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1 Introduction

Conformal supergravities are extensions of Poincaré supergravities that are invariant under

local Weyl transformations and are constructed by gauging the superconformal algebras [1–3].

The associated gauge fields, which include the vielbein and gravitini, are packaged together

with auxiliary fields into the so-called Weyl multiplet. The set of local superconformal trans-

formations closes off-shell on the fields of the Weyl multiplet, that is without the need to

impose equations of motion. In other words closure of supersymmetry is ensured indepen-

dently of the dynamics considered, and as a result conformal supergravities provide a powerful

framework for constructing higher-derivative supersymmetric invariants.

This off-shell formalism can be leveraged to study the higher-derivative structure of

Poincaré supergravities efficiently. This is achieved by considering conformal supergravi-

ties coupled to specific systems of matter multiplets. The latter supply fields that act as

compensators for the additional local Weyl transformations, and in this way ensure the

gauge-equivalence with the Poincaré theories [3, 4]. The standard Poincaré formulations

are recovered by imposing gauge-fixing conditions on the compensators, and subsequently

integrating out the auxiliary fields. This off-shell approach to the construction of higher-

derivative Poincaré invariants played an important role in the study of subleading corrections
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to the entropy of various BPS black holes. It was for instance applied in the context of

asymptotically AdS black holes in N = 2 (gauged) supergravities in D = 4 and 5 spacetime

dimensions (see for instance [5–9]). In order to apply such techniques to broader classes of

examples, it is desirable to gather an exhaustive understanding of the multiplet structures of

conformal supergravities in various dimensions.

In this paper, we focus on N = 4 conformal supergravity in four dimensions [10–14] and

N = (2, 0) conformal supergravity in six dimensions [15, 16]. They are maximally supersym-

metric theories, whose Weyl multiplets both carry 128+128 off-shell degrees of freedom.1 The

D = 4, N = 4 multiplet however stands apart from all other maximal Weyl multiplets due

to the fact that it contains scalar fields which parametrize an SU(1, 1)/U(1) coset space, and

which are inert under local Weyl transformations. This naturally suggests a relation between

the dimensional reduction of N = (2, 0) conformal supergravity on T 2 and N = 4 confor-

mal supergravity in four dimensions. We will make this relation explicit at the kinematical

level, and as a by product, construct the so-called dilaton Weyl multiplet of D = 4, N = 4

conformal supergravity.

Dimensional reductions of conformal supergravities were previously considered in the

context of half-maximal2 theories [17]. There, the N = 1 conformal supergravity in five

dimensions was shown to reduce on the circle to N = 2 conformal supergravity in four

dimensions. In this case, the number of off-shell degrees of freedom in the five-dimensional

N = 1 Weyl multiplet is 32 + 32, and exceeds that of the four-dimensional N = 2 Weyl

multiplet which only contains 24 + 24. Upon reduction, the five dimensional multiplet was

shown to decompose into the N = 2 Weyl multiplet as well as an off-shell N = 2 vector

multiplet in four dimensions that provides the remaining 8+8 degrees of freedom. In particular

the four-dimensional vector field and dilaton, which follow from the standard Kaluza–Klein

decomposition of the fünfbein, sit inside the vector multiplet.

A subtle difference arises when considering the reduction of maximally supersymmetric

theories. In our case, the degrees of freedom in theN = (2, 0) Weyl multiplet in six dimensions

already match those of the N = 4 Weyl multiplet in four dimensions. At first sight, one

might then expect these two mutiplets to be directly related by a reduction on T 2, just as

for maximally supersymmetric Poincaré theories. However this cannot be the case as the

four-dimensional N = 4 Weyl multiplet does not contain vector fields, nor does it contain

a scalar field that could serve as the dilaton. In other words, there is no scalar which is a

R-symmetry singlet with a non-vanishing Weyl weight. In fact, it is also unclear at this point

how the SU(4) R-symmetry group of the four-dimensional theory emerges from the reduction

of the six-dimensional theory whose R-symmetry group is USp(4).

It turns out that as in the half-maximal case, the dimensional reduction of the N = (2, 0)

Weyl multiplet can also be seen to lead to an N = 4 Weyl multiplet and a vector multiplet in

1The off-shell counting corresponds to the number of field components minus the number of gauge trans-

formations.
2We are talking here about conformal supergravities, which possess standard Q-supercharges, as well as

special S-supercharges. By half-maximal theories, we mean those with eight Q-supercharges.
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four dimensions. The crucial difference with the half-maximal case is that the N = 4 vector

multiplet is on-shell, meaning that its fields satisfy certain two-derivative equations of motion

involving the Weyl fields as background fields [18]. As a result, it is no longer possible to

reason based on an off-shell counting of degrees of freedom carried by the sum of the two

multiplets. We will show however that by interpreting the vector multiplet field equations as

constraints for some of the auxiliary Weyl multiplet fields, the remaining set of independent

fields recombine into a single new N = 4 off-shell multiplet which indeed carries 128+128

degrees of freedom. In particular, the vector field and its dual are promoted to off-shell fields

in the process. An important point is that, in order to carry out this procedure, it is first

necessary to impose the following gauge-fixing condition on the N = 4 vector multiplet scalar

φij that transforms in the 6 of SU(4),

φij =
1

4
Ωijρ , (1.1)

where Ω[ij] = Ωij denotes the Sp(4,C) invariant tensor. The condition (1.1) breaks the SU(4)

R-symmetry group to USp(4) and the scalar ρ, which carries a non-vanishing Weyl weight,

is identified with the dilaton. Together with the vectors fields, it becomes part of the new

N = 4 off-shell multiplet which is therefore referred to as the N = 4 dilaton Weyl multiplet.

The latter makes direct contact with the T 2 reduction of the six-dimensional N = (2, 0)

Weyl multiplet. One of the main results of this paper is to establish the complete non-linear

dictionary between the D = 6 (2, 0) Weyl and the D = 4, N = 4 dilaton Weyl multiplet,

based on the comparison of their superconformal transformations rules.

This work presents the first example of a maximally supersymmetric dilaton Weyl multi-

plet. Its construction essentially follows the same logic as the one used to build dilaton Weyl

multiplets in the context of half-maximally supersymmetric theories. The main difference

here is the need to partially break the SU(4) R-symmetry group, by imposing the condition

(1.1) which has no analogue in the half-maximal constructions. The latter were carried out in

D = 6, N = (1, 0) [19], D = 5, N = 1 [20], and D = 4, N = 2 [21] conformal supergravities.

Other examples known as hyperdilaton Weyl multiplets, which were engineered using on-shell

hypermultiplets instead of vectors, have also been derived in D = 4 [22], and D = 5, 6 [23]

conformal supergravities.

In principle, dilaton Weyl multiplets can allow for new off-shell descriptions of (higher-

derivative) supersymmetric invariants. In D = 4 N = 4 conformal supergravity, the most

general class of off-shell invariants that can be constructed out of the standard Weyl multiplet

fields was derived in [13, 14]. These four-derivative invariants are characterized by an arbitrary

holomorphic function of the coset scalar fields, which in particular appears in front of the

leading Weyl tensor squared term. It would be interesting to understand if there exists other

N = 4 off-shell invariants, which could be constructed using the dilaton Weyl multiplet.

The plan of the paper is as follows. In section 2, we first review the field content of

the N = 4 Weyl and vector multiplet in four dimensions. We then discuss the R-symmetry

gauge-fixing and subsequently construct the dilaton Weyl multiplet. Section 3 presents the
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reduction of the six dimensional N = (2, 0) Weyl mutiplet on T 2. We then derive the non-

linear dictionary that relates its fields to those of the four-dimensional dilaton Weyl multiplet.

We conclude with a short discussion of potential future applications.

2 N = 4 conformal supergravity multiplets in four dimensions

N = 4 conformal supergravity in four spacetime dimensions is built upon the gauging of

the su(2, 2|4) superconformal algebra. Its bosonic subalgebra contains the generators of the

conformal group SU(2, 2) and of a chiral SU(4) R-symmetry. The fermionic generators

consist of sixteen ordinary Q-supercharges and sixteen special S-supercharges that appear

as the components of two sets of Majorana spinors whose chiral projections transform in the

(anti)fundamental representation of SU(4), labelled here with i = 1, . . . , 4. The chirality

gamma matrix in D = 4 is denoted by γ∗.

2.1 N = 4 Weyl multiplet

The gauge fields associated to the local N = 4 superconformal symmetries form, together

with various auxiliary fields, the so-called N = 4 Weyl multiplet. It is an off-shell multiplet,

whose construction was described in detail in [10]. Here, we only summarize the properties

of its various fields in Table 1, and refer to [12] for their supersymmetry transformations.

Among the auxiliary fields of the Weyl multiplet is an SU(1, 1) doublet of complex scalars

φα, with α = 1, 2, which plays a distinguished role for the dynamics of the theory (see for

instance [13]). These scalars have a vanishing Weyl weight w = 0, and satisfy the SU(1, 1)

invariant constraint

φαφ
α = 1 , where φα = ηαβ(φβ)

∗ , (2.1)

where ηαβ = diag(1,−1) is the SU(1, 1) invariant metric. Importantly, these scalars are also

subject to an additional local chiral U(1) transformation. Their chiral weights are given in

Table 1. This implies that the following SU(1, 1) element

U =

(
φ1 −φ2
φ2 φ1

)
. (2.2)

transforms under g ∈ SU(1, 1) and local U(1) as

U(x)→ g U(x)Ω(x) , (2.3)

with

Ω(x) =

(
e−iβ(x) 0

0 eiβ(x)

)
. (2.4)

The scalars φα can therefore be seen as coordinates on the coset space SU(1, 1)/U(1). We

will therefore refer to them as coset scalars. Note that they are the only fields of the Weyl
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Field Gauge symmetry Name/Restrictions SU(4) w c

Bosons

eµ
a Translations vierbein 1 −1 0

ωµ
ab local Lorentz spin connection 1 0 0

bµ Dilatations dilatational gauge field 1 0 0

Vµ
i
j SU(4) SU(4) gauge field; Vµ

i
i = 0 15 0 0

Vµi
j ≡ (Vµ

i
j)

∗ = −Vµji
fµ

a conformal boosts K-gauge field 1 1 0

aµ U(1) U(1) gauge field 1 0 0

φα φα φ
α = 1 , φ1 = φ∗1 , φ

2 = −φ∗2 1 0 −1
Eij Eij = Eji 10 1 −1
Tab

ij 1
2εabcdT

cdij = −Tabij 6 1 −1
Tab

ij = −Tabji
Dij

kl Dij
kl =

1
4ε

ijmnεklpqD
pq

mn 20′ 2 0

(Dkl
ij)

∗ = Dij
kl

Dij
kj = 0

Fermions

φµ i S-supersymmetry S-gauge field; γ∗ φµi = φµ‘i 4 1
2

1
2

ψµ
i Q-supersymmetry gravitini; γ∗ ψµ

i = ψµ
i 4 −1

2 −1
2

Λi γ∗Λi = Λi 4 1
2 −3

2

χk
ij γ∗χk

ij = χk
ij; χk

ij = −χk
ji 20 3

2 −1
2

χj
ij = 0

Table 1. Fields of the N = 4 Weyl multiplet. The last columns denote the Weyl weight w and the

chiral weight c. The former is the eigenvalue under the dilatation operator of the conformal symmetry

while the latter is the eigenvalue under the chiral U(1) appearing in (2.4).

multiplet that transform under SU(1, 1). For later purposes, we also define the following

combinations

Φ := φ1 + φ2 , ϕ := φ1 − φ2 . (2.5)

As in the pure conformal gravity case (see for instance [24]), not all of the gauge fields

appearing in Table 1 are independent fields. In particular, the gauge fields corresponding

to Lorentz transformations, conformal boosts and S-supersymmetry are expressed in terms

of the others through a set of conventional supercovariant constraints involving the various

curvatures [10, 12, 14]. The gauge field aµ associated to the U(1) factor of SU(1, 1)/U(1)

is also a dependent field, as is usual in coset space constructions. In the supersymmetry

transformation rules, the scalars φα only appear through the SU(1, 1) invariant (projection

of the) Maurer–Cartan form Pµ and its complex conjugate (Pµ)
∗ ≡ P̄µ that describe the

physical sector of the coset space. They read

Pµ = εαβφ
αDµφ

β , P̄µ = −εαβφαDµφβ , (2.6)

where Dµ denotes the fully supercovariant derivative which generally includes the connections

for local Lorentz, R-symmetry, dilatation, special conformal transformations, and Q- and S-

supersymmetry as well as the local U(1) symmetry. The SU(1, 1) invariant Levi–Civita tensor
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is defined as ε12 = ε12 = 1. The forms (2.6) satisfy the superconformal generalization of the

Maurer–Cartan equation

D[µPν] =
1

2
Λ̄iγ[µΛi Pν] + Λ̄iR(Q)µν i , (2.7)

and its complex conjugate. The expression of the supercovariant curvature tensor R(Q)µν i

associated to Q-supersymmetry can be found in [12]. The bar on fermions generally denotes

the Majorana conjugate. It is defined as

Λ̄i := ΛT
i c , (2.8)

where c is the (real antisymmetric) charge conjugation matrix. Note also that Table 1 only

displays the fermions of positive chirality. They are related to those of negative chirality

through charge conjugation,

Λi = (Λi)
C = iγ0c−1(Λi)

∗ . (2.9)

Throughout the paper we will use a (chiral) notation where in four dimensions complex

conjugation flips the position of the SU(4) indices, turning for instance the 4 of SU(4) into

the conjugate 4̄.

As mentioned in the introduction, what will be relevant in the relation to six-dimensional

N = (2, 0) conformal supergravity is not the standard four-dimensional N = 4 Weyl multiplet

presented here, but a variant that is usually referred to as the dilaton Weyl multiplet. In

order to construct the latter, we will take a cue from the construction of such multiplets

in less supersymmetric cases in six, five and four dimensions [19–21]. There, it is obtained

by coupling a vector multiplet to conformal supergravity, and by subsequently using the

equations of motion of the vector multiplet to trade some of the auxiliary fields of the Weyl

multiplet for fields of the vector multiplet. In particular the dual of the vector field gets

promoted to an independent field in the process, and becomes part of the off-shell dilaton

Weyl multiplet. The procedure for the four-dimensional N = 4 case will be carried out

explicitly in section 2.4.

2.2 N = 4 vector multiplet

The N = 4 vector multiplet in four-dimensional flat space was originally constructed in [25].

When coupled to N = 4 conformal supergravity, its various fields transform under the local

superconformal symmetries described in the beginning of the section. We list the vector

multiplet fields, together with their weights under dilatation and chiral U(1) transformation

in Table 2. Their supersymmetry transformations, which involve the fields of the N = 4 Weyl

multiplet, are given in [18].

The vector multiplet is an on-shell multiplet, i.e. the superconformal algebra only closes

on its fields modulo their equations of motion. In the following we denote the associated

two-derivative Lagrangian density, which was constructed in [18], by L. This Lagrangian also
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Field Type Properties SU(4) w c

Aµ Boson Vector gauge field 1 0 0

ψi Fermion γ∗ψi = −ψi 4̄ 3
2 −1

2

φij Boson φij = (φij)
∗ = −1

2 ε
ijklφkl 6 1 0

Table 2. Fields of the N = 4 vector multiplet.

involves the Weyl mutiplet fields which appear as non-propagating background fields. Here,

we will only recall the field equations of the vector multiplet, as they directly play a role

in the construction of the N = 4 dilaton Weyl multiplet. The equation of motion and the

Bianchi identity for the vector field Aµ can respectively be written as

Da(G
+ab −G−ab) = 0 , (2.10)

Da(F
+ab − F−ab) = 0 , (2.11)

in terms of the supercovariant field strength Fµν and its dual Gµν . In tangent space, the

former reads

Fab = 2 e[a
µeb]

ν∂µAν −
[
Φ
(
ψ̄i
[aγb]ψi − ψ̄i

aψ
j
bφij + ψ̄i[aγb]Λjφ

ij
)
+ h.c

]
, (2.12)

while the dual field strength is defined through the Lagrangian L as

Gab :=
i

e
εabcd

δL
δFcd

, (2.13)

where e denotes the determinant of the vierbein. We use εabcd = iǫabcd, where ǫabcd is the

completely antisymmetric standard Levi–Civita symbol in four dimensions with signature

(−+++) that satisfies ǫ0123 = 1. The superscripts +(−) appearing in (2.10) and (2.11) denote

the self-dual (anti-selfdual) projection of the field strengths. For an arbitrary antisymmetric

tensor tab, these projections are defined as

t±ab ≡
1

2

(
tab ±

1

2
εabcd t

cd

)
. (2.14)

Note that if tab is real, complex conjugation implies (t±ab)
∗ = t∓ab. Hence, the field equa-

tion (2.10) and the Bianchi identity (2.11) are purely imaginary. From the expression of the

Lagrangian given in [18], it follows that

G+
ab =

2i

e

δL
δF+

ab

= −iϕ
Φ
F+
ab +

i

2Φ
Λ̄iγabψi −

2i

Φ
Tabijφ

ij , (2.15)

where the scalar combinations Φ and ϕ were defined in (2.5). The expression of G−
ab directly

follows from complex conjugation of (2.15). The rigid SU(1, 1) transformations that we
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discussed earlier leave the combined set of equations (2.10) and (2.11) invariant. Their action

on the field strength and its dual is more conveniently described in terms the SU(1, 1) doublet

Fab;α, whose components read

Fab;1 :=
1

2
(iGab − Fab) , Fab;2 :=

1

2
(iGab + Fab) . (2.16)

The transformation reads
(
Fab;1

Fab;2

)
→ g

(
Fab;1

Fab;2

)
, (2.17)

where the action of g ∈ SU(1, 1) on the coset scalars is given by (2.3). As a result, the

following combination of coset scalars and field strengths is manifestly SU(1, 1) invariant

F̃ab := εαβφαFab;β . (2.18)

The complex conjugate reads (F̃ab)
∗ = φαFab;α.

Let us now move to the equations of motion for the gaugino ψi and the scalar field φij .

For the gaugino we have

/Dψi +
1

4
γ · F̃ Λi +

1

2
Eijψ

j − 1

4
εijklγ · T jkψl

− χ kl
i φkl +

1

6
φijE

jkΛk +
1

3
/̄PφijΛ

j − 1

8
γaψjΛ̄iγ

aΛj = 0 , (2.19)

where for any vector va, we use the notation /v = γava and for any antisymmetric tensor tab,

we use γ · t = γabtab. Because Λi has positive chirality, the above equation only contains

the projection to the anti-selfdual part F̃− of the SU(1, 1) invariant (2.18). The scalar field

equation reads

�φij − (Tij · F̃ −
1

2
εijklT

kl · F̃ ) + (χ̄k
ijψk −

1

2
εijklχ̄

kl
m ψm)

+
1

2
Dkl

ijφkl −
1

6
(2ψ̄[i /PΛj] − εijklψ̄k /̄PΛl)− 1

12
(2Λ̄kψ[iEj]k − εijklΛ̄mψ

kElm)

− 1

12
φijEklE

kl +
1

3
φijPaP̄

a +
1

12
φij(Λ̄

k /DΛk + Λ̄k /DΛk) +
1

8
φijΛ̄

kΛlΛ̄kΛl = 0 . (2.20)

Note that both (2.19) and (2.20) only depend on the coset scalars via Pa and F̃ and are

therefore manifestly SU(1, 1) invariant.

2.3 Gauge fixing the R-symmetry group

Before moving on to the derivation of the dilaton Weyl multiplet, we need to address an

important point related to the SU(4) R-symmetry group of N = 4 conformal supergravity.

As announced in the introduction, we will show in section 2 that the N = 4 dilaton Weyl

multiplet directly arises from the dimensional reduction of the six-dimensional N = (2, 0)

Weyl multiplet. Since the six-dimensional R-symmetry is USp(4), we anticipate here that
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it will be necessary to break the four-dimensional SU(4) R-symmetry group to its USp(4)

subgroup in order to construct the dilaton Weyl multiplet. Note that this is a feature which

is absent in the constructions of half-maximally supersymmetric dilaton Weyl multiplets [19–

23]. In these cases, the same R-symmetry group is indeed realized on both the standard Weyl

and the dilaton Weyl multiplet.

Let us then now discuss the gauge-fixing of the SU(4) R-symmetry to USp(4). We recall

that USp(4) is given as an intersection of Lie groups as USp(4) ≡ Sp(4,C) ∩ SU(4).3 Hence

apart from the invariant tensors εijkl and δji of SU(4), it also has another invariant tensor

Ωij coming from Sp(4,C) which is an anti-symmetric 4× 4 matrix that we take as,

Ωij =

(
02×2 12×2

−12×2 02×2

)
. (2.21)

Its inverse Ωij is defined via the following relation

ΩijΩ
kj = δki . (2.22)

The SU(4) invariant εijkl and the Sp(4,C) invariant Ωij are related inside USp(4) by

εijkl = −ΩijΩkl +ΩikΩjl − ΩjkΩil . (2.23)

The vector multiplet field φij , which transforms in the 6 of SU(4), decomposes into a field

φ̊ij in the 5 of USp(4) and a USp(4) singlet ρ,

φij = φ̊ij +
1

4
Ωijρ . (2.24)

Hence φ̊ij is Ω-traceless, i.e Ωijφ̊
ij = 0, and ρ = Ωijφ

ij. The reality condition on φij (see

Table 2), and the relation between the USp(4) invariants given in (2.23) imply that φ̊ij
satisfies the same reality condition and that ρ is real. Let us now gauge fix SU(4) to USp(4)

by setting

φ̊ij = 0 . (2.25)

This gauge fixing condition is not preserved by Q-supersymmetry transformations, which

therefore have to be appropriately redefined by a compensating SU(4) transformation,

δnewQ (ǫ) := δQ(ǫ) + δSU(4)

(
k(ǫ)ij

)
. (2.26)

The field dependent parameter k(ǫ)ij is determined by requiring δnewQ φ̊ij = 0. It reads

k(ǫ)ij =
1

ρ
Ωik

(
ǭ[jψk] −

1

2
εjklmǭ

lψm − Ω-trace

)

= −1

ρ
Ωjk

(
ǭ[iψk] − 1

2
εiklmǭlψm − Ω-trace

)
, (2.27)

3At the level of Lie algebras we also note the isomorphism usp(4) ∼= so(5), implying for instance that the

5 representation of USp(4) is real.
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and sits in the 5 of USp(4) because of the subtraction of the Ω-trace. For any object Oij

carrying a pair of antisymmetric indices, the substraction of the Ω-trace is given by

Oij − Ω-trace = Oij −
1

4
ΩijΩ

klOkl . (2.28)

The subtraction of the δ-trace, which will appear later on, is instead defined for any object

Oi
j carrying a pair of up and down indices as

Oi
j − δ-trace = Oi

j −
1

4
δijO

k
k . (2.29)

In the following, we will consistently work with the redefined transformations (2.26) and drop

the superscript ‘new’.

Now let us decompose the SU(4) adjoint gauge field Va
i
j into fields transforming in the

10⊕ 5 of USp(4) as

Va
i
k Ω

jk =: V (ij)
a + V [ij]

a . (2.30)

V
(ij)
a will play the role of the USp(4) gauge field. On the other hand, V

[ij]
a which is in

the 5 of USp(4) should become a supercovariant field. However, due to the compensating

SU(4) transformation in (2.26), the new Q-supersymmetry transformation of V
[ij]
a involves

terms proportional to ∂µǫ. These non-covariant terms can be absorbed into the following

redefinition of V
[ij]
a ,

Xa
ij := V [ij]

a − 1

2
k(ψa)

[i
kΩ

j]k , (2.31)

where the notation k(ψa) denotes the compensating parameter defined in (2.27) in which the

supersymmetry parameter ǫi is replaced by the gravitino ψi
a. The redefined field Xa

ij will be

the one appearing in the dilaton Weyl multiplet as a supercovariant auxiliary field. In the

following, we will then simply use V ij
a to denote the USp(4) gauge field V

(ij)
a without causing

confusion. Note finally that the supercovariant derivative of a field decomposes into a new

supercovariant derivative Dnew
a , which is covariant with respect to the new Q-supersymmetry

and USp(4), plus some supercovariant terms that depend on Xij
a . For instance for the gaugino

ψi appearing in Table 2, and its complex conjugate ψi, we have

Daψi = Dnew
a ψi +Xa

jkψj Ωki , (2.32a)

Daψ
i = Dnew

a ψi −Xa
ijψk Ωjk . (2.32b)

In the following sections, only Dnew
a will appear and we will again consistently drop the ‘new’

superscript for convenience.

2.4 N = 4 dilaton Weyl multiplet

Once the SU(4) gauge fixing condition (2.25) has been imposed, the equations of motion

for the vector multiplet that were presented in Section 2.2 decompose according to certain
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USp(4) representations. This allows us to interpret these equations as constraints for some

of the components of the auxiliary Weyl multiplet fields which then become composite. The

remaining independent fields, including those of the vector multiplet, are ultimately gathered

into a single new off-shell multiplet that is called the dilaton Weyl multiplet. We describe

this procedure in detail below.

Consider first the auxiliary bosonic field Dij
kl of the Weyl multiplet which transforms in

the 20′ of SU(4). It decomposes into

Dij
kl =D̊

ij
kl +ΩijD̊kl − ΩklΩ

imΩjnD̊mn +ΩijΩklD̊ −
2

3
δ
[i
k δ

j]
l D̊ , (2.33)

where the fields D̊ij
kl, D̊ij and D̊ transform in the 14, 5 and 1 of USp(4), respectively, and

satisfy the following identities under complex conjugation

(
D̊ij

kl

)∗
= D̊kl

ij =
1

4
εijmnε

klpqD̊mn
pq = ΩkpΩlq ΩimΩjnD̊

mn
pq , (2.34a)

(
D̊ij

)∗
= −1

2
εijklD̊kl = −ΩikΩjlD̊kl , (2.34b)

D̊∗ = D̊ . (2.34c)

Let us now rewrite the scalar field equation of motion (2.20) by taking into account the

gauge-fixing condition (2.25). This leads to

1

4
Ωij �ρ−DaρX

akl ΩikΩjl −
1

2
ρDaX

akl ΩikΩjl + ρXkl
a X

amn ΩkmΩilΩjn

− (Tij · F̃ −
1

2
εijkl T

kl · F̃ ) + (ψ̄kχ
k
ij −

1

2
εijkl ψ̄

mχ kl
m )

+
1

2
ρ

(
D̊ij +

5

6
ΩijD̊

)
− 1

6
(2ψ̄[i /PΛj] − εijkl ψ̄k /̄PΛl)− 1

12
(2Λ̄kψ[iEj]k − εijkl Λ̄mψ

kElm)

− 1

48
ρEklE

kl Ωij +
1

12
ρPaP̄

aΩij +
1

48
ρΩij(Λ̄

k /DΛk + Λ̄k /DΛk − 2Λ̄k /X
kl
ΛmΩlm)

+
1

32
ρΩijΛ̄

kΛlΛ̄kΛl = 0 . (2.35)

We recall that all derivatives now include a covariantization with respect to the new Q-

supersymmetry transformations (2.26) and USp(4). We can now use projections of the above

equation onto the 5 and 1 of USp(4) to respectively eliminate D̊ij and D̊. Note that the field

D̊ij
kl simply dropped out in the field equation (2.20) as a result of the gauge-fixing (2.25). It

therefore remains as an independent field of the dilaton Weyl multiplet and we now simply

relabel it as Dij
kl.

Let us now consider the auxiliary fermion χk
ij of the Weyl multiplet which transforms

in the 20 of SU(4). It decomposes into the Ω-trace (χ̊k) and Ω-trace-free (χ̊k
ij) parts which

respectively transform in the 4 and 16 of USp(4),

χk
ij = χ̊k

ij +
1

4
Ωijχ̊k +

1

6
δ
[i
kΩ

j]lχ̊l . (2.36)
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In the gauge (2.25), the equation of motion (2.19) for the vector multiplet gaugino ψi takes

the form

/Dψi + /X
jk
ψjΩki +

1

4
γ · F̃Λi +

1

2
Eijψ

j − 1

4
εijklγ · T jkψl

− 5

24
ρχ̊i +

1

6
ΩijρE

jkΛk −
1

3
/̄PΩijρΛ

j − 1

8
γaψjΛ̄iγ

aΛj = 0 . (2.37)

It can be used to eliminate the Ω-trace part χ̊k from the off-shell multiplet in favor of the

gaugino. Once again, the Ω-traceless part χ̊k
ij remains as an independent field of the dilaton

Weyl multiplet and we again simply relabel it as χk
ij.

The only equation of motion that is left to be considered is the vector field equation (2.10),

which can be written as

D[aGbc] = 0 . (2.38)

Following the logic of previous dilaton Weyl multiplet constructions [19–21], we now treat it

as a Bianchi identity for the supercovariant field strength Gab. In other words, we promote

Gab to an independent field strength that derives from a new gauge field Bµ. This means

that we now have

Gab = 2 e[a
µeb]

ν∂µBν + gravitino terms . (2.39)

The next step is to interpret the equation (2.15) as a constraint that can be used to eliminate

the Ω-trace part of the auxiliary field Tabij (and Tab
ij) in favor G+

ab (and G
−
ab). To proceed, let

us first decompose these auxiliary fields into the 5 (Ω-traceless) and 1 (Ω-trace) of USp(4)

as follows

Tabij = T̊abij +
1

4
ΩijT̊

+
ab , (2.40a)

Tab
ij = T̊ab

ij +
1

4
ΩijT̊−

ab . (2.40b)

The constraint (2.15) and its complex conjugate then lead to

T̊+
ab =

2

ρ

[
iΦG+

ab − ϕF+
ab +

1

2
Λ̄iγabψi

]
=

4

ρ

[
F+
ab;αφ

α +
1

2
Λ̄iγabψi

]
, (2.41a)

T̊−
ab =

2

ρ

[
−iΦ∗G−

ab − ϕ∗F−
ab +

1

2
Λ̄iγabψ

i

]
=

4

ρ

[
εαβF−

ab;αφβ +
1

2
Λ̄iγabψ

i

]
, (2.41b)

where the SU(1, 1) doublet Fab;α was defined in (2.16). This allows us to trade-off the off-shell

field T̊±
ab for the field strength G±

ab. As a result, the two vector fields Aµ and Bµ are promoted

to off-shell fields, and they both become part of the dilaton Weyl multiplet. In the following,

we will once again relabel the remaining components T̊ab
ij and T̊abij as Tab

ij and Tabij .

Let us now introduce the SU(1, 1) covariant gauge field Aµ;α that is associated with the

field strength Fab;α. Its components are given by

Aµ;1 := −
1

2
(Aµ − iBµ) , Aµ;2 := − (Aµ;1)

∗ , (2.42)

– 12 –



and therefore satisfy (Aµ;α)
∗ = εαβη

βγAµ;γ . Under g ∈ SU(1, 1), they must transform as

(
Aµ;1

Aµ;2

)
→ g

(
Aµ;1

Aµ;2

)
, (2.43)

in order to be consistent with the transformation (2.17) of Fab;α. Since SU(1, 1) commutes

with supersymmetry, the property (2.43) and the knowledge of the supersymmetry variation

of Aµ(which can be found in [18]), allows us to directly compute the supersymmetry variation

of Bµ. The result is presented below in (2.44e). Note that the supersymmetry variation of

Bµ can also be extracted from the variation of Gab, which can itself be computed from the

constraints (2.41). The supercovariance of the Ansatz (2.39) for Gab indeed implies that in

its variation, all the terms that contain a spacetime derivative acting on the fields (including

the curvatures) originate from the variation of Bµ.

We have now treated all the equations of motion of the vector multiplet as constraints

for some of the components of the auxiliary Weyl mulitplet fields. The remaining set of

independent fields is summarized in Table 3, and defines the off-shell N = 4 dilaton Weyl

multiplet. Its supersymmetry transformations can be directly computed from the supersym-

metry transformations of the standard Weyl and vector multiplets, by taking into account

the SU(4) compensating transformation (2.26) due to the R-symmetry gauge-fixing. The

supersymmetry transformations of the dilaton Weyl multiplet fields then read,

δeaµ = ǭiγaψµi + h.c. , (2.44a)

δψi
µ = 2Dµǫ

i − 2X ik
µ Ωkjǫ

j − 1

2
γab
(
T ij
ab +

1

4
ΩijT̊−

ab

)
γµǫj + εijklψ̄µjǫkΛl

+ k(ǫ)ijψ
j
µ − k(ψµ)

i
jǫ

j , (2.44b)

δbµ =
1

2
ǭiφµi + h.c. , (2.44c)

δV ij
µ = ǭ(iφµkΩ

j)k + ǭsγµχ
(i
skΩ

j)k − 1

2
εklsnE

l(iΩj)kǭsψn
µ −

1

6
El(iǭkγµΛlΩ

j)k

+
1

3
ǭ(iγµ /PΛkΩ

j)k − 1

4
Ωk(iεj)slnT ab

lk ǭsγabγµΛn

+
1

4
Ωk(iεj)slpεktnpǭ

tγaψµsΛ̄lγ
aΛn + h.c. , (2.44d)

δAµ;α = εβαφ
β
(
ǭiγµψi−2ρǭiψj

µΩij+ρǭiγµΛjΩ
ij
)

− φα
(
ǭiγµψ

i−2ρǭiψµ jΩ
ij+ρǭiγµΛ

jΩij

)
, (2.44e)

δρ =
1

2
Ωij ǭiψj + h.c. , (2.44f)

δφα = ǭiΛ
iεαβφβ , (2.44g)
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Field Gauge symmetry Name/Restrictions USp(4) w c

Bosons

eµ
a Translations vierbein 1 −1 0

ωµ
ab local Lorentz spin connection 1 0 0

bµ Dilatations dilatational gauge field 1 0 0

Vµ
ij USp(4) USp(4) gauge field; Vµ

ij = Vµ
ji 10 0 0

Vµij ≡ (V ij
µ )∗ = Vµ

klΩikΩjl

fµ
a conformal boosts K-gauge field 1 1 0

aµ U(1) U(1) gauge field 1 0 0

Aµ;α U(1) U(1) gauge fields, SU(1,1) doublet α = 1, 2 1 0 0

Xa
ij Xa

ij = −Xa
ji, ΩijXa

ij = 0 5 1 0

Xaij ≡ (Xij
a )∗ = −Xa

klΩikΩjl

ρ ρ = ρ∗ 1 1 0

φα φα φ
α = 1 , φ1 = φ∗1 , φ

2 = −φ∗2 1 0 −1
Eij Eij = Eji 10 1 −1
Tab

ij 1
2εab

cdTcd
ij = −Tabij 5 1 −1

Tab
ij = −Tabji, ΩijTab

ij = 0

Dij
kl Dij

kl =
1
4ε

ijmnεklpqD
pq

mn = ΩimΩjnΩkpΩlqD
pq

mn 14 2 0

Dkl
ij ≡ (Dkl

ij)
∗ = Dij

kl

Dij
kj = 0, ΩijD

ij
kl = ΩklDij

kl = 0

Fermions

φµ i S-supersymmetry S-gauge field; γ∗ φµi = φµi 4 1
2

1
2

ψµ
i Q-supersymmetry gravitini; γ∗ ψµ

i = ψµ
i 4 −1

2 −1
2

Λi γ∗Λi = Λi 4 1
2 −3

2

χk
ij γ∗χk

ij = χk
ij ; χk

ij = −χk
ji 16 3

2 −1
2

χj
ij = 0, Ωijχk

ij = 0

ψi γ∗ψi = −ψi 4 3
2 −1

2

Table 3. Fields of the N = 4 dilaton Weyl multiplet.

δψi = −
1

2
γabǫiF̃

ab+ − 2Ωij( /Dρ)ǫ
j + 4ρXa ijγ

aǫj + ρEijΩ
jkǫk +

1

2
Λ̄jψ

jǫi − Λ̄iψ
jǫj

+
1

2
ρΩklΛ̄

lγaΛiγ
aǫk − kki(ǫ)ψk , (2.44h)

δΛi =− 2 /̄P ǫi + Eijǫ
j +

1

2
εijkl

(
T kl
ab +

1

4
ΩklT̊

−
ab

)
γabǫj − k(ǫ)ki Λk , (2.44i)

δX ij
a = ǭsγaχ

[i
skΩ

j]k − 1

6
El[iǭkγaΛlΩ

j]k +
1

3
ǭ[iγa /PΛkΩ

j]k

− 1

4
εsln[iǭs

(
Tcd lk +

1

4
ΩlkT̊

+
cd

)
γcd γaΛnΩ

j]k +
2

ρ
Ωs[iǭkψsX

j]k
a (2.44j)

− 1

2
εijklǭkDa

(
ψl

ρ

)
+

1

8
εijklǭmγaγ

bcψl

(
Tbcmk +

1

4
ΩmkT̊

+
bc

)
− Ω-trace− h.c. ,

δEij = 2ǭ(i /DΛj) + 2Ωl(j ǭi) /X
kl
Λk − 2ǭkχ(i

mnεj)kmn + ǭkχ̊(iΩj)k − Λ̄iΛj ǭkΛ
k + 2Λ̄kΛ(iǭj)Λ

k

− 2 k(ǫ)k(iEkj) , (2.44k)
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δT ij
ab = 2ǭ[iR(Q)

j]
ab +

1

2
ǭkγabχk

ij +
1

4
εijklǭkγ

cγabDcΛl +
1

4
εijklǭkγ

cγabΛmXc
mnΩnl

− 1

6
Ek[iǭj]γabΛk +

1

3
ǭ[iγab /̄PΛ

j] + 2 k(ǫ)[ik T
kj]

ab − Ω-trace , (2.44l)

δχk
ij = − 1

2
γab
(
/DT ij

ab

)
ǫk − γabΩml /X

l[i
Tab

j]mǫk − γabΩklR(V )
l[i

ab ǫj] − 2ΩklDaXb
l[iγabǫj]

+ 2Xa
l[iXblkγ

abǫj] − 1

2
εijlm

(
/DEkl

)
ǫm − εijlmΩp(lEk)n /X

np
ǫm +Dij

klǫ
l

− 1

6
εklmnE

l[iγab(T
j]n

ab ǫm + T mn
ab ǫj] +

1

4
Ωj]nT̊−

abǫ
m +

1

4
ΩmnT̊−

abǫ
j]) +

1

2
EklE

l[iǫj]

− 1

2
εijlm /̄Pγab

(
T ab

kl +
1

4
ΩklT̊

ab+

)
ǫm +

1

4
γaǫn(2ε

ijlnχ̄m
lk − εijlmχ̄n

lk)γaΛm

+
1

4
ǫ[i
(
2Λ̄j] /DΛk + Λ̄k /DΛj]

)
+

1

4
ǫ[i
(
2Λ̄j] /X

lm
ΩmkΛl − Λ̄k /X

j]m
ΩmlΛ

l
)

− 1

4
γabǫ[i(2Λ̄j]γaDbΛk − Λ̄kγaDbΛ

j])− 1

4
γabǫ[i(2Λ̄j]γaXb

lmΩmkΛl + Λ̄kγaXb
j]mΩmlΛ

l)

− 5

12
εijlmΛmǭl(EknΛ

n − 2/PΛk) +
1

12
εijlmΛmǭk(ElnΛ

n − 2/PΛl)

− 1

2
γabT

l[i
ab γcǫ[kΛ̄

j]γcΛl] −
1

2
γabT ij

ab γcǫ[kΛ̄
lγcΛl] +

1

2
ǫ[iΛ̄j]ΛmΛ̄kΛm

− k(ǫ)tk χt
ij − 2 k(ǫ)[it χk

j]t − Ω-trace − δ-trace , (2.44m)

δDij
kl = − 4ǭ[i /Dχ

j]
kl + 4ǭ[i /X

j]n
Ωnmχ

m
kl − 8ǭ[iγaχj]

m[kXa
mnΩl]n

+ εklmnǭ
[i

(
−1

2
γabγcΛj]←→DcT

mn
ab − 1

2
γab /X

j]q
ΩqpΛ

pTab
mn − γabγcΛj]Tab

npXc
mqΩqp

−2Ej]pχp
mn +

1

3
Ej]mEnpΛp −

2

3
Ej]n /̄PΛm +

1

2
γabΛpΛ̄

j]ΛpT mn
ab

)

+ εijmnǭpT ab
kl (2Tab npΛm + TabmnΛp)− 2Λ̄[iγaΛmǭ

j]γaχm
kl

+ ǭ[i
(
2 /̄P γabT

ab
klΛ

j] +
2

3
Λ[kEl]mΛ̄j]Λm +

1

6
γab /PΛj]Λ̄kγabΛl

)

− 2 k(ǫ)[itD
j]t

kl + 2 k(ǫ)t[kD
ij
l]t + h.c.− Ω-trace− δ-trace , (2.44n)

Note that in the above transformation rules, T̊±
ab and χ̊i are still appearing in several places.

These are now composite fields whose expressions in terms of the fundamental fields of the

dilaton Weyl multiplet can be straightforwardly extracted from (2.41) and (2.37). We chose

not to substitute them here for the sake of brevity. Note also that the other composite fields

D̊ij and D̊, whose expressions follow from (2.35), simply drop out from the supersymmetry

transformations. The subtraction of the Ω- and δ-traces that appear in some the above

transformations were defined in (2.28) and (2.29), while the expression of the compensating

SU(4) transformation parameter k is given by (2.27). Let us also define the the Hermitian

conjugation that appears above. For a generic term with n upper andm lower USp(4) indices,
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denoted here schematically by φi1i2···inj1j2···jm
, we have,

φi1i2···inj1j2···jm
± h.c. = φi1i2···inj1j2···jm

± Ωi1k1 · · ·ΩinknΩj1l1 · · ·Ωjmlm(φ
k1k2···kn
l1l2···lm

)† , (2.45)

where we recall that with our chiral notation (φk1k2···knl1l2···lm
)† = φl1l2···lmk1k2···kn

.

The SU(1, 1) invariant F̃ab appearing in the variation (2.44h) was defined in (2.18). It

combines the coset scalars φα together with the supercovariant field strength Fab;α. The

complete expression of the latter can be determined from the supersymmetry transformation

(2.44e) of the associated gauge field Aµ;α, and is given by

Fab;α = 2 eµae
ν
b∂[µAν];α + εαβφ

β
(
ψ̄i
[aγb]ψi − ρψ̄i

aψ
j
bΩij + ρψ̄i[aγb]ΛjΩ

ij
)

+ φα

(
ψ̄i[aγb]ψ

i − ρψ̄aiψbjΩ
ij + ρψ̄i

[aγb]Λ
jΩij

)
. (2.46)

This is in line with the Ansatz (2.39) for the field strength Gab, and with the SU(1, 1) transfor-

mations (2.17), (2.43) and (2.3). The supersymmetry transformations (2.44) also involve the

supercovariant curvatures R(Q)iab and R(V )ab
ij , which are associated to Q-supersymmetry

and USp(4) R-symmetry. Their expressions can again be deduced from the supersymmetry

transformations of the corresponding gauge fields, and read

R(V )ab
ij = 2eµae

ν
b∂[µV

ij
ν] − 2V ik

[a V
jl
b] Ωkl

+

[
−ψ̄(i

[aφb]kΩ
j)k − ψ̄s

[aγb]χ
(i
skΩ

j)k +
1

4
εklsnE

l(iΩj)kψ̄s
aψ

n
b +

1

6
E(ilψ̄k[aγb]ΛlΩ

j)k

− 1

3
ψ̄
(i
[aγb] /PΛkΩ

j)k − 1

4
ε(islnTcdlk ψ̄s[aγ

cdγb]ΛnΩ
j)k

+
1

8
ε(islpεktnpψ̄

t
[aγ

cψb]sΛ̄lγaΛ
nΩj)k + h.c.

]
, (2.47)

R(Q)iab = 2eµae
ν
bD[µψ

i
ν] − γ[aφib] − 2Xik

[aψ
j
b]Ωkj −

1

2
γcd
(
Tcd

ij +
1

4
ΩijT̊−

cd

)
γ[aψb]j

+
1

2
εijklψ̄ajψbkΛl − k(ψ[a)

i
jψ

j
b] . (2.48)

Note that the dependent S-supersymmetry gauge field φµ i, which in particular appears in the

transformations (2.44c) and (2.44d), is determined via the curvature constraint γaR(Q)iab = 0.

To conclude this section, we present the (non-vanishing) S-supersymmetry transforma-

tion, with parameter ηi, of the dilaton Weyl multiplet fields,

δψi
µ = − γµηi , (2.49a)

δbµ = − 1

2
ψ̄i
µηi + h.c. , (2.49b)

δV ij
µ = − ψ̄(i

µ ηkΩ
j)k + h.c. , (2.49c)

δψi = − 2ρΩijη
j , (2.49d)

δX ij
a = − 1

2ρ

(
η̄[iγaψ

j] − 1

2
εijklη̄kγaψl − Ω-trace

)
, (2.49e)
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δEij = 2η̄(iΛj) , (2.49f)

δT ij
ab = − 1

4
εijklη̄kγabΛl − Ω-trace , (2.49g)

δχk
ij =

1

2
T ij
ab γabηk −

1

2
εijlmEklηm −

1

4
Λ̄kγ

aΛ[iγaη
j] − Ω-trace − δ-trace . (2.49h)

Note that the SU(4) gauge-fixing condition (2.25) is inert under S-supersymmetry, so that

there is no compensating transformation needed. The equations above follow directly from

the Weyl and vector multiplet expressions with the exception of δXa
ij for which one has to

use the definition (2.31).

Let us finally point out that the existence of the N = 4 dilaton Weyl multiplet, which only

realizes an USp(4) R-symmetry, might appear in contradiction with Nahm’s classification of

rigid superconformal algebras [26]. The latter indeed always involve an SU(4) R-symmetry

group. Upon closer inspection however, one can show that the rigid limits of the soft super-

conformal algebras4 which are realized on dilaton Weyl multiplets lead to Poincaré (rather

than superconformal) superalgebras, and therefore do not conflict with Nahm’s classification.

This was discussed for the case of five-dimensional N = 2 conformal supergravity in [27].

3 Dimensional reduction from six dimensions

In this section, we relate the fields of the four-dimensional dilaton Weyl multiplet to those of

the six-dimensional Weyl multiplet after a Kaluza–Klein truncation on T 2. Such a truncation

means that all the fields are taken to be independent of the T 2 coordinates. The dictionary

between the fields is first established at the linear level by considering the transformations

of the fields under the various bosonic symmetries. In a second subsection, we provide the

complete non-linear relations between the four and six-dimensional fields by matching their

off-shell suspersymmetry transformations.

3.1 Reduction of six-dimensional Weyl multiplet

The six-dimensional N = (2, 0) Weyl multiplet is based on the gauging of the superconformal

algebra OSp(8∗|4). It is an off-shell multiplet whose detailed construction can be found in

[15]. Similar to the four-dimensional N = 4 Weyl multiplet, it contains the gauge fields

that are associated with the gauge symmetries as well as various auxiliary fields. As usual,

some of the gauge fields are dependent, and can be expressed in terms of the other fields

through supercovariant curvature constraints. The independent fields of the N = (2, 0) Weyl

multiplet and their properties are summarized in Table 4. In six dimensions, the R-symmetry

group is USp(4) such that the i, j indices still run from 1 to 4. All the bosonic fields are

real, while all the spinors are USp(4) symplectic Majorana spinors that moreover satisfy

definite properties with respect to the six-dimensional chirality matrix Γ∗. We use M,N, . . .

and A,B, . . . for the six-dimensional spacetime and tangent space indices, respectively. The

4We recall that soft algebras are the ones appearing in (conformal) supergravities theories and for which

the structure constants are field-dependent.
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infinitesimal transformations of the various fields under Q-supersymmetry (with a parameter

ǫ̂i) and S-supersymmetry (with a parameter η̂i), are given by5

δêM
A = − 1

2
¯̂ǫi ΓAψ̂M i , (3.1a)

δb̂M = − 1
2
¯̂ǫi φ̂M i +

1

2
¯̂η
i
ψ̂M i , (3.1b)

δψ̂
i

M = D̂M ǫ̂
i − 1

24 T̂
ij

ABCΓ
ABCΓM ǫ̂j − ΓM η̂

i , (3.1c)

δV̂
ij

M = − 4¯̂ǫ
(i
φ̂
j)

M + 4
15
¯̂ǫkΓM χ̂

(i,j)k − 4¯̂η
(i
ψ̂

j)

M , (3.1d)

δT̂
ij

ABC = 1
8
¯̂ǫ
[i
ΓDEΓABC R̂(Q)

j]
DE − 1

15
¯̂ǫ
k
ΓABC χ̂k

ij −Ω-trace , (3.1e)

δχ̂k
ij =− 5

32D̂M T̂
ij

ABC ΓABCΓM ǫ̂k − 15
16Γ

MNR̂(V )MN k
[i ǫ̂j] − 1

4D̂
ij
kl ǫ̂

l

+ 5
8 T̂

ij

ABCΓ
ABC η̂k − Ω-trace− δ-trace , (3.1f)

δD̂
ij,kl

=2¯̂ǫ
[i /̂Dχ̂j],kl + 4¯̂η

[i
χ̂j],kl + (ij ↔ kl)− Ω-traces , (3.1g)

where the bar on the supersymmetry parameters denotes the Majorana conjugate (see sub-

section 3.1.3 for the definition). The field φ̂
i

M that appears in (3.1b) is the gauge field

associated with the six-dimensional S-supersymmetry. It is a dependent field which is deter-

mined through the supercovariant curvature constraint ΓMR̂(Q)iMN = 0, and whose explicit

expression can be found in [15]. The fully supercovariant derivative D̂M generally includes

the connections for local Lorentz, USp(4) R-symmetry, dilatation, special conformal trans-

formations, and Q- and S-supersymmetry

As mentioned before, the goal of this section is to study the dimensional reduction of the

six-dimensional N = (2, 0) Weyl multiplet on the two-dimensional torus.

Note on notation: We use bold hatted symbols for the fields of the six-dimensional

Weyl multiplet and bold symbols for the four-dimensional fields arising after reduction. The

latter will ultimately be related to the fields of the four-dimensional dilaton Weyl multiplet

constructed in Section 2, for which we will use a standard font. Furthermore, in six dimen-

sions, the USp(4) indices are raised and lowered using the invariant tensor Ωij. We have for

instance,

ψ̂
i

M = Ωijψ̂M j and ψ̂M i = ψ̂
j

MΩji . (3.2)

Note that in six dimensions we are not using a chiral notation for the fields (unlike in four

dimensions), so that the raising and lowering of indices in this way should not cause confusion.

The reader should therefore keep in mind that the relations (3.2) are not applicable in four

dimensions (i.e. for fields and parameters without a hat).

3.1.1 Reduction of sechsbein

Let us first consider the sechsbein êM
A which plays a central role in the dimensional reduction

on T 2. It carries 15 off-shell degrees of freedom, and gives rise, after reduction to four

5Our convention differs from that of [15] by êM
A
→ −êM

A.
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Field Description Restrictions USp(4) w

êM
A sechsbein 1 −1

ψ̂
i

M gravitini Γ∗ψ̂
i

M = ψ̂
i

M 4 −1
2

V̂
ij

M USp(4) gauge field V̂
ij

M = V̂
ji

M 10 0

T̂
ij

ABC bosonic matter field T̂
ij

ABC = −T̂ ji

ABC , ΩijT̂
ij

ABC = 0 5 1

anti-self-dual (3.18)

χ̂k
ij fermionic matter field χ̂k

ij = −χ̂k
ji, Ωijχ̂k

ij = 0 16 3
2

χ̂k
ik = 0, Γ∗χ̂k

ij = χ̂k
ij

D̂
ij,kl

bosonic matter field D̂
ij,kl

= −D̂ji,kl
= −D̂ij,lk

= D̂
kl,ij

14 2

ΩijD̂
ij,kl

= ΩklD̂
kl,ij

= ΩikΩjlD̂
kl,ij

= 0

b̂M dilatation gauge field 1 0

Table 4. Fields of the (2,0) Weyl multiplet in six dimensions. w denotes the Weyl weight while Γ∗

denotes the chirality gamma matrix in six dimensions. We have suppressed the dependent gauge fields

that are expressed in terms of the fields above through conventional curvature constraints.

dimensions, to three scalar fields, two Kaluza–Klein abelian vector fields, and a vierbein

which respectively carry 3, (3+3), and 5 off-shell degrees of freedom. Among those scalar

fields, the one parametrizing the overall size of internal torus will naturally be related to the

dilaton field of the dilaton Weyl multiplet, while the other two will be related to the coset

scalars.

As is usual in Kaluza–Klein reduction, we first partially use the six-dimensional local

Lorentz invariance to fix the sechsbein into an upper-triangular form. This means that we

have

êµ
a = eµ

a, êm
a = 0, êµ

a = em
aAm

µ , êm
a = em

a , (3.3)

where Am
µ denotes the two Kaluza–Klein gauge fields. Here, A ≡ {a = 0, 1, 2, 3, a = 4, 5} are

tangent space indices, while µ = {0, 1, 2, 3} and m = {4, 5} denote the curved indices for the

four-dimensional spacetime and the internal torus, respectively.

The six-dimensional diffeomorphisms compatible with the isometries of the torus give

rise to four-dimensional diffeomorphisms, U(1)2 gauge transformations associated with the

Kaluza–Klein gauge fields, and a rigid GL(2,R) symmetry acting on the internal curved

index of em
a and Am

µ . Note that the third equation in (3.3) disentangles four-dimensional

diffeomorphisms from U(1)2 gauge transformations.

We now wish to establish the relations between the fields in (3.3) and those of the four-

dimensional dilaton Weyl multiplet. The first natural identification is eµ
a = eµ

a. To identify

– 19 –



the other components of (3.3) with the dilaton Weyl fields, we introduce

s = det(em
a) , L =

1√
s

(
e4

4 e5
4

e4
5 e5

5

)
, Aµ =

(
A4

µ

A5
µ

)
, (3.4)

which transform as

s→ 1

Λ
s , L→ LΛ̃−1 , Aµ → Λ1/2Λ̃Aµ (3.5)

under the rigid GL(2,R) transformations. Here, Λ ∈ R+ parametrizes the rigid scale trans-

formation, while Λ̃ ∈ SL(2,R) is a two by two matrix. Upon inspecting the supersymmetry

transformations of the four-dimensional Weyl multiplet (2.44), one can check that they remain

invariant under a rigid rescaling of the fields ρ, Aµ;α and ψi with the same weight. Based on

this observation, we identify

ρ = s−1/2 , (3.6)

which will be consistent with our identification (3.10) of Aµ;α with the Kaluza–Klein gauge

fields Am
µ .

The dilaton Weyl multiplet contains the scalars φα that parametrize SU(1, 1)/U(1) while

those appearing in the torus reduction, i.e. em
a, naturally parametrize SL(2,R)/SO(2). The

groups SL(2,R) and SU(1, 1) are isomorphic. For any Λ̃ ∈ SL(2,R), one can find g ∈ SU(1, 1)

as g = CΛ̃C−1, where C is the Cayley matrix that we choose as

C = 1√
2

(
1 i

−1 i

)
. (3.7)

Using this Cayley transformation, we can construct an SU(1, 1) matrix from the SL(2,R)

matrix L−1,

U = CL−1C−1 , (3.8)

which we identify with the SU(1, 1) matrix U parametrized by the coset scalars φα of the

dilaton Weyl multiplet (2.2). With this identification, the action of SL(2,R) on L in (3.5)

correctly reproduces the action of SU(1, 1) on U in (2.3).6 As a result, the scalars φα are

identified with the following internal components of the sechsbein

φ1 =
1

2
√
s

(
e5

5 + e4
4 + ie5

4 − ie45
)
, φ2 =

1

2
√
s

(
−e55 + e44 − ie54 − ie45

)
. (3.9)

Consider now the four-dimensional SU(1, 1) covariant complex gauge fields Aµ;α of the

four-dimensional dilaton Weyl multiplet, which transform under SU(1, 1) as in (2.43). Since

we know from (3.5) how the rigid SL(2,R) transformation Λ̃ acts on Am
µ , and how the rigid

6We have to use L
−1 since the global symmetry in (2.3) acts from the left on U and from the right on L

in (3.5).
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SU(1, 1) transformation g is related to Λ̃, we can relate the gauge fields Aµ;α of the dilaton

Weyl multiplet with the Kaluza–Klein gauge fields Am
µ as

(
Aµ;1

Aµ;2

)
= C

(
A4

µ

A5
µ

)
, (3.10)

where C is given by (3.7).

Let us now finally comment on the four-dimensional local symmetries inherited from the

six-dimensional Lorentz symmmetry. The transformation parameter β̂AB decomposes into

(βab,βaa,β54 ≡ β). Imposing the gauge fixing condition êm
a = 0 breaks the six-dimensional

Lorentz symmetry to the four-dimensional Lorentz symmetry (with parameter βab) and a

local SO(2) symmetry (with parameter β). However, the condition êm
a = 0 is not preserved

by Q-supersymmetry and as a result we have to redefine supersymmetry by a compensating

six-dimensional Lorentz transformation. The new supersymmetry transformation then takes

the form

δQ(ǫ̂) := δoldQ (ǫ̂) + δL(β
a
a(ǫ̂)) , (3.11)

where the non-vanishing component of the compensating parameter reads

βa
a = −

1

2
¯̂ǫ
i
Γaψ̂miêa

m. (3.12)

The local SO(2) transformation acts on the SL(2,R) scalar matrix L−1 defined in (3.4) as

L−1 → L−1R with R =

(
cosβ sinβ

− sinβ cosβ

)
. (3.13)

Under a Cayley transformation, this translates into the local U(1) transformation that acts

on the SU(1, 1) scalar matrix U (2.2) from the right, i.e. as

U → UΩ where Ω = CR C−1 =

(
e−iβ 0

0 eiβ

)
. (3.14)

Together with (3.8), this illustrates how the Cayley transformation relates the SL(2,R)/SO(2)

coset structure underlying the scalar sector of the sechsbein reduction and the SU(1, 1)/U(1)

coset space encountered in (2.3), where we identify β = β. It can also be shown that

the dependent U(1) gauge field aµ in four dimensions directly descends from the internal

component ω̂µ
45 of the six-dimensional spin connection.

3.1.2 Reduction of other bosonic fields

Let us now consider the dimensional reduction of the USp(4) gauge field V̂
ij

M of the six-

dimensional Weyl multiplet. We use the standard Kaluza–Klein decomposition,

V̂
ij

M dxM = V ij
µ dx

µ + V ij
m

(
dym +Am

µ dx
µ
)
. (3.15)
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The fields V ij
µ and V ij

m respectively transform as vectors and scalars under four-dimensional

diffeomorphisms, and the inclusion of the Kaluza–Klein gauge fields Am
µ in the decomposition

ensures that V ij
µ is invariant under the U(1)2 gauge symmetry. We may also use the internal

component of the sechsbein (3.3) to define the following scalars

V ij
a
:= ea

m V ij
m . (3.16)

They are invariant under the rigid GL(2,R) symmetry, but transform under the local SO(2) ∼=
U(1) originating from the internal part of the Lorentz transformations in six dimensions

discussed at the end of Section 3.1.1. (i.e. those with parameter β54 ≡ β). Let us then define

the following linear combination of scalar fields,

Eij := V ij
4 + iV ij

5 , Eij := (Eij)∗ = V ij
4 − iV

ij
5 , (3.17)

which respectively carry a weight c = +1 and c = −1 under the local U(1). These weights

motivate the identification of the complex scalar Eij at the linear level with the scalar Eij

of the four-dimensional dilaton Weyl multiplet. On the other hand, the field V ij
µ is naturally

related at the linear level to the USp(4) gauge field Vµ
ij of the dilaton Weyl multiplet.

The antisymmetric tensor T̂
ij

ABC generally decomposes into the following four-dimensional

fields: T ij
a ab, T

ij
ab a, T

ij
abc.

7 Recall however that the six-dimensional field is anti self-dual,

T̂
ij

ABC = −1

6
ǫ̂ABCDEF T̂

DEF ij
. (3.18)

Thus, the resulting four-dimensional fields are not going to be independent. Once we dimen-

sionally reduce this duality relation, the algebraically independent components are T ij
a ab and

T ij
ab a, where the latter satisfies

T ij
ab a = −

1

2
ǫ̂abcd abT

cdb ij , (3.19)

⇒ T ij
ab 4 ± iT

ij
ab 5 = ±

1

2
i ǫ̂abcd45

(
T cd 4 ij ± iT cd 5 ij

)
.

By identifying ǫ̂abcd 45 = ǫabcd, we see that (T
ij
ab 4±iT

ij
ab 5) is (anti) self-dual in four dimensions.

Hence we define the following reduced fields

T ij
ab := T

ij
ab 4 − iT

ij
ab 5 , T ab ij := (T ab

ij)∗ = T ij
ab 4 + iT ij

ab 5 , (3.20)

which will be related at the linear level to the fields T ij
ab and Tab ij of the dilaton Weyl multiplet.

The field

T ij
a := T ij

a 45 , (3.21)

on the other hand will be related at the linear level to Xa
ij .

Finally, the dimensional reduction of the six-dimensional scalars D̂
ij,kl

simply leads to

four-dimensional scalars which will be denoted by Dij,kl. These fields will be related at the

linear level to the dilaton Weyl fields Dij
kl.

7There is no need for Kaluza–Klein redefinitions of the type (3.15) since the field carries tangent space

indices.
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3.1.3 Reduction of spinors

For the dimensional reduction of spinors we first relate the Clifford algebras in six and four

space-time dimensions. We can write a representation of the six-dimensional Clifford algebra

(Γ) in terms of the four-dimensional Clifford algebra (γ) as follows

Γa ≡
(
γa 0

0 γa

)
, Γ4 ≡

(
0 γ∗
γ∗ 0

)
, Γ5 ≡

(
0 −iγ∗
iγ∗ 0

)
, Γ∗ ≡

(
γ∗ 0

0 −γ∗

)
, (3.22)

where we recall that all underlined indices are flat and define γ∗ = iγ0γ1γ2γ3 so that γ2∗ =

+1 as well as Γ∗ = Γ0Γ1Γ2Γ3Γ4Γ5 with Γ2
∗ = +1. In both four and six dimensions, the

gamma matrices are hermitian except for the anti-hermitian time-like ones γ0 and Γ0. We

use (−+ . . .+) signature and a representation such that γ∗ is real.

The spinors in six dimensions transform in the fundamental representation of the R-

symmetry group USp(4) within the superconfomal group OSp(8∗|4). Writing an elementary

spinor as ψ̂i, its (Majorana) conjugate spinor is defined as usual by
¯̂
ψi = (ψ̂i)TC where C is

the six-dimensional charge conjugation matrix satisfying (CΓA)T = −CΓA in six dimensions.

Our choice is

C =

(
0 −c
c 0

)
(3.23)

in terms of the real, antisymmetric four-dimensional charge conjugation matrix c that satisfies

(cγa)T = +cγa. The six-dimensional charge conjugation matrix satisfies CT = C. The

charge conjugate of a six-dimensional spinor is given by (ψ̂i)C = −iΩijΓ0C−1(ψ̂j)∗ and this

intertwines the symplectic structure with the Clifford structure. Because of this intertwining,

one can consistently impose the symplectic Majorana condition ψ̂i = (ψ̂i)C . In addition to

the USp(4) symplectic Majorana condition one can impose a chirality condition Γ∗ψ̂
i = ±ψ̂i

in six dimensions and we call the corresponding spinors left- (for +) or right-handed (for −).
The total number of real components of a chiral symplectic Majorana spinor is then 16. In

Table 4 we have indicated the chiralities of the spinor fields. Note also that the parameter ǫ̂i of

six-dimensional Q-supersymmetry is left-handed while the parameter η̂i of S-supersymmetry

is right-handed.

In four dimensions, we have the usual notion of Majorana spinors with four real compo-

nents for which the two chiral components with respect to the chirality matrix γ∗ are related

by complex conjugation. The reduction of a left-handed symplectic Majorana spinor ψ̂i
L in

six dimensions to four dimensions is then achieved by the formula

ψ̂i
L =

(
ψi

Ωijψj

)
. (3.24)

Here, ψi and ψi denote the left-handed and right-handed parts of a four-dimensional Majo-

rana spinor. By slight abuse of notation we use the upper and lower indices to keep track
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of the two chiral projections in four dimensions, i.e. there is a four-dimensional Majorana

spinor ηi with ψi = 1
2(1 + γ∗)η

i and ψi =
1
2(1 − γ∗)ηi. We note that a similar procedure

can be performed for right-handed spinors in six dimensions where the handedness of the

components in the reduction (3.24) are interchanged.

For spinors with multiple USp(4) indices, the construction generalizes. The case of

relevance is the left-handed spinor χ̂i
jk that reduces as

χ̂i
jk =

(
χi

jk

ΩliΩ
jmΩknχl

mn

)
. (3.25)

A vector-spinor, such as the gravitini ψ̂
i

M , can be reduced by simply following the pre-

scription for vector and spinor reductions independently. This extends to other mixed objects

as well. For instance,

ψ̂i
µ =

(
ψi

µ +ψi
mA

m
µ

Ωij
(
ψµ j +ψmjA

m
µ

)
)
, ψ̂

i

m =

(
ψi

m

Ωijψmj

)
. (3.26)

With these definitions the compensating transformation βa
a in (3.12) takes the form

βa
a =

1

2
ǭiγaψmiea

m +
1

2
ǭiγ

aψi
mea

m . (3.27)

in terms of the reduced spinors.

The four-dimensional components of the reduced gravitini ψi
µ will be related to the

gravitini of the dilaton Weyl multiplet ψi
µ. We arrange the internal components according to

σi := ψi
4 + iψi

5 , τ i := ψ4 i + iψ5 i . (3.28)

Here, as in (3.16), we have taken the tangent space components since they transform in the

same way as the dilaton Weyl fields under U(1) ∼= SO(2) and are invariant under SU(1, 1) ∼=
SL(2,R). These fields will be related with the dilaton Weyl fields ψi and Λi.

3.1.4 Summary of the reduction of the six-dimensional Weyl multiplet

The various four-dimensional fields that result from the Kaluza–Klein reduction of the six-

dimensional Weyl multiplet are summarized in Table 5. Note that the dilatational gauge field

b̂M generally decomposes into the four-dimensional dilatational gauge field bµ and two scalars

bm. In the following, we set the latter to zero using a special conformal transformation along

the internal torus. This implies that the supersymmetry transformations must be redefined

by a field-dependent special conformal transformation in order to maintain this gauge choice.

However, since such a transformations only acts on the field bm itself, it will not play any

role.
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D = 6 D = 4 defined in

Sechsbein, êM
A 7−→

eµ
a (3.3)

Am
µ (3.3)

em
a (3.3)

Gravitini, ψ̂i
M 7−→

ψi
µ (3.26)

σi, τ i (3.28)

USp(4) gauge field, V̂
ij

M 7−→
V ij

µ (3.15)

Eij (3.17)

Dilatational gauge field, b̂M 7−→ bµ see current section

T̂
ij

abc 7−→
T ij

ab (3.20)

T ij
a (3.21)

χ̂k
ij 7−→ χk

ij (3.25)

D̂
ij,kl 7−→ Dij,kl see Section 3.1.2

Table 5. Dimensional reduction of the six-dimensional (2,0) Weyl multiplet fields. As in Table 4, we

have suppressed the dependent gauge fields. The component bm is not displayed since it is gauge fixed

to zero.

3.2 Supersymmetry and non-linear field redefinitions

The dimensionally reduced fields of the six-dimensional Weyl multiplet and the fields of the

dilaton Weyl multiplet constructed in Section 2 transform in the same representations under

the bosonic symmetries, but they do not yet transform identically under supersymmetry. This

is because the relations between these fields have so far only been established at the linear

order, and that additional non-linear modifications of some of these relations are necessary

to match the supersymmetry transformations.

In addition to these non-linear field redefinitons, we also have to allow for modifications of

the non-linear supersymmetry transformations. We therefore start from the following Ansatz

for the modification of the reduced supersymmetry transformations,

δQ(ǫ) −→ δQ(ǫ) + δUSp(4)(Λ
ij(ǫ)) + δU(1)(λ(ǫ)) + δS(η

i(ǫ)) , (3.29)

where Λij(ǫ), λ(ǫ) and ηi(ǫ) are field-dependent gauge parameters that remain to be deter-

mined. We will fix the above Q-supersymmetry modifications and the non-linear field redef-

initions at the same time, by comparing the supersymmetry variations of the dilaton Weyl
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multiplet fields and of the reduced six-dimensional fields that are in the same representations

of the bosonic symmetries.

We start from the assumption that all the fields coming from the sechsbein have the exact

identifications already deduced in Section 3.1.1. That is,

eµ
a = eµ

a , U = CL−1C−1 , ρ = s−1/2 ,

(
Aµ;1

Aµ;2

)
= C

(
A4

µ

A5
µ ,

)
(3.30)

are assumed not to receive non-linear modifications. Moreover, we choose ǫi = 1
2ǫ

i which leads

to the exact gravitini identification ψi
µ = ψi

µ from the supersymmetry transformations (3.1)

and (2.44). This hinges on the fact that the variation of eµ
a is insensitive to the modifications

in (3.29). Because s is also insensitive to the supersymmetry modifications in (3.29), we can

use its variation to derive the relation ρ−1ψi = σi. The additional factor of ρ is consistent

with the Weyl weights 1/2 for σi and 3/2 for ψi.

We then start fixing the field-dependent gauge parameters of the Q-supersymmetry mod-

ifications in (3.29). The first step is to consider fields that only transform under U(1) and that

are invariant under the other symmetries. The only reduced fields that satisfy these proper-

ties are the scalars em
a, which have already been identified with the scalars φα through the

second relation in (3.30). Their supersymmetry variation therefore allows us to determine

the field-dependent gauge parameters λ(ǫ), and also yields the dictionary for the field Λi.

The next step is to consider the variation of the expression obtained for the field Λi

itself, which is invariant under S-supersymmetry, but transforms under USp(4). Comparing

it with the supersymmetry variation (2.44i) of Λi, which is expressed in terms of the dilaton

Weyl fields, allows us to fix the field-dependent USp(4) gauge parameter Λij(ǫ) as well as the

dictionary for the fields T ij
ab and Eij .

The final parameter to be determined is ηi(ǫ) and at this point we can consider any

field that transforms under S-supersymmetry. We choose the gravitino whose dictionary was

already determined below (3.30). Comparing its supersymmetry variation (2.44b) in dilaton

Weyl variables to the one of ψi
µ obtained from (3.1) then yields ηi(ǫ), and allows us to extract

the dictionary for the field Xa
ij .

This completes the derivation of all the field-dependent gauge parameters appearing in

(3.29). We give below their expression in terms of the dilaton Weyl fields,

Λij(ǫ) = −1

ρ

(
ǭ(iψj) +ΩimΩjnǭ(mψn)

)
, (3.31a)

λ(ǫ) =
i

2ρ
(Ωmnǭ

mψn − Ωmnǭmψn) , (3.31b)

ηi(ǫ) = − 1

2ρ
ψ̄(iΛjΩ

s)jǫs +
1

4

(
1

ρ2
ψ̄(iγaψm + Λ̄jγaΛ

lΩlmΩj(i

)
Ωk)mΩksγ

aǫs

+
1

16

(
1

ρ2
ψ̄mγaψm + Λ̄mγaΛ

m

)
γaǫi − 3

8
Ωis F̃bc

ρ
γbcǫs +Xa

i
kγ

aǫk , (3.31c)

where F̃ab was defined in (2.18).
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Now that the modifications in (3.29) have all been determined, we can derive the rest of

the dictionary between the reduced fields and the dilaton Weyl fields by repeatedly applying

Q-supersymmetry on the previously established dictionary relations. After some lengthy alge-

bra, this procedure unambiguously leads to the following complete list of non-linear relations,

where the reduced fields appear on the right and the dilaton Weyl fields on the left,

ǫi ≡ 1
2ǫ

i , (3.32a)

ηi ≡ ηi , (3.32b)

eµ
a ≡ eµa , (3.32c)

ψi
µ ≡ ψi

µ , (3.32d)

ρ ≡ s− 1

2 , (3.32e)

φ1 ≡
1

2
√
s

(
e5

5 + e4
4 + ie5

4 − ie45
)
, (3.32f)

φ2 ≡
1

2
√
s

(
−e55 + e44 − ie54 − ie45

)
, (3.32g)

ψi

ρ
≡ σi , (3.32h)

Λi ≡ −Ωijτ j , (3.32i)

Eis ≡ −Eis − σ̄iσs − ΩimΩsnσ̄
(mτn) , (3.32j)

Aµ;1 ≡
1√
2

(
A4

µ + iA5
µ

)
, Aµ;2 = − (Aµ;1)

∗ , (3.32k)

T kl
bc ≡

1

2
T kl

bc −
1

4
(σ̄[kγbcτ

l] − Ω-trace) , (3.32l)

ω bc
µ ≡ −ω bc

µ , (3.32m)

bµ ≡ bµ , (3.32n)

aµ ≡ −ω̂µ
45 − 1

4
iΩmnσ̄

mψn
µ +

1

4
iΩmnσ̄mψµn +

1

8
i (σ̄kγµσk + τ̄

kγµτ k) , (3.32o)

Vµ
ij ≡ 1

2
V µ

ij +
1

2
(σ̄(iψj)

µ +ΩikΩjsσ̄(kψµ s)) +
1

4

(
σ̄(iγµσm + τ̄ (iγµτm

)
Ωj)m , (3.32p)

Xa
ij ≡ −iT ij

a +
1

4

(
σ̄[iγaσm + τ̄ [iγaτm

)
Ωj]m − Ω-trace , (3.32q)

χk
ij ≡ 4

15
χk

ij − iγaσkT
ij

a −
1

2
σ[iΩj]sEsk +

1

8
γabσ[iT

j]l
ab Ωlk −

1

2
τ [iEj]sΩsk

+
1

2
σ̄sσkσ

[iΩj]s − 1

32
σ̄iγabσjγabτ

mΩmk +
1

16
σ̄mγabσ[iγabτ

j]Ωmk +
1

4
σ̄mτ kτ

[iΩj]m

+
3

4
σ̄kτmτ

[iΩj]m − Ω-trace− δ-trace , (3.32r)
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Dij
rs ≡

[
− 1

15
Dij, kl − T ij · T kl +

4

15
Ωm[iσ̄j]χm

kl +
4

15
ΩimΩjnσ̄tχ

[k
mnΩ

l]t

− iT ij
a σ̄

[kγaσmΩl]m +
1

8
T ij

abσ̄
kγabσl − 1

8
T ij

abσ̄pγ
abσqΩ

p[kΩl]q +
1

2
Ωp[kEl][iΩj]qEpq

+
1

2
Ωp[kEl][iΩj]qσ̄pσq +

1

2
Ωp[kσ̄l]σ[iΩj]qEpq +

1

2
Ωp[kσ̄l]σ[iΩj]qσ̄pσq

− iT ij
a τ̄ [kγaτmΩl]m +

1

4
τ̄ [iγaτmΩj]mτ̄ [kγaτnΩ

l]n +
1

2
σ̄iσ[kσ̄l]τ j − 1

2
σ̄jσ[kσ̄l]τ i

− Ωp[kΩl]mΩn[iΩj]qσ̄(mτn)σ̄pσq +
1

2
Ei[kσ̄l]τ j − 1

2
Ej[kσ̄l]τ i (3.32s)

− Ωp[kΩl]mΩn[iΩj]qσ̄mτnEpq + 2σ̄(mτn)Ω
n[iτ̄ j]σ[kΩl]m + (ij ↔ kl)− traces

]
ΩkrΩls .

The right-hand side of the last equation is only antisymmetric in [ij] and [kl]. Note also that

the subtraction of the traces projects it onto the 14 representation of USp(4).

The relations (3.32) provide the complete non-linear dictionary between the fields of the

six-dimensionalN = (2, 0) Weyl multiplet reduced on T 2 and the fields of the four-dimensional

N = 4 dilaton Weyl multiplet. This is one of the main results of the paper. These relations

are easily established at the linear level based on the bosonic transformation properties of

the fields. The non-linear relations are more difficult to derive, and required here a careful

analysis of the supersymmetry transformations.

4 Discussion

In this paper, we have discussed the torus reduction of N = (2, 0) conformal supergravity

in six dimensions to N = 4 conformal supergravity in four dimensions. Our analysis of the

reduction was only carried out at the kinematical level. More precisely, we have shown that

the reduction of the six-dimensional N = (2, 0) Weyl multiplet leads to a variant of the

N = 4 Weyl multiplet in four dimensions, which is known as the dilaton Weyl multiplet. We

constructed this off-shell multiplet explicitly for the first time, and presented the complete

non-linear dictionary between its component fields and the reduced six-dimensional fields.

The N = 4 dilaton Weyl multiplet can in principle be leveraged to provide new (par-

tially) off-shell descriptions of N = 4 Poincaré supergravity. When using the standard Weyl

multiplet, it was shown in [18] that a system of 6 + n vector multiplets coupled to confor-

mal supergravity is in fact gauge equivalent to Poincaré supergravity coupled to n vector

multiplets. In this case, the scalars and spin-1/2 fields of the extra 6 vector multiplets play

the role of compensators for some of the superconformal local symmetries. The resulting

Poincaré Lagrangian is invariant under rigid SO(6, n) transformations that act linearly on

the 6 + n vector fields (and non-linearly on the scalars). This is part of the larger rigid

SU(1, 1)× SO(6, n) duality symmetry of N = 4 Poincaré supergravity, but in this frame the

SU(1, 1) factor is only realized at the level of the field equations. It would be interesting

to reconsider the conformal description of N = 4 Poincaré supergravity, by using instead

the dilaton Weyl multiplet as a starting point. Due to the presence of the dilaton which
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can be used to gauge fix the local dilatation symmetry, one expects that fewer compensating

multiplets will be required. Preliminary investigations suggest that five compensating vector

multiplets might be sufficient for obtaining pure Poincaré supergravity. Based on the fact

that SU(1, 1) is realized on the doublet of vectors Aµ;α in the dilaton Weyl multiplet, one also

expects that the resulting N = 4 Poincaré Lagrangian will be invariant under SU(1, 1). In

this way, it therefore seems that one can recover N = 4 Poincaré supergravity in a different

symplectic frame.

The N = 4 dilaton Weyl multiplet could also potentially be used for the construction

of new off-shell invariants of N = 4 conformal supergravity in four dimensions. The most

general class of N = 4 conformal supergravity invariants that only involve the standard

Weyl mulitplet fields was derived in [13, 14]. Their leading term consists of the Weyl tensor

squared multiplied by a holomorphic function of the coset scalars. Since these scalars have

zero Weyl weight, these terms are clearly invariant under local dilatations. For invariants

based on the dilaton Weyl multiplet, powers of the dilaton field could in principle appear in

various terms to ensure that their Weyl weight vanishes. One might then wonder about the

possibility of constructing off-shell invariants that involve more than four derivatives by using

the dilaton Weyl multiplet. In particular, one expects that the dimensional reduction of the

N = (2, 0) invariant in six dimensions [16, 28], which starts with a contraction of three Weyl

tensors, should lead upon torus reduction to a six-derivative invariant of N = 4 conformal

supergravity. More generally, it would be interesting to study the construction of conformal

supergravity invariants based on the dilaton Weyl multiplet by using the procedure outlined

in [14]. We leave this for future work.
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