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REPRESENTATIONS AND COHOMOLOGIES OF
KLEINIAN 4-RINGS

YURIY DROZD

Abstract. We introduce a new class of algebras over discrete
valuation rings, called Kleinian 4-rings, which generalize the group
algebra of the Kleinian 4-group. For these algebras we describe the
lattices and their cohomologies. In the case of regular lattices we
obtain an explicit form of cocycles defining the cohomology classes.

Introduction

Integral representations of the Kleinian 4-group G (or G-lattices)
were described by Nazarova [9]. Another description was proposed by
Plakosh [10]. In the papers [6] and [7] cohomologies of these lattices
were calculated. In this paper we consider a class of rings that gen-
eralizes group rings of the Kleinian 4-group. We call them Kleinian
4-rings. We give a description of lattices over such rings and calculate
cohomologies of these lattices. In a special case of regular lattices we
obtain an explicit form of cocycles defining cohomology classes.

1. Lattices over Kleinian 4-rings

In what follows R denotes a complete discrete valuation ring with
a prime element p, the field of fractions Q and the field of residues
k = R/pR. We write ⊗ instead of ⊗R. If A is an R-algebra, we call
an A-module M an A-lattice if it is finitely generated and free as R-
module. Then we identify M with its image 1⊗M in the vector space
Q ⊗M and an element v ∈ M with 1 ⊗ v ∈ Q ⊗M . We denote by
A-lat the category of A-lattices.

Definition 1.1. The Kleinian 4-ring over R is the R-algebra K =
R[x, y]/(x(x− p), y(y − p)).
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2 YURIY DROZD

Note that if p = 2 this is just the group algebra over R of the
Kleinian 4-group G = 〈a, b | a2 = b2 = 1, ab = ba〉. One has to set
x = a+ 1, y = b+ 1.

One easily sees that Q ⊗ K is isomorphic to Q4: just map x to
x̄ = (p, p, 0, 0) and y to ȳ = (p, 0, p, 0). We considerK as embedded into
Q4 identifying x with x̄ and y with ȳ. We also set z = (p, 0, 0, 0) ∈ Q4

(note that z /∈ K and z2 = xy). The maximal ideal r of K is (p, x, y)
and K/r ' k. Let A = {a ∈ Q4 | ar ⊂ K}. One easily verifies
that A = K + Rz and A/K ' k. Hence K is a Gorenstein ring [3,
Proposition 6], i.e. inj.dimKK = 1. Therefore, A is its unique minimal
over-ring and every K-lattice is isomorphic to a direct sum of a free K-
module and an A-lattice (see [5, Lemma 2.9] or [4, Lemma 3.2]). Note
that the ring A is also local with the maximal ideal m = (p, x, y, z)
and A/m ' k. Moreover, as the submodule of Q4, m = pA] = radA],
where A] = R4 is hereditary. Thus A is a Backström order in the sense
of [11]. Therefore, A-lattices can be described by the representations
of the quiver

Γ =

pp

p0

•

??

77

''

��
0p

00

over the field k. Namely, denote by Rαβ, where α, β ∈ {0, p} the A-
lattice such that Rαβ = R as R-module, xv = αv and yv = βv for all
v ∈ Rαβ. For any A-lattice M and α, β ∈ {0, p} set Mαβ = {v ∈ M |
xv = αv, yv = βv}. If M is an A-lattice, M ] = A]M is an A]-module,

hence M ] =
⊕

α,βM
]
αβ. Let V• = M/mM and Vαβ = M ]

αβ/pM
]
αβ. Note

that M ] ⊃ M ⊃ mM = pM ]. So the natural maps fαβ : V• → Vαβ are
defined and we obtain a representation V of the quiver Γ:

(1) V =

Vpp

Vp0

V•

fpp

<<

fp0

66

f0p
((

f00

""

V0p

V00
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We denote this representation by Φ(M). It gives a functor Φ : A-lat→
rep Γ. The next result follows from [11].

Theorem 1.2. Let rep+ Γ be the full subcategory of rep Γ consisting of
such representations V that all maps fαβ are surjective and the map
f+ : V• → V+ is injective. The image of the functor Φ is in rep+ Γ
and, considered as the functor A-lat → rep+ Γ, the functor Φ is an
epivalence.

Recall that the term epivalence means that Φ is full, maps non-
isomorphic objects to non-isomorphic and every representation V ∈
rep+ Γ is isomorphic to some Φ(M) (then Φ maps indecomposable ob-
jects to indecomposable). Actually, this M can be reconstructed as
follows. Set dαβ = dimVαβ, V+ =

⊕
αβ Vαβ and V̄ be the image of the

map V• → V+ with the components fαβ. Then V+ ' M ]/pM ], where

M ] =
⊕

αβ R
dαβ
αβ . Let Ψ(V ) be the preimage of V+ in M ]. It is an

A-lattice and Φ(M) ' V . Moreover, M ] = A]M . Note also that the
kernel of the map HomA(M,N)→ HomΓ(Φ(M),Φ(N)) coincides with
HomA(M,mN).

The quintuple (d• | dpp, dp0, d0p, d00), where d• = dimV•, is called the
vector dimension of the representation V . We also call it the vector
rank of the lattice M = Ψ(V ) and denote it by RkM . For instance,
RkRpp = (1 | 1, 0, 0, 0) and RkA = (1 | 1, 1, 1, 1). Note that the rank
of M as of R-module equals

∑
αβ dαβ, while d• = dimkM/mM .

Remark 1.3. Note that the only indecomposable representations of Γ
that do not belong to rep+ Γ are “trivial representations” V j, where

j ∈ {•, αβ | α, β ∈ {0, p}} such that V j
j = k and V j

j′ = 0 if i 6= j.
Therefore, the A-lattices are indeed classified by the representations of
the quiver Γ.

Let τK (τA) denote the Auslander-Reitentranslate in the category
K-lat (respectively, A-lat). Recall that τKM for a non-projective inde-
composable K-lattice M is an indecomposable K-lattice N such that
there is an almost split sequence 0→ N → E →M → 0 [1]. The next
result follows from [4].

Proposition 1.4. (1) τKM ' τAM for any indecomposable A-
lattice M 6' A.

(2) τKA ' r and it is a unique indecomposable A-lattice N such
that inj.dimN = 1.

(3) τKM ' ΩM for any A-lattice M , where ΩM denote the syzygy
of M as of K-module.
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Following [12], we can also restore the Auslander-Reiten quiver Q(A)
of the category A-lat from the Auslander-Reiten quiver Q(Γ)r of the
category rep Γ. Recall that the quiver Q(Γ) consists of the preprojec-
tive, preinjective and regular components. The quiver Q((A) is ob-
tained from Q(Γ) by glueing the preprojective and preinjective com-
ponents omitting trivial representations. The resulting preprojective-
preinjective component is the following:

R2
pp

��

R1
pp

��

Rpp

��

R−1
pp

��

R−2
pp

��

R−3
pp

��

R2
p0

��

R1
p0

��

Rp0

��

R−1
p0

��

R−2
p0

��

R−3
p0

��
· · ·

HH

@@

��

��

A2

II

BB

��

��

A1

II

BB

��

��

A

II

CC

��

��

A−1

HH

@@

��

��

A−2

HH

@@

��

��

· · ·

R2
0p

BB

R1
0p

BB

R0p

CC

R−1
0p

@@

R−2
0p

@@

R−3
0p

@@

R2
00

II

R1
00

II

R00

II

R−1
00

HH

R−2
00

HH

R−3
00

HH

Here Mk denotes τ kKM . Note that A1 ' r ' A∨, where M∨ =
HomK(M,K). The representations belonging to this component are
uniquely determined by their vector-ranks. One can verify that

RkAk =

{
(2k − 1 | k, k, k, k) if k > 0,

(1− 2k | 1− k, 1− k, 1− k, 1− k) if k < 0;

RkRk
pp =

{
(k + 1 |

[
k
2

]
− (−1)k,

[
k
2

]
,
[
k
2

]
,
[
k
2

]
) if k > 0,

(−k |
[

1−k
2

]
+ (−1)k,

[
1−k

2

]
,
[

1−k
2

]
,
[

1−k
2

]
) if k < 0.

RkRk
αβ is obtained from RkRk

pp by permutation of dpp with dαβ.
The remaining (regular) components are tubes, where τK acts peri-

odically. They are parametrized by the set

P = {irreducible unital polynomials f(t) ∈ k[t]} ∪ {∞}.

Actually, it is the set of closed points of the projective line over the
field k, that is of the projective scheme Projk[x, y]. If f(t) = t − λ
(λ ∈ k), we write T λ instead of T f .

If f ∈ P \ {t, t− 1,∞}, the corresponding tube T f is homogeneous,
which means that τKM 'M for all M ∈ T f . It has the form

T f1
++
T f2

++
kk T f3

**
kk · · ·kk
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and RkT fn = (2dn | dn, dn, dn, dn), where d = deg f(t). In this diagram

all maps T fn → T fn+1 are monomorphisms with the cokernels T f1 , while

all maps T fn+1 → T fn are epimorphisms with the kernels T f1 .
The exceptional tubes T λ (λ ∈ {0, 1,∞}) are of he form

(2)

T λ1
1

// T λ1
2

//

}}

T λ1
3

//

}}

T λ1
4

//

}}

//

}}

· · ·

~~
T λ2

1
// T λ2

2
//

aa

T λ2
3

//

aa

T λ2
4

//

aa

//

aa

· · ·

``

Here τKT
λ1
n = T λ2

n and τKT
λ2
n = T λ1

n . In this diagram all maps T λin →
T λin+1 are monomorphisms with the cokernels T λj1 , where j = i if n
is even and j 6= i if n is odd. All maps T λin+1 → T λj (j 6= i) are
epimorphisms with the kernels T λi1 .

For λ = 1 we have

RkT 1j
2m = (2m | m,m,m,m) for both j = 1 and j = 2,

RkT 11
2m−1 = (2m− 1 | m,m,m− 1,m− 1),(3)

RkT 12
2m−1 = (2m− 1 | m− 1,m− 1,mm).

The vector-ranks for the tubes T 0 and T ∞ are obtained from those for
T 1 by permutation of dp0, respectively, with d00 and with d0p.

2. Cohomologies

A Kleinian 4-ring is a supplemented R-algebra in the sense of [2,
Ch. X] with respect to the surjection π : K → K/(x − p, y − p) '
R. Therefore, for any K-module M the homologies Hn(K,M) =
TorKN (R,M) and cohomologies Hn(K,M) = ExtnK(R,M) are defined.
Moreover, if we consider M as K-bimodule setting mx = my = pm for
all m ∈ M , they coincide with the Hochschild homologies and coho-
mologies:

Hn(K,M) ' HHn(K,M) and Hn(K,M) ' HHn(K,M).

(see [2, Theorem X.2.1]).

Remark 2.1. We have chosen the augmentation K → R such that if
p = 2, hence K ' RG for the Kleinian 4-group G, it coincides with the
usual augmentation RG → R mapping all elements of the group to 1.
Thus in this case Hn(K,M) = Hn(G,M).

Proposition 2.2. For every K-module M and n 6= 0

xyHn(K,M) = xyHn(K,M) = p2Hn(K,M) = p2Hn(K,M) = 0
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Proof. The map µ : r 7→ rxy is a homomorphism of K-modules R→ K
such that πµ : R → R is the multiplication by xy or, the same, by
p2. Therefore, the multiplication by xy or by p2 in ExtnK(R,M) or in
TorKn (R,M) factors, respectively, through ExtnK(K,M) = 0 or through
TorKn (K,M) = 0. �

Note that K ' K̄ ⊗R K̄, where K̄ = R[x]/(x(x − p)) A projective
resolution P̄ for R as of K̄-module, where xr = pr for all r ∈ R, is
obtained if we set P̄n = K̄un and

dun = Cn(x)un−1, where Ci(x) =

{
x if n is even,

x− p if n is odd.

Then P = P̄⊗R P̄ is a projective resolution of R as of K-module. Here
Pn is the module of homogeneous polynomials of degree n from K[u, v]
and

d(xiyj) = Ci(x)ui−1vj + (−1)iCj(y)uivj−1.

Denote Hn(K̄,M) = TorK̄n (R,M). Then

Hn(K̄,M) =


M/(x− p)M if n = 0,

Ker(x− p)M/xM if n is odd,

KerxM/(x− p)M if n is even,

where aM denotes the multiplication by a in the module M . Let R0 =
K̄/(x), Rp = K̄/(x − p). Then Rαβ ' Rα ⊗R Rβ. As the ring R is
hereditary, the Künneth formula [2, Theorem VI.3.2] implies that

Hn(K,Rαβ) '
(⊕

i+j=nHi(K̄, Rα)⊗R Hj(K̄, Rβ)
)
⊕

⊕
(⊕

i+j=n−1 TorR1 (Hi(K̄, Rα), Hj(K̄, Rβ))
)
.

Since

Hn(K̄, R0) =

{
0 if n is odd,

k if n is even;

Hn(K̄, Rp) =


R if n = 0,

k if n is odd,

0 if n is even,

we obtain

Hn(K,Rpp) =


R if n = 0,

(R/p)[(n+3)/2] if n is odd,

(R/p)n/2 if n is even;

(4)
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and if (α, β) 6= (p, p)

Hn(K,Rαβ) = (R/p)[(n+2)/2].(5)

On the other hand, the exact sequence 0→ K → A→ k→ 0 implies
that for n > 0

(6) Hn(K,A) ' Hn(K, k) ' Pn ⊗K k ' kn+1,

since Hn(K,K) = 0 and the differential in P⊗K k is zero.
As K is Gorenstein, the functor M 7→M∨ = HomK(M,K) is an ex-

act duality in the category K-lat, i.e. the natural map M 7→M∨∨ is an
isomorphism. If P is projective, then P⊗KM ' HomK(P ∨,M). There-
fore, homologies of a module M can be obtained as Hn(HomK(P∨,M).
Note that the embedding R → P ∨

0 ' K maps 1 to xy. Hence, just as

for finite groups, we can consider a full resolution P̂ setting

P̂n =

{
Pn if n ≥ 0,

P ∨
−n−1 if n < 0

and defining d0 : K = P̂0 → P̂−1 ' K as multiplication by xy. Thus the

Tate cohomologies Ĥn(K,M) are defined as Hn(HomK(P̂,M)) with
the usual properties

Ĥn(K,M) =


Hn(K,M) if n > 0,

H−1−n(K,M) if n < −1,

Mpp/xyM if n = 0,

{m | xym = 0}/((x− p)M + (y − p)M) if n = −1,

where Mpp = {m | xm = ym = pm}. In particular, xyĤn(K,M) =

p2Ĥn(K,M) = 0 for all M . Note also that, if M is an A-lattice,
Mpp = {m | zm = pm} and xyM = z2M .

A basis of P̂−n (n > 0) can be chosen as {ûiv̂j | i+ j = n−1}, where
(ûiv̂j)(ukvl) = δikδjl. Then

d(ûiv̂j) = Ci+1û
i+1v̂j + (−1)iCj+1û

iv̂j+1.

Proposition 2.3. If M is an A-lattice that has no direct summands
isomorphic to Rpp, then

Ĥ0(K,M) = Mpp/pMpp ' kdpp ,
where (d• | dpp, dp0, d0p, d00) = RkM .

Proof. Set M ] = A]M =
⊕

αβM
]
αβ. Note that xyA = Rxy = xyA],

hence xyM = xyM ] = p2M ]
pp. On the other hand, M ]

pp ' R
dpp
pp and

pM ]
pp ⊂ Mpp ⊂ M ]

pp. If Mpp 6= pM ]
pp, Mpp contains a direct summand
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L ' Rpp of M ]
pp. Then M ] = L ⊕ L′ and M = L ⊕ (L′ ∩M), which

is impossible. Therefore, Mpp = pM ]
pp, xyM = pMpp and Ĥ0(K,M) =

Mpp/pMpp ' kdpp . �

Denote T = Q/R, DM = HomR(M,T ). It is the Matlis duality
between noetherian and artinian R-modules, as well as K-modules [8].
We have the following dualities for cohomologies.

Proposition 2.4. Let M be a K-module. Then

Ĥn(K,DM) ' DĤ−n−1(K,M),(7)

and if M is a lattice

Ĥn(K,DM) ' Ĥn+1(K,M∨),(8)

Ĥn(K,M∨) ' DĤ−n(K,M).(9)

Proof. Note first that, since K is local and Gorenstein, HomR(K,R) '
K, whence M∨ ' HomR(M,R) and we identify these modules. As T
is an injective R-module,

ExtnK(R,HomR(M,T )) ' HomR(TorKn (R,M), T ),

(see [2, Proposition VI.5.1]), which is just (7).
The exact sequence 0→ R → Q→ T → 0 gives, for any lattice M ,

the exact sequence

0→M∨ → HomR(M,Q)→ DM → 0.

As multiplication by p2 is an automorphism of HomR(M,Q), Propo-

sition 2.2 implies that Ĥn(HomR(M,Q)) = 0. Then the long exact
sequence for cohomologies implies (8).

(9) is a combination of (7) and (8). �

Note also that Ĥn(K,F ) = 0 for any projective (hence free) K-
module F . Therefore, Proposition 1.4 implies that, for any indecom-
posable A-lattice M ,

(10) Ĥn(K,M) ' Ĥn+1(K, τKM) ' Ĥn−1(K, τ−1
K M).

Hence from the formulae (4)-(6) and the duality (9) we obtain a
complete description of cohomologies of K-lattices belonging to the
preprojective-preinjective component.
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Theorem 2.5.

Ĥn(K,Ak) '

{
kn−k+1 if n ≥ k,

kk−n if n < k;

Ĥn(K,Rk
pp) '


k(|n−k|/2+1) if n− k 6= 0 is even,

k|n−k|/2] if n− k is odd,

R/xyR if n = k;

Ĥn(K,Rk
αβ) ' k[(|n−k|+1)/2] if (α, β) 6= (p, p).

The description of cohomologies of A-lattices belonging to tubes are
obtained from Proposition 2.3, since Ĥn(K,M) ' Ĥ0(K, τ−nK M) and
we know the action of τK in tubes.

Theorem 2.6. (1) If f /∈ {t, t− 1}, then Ĥn(K,T fm) ' kdm, where
d = deg f .

(2) If λ ∈ {0, 1,∞}, then

Ĥn(K,T λim ) '

{
km/2 if m is even,

k(m−(−1)n+i)/2 if m is odd.

3. Regular lattices

An A-lattice M is called regular if all its indecomposable direct
summands belong to tubes. As neither regular lattice is projective,
τKM = τAM = ΩM . Note that if M is regular, then

2d•(M) =
∑

αβ
dαβ(M).(11)

Therefore,

d•(ΩM) = d•(M) and dαβ(ΩM) = d•(M)− dαβ(M).(12)

These formulae imply the following fact.

Lemma 3.1. Every exact sequence of regular A-lattices 0 → M →
N → L→ 0 induces exact sequences

0→ ΩM → ΩN → ΩL→ 0,(13)

0→ Ω−1M → Ω−1N → Ω−1L→ 0.(14)

Proof. Obviously, there is an exact sequence 0 → ΩM → ΩN ⊕ P →
ΩL→ 0 for some projective module P . On the other hand, as dαβ(N) =
dαβ(M) + dαβ(L), the formulae (11) and (12) imply that RkΩN =
RkΩM + RkL. Hence P = 0 and we obtain (13). By duality, we also
have (14). �
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Corollary 3.2. Every exact sequence of regular A-lattices 0 → M →
N → L→ 0 induces exact sequences of cohomologies

0→ Ĥn(K,M)→ Ĥn(K,N)→ Ĥn(K,L)→ 0.

Proof. If n = 0, it follows from Proposition 2.3. For other n it is
obtained by an easy induction using Lemma 3.1. �

For regular lattices we can give an explicit form of cocycles defining
cohomology classes. Namely, for an indecomposable regular lattice M
and an integer n we set

M(n) =


Mpp if n is even,

M0p if n is odd and M /∈ T ∞,
Mp0 if n is odd and M ∈ T ∞.

For n > 0 we define a homomorphism M(n)→ Ĥn(K,M) mapping an
element a ∈ M(n) to the class of the cocycle ξa : Pn → M defined as
follows:

• If M /∈ T ∞, then

ξa(u
kvn−k) =

{
a if k = n,

0 otherwise.

• If M ∈ T ∞, then

ξa(u
kvn−k) =

{
a if k = 0,

0 otherwise.

Theorem 3.3. The map a 7→ ξa induces an isomorphism

ξ : M(n)/pM(n) ' Ĥn(K,M)

for every n > 0 and every regular indecomposable A-lattice M .

Proof. One easily sees that ξa is a cocycle. Theorem 2.6 and formulae
(3) show that Ĥn(K,M) 'M(n)/pM(n). Hence we only have to prove
that ξa is not a coboundary if a /∈ pM(n). First we check it for the

lattices T f1 and T λi1 .

We consider the case when n is even and M = T f1 , where deg f = d
and f /∈ {t, t − 1}. The other cases are quite similar or even easier.
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The corresponding representation of the quiver Γ is

kd

kd

k2d

(I 0)

;;

(0 I)

55

(I I)
))

(I F )

##

kd

kd

where I is d × d unit matrix and F is the Frobenius matrix with
the characteristic polynomial f(t). Therefore, M is the submodule

of
⊕

αβM
]
αβ, where M ]

αβ = Rd
αβ and M consists of the quadruples

a = (app, ap0, a0p, a00) ≡ (r, r′, r+ r′, r+ F̃ r′) (mod p), where r, r′ ∈ Rd

and F̃ is a d×d matrix over R such that F = F̃ (mod p). Hence, Mαβ =

pM ]
αβ. In particular, elements a ∈M(n) are of the form (pr, 0, 0, 0). Let

ξa = dγ, where γ(xk−1yn−k) = γk ≡ (rk, r
′
k, rk + r′k, rk + F̃ r′k) (mod p)

for 1 ≤ k ≤ n. Then

dγ(vn) = 0 = yγ1 ≡ (pr1, 0, p(r1 + r′1), 0) (mod p2),

hence γ1 ≡ 0 (mod p). Suppose that γk−1 ≡ 0 (mod p) for 1 < k ≤ n.
If k is odd, then

dγ(uk−1vn−k+1) = 0 = xγk−1 + yγk ≡
≡ (prk, 0, p(rk + r′k), 0) (mod p2),

If k is even, then

dγ(uk−1vn−k+1) = 0 = (x− p)γk−1 − (y − p)γk ≡
≡ (0, pr′k, 0, p(rk + F̃ r′k)) (mod p2).

In both cases γk ≡ 0 (mod p). Therefore, γk ≡ 0 (mod p) for all 1 ≤
k ≤ n. Then

dγ(un) = (a, 0, 0, 0) = xγn ≡ 0 (mod p2),

so a ∈ pM(n).

Suppose now that the theorem is valid for all T fk−1 and for all T λik−1.

If M = T fk or M = T λik , there is an exact sequence 0 → M ′ → M →
M ′′ → 0, where, respectively, M ′ = T f1 , M

′′ = T fk−1 orM ′ = T λi, M ′′ =
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T λjk−1 (j 6= i). It gives a commutative diagram with exact rows

0 // M ′(n)

ξ
��

// M(n)

ξ
��

// M ′′(n)

ξ
��

// 0

0 // Ĥn(K,M ′) // Ĥn(K,M) // Ĥn(K,M ′′) // 0

Using induction, we may suppose that the first and the third homo-
morphisms ξ satisfy the theorem. Therefore, so does the second, which
accomplishes the proof. �

Dualizing this construction, we obtain an explicit description of Tate
cohomologies with negative indices. Namely, for n < 0 we define a
homomorphism M(n)→ Ĥn(K,M) mapping an element a ∈M(n) to

the class of the cocycle ξ̂a : Pn →M defined as follows:

• If M /∈ T ∞, then

ξ̂a(û
kv̂|n|−1−k) =

{
a if k = |n| − 1,

0 otherwise.

• If M ∈ T ∞, then

ξ̂a(û
kv̂|n|−1−k) =

{
a if k = 0,

0 otherwise.

Theorem 3.4. The map a 7→ ξ̂a induces an isomorphism

ξ̂ : M(n)/pM(n) ' Ĥn(K,M)

for every n < 0 and every regular indecomposable A-lattice M .

The proof just repeats that of Theorem 3.3, so we omit it.
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