 7% was predicted for the SU(N)
quantum spin glass in the large N limit, provided that
marginally stable rather than equilibrium states are ana-
lyzed [41]. Our data are compatible with U(T) o T*, but
only at the lowest temperatures 7/J < 0.02, as finite
temperature corrections are substantial.

Spin susceptibility.—The spin-spin correlator y(z) is
shown in Fig. 3(a). For large 7 it is well described by
the conformal scaling form y(z) = y(f/2)/[sin(zz/B)]?
[17], implying that for w 2 T, the dissipative part of the
susceptibility at real frequencies y”(w) scales as w?~'. The
exponent @ has significant, slow 7" dependence [Fig. 3(b)].
Using a Landau expansion, Ref. [8] predicted that
O(T =0) =2, [y/(w) x ®]. This value was also found
in a 1/M expansion of the SU(M) quantum spin glass [4]
and actually holds for all solvable cases of marginally
stable states found so far [42]. From the limited numerically
accessible temperature range, it is hard to unambiguously
conclude whether lim;_q60(T) = 2. However, Fig. 3(b)
suggests that this limit is indeed approached, albeit very
slowly, as we can fit our data by 0(T) ~2-5.2 x \/T/J.
Interestingly, a similar behavior was found recently in the
transverse-field Ising spin glass [6].

As discussed in Refs. [5,42], the low-T behavior ¢ « 73,
Y"(®w) x w (0 =2) can be rationalized by approximating
the eigenmodes of the Hessian describing the local curva-
ture of the energy landscape as independent oscillators
with spring constants A distributed as the eigenvalues of a

random matrix p(4) ~+/A. For undamped oscillators of
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FIG. 3. Spin susceptibility. (a) Rescaled spin autocorrelation

function in imaginary time, y(7)/y(#/2), for a range of temper-
atures (from fJ = 8 to fJ = 200). At low temperature, it is well
described by the conformal scaling form y(z)/y(8/2)~
[1/sin(zz/B)]%, as shown by the linear behavior in the loga-
rithmic plot. (b) Exponent 6, obtained by fitting Q(z) with the
conformal scaling form, as a function of temperature. Inset: 0 as a
function of /T/J. The data are well described by 6(T) =

2-5.2 x 4/T/J (black dashed line).

mass M, one has M’ ~ A with zero-point amplitudes given
by A(x?),, ~ hw, leading to ¥ (w) ~ p(®)(x?), ~ VMw. In
this picture, an effective exponent 6 < 2 at finite 7 may
result from a T-dependent friction among modes. Assuming
limy_o O(T) =2, we have A =lim,_ o' (w)/o~
limg_, % (/2) /. We find A = 3.5J% and thus a signifi-
cantly larger density of soft excitations than in the transverse
field Ising spin glass, where A ~ 0.5J% (independent of the
transverse field) was reported [5,6].

Metallic quantum spin glass.—In order to study the
interplay between electrons and frozen spins arising from
doping the spin glass, we use the Hamiltonian

H=- Z l‘ijcj(,cj,, + UZniTn,»l - ZJUSI . S]’ (8)

ijo=1. i<i
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FIG. 4. Doped case. Glass order parameter gp,, density of
states at the Fermi level, and scaling exponent 8 of the spin-spin
correlation function, as a function of doping p at BJ = 50.
Dashed lines are guides to the eye. Upper inset: sketch of phase
diagram. The spin glass (SG) melts at the quantum critical point
(QCP). Lower inset: € at fixed doping p = 0.1, as a function of
temperature.

where ¢;, and ¢, are the electronic annihilation and

creation operators, n;, = clTaci(,, S¢ = cjaagg/c,-d, and U

is the on-site electron-electron interaction. The hopping
amplitudes #;; are randomly distributed with variance 2/N.
We denote the doping by p = (n; + n) — 1. This model
has previously been solved in the paramagnetic phase [20].
Here, we solve the spin glass phase; as in [20], we use
U =4t and J = 0.5¢.

Below a critical doping p.., a metallic spin glass appears,
i.e., a phase with both a nonzero spin glass order parameter
gga and a nonzero density of states at zero frequency, as
illustrated in Fig. 4. This is compatible with the spin glass
instability of the paramagnetic solution found in [20].
Previous studies of metallic quantum spin glasses have
found a local spin susceptibility y”(®) « /@ correspond-
ing to an exponent § =3/2 at T =0 [28,42,43]. This
can be interpreted as originating from Ohmic damping
of the oscillators in the physical picture discussed
above. Intriguingly, we find that @ is smaller than unity
for the whole range of (low) temperatures investigated.
Our data do not appear consistent with @ reaching 3/2
at T =0 (possibly due to non-Ohmic damping by the
non-Fermi-liquid metal) but may be consistent with 6
reaching 1. The latter corresponds to the quantum critical
dynamics found at the critical point p = p., which

might extend through a large part of the metallic spin-
glass phase.

In conclusion, we have solved the Heisenberg quantum
spin glass for SU(2) spins. We found that the energy
landscape of vector spins differs significantly from the
Ising counterpart, resulting in different long time dynamics.
Upon decreasing 7T, the short time quantum dynamics
slowly approach the super-universal behavior of marginal
mean field glasses, although featuring significantly softer
collective modes and a lower freezing temperature than
comparable Ising glasses. The marginal Fermi liquid-type
quantum dynamics anticipated from the SU(M > 1)
approach is essentially absent in the undoped insulating
limit of SU(2) spins, but appears to be present in a wide
window influenced by the doping-induced quantum critical
point in a metallic regime, that may be relevant for strongly
correlated doped materials.

The data and code associated with the Letter are publicly
available [44,45].
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