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KAHLER METRICS AND TORIC LAGRANGIAN FIBRATIONS

RUI LOJA FERNANDES AND MAARTEN MOL

ABSTRACT. We extend the Abreu-Guillemin theory of invariant Kéhler metrics
from toric symplectic manifolds to any symplectic manifold admitting a toric
action of a symplectic torus bundle. We show that these are precisely the sym-
plectic manifolds admitting a Lagrangian fibration with elliptic singularities.
The base of such a toric Lagrangian fibration is a codimension 0 submanifold
with corners of an integral affine manifold, called a Delzant subspace. This
concept generalizes the Delzant polytope associated with a compact symplectic
toric manifold. Given a Delzant subspace of finite type, we provide a Delzant-
type construction of a Lagrangian fibration with the moment image being the
specified Delzant subspace. We establish a 1:1 correspondence between invari-
ant Kédhler metrics and a pair consisting of an elliptic connection on the total
space of the fibration and a hybrid b-metric on the base Delzant subspace,
both with specified residues over the facets. Finally, we characterize extremal
invariant Kéhler metrics as those whose scalar curvature descends to an affine
function on the base integral affine manifold. We show that this provides a
method for finding and constructing extremal Kéhler metrics.
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1. INTRODUCTION

In the late 1990s, Guillemin [24] and Abreu [I] described all invariant, compat-
ible Kéahler metrics for a compact symplectic toric manifold, in terms of singular
Hessian metrics in the associated Delzant polytope. Abreu’s work also encompasses
a fourth-order nonlinear PDE expressing the condition for an invariant Kahler met-
ric to be extremal in the sense of Calabi. Subsequently, Donaldson [16] developed
the analysis of Abreu’s equation and formulated K-stability for polytopes, sparking
a series of subsequent research works in the search for extremal Kéhler metrics
(see, e.g., the recent survey [27]). The main aim of this work is to extend the
Abreu-Guillemin theory to a wider class of symplectic manifolds.

The class of symplectic manifolds we consider here have a type of symmetry
which is described by an action of a symplectic torus bundle (7,). This type
of action includes as a special case the ordinary Hamiltonian torus actions but
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also, e.g., torus actions with cylinder valued moment maps or even examples with
no globally defined Hamiltonian torus action. More precisely, we consider toric
actions of symplectic torus bundles (7, Q) (see Definition E1]). These can be char-
acterized in terms of their moment maps as toric Lagrangian fibrations, i.e., singular
Lagrangian fibrations admitting only elliptic-type singularities (see Theorem [.4):

Theorem. FEvery toric Hamiltonian T -space is a toric Lagrangian fibration. Con-
versely, every toric Lagrangian fibration admits a toric Hamiltonian action of a
symplectic torus bundle (T,€).

We picture a toric Hamiltonian T-space as in the following diagram

(T, O (Sw)

N

where M is an integral affine manifold, p : (7,Q) — M is the corresponding
symplectic torus bundle, (S,w) is a symplectic manifold and 7 acts on S along the
moment map .

Delzant’s classification of toric symplectic manifolds [I5] has been extended to a
classification of toric T-spaces in terms of their moment map image A = pu(S) [2§]
(see also Section []). The space A is now a codimension 0 submanifold with cor-
ners of the integral affine manifold M, called a Delzant subspace. A particular case
of these are the principal Hamiltonian 7T-spaces, which correspond to Lagrangian
fibrations without singularities, where the classification reduces to Duistermaat’s
result in [I9] (see also Section B]). The classical symplectic toric manifolds, both
compact and non-compact (see [26]), also fit into this framework and can be char-
acterized as the toric T-spaces whose associated Delzant space has trivial affine
holonomy (see Theorem [16]). This last result is one instance of the fact that the
integral affine geometry of M plays a crucial role in the theory of toric T-spaces.
This is also a well-known feature of the theory of integrable systems (see, e.g.,
20, 52)).

Given an integral affine manifold M and a Delzant subspace A C M, the classi-
fication mentioned above requires the construction of a toric 7-space

we(S,w) = M

with 1(S) = A. This is done for general Delzant subspaces in [28]. Here, for a large
class of Delzant subspaces, we give another construction in the spirit of Delzant’s
original construction. This is the content of the following theorem (see Section
for details).

Theorem. Let A C M be a finite type Delzant subspace with d facets. Every toric
T -space with moment map image /A can be realized as a symplectic quotient

((PxC?) /(' x T?), wrea), (1.1)

with P a principal Hamiltonian p*T -space, where p : M — M is the universal
covering space. When the Lagrangian-Chern class vanishes one can take P = p*T.

As we explain in Section [ in spite of the fact that an element of a symplectic
torus bundle only acts on a single fiber of the moment map, one can still make
sense of T-invariant objects. In particular, one can consider 7T-invariant metrics
and complex structures. Using this we extend the Abreu-Guillemin theory to toric
T-spaces. Our main result is the following (see Section [7]).
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Theorem. Let pu: (S,w) — M be a toric T-space, with Delzant subspace A :=
w(S) € M. There is a 1-1 correspondence between invariant Kahler metrics on S
compatible with w and the following data.

(i) A flat Lagrangian elliptic connection for p: S — M with zero radial residue
over the open facets of A.

(i) A Hessian hybrid b-metric on A with residues at the open facets given by the
primitive outward-pointing normals multiplied by ﬁ.

Moreover, an invariant Kdhler metric G is extremal if and only if its scalar curva-
ture S, viewed as function on A, is affine.

Elliptic connections and hybrid b-metrics are tensors with specified singularities
over the boundary of A, introduced in Sections and [[T]l respectively. These are
defined in a coordinate-free way using the elliptic tangent bundle of y [9} 10, 1T}, 12]
and the b-tangent bundle of A [29)].

When A C M is a finite type Delzant subspace and M carries a Hessian metric,
our Delzant type construction above allows one to apply Kéahler reduction, leading
to the following result (see Section [7]).

Corollary. Let (M, g) be a connected integral affine Hessian manifold and A C M a
Delzant subspace of finite type with primitive boundary defining functions €1, ..., 4.
The reduced Kdhler metric on the symplectic quotient (1) induces the Hessian
hybrid b-metric on A given by

ga = g + Hessa(9),

where ¢ is the smooth function on A given by
;A
— =N "4 log |, 1.2
¢=—1 ;:1 og i (1.2)

The relationship between our Delzant type construction and the standard Delzant
construction will be explained in the main body of the paper. Here, we only point
out that the metrics obtained by Kéhler reduction via the two constructions do not
quite coincide.

Our main theorem above provides an effective way of constructing (extremal)
Kahler metrics in many examples, some of which have been obtained through much
more elaborate means. In this paper, we only discuss a few illustrative examples,
although we do show how to recover, by our techniques, the extremal Kahler metrics
for a complex ruled surface over an elliptic curve that appears in the work of
Apostolov et al. [2] — see Example More elaborate examples will appear in
an upcoming joint paper with Miguel Abreu. We are further working on extensions
of the theory developed here to contact structures, generalized complex structures
and the non-commutative setting, i.e., multiplicity-free actions of proper symplectic
groupoids.

Acknowledgments. We would like to express our gratitude to Marius Crainic,
Eugene Lerman, David Martinez Torres, [oan Marcut, Daniele Sepe and Aldo Witte
for the many inspiring discussions that contributed to shaping the ideas presented in
this paper. Special thanks are extended to Miguel Abreu, who provided invaluable
advice on this project and has become a collaborator. We also acknowledge the
generous support of the Max Planck Institute for Mathematics in Bonn and the
University of Illinois Urbana-Champaign at various stages of this project.

Conventions and notations. In this paper, for manifolds with corners we
follow the conventions and terminology from [28]. For further background on man-
ifolds with corners see, e.g., [30].
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2. HAMILTONIAN 7T -SPACES

In this sections we introduce Hamiltonian actions of symplectic torus bundles
and discuss some basic properties.

2.1. Symplectic torus bundles. In this paper, by a torus bundle we mean a
fiber bundle p : T — M where:
e each fiber is a Lie group isomorphic to a torus;
e the fiberwise multiplication m : T X T — T, inversion ¢ : T — 7T and
unit u : M — T are smooth maps.

On the other hand, an equivalence of torus bundles is a diffeomorphism

T —=T
Pll lm
M—M
Id

which restricts to a Lie group homomorphism on each fiber.
We will be specially interested in torus bundles carrying a symplectic form:

Definition 2.1. A symplectic torus bundle is a torus bundle p : T — M with
a symplectic form Q € Q?(T) which is multiplicative, i.e., such that

m*Q = pry Q+ prs Q,

where m,pry, pry ¢ T Xar T — T are the fiberwise multiplication and the projections
onto each factor, respectively. An equivalence of symplectic torus bundles is an
equivalence of torus bundles preserving the symplectic forms.

The multiplicative condition forces the fibers of p : 7 — M and the unit section
u: M — T to be Lagrangian submanifolds, so dim 7 = 2 dim M.

Example 2.2. The simplest example of a symplectic torus bundle is

pr:T" xR" - R", Q=) do; Ada',
i=1
where (01, ...,0,) denote the angle coordinates on T™ := R™/Z"™.

Remark 2.3 (Symplectic groupoids). The reader familiar with the groupoid lan-
guage will recognize that a (symplectic) torus bundle is just a source-connected (sym-
plectic) groupoid where the source and target maps coincide and multiplication is
abelian.

Many of our results extend to the more general setting of symplectic groupoids.
We will discuss this in future work. For mow, we will sometimes use the lan-
guage of symplectic groupoids in an auxiliary manner, but keeping the exposition
self-contained. The curious reader can consult [I3] for the basics of (symplectic)
groupoids.

Given a symplectic torus bundle p : (7,Q) — M, the symplectic form allows
to identify the Lie algebras of the fibers with the fibers of T*M. Using this iden-
tification, the fiberwise exponential maps assembles to a surjective, symplectic,
submersion

exp:T"M — T, exp" Q= Qcan.
Since the identity section is Lagrangian, it follows that its preimage
A:=exp '(M)CT*M,

satisfies the two properties in the following definition.
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Definition 2.4. A integral affine structure on a manifold M is a closed sub-
manifold A C T*M satisfying:

(i) A is a Lagrangian submanifold of (T*M,Qcan);

(i) Ay = ANTFM is a full rank lattice for all x € M.

Remark 2.5. One usually defines an integrable affine structure on a manifold M
as a mazimal atlas for which the coordinate changes are (restrictions of) maps of
the form

x— Az +b, AeGL,(Z), beR.

Such atlas are in bijective correpondence with submanifolds A C T*M as in Defini-
tion[24) Given A one defines the integral affine charts to be any chart (U, z!, ... ™)
such that

Aly = Zdat + - - + Zdz".

Conversely, given such an integrable affine atlas the last expression defines A.
Henceforth, we shall make use of this correspondence with no further notice. We
refer to [14, 14, 23] for details on integral affine structures.

Hence, a symplectic torus bundle p : (7,Q) — M determines a canonical integral
affine structure A on M and the exponential map induces an equivalence

T*M/A 25 T

This diffeomorphism pulls back €2 to the unique symplectic form Qx € Q?(T*M/A)
such that

q* QA = QCam )

where ¢ : T*M — T*M/A is the projection.
Conversely, given any integral affine structure A on a manifold M, we obtain a
symplectic torus bundle (Tx,Qs) where

77\ = T*M/A, q*QA = Qcana

and the projection ¢ : T*M — Ta becomes the exponential map. It follows that
there is a 1:1 correspondence:

symplectic torus bundles - integral affine structures
over M — ACcT*M
up to equivalence

Example 2.6. On R" we have the standard integral affine structure
Ay = Z{da', ... dz"},

which corresponds to the trivial symplectic torus bundle
n
pry i T" xR" 5 R", Q= df; Ada'.
i=1

Similarly, on the torus T™ = R™/Z™ we have the integral affine structure
Ay = Z{d2", ... dz"},

where now x* are standard coordinates on the torus (so defined mod Z). The cor-
responding symplectic torus bundle is

pry : T x T" = T", Q= » df; Ada'.
=1
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Remark 2.7. Every symplectic torus p : (T,Q) — M is locally equivalent to the
standard one (T™ x R™, Q) — R™. Indeed, an integral affine chart (U,z") induces
an tsomorphism

TlU ~ Tn X U,
which identifies Q0 and Qg .

Example 2.8. When n = 2 we have an exotic integral affine structure on T2

defined by
Aox = Z{d2!, da? — z'da'}).

The corresponding symplectic torus bundle can be described as follows. Consider
the discrete subgroup T' C Affz(R*) generated by the translations

Y101, 0o, 2, 2%) = (01,02, 2" +1,2%), ¥o(01,02, 21, 2%) = (01,0, 2, 2% + 1),
v3(01, 02,z 2%) = (01 + 1,09, 21, 2?),
and by the element
Y4(01, 02, 2, 2?) = (01 — x*, 00 + 1,2, 2?).

This group acts proper and free, by symplectic transformations of the canonical
symplectic form
Qean = db1 Adz' + dba A da®.

The sought after symplectic torus bundle has total space T := R* /T, with symplectic
form Q induced by Qecan, and projection

p:T = T%  [01,00, 2" 2% — [2!, 2?].
Indeed, this map has Lagrangian fibers and admits the Lagrangian section
s(z',2?) =1[0,0, 2%, 2?).
This is the zero section for the multiplication
m([91,92,$1,$2], [él,ég,xl,xQ]) = [0y + 01,00 + 92,901,302].
Note that (T, Q) is the Kodaira-Thurston symplectic manifold.

Let p : (T,Q2) — M be a symplectic torus bundle inducing an integral affine
structure A C T*M. Then M carries a canonical flat connection V, namely the
unique torsion free connection satisfying

Vamiaxj =0,

for any integral affine chart (U,x%). We will denote by the same symbol V the
dual connection on T*M: it is the unique linear connection for which every local
section of A is flat. The corresponding horizontal distribution will be denoted
by HY C T(T*M).

At the level of the torus bundle 7 — M the existence of this flat connection is
reflected in the existence of a Lagrangian foliation transverse to the fibers.

Proposition 2.9. Let p : (T,Q) — M be a symplectic torus bundle inducing an
integral affine structure A C T*M. Then

H := (dexp)(HY) C T(T) (2.1)

1s a flat Ehresmann connection by Lagrangian subspaces, hence defines a Lagrangian
foliation transverse to the fibers of p: T — M.
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Proof. Under the local trivialization induced by an integral affine chart (see Remark
@), the exponential map exp : T*M — T is just the projection

exp: R" x U — T" x U,
and we find

H = (dexp)(HY) = ﬂ ker(d6;).

The statement now follows by observing that the forms df; are multiplicative. [J

Definition 2.10. The distribution H C T(T) given by [2J)) is called the canonical
horizontal distribution of the symplectic torus bundle.

Remark 2.11. The distribution H is an example of a multiplicative Ehresmann
connection. In general, a distribution in a Lie groupoid G is called multiplicative
if it is a subgroupoid of the tangent groupoid T(G). We refer to [21L 22] for more
details on multiplicative FEhresmann connections.

2.2. Morphisms of symplectic torus bundles. We will make use of the follow-
ing notion of morphism of symplectic torus bundles.

Definition 2.12. A morphism of symplectic torus bundles
(¢a(1)) : (71,91) - (7—2592)

consists of a map ¢ : M1 — My between the basis and a bundle map

T ——T
Prl lpl
My = My

satisfying:
(i) ® restricts on each fiber to a group morphism;
(i) Graph(®) C Ty X T2 is a Lagrangian submanifold.
The graph in the last item in the previous definition is the relation defined by:
Graph(®) := {(®(g,2),9) : (9,z) € T2 X, My}

The notation 7 means, as usual, the symplectic manifold 7 with the opposite
symplectic structure.

Remark 2.13. The notion of morphism in the previous definition is actually an
instance of the notion of a groupoid comorphism [8]. Since we do not consider
groupoid morphisms or other notions of morphism for torus bundles, we will use
the term “morphism”.

The notion of morphism of symplectic torus bundles is intimately related to the
concept of integral affine map which we now recall (see [14] [4] 23] for more details).

Definition 2.14. Let (M, A1) and (Ma, As) be integral affine manifolds. A map

¢ : (Ml,Al) — (MQ,AQ) (22)
is called an integral affine map if ¢*(A2) C Ay. It is called a primitive integral
affine map if $*(Aa) = A;.

Remark 2.15. A map ¢ : (M1, A1) — (Ma, As) is integral affine if and only if in
integral affine charts (with connected domains) it is of the form

x> Az + b,
for some linear integral affine map A : (R™*,Z™) — (R™2,Z™2) and some b € R.
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The next proposition shows that the category Int AffMan of integral affine man-
ifolds is equivalent to the category SympTorBun.

Proposition 2.16. The assignment (M, A) — (Ta, Q) extends to a functor
IntAffMan — SympTorBun
by assigning to an integral affine map ¢ as in (Z2) the morphism
(6, 07) : (Tar, Q) — (Taz, Qn,), - 07 ([ed, 2) = [(dudp) .
This functor is in fact an equivalence of categories.

Proof. By the remark above the map ¢* is well-defined. It is readily verified that
(¢, ¢") is a morphism, and that this construction defines a functor. To see that this
is an equivalence of categories, let (¢, @) : (T1,21) --» (T2,82) be any morphism
between symplectic torus bundles. Then ® has a unique lift to a vector bundle map

¢*T* My —2—= T* M,

Id xexp l l/ exp

¢* T2 T

P

whose graph
Graph(®) € T*M; x T*M,

is a Lagrangian submanifold. One checks (e.g., by working in local coordinates)
that this last condition implies that

= ¢*.

The commutativity of the diagram then forces

¢ (A2) C A,
where A; and A, are the integral affine structures induced by (77, Q1) and (72, Q2).
By the remark above, we conclude that ¢ is an integral affine map. (]

2.3. Hamiltonian 7-spaces. One of our main objects of study are Hamiltonian
spaces for symplectic torus bundles. An action of a torus bundle p: 7 — M on
map p: S — M is given by a map

d:TxyuS—S, (9,p)—g-p,

satisfying the usual properties:
(i) g-(h-p)=(gh) p;
(i) u(u(p)) -p =p-
In other words, this is just a smooth varying fiberwise action.
Symplectic torus bundles act on maps whose domain is a symplectic manifold:

Definition 2.17. Let p: (T,Q) — M be a symplectic torus bundle. A Hamilton-
ian T-space consists of:

(i) a symplectic manifold (S,w);
(ii) a map p: S — M;
(i1i) an action o : T xp S — S which is symplectic, i.e., that satisfies

W =pry-Q+prgw.
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Since a Hamiltonian T -space consists fiberwise of ordinary abelian actions, we
obtain an infinitesimal action of the bundle of abelian Lie algebras T*M — M
on p: S — M. In other words, we have a linear map « : Q'(M) — X(9) satisfying

pla(@) =0, [a(a),«(8)] =0, (apB€eQ(M)).
We call i : S — M the moment map of the action and it satisfies the moment
map condition (see [I3])

inew=pa (ae Q' (M)). (2.3)
Example 2.18 (Classical Hamiltonian spaces). A classical Hamiltonian T™-space
with moment map p : (S,w) — R™ is the same thing as Hamiltonian T -space for

the symplectic torus bundle T := (T" X R™, Qcan) — R™. The T -action and is given
in terms of the T™-action determine each other by

A (T" xR") xgn S = S, (g,2,p) = gp, if == p(p).
Conwversely, any T -action takes this form for a unique T™-action.

Example 2.19 (The trivial Hamiltonian 7T-space). Let (T,€2) be any symplectic
torus bundle. Then T acts on itself by left translations

szi:TxMT—>7',(g,h)»—>gh,

with moment map the projection p : T — M. The multiplicativity of 0 shows that
this is a Hamiltonian T -space.

Example 2.20 (The trivial S>-bundle over T?). Consider the symplectic manifold
(S,w) := (T? wy2) x (S?, wg2),
where w2 and ws2 denote the area forms with total area 1, so
wre :=dy Adzx, wg :=d¢ Adh,

where (¢, h) are cylindrical coordinates on S*. This admits an action of the sym-
plectic torus bundle (T,8) corresponding to the standard integral affine cylinder

(M, A) := (S* x R, Zdx & Zdh).
Ezxplicitly, the symplectic torus bundle
(T,9) = (T? x S* x R,dy A dz + dd A dh),
p: T —=S'xR, (y,0,2,h)— (z,h),
acts along the map
p:T? xS? = S' xR, (y,2,0,h) — (x,h),
as follows
(y,0,2,h) - (g,2,0,h) = (y + 2,0 + ¢, h).
Example 2.21 (The non-trivial S*-bundle over T?). The non-trivial orientable
S%-bundle over T? can be obtained by taking the quotient of the trivial S?-bundle
R? x S? — R? by the proper and free action of Z? given by
(k1,k2) - (y, 2,0, h) = (y + k1, 2 + ka, ¢ — kay, h).
Let (S,w) be the resulting manifold T? X S? := (R? x S?)/Z? equipped with the
symplectic form induced by the Z2-invariant symplectic form
(h+2)dy Adx + (xdy + d¢) A dh.
This symplectic manifold admits an action of the symplectic torus bundle (T,)
associated to the integral affine manifold

(M, A) = (S'x] — 2,00[, Z((h + 2)dx + xdh) © Zdh).
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Ezxplicitly, this torus bundle is
T = (T* x Rx] — 2,00]) /Z,
p: T —S'%]—2,00[, (y,0,2,h) (x,h),

where 7, acts as
k(yaeaxah):(yae_kyax—i_kah)a

and the multiplication on the fibers is just addition. The symplectic form ) is
induced by the Z-invariant symplectic form

(h+2)dy A dx + (xdy + db) A dh.
The symplectic torus bundle (T,8) acts on (S,w) along the map
p:T*XS?* = Stx] — 2,00, (y,2,0,h) — (x,h),
as follows

(y’e’z’h).(g7x7¢7h) = (y+7j,$,9+¢,h).

Let py : (S1,w1) = M and pg : (S2,w2) — M be Hamiltonian T-spaces. Then a
morphism from g to po is a symplectic map

S) —> S,

which is T-equivariant:
U(g-p)=g-¥(p)
We need a generalization of this notion to Hamiltonian spaces of distinct sym-
plectic torus bundles.

Definition 2.22. Let (¢, ®) : (T1,21) --+ (T2,Q2) be a morphism of symplectic
torus bundles, and let p; : (S;,w;) = M; be Hamiltonian T;-spaces. A morphism
from py to pa covering (¢, ®) is a map

51_‘1’>52

My —¢>M2

satisfying:
(i) ¥ is a Poisson map;
(i) U is (¢, ®)-equivariant, i.e., ¥(P(g, u1(p)) - p) =g - ¥(p).

The base map of a morphism of Hamiltonian spaces is an integral affine map
by Proposition For an isomorphism this map must be an integral affine
isomorphism, while the the map ¥ between the total spaces must be a symplec-
tomorphism. An isomorphism for which the base map ¢ is the identity, and so
T1 = T2, will be called an equivalence.

Example 2.23. Let pu: (S,w) = R™ be a Hamiltonian T™-space and Ky : T™ — T™
a Lie group homomorphism. The induced Lie algebra homomorphism 6 : R™ — R"
is a linear integral affine map (R™,Z"™) — (R™,Z"), and we have a morphism of
symplectic torus bundles

(¢7¢) :T" X R™ --» R™ x Tma ¢ = 9*7 (I)(gv'r) = ('rer(g))
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On the other hand, the induced T™-action on S
h-x:=Ky(h) -z,
is Hamiltonian, with momentum map i := 0% o u: S — R™. Moreover,

SI—d>S

R" ——=R™

is a a morphism of Hamiltonian spaces covering (¢, ®).

2.4. T-invariant tensors. Let p : (T7,Q) — M be a symplectic torus bundle.
Given a Hamiltonian 7-space p : (S,w) — M, the torus bundle 7 acts on the
p-fibers so each g € T induces a map between the tangent spaces to the fibers:

g : T (z) —» T~ (x), with = = p(g).

In order to extend the action of g to the tangent bundle 7S we use the canoni-
cal horizontal distribution H (see Definition ZI0). We denote the corresponding
horizontal lift of tangent vectors by:

hor, : T,M — T, T, hory(w) := (dgp)|5 (w).

Definition 2.24. Given a symplectic torus bundle p : (T,Q) — M and a Hamil-
tonian T -space u : (S,w) — M the tangent action of g € T is the map

gi 1 TpS — TypS,  gwv :=dgf (hory(du(v)), v).

The multiplicativity of the distribution H ensures that this defines an action of
the torus bundle 7 on the map popr: TS — M.

Remark 2.25. The distribution H is an example of a Cartan connection on the
torus bundle p : T — M. The construction of the action in Definition is
a special case of a more general construction valid for actions of Lie groupoids
G =M onamap u:S — M. Whenever the Lie groupoid G is equipped with a
Cartan connection one obtains an action of G on popr: TS — M (see, e.g., [3])

Definition 2.26. We say that a tensor field on the total space of a Hamiltonian
T-space p: (S,w) — M is T-invariant if it is invariant under the tangent action
of every g € T.

Similarly, one can talk about 7 -invariance of other objects. For example, a
distribution D C T'S is T-invariant if is preserved under the tangent action. A
foliation of S is T-invariant if the corresponding distribution if 7 -invariant.

Example 2.27. For any symplectic torus bundle p : (T,Q) — M the symplectic
form Q and the horizontal distribution H are both T -invariant. For any Hamilton-
tan T-space p : (S,w) — M the symplectic form w is also T -invariant.

Given a Hamiltonian (7, )-space u : (S,w) — M, fixing a integral affine chart
(U, z*), one obtains a T"-action on S|y. This follows from the fact that a choice
of integral affine chart induces a local trivialization of the symplectic torus bundle
(cf. Remark[27). Although these locally defined T"-actions depend on the choice of
integral affine chart, it turns out that 7-invariance is equivalent to T™-invariance,
as stated in the next proposition. For the statement, we will the fact that a local
section s : U — T of T — M acts on S|y as thefiber preserving diffeomorphism

p+— s(u(p)) - p.
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Proposition 2.28. Given a tensor field K on the total space of a Hamiltonian
T-space p: (S,w) — M the following are equivalent:

(i) K is T-invariant;

(i) K is invariant under the action of any horizontal local section of T ;

(iii) K is invariant under the infinitesimal action of any locally defined flat 1-form

ZLo(ayK =0 if Va = 0; (2.4)

(iv) K is T™-invariant relative to the locally defined T™-action induced by any
integral affine chart.

Proof. Obviously, a tensor is T-invariant if and only if it is 7|y, -invariant for some
open cover {U,} of M. Hence, it is enough to check the statement on an integral
affine chart (U, z*) with connected domain.

The equivalence of (i) and (ii) follows from the fact that any element g € T
extends to a horizontal local section (see proof of Proposition 29).

For the equivalence between (ii) and (iii), observe that if a € QY(U) is any flat
1-form then exp(ta) : U — T is a horizontal section, and acting by this local section
is given by the flow of the vector field «(a) € X(S) (cf. [23))

o (exp(ta),p) = ¢y, () (p)-

For the equivalence between (ii) and (iv), observe that the choice of integral
affine chart gives an identification

T" x UZTlU

Under this identification, the horizontal sections of 7 become the constant sections
of T" x U — U. Therefore, the action by g € T™ coincides with the action by the
horizontal section x +— (g, ), and the equivalence follows. O

3. PRINCIPAL HAMILTONIAN 7 -SPACES A.K.A. LAGRANGIAN FIBRATIONS

A very important class of Hamiltonian T-spaces are Lagrangian fibrations. In this
section we show that they correspond exactly to principal Hamiltonian 7-spaces
and we recall their classification, from this point of view.

3.1. Lagrangian fibrations. By a Lagrangian fibration we mean the following.

Definition 3.1. A Lagrangian fibration is a symplectic manifold (S,w) together
with a surjective submersion p: S — M satisfying the following properties:
(i) dim(S) = 2dim(M);
(i) p: (S,w) — M is a Poisson map, where M is equipped with the zero Poisson
structure;
(#11) w is a proper with connected fibers.

Notice that conditions (i) and (ii) can be replaced by the simpler statement that
the fibers are Lagrangian submanifolds. We prefer this formulation since it is more
natural from the perspective of Poisson geometry adopted here, specially having in
mind generalizations to the non-commutative setting.

Given any Lagrangian fibration p : (S,w) — M one obtains a symplectic torus
bundle p : (7,Q) — M which acts in a Hamiltonian fashion on u as follows. First,
the Lagrangian fibration induces an integral affine structure A on M given by

A={aeT*M: ¢, =1d}.

Here, for a € Ty M we denoted by qbio(a) the time-1 flow of the vector field «(«)

on the fiber p~!(z) defined by ([23). Then the symplectic torus bundle (7x,Qx)
associated with A acts on the fibration by setting:

o] P = g0y () (a0 € Ty M).
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One checks that this is indeed a Hamiltonian Tj-action (see, e.g., [I3, Chp. 12]).
Moreover, this is a principal action, i.e., the map

TaxmS—=SxuS, (g.p)— (9p,p),

is a diffeomorphism.
Conversely, given a symplectic torus bundle p : (T,Q) — M, every principal
Hamiltonian 7-space u : (S,w) — M is a Lagrangian fibration. In other words:

{principal Hamiltonian ﬂ—spaces} _ { Lagrangian fibrations }
i (S,w) =M w: (S,w) = M inducing A

Two Lagrangian fibrations y; : (S;,w;) — M are called equivalent if there exists
a symplectomorphism W : (S7,wq) — (S2,w2) commuting with the projections:

St —‘I}>Sz

M M

Id

It is easy to see that equivalent Lagrangian fibrations induce the same integral affine
structure A C T*M and ¥ is an equivalence of Hamiltonian 7x-spaces.

Example 3.2 (Symplectic torus bundles). A symplectic torus bundle p : (T,w) —
M is an example of a Lagrangian fibration satisfying a very special property: it
admits a global Lagrangian section, namely the identity section. Conversely, if a
principal Hamiltonian T -space p : (S,w) — M admits a global Lagrangian section
s: M — S then we obtain an equivalence

(T,9) = (S,w), g~ g-s(p(g))

Under this equivalence, the T -action on S becomes the action of T on itself by
translations.

In general, a Lagrangian fibration does not admit a global Lagrangian section.
However, locally such sections always exists, and this gives a local model for a
Lagrangian fibrations, as discussed in the next example.

Remark 3.3 (Action-angle coordinates). Letp: (T,Q) — M be a symplectic torus
bundle. Any principal Hamiltonian T-space p : (S,w) — M is locally equivalent
top: (T,Q) — M. Namely, choosing an open set U C M where there exists a
Lagrangian section s : U — S of p, we obtain an equivalence as in the previous
example

U:Tluv = Slu, g—g-s(p(9)).

It follows also from the previous discussion that any two Lagrangian fibrations in-
ducing the same integral affine structure A are locally equivalent.

Moreover, if we fix integral affine coordinates (U,x") over which there exists a
Lagrangian section s : U — S of u, we obtain an equivalence (cf. Remark [2.1))

Sly~T"xU, wly=~ Zd@i A dat.
=1

This local form only depends on the choice of an integral affine chart and a La-
grangian section. This is sometimes referred to as the Arnold-Liouville Theorem,
and the coordinates (z*,0;) are called action-angle coordinates.
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3.2. Classification of principal Hamiltonian 7-spaces. The obstruction for a
Lagrangian fibration to admit a global Lagrangian section is given by the Lagrangian-
Chern class, as we now recall. This class also yields Duistermaat’s global classifi-
cation of Lagrangian fibrations [I9]. In our language, it allows to classify principal
Hamiltonian 7 -spaces, up to equivalence.

Given a symplectic torus bundle p : (7,Q) — M denote by Trag its sheaf of
Lagrangian sections. The groupoid multiplication makes this into an abelian sheaf.
Given a principal Hamiltonian T-space p : (S,w) — M, the usual construction
of the Chern class using Cech cocycles can be performed using local Lagrangian
sections. This yields a Cech cohomology class

Cl(S, (AJ) S Hl(M, ﬁag),
called the Lagrangian-Chern class.

Theorem 3.4 (Duistermaat). Given a symplectic torus bundle p : (T,Qd) — M
the Lagrangian-Chern class gives a 1:1 correspondence:

principal Hamiltonian T -spaces -
c1: w:(S,w) > M — H (Mah)
up to equivalence

Since H (M, Tiag) is an abelian group, one also has an abelian group structure

on the equivalence classes of principal Hamiltonian 7 -spaces. This group structure
can be described explicitly using the fusion product of principal Hamiltonian 7-
spaces (see, e.g., [14]).

An integral affine manifold (M, A) is called complete if the canonical flat connec-
tion V is complete. Lagrangian fibrations over a complete integral affine manifold
have the following simple description.

Proposition 3.5. Let (M, A) be a complete, integral affine manifold so M ~ R"/T.
There is a 1:1 correspondence:

T YT A (T X R™, Wean)

{prmcipal Hamiltonian Ty -spaces
covering I' ~n R”

} symplectic actions
o (S,w) =M
Proof. Since (M, A) is complete, we have M ~ R"™/T", with I' = m (M) C Affz(R")
acting properly and free on R".

Assume T' ~ (T™ x R™, wean) is a symplectic action covering I' ~ R™. Tt is a
proper and free action, and the induced symplectic form on the quotient

S = (T" x R")/T — M = R"/T,

yields a Lagrangian fibration with base the integral affine manifold (M, A). So it is
a principal Hamiltonian Tj-space.

Conversely, given a principal Hamiltonian Tx-space u : (S,w) — M we consider
its pullback under the covering projection ¢ : R™ — M

g—1 .9 .
|
R —L o M

Here g : S — Sisalso a I'-covering where I" acts on the first factor of S=R"xyS.
This action makes i equivariant and preserves the pullback symplectic
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On the other hand, i : (§ ,w) — R™ is a principal Hamiltonian T™-space. Any such
space is isomorphic to the canonical Hamiltonian T"-space (T" x R™, wean) — R™,
so the result follows. O

Remark 3.6. The previous result can be related to Duistermaat classification The-
orem[3.4) as follows. On the one hand, under the assumptions of Proposition[3.2, one
has an identification:
Hl (Ma 7-[/0«9) = Hll(Rn) 7[l/ag)

where the right-hand side denotes I'-equivariant cohomology for the I'-sheaf of La-
grangian sections of (T™ X R™, wean) — R™.

On the other hand, one has a I'-equivariant version of Duistermaat result, which
gives a 1:1 correspondence:

I'-equivariant .
principal Hamiltonian T™-spaces — H:(R™, Tag)
e (§,<IJ) — R"™, up to isomorphism
Any such Hamiltonian space admits a global Lagrangian section and so is sym-
plectomorphic to the canonical bundle pr : (T™ X R™ wean) — R™, recovering the
correspondence in the proposition.

Notice that the induced symplectic action of T' on T™ x R™, in general, does
not coincide with the canonical lift of the action I' ~ R™. This happens precisely
when [ : (§, @) — R™ admits a T-invariant Lagrangian section, i.e., when it is
represented by the trivial class in HE(R™, T,y

Proposition is also useful to construct examples. We illustrate it with one
such example.

Example 3.7. The standard integral affine structure on the torus M = R?/T is
obtained from the action of T = 7Z? on R? by translations:
(m,n) - (z', 2?) = (z* +m,z* +n).
The canonical lift T ~ R? x T2 is given by
(m,n) - (z',22,01,0) = (x* +m, x> +n,0,,0,).

The zero section is a I'-equivariant Lagrangian section and this agrees with the fact
that the corresponding quotient is the trivial bundle (T? x T?% wean) — T2, which
has representative the trivial class in H*(T?, Tra,)

More generally, fix a € [0,1] and consider the symplectic action T' ~ R? x T?
covering I ~ R2 given by

(m,n) - (z',22,01,05) = (x* +m,z* +n, 0, + an, 0y). (3.1)

For this action, the bundle R? x T2 — R? still admits a T-equivariant section,
namely

s(xt, 2?) = (2!, 2%, —az?,0).
Hence, we obtain a family of Lagrangian fibrations, each isomorphic to the trivial
fibration T? x T? — T2, but with a new symplectic form

We = Wean + adzt A da?.

Notice that the integral affine structure induced on the base T? is still the standard
one. If s : T? — T2 x T? is any section, S wean 45 an exact form and applying
Stokes formula we find that

/ s"wq :a/ dz!' A dz? = a.
T2 T2
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Therefore, if a €]0,1[ the fibration (T? x T? w,) — T? does not admit any La-
grangian section. Equivalently, there is no I'-equivariant section of R? x T? — R?
which is Lagrangian (this can also be checked directly). This gives examples of La-
grangian fibrations with trivial Chern class and non-trivial Lagrangian-Chern class

oS, w) € H(T?, Tray).

3.3. Lagrangian connections. In the construction of the Chern class of a princi-
pal torus bundle one passes from integral to real coefficients using connections. One
has a similar situation for principal Hamiltonian 7T -spaces, for which the concept
of a Lagrangian connection is needed.

Definition 3.8. A connection for a principal Hamiltonian T-space p : (S,w) —
M is a T-invariant distribution D C T'S such that TS = D @ ker(du). We call
such a connection Lagrangian if D, C (1,5, wp) is Lagrangian for allp € S.

Example 3.9. For p: (T,Q) — M, viewed as a principal Hamiltonian T -space
with the action by translations, the canonical horizontal distribution (see Definition
[Z210) is a Lagrangian connection.

Example 3.10. Let p: (S,w) — R™ be a classical Hamiltonian T™-space, viewed
as Hamiltonian T -space for the symplectic torus bundle T = (T™ X R™, Qcan) — R™.
If the action is principal, then a connection in the sense of Definition[3.8 is just an
ordinary principal bundle connection. It is Lagrangian if and only if its horizontal
spaces are Lagrangian.

Connections can also be described by connection 1-forms, which are defined as
follows. For a Hamiltonian T-space p : (S,w) — M and a vector bundle E — M
we denote by QF(S, E) the space of k-forms with values in pu*FE.

Definition 3.11. A connection 1-form for a principal Hamiltonian T -space
w:(S,w) — M is a form 6 € QY(S, T*M) which satisfies:

(i) T-invariance: 04,(g - v) = 0,(v), for allv € T,,S, g € T,p);

(i) Op(ap(a)) = o, for all € T\ M andp € S.

Note that in the previous definition, in (i) we have used the tangent action of T
on S and in (ii) its infinitesimal version « : p*T*M — T'S.

Similar to ordinary principal connections, there is a bijective correspondence
between connections and connection 1-forms for a principal Hamiltonian 7 -space
w: (S,w) = M, in which the distribution corresponding to a connection 1-form 6
is D = kerd. The following lemma characterizes those connection 1-forms giving
rise to Lagrangian connections.

Lemma 3.12. Let 6 be a connection 1-form for a principal Hamiltonian T -space
w: (S,w) = M. Consider the T-invariant, non-degenerate, 2-form ws € Q%(S)
defined by

wp (v, w) := (0(v), du(w)) — (0(w), du(v)).

The connection ker 0 is Lagrangian if and only if w = wy.

Proof. The backward direction is immediate. For the forward direction, note that
Im(e) = ker(du) by principality of the action. So, it suffices to verify the equality
w = wy on tangent vectors of the form v+, (a), with v € ker(0,) and « € T M.
This is readily done using the moment map condition (Z3)).

Proposition 3.13. Every principal Hamiltonian T -space admits a Lagrangian con-
nection.
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Proof. Remark and Example show that over a sufficiently small integral
affine chart a Lagrangian connection always exists. Consider an open cover {U, };cs
of M together with connection 1-forms 6; for p : S|y, — U;, such that ker(6;) is
Lagrangian. Choosing a partition of unity {p;}:c; subordinated to this cover, we
can construct a global connection 1-form 0 := ) ., (p; o p)0;. In view of the lemma
above, ker(6) is Lagrangian, since
wo =Y (piopws, =Y (piopw=w.
i€l il
O
Next we define the curvature 2-form of a connection on a principal Hamiltonian
T-space p : (S,w) — M. Pulling back the canonical flat connection V on T*M
along the projection p : S — M we obtain a flat connection V on p*T*M and
this gives a differential dV : Q°(S,T*M) — Q*+*1(S, T*M). We further denote by
Qf(M,T*M) the kernel of the anti-symmetrization map
0:Q(M, T*M) — Q* (M), (3.2)
which is a subcomplex of
(Q*(M,T*M),dY).
Proposition 3.14. Let D be a connection on p : (S,w) — M with connection
1-form 6 € QY(S, T*M). There is a unique 2-form Kq € Q*(M,T*M) such that
WKy =dVve.
This satisfies the following properties:
(i) Kg is dV-closed;
(ii) Ko =0 if and only if D is involutive.
Moreover, if D is a Lagrangian connection then Ky € Q%(M, T*M), meaning that

0Kg(v1,v2,v3) 1= Z (=D N K (vo(1), Vo(2))s Vo(z)) = 0.
oc€Ss

Proof. The existence of Ky follows from the remark that dVé is horizontal and 7-
invariant, and its uniqueness is clear. Properties (i) and (ii) are immediate, whilst
the last property follows by observing that

L.
dw@ = §M (aKe)v
so that (by Lemma B.12) 0Ky must vanish if ¢ is Lagrangian. O

According to the previous proposition, a choice of Lagrangian connection on
w: (S,w) = M gives rise to a cohomology class

[Ko] € H*(Q3(M,T*M),dY).

This class is independent of the choice of Lagrangian connection and, as for principal
S'-bundles, it is related to the Lagrangian Chern class by a map that ‘passes from
integer to real coefficients’. To make this precise, consider the composite

HY(M, Tiag) —> H*(M,05) —= H*(M, Opgt) — H*(Q8(M,T*M),dV) , (3.3)

where Oag and Op denote respectively the sheaves of locally defined functions
on M that are affine and integral affine with respect to A. The first map in this
sequence is the connecting homomorphism induced by the short exact sequence

d

0 OA COO 7iag 07
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while the last map is the isomorphism induced by the fine resolution

0 O e 94 o1t ey e 02— M) - (3.4)

Theorem 3.15. If 0 is a Lagrangian connection for a principal Hamiltonian T -
space p: (S,w) = M, then B3) maps the Lagrangian Chern class ¢1(S,w) to the
class [Kg].

Proof. Let U = {U;}icr be a good open cover of M such that p admits a Lagrangian
section o; over U; for each i € I. The class ¢1(S,w) € H'(M, Tiag) is represented
by the 1-cocycle 7 = [;] € CY (U, Tiag), defined by the relation:
7ij(2) - 0i(w) = 0j(z), = €Uy

The connecting homomorphism in (B3] sends ¢;(S,w) to the class represented by
the 2-cocycle df € C%(U, Oy), where f = [fi;] € C'(U,C>) is any 1-cochain lifting
7 (which exists since U;; is contractible for all ¢ and j). The last map in B3] is
induced by the ‘Cech-de Rham’-type double complex

C2(U,C®) —= C* (U, QY (—, T*M)) —= C>(U, Q3(—, T*M)) — ...

CYU,C®) ——= C U, QY (—, T*M)) —= C (U, Q3(—, T*M)) — ...

CVO(Z/[, Coo) - CVO(Z/[, Q}?(*a T*M)) - CVO(Z/[, Q%(fa T*M)) .
In this complex the vertical differentials are those of the Cech complex and the
horizontal differentials are induced by ([34]). Notice that both the rows and columns
are exact at the (p,q)"™ entry whenever p,q > 0. We need to show that (df,0,0)
and (0,0, Ky) represent the same class in the cohomology of the total complex.
This follows because
(afa 0) O) - (Oa 07 KQ) = dTot(fa 0*9)3
where 0*0 € CO(U, QL (M, T*M)) is given by (6*6); := o70. Note that 076 belongs
to the kernel of @ because o; and # are Lagrangian and, by Lemma [3.12] one has
0(0]0) =ojwyp = 0w = 0.

O

3.4. Flat Lagrangian connections. Flat Lagrangian connections will play a key
role in the study of invariant Kéahler metrics. In this subsection we show how
Lagrangian fibrations with such connections can be classified in terms of a sheaf
cohomology group, much like principal T"-bundles with flat connection.

Definition 3.16. A flat Lagrangian fibration is a Lagrangian fibration equipped
with a flat Lagrangian connection.

Note that, by Proposition B.14] a flat Lagrangian connection is the same thing
as an invariant Lagrangian foliation transverse to the fibers.

Remark 3.17. In the literature on T-duality and mirror symmetry flat Lagrangian
fibrations in our sense are sometimes called semi-flat (see, e.g., [3] ).
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Given an integral affine manifold (M, A) we denote by Triy the sheaf of V-flat
sections of Tj. If (U, %) an integral affine chart then the flat sections of Ta |y take
the form

5= Z cidz’  (mod A),
i=1

where the coefficients ¢; are locally constant. This shows that every flat section is
automatically a Lagrangian section. Hence, Trias is a subsheaf of Trag and we have
a map in cohomology

Hl(Mv Elat) — Hl(M; 7iag)-
This map is part of an exact sequence, which will allow us to express the first
obstruction.

Proposition 3.18. Given a symplectic torus bundle (T,Q) — M the sequence
HY (M, Triat) — H' (M, Trag) — H?*(Q3(M,T*M),dV), (3.5)

where the second map is given by [B3), is exact.

Proof of Proposition [Z18. Consider the map of short exact sequences:

d

0 On C* TLag 0
0 OAff C> Rag/ﬁlat —0
By naturality of the connecting homomorphism, the induced square:
HY(M, Ting) ———— H*(M,Oh)

| |

HY(M, Tiag/Trat) —— H?(M, Oagr)

commutes. So, up to isomorphism, (B.5) is part of the long exact sequence of:
0— Elat — 7iag — ﬁag/%lat — 0.
O

Combining this result, Proposition B.14] and Theorem B.15] we obtain the follow-
ing corollary.

Corollary 3.19. Fiz an integral affine manifold (M,A). Given a Lagrangian fi-
bration p : (S,w) — M inducing A the following conditions are equivalent:

(i) w: (S,w) = M admits a flat Lagrangian connection;

(ii) the Lagrangian-Chern class c1(S,w) € HY(M, Trag) lies in the image of ([B3).

Flat Lagrangian fibrations are classified by their flat Chern class. This is the
element in H' (M, Tr1at) constructed as the usual Chern class but using only flat lo-
cal sections. More precisely, two flat Lagrangian fibrations y; : (S;,w;, 0;) — (M, A)
are said to be equivalent if there exists an equivalence of Lagrangian fibrations
preserving the connections:

Sp —2> 5,
Hll ll@ \11*92 :91.
M M

Id
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Then one has the following classification result.

Theorem 3.20. Fiz an integral affine manifold (M,A). Assigning to a flat La-
grangian fibration its flat Chern class yields a canonical 1:1 correspondence

flat Lagrangian fibrations I
(S w,0) - M — (M, Triat)
up to equivalence

Moreover, the flat Chern class is mapped to the Lagrangian Chern class by (B.1).

Proof. Using flat sections, the proof of the theorem is entirely similar to the proof

of Theorem B4 (see, e.g.,[19] or [14]). O

Remark 3.21. Note that Tria: is the locally constant sheaf associated to the rep-
resentation of w1 (M) on Ta given by the holonomy of the integral affine manifold
(M, A). In particular, if the holonomy representation if trivial then the cohomology
of Triat 18 that of M with values in the abelian group T™, where m = dim(M). For
example, when M is simply-connected one obtains that the cohomology vanishes in
degree one.

Finally, we observe that one can specialize the correspondence given in Proposi-
tion [3.5] to obtain the following useful description of flat Lagrangian fibrations over
complete integral affine manifolds.

Corollary 3.22. Let (M, A) be a complete integral affine manifold (meaning that
M ~ R"/T') and let H be the canonical horizontal distribution of T™ x R™ — R™.
There is a 1:1 correspondence

symplectic actions
L~ (T x R™, wean)
covering I' ~ R"
preserving H

flat Lagrangian fibrations R
w:(Sw,0) = M —
up to equivalence

Example 3.23. A simple example illustrating the above correspondences can be
obtained by considering the integral affine circle (M,A) = (S',bZdx), where b >
0 is a parameter. Then HY(M,TL.y) = 0, so any Lagrangian fibration inducing
(M, A) takes the form -

pry : (S x St bdy A dx) — St
By the remark above, we have H' (M, Triat) = S*. A class e*™* € S can be realized
as the Lagrangian connection
D, = (0y — ady).
Example 3.24. Consider the second Lagrangian fibration
(T? x T2, w,) — T?

in Ezample [37  We saw there that for a €]0,1[ this fibration has non-trivial
Lagrangian-Chern class. On the other hand, the canonical horizontal distribution
of T? x R? — R? is invariant under the action 1)), so it follows from Corollary
that this Lagrangian fibration is flat.

4. ToriC HAMILTONIAN 7-SPACES A.K.A. TORIC LAGRANGIAN FIBRATIONS

The main class of Hamiltonian T-spaces that we study in this paper is a gener-
alization of both principal Hamiltonian 7-spaces (i.e., Lagrangian fibrations) and
classical symplectic toric manifolds. They are defined as follows.
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Definition 4.1. A Hamiltonian T-space p : (S,w) — M is called toric if it
satisfies the following conditions.

(i) The T-action is free on a dense subset of S.
(ii) dim(S) = 2dim(M).
(ili) The map p has connected fibers and it is proper as map onto its image.

In the rest of this section we will see that the theory of principal Hamiltonian 7 -
spaces, studied in the previous section, extends to the toric setting. In particular,
in section ] we extend the correspondence between principal Hamiltonian 7 -
spaces and Lagrangian fibrations by showing that toric Hamiltonian 7T-spaces are
essentially the same thing as toric Lagrangian fibrations, i.e., singular Lagrangian
fibrations with only elliptic singularities.

4.1. Toric Lagrangian fibrations. We consider the following special class of sin-
gular Lagrangian fibrations.

Definition 4.2. By a singular Lagrangian fibration we mean a symplectic
manifold (S,w) together with a smooth map u : S — M satisfying the following
properties:
(i) dim(S) = 2dim(M);
(i) p: (S,w) — M is a Poisson map, where M is equipped with the zero Poisson
structure;
(111) w has connected fibers, is proper as a map onto its image and its reqular points
form a dense open set in S.

A toric Lagrangian fibration is a singular Lagrangian fibration whose only sin-
gularities are of elliptic type.

An elliptic type singularity is the simplest non-degenerate singularity that a
singular Lagrangian fibration can possess — see, e.g., [I8, [37]. Instead of giving its
definition, we recall the following characterization.

Theorem 4.3 (Dufour and Molino [I8]). Let p : (S,w) — M be a singular La-
grangian fibration. A singular point py € S is elliptic if and only if there is
a neighborhood U of xo := u(po) and an embedding ¢ : U — R™, such that
dou: (utU),w) — R™ is the moment map of an effective T™-action.

Note that the regular fibers of a singular Lagrangian fibration are indeed La-
grangian submanifolds. For a general singular Lagrangian fibration a fiber of
u S — M can contain both regular and singular points. However, the previ-
ous result implies that for a toric Lagrangian fibration p : S — M this cannot
happen: the rank of du is the same for all points in the same fiber. Hence, for
a toric fibration the set of regular points is a dense open set S C S saturated by
p-fibers. It follows that A = M(S’) is also an open subset of M which is dense
in the image A := u(S). Therefore, the restriction p : (S,w) — A is a (regular)
Lagrangian fibration so, as we saw in Section Bl there is an induced integral affine
structure A on A and I (S, w) = A is a principal Hamiltonian 7-space.

The following result shows that the integral affine structure on A extends uniquely
to an open M’ C M containing A, so p : (S,w) — M’ becomes a toric Hamiltonian
T-space.

Theorem 4.4. Let p: (S,w) — M be a toric Lagrangian fibration. Then there is
an open M' C M containing u(S) and an integral affine structure A on M’ such that
w: (S,w) — M’ is a toric Hamiltonian Tp-space. The germ of (M’,A) is unique.
Conwversely, every toric Hamiltonian T -space is a toric Lagrangian fibration.
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Proof. It follows from Theorem 3] that A := p(.S) is a codimension 0 submanifold
with corners of M, with interior A = ,u(S ). Moreover, the integral affine structure A
on A extends to the boundary 0A, so A is an integral affine manifold with corners.
In fact, around a boundary point xg € JA an integral affine chart is provided by
the restriction ¢ : VN A — R™ of the embedding given by Theorem

Recall that any manifold with corners embeds as a codimension 0 submanifold
of a manifold without corners and the germ of such embeddings is unique. Simi-
larly, for embeddings of integral affine manifolds with corners we have the following
lemma, which proves the first part of the statement of the theorem.

Lemma 4.5. Let (A, A) be an integral affine manifold manifold with corners.

(i) Given any a codimension 0 embedding of A in a manifold without corners M,
the integral affine structure A extends to an open neighborhood of A in M.

(i) The germ of codimension 0 integral affine embeddings of (A, A) in integral
affine manifolds without corners is unique.

Proof of the Lemma[{.3 Any integral affine manifold manifold with corners can
be embedded as a codimension 0 integral affine submanifold of an integral affine
manifold manifold without corners. The proof is entirely similar to the proof given
in [35] that any real analytic manifold admits a complexification (see also [17]). Fix
such an embedding ¢ : (A, A) — (N, Ay) and let ¢ : A — M be any codimension
0 embedding in a manifold without corners. Using Whitney’s embedding theorem
we can assume that N C R? and, by a partition of unity argument, that there is
a smooth map F' : W — RP extending the identity on A, defined on some open
neighborhood of A in M. Choosing a retraction 7 : U — N of some neighborhood
of N in RP, the composition r o F' : F~1(U) — U restricts to the identity on A.
Hence, possibly after shrinking W, we obtain a local diffeomorphism roF': W — N,
that extends the identity on A. Pulling back Ay by this diffeomorphism, we obtain
an extension of A from A to an integral affine structure on the neighborhood W.
This proves item (i).

Item (ii) in the lemma follows from item (i), since two integral affine structures
on a manifold M which agree on A they must agree on some open neighborhood
of A, because A has codimension 0. O

It remains to prove the last statement in the theorem. Given a toric Hamiltonian
T-space p : (S,w) = M and a point py € S, fixing a integral affine chart (U, ¢)
around g := u(po) we have that ¢ o p: (u=1(U),w) — R™ is the moment map of
an effective T"-action. If this action is free, pg is a regular point. Otherwise, pg
is a singular point which, by Theorem [43] is elliptic. Hence, p : (S,w) — M is a
toric Lagrangian fibration. O

It follows from the previous results that the standard local model for toric
symplectic manifolds is also a local model for toric Hamiltonian 7-spaces. Let
w: (S,w) = M be a toric (T,Q)-space with A := p(S) and let x € A. As we saw
before, a choice of integral affine chart (U,¢ = (x!,...,2™)) centered at x gives a
trivialization of the symplectic torus bundle

n
O (T, )|y~ (T" x U,y _do; Adat).

i=1
Via this local isomorphism the toric T-action corresponds to a toric T"-action with
moment map

gpop: (pH(U),w) — R

Since p has connected fibers and is proper onto its image, it follows from the
standard normal form for toric manifolds (see, e.g., [26, Lemma B.3]) that, around
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x, there is a local isomorphism between this Hamiltonian T"-space and the standard
local model. The latter is the Hamiltonian T"-space consisting of:

e the symplectic manifold
n—k
(SkmsWhn) = (CF x Tk x R*F Z —dz] AdZ; + ) do; Ada);
j=1
e the moment map is given by

P Ck x T % x R"F — R”, (2,0,2) = (|z1]?, ..., 2], 2)

with image A = R};
e the T"-action given by

(t1,72) - (2,0,2) == ("M 2,70+ 0,2), (11,72) € T x T"=F =T~ (4.1)

So, after possibly changing the integral affine chart ¢, we obtain an isomorphism
(¢, ®, V) from the Hamiltonian T|y-space u : (1= (U),w) — U to the Hamiltonian
T™-space p : (,u];il(V),wk,n) — V, where V := ¢(U) C R". Henceforth, we will
refer to such an isomorphism, or to (z,0, ), as standard toric coordinates for
w: (S,w) = M around z.

For future reference, we state the following result concerning invariant functions
on the local model.

Proposition 4.6. Consider S := CF x T"=F x R" % equipped with the T™-action
(Z1) and let U be an open in A :=R}. For any T"-invariant smooth function f
on u=Y(U), the following hold:

(a) The unique function [ on U such that f = pu* f is smooth, i.c., it is the restric-
tion of a smooth function defined on some open in R™;
(b) If f vanishes on Xz “L(U)N{z; =0} for some j € {1,...,k}, then it is of the

form f = |z;|*- f for a unique T"-invariant smooth functzon fonp “L(U).

Proof. Part (a) is well-known: it readily follows from Schwartz’ theorem. Part (b)
is immediate from part (a) and the fact that if h € C*°(U) vanishes on UN{a’ = 0},
then h = 27 h, for some h € C*(U). O

Remark 4.7. In the literature singular Lagrangian fibrations admitting local ef-
fective T™-actions have been study by several authors [0}, B0, 37, [3]]. The result
above shows that this form of symmetry can be encoded globally by toric Hamilton-
ian T -actions. Moreover, the results to follow will show that this approach gives an
effective, coordinate free way of studying the geometry of such fibrations.

4.2. Classification of toric Hamiltonian 7 -spaces. Delzant’s classification of
compact symplectic toric manifolds in terms of polytopes ([15]) was extended to
toric Hamiltonian 7 -spaces in [28]. In this more general setup, Delzant’s classifi-
cation and Duistermaat’s classification of Lagrangian fibrations (cf. Theorem [3.4)
are combined, as we will now explain.

In Delzant’s classification, the polytope corresponding to a symplectic toric mani-
fold is the image of the moment map and lies in the integral affine manifold (R™, Z").
These Delzant polytopes satisfy certain integrality conditions. For toric Hamilton-
ian T-spaces, the image of u is a more general object called a Delzant subspace of
the integral affine manifold (M, A), the base of the symplectic torus bundle (7, ).

Definition 4.8. A Delzant subspace A of an m-dimensional integral affine man-
ifold (M, A) is a subspace of M with the property that for each x € A there is an
integral affine chart (U, @) for (M, A) centered at x such that $(U N A) is an open
in R := [0, 00[FxR™=* for some k € {0,...,m} (depending on x).
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In other words, a Delzant subspace of (M, A) is a codimension zero integral affine
submanifold with corners.

Example 4.9 (Compact symplectic toric manifolds). For any compact symplectic
toric manifold po : (S,w) — R™, the image of the moment map is a Delzant polytope
in R™. Delzant polytopes are precisely the compact and connected Delzant subspaces
of R™ equipped with the standard integral affine structure.

Example 4.10 (Non-compact symplectic toric manifolds). Non-compact symplec-
tic toric manifold ug : (S,w) — R™ also fit into our framework. It was observed in
[26] that the orbit space S/T™ is a manifold with corners and the induced map

¢:S/T" — R"

is a local embedding. The pullback along ¢ of the standard integral affine structure
in R™ makes A := S/T" an integral affine manifold with corners. By Lemmal[f.5, A
embeds as a Delzant subspace of an integral affine manifold (M, A) without corners.
Note that the composition of the quotient map with this embedding

S — A= M,
yields a toric Hamiltonian Ta-space p: (S,w) — M.
Example 4.11. The Hamiltonian T -spaces in examples and [ZZ]] are toric

and the image of their moment maps are Delzant spaces. In fact:

e For the standard integral affine cylinder R x S*, appearing in Fxample [2.20,
A = [a,b] x S is a Delzant subspace, for any real numbers a < b.

e Similarly, for the exotic integral affine cylinder | — 2,00[xS of Ezample
ZZ1, A = [a,b] x S is also a Delzant subspace, for any —2 < a < b.

A version of the classification theorem for toric Hamiltonian 7 -spaces can be
stated as follows. For a complete proof and details we refer to [28§].

Theorem 4.12 ([28]). Let (T,Q) — (M,A) be a symplectic torus bundle. For
any toric Hamiltonian T -space p : (S,w) — M, the image A := p(S) is a Delzant
subspace of (M, A). Moreover, such Hamiltonian T -spaces are classified by their:
(i) Delzant subspace A := u(S), and
(ii) Lagrangian-Chern class c¢1(S,w) € H*(A, Trag)-

Here Trag denotes the sheaf of Lagrangian sections of 7|a and the Lagrangian-

Chern class is defined similarly to the regular case (see [28]) and the proof of

Theorem F3T)).

Remark 4.13. As for classical toric symplectic manifolds [15], the map
w:S/T =M (4.2)

is a homeomorphism onto A := u(S). Moreover, it respects the natural stratifica-
tions on S/T and A, namely:

o A is naturally stratified, being a manifold with corners;
e S/T is naturally stratified, being the orbit space of a proper Lie groupoid
action [31].
We refer to [28] for details.

Remark 4.14. The classification result above, beside generalizing Duistermaat and
Delzant classification results, is also closely related to classification results in vari-
ous other settings, as in Remark[{.7]. For example, the classification of non-compact
symplectic toric manifolds due to Karshon and Lerman [26] follows from this theo-
rem.
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4.3. Classical symplectic toric manifolds. Motivated by Example .10 we in-
troduce the following definition.

Definition 4.15. A toric Hamiltonian T-space pu : (S*",w) — M is called a
classical symplectic toric manifold if there exists an effective Hamiltonian T™-
action on (S,w) with moment map uo : S — R™ and a local embedding ¢ : A — R"
such that
po = ¢ o p.

The toric Hamiltonian 7-spaces that are classical symplectic toric manifolds can
be easily characterized in terms of the integral affine geometry of their Delzant
subspaces.

Theorem 4.16. A Hamiltonian T -space p : (S*™,w) — M is a classical symplectic
toric manifold if and only if the associated Delzant space A = p(S) has trivial affine
holonomy.

Proof. The Delzant space A = p(S) has trivial affine holonomy if and only if the
developing map devy, : A — R factors through the covering map to an integral
affine local embedding ¢ : A — R™.

On the other hand, a map po : S — R™ which factors through a local embedding
¢ : A — R"™ such that

po = ¢ o i,

is the moment map of an effective Hamiltonian T"-action if and only if ¢ is integral
affine. Hence, the result follows. O

Recall that a compact toric symplectic manifold is always 1-connected. In this
respect we also have the following result.

Corollary 4.17. A Hamiltonian T -space p : (S,w) — M whose associated Delzant
space A = p(S) is 1-connected is a classical symplectic toric manifold. In particular
this holds whenever S is 1-connected.

Proof. The first part of the statement follows immediately from the theorem. For
the second part, consider the inclusions

S—L oA

I

S —
g
The map p : S 5 Aisa principal T™-bundle while A and A have the same
homotopy type. Therefore, passing to fundamental groups we obtain a commutative
diagram

m1(S) L m1(A)

~

m1(8) —= mi(A)

where the bottom horizontal arrow is surjective. It follows that p. : 11 (S) — m1(A)
is also surjective. Hence, if S is 1-connected, so is A. (|

Corollary 4.18. A Hamiltonian T-space p : (S,w) — M with S compact is a
classical symplectic toric manifold if and only if S is 1-connected.

Note that non-compact symplectic toric manifolds may fail to be 1-connected
(e.g., S = T*T™). Hence, the last corollary does not hold if one removes the
compactness assumption.
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4.4. The elliptic and b-tangent bundle.

4.4.1. Background on the b-tangent bundle. Let A be a manifold with corners. Re-
call that a b-vector field in A is a smooth vector field that is tangent to all open
faces (or strata) of A [29]. The sheaf of b-vector fields, denoted *X := X, is a
locally free sheaf of C*°-modules, with local bases

wlaml,...,xkamk,azk+1,...,azn, (4.3)

for any coordinates (U, x%) that map onto an open in R}. Hence, the vector spaces
b

_re
m, - 02X

x

LA = (x e A),
fit together into a rank n vector bundle *TA — the b-tangent bundle or log
tangent bundle of A — with smooth local frames given by ([Z3]). Here *X_ denotes
the stalk of *X at z and m, is the ideal in C2° of germs of functions that vanish at
x. The map

p:"TA = TA (4.4)
induced by the evaluation maps X, — T, A, identifies the sheaf of smooth sections
of ’TA with ®X . The b-tangent bundle has the structure of a Lie algebroid over
A, with bracket the usual Lie bracket of vector fields and anchor map (Z4).

The smooth sections of the b-cotangent bundle

TrA = (PTA)*
are determined by their restriction to the interior A, which are just ordinary smooth
1-forms. In view of this, sections of the dual bundle are often simply denoted by

their underlying 1-forms on A. The local frame of *T*A dual to E3) consists of
those smooth sections that restrict to the 1-forms

1 1
—1dz1, e —kdxk,d:ckJrl, oo, da™,
x x

on A. In summary, smooth sections of the b-cotangent bundle can be represented
by smooth 1-forms on A with poles of order at most 1 at the boundary.

Next, we turn to residues. The open faces of A are the leaves of the Lie algebroid
*TA. Accordingly, for each open face F of A we have a short exact sequence

0 — ker(p)|p — "T*Alp L—TF ——0.

When F is a facet, i.e., a face of codimension 1 in A, ker(p)|r is a line bundle that
admits a canonical non-vanishing section, which can be characterized as follows.

Proposition 4.19. Let F' be an open facet of a manifold with corners A. There is
a unique non-vanishing section

&p € I (ker(p)|r)
with the property that any X € *X(U) that is Buler-like with respect to F extends
Erlunk.

Here by an Euler-like vector field X € X(A) relative to the submanifold FF C A
we mean a vector field such that X|r = 0 and the linearization of X along F' induces
the identity map on the normal bundle to F' in A. This proposition is well-known
(see, e.g., [9,[25]) so we omit the proof.

Remark 4.20. Let (U,x',...,2") be coordinates for A onto an open in Ry . Writ-
ing a given b-vector field X € *X(U) as

k n
X=3 fia'0u+ Y fi0u, [i€CXU),
i=1

i=k+1
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then X is Fuler-like with respect to F' if and only if for each x € UNF

1 if x' =0 and i < k,
fi(z) =

0 otherwise.
In particular, if k = 1, then 10,1 € *X(U) is an extension of Er|unr-

Using the previous proposition the residue of a vector-valued 1-form can be
defined as follows.

Definition 4.21. Let A be a manifold with corners and F' an open facet of A. The
residue along F of a vector-valued 1-form o € QY ("TA, E) is the section

resp(a) = a(Ep) € T(E|Fp).

4.4.2. Background on the elliptic tangent bundle. The elliptic tangent bundle #T'S
of a toric (7,Q)-space u : (S,w) — M is a Lie algebroid over S, similar to the
b-tangent bundle introduced in the previous subsection. This Lie algebroid was
first introduced in [9] in the case of a single elliptic divisor and then generalized for
several divisors, including the case of a classical symplectic toric action, in [10] [1T].
In our case, we can define the elliptic tangent bundle more directly in terms of its
sheaf of sections as follows.
Recall that A := u(S) is a submanifold with corners of M, so that it comes with
a natural sheaf of smooth functions C¥. Consider the sheaf p1.(Xs)” on A that
assigns to an open V' the vector space of T-invariant vector fields on the invariant
open p~ 1 (V) in S. This is naturally a sheaf of C°-modules, which is locally free of
rank 2n, where n = dim(A) = 1 dim(5). Indeed, in the standard toric coordinates
(u; +ivj, 0;, 2') around a point z € A of depth k — see Proposition EE - a basis for
p+(Xs)7 around x is given by the vector fields
8¢1,...,6¢k,7“16T1,...,TkaTk,...,agl,...,ag c’)zl,...,amnfk. (45)

n—k?
Here our convention for the angular and radial vector fields on CF is so that

1 — . .
ﬁa%‘ - uiavj v]('?u].,

rjc’)” = Ujauj + vj&,j.

The sheaf of CX-modules j.(Xs)” pulls back along p1 to a sheaf *X of C*-modules,
which is locally free of the same rank. More concretely, X can be viewed as the
subsheaf of X g consisting of those vector fields on S locally generated by T-invariant
vector fields. We will call #X the sheaf of elliptic vector fields on S relative to
. The elliptic tangent bundle #T'S is the corresponding vector bundle over S.
Like the b-tangent bundle, #T'S has a natural Lie algebroid structure. The anchor
is the canonical map

p: TS =T8S,

which identifies its sheaf of sections with #X, and the Lie bracket is the usual Lie
bracket of vector fields. By construction, the vector fields ([@H) form a smooth local
frame of #T'S. The elliptic tangent bundle allows to resolve the singularities of the
differential of 1 and of the infinitesimal action « (the ranks of which drop at points
outside of S), in the following sense.
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Proposition 4.22. The differential of p lifts uniquely to a fiberwise surjective Lie
algebroid map .

HTS —" = PTA

TS ——TA
du

Moreover, the infinitesimal action lifts uniquely to a vector bundle map <

TS

7
x 7
- p
e
-

that is fiberwise injective and has image ker(pu.).

Proof. The first statement follows from the remark that any invariant vector field
on S is p-related to a unique b-vector field on A, which is readily verified using the
bases ([A3). The second statement follows from the fact that «(«) is an invariant
vector field tangent to ker(du) for every 1-form a. O

Finally, we recall the notion of radial residue. As for classical symplectic toric
manifolds, for a toric (7,Q)-space p : (S,w) — M the stratification of S induced
by the T-action consists of the submanifolds of S of the form Sg := p~!(F), with
F an open face of A := u(5). These strata are the leaves of the Lie algebroid #T'S.
In particular, for any open face F' of A, we have a short exact sequence

P TSE 0.

0 —— ker(p)|s, —= *T'S|s,

If F is an open facet of A, then ker(p)|s, is a rank 2 vector bundle that admits a
canonical non-vanishing section, which can characterized as follows.

Proposition 4.23. Let i : (S,w) — M be a toric (T,Q)-space and let F be an
open facet of A := u(S). There is a unique non-vanishing section

SSF er~ (ker(p)|SF)

such that any T -invariant vector field on an invariant open U in S that is Euler-like
with respect to Sp extends Es,|uns,. Moreover, Eg,, is p.-related to 2Ep.

Remark 4.24. In standard toric coordinates, as in ([H), a T -invariant vector
field X on U can be written as

k n—k
X = [0+ [L0p, 4+ > £] 00, + [ 0ui,
i=1 j=1
for some invariant functions f], ff, ]-9, Ii € C>®(U)T. Then X is Euler-like with
respect to S if and only if for each p = (z,t,x) € UN Sg one has
0 otherwise,

fp) =0, flp)=0, fi(p)=0 and ff(p)z{

forallie{l,...,k} and j € {1,...,n—k}. In particular, if k =1, then rd, is an
extension of Es,.|unsy -

Similar to the definition of residues for vector-valued b-forms, we can define
residues of vector-valued elliptic 1-forms as follows.



KAHLER METRICS AND TORIC LAGRANGIAN FIBRATIONS 29

Definition 4.25. Let p: (S,w) — M be a toric Hamiltonian T -space, F' an open
facet of A := p(S) and E a vector bundle over A. The radial residue along F
of a vector-valued 1-form o € QY (TS, E) is the section

respRad(@) := a(€s,) € T°(E|sy)-

4.5. Elliptic Lagrangian connections. We will now show that Theorem
extends to toric Hamiltonian 7-spaces. For that, we need an appropriate notion of
connection 1-form on a toric T-space p : (S,w) — M. First, notice that there is
a canonical fiberwise linear 7-action on #T'S along the composition of the bundle
projection with u, because #T'S is the pull-back along p of a vector bundle on
A := p(S). For any p € S the action by an element g € 7, is the canonical
isomorphism #71,S — #T,.,S. The anchor map of the elliptic tangent bundle is
T-equivariant with respect to this action and the tangent action of 7.

Definition 4.26. An elliptic connection 1-form for a toric Hamiltonian T -
space p: (S,w) — M is a Lie algebroid form 6 € Q*(WT'S,T*M) which satisfies:
(i) T-invariance: Ogy(g - v) = 0,(v), for all v € *T,S, g € T p);
(ii) O0p((@x)p(e)) =, for all a € T )M andpeS.
We call such a connection 1-form Lagrangian if ker(6), C (1,5, wp) is Lagrangian
for every p € S := p1(A).

Remark 4.27. In the case of torus actions the notion of elliptic connection already
appears in [12).

Example 4.28. An elliptic Lagrangian connection for the standard toric local
model fik.n : (Skn,wkn) = R™ is given by

0(ri0;,) =0, 0(9y,) =da’, 0(d,:) =0, 0(dp,)=da"".
Note that this has zero radial residue along all open facets of R}.

Proposition 4.29. Fvery toric Hamiltonian T -space admits an elliptic Lagrangian
connection 1-form with zero radial residue along all open facets.

Proof. In view of the above example such connection 1-forms exist locally. A global
such 1-form can be constructed from these using a partition of unity for the manifold
with corners A := p(S), as in the proof of Proposition 33 O

Next, we turn to the curvature of such connection 1-forms. Let p : (S,w) — M
be a toric Hamiltonian T-space. There is a flat #T'S-connection on the bundle
w*T*M obtained by first pulling-back the canonical flat connection V on T*M
along p to a T'S-connection on p*T*M and then composing with the anchor of
HT'S. This gives a differential

AV Q*(*TS, T*M) — Q* T (TS, T*M).

It follows from Proposition 6] the standard local normal form and the properties
of a connection 1-form 6 that there is a unique 2-form

Ko € Q*("TA, T*A)
such that
W Ke=dvo c Q*("TS, T*M).
We call Ky the curvature of the elliptic connection 6.

Notice that V also induces a flat *T’A-connection on T*A, with corresponding
differential

AV Q*(°TA, T*A) — Q* L (*TA, T*A).
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The curvature Ky is dV-closed and its cohomology class in H?(*TA,T*A) does
not depend on the choice of 6. If 6 has zero radial residues, then by the propo-
sition below the curvature is an honest smooth 2-form Ky € Q?(A,T*A). So, in
view of Proposition .29, the connection-curvature construction actually defines a
cohomology class H2(A, T*A). In the case of torus actions this was also observed

in [12].

Proposition 4.30. Let € QY(*T'S,T*M) be an elliptic connection 1-form for
a toric Hamiltonian T -space u : (S,w) — M and suppose that 0 has zero radial
residues. Then dVO € Q2(S,T*M) and Ky € Q*(A,T*A). Moreover, if 0 is
Lagrangian, then Kg € Q3(A,T*A), meaning that

0Kp(v1,v2,v3) 1= Z (=D N K (vo(1), Vo(2))s Vo(z)) = 0.
oc€Ss

Proof. Note that v (q) (dV@) = 0 for all 1-forms «, since 6 is a connection 1-form.
Also tgg, (dV0) = 0 for each open facet F, since 6 has zero radial residues. Hence,
dV6 is a smooth 2-form on S. Since p.(Es,) = 2 Er, it follows that Kj is a smooth
2-form as well. Finally, 0Ky = 0 if 6 is Lagrangian, since this holds on A by
Proposition B4} so it holds on all of A by density of A. O

This proposition shows that a choice of elliptic Lagrangian connection with zero
radial residue gives rise to a cohomology class
[Ko] € H*(Q5(A, T*A),dY),

with the complex (Q%(A,T*A),dV) defined like in Section B3l In order to extend
Theorem B.I3] consider the composite

H' (A, Trag) = H* (A, 0p) — H*(A, Oa) — H>(Q3(A,T°A),dY) ,  (4.6)

where Oag and O denote respectively the sheaves of locally defined functions on A
that are affine and integral affine with respect to A. The first map in this sequence
is the connecting homomorphism induced by the short exact sequence

d

0 OA c> 7iag Oa

while the last map is the isomorphism induced by the fine resolution

0 Ogt coo 74 o1 oAy T 02 (- TrA) s

Theorem 4.31. Let p: (S,w) — M be a toric Hamiltonian T -space. If 0 is an
elliptic Lagrangian connection for u with zero radial residue, then (@) maps the
Lagrangian Chern class c¢1(S,w) to the class [Kp].

For the proof it will be useful to recall from [28] how, given a Delzant subspace A
of an integral affine manifold (M, A), one constructs the canonical toric T-space
ua : (Sa,wa) = M with momentum map image A and ¢;(Sa,wa) = 0. This
construction consists of the following steps:

(i) As a topological space, Sa is the quotient of Ta|a by the normal subgroupoid
with isotropy group at x € A given by the subtorus with Lie algebra (T, F')°,
the annihilator in 7' M of the tangent space to the open face F' through x.

(ii) The bundle projection of T descends to a continuous map pa : Sa — M and
the action of Tj along its bundle projection descends to a continuous action
of Ty along pa.
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(iii) There are a unique smooth and symplectic structures on Sa with the following
property: for any integral affine chart (U,¢ = (z!,...,2™)) onto a connected
open ¢(U) around the origin in R} such that ¢(U N A) = ¢(U) NRY, the
induced homeomorphism

pa (U) == i (6(U)) (4.7)

n
[ g dexj} > (62”i‘91v,r1,...,62”9’“\/xk,9k+1,...,Gn,xkﬂ,...,x")
=1

is a symplectomorphism with respect to wy, .

All together, this gives a toric Ty-space
HA (SA,CUA) — M

with moment map image A and trivial Lagrangian Chern class (by definition). Note
that this comes with a canonical symplectic open embedding

Tala = Sa
onto the dense subset §A = ,u;l (A)

Proof of Theorem[{.31} Consider U = {U,};,er a good open cover of A together
with equivalences of Hamiltonian 7-spaces

(v~ (Ui),w) b (ux (U;), wa)
\ . /

For any two 4, j € I there is a unique Lagrangian section 7;; € Trag(Ui;) such that

715 (1(p)) - ¥i(p) = Wilp), pep ' (Uy).
The class ¢;(S,w) is represented by the Cech 1-cocycle 7 = [1;;] € CHU, Tiag)-
The zero-section of Tp induces a continuous section oa : A — Sa of pua, which is
smooth and Lagrangian on A and we set

o=y tooa:U; — 8. (4.8)

3
The fact that ¢ (S, w) is mapped to [K] by ([{0) follows from an argument identical
to that in the proof of Theorem BI5l where the Lagrangian sections o; are now
given by ([£8). There is however one technical issue to overcome; now the sections
o; are not smooth on all of U;, only on Ui =U;nN A, SO a priort we can we can only
consider
or0 € QL(U;, T*A).

We need to show that the 1-forms ;0 extend smoothly to all of U; for each i € I.
Since this is a local property, it can be checked in the standard toric coordinates
for ua induced by integral affine coordinates (U,z%) as in (@7). In such toric
coordinates (¢; 1)*6 is of the form

k n—=k
;1) 0= do; ®a; + pj,(d2’) @ B; + > do; ® ajx + py (27 ™) @ B
j=1 j=1

for a;, B; € Q' (U;), because 0 has zero radial residues. Moreover, oa is given by
oa(x) = (\/Jcl,...,ka,O,...,O,:z:k"’l,...,:z:") )

Therefore, 070 = 2?21 do? ® Bj on U N f]i, S0 it extends smoothly to U;. O



32 RUI LOJA FERNANDES AND MAARTEN MOL

4.6. Flat elliptic Lagrangian connections. Flat Lagrangian elliptic connections
with zero radial residue will play a key role in the study of invariant Kéhler metrics.
In this subsection we extend the results of Section [3.4] to such connections.

Definition 4.32. A flat toric Hamiltonian T -space is a toric Hamiltonian
T -space equipped with a flat Lagrangian elliptic connection that has zero radial
residues.

Given an integral affine manifold (M, A) and a Delzant subspace A, we denote by
Trlat the sheaf on A of V-flat sections of Ta|a. This coincides with the restriction
of the sheaf of flat sections of 7 to A and, as before, it is a subsheaf of T1... Also,
the induced map in cohomology fits in an exact sequence -

HY(A, Triar) — HY (A, Trag) — H*(Q3(A, T*A),dY), (4.9)

where the second map is given by ([Gl). Therefore, Corollary B9 extends. The
same goes for Theorem 3.20]

Theorem 4.33. Fiz a Delzant subspace A of an integral affine manifold (M, A).
There is a canonical 1:1 correspondence

flat toric Hamiltonian Ty -spaces -
e (S,w,0) = M < H (A, Triat)
with u(S) = A, up to equivalence

The cohomology class corresponding to a flat toric Hamiltonian T -space is mapped
to its Lagrangian Chern class by the first map in (E9).

For the proof of this, we use the following observation.

Proposition 4.34. The canonical toric T-space pa : (Sa,wa) — M admits a
unique elliptic connection Oa that restricts to the canonical flat Lagrangian connec-
tion on Ta via the canonical open embedding

Tala = Sa. (4.10)
The connection O is flat, Lagrangian and has zero radial residues.

Proof. Uniqueness holds since the image of (£I0) is dense in Sa. This also implies
that for existence, it is enough to show that locally the canonical flat connection on
TAl A extends to an elliptic connection 1-form for ua with zero radial residues. So
we can work in the toric coordinates induced by an integral affine chart (U, x?), as
in ([@X), over which we also have an induced trivialization of the symplectic torus
bundle 73| x. The embedding (£I0) becomes the map T™ x RZ — Sk, given by

(91,...,9n,x1,...,x") — (627”91\/301,...,627”9’“\/307“,%4_1,...,On,xk+1,...,x") .

On the other hand, the canonical flat connection on 7|4 becomes > | df; @ da’
so corresponds under [I0) with the restriction to Sa of the connection given in
Example 228l Therefore, the canonical flat connection on Ty | A indeed extends to
an elliptic connection 1-form for pa with zero radial residues. Since the canonical
connection on 7y is flat and Lagrangian and S’A is dense in Sa, it follows that O
is also flat and Lagrangian. (|

Proof of Theorem[-33 The proof is virtually the same as that in the case of La-
grangian fibrations, where we now take the equivalence class of the flat toric Hamil-
tonian T-space of the above proposition as the equivalence class corresponding to
the zero element of the group H'(A, Trlat)- O
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Example 4.35. Consider the Delzant subspace A = St x [—1,1] of the standard
cylinder (S* x R, Ag). Notice that

HY(A, Trag) = H*(A,04) =0,
so every toric Ty-space is isomorphic to the space p : (T? x §*,w) — S! x R of
Example [2.20.

Since A has trivial holonomy representation it follows — see Remark[3.21] — that
the equivalence classes of flat Ty-toric fibrations are in 1-1 correspondence with

HY(A, Tria) = HY(A,T?) = T2
For a,b € R, the classes (2™ e*™®) € T? can be realized by the elliptic connections
on p:T? x S2 = A given by the connection 1-form
00p = (—adx 4+ dy) @ dz + (—bdh + d¢) @ dh.
This corresponds to the Lagrangian foliation on u=*(] —1,1]) given by
Dgp := (O + ady, O + b0y) .

Example 4.36. Consider the Delzant subspace A = S' x[—1,1] of the non-standard
cylinder (S'x] — 2,00[, Z((h + 2)dx + zdh) @ Zdh), as in Example 221 We still
have Hl(A,TLag) = 0 so it follows that every toric Tx-space is isomorphic to the

space p1 2 (T? X S?,w) — Stx] — 2, 00| appearing in Example [ZZ11
A computation using the Mayer-Vietoris sequence, shows that

Hl(Avﬁlat) = Hl(A7T2) = T27

so we conclude that equivalence classes of flat Ta-toric fibrations are parameterized
by (€270, e2™i0) € T2 with a,b € R. These can be realized by the elliptic connections
on p: (T? X S?,w) — Stx] — 2,00 given by the connection 1-form

Oap = (h +2) (—adz + dy) ® dz + (—bdh + d¢ + zdy) @ dh.
This corresponds to the Lagrangian foliation on u=*(] —1,1]) given by
Dy = <am + a(ay — .Ta¢), O + b6¢,> .

5. DELZANT CONSTRUCTION

The proof of the classification theorem of toric Hamiltonian 7-spaces (Theorem
[£12) requires the construction of a toric Hamiltonian T-space p : (S,w) — M with
moment map image ((S) a given Delzant subspace A C (M, A).

In the case of a Delzant polytope A C (R™,Z™) Delzant gave a construction of
a compact symplectic toric manifold with moment map image A by symplectic re-
duction of a linear Hamiltonian torus action on (C%,wg), where d is the number of
facets. For a general Delzant subspace, as we recalled in Section [A.5] the construc-
tion of canonical toric T-space uses a different method. In this section we will give
a generalization of Delzant’s construction for a large class of Delzant subspaces.
Although this construction does not apply to all Delzant subspaces, it does cover
many natural examples and has the advantage of realizing the desired toric space
via symplectic reduction of a rather simple symplectic manifold.

5.1. The primitive outward pointing normals. The aim of this section is to
show for a Delzant subspace A in a 1-connected integral affine manifold each facet
of A admits a naturally defining integral affine function.

In order to state a precise result, we recall that for a manifold with corners A,
given x € OA the cone C,(A) consists of all inward-pointing tangent vectors at .
We further denote by S*(A) the collection of codimension 1 strata of A (i.e., the
open facets of A).
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Proposition 5.1. Let (M, A) be a 1-connected integral affine manifold and let A
be a Delzant subspace. For each open facet 3 of A, there is a unique integral affine
function £ = by, € Op(M) satisfying the following properties:
(i) s =0 and ker(dl)|xs = TY;
(i) ¢ is outward-pointing, i.e., d£(v) <0 for all v € Cp(A) and all x € 3;
(iii) for any f € Oa(M) with property (i), there is a k € Z such that f = k.
Moreover, any © € A admits an open neighbourhood U in M such that

ANU = N {ts <0}NU. (5.1)
{ZeS1(A): zeX}

The number of open facets of A with x in their closure equals the depth of x in A.

Given a Delzant subspace A of a 1-connected integral affine manifold (M, A) we
let
H(A) = {ls | X € S (A)} (5.2)
be the collection of integral affine functions ¢y associated to the open facets of
A given by the previous proposition. We call the elements of H(A) primitive
boundary defining (integral affine) functions.

Example 5.2. [t can happen that the same integral affine function is associated to
different codimension 1 strata. An example of this is

M:=R>— | |{k} x[0,00[, A=Mn(Rx]-o0,0]),
kEZ

where M is equipped with the integral affine structure inherited from (R? Z?). Then
A in fact has infinitely many codimension 1 strata, but H(A) consist of a single
function.

For the proof of Proposition 5.1l we first recall the following fact.

Lemma 5.3. Let (V*,A) be an integral affine vector space. Suppose that H C V
is an hyperplane, which is primitive in the sense that spang(H N AY) = H. Then
there is an « € A such that:

(i) H = ker(«a);

(i) if B € A and H = ker(B), then 8 =k« for some k € Z.

Moreover, a is unique up to a Sign.

We call @ € A, as in this lemma, a primitive normal covector to the hyper-
plane H.

Lemma 5.4. Let (M,A) be an integral affine manifold, let A be a Delzant sub-
space and let ¥ be a codimension 1 stratum of A. For each x € X, there is
a unique outward-pointing primitive normal covector o, € A, to the hyperplane
T, C (TuM,AY). The family of all such outward-pointing primitive normals is
holonomy-invariant.

In this lemma, by "holonomy invariant’ we mean that for any path ~ in X, the
holonomy representation hol([y]) : Ty )M — Ty1yM pulls a1y back to av ).

Proof. The existence and uniqueness of the covectors a, follows from the previous
lemma and the fact that open facets of Delzant subspaces are primitive codimension
1 submanifolds of (M, A). By the uniqueness of primitive normal covectors, to prove
holonomy-invariance it suffices to show that for any path v in 3, the holonomy
representation hol([y]) : T )M — Ty )M maps the tangent cone C,)(A) onto
the tangent cone C.(1)(A). It is enough to check this for a path contained in the
domain of an integral affine chart.
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Let (U,¢ = (x',...,2™)) be an integral affine chart adapted to A in the sense
that ¢(U N A) is an open in [0, 0o[xR™~! around the origin. Then for any point
xr € ¢~ 1({0} x R™~1) we have

Cr(A) = Cone (g1, £0,2 ..., £0pm) .

If v is a path lying in an open facet SNU C ¢~ ({0} x R™~1), then hol([y]) maps
Cy0)(A) onto Cy1)(A), since the frames induced by integral affine coordinate

charts are flat and the coordinate vector fields 0, are invariant under the action of
hol([]). O

Proof of Proposition [l Let X be a codimension 1 stratum of A. Since M is
1-connected, for any xo € X there is a unique parallel 1-form a € QY(M) that
evaluates at zg to the the outward-pointing primitive normal covector. By the
holonomy-invariance in Lemma [(B.4] for any x € ¥ the value a, is the outward-
pointing primitive normal covector at x. As M is 1-connected, there is a unique
function ¢ = ¢y, € C°°(M) such that d¢ = o and ¢|x, = 0. Since « is parallel and
Oz, € Ay, o takes values in A. Hence, ¢ is an integral affine function. It satisfies
the required properties (i)—(iii) and is the unique such integral affine function, due
to the properties of the covectors in Lemma [5.4] and the fact that the differential
of an integral affine function is a parallel 1-form.

Next, fix € A of depth k. Pick an integral affine chart (U, ¢ = (z!,...,2™))
centered at  such that W := ¢(U N A) is a convex open set in [0, co[FxR"~*. The
set of points in U N A of depth 1 corresponds to the disjoint union of the convex
subsets

Wi::{(acl,...,:cm)eW|xi:0andxj>0f0r1§j§kz,j;éi},

for i = 1,...,k. Since each W; is connected, ¢~ (W;) is contained in a single open
facet ; of A, with defining function satisfying /s, | = —z°. The latter shows that
i # X, if ¢ # j. Therefore, the number of open facets with = in their closure is
indeed equal to k. It is now also clear that (B.]) holds for this choice of U. t

5.2. Delzant subspaces of finite type. Let (M, A) be a connected integral affine
manifold and let A be a connected Delzant subspace. Consider the canonical map

(in)e: A — M,
from the universal cover of A into that of M, relative to some choice of base-point.
The image A := (ia)+(A) is a Delzant subspace of M. For the Delzant subspaces to

which our construction applies, the collection 7—[(3) of primitive boundary defining
functions is finite and determines the Delzant subspace in the following sense.

Definition 5.5. A connected Delzant subspace A is of finite type sz(ﬁ) is finite
and

A= () {r=on (5.3)
FEH(D)

Below we give two examples illustrating how each of these conditions may fail.

Example 5.6. Let

M :=R*-{(0,y) |y > 0}
with the standard integral affine structure A = Zdx & Zdy. Consider the Delzant
subspace

A={(z,y) e M|y <|zl}.
This is closed in M and has two open facets, with primitive boundary defining
functions 0y (x,y) = £(x — y). However, A does not satisfy ([B.3).
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Example 5.7. Consider the non-standard integral affine cylinder
(M, A) := (S* x R, Zdx @ Z(dh — zdz))
and the Delzant subspace

A={(z,h) eS'xR|h<i2a®>—1% —

1 1
8 §§$§§}.

The lift A CR2 = M is the region bounded from above by the curves
{h=3%(x+n)?-%} CR*® neZ

In this example, even though A has only one open facet, the collection /H(ﬁ) 18
infinite, as it consists of the functions
lo(z,h) =h—Li(z+n)*+%, nelk
In both of these examples the Delzant subspace is not compact. We do not know
of an example of a compact Delzant subspace that is not of finite type.

In the coming subsection, the following property of Delzant subspaces of finite
type will be important.

Proposition 5.8. Let (M, A) be a 1-connected integral affine manifold, A a Delzant
subspace of finite type and x € A. Consider the primitive boundary defining func-
tions ¢ € H(A) for which {(x) = 0.

(i) The number of such functions equals the depth of x.
(ii) Their differentials at x can be extended to a basis of A, and span (T, F)°.

Proof of Proposition[2.8 Let € A. By Proposition [1] the number of £ € H(A)
for which ¢(x) = 0 is at least k := depth (z). To show that these are in fact
equal, given £y € H(A) such that ¢y(z) = 0, we need to prove that £y is one of the
functions ¢; associated to one of the k open facets XJ; with x in their closure. Choose
an integral affine chart (U, ¢ = (z!,...,2")) centered at x, as in the second part of
the proof of Proposition 51l Since £ is affine and vanishes at x, its restriction to
U is of the form:

n
EOlU :—Ztixi, t; € R.
=1

In view of (B3)), ¢y is non-positive on A andsot; > O0foralli=1,..., kand t;, =0
for all i = k+1,...,n. As in the proof of Proposition Bl 4|y = —a° for each
i=1,..,k. So,

k
o= tili, >0,
=1

since this equality holds on U and the functions on both sides are affine. It follows
from property (iii) in Proposition B that, if ¢y # ¢; for all ¢ = 1,..., k, then there
are at least two distinct 41,42 € {1,...,k} for which ¢;,,¢;, # 0. In that case,
since A satisfies (53], Yo must be contained in the codimension 2 submanifold
{¢;; = £;, = 0}, which is a contradiction. So, our first claim follows. Moreover, the
fact that £;|y = —2° for all i = 1, ..., k shows that the differentials of these functions
at = extend to a basis of A, and span (T, F)°. O

5.3. The 1-connected case. In this section we give a Delzant type construction
for a finite type Delzant subspace of a 1-connected integral affine manifold. Treat-
ing the 1-connected case first is convenient for the proof of the general case, and
moreover it is interesting on its own, as it already covers a class of non-compact
toric symplectic manifolds (cf. Section [4.3]).



KAHLER METRICS AND TORIC LAGRANGIAN FIBRATIONS 37

Let (M,A) be a 1l-connected integral affine manifold and let A be a Delzant
subspace of finite type so

d
A= (it <o},
i=1
where /1,...,¢4 are the primitive boundary defining functions. We consider the
map:
¢ = (1, ..., 0q) : (M, A) — (R%, Z%).
Since this map is integral affine, it induces a morphism of symplectic torus bundles
d
(6,07) ¢ (Ta, Q) - (T x R%, Y db; A da’)

i=1
as in Proposition ZI6 This, in turn, induces a Hamiltonian T?-action on (7T, Q2s)
with moment map the composition of ¢ with the bundle projection m and action
given by

(01, ...00) - [a] = [a n ie d&].

Theorem 5.9. Consider the diagonal Hamiltonian T?-action with moment map
o =6+ (2112, - 124 ¢ (Ta, Qa) x (CF wg) — RE

The T%-action is free on ugl(O) and the symplectic quotient
((77\ X Cd) // Tdered)

is a toric Hamiltonian Ta-space for the action induced by translations on the first
factor. Moreover, this space is equivalent to the canonical toric Hamiltonian Ty -
space pa : (Sa,wa) — M.

Proof. We start by checking the diagonal T%-action on u;l(O) is free, so the sym-
plectic quotient is well-defined. Let ([a],2) € ,ud_)l(O) and 0 = (6,...,04) € T¢
be such that 6 fixes ([a],2). Since 6 fixes z, it follows that §; = 0 mod Z
whenever z; # 0. On the other hand, because /;(z) = —|z;|?, the remaining
i € {1,...,d}, say i1,...,i, are those for which ¢;(x) = 0. So, by Proposition
B3R (dl,)g,-- ., (dl;, ), extends to a basis of A,. Hence, the fact that 6 fixes [ay)]
implies that 0;, = ... =0;, =0 mod Z as well.

Next, observe that the action of T on itself by translation descends to a Hamil-
tonian Ty-action along

i ((Ta x C) ) T wred) = M, [, 2] = m(a),

which has moment map image
d

(it <0} =A.

i=1

Finally, we claim that we have an equivalence of Hamiltonian Tx-spaces

(Sa,wa) f ((Ta x C%) J/ T4 wyeq)
\ . /

[az] ¥— [, (V —l1(2), ...,/ —La(x))].

given by
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This map is a Tx-equivariant bijection with inverse induced by

(Q, 2) — [t - ),

where t = (t1,...,tq) is given by
%, if £;(x) # 0,

0, if(x)=0.

To see that ¥ is a smooth map, we note that around a point xg of depth k its
expression in the chart (L1 is

n
k+1 n . )
I
(215« ooy 2k Ok 1y e ooy Oy 2™ Lo )»—)[ Z 91dz,(w1,...,wd)},
i=k+1

where
Zi, if El(l'o) = 0,
w; =

Finally, we observe that this map is a symplectomorphism. Indeed, over A, where
k =0, it is given by the symplectic map

O1,...,00, 2", ... 2") — [Zeidxi, (vV—=ti(x),..., \/—fd(x))].

By density, we conclude that ® is a symplectic map. Since it is a bijection between
manifolds of the same dimension, it is a symplectomorphism. O

Example 5.10 (The standard Delzant construction). One can recover the usual
Delzant construction of a compact symplectic manifold from the construction in
Theorem [2.9 via reduction by stages as follows.

Fiz a Delzant polytope A C R™ with d facets. In this case, Theorem [Z9 gives a
symplectic toric manifold

p: ((T" x R™ x C%) J/ T4, wyea) — R™. (5.4)
If by,... g are the primitive boundary defining functions, one has a linear map
R 5 R™, e, — dlg,

where {e,} is the standard basis of RY. The kernel of this map is a Lie subalgebra
n C R™, which integrates to a subtorus N C T?. Choosing a subtorus T™ C T¢
complementary to N, one can first perform symplectic reduction by this subtorus.
The resulting reduced space is canonically isomorphic to the d-dimensional complex
vector space with its canonical symplectic form via the map

(T™ x R™ x C%) J T wyeq) = (C wet), (,6,2) = (—0) - 2.
Therefore, the symplectic toric manifold (&) is canonically isomorphic to
o (C ) N wred) = R™. (5.5)

This is the compact toric symplectic manifold constructed by Delzant [15].
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5.4. The general construction. Let (M, A) be a connected integral affine man-
ifold and let A be a Delzant subspace of finite type. Consider the canonical map

(in)e: A = M,

from the universal cover of A into that of M, relative to a fixed base-point in A.
The image A := (ia).(A) is a Delzant subspace of M. Let T be the image of the
group homomorphism (ia)« : m1(A) — m1(M). Note that the canonical I'-action
on M is by integral affine isomorphisms and preserves A. Therefore, it induces
an action on the set of primitive boundary defining functions ’H(A) Fixing an
ordering H(A) = {¢1,...,£44}, this induces a homomorphism I" — Sym(1,...,d)
and, therefore, actions on C% and T? by coordinate permutations. The group I'
also acts on 73 via the cotangent lift of the action on M. All together, we obtain
a Hamiltonian action of the semi-direct product I' x T¢, with moment map

po = ¢+ (|1, oy 12al) + (T3, Q5) x (C%,we) = RY,
where (73,€5) is the symplectic torus bundle over (M ).

Theorem 5.11. The I' x T%-action is free on ugl(()) and the symplectic quotient
((Tx x C%) J/ (T % T%), wrea)

is a toric Hamiltonian Ty -space, which is equivalent to the canonical toric Hamil-
tonian Ta-space pa : (Sa,wa) — M.
Proof. The fact that the I' x T%-action on ugl(()) is free and proper, follows using

that the T-action on this set is free and the T-action on M is free and proper.
Next, note that the symplectic torus bundle (73,5) is canonical isomorphic to

the pull-back of (T, 2a) along the covering map M — M. The action of (T3 92%)

on the first factor in 73 x C? descends to a Hamiltonian Tx-action on the symplectic

quotient. This makes it a toric Tx-space.
For the last statement, we use the following lemma.

Lemma 5.12. Let (M, A) be a connected integral affine manifold, let A be a con-
nected Delzant subspace and consider A and T as above. The T-action on A lifts
to a symplectic action on (Sx,wz) and there is an equivalence of Hamiltonian T -
spaces

(Sx,wz)/T ———(Sa,wa)

where px is the composition of the map Sz /I' — M/F induced by px with the
quotient map M/F — M.

Proof. This readily follows from the naturality of the construction of the canonical
toric space associated to a Delzant subspace (see [28]). O

Since T? is a normal subgroup of I' x T¢, there is an induced I'-action on the
symplectic quotient ((7T; x C%) / T?, wyeq). The equivalence between T;-spaces

(Sx,wz) = (Tz X C9) J T, wrea)

given by Theorem [£.9is '-equivariant. Passing to the quotients, the equivalence in
the statement follows from the previous lemma. O
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Remark 5.13 (Realizing non-trivial Lagrangian-Chern classes). Theorem [511]
gwes a Delzant type construction for toric T -spaces with trivial Lagrangian-Chern
class. This construction can be extended to the case of non-trivial Lagrangian-Chern
class. After possible shrinking M, one can assume that any class in Hl(A,ﬂ;ag)
can be realized as the restriction of the Lagrangian-Chern class of a principal Ty -
space pp : (P,wp) — M. Then a toric T-space with a non-trivial class, can be
realized as a symplectic quotient of the form

((¢*P x CY) J (T' x T?), Wreq)

where q : M — M s the covering map.

6. INVARIANT KAHLER METRICS [: LAGRANGIAN FIBRATIONS

In this section we study 7 -invariant Kéhler structures on principal Hamiltonian
T-spaces, i.e., Lagrangian fibrations. In the next section we will consider toric
Hamiltonian 7 -spaces.

Definition 6.1. Given a Hamiltonian T -space p : (S,w) — M, a T-invariant
Kadhler structure is a T -invariant Kdhler metric G on S with Kdhler form w.

By Proposition [Z28 the T-invariance of the Kahler structure can be expressed
as

fa(a)G =0 if Va=0. (6.1)

Since w is T -invariant, this is equivalent to the 7-invariance of the complex struc-
ture J : TS — TS, i.e.,

fa(a)J =0 if Va=0. (6.2)

Given a Lagrangian fibration p : (S,w) — M we will call a compatible Kahler
metric g on S invariant if it is Tp-invariant, where A C T*M is the induced integral
affine structure on the base. Invariant Kéhler metrics on a Lagrangian fibration are
intimately related to Hessian metrics on the base of the fibration. We recall that
a Hessian metric on an (integral) affine manifold M is a Riemannian metric g
satisfying

dVg" =o. (6.3)

where ¢° : TM — T*M denotes the T*M-valued form on M given by contraction
with g. This condition is equivalent to the existence of a potential for the metric

in each (integral) affine chart (U,z") with contractible domain, i.e., a function
¢ € C>(U) such that

glo=3 59 _qu ® da’
v = OOz '
We refer to [33] for details on Hessian metrics.
The main theorem of this section is the following.

Theorem 6.2. Let p : (S,w) — M be a a Lagrangian fibration. A choice of
imvariant Kahler metric G on S makes v : S — M into a Riemannian submersion,
with the following properties:

(i) (kerdu)* is a flat Lagrangian connection;
(i) The metric g induced on the base M is a Hessian metric.

Conversely, given a flat Lagrangian connection D and a Hessian metric g on M,
there is unique invariant Kihler metric G on S inducing g such that D = (ker du)*.
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Remark 6.3. This theorem shows that the existence problem for invariant Kdhler
metric on a Lagrangrian fibration reduces to two independent obstruction problems.
As discussed in Section [F4) the obstruction to the existence of a flat Lagrangian
connection for a Lagrangian fibration can be expressed in terms of its Lagrangian
Chern class. The obstruction to the existence of a Hessian metric on an (integral)
affine manifold are more subtle and have been studied by several authors (see, e.g.,
[33] and the references therein).

Example 6.4. Consider the symplectic torus bundle in Erample [2.8 Its base
(T2, Zdz!' @ Z(dz? — xtdat)) is an integral affine manifold which does not admit
a Hessian metric. Indeed, this being a symplectic torus bundle, it admits a flat
Lagrangian connection. However, its total space (T,) does not admit any Kdhler
structure, as it is the Kodaira-Thurston symplectic manifold.

Notice that the symplectic manifold (T,Q) admits another Lagrangian fibration

M:T—)T2, [91,92,,@1,1'2]’—)[92,1'1].

The induced integral affine structure on the base T? is now the standard one. This
fibration does not admit a Lagrangian section. In fact, due to Theorem [G.2, it
does not even admit a flat Lagrangian connection, since its base (T2, Ag) admits a
Hessian metric, but its total space is not Kdahler.

Two equivalent Kéhler Lagrangian fibrations induce the same metric on their
base. Moreover, given two Kéahler Lagrangian fibrations that induce the same
Hessian metric on M, an equivalence of the underlying Lagrangian fibrations inter-
twines the Kéahler structures if and only if it intertwines the orthogonal complements
to the fibers. Therefore, we conclude the following from Theorems and

Corollary 6.5. Given an integral affine manifold (M, A), there is a canonical 1:1
correspondence

Kahler Lagrangian fibrations ~
i (Sw,G) = M <—>{

Hessian metrics} x HY(M, Triar)
up to equivalence

g on M

Choosing an integral affine chart (U, z") with contractible domain, there exist
action-angle coordinates (u =1 (U),z",0;) (see Remark B3] in which the connection
takes the form

0 = idei ® dz’.
=1

In such coordinates the invariant Kahler metric G can be written as

G = Z Gij da’ @ da? + Z gij dé; ® do;, (64)
i—=1 =1
where
0%¢
95 = J A >
oz 0zl

for some function ¢ € C*(U), and (¢*) denotes the inverse matrix of (g;;). The
corresponding complex structure takes the form

J = Z gijdxi®59j - Z gijd9i®6ﬂ.

i,7=1 i,j=1
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6.1. Proof of Theorem Let A be the induced integral affine structure on
the base of i : (S,w) — M. Denote by G a Tp-invariant Kahler metric on S. The
distribution orthogonal to the fibers

D := (kerdu)*

is Ta-invariant and the restriction of G to D is also Tx-invariant. It follows that

there is a unique Riemannian metric g on M such that d,u : D, — T,M is an

isometry for all x € u=1(p), i.e., p: (S,G) — (M, g) is a Riemannian submersion.
Now observe that we can express D has:

D = J(kerdp),

where J : T'S — T'S denotes the complex structure. Since ker du is Lagrangian, we
conclude that D is Lagrangian. It follows also that the vector fields Je (), with o
flat 1-forms, generate D. Now, J is Tx-invariant, so by ([6.2]) we find that:

[e(a), J(2(B))] = (Lo ) + J([e(a),«(B)]) = 0,

for any flat 1-forms a and 8. Then the vanishing of the Nijenhuis torsion of J gives:

[J(e(a)), J(«(B))] = J([J(e(a), «(B)] + [e(a), J(«(B))]) + [@(a), «(B)] = 0.
This shows that D is flat, so (i) holds.
To prove that g is an Hessian metric we will check that (G.3]) holds:
dvgb(XaY) = ngb(y) - ngb(X) - gb([Xa Y))=0, (X,YeX(M)).

To prove this it is enough to consider vector fields of the form X = g¥(a) and
Y = ¢*(B), with o and 3 flat, since these locally generate all vector fields. Therefore,
we are left to check that:

[9°(c), *(B)] =0 if  Va=Vp=0.
Now observe that the definition of the metric h yields:
pe(J (@ (@) = g*(a).

Hence, if a and ( are flat, this last relation and the computation above shows that:

[9%(c), *(B)] = pc([T (e (), T (e(8))] = 0.
This shows that (ii) holds.
To prove the converse, note that given a flat Lagrangian connection D we can

define a unique Riemannian metric G on S by requiring the following properties to
hold:

(a) kerdp and D are orthogonal;
(b) On D the metric is the unique one that gives isometries

dppe : (Dy, Glp,) = (Tpip) M, Gu(p));

(¢) On kerdp the metric is the unique one that gives isometries
(T;(P)M’ g;:éu)) - (ker dPU? G|ker dp,u), [0 d 0/(04)|p.

The resulting Riemannian metric is clearly invariant and we are left to prove that
it is a Kéahler metric with Kahler form w. o

Given p € S and a € T, M there is a unique horizontal vector g#(a) € D,
such that

dpu(gh(a)) = ¢*(a).
Since both sides of the previous equation are linear in «, it follows that there is a
unique vector bundle map J : kerdy — D such that

e

J(@(a)) = g*(a). (6.5)
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Since T'S = kerdp ¢ D, we obtain a vector bundle map J : T'S — T'S by requiring
J? = —I. Notice that .J is an invariant almost complex structure

XQ(Q)J =0, if Va=0,
and claim that
GX,)Y)=w(X,JY), (X, YeTS9).
To see this, we check that the bilinear form w(-, J-) satisfy properties (a)-(c) above:

(a) Since J(kerdu) = D and J(D) = ker du, and both distributions are Lagrangian,
it follows that they are orthogonal relative to the bilinear form w(-, J-).
(b) By (@3), it follows that

—_—~ e~

w(g*(a), Jg*(B)) = —w(g*(@), «(B))

—

= (1" B)(g*(c))
= B(g* () = h(g*(a), g* (B)).

Hence, the restriction of du to D maps the bilinear form w(-, J-) to g.
(c) Again by (1), it follows that

Hence, the last item is also satisfied.

It remains to show that J is integrable, i.e., that its Nijenhuis torsion vanishes.
For this, note that:

[{2/(04), J(a’(ﬁ))] = (Dzﬂa(a)‘])(a’(ﬁ)) + J([@(Oz), a’(ﬁ)]) =0, if Va= Vﬁ T Oa)

6.6

since J is invariant and «(«) and «(f) commute. On the other hand, since g is
Hessian, we have for flat a and f:

9 (19(), ¢ (D)) = 9" ([9* (), ¢*(B)]) = Vgs(a) B + V()
= —dVg’(¢*(e), 5*(8)) = 0.
It follows that [g*(a), g*(8)] = 0, and using (6.3)), we conclude that:
[J(e(a),J(«(B)] =0, if Va=Vg=0. (6.7)
From (6.6) and (6.7), we find that the Nijenhuis torsion of .J satisfies:
Nj(e(a), «(B)) = Nj(a(a),J(«(0)) = Ni(J(«(a)), J(«(8))) = 0,

for any flat sections o and . Since the vector fields @ (a) and J(w(a)) locally
generate all vector fields, we conclude that N; = 0. This concludes the proof. [

6.2. Abreu’s equation. The scalar curvature of an invariant Kéahler structure
on a Lagrangian fibration is an invariant smooth function on the total space, and
hence corresponds to a smooth function on the base of the fibration. In his work
on classical symplectic toric manifolds [I], Abreu gave an explicit expression for
this function in terms of integral affine coordinates and observed that the Kéahler
metric is extremal in the sense of Calabi (see, e.g., [7]) if and only if this function
is affine. This generalizes to toric T-spaces. In this section we consider the case of
Lagrangian fibrations.
Recall that for an affine manifold (M, V) with a Hessian metric:
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e the first Koszul form « is the 1-form on M defined by:
a(X)v=Vxr, XeX(M),

with v the volume density of the Hessian metric,
e the second Koszul form f := Va is the symmetric (0, 2)-tensor given by:

(Vo) (X,Y) = (Vxa)(Y).

As will be clear from the proof below, the second Koszul form is an incarnation
of the Ricci tensor in Hessian geometry. Further, recall that any integral affine
manifold (M, A) carries a canonical volume density v, which in any integral affine
chart (U, z*) is given by

valy = |[dzt A--- A da™.

Theorem 6.6. Let i : (S,w,G) — M be a Kahler Lagrangian fibration, inducing
an integral affine structure A on M and a Hessian metric g on (M, ). Let o and
B be the first and second Koszul forms of (M, A, g), va the volume density of A and
VY the Levi-Civita connection of g. The scalar curvature of G is given by

Sa = Try(2V9a — B) o u = div,, (¢*(a)) o p. (6.8)

Moreover, G is an extremal metric if and only if Sq is affine, viewed as function
on the integral affine manifold (M, A).

Remark 6.7.

(i) Given a compact complex manifold (S, J) and a Kdhler class, the Calabi func-
tional is defined on the space of J-compatible Kdihler metrics G in the given
Kahler class and s given by

G / S2 due, (6.9)
M

where va is the Riemannian volume form. A Kdahler metric G is called ex-
tremal if it is a critical point of this functional [7]. Using the corresponding
Euler-Lagrange equations one finds (see, e.g., [34]) that a Kahler metric G is
extremal if and only if

(grad S¢) 19 is a holomorphic vector field. (E)

We adopt condition (El) as the definition of extremal Kihler metric, whether
S is a compact manifold or not.

(i) In our approach, where we fix a symplectic manifold (S,w), one has the fol-
lowing equivalent approach. The functional [69) is now defined on the space
of w-compatible Kdahler metrics G whose complex structure belong to a fized
symplectomorphism class. The critical points are still the Kahler metrics sat-
isfying (E), which in symplectic terms can be reformulated as

Xsg 18 a Killing vector field. (E)
(iii) In an integral affine chart (U,zt, ... x") for (M,A), the first Koszul form is
given by
1 Olog(det(g))
alo = 2 ; oxJ

and ([G.8)) yields

1w 9%k
S =—= :
alv 2 Z OxI dxh’
J,k=1
where gt = szzl %0, 0,x. The condition that the function Sg is affine
then becomes a 4th order PDE for the potential of the metric g, known as
Abreu’s equation.
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Proof. The proof is essentially as in [I]. In view of Corollary [6.5] and Remark B.2T]
M can be covered by opens U over which the given Kéhler Lagrangian fibration
is equivalent to the Lagrangian fibration (7x,s) — M equipped with the K&hler
structure induced as in Theorem [6.2] by g and the canonical horizontal distribution.
So, we can assume that (S,w) = (Ta,Q2a) and p is the bundle projection.

Given an integral affine manifold (M, A) with a Hessian metric g, there is another
integral affine structure on M defined by the lattice dual to

A= g*(A) c TM.

The metric ¢ is Hessian with respect to A* as well. This defines the dual Hessian
structure, in the terminology of [33]. The second Koszul form of (M, A%, g) is (see
33, Lemma 3.1])
By =B —2Via. (6.10)
Like 7o = T*M/A, the torus bundle 7 : TM/A* — M comes with a canonical
horizontal distribution and vector bundle isomorphism « : 7*TM = ker(dr).
Moreover, TM/A? comes with a natural complex structure .J given by

J(e(X)) =X, J(X)=-a(X),
and the metric g induces a metric Gy on T'M/ A? given by
Gyl (X1) + Y1, @(Xo) + Y2) = g(X1, Xa) + 9(¥1, Ya),

where X denotes the horizontal lift of X € TM. These define a Kéhler struc-
ture, which corresponds to the above Kahler structure on 7, via the torus bundle
isomorphism:

TM/A* =5 Ty (6.11)
induced by g (see, e.g., [5]). It follows from [33, Proposition 3.5] that the Ricci
tensor Iy of Gy is given by:

Ry(e(X1) + Y1, @(X2) + Ya) = — (Bs(X1, X2) + B4(Y1, Y2)),

with B the second Koszul form of (M, A%, g). From this it readily follows that the
scalar curvature S¢ (which equals that of Gy, since (G.ITJ) is an isometry) is equal to
—Try(By) o p, which proves the first equality in (G.8)) in view of (GI0). The second
equality follows from Remark [6.71

A straightforward computation using action-angle coordinates and expression
(64) for G shows that for a function f, depending only on the action coordinates,
the Hamiltonian vector field X, is a Killing vector field for G if and only if f is
affine. This yields the equivalence of the extremal condition (EJ) with the condition
for Sg. O

6.3. Examples. We will now illustrate how one can use Theorems and to
construct extremal Kéhler metrics on Lagrangian fibrations.

Example 6.8. Any metric on (St,bZdx), with b > 0, is Hessian (for dimensional
reasons) and of the form fda?, for f € C(S') strictly positive. It follows from
(68) that the scalar curvature of any invariant Kdhler metric G on the complex
torus that induces this Hessian metric is given by

oy
EETERNN
Since S' is compact, if Sq is affine, then it is in fact constant. Since f is strictly
positive and periodic, it follows that this constant must then be zero. The only
solutions to the ODE

Sa

(6.12)

FI"=2(f)? =0,
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are the constant functions on S*. Therefore, we conclude that the only extremal
metrics are those for which f is constant.

As we saw in Example[T23, any Lagrangian fibration inducing (M, A) takes the
form

pry : (S x St bdy A dx) — St

If we fiz the Hessian metric ¢ = b>dx? and choose any of the Lagrangian connec-
tions Dy in that example, the resulting extremal Kdhler metric on S = T? is the
flat metric

G = (a® 4+ b?) da? + 2a dz dy + dy°.

The 2-torus equipped with corresponding complex structure is biholomorphic to the
complez torus C/(1,7), where T = a + ib.

Example 6.9. Consider the Lagrangian fibration pry : (T? x T?,w,) — T? of
Ezamples [37 and 724, where a € R and w, = Wean + adz® Adx?. This admits the

flat Lagrangian connection
D = {04y, 0z, + ady, ).

If we consider the flat Hessian metric g = dz'dx! + dx?dz? on T2, we obtain from
Theorem the w,-compatible extremal Kdahler metric

G = da'dz! + (1 + a?)dz?d2?® — 2adz’dfy + d6,dO; + dOydbs.

Notice that, when one varies a € [0, 1[, these give non-isomorphic Kdhler metrics.
Example 6.10. Consider the standard integral affine cylinder

(M, A) = (S x R, Zdx & Zdh)
of Example[Z20. Given a metric

g = Adh? 4+ 2Bdhdz 4+ Cdz?
on this cylinder, We find that

AV’ (0n,0;) = (OB — 9, A) dh + (0,C — 9, B) du.

Therefore, we have a family of Hessian metrics

1 2 1 2
g= 7_(h)dh + e(x)dx ,
where both 7(h) and e(x) are strictly positive.

Note that H* (M, TLag) = H*(M,On) = 0, so that any toric Ta-space is isomor-
phic to the symplectic torus bundle over (M, A) (see Example[Z20). Applying (6.8,
it follows that the scalar curvature of the lifted Kdhler metric G on this symplectic
torus bundle is given by

So = —5(r"(h) +¢"(@),

for any choice of flat Lagrangian connection. The condition for G to be extremal,
i.e., for Sg to be affine, amounts to the condition that e(x) is constant and T(h) is
a cubic polynomial in h. Since T(h) is strictly positive, this leads to the following
two possibilities for G to be extremal:

(i) 7(h) = bh?®+ch+d with b > 0 and ¢® — 4bd < 0, in which case G has constant
b.
PR
(i) T(h) is constant, in which case G has zero scalar curvature.

negative scalar curvature —
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Example 6.11. Consider the non-standard integral affine cylinder of Example
ZZ1. Given a general metric on S*x] — 2, 00[, written in the form

g = Adh? + 2B dhdz + C da?.
We find that
49 (On,02) = (008 — OpA + 725 ) dh + (0,C = 0,8 — 1% ) da.
Therefore, we have a family of Hessian metrics
1
= ——dh?+ (h+ 2)edz?
9= T + (h+ 2)eda”,
where € > 0 and 7(h) is a strictly positive smooth function on ] — 2, 00].
Like in the previous example, H (M, Trag) = H?(M,0,) = 0, so any toric T-
space is isomorphic to the symplectic torus bundle over (M, ) (see Example[Z.21)).

Applying [6.8), it follows that the scalar curvature of the lifted Kahler metric G on
this symplectic torus bundle is given by

1 1! 1 /
=——7"(h) — h
SG 2T ( ) h+27_( )7
for any choice of flat Lagrangian connection. Such a metric is extremal if
1 1
57’”(h) + T 27’(h) =c(h+2)+co

for some constants ¢y and cy. One finds that
C1 3 Co 2 C2
T(h) = —(h+ 2>+ = (h +2)* + —— +¢
()= L+ + D27 + 2 ey
where co and c3 are constants of integration. Therefore, choosing the constants such
that 7(h) > 0, we obtain extremal Kdhler metrics on the symplectic torus bundle.
These include examples both with constant and non-constant scalar curvature.

7. INVARIANT KAHLER METRICS II: TORIC LAGRANGIAN FIBRATIONS

In this section we will generalize the characterization of compatible invariant
Kiéhler metrics on Lagrangian fibrations given in Theorem[B.2to toric (7, Q)-spaces.

Below, in Section [Z.I] we will introduce the notion of hybrid b-metric for
manifolds with corners. These are metrics admitting a specific type of singularity
at the boundary and with a well-defined notion of residue at the open facets. Using
this notion, we can state the main result of this section as follows.

Theorem 7.1. Let (M, A) be an integral affine manifold and let u : (S,w) — M be
a toric (Ta, Qa)-space, with Delzant subspace A := u(S). Denote by A the interior
of A and set S = u‘l(ﬁ). For any invariant Kdhler metric G on S compatible
with w, the following hold:

(i) (kerdu)*|s extends to an elliptic connection with zero radial residue over the
open facets;

(ii) The Hessian metric g on A, induced via Theorem B3, extends to a hybrid b-
metric on A with the residue at the open facets given by the primitive outward-
pointing normals multiplied by ﬁ.

Conversely, given a flat Lagrangian elliptic connection 6 with zero radial residues
and a hybrid b-metric g on A with residues as in (ii), there is a unique invariant
compatible Kihler metric G on S inducing g and such that ker 0| g = (ker du)™|s.

Remark 7.2. The scalar curvature Sg of an invariant Kdhler metric G descends
to a smooth function on A, because it is T -invariant. It follows from the case of
smooth Lagrangian fibrations (by restricting to A) that G is an extremal Kdhler
metric if and only if S : A — R is an affine function.
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By the same reasoning as for Corollary [6.5] we conclude the following from
Theorems .33 and [T.11

Corollary 7.3. Given an integral affine manifold (M,A) and a Delzant subspace
A, there is a canonical 1:1 correspondence

Kdhler toric T -spaces ~
i (S, w,G) = M with u(S) =A ¢ {

Hessian hybrid } x HY(A, Triat)
up to equivalence

b-metrics g on A

7.1. Hybrid b-metrics. Let A be a manifold with corners. Given a smooth section
g eT®("T*A @ T*A), (7.1)

we let g” : PTA — T*A denote the induced vector bundle map. We also denote by
GeT®("T*A ®"T*A)

the section induced by g via the anchor map of *T'A, so that §° = p* o ¢”.

Definition 7.4. A smooth section g of *T*A @ T*A will be called:

(i) mon-degenerate if ggbc is an isomorphism for each x € A;
(ii) symmetric if g, is symmetric for all x € A (equivalently, for all x € A),
(iii) positive semi-definite if g, is positive semi-definite for all x € A (equiva-
lently, for all x € A)
We will call g a hybrid b-metric on A if it satisfies all these three properties.

A hybrid b-metric on A can be thought of as a smooth Riemannian metric on A
with specified singularities at the boundary. In local coordinates, these singularities
are of the same type as those of the singular metrics in [I]. Assume A is an open
in R?. A smooth section g of °T*A ® T*A is symmetric if and only if it is of the

form
k

1 . . _ _
_ = adat i At J
g= Z xigudz ®dx’ + Z gijda’ ® da?, (7.2)
=1 (4,5)€l)
for some g;; € C°°(A) such that g;; = g;; for all 4,j € {1,...,n}, where we denote
I :={(i,j) € {1,....,n}2 |i#jori=j>k}.
If g is symmetric, then

e positive semi-definiteness of g means that for each 2 € A the matrix g(x)
given by

1 P .
. —Gii(x ifi=5 <k,
g(z)i; =47 ii(%) o (7.3)
9ij (@) if (i,7) € I,
is positive semi-definite.
e non-degeneracy of g at a point in A means that

(z' .- 2F) - det(g) € C=(A) (7.4)
is non-zero at that point.
Therefore, if ¢g is symmetric and positive semi-definite, then it is non-degenerate if
and only if (4] is strictly positive on all of A. The latter condition is as in [I].
Assume now that A is an affine manifold with corners, i.e., A has an atlas

for which the transition functions are restrictions of affine transformations. An
Hessian hybrid b-metric g on A is a hybrid b-metric satisfying

dvgb =0,
where V is the associated flat *T'A-connection on T*A. Such a b-metric g admits

local potentials around points in the boundary of A which are of a very particular
form.
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Proposition 7.5. Let A is an affine manifold with corners and g a Hessian hybrid
b-metric on A. Around a point x € A of depth k there ewists a chart (U,x?)

centered at x for which
n 2

9% . :
=5 = d @ da
! ijZ:1 0:1318,7:3 red

where ¢ is a smooth function on AnU of the form
k
o= Zcixi log(z) + f, ¢ :=gu(0) €ER, fecC>®U). (7.5)
i=1
Proof. Fix an affine chart for A centered at  onto an open [0, 6[¥x] —6,8["~*. The

fact that g is Hessian means that the coefficients (73] of the Riemannian metric
on A underlying ¢ satisfy the usual set of differential equations

aéij - aézl o
Sl = Dl 1<i4,4,1<n. (7.6)
In terms of the functions g;; € C°°(U) as in (Z2) this means that
0g9ii  ;09i5 ... o
50l % Bt ifi <k, i#j, (7.7)
9gi; _ 09t .., .\ ..
Sl Bl if (i,7), (i,1) € I. (7.8)
Since (T7) vanishes if ' = 0, for i € {1,...,k} the function
T (B L | L O

is constant on U with value ¢;. Since g;;(x) — ¢; vanishes if 2' = 0, g;; — ¢; is of the
form z'h; for a smooth function h; € C°°(U). The equations (Z1) and (ZF)) then
express the fact that the 1-forms «; on U given by

oy =
Z?Zl gijda?, if k<i<nmn,
are closed. By the Poincaré lemma for manifolds with corners, each «; must in fact
be exact. So, there are ¢; € C*°(U) such that d¢; = «;. Applying the Poincaré

lemma once more, this time to the closed 1-form 2?21 ¢;dx’ on U, we find an
f € C=(U) such that:

op hi  ifi=j <k,

0z 0xI

with Iy, as in (Z3]). For this choice of f, the function ¢ defined by (3] is indeed a
potential for g on ANU. (]

Next, we introduce the notion of residue appearing in Theorem [Z.1}

Definition 7.6. The residue of a hybrid b-metric g at an open facet of A is the
residue of the vector valued 1-form ¢> € QY (P T A, T*A) at the facet (see Definition

[£21).

Example 7.7. Consider a Delzant polytope
d
A= (){t: <0} CcR"

i=1
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Then A is contractible, so any Hessian hybrid b-metric on A admits a global poten-
tial ¢ € C"O(A). By applying successively Proposition [7.3, one concludes that for
a Delzant polytope o Hessian hybrid b-metric as in Theorem [71] (i) has potential
of the form

d
:ffz x)log l;(z) + f(z),

where f is smooth on A (not just on A). In view of this and (T4), we recover
the type of singular Hessian metrics on Delzant polytopes appearing in the works of
Guillemin [24] and Abreu [1].

Remark 7.8. In [1] Abreu also observed that the difference between any two of his
singular hessian metrics on a Delzant polytope extends smoothly over the boundary.
This holds more generally for any two hybrid b-metrics on a manifold with corners
A that have the same residues.

For the proof of Theorem [[.1] it will be useful to also consider the notion dual
to that of the singular metrics above. These will be smooth sections

§ €T™(TA®TA).
Given such a section §, we denote by 6% : T*A — T'A the induced vector bundle

map. We also denote by
S eI™(TA®TA)

the section induced by ¢ via the anchor map of *T'A, so that ot = p oot

Definition 7.9. A smooth section & of TA ® *TA will be called:
(i) non-degenerate if 6% is an isomorphism for each v € A;
(ii) symmetric if 8, is symmetric for all x € A (equivalently, for all x € A),
(iii) positive semi-definite if Oy is positive semi-definite for all v € A (equiva-
lently, for all x € A)
We will call 6 a hybrid b*-metric on A if it satisfies all these three properties.

A hybrid b*-metric has an underlying metric on T*A that extends smoothly to
the tensor 8 on all of A. Note, however, that 5 is degenerate at the boundary. To
see how, suppose that A is an open around the origin in R}. Then a smooth section
§ of TA ® ’T'A is symmetric if and only if it is of the form

k k n
§= Y 227690, @0, + Y 1670, @0+ Y 690, ®0,  (7.9)
ij=1,j#i i=1 i j=k+1

k n
+D 0 2867 (00 ® O + Oy ® i)

i=1 j=k+1
for 6% € C*(A) such that 09 = §7* for all 1 < 4,5 < n. For positive semi-
definiteness and non-degeracy, there are criteria analogous to those for hybrid b-
metrics.

On a given manifold with corners, hybrid b-metrics are in bijective correspon-

dence with hybrid b*-metrics, in which a hybrid b-metric g and its corresponding
hybrid b*-metric & are related by the fact that ¢” and 6% are inverse to each other.

7.2. Proof of Theorem [Z.1] In this section we prove the two directions of the
statement of Theorem[[J] We start by proving the following local result concerning
invariant metrics in the local model discussed in Section 4.1
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Lemma 7.10. Let (Skn,wkn) be a standard local model with the T™-action ({{.1)),
and let U be an open in A := R}, Then:

(i) A smooth T"-invariant symmetric tensor:
Gy (UNA) = TSy @ T* Sk
extends smoothly to all of u;L(U) if and only if it takes the following form

G= (gTjﬂ“j (drj)2 + T?gTj7¢j drjd(bj + ngg¢j,¢j (d¢j)2)

k
—

J
k
+ Z (rjrlgrjyrldrjdrl + rongTj@l drjde; + r?r?gd)j@l d(bjd(,bl)

kn—k
+ (rjgrjyxzdrjdxl +7i9r;,0,dr;d0; + r?g%ﬁzldqudxl + r]2-g¢j,91dq§jd91)
Jil=1
n—Fk ) .
+ (90,,0,40;d0; + gps 9, da?dO) + g5 i da’dat)
Jl=1
where the coefficients functions are T™-invariant smooth functions on ,LL,;L(U)
and gg,.6, = (27)%gy, r, over U N {z? = 0}.
(i) Dually, a smooth T™-invariant symmetric tensor
G* b (UNA) = TSy ® TSk

extends smoothly to all of ,u,;il(U) if and only if its coefficients with respect to

the coframe on S
1 1
dén,. .., dog, —dr, ..., —drg,dby, ..., d0,_p,dzt, ... da""F
T1 Tk

are T"-invariant smooth functions on u;}l(U), with the exception of the fol-
lowing coefficients, which take the form

! 1 1, N 1,

G (7d7“a‘a7d7“a‘) = 20y G (d05,dd5) = 505, 4,
J J J J

with g:j,” and g;@j é; T"-invariant smooth functions on ,u;;(U) such that

9.0 = (27T)ngfj7” over U N{x? = 0}.

Proof. The backward implication in (i) readily follows by expressing the coefficients
of G with respect to the frame:

Ouys Ovyy v o3 Ougs Ovyy Oy s - oo 0, Ogty ooy Opn—re

on U in terms of the coefficients with respect to the frame [{H) on U. For the
forward implication, suppose that G extends smoothly to all of u;L(U) By conti-
nuity this extension is T-invariant as well, hence so are its coefficient functions with
respect to the frame ([@H). Applying Proposition Ll to these, it follows that the
coefficients in the last 3 lines of the formula for G are of the desired form. More-
over, it follows that there are T"-invariant smooth functions g¢, 4., 9r, r;» G¢;r, ON

u;}l(U) such that:
2
G (8¢j78¢j) =T59¢;.05
G (rja’!‘j’/rja'fj) = /r?g’!‘jﬂ‘j)
2~
G (8%77"]'8%) =T9¢;,r;-
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Denote the smooth extension of G to M;;(U) by G. Comparing the limits of the
function G(0y;,0,;) along the two paths:

Roer (21,03 251, Zjd1, - - -5 2k, 1, T)

Roer (21,00, 2j—1,06, Zj41, - oy 2y £, T)
as ¢ tends to zero (for any given j € {1,...,k} and (2,t,2) € UN{z; = 0})
leads to the conclusion that gy, ., vanishes over U N {z? = 0}, s0 gg, »; = 7“?- G-
Computing the same limits for the function G (Qu,, Ou,) shows that gy, 4, and (2m)*-

r,.r, coincide over U N {2’ = 0}, which completes the proof of (i). Part (ii) follows
from the same type of arguments. O

7.2.1. From invariant (Kdhler) metrics to hybrid b-metrics. Let p @ (S,w) — M
be a toric (Ta,Qx)-space with Delzant subspace A := p(S). Further, let G be a
w-compatible invariant Kahler metric on S. As in the proof of Theorem [6.2] the
T-invariance of G implies that there is a unique symmetric, positive semi-definite
section & € I'>°(TA ® TA) making the following diagrams commute

by—1
75— 7y s g
aT la* dy*T ld,u (710)
pr(T*A) = p(TA) pr(T*A) = p(TA)

The tensor § extends the metric on T*A dual to the unique Riemannian metric on
gon A making p : (S ,G) — (A, ¢) a Riemannian submersion. For each locally
defined 1-form a on A the vector field (G*)~!(u*«) is T-invariant, since both u*a
and G are. Therefore, (G”)~! o (du)* lifts to a unique vector bundle map:

h_o- "
_ - P (7.11)
w (T*A) —— =TS
( ) (G*)"to(du)*
From this and the commutativity of the right-hand square in (10, it follows that
5% takes 1-forms on A to b-vector fields. Therefore, ¢ lifts to a symmetric and
positive semi-definite section § € I'°(TA ® *T'A) making the following digrams
commute

"TA TS
!
/ lp / lu* (7.12)
T*A — TA w*(T*A) i w*(*TA)
0

with p. as in Proposition 221 In what follows, we will show that ¢ is non-
degenerate, so that it is a hybrid b*-metric on A. Its dual will then be the hy-
brid b-metric on A extending the Riemannian metric g, as in (i). Moreover, by
commutativity of the right-hand triangle in (I2)), the composite
* (b (611)71 * * h

p*("TA) —— p*(T*A) —— +T'S (7.13)
will be a section of p., which gives the extension of (kerdu)*|s to the elliptic
connection 6 in (i).

It remains to prove that:
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(i) 0 is non-degenerate at each = € 9A;
(i) the residue of § at each open facet is the primitive outward-pointing normal
multiplied by ﬁ;
(iii) @ has zero radial residue.
Let us fix z € OA and standard toric coordinates (z;,0;,27) centered at x (see
Section ELT)). In these coordinates, the smooth section § of TA ® *TA takes the
form (Z9), so we can write the map 6% : T*A — YT, A as a matrix of the form

Dy | Dp—p i

0 D, (7.14)

with respect to standard bases of T)A and A for A = R}, where Dy, is the
diagonal k by k matrix with i*" diagonal entry 6% (x), D,y is the n —k by n — k
matrix with (i, j)-entry 6**%*+7(z), and similarly for D,,_ k. Since

Osys- s 000,100

n—k’

are the vector fields associated to standard coframe on R™ by the infinitesimal
action «, it follows from part (i) of Lemma[T.T0 and the left diagram in (ZI0) that

9bi,¢; ifi,j <k,
57,_] _ g¢i79j—k if ¢ S ka .7 Z k+ 1) (7 15)
) 96,00 ifi>k+1, j <k, '

901,01 ifi>k+1, j>k+1.

From this and the fact that G is positive definite, it follows that the functions §%
are strictly positive on A and the matrix (I4)) is invertible. This proves item (i).

For items (ii) and (iii) we can further assume that the depth of  is 1, i.e., k = 1.
We are left to show that 6'!(z) = 4m. Since

2rdr, dat, ..., da" L,

are the 1-forms obtained by pulling back the standard coframe on R™ along u, it
follows from part (ii) of Lemma [.T0l and the right diagram in (ZZI0) that

497 s

5ij — 29:@7'*1 if ]2 27 (7.16)
295 i if i > 2,
Gric1 i1 ifi>2 j>2.

By considering the coefficient functions of g with respect to the frame
1
—04,0r, 09,5 ..,00, 1,0z1,...,0um1
r

over S and those of g* with respect to the dual coframe
rdeg,dr,d6,,...,d60,_q,dzt, ... dz" "t

over S , we obtain mutually inverse matrices of functions that converge as z tends
to zero. Comparing the two limits as z tends to zero leads to the conclusion that

9r.r (%) gr.r() = 1.

Combined with the fact that g, () = (27)% g, (z) by Lemma [[I0 and with
(CIH) and (ZIG), it follows that §'(x) = 4x.

To prove item (iii), we ought to show that, for any b-vector field v that is Euler-
like with respect to a open facet F, the lift of 2v along (ZI3]) is Euler-like with
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respect to Sp. In view of Remark 20] we can assume that v = 2'0,1. The lift of
the b-vector field 2210, is of the form

n—1
2010, = 10, + [*04 + Y 700,
j=1
where f¢ and ff are T"-invariant smooth functions on ,ul_ﬂll(U ). By Remark [.24]
it is enough to show that f¢(z) = ff(z) = --- = f_,(x) = 0 whenever z! = 0.
Note that over S one has
n—1
0=y (21‘10961,891) =r? gr.or T 9.0, f¢ + Z 96,6, fjea
j=1
1 — n—1
0=739 (23@1511’545) = 9o+ 960 O+ D 900, 17,
j=1

where we first we used that ker(du) and £ are orthogonal over S, and then we
applied Lemma [ J0 In view of (ZIH), letting z tend to zero it follows that
(fe(x), fO(x),..., f0_,(x)) belongs to the kernel of the invertible matrix (ZI4)
whenever 2! = 0. So, f¢(z) = fl(z) =--- = f!_,(x) =0if 2! = 0.

This concludes the proof of one direction of Theorem [T.1]

7.2.2. From hybrid b-metrics to invariant (Kdhler) metrics. Let p: (S,w) = M
be a toric (Ta, 24 )-space with Delzant subspace A := u(S). Further, let 6 be an
elliptic connection and let g be a hybrid b-metric on A as in the statement of the
theorem. We use § to denote the corresponding hybrid b*-metric and we let G be the
unique invariant w-compatible Kahler metric on S such that W (S ,G) — (A, g) is
a Riemannian submersion and ker 6|5 = (ker dp)*|s. By the proof of Theorem G2
this data satisfies (ZI0) on S. We ought to show that G extends to a Riemannian
metric on all of S. This extension is then automatically invariant and compatible
with w, due to density of S.

First, we will show that G extends smoothly to S as a tensor. Since this is a
local property, we can verify this in standard toric coordinates (z, 6, x) by showing
that the coefficients of G are of the form in part (i) of Lemma Because the
left square in (ZI0) commutes, the coefficients of G involving only

8¢1,...,3¢k,8017'--,aen,fk

are of this form, with the required T"-invariant smooth functions on M;;(U) given
by the pull-backs of the corresponding coefficients 6% of 6, as in (). For the
coefficients of G involving r;0,,, notice that the horizontal lift of 220,: must be of
the form

k n—k
2210yi = 1400, + 12 (Z 100, + f{fjagj), (7.17)
j=1 j=1

where ff and f]‘-g are T"-invariant smooth functions on ,u,;il(U ). Indeed, this follows
from the condition in (ii) in Theorem [T.J] Remarks and [£24] and Proposition
Since the horizontal lift is orthogonal to ker du, it follows that the coefficients
G (ri0y,,0y,) and G (1;0,,,0p,) are of the required form, and that

G (%,leaxl) e (inaﬂ,nam) . (7.18)

for i, < k. Since p is a Riemannian submersion, it holds that:

ririt(ga) ifi# L
N ifi=1,

G (Qxiali, 2:1:16961) =
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with gy € C>®(U) as in (T2). So, it follows from (ZI8)) that the coefficients
G (r;0r;,110y,) are also of the required form, and that

960 = Hin(07) and g o = pij (gi) over @' =0.

Since ¢° and 0% are inverse to each other, it holds that g;;(x)6"(z) = 1 when
z' = 0. By the assumption on the residue of g, one has that g;;(r) = -~ when

.
xl G' IIeIlCe, it fOllOWS tha A7
9(1517(;51 (2;‘) g"’iﬂ"i over :C' = 0.

By similar arguments, the other coefficients are of the required form as well. So,
the tensor G indeed extends smoothly to all of S. This extension is symmetric and
positive semi-definite, since it is so on the dense subset S. So, to conclude that it is
a Riemannian metric on .S, it suffices to show that the dual metric G* on S extends
smoothly, as a tensor, to all of S. This follows from an argument along the same
lines as that for G, by instead using part (ii) of Lemma [[.T0 and the coframe over
SN p~t(U) dual to the frame:

221051, ..., 2%, Dyrir,s o Ogny Oy ey Oy Doys- o Do
This concludes the proof of Theorem [Tl
7.3. Examples.

Example 7.11. Consider the integral affine cylinder (M, \) = (S! x R, Zdx & Zdh)
and the Delzant subspace A = S' x [—1,1] as in Ezample [[.35, Further, consider
the corresponding canonical toric Ty-space p : (T? x S?,w) — St x R described in
Example[220. As in Example 610, there are Hessian hybrid b-metrics of the form

g= <ﬁ + f(h)> dh? 4 c(x) da?,

where now the singular term is so that the residue at both facets is ﬁ. By a

computation as in Fxample [0 10, we find that the extremal condition holds if and
only if f =0 and c(z) is constant. Using the flat Lagrangian elliptic connection
Dap of Example[].35], Theorem[71] gives the family of w-compatible extremal Kdhler
metrics

1 2 2 — 2
G = (W +b T(h>> dh® + 7(h)d¢(d¢ — 2bdh) + gr=, (7.19)

where 7(h) = 47 (1 — h?) and gr= is the flat metric on the torus given by
1
gr2 = =((a® + ¢*)dz? — 2adady + dy?).
c

Note that when a = b =0 and ¢ = 1 we recover the product of the round metric on
S? with the standard flat metric on T2.

Example 7.12. Let (M, A) = (S x] -2, 00, Z((h+2)dx + xdh) & Zdh) be the non-
standard integral affine cylinder and consider the Delzant subspace A = S* x [—1,1]
(see Example [[.30). Further, we consider the corresponding canonical toric Ta-
space p: (T? X S% w) — St x] — 2, 00[, which is described in Example [ZZ1. Similar
to Example[6.11), there are Hessian hybrid b-metrics of the form

g = (ﬁ + f(h)) dh? + (h+ 2)Cd$2,

with ¢ > 0 a constant and f € C(] — 2,00]). Let us define a function 7(h) by
1 1
= h).
" dm ey T
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One finds the boundary conditions
(1) =0, 7'(£1)= F8m.
Applying formula (@), one finds that
1 7' (h)

SG = —ET//(h)

Proceeding as in Fxample [6.11], taking into account the boundary conditions, one
finds that Sq is an affine function if and only if

4 18
=——12 2)3 — 2)2 —154+ —— |.
7(h) 11((h+ )? —5(h+2) 5+h+2)
This gives the affine function
4
Sg = %(12h+9).

The corresponding hybrid Hessian b-metric takes the form

1 1
- dh2 & (h+ 2)cda?.
g (47r(1h2) + 27r(2h2+11h+20)) + (h+2)cdx

We can now use the family of elliptic Lagrangian connections Dq, on the Ty -space
pi (T?XS% w) — S'x] — 2, 00] discussed in Example [J-36] to lift g to the family of
w-compatible extremal Kdahler metrics
1
G = (W + b27'(h)) dh? + 7(R)0(0 — 2bdh) + (h + 2)gr2, (7.20)
T
where 0 := (zdy + d¢) and gr= is the flat metric on the torus given by

1
gr2 = — ((a2 + c*)dz? — 2adxdy + dy2).
¢

Notice the similarity between formulas ([I9) and (L20). When b = 0, the metric
[C20) appears as a special case of the metrics considered by Apostolov et al. [2]
(see the formula in Theorem 3, loc. cit.). The precise relation between the approach
followed here and the results in [2] will be discussed in a sequel to this paper.

7.4. Invariant Kahler metrics via Kahler reduction. The Delzant-type con-
struction from Section [ (see Theorem [B.IT]) can be used to construct invariant
Kiéhler metrics via Kéhler reduction, much like in [24].

Let (M, A) be a connected integral affine manifold and A C M a Delzant sub-
space of finite type. Assume that M admits a Hessian metric g and let g be its
lift to the universal covering space (M, K) Let G be the Qz-compatible invariant
Kéhler metric on 73 obtained by lifting g via the canonical Lagrangian connection.

Proposition 7.13. Let (M, A, g) be a connected integral affine Hessian manifold
and let A be a Delzant subspace of finite type. Consider the product metric G X gst
on Tz X C®. The Hessian hybrid b-metric gn on A induced by the reduced Kdihler
metric on the symplectic quotient
((75{ X (Cd) // (F X Td)a wred)
takes the form
ga = g+ Hessa(¢),

where ¢ is the smooth function on A corresponding to the function on M given by

d
~ 1
= —— E i 1 i|. 21
o Ir — ¢;log |€z| (7 )
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The proof follows the usual Kéhler reduction recipe: one restricts the metric
to the zero level, obtaining a (I' x T%)-invariant metric, that then descends to the
symplectic quotient, yielding the expression in the theorem. Notice that, although
each term in ([2])) is a function on M which may fail to descend to A, the sum does
descend to a smooth function, since the I'-action permutes the primitive boundary
defining functions.

Remark 7.14. For a Delzant polytope, Guillemin showed in [24] that, if one applies
Kahler reduction to the standard Delzant construction, one obtains an invariant
Kdhler metric on the symplectic toric manifold which induces a Hessian metric
on A with potential given by (L2I). Owur Delzant type construction is different
from the standard one (see Remark[5I0) and results in the presence of the original
Hessian metric on M as an additional term. This is unavoidable since for a general
Delzant subspace of finite type there may mot exist a global potential. Moreover,
the Hessian of (L2I) may not even define a metric in A. This is the case, for
instance, in Examples[7.11) and[7.12 Also, the Hessian hybrid b-metrics constructed
in those examples show that A may carry Hessian hybrid b-metrics with residues as
in Theorem [T which are not obtained by Kdhler reduction as in Proposition [7.13

Corollary 7.15. Any finite-type Delzant subspace of a Hessian integral affine man-
ifold admits a Hessian hybrid b-metric with residues as in Theorem [7.]]
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