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We thoroughly study the induced gravitational wave interpretation of the possible gravita-

tional wave background reported by PTA collaborations, considering the unknown equation

of state w of the early universe. We perform a Bayesian analysis of the NANOGrav data

using the publicly available PTArcade code together with SIGWfast for the numerical

integration of the induced gravitational wave spectrum. We focus on two cases: a monochro-

matic and a log-normal primordial spectrum of fluctuations. For the log-normal spectrum,

we show that, while the results are not very sensitive to w when the GW peak is close to the

PTA window, radiation domination is out of the 2σ contours when only the infra-red power-

law tail contributes. For the monochromatic spectrum, the 2σ bounds yield 0.1 ≲ w ≲ 0.9

so that radiation domination is close to the central value. We also investigate the primor-

dial black hole (PBH) abundance for both monochromatic and log-normal power spectrum.

We show that, in general terms, a larger width and stiffer equation of state alleviates the

overproduction of PBHs. No PBH overproduction requires w ≳ 0.42 up to 2-σ level for

the monochromatic spectrum. Furthermore, including bounds from the cosmic microwave

background, we find in general that the mass range of the PBH counterpart is bounded by

10−5M⊙ ≲ MPBH ≲ 10−1M⊙. Lastly, we find that the PTA signal can explain the mi-

crolensing events reported by OGLE for 0.42 ≲ w ≲ 0.50. Our work showcases a complete

treatment of induced gravitational waves and primordial black holes for general w for future

data analysis.
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I. INTRODUCTION

The world-wide pulsar timing array (PTA) collaborations [1–10] reported tentative evidence of a

low-frequency Gravitational Wave (GW) background. Although an astrophysical GW background

is expected from inspiraling supermassive black hole binaries [11],1 the simplest predictions seem

to be in mild tension with the data [15]. Other plausible explanations of the GW background

have a cosmological origin [16–19]. For instance, one of the cosmic interpretations that seems to

behave better in the Bayesian analysis of NANOGrav [15] are GWs induced by primordial curvature

fluctuations (see also Refs. [20–57] for subsequent works). If that is the case, these results hint at

new physics during cosmic inflation and possibly a significant abundance of Primordial Black Holes

(PBHs).

There is strong evidence of cosmic inflation from observations of the Cosmic Microwave Back-

ground (CMB) [58], with a measured amplitude of the power spectrum of primordial curvature

fluctuations of about 10−9 at Mpc – Gpc scales. Yet, to reproduce the reported amplitude of the

GW background, the spectrum of primordial fluctuations should have a peak amplitude of about

10−2 at roughly parsec scales [15]. Nevertheless, there are plenty of inflationary models capable of

enhancing the primordial spectrum of curvature fluctuations on small scales, such as ultra-slow-roll

(USR) [59–65], sound speed resonance (SSR) [66, 67], multi-field inflation [68–71], and the curva-

ton scenario [72–75] among others (see e.g. Ref. [76] for a review and references therein). Most

interestingly, though, such a large variance for primordial fluctuations implies that some fluctua-

tions may be large enough to end up forming PBHs [77–84] (for recent reviews on PBHs see also

Refs. [85–89]).

PBHs associated with the induced GW interpretation of the PTA data (assuming a radiation

dominated universe) apparently have a mass around 10−4M⊙−10−2M⊙ [21, 23], whereM⊙ is a solar

mass. However, despite important uncertainties in the calculations of the PBH abundance, one of

the issues pointed out in Ref. [15] is that the amplitude of the primordial spectrum given by the 2σ

contours from PTA analysis tends to predict too many PBHs in that mass range (assuming Gaussian

primordial fluctuations and a radiation dominated very early universe). However, while the induced

GW spectrum depends quadratically on the power spectrum, PBH abundance is exponentially

sensitive to it. This means, on the one hand, that finding induced GWs might not necessarily

imply a significant fraction of PBHs. For example, Ref. [23] argues that a small fraction of the

available parameter space could explain the planet-mass microlensing events seen by OGLE [90, 91].

This is an interesting possibility as it may also give a detectable GW background from the mergers

of PBH binaries [23]. On the other hand, it also means that relatively small changes in the statistical

nature of primordial fluctuations could significantly suppress the PBH abundance, as is the case of

negative non-Guassianity of primordial fluctuations2 [21, 25, 26, 28, 32, 48] (which might not be

straightforward to obtain in single field models of inflation [98, 99]) and a period of the universe

deviating from standard radiation domination [34, 36, 37, 42, 100, 101].

In this paper, we take an agnostic approach. Since the induced GWs and the PBHs correspond-

1 See though Refs. [12–14] interpreting the GW background as the merger of supermassive primordial black holes.
2 Induced GWs are not very sensitive to the amount of non-Gaussianity, see e.g. Refs. [52, 92–97].
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ing to PTA frequencies were generated and formed when the temperatures in the universe were

above 100MeV (a period of the universe which has not been probed directly), we do not assume

any particular value of the equation of state (EoS) of the universe, commonly denoted w. For

comparison, note that a successful Big Bang Nucleosynthesis (BBN) requires the universe to be

radiation dominated (w = 1/3) and thermalized for T ≳ 4MeV [102–105] (or at redshifts greater

than 109). Other values of the EoS are tied to different models of reheating (see, e.g., Ref. [106] for

a review). For example, the coherent oscillations of a scalar field yield w ∼ 0, and in quintessential

inflation scenarios, one has a period with w = 1 after inflation [107–110]. In this way, since the

induced GW spectrum depends on w, it serves as a probe of the content of the primordial universe

[111–128].

We would like to emphasize that while this approach has also been considered for PTAs in

Refs. [36, 37, 42, 100, 101], we improve previous analysis by performing the most thorough study

on both the induced GWs and PBHs related to PTAs. Requiring no PBH overproduction, we

obtain that 0.42 ≲ w ≲ 0.87. And, using CMB bounds on the effective number of relativistic

species (which sets upper bounds on the peak GW frequency), we conclude that the allowed range

of the typical PBH masses is given by 2 × 10−5M⊙ ≲ MPBH ≲ 0.09M⊙. Interestingly, the mass

range allowed by OGLE for PBHs, namely [1.6 × 10−6M⊙, 6.9 × 10−5M⊙] [91], overlaps slightly

with the range we obtained for 0.42 ≲ w ≲ 0.50. There are also candidate merger events in the

LVK data of compact objects with a mass of about O(0.1)M⊙ [129–132]. For simplicity, we do not

include non-Gaussianity of primordial fluctuations. But, as future work, it would be interesting to

study both effects simultaneously.

This paper is organized as follows. In § II, we review the induced GW spectrum generated

during the general EoS stage for a log-normal primordial spectrum. In § III, we present the results

of our Bayesian analysis for a log-normal and a Dirac delta primordial spectra. We conclude our

work in § IV with further discussions. Lastly, we provide details on the PBH calculations in App. A

and on the CMB bounds on extra relativistic species in App. B.

II. INDUCED GRAVITATIONAL WAVES IN A GENERAL w STAGE

There is an inevitably secondary production of GW induced by the curvature perturbation

[133–136]. The spectrum of such induced GWs [137–142] (see Refs. [143, 144] for recent reviews)

depends on the spectrum of the curvature perturbation as well as on the EoS of the universe at

the time of generation [121, 143, 145]. We assume that around a specific wavenumber kp, there

is a peak in the primordial power spectrum of curvature fluctuations R. Inspired by the PBH

mass function [146–149], model-independent reconstruction [150–152], and the inflationary model

building [59–70], we parametrize such a peaked spectrum with a log-normal function given by [153]

PR(k) =
AR√
2π∆

exp

[
− ln2 (k/kp)

2∆2

]
, (2.1)

where AR is the amplitude, ∆ is the logarithmic width, and kp is the peak scale. The commonly

used δ-function power spectrum corresponds to ∆ → 0 limit of (2.1).
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Since induced GWs (and PBHs) were produced during an era dominated by a perfect fluid

with a constant w, there is another important scale besides the peak scale kp, namely the scale of

reheating krh. For simplicity, we take an almost instantaneous transition from a general w to the

standard radiation domination with w = 1/3.3 In this case, the reheating scale corresponds to the

scale that entered the horizon at the moment of reheating, that is krh = arhHrh where arh and Hrh

respectively are the scale factor and the Hubble parameter at reheating. For further simplicity,

we also assume that the frequency corresponding to the reheating scale evaluated today, namely

frh = krh/(2πa0), is smaller than the lowest frequency bin of PTA data. In other words, we impose

frh < frh,max ≈ 2 × 10−9Hz. By doing so, we do not need the explicit expression of the induced

GW spectrum for f < frh as it never enters the observational range. Also, it is important to note

that for w = 1/3, the “reheating” scale is meaningless, as there is no reheating. In that case, frh
can be considered an arbitrary pivot scale.

If we let frh vary, we would find two possibilities: either frh is well inside or below the PTA

frequencies. The former is not so interesting as one mostly recovers the results of standard radiation

domination w = 1/3, already studied in [15]. The latter is bounded from below by BBN constraints

on the reheating temperature, T ≳ 4MeV [102–105]. From now on, we consider a fixed frh because

our main focus is only to understand the effects of different values of w. For practical purposes, we

set

frh,⋆ ≈ 4× 10−10 Hz , (2.2)

which corresponds to Trh,⋆ = 20MeV, assuming the standard model of particle physics. Such an

arbitrary choice is roughly in the middle of the lowest frequency of PTAs (∼ 10−9Hz) and the

frequency corresponding to the lowest reheating temperature (∼ 10−10Hz). Our main results do

not depend significantly on the choice of the reheating scale, yielding at most some O(1) factor

variations, as we show later. For future reference, the temperature after reheating Trh is given by

Trh = 110MeV

(
frh

frh,max

) ( gρ,rh
10.75

)−1/2 ( gs,rh
10.75

)1/3
, (2.3)

where gρ,rh and gs,rh respectively are the effective degrees of freedom in the energy density ρ and

entropy density s of the radiation fluid evaluated at the reheating temperature, Trh. For the values

of gρ,rh and gs,rh in the standard model of particles see, e.g., Ref. [155]. Note that in Eq. (2.3) there

is an implicit dependence on Trh inside gρ,rh and gs,rh, which we neglected as we are considering

the small range 4MeV < Trh < 110MeV.

The spectral energy density of the induced GWs produced during an era dominated by a perfect

fluid with a constant w > 0 is given by [121, 125, 143, 145]

ΩGW,rh(k > krh) =

(
k

krh

)−2b ∫ 1

0
dd

∫ ∞

1
ds Tw(d, s)PR

(
k

2
(s+ d)

)
PR

(
k

2
(s− d)

)
, (2.4)

3 Note that an exact instantaneous transition leaves some high frequency oscillatory patterns in the induced GW

spectrum, as shown in Ref. [154]. However, we believe these are an artifact of the instantaneous transition and

would quickly disappear as one considers a finite duration. Also, when the instantaneous transition goes from

c2s = w = 0 to w = 1/3, there is an enhanced production of the induced GWs [112, 113]. We do not consider this

case here.
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where

b =
1− 3w

1 + 3w
, (2.5)

and Tw(d, s) is the general kernel for modes reentering horizon before reheating, given, e.g., in

Refs. [125, 143]. In Eq. (2.4), d and s are related to the internal momenta of the scalar modes. For

the first derivation of semi-analytical formulas in radiation domination, see Refs. [156, 157]. Note

that in (2.4), the factor (k/krh)
−2b comes from the dilution of the energy density of subhorizon

GW modes, which decay as radiation (i.e. ρGW ∝ a−4), as compared to background energy density

(that is ρw ∝ a−3(1+w)). Using entropy conservation, the current spectral density of induced GWs

reads [158]

ΩGW,0(k)h
2 =

gρ,rh
gρ,0

(
gs,0
gs,rh

)4/3

ΩGW,rh(k)Ωr,0h
2

= 3.40× 10−5
( gs,rh
10.75

)−4/3 ( gρ,rh
10.75

)(
Ωr,0h

2

2.47× 10−5

)
ΩGW,rh(k) , (2.6)

where Ωr,0h
2 is the reduced density ratio of radiation today given by Planck [159]. From Eq. (2.4)

we see that the amplitude of the induced GW spectrum depends on the amplitude AR of the power

spectrum (2.1), the equation of state w and the ratio of scales kp/krh.

Before we get into the details and results of the Bayesian analysis, it is useful to have an analytic

understanding of the spectrum of induced GWs in the low frequency tail, also called infra-red (IR)

tail, which corresponds to krh ≪ k ≪ kp. This is because, in the end, the power-law behavior of

the IR tail mostly fits the PTA data. We now discuss the case of a Dirac delta and a log-normal

primordial spectrum separately.

A. Dirac delta peak

We start with a Dirac delta primordial spectrum given by

PR(k) = ARδ(ln(k/kp)) . (2.7)

In this case, the spectrum of induced GW after inserting Eq. (2.7) into Eq.(2.4) exactly reads

Ω
(δ)
GW,w(k) = 2 A2

R

(
kp
krh

)−2b
[(

k

kp

)−2−2b

Tw(s = 2k/kp, d = 0)Θ(2− k/kp)

]
. (2.8)

We are interested in the IR tail of the induced GWs, which corresponds to the limit k ≪ kp of

Eq. (2.8). After a Taylor expansion, one finds [122, 143]

Ω
(δ)
GW,w(k ≪ kp) ≈ F [b, cs]

A2
R
c4s

(
kp
krh

)−2b( k

kp

)2−2|b|
, (2.9)
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where c2s = w is the sound speed of fluctuations, and F [b, cs] is a function of b and cs, whose

concrete form is irrelevant for the following discussion.4

Using Eq. (2.9) we may study degeneracies among model parameters, which are relevant for

the subsequent data analysis. First, we note that the function F [b, cs] yields at most O(1 − 10)

variations for 1 > b > −1/2 (or 0 < w < 1) and c2s = w. For instance, for b = 1 and b = −1/2

one respectively finds F [b, cs] ≈ 0.06 and F [b, cs] ≈ 0.95. This shows that the IR tail has a mild

dependence on w through the function F [b, cs]. But, since the factor c
−4
s in Eq. (2.9) yields a much

larger change for varying w, we neglect the dependence on F [b, cs] in the following discussion. Thus,

the amplitude of the IR tail is then mostly dependent on the combination (for a fixed k) given by

AR
c2s

(
kp
krh

)−b( k

kp

)1−|b|
≈ constant. (2.11)

For b = 0 (w = 1/3), one recovers the results of Ref. [34].

Since the reported amplitude of the GW background is fairly large, the peak of the induced

GW spectrum cannot lie too far from the PTA window; otherwise, it might conflict with CMB

constraints on the effective number of relativistic species. For this reason, it is also instructive to

study the amplitude of the induced GW spectrum at the higher end of the IR tail, or the “bump”

of the GW spectrum. Based on the results for w = 1/3 of Ref. [34], we find that the bump is

located to a good approximation at

kbump ≈ 1√
2
cskp , (2.12)

with an amplitude given by

Ω
(δ),bump
GW,w ≈ C[b]

c
2(1+b)
s

(
1− c2s

8

)2

A2
R

(
kp
krh

)−2b

(2.13)

where we introduced for compactness the function C[b].5 Such a function is bounded by 0.5 >

C[b] > 0.1 for 1 > b > −1/2 (0 < w < 1). Thus, the induced GW spectrum has a similar amplitude

and position of the bump (for a fixed k) when

AR

c1+b
s

(
kp
krh

)−b

≈ constant and
1√
2
cskp ≈ constant . (2.15)

From Eqs. (2.11) and (2.15), we see that increasing the value of w allows for a decrease in the value

of AR. For b < 0 (b > 0), we see that increasing the value of kp (or lowering the value of krh)

leads to a decrease (increase) to the necessary value of AR. We will encounter such behavior in the

Bayesian analysis of § III.

4 The function F [b, cs] in Eq. (2.9) is given by

F [b, cs] ≡
4b(2 + b)2

3(1 + b)2(1+b)
Γ2[ 3

2
+ b]


Γ2[ 3

2
+ b]

c4bs sin2(bπ)Γ2[2 + b]
(b < 0 ; w > 1/3)(

1 + b+ b2
)2

4πb2(1 + b)4
(b > 0 ; w < 1/3)

. (2.10)

5 The function C[b] in Eq. (2.13) is given by

C[b] =
72b(1 + b)−2(3+b)(2 + b)2(18 + 25b)2 Γ4[b+ 3

2
]

3× 211+5b Γ2[1 + b]

×

{
1 +

(
cot(bπ) +

2b
√
π csc(πb)

Γ[1− b]Γ[b+ 1
2
]

(
3× 81+bb(2 + b)

7b(1 + 2b)(18 + 25b)
− 2F1

[
−b, 1 + b; 1− b; 1

8

]))2
}

. (2.14)
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B. Log-normal peak

The case of the log-normal peak (2.1) has not been studied analytically for general w. Analytical

approximations for the case of radiation domination have been derived in Ref. [153]. Nevertheless,

we may get some intuition if we focus on the far IR tail of the induced GW spectrum. In this

case, most of the results of the Dirac delta carry over to the log-normal case with few changes. In

particular, in the far IR, there is a change of slope from the k2−2|b| of the Dirac delta to k3−2|b|

for the log-normal [122, 160]. We follow Ref. [153] to provide more precise estimates to derive

some approximations in the far IR limit. Concretely, we perform the integral Eq. (2.4) in the limit

k ≪ kp∆e−∆2
, which corresponds to the regime where s ≫ 1 and d ≪ 1 and where the log-normal

power spectrum may be considered as a very sharp peak. By doing so, we obtain that

Ω
(∆)
GW,w(k ≪ kp∆e−∆2

) ≈ Ω
(δ)
GW,w(k ≪ kp)×

(
k

kp

)
1

2
√
π∆

e

(
3
2+2b

)2
∆2

(b < 0 ; w > 1/3)

e
9
4∆

2

(b ≥ 0 ; w ≤ 1/3)

,

(2.16)

where Ω
(δ)
GW,w(k ≪ kp) is given in Eq. (2.9). It is worth mentioning that, while performing numerical

integrations, we noticed that the approximations of Ref. [153] for w = 1/3 present some variations

in the case of general w. In particular, the precise position of the change of slope from k2−2|b| to

k3−2|b| depends on the value of w.6 While interesting, this is out of the scope of this paper. We

will present detailed analytical approximations in subsequent works.

III. BAYESIAN ANALYSIS AND RESULTS

We perform the Bayesian analysis with the package PTArcade [161] using the ceffyl model

[162]. Also, as in the NANOGrav analysis [15], we only consider the first 14 frequency bins as

signals for the GW background [15]. At the same time, the pulsar-intrinsic red noise is obtained

considering all frequency bins. To derive the likelihood of the amplitude of the GW background

signal, say P (Θ | D,M), we need to obtain the induced GW spectra in various target models M
with different model parameters Θ for analyzing the data D. We do so as follows.

We use the analytical formula, Eq. (2.8), for the Dirac delta case. For the log-normal, we use

the SIGWfast [145] package for an efficient numerical calculation of the energy spectra of induced

GWs for general w. Since the role of sound speed has already been discussed in Ref. [34] (although

for fixed w = 1/3), we only consider the adiabatic perfect fluid case with c2s = w in our sampling.

We checked that the case of c2s = 1 yields similar results for the GW spectrum. In our analysis,

we also consider a posteriori the PBH counterpart and CMB constraints on the effective number

6 For example, for a narrow log-normal peak (∆ < 0.1) there is a good approximation to the log-normal case for

k < ∆ kp and w = 1/3 which is given by [143, 153]

Ω
(∆)
GW = Erf

[
1

∆
sinh−1 k

2kp

]
Ω

(δ)
GW. (2.17)

This equation should be derived more precisely for general values of w by including the dependence on w in the

function in front of Ω
(δ)
GW.

https://andrea-mitridate.github.io/PTArcade/
https://github.com/Lukas-T-W/SIGWfast/releases
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GW
h2

Finite width
Dirac delta
Dirac delta (constrained)

FIG. 1. Best fit induced GW spectra for different models using the first 14 frequency bins of NANOGrav

data (the gray violins). The best fit parameters for the Dirac delta (2.7) read [w, log10 A, log10 fp] =

[0.35, 0.98,−3.79], shown in purple. Including the bound from no PBH overproduction the best fit moves to

[w, log10 A, log10 fp] = [0.59,−2.02,−6.81] which we show with a cyan line. For the log-normal (2.1) we find

[w, log10 A, log10 fp,∆] = [0.31,−1.60,−7.79, 0.49].

of relativistic species. For details on the calculations of the PBH abundance and CMB constraints,

we refer the reader respectively to Apps. A and B. We show the GW spectrum for the best fit

parameters of different models in Fig. 1. The results of the Bayesian analysis are shown in Figs. 2

and 4, and our priors and 95% posterior confidence intervals are presented in Tabs. I and II.

For clarity, we summarize below the parametrization used in our analysis. We compute the

induced GW spectrum (2.4) as

ΩGW,rh(f) = A2

(
f

frh,⋆

)−2b ∫ 1

0
dd

∫ ∞

1
ds Tw(d, s)G∆

(
f(s+ d)

2fp

)
G∆

(
f(s− d)

2fp

)
, (3.1)

where frh,⋆ ≈ 4× 10−10 Hz (as explained around Eq. (2.2)),

G∆(x) =
1√
2π∆

exp

[
− ln2 x

2∆2

]
. (3.2)

and we re-defined

A ≡ AR

(
frh
frh,⋆

)b

. (3.3)

With the above redefinition, Eq. (3.3), the constraints we find in the variable A can be easily

translated to constraints in AR for a given value of frh. For instance, for frh,min ∼ 10−10 (roughly

corresponding to Trh ∼ 4MeV) and frh,min ∼ 10−9 (roughly corresponding to Trh ∼ 100MeV) we

respectively have that frh,min/frh,⋆ ∼ 4/20 ∼ 1/5 and frh,max/frh,⋆ ∼ 100/20 ∼ 5. In fact, since
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c2s = w w log10 A log10 fp
Prior Uniform [0.01,1] Uniform [-5,3] Uniform [-8.5,-5]

95%-HDPI [0.134, 0.867] [−2.64, 1.49] [−6.99,NaN]

TABLE I. Priors and 95% HPDI of the posterior marginalized distributions of the Dirac delta case (2.7).

for the Dirac delta case we eventually find that no PBH overproduction requires w > 0.42, the

variation in reheating frequency can only amount at most to a factor ∼ 2 for frh,min (or ∼ 1/2 for

frh,max) taking the maximum value of |b| in that range, namely b = −1/2. Thus, our results for a

fixed frh = frh,⋆ already provide good intuition for the general case of frh,min < frh < frh,max. We

proceed to discuss our results for the Dirac delta and log-normal cases.

A. Results for Dirac delta peak

We present the priors used and the 95% highest probability distribution interval (HPDI) of

the marginalized distributions in the Dirac delta case in Tab. I. In Fig. 2, we show the posterior

distributions with the NANOGrav dataset. In the same figure, we present with an orange dashed

line the upper bound on the amplitude of primordial fluctuations from the requirement that PBHs

constitute 100% of the dark matter (i.e., above the orange line PBHs are overproduced and in-

consistent with observations). The gray dashed vertical line then shows the lower bound on the

equation of state w with no PBH overproduction at the 2-σ level. With a purple dashed line, we

also give the upper bounds on the GW energy density from CMB observations, as explained in

App. B. Dashed black lines illustrate the PBH mass range compatible with the OGLE microlensing

events, which could be explained by planet-mass PBHs. We provide a more detailed plot of the

typical PBH mass in terms of fp and w in Fig. 3. With a red and an orange star, we respectively

point the best fit values before and after, including the bound from no PBH overproduction.

From Fig. 2, we also see the degeneracies discussed in § II A, Eqs. (2.11) and (2.15). Let us

start with the A-w plane. There, we see how increasing the value of b (or, equivalently, lowering

the value of w) increases the negative power in the ratio fp/frh and leads to a bigger value of A.

For low enough w (w < 1/3), we also see that there is a spread in the values of A that comes from

the factor c−4
s = w−2, such that lowering w also allows for smaller A. Next, in the fp-A plane, we

see a degeneracy along the AR ∝ f
1+b−|b|
p direction. Increasing fp requires larger values of A. Note

that because of the term |b| in the exponent, there are two degeneracy lines, one for b < 0 and one

for b > 0. We do not see them in Fig. 2 because the range of w is all connected. However, we will

see the two degeneracy lines in the log-normal case. Lastly, we see no particular dependence of fp
on w. This is expected as the fp and w directions are somewhat unrelated.

We also find interesting implications from our analysis. First, from the IR tail, that is ΩGW ∝
f2−2|b|, we may constrain w. In fact, from the 2σ bounds, we see that 0.13 < w < 0.87. This

is consistent with analytical scaling arguments, as also pointed out in Ref. [23]. Since the slope

of the power law fitting for NANOGrav roughly satisfies 5/2 > nPTA > 1, it yields |b| < 1/2, or

equivalently 1/9 < w < 1. We note that, although our results are also qualitatively consistent



10

0.2 0.5 0.8
w

−7

−6

−5

−4

lo
g

1
0
f p

−2

0

2
lo

g
1
0
A

−2 0 2
log10A

−6 −4
log10 fp

Dirac delta

OGLE

Minimal w

CMB

PBH

Best Fit

Constrained Best Fit

FIG. 2. Posterior distribution inferred from the NANOGrav spectrum probability distribution function for

the Dirac delta primordial spectrum (2.7). In orange and purple dashed lines, we respectively show the

constraints from no PBH overproduction (see App. A) and the effective number of relativistic species in the

CMB (see App. B). The regions above these lines are excluded from the parameter space. The gray shaded

region shows the corresponding parameters space for the 95% CL mass range in OGLE 5-year [91], including

the PBH abundance. The stars show the best fit parameters before (red) and after (orange) considering

PBH and CMB bound. We see that there is still a small parameter space to explain OGLE microlensing

events and PTA signal simultaneously. The blue dashed lines in the marginalized distributions show the

68% and 95% HDPI in the marginalized distributions.

with the results of Refs. [36, 37], we find it difficult to compare with their results due to some

simplifications in these works. Ref. [37] also includes frh as a free parameter.

The results become more restrictive once we include information from the PBH counterpart and

CMB constraints. However, it is important to be aware that the PBH abundance is exponentially

sensitive to several factors, such as the precise formulation one uses, how one computes the threshold

or the amount of non-Gaussianity (for the latter see Refs. [21, 25, 26, 28, 32, 48]). Thus, any

implication from the PBH counterpart should be taken with a grain of salt, and it may differ

from the analysis of Refs. [36, 37, 42] by some O(1− 10). Here, we use the formalism developed in

Refs. [163] based on peak theory, which we believe is the currently most accurate method. Including

the PBH counterpart, we first find that no PBH overproduction excludes w = 1/3 at 2σ. To be

more precise, we find w ≳ 0.42. We also note that for w > 0.8 there is no PBH overproduction for

the 2-σ contour. This is consistent with [34, 36, 37, 42] where increasing the equation of state (or
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FIG. 3. Peak of the mass spectrum, log10 M/M⊙, of the PBH counterpart to the induced GWs with respect

to different EoS w and peak frequency log10 fp. Red lines show the minimum and the maximum PBH mass

(respectively Mmin = 1.6 × 10−6M⊙ and Mmax = 6.9 × 10−5M⊙) compatible with the microlensing events

seen by OGLE [91]. Gray lines indicate the EoS w in which there are too many PBHs (left of the dashed

line) and too few PBHs to be observed (right of the dot-dashed line). The blue lines show the 1-σ and 2-σ

of NANOGrav data, and the purple line shows the CMB bound as Fig. 2.

the sound speed) suppresses PBH formation.

Including bounds from CMB, the parameter space is further bounded. We can zoom in on the

fp-w plane in the Bayesian contour plot to discuss the allowed PBH mass considering constraints

imposed by our CMB and PBH results in Fig. 3. We conclude that the available parameter space

compatible with PTAs, without PBH overproduction, and obeys the CMB constraint is roughly

given by 0.42 ≲ w ≲ 0.87 and predicts a typical PBH mass range between 2.5×10−5M⊙ ≲ MPBH ≲
0.09M⊙. If the planet-mass PBHs can further explain OGLE microlensing events, the overlapped

parameter space gives 0.42 ≲ w ≲ 0.50. It is remarkable that by combining PTAs, CMB, and

PBHs, one can considerably narrow down the value of w. Although our conclusions align with

the results of Ref. [23], it is worth noting that because Press-Schechter significantly underestimates

PBH production, we have excluded the case of w = 1/3 in this paper at a 2-σ level. Interestingly,

the upper bound of O(0.1)M⊙ could be related to candidate merger events in the LVK data with

sub-solar mass compact objects [129–132, 164].

B. Results for Finite width peak

We now include a finite width ∆ in the primordial spectrum using the log-normal peak (2.1).

We use the code SIGWfast to obtain more accurate induced GW spectra for different widths,

especially for scales around the peak. This is an important feature since a broader primordial
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FIG. 4. Posterior distribution inferred from the NANOGrav spectrum probability distribution function for

the log-normal delta primordial spectrum (2.1). In orange and purple, we respectively show the constraints

from no PBH overproduction (see App. A) and the effective number of relativistic species in the CMB

(see App. B). The solid, dashed, and dotted-dashed lines, respectively, denote the constraints for ∆ = 0.1,

∆ = 0.4, and ∆ = 1. For the PBH constraints, we show the bound calculated by the Press-Schechter method

developed in [100] (orange curves). The red stars show the best fit parameters. The blue dashed lines in the

marginalized distributions show the 68% and 95% HDPI in the marginalized distributions.

spectrum leads to a broader peak in the induced GW spectrum, which may also fit the PTA data

as well as the infrared tail. This was not possible for the Dirac delta case as the resonant peak

in the induced GW spectrum is very sharp. Our results for the prior and the 95% HPDI of the

marginalized distributions are displayed in Tab. II. In Fig. 4, we present the posterior distribution

with the NANOGrav dataset, together with the constraints from PBH (orange curves) and CMB

(purple curve), respectively. The solid, dashed, and dotted-dashed lines show the constraints from

fPBH = 1 for ∆ = 0.1, ∆ = 0.4, and ∆ = 1, respectively, calculated by the simplest Press-

Schechter formalism with a Harada-Yoo-Kohri threshold [165] used in [100]. Note that in Fig. 4, the

constraints are looser than the monochromatic case in Fig. 2. This is because when the total power

is normalized to be AR, increasing ∆ will decrease the peak value of the spectrum (∼ AR/(
√
2π∆)),

thus the PBHs generated are suppressed significantly. The red star shows the best fit values.

As we include one more parameter ∆, the 1- and 2-σ contours in Fig. 4 are more complicated

than in the Dirac delta case in Fig. 2. However, we may understand the main effects of ∆ as

follows. On the one hand, since the log-normal peak (2.1) is normalized, the amplitude of the
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c2s = w w log10 A log10 fp ∆

Prior Uniform [0.01,1] Uniform [-5,3] Uniform [-8.5,-5] Uniform [0.1,1.5]

95%-HDPI [0.073, 0.979] [−2.43, 0.95] [−7.88,−5.17] [NaN, 1.40]

TABLE II. Priors and 95% HPDI of the posterior marginalized distributions for the log-normal case (2.1).

resulting induced GW spectrum around the peak does not change significantly with ∆. Although

we see from Eq. (2.16) that the far IR tail is sensitive to large values of ∆, it still does not matter

much with the current data. These are the reasons why in Fig. 4 the values of A, fp and w are

not sensitive to the precise value of ∆. On the other hand, and most importantly, the presence

of ∆ introduces two distinct regimes roughly separated at fp ∼ 10−6Hz where the PTA data is

fitted either by (i) the peak in the induced GW spectrum for fp < 10−6Hz or (ii) the IR tail for

fp > 10−6Hz. This provides different features in the fp-w and the fp-A planes with respect to the

Dirac delta case, which we explain below.

First, look at the fp-w plane. It is clear that for fp < 10−6Hz there is barely any degeneracy.

This is because the shape of the peak of the induced GW spectrum is not very sensitive to ∆

for ∆ > 0.1. On the other hand, when fp > 10−6Hz the IR tail enters the PTA window. This

time, because the primordial spectrum is broad, the IR tail goes as ΩGW ∝ f3−2|b|. Then, from

the power law fitting 5/2 > nPTA > 1 we conclude that there are two disconnected ranges for b,

namely −1/4 > b > −1/2 (5/9 < w < 1) and 1 > b > 1/4 (0 < w < 1/5). Because of this, the

fp-w plane has a half doughnut shape. Remarkably, the value of w = 1/3 is excluded at more

than 2σ for fp > 10−6Hz. We also notice that the doughnut shape of the fp-w plane is partly

carried over to the fp-A plane. From Eq. (2.16), the degeneracy in the fp-A is now roughly given

by AR ∝ f
3/2+b−|b|
p . Since for fp > 10−6Hz the allowed range for b is disconnected, we can see

the two degeneracy lines. Unfortunately, we also find that such an interesting regime is mostly

incompatible with CMB constraints, shown in purple lines in Fig. 4.

IV. CONCLUSION AND DISCUSSION

There is tentative evidence of a GW background at nHz frequencies reported by PTAs [1–10],

which could be explained by GWs induced by primordial fluctuations. Since these GWs were

generated in a period of the early universe that has not been directly probed by other means, we

included the EoS w of the early universe as a free parameter in our analysis. For the primordial

spectrum of fluctuations, we considered a Dirac delta and a log-normal peak (with a free logarithmic

width ∆), inspired by several models of inflation [59–64, 66–70]. We then analyzed the NANOGrav

data set with PTArcade [161] for the Bayesian analysis and SIGWfast [145] for the numerical

calculations of the induced GWs. Our results for the posterior distributions for the Dirac delta and

log-normal can be respectively found in Figs. 2 and 4.

For the Dirac delta spectrum, we found that 0.13 ≲ w ≲ 0.87 at 2σ, which is consistent with

previous analytical estimations [23] (namely 1/9 < w < 1). Most interestingly, while standard

radiation domination (w = 1/3) is in the middle of the 1σ contours using the GW data only, it is
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excluded at 2σ when including the upper bounds from no PBH overproduction. Thus, our results

on induced GWs and PBHs imply 0.42 ≲ w ≲ 0.87 when the universe had temperatures above

100MeV. We also investigated the typical mass range of the PBHs, combining the PBH and CMB

bounds. We found that, including the w dependence, it is given by 2.5 × 10−5M⊙ ≲ MPBH ≲
0.09M⊙, which can still explain the OGLE microlensing events [91] as well for a narrow range of

the EoS, namely 0.42 ≲ w ≲ 0.5. Also, the upper bound of O(0.1)M⊙ could explain the candidate

merger events in the LVK data with sub-solar mass compact objects [129–132, 164, 166]. As this is

out of the scope of this paper, we leave a detailed study for future work. Note that our conclusions

slightly differ from Ref. [23] because of the different formalism adopted for estimating the PBH

abundance. Nevertheless, based on peak theory other than the simplest Press-Schechter formalism,

our analysis gives the most accurate estimate for the PBH bounds.

For the log-normal spectrum, we find that, in general terms, the GW data cannot constrain the

EoS w. The main reason is that while the Dirac delta case has a precise prediction for the low

frequency tail of the induced GWs that enters the PTA window, there are different possibilities for

the log-normal depending on the width ∆. For example, for sharp peaks (∆ ≲ O(0.1)) there is the

near-IR tail and the far-IR tail which respectively scale as f2−2|b| (fp ≫ f ≫ ∆ × fp) and f3−2|b|

(f ≪ ∆× fp). For broad peaks (∆ ≳ O(0.1)), the induced GW is also a broad peak, the shape of

which is not very sensitive to the value of w. Thus, with the current precision, we cannot constrain

the value of w. We only find a faint preference for small ∆ in the NANOGrav data set and that the

best-fit point fits the PTA data with the peak of the induced GW. To explore this interpretation

further, namely the log-normal peak, one would need an experiment with a much larger frequency

range. Or, one could also discuss specific models to remove the uncertainty in ∆. Regarding the

PBH counterpart, we find that while a stiffer EoS w alleviates the possible PBH overproduction, a

broader log-normal peak also reduces the abundance of the PBH counterpart.

In the future, we will be able to combine the likelihood from PTAs, micro-lensing observations as

well as ground and space-based detectors such as µ-Ares [167], binary resonances [168, 169] and the

Nancy Roman telescope [170] (in the µHz regime), LISA and Taiji [171, 172] (for mHz frequencies),

TianQin [173] and DECIGO [174, 175] (for frequencies around Hz), Einstein Telescope [176], Cosmic

Explorer [177] and Voyager [178, 179] (for GWs with Hz-kHz frequencies). In this way, we will have

access to the induced GW spectrum in a much broader frequency range. At the same time, the

PBH counterpart and the GW from the mergers of such PBH binaries [23] will allow us to do a

precise Bayesian analysis to probe primordial fluctuations on small scales as well as the content of

the early universe. And, perhaps, confirm (or rule out) the induced GW interpretation of the PTA

data.

Our work could also be improved in several ways. First, the calculations of the PBH abundance

for a finite-width peak require refinements, mostly due to the high momentum tail of the primordial

scalar perturbation and the complexity of the threshold in peak theory. Second, we could include

the position of the reheating frequency frh as a free parameter. To do so, one should improve the

kernels for f < frh of Refs. [121, 122]. One could also consider a gradual reheating instead of an

instantaneous one. Lastly, one may consider including primordial non-Gaussianity of primordial

fluctuations.
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Appendix A: The Primordial Black Hole counterpart

In this section, we discuss the PBH formation when the amplitude of the curvature perturbation

is strong enough to generate scalar-induced GWs as the SGWB detected by PTAs. We use the

peak theory, following Ref. [163], to calculate the PBH formation for the monochromatic spectrum.

For the finite-width case (i.e. a lognormal peak in the power spectrum), to avoid the complexity

of the calculation and the uncertainty of the threshold in the finite-width case, we simply apply

the Press-Schechter method with the Harada-Yoo-Kohri threshold [165], following the calculations

in Ref. [100]. We draw the fPBH = 1 lines for the monochromatic case and for a few different

widths in Fig. 2 and Fig. 4 respectively, with a fixed frequency fp = 10−7 Hz. This is because the

dependence of the PBH mass function on the peak frequency fp is relatively weak compared to the

amplitude AR, which will be explained in details in following context.

In the peak theory, whether a PBH will form around a peak of the density fluctuation depends on

whether the compaction function exceeds the profile-dependent threshold. We follow the definitions

and calculations in Ref. [163], but generate the threshold to a general EoS w, discussed in [89]. The

horizon mass during that period at the horizon reentry of a comoving wavenumber k

M(k) = Mrh

(
k

krh

)− 3(1+w)
1+3w

, (A1)

Mrh = 5.33× 1035
( g∗
10.75

)−1/6
(

Trh

20MeV

)−2

g, (A2)

where Mrh stands for the horizon mass at the end of reheating. When the physical radius Rm =

aeζ̂(rm)rm reenter the horizon, aeζ̂(rm)rmH = 1 , the horizon mass

MH ≡ M(a/Rm) = M(kp)
(
xmeζ̂m(µ̃2)

) 3(1+w)
1+3w

, (A3)

where xm = rmkp.

The relation between the PBH mass and the horizon mass follows a scaling relation around the

threshold

M
(
µ2, k̃3, w

)
= K

(
k̃3, w

)(
µ̃2 − µ̃2,th

(
k̃3, w

))γ(w)
MH

(
µ̃2, k̃3, w

)
(A4)
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where µ̃2 and k̃3 describe the height and the width of the peak. The probability distribution of

them is given by the power spectrum of the random field, and k̃3 is restricted to 1 in monochromatic

case [163]. γ(w) can be expressed semi-analytically, given in [180, 181], which has been confirmed

numerically in [89, 182]. K has a O(1) value which depends on shape as well as w and we choose

K = 1 in our calculations. We only need the threshold for different EoS parameters w. For w > 1/3,

the threshold almost only depends upon the compaction function

Ĉ(r) = 2

3

[
1−

(
1 + rζ̂ ′

)2
]

(A5)

around its peak value, which can be expressed by an analytical formula up to the second order

derivative of the compaction function [89, 183]. The numerical results are used for w < 1/3, which

can be found in Fig. 11 of Ref. [89]. Thus, the mass function of PBH can be written as

fPBH(M) =

∣∣∣∣d lnMdµ2

∣∣∣∣−1

npk(µ̃2(M)) M ∝ kp
6w

1+3w , (A6)

where

npk(µ̃2) =

(
3

2π

)3/2

k3pf(µ̃2/
√
AR)

1√
2πAR

exp

(
− µ̃2

2

2AR

)
, (A7)∣∣∣∣d lnMdµ2

∣∣∣∣ = ∣∣∣∣3(1 + w)

1 + 3w
ζ̂ ′m(µ2) +

γ(w)

µ2 − µ2,th

∣∣∣∣ , (A8)

and ζ̂ ′(µ2) ≡ dζ̂(xm)/dµ̃2. The f function is the number density of peaks and f(x) ∼ x3 at high

tails when µ̃2/
√AR ≫ 1 [184].7 The total mass factor can be given by integrating over Eq.(A6),

ftot =

∫
fPBH(M)d lnM. (A10)

The PBH abundance is mainly determined by the exp(−µ̃2
2/(2AR)) in Eq. (A6) when µ̃2,th ≫ √AR,

which indicates the PBH bound almost has AR(fPBH = 1) ∝ µ̃2
2,th with a slight dependence on fp

from the k
6w

(1+3w)
p term in Eq.(A6). So we directly fix fp = 10−7 Hz and plot the corresponding upper

bound for the amplitude of the scalar perturbation for different EoM w in Dirac-delta peak case in

Fig. 2. For simplicity, we use the Press-Schechter formalism to give a conservative estimation for

the upper bound for the peak with different widths, shown in Fig. 4. Note that the PBH constraints

are with respect to AR, but as we pointed out earlier, this at most contributes a factor ∼ 2.

After obtaining the mass function by Eq. (A6), we can check whether the planet-mass PBH can

explain the ultrashort-timescale microlensing events observed by OGLE, firstly proposed in [100].

In [91], the PBH mass and abundance needed to explain these events are given at 95% C.L. for the

7 The concrete form of f in Eq. (A7) is given by

f(ξ) =
1

2
ξ
(
ξ2 − 3

)(
erf

[
1

2

√
5

2
ξ

]
+ erf

[√
5

2
ξ

])

+

√
2

5π

{(
8

5
+

31

4
ξ2
)
exp

[
−5

8
ξ2
]
+

(
−8

5
+

1

2
ξ2
)
exp

[
−5

2
ξ2
]}

(A9)
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monochromatic mass function, which is about 1% to 10% of the dark matter at around 10−4 to

10−6 M⊙. Reducing the PBH abundance from fPBH = 1 to fPBH = 0.01 only reduces the amplitude

of the perturbation very slightly, so we directly substitute the upper bound amplitude for fPBH = 1

to calculate peak mass for different parameters, which is displayed in Fig. 3. It is a zoom-in of the

fp-w subfigure in Fig. 2. We can see that there is still an allowed region in the parameter space,

which means that the OGLE ultrashort-timescale microlensing events and the nHz SGWB can be

simultaneously explained.

Appendix B: Constraints from CMB Anisotropy

The GW background, acting as an additional radiation component, may affect Big Bang Nu-

cleosynthesis (BBN) and the anisotropy of the CMB. The additional energy density in the form

of radiation is conventionally parameterized by Neff , the effective number of neutrino species after

electron-positron annihilation. One may translate the effective number of relativistic species ∆Neff

to an upper bound on the integrated energy density of GW background, namely [185]

ΩGW,0h
2 ≤ 5.6× 10−6

(
Ωr,0h

2

2.47× 10−5

)(
gS (T0)

3.91

)4/3(gS (T0)

3.91

)−4/3

∆Neff . (B1)

Since BBN and CMB yield similar results, we choose the constraints from the CMB, ∆Neff < 0.30

(i.e (h2ρGW/ρc)0 ≤ 1.7× 10−6) at 95 % [159], as our conservative estimation.

We compute the total energy density from the induced GWs as follows. First, we parametrize

the primordial spectrum as PR,kp(k) = ARF (k/kp) (which could be the Dirac delta (2.7) or the

log-normal peak (2.1)). Then, we integrate the induced GW spectrum over all frequencies as

Ωtot
GW,rh = A2

(
fp
frh,∗

)−2b ∫ ∞

0
d ln

f

fp
Qw

(
f

fp

)
, (B2)

where we defined

Qw(x) = x−2b

∫ 1

0
dd

∫ ∞

1
ds Tw(d, s)F (x(s+ d))F (x(s− d)) . (B3)

In the Dirac delta case, Eq. (B2) has four free parameters: fp, w and A. In the log-normal case,

we have an additional parameter ∆. Then, for any given w and ∆, we find the relation A(fp) such

that the induced GW spectrum goes through the geometric mean of the energy spectral density

with the highest probability in different frequency bins, called ΩGW,PTA. This provides a fixed

point in the (f,ΩGW) domain. Further assuming that fp ≫ fPTA, i.e. the peak frequency is much

larger than the PTA frequencies, we may use the IR tail of the induced GW spectrum to find the

relation A(fp). Explicitly, we substitute the IR limit of Eq. (3.1) into Eq. (2.6),

ΩGW,PTA = ΩGW,rh(f ≪ fp)
∣∣∣
f=fPTA

≈ A2
R


Cδ(b)

fp
fPTA

2(1−|b|+b)

(Dirac-Delta)

C∆(b)
fp

fPTA

2(3/2−|b|+b)

(Log-normal)

, (B4)
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where the coefficients Cδ(b) and C∆(b) can be calculated numerically (although one could also use

the analytical formulas given in (2.9) and (2.16)). Eq. (B4) should be understood as a relation

A(fp) when fixing (fPTA, ΩGW,PTA, w, ∆). With such relations, we compute Eq. (B2) and impose

the CMB bound (B1). The results are shown in purple lines Figs. 2 and 4.
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