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We study the Primordial Black Hole (PBH) reheating scenario, where PBHs originate in

a general cosmological background. In this scenario, ultralight PBHs with masses M ≲ 108g

temporarily dominate the Universe and reheat it via Hawking radiation before Big Bang Nu-

cleosynthesis (BBN). We investigate whether the induced Gravitational Wave (GW) spec-

trum associated with PBH reheating contains information about the pre-PBH-dominated

stage, namely the initial equation of state w (after inflation). We first derive the trans-

fer functions of curvature fluctuations for general w with adiabatic and isocurvature initial

conditions. We find that, in general, a stiffer equation of state enhances the induced GW

amplitude as it allows for a longer PBH dominated phase compared to the radiation dom-

inated case. We also find that the spectral slope of GWs induced by primordial curvature

fluctuations is sensitive to w, while the spectral slope of GWs induced by PBH number

density fluctuations is not. Lastly, we derive constraints of the initial PBH abundance as

a function of w, using BBN and Cosmic Microwave Background (CMB) observations. A

stiffer equation of state leads to stricter constraints on the initial energy density fraction,

as induced GWs are enhanced. Interestingly, we find that such induced GW signals may

enter the observational window of several future GW detectors, such as LISA and the Ein-

stein Telescope. Our formulas, especially the curvature fluctuation transfer functions, are

applicable to any early matter-dominated universe scenario.
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I. INTRODUCTION

Observations of the Cosmic Microwave Background (CMB) [1] indicate that the Universe under-

went a period of accelerated expansion, so-called cosmic inflation [2–5], which drove the Universe

to almost perfect spatial flatness and homogeneity, while at the same time providing the seeds for

inhomogeneous structures to grow [6–9]. On the other hand, the abundances of light elements like

hydrogen and helium and the associated theory of Big Bang Nucleosynthesis (BBN), inform us

that the Universe was thermalised and dominated by relativistic particles before it had cooled to a

temperature of 4 MeV [10–15].

However, the physics governing the transition from the supercooled, empty Universe at the end

of inflation to the hot, radiation dominated Universe at BBN is largely unconstrained. This period is

referred to as reheating, and the details of the process strongly depend on the nature of the inflaton

field, in particular on the shape of its potential and its coupling to standard model particles [16–

18]. This leaves a gap in our understanding of the primordial Universe, where different expansion

histories are equally compatible with current data [19]. It is, therefore, crucial to understand the

implications of different models and test them against observations. A key observable that may

be in reach of current and near-future detectors is the stochastic gravitational wave background

(SGWB) originating from this epoch. Such a SGWB is predicted in a multitude of scenarios and is

expected to posses unique features allowing to differentiate between the various models and probe

the expansion history of the early Universe [20–31].

In this work, we consider one particularly exciting scenario to fill the Universe with radiation

after inflation: the Primordial Black Hole (PBH) reheating scenario, considered by Carr [32] as

early as 1976. The key assumption in this scenario is the formation of a population of ultralight

PBHs within a certain mass range and with a suitable initial abundance. After formation, the PBH

population behaves like a non-relativistic matter fluid and, if the PBH lifetime is long enough, will

become the dominant component of the Universe. Through the semi-classical Hawking process [33]

the PBHs evaporate after some time, filling the Universe with relativistic particles and leaving it

in the standard radiation dominated era preceding BBN [34].

PBH reheating is a plausible scenario, as it does not require the introduction of new fields or

couplings and relies only on semi-classical results.1 An appealing aspect of the scenario is that it can

be potentially tested through the observation of gravitational waves (GWs) in the near future. In

fact, there are already constraints from the overproduction of induced GWs [36–38]. Furthermore,

a number of recent papers [36–47] showed that the GWs induced in the PBH reheating process by

PBH number density fluctuations and primordial curvature perturbations could enter the frequency

band of next-generation GW detectors.2

In most previous works [36–46] (except for Ref. [47]) it is assumed, for simplicity, that the Uni-

verse transitions directly to radiation domination (RD) with an equation of state (EoS) parameter

w = 1/3 after inflation, and that the PBHs form during this RD period. However, in the PBH

1 That is, except for PBH formation itself. In the case of PBHs formed through the collapse of large overdensities,

an enhancement of the curvature perturbation at the PBH mass scale by several orders of magnitude compared to

CMB scales is necessary to produce a significant number of PBHs [35].
2 See also [48–51] for discussions of the SGWB from evaporating PBHs due to graviton emission in Hawking radiation

and binary PBH mergers.
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reheating scenario the inflaton need not decay into radiation at all. For example, inflation may end

with coherent oscillations of the inflaton field, which for a quadratic potential leads to a dust-like

EoS w ≈ 0, corresponding to a period of early matter domination (eMD) [23, 52–55]. Or, the

inflaton may simply accelerate in a run-away potential, typical of quintessential inflation scenarios,

where there is a period of kination with w = 1 after inflation [29, 56–62]. For the inflaton φ coher-

ently oscillating in a potential V (φ) ∝ |φ|2n with generic n, the value of w is determined by the

shape of the potential as w = n−1
n+1 [63] and can take any value between −1 and 1 [15]. In general,

w may also vary over time during reheating and radiation domination [64–66]. See e.g. Ref. [19]

for a review of alternative expansion histories of the early Universe.

In the present paper we lift the assumption of early RD and instead treat the content of the

primordial Universe as an adiabatic fluid with a generic equation of state. We discuss how different

values of the EoS parameter w impact PBH reheating and deform the allowed parameter space. In

the process, we also compute the transfer functions for the curvature perturbation in the transitions

from the primordial fluid dominated to the PBH dominated era, for both isocurvature and adiabatic

initial conditions and for general constant w. It should be noted that recently Ref. [47] studied

a similar situation in the context of the memory burden effect [46, 67, 68], focusing on possible

degeneracies between the value of w and the memory burden parameters in the induced GW

spectrum. Our work extends their analysis of the effect of a general EoS by providing an analytical

computation of the full transfer function of the curvature perturbation and the induced GW spectra,

which, in our opinion, provides more physical insight.

Using these results, we compute the GWs induced by PBH number density fluctuations, which

are isocurvature in nature, and those induced by an adiabatic primordial curvature perturbation.

We find that an EoS stiffer than radiation (w > 1/3) leads to an enhanced GW amplitude, which

results in exciting observational prospects and opens the parameter space towards lower initial

PBH abundances. Further, we show that a combined observation of the isocurvature and adiabatic

induced GWs would allow us to determine the initial PBH mass and abundance, as well as the

primordial EoS parameter and the parameters of the primordial curvature power spectrum.

This paper is organised as follows. In section II, we introduce the PBH reheating scenario

with a general cosmological background, focusing on the impact of the EoS parameter w on the

different timescales in the scenario. The evolution of isocurvature-induced and adiabatic curva-

ture perturbations is discussed in detail in section III, treating the early w-dominated, the PBH

dominated and the RD eras separately in sections III B to IIID, respectively. In section IV we com-

pute the scalar induced GW spectra after PBH evaporation and discuss observational prospects.

We close with a summary and discussion in section V. Technical details are deferred to several

appendices. We work in units where ℏ = c = kB = 1 and we use the reduced Planck mass

MPl = 1/
√
8πGN ≈ 4.34× 10−6g ≈ 2.44× 1018GeV.

II. PBH REHEATING SCENARIO

Let us briefly review the PBH reheating scenario. We assume that the Universe after inflation is

dominated by an adiabatic perfect fluid with a constant equation of state parameter w := Pw/ρw,
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with ρw and Pw denoting the energy density and pressure of the fluid, respectively. In this work,

we will allow w to take any constant value within the range 0 < w ≤ 1. We exclude exact matter

domination (w = 0) because PBH formation during an eMD requires very long timescales to form

an apparent horizon [69], and PBHs can not become dominant, which we assume below. By keeping

w as a free parameter, we parameterise our ignorance of the content of the primordial Universe.

In order not to spoil the successful predictions of BBN, the Universe needs to transition to the

radiation dominated era before cooling down to a temperature T ∼ 4MeV [10–13]. In the PBH

reheating scenario, this is achieved by forming a population of microscopic black holes from large

overdensities in the primordial fluid, which come to dominate the Universe for a transient period

and decay via Hawking evaporation before BBN, filling the Universe with Hawking radiation. The

effects of evaporating PBHs in the early Universe have been first studied almost 50 years ago [32]

and have attracted a lot of attention recently [36–51, 70, 71]. As we show in this paper, observation

of the GWs induced in the PBH reheating scenario may allow us to constrain the value of w and

thus, the content of the post-inflationary Universe, in addition to possibly being the only direct

probe of PBHs that have evaporated already. In our derivations, we closely follow Ref. [37] and use

it to cross-check our results in the limit of w = 1/3.

A. PBH formation and evaporation

In this work, we focus on PBHs formed from the gravitational collapse of large density fluctua-

tions. For reviews on PBH formation and PBHs in general, we refer the reader to [35, 72], and for

current constraints, see [73–75]. A PBH can emerge when a superhorizon fluctuation with an ampli-

tude larger than a critical threshold value reenters the horizon after inflation. Then, some fraction

γ of the mass inside the Hubble horizon at that time will end up inside the PBH. Accordingly, the

initial PBH mass is given by

Mf = γ
4πM2

Pl

Hf
, (2.1)

where H is the Hubble parameter and the subscript ”f” denotes evaluation at the time of PBH

formation. γ = γ(w, δm) is an O(1) parameter quantifying the fraction of the mass inside the

horizon that ends up in the PBH, and it depends on the amplitude of the fluctuation that leads to

the collapse δm, as well as the EoS parameter w at formation [35, 69, 76, 77]. For PBHs formed

during radiation domination (w = 1/3) and for the amplitude of the density contrast equal to the

critical one, its value is approximately γ ≈ 0.2, which we will adopt as a reference value. For

simplicity, we will assume that all PBHs form with the same mass Mf . The effect of an extended

mass function on PBH reheating has been studied in [41].

On scales larger than their mean separation, the PBH population can be treated as a dust fluid

with mean energy density ρPBH. The initial energy density fraction in PBHs is then defined by

β := ΩPBH,f =
ρPBH,f

3H2
f M

2
Pl

. (2.2)

Note that the PBH reheating scenario is completely specified by the two parameters (Mf , β).
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After they have formed, PBHs start to evaporate due to Hawking radiation [33] and emit

particles with an approximately thermal spectrum at the temperature TPBH = M2
Pl/M(t), which

is inversely proportional to the PBH mass M(t). Due to the particle emission, a PBH loses mass

with rate Γ, given by [70, 78]

Γ := −d lnM(t)

dt
= A

M4
Pl

M(t)3
with A =

3.8π

480
gH , (2.3)

where gH = gH(TPBH) are the spin-weighted degrees of freedom and gH ≈ 108 for M ≪ 1011g,

assuming only the standard model of particles. Integrating eq. (2.3) reveals the time dependence

of the PBH mass

M(t) ≈ Mf

(
1− t

teva

)1/3

, (2.4)

where we assumed teva ≫ tf . The evaporation time is given by

teva =
M3

f

3AM4
Pl

≈ 4.1× 10−28s

(
Mf

1g

)3

. (2.5)

The subscript “eva” is used to denote evaluation at the time of PBH evaporation, i.e. reheating of

the Universe. The solution (2.4) shows that the PBH mass initially decreases very slowly and then

quickly drops to zero as t → teva, which is a consequence of the fact that the Hawking temperature

TPBH ∝ 1/M . For the sake of simplicity, we will focus on non-rotating Schwarzschild PBHs in our

analysis. This is reasonable since PBHs formed by the gravitational collapse of large fluctuations

are generally expected to have very low initial spin if Mf is of the order of the horizon mass at

formation [35, 79]. Over the course of their lives, PBHs can potentially acquire spin by mergers

and accretion. However, accounting for a spin would shorten the PBH lifetime only by a factor of

order unity and would, therefore, slightly modify the allowed parameter space but leave our general

conclusions unchanged [80, 81]. Note that in this work we are assuming that the semi-classical

approximation of Hawking’s calculation holds until the black hole has evaporated completely. The

impact of modifications to Hawking evaporation due to quantum effects like the memory burden

[67] on the PBH reheating scenario has been considered in [46, 47, 68].

Remarkably, we can put both upper and lower bounds on the allowed initial PBH mass Mf for

the scenario to be compatible with current observations. On the one hand, for successful Big Bang

Nucleosynthesis, the Universe should be radiation dominated and thermalised at the latest when

it has reached a temperature TBBN ≈ 4MeV [12, 14, 82]. We can compute the temperature of the

Universe right after PBH evaporation by assuming that PBHs dominate right before evaporation

and using the relation between the energy density and temperature of radiation (A7) to find [37]

Teva ≈ 2.76× 104GeV

(
g∗(Teva)

106.75

)−1/4 ( gH
108

)1/2( Mf

104g

)−3/2

. (2.6)

Note that Teva is determined solely by the initial PBH mass Mf . g∗(T ) denotes the number of

relativistic degrees of freedom and takes the value g∗ = 106.75 for high temperatures T ≳ 100GeV

and assuming the standard model of particle physics is valid up to those energies.
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On the other hand, the 2018 Planck data imposes an upper bound on the Hubble parameter

during inflation, Hinf < 2.5× 10−5MPl at 95% CL [83], assuming the simplest models of inflation.

As we are assuming that PBH formation takes place after the end of inflation, this corresponds to

a lower bound on the PBH mass. Thus, imposing Teva > TBBN and Hf < Hinf we find the allowed

mass range

0.44 g
( γ

0.2

)
≲ Mf ≲ 3.6× 108g

(
g∗(Teva)

106.75

)−1/6 ( gH
108

)1/3
, (2.7)

comprising roughly eight orders of magnitude.

B. Evolution of background densities

Taking into account the energy transfer from the PBHs to radiation, the background energy

densities are coupled and evolve according to

ρ̇PBH + (3H + Γ)ρPBH = 0

ρ̇rad + 4Hρrad − ΓρPBH = 0

ρ̇w + 3(1 + w)Hρw = 0 , (2.8)

where we assume that the products of Hawking evaporation only transfer energy to radiation

and the overdot denotes a derivative with respect to t. In order to gain some intuition for the

background evolution, we numerically solve the system (2.8) together with the Friedmann equation

(A1) in terms of the number of e-folds N (defined by dN = d ln a in terms of the scale factor a).

The resulting energy density fractions Ωi := ρi/(3H
2M2

Pl) are shown for two different values of w

in fig. 1. As one can observe, the time evolution can be split into three distinct epochs: an initial

phase where the primordial w-fluid dominates, a second epoch where the PBH fluid comes to be

the dominant component, and finally the radiation dominated era following PBH evaporation and

preceding BBN.

This behaviour can be understood as follows. As initially, the effect of Hawking radiation is

small, ρPBH ∝ a−3 and at some point, the PBH fluid starts to dominate over the primordial fluid,

which is diluted faster due to the non-zero pressure. We denote the moment of w-PBH equality

with the subscript “eq”, not to be confused with the much later, standard matter-radiation equal-

ity. After this equality, PBHs dominate the evolution of the Universe in a transient, early matter

dominated era before evaporating in a final burst of radiation. Note that the final stage of the

evaporation completes in less than one e-fold and can be approximately treated as almost instan-

taneous [39]. See how, for smaller w, it takes significantly more e-folds to reach PBH domination.

Note also that the number of e-folds until PBH evaporation Neva is almost independent of w. For

w < 1/3 we have to further assume that the primordial fluid decays to radiation and/or matter

during the PBH dominated epoch, otherwise it starts dominating again after PBH evaporation. For

our approximations to remain valid, we require the decay rate Γw to lie within Heva ≲ Γw ≲ Heq

(assuming constant Γw). For values of Γw outside this range, one can have additional phases of w-

or radiation domination, and a more careful analysis would be required.
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Figure 1. Evolution of the energy density fractions of PBHs, radiation, and the primordial w-fluid in terms

of the number of e-folds since PBH formation, N − Nf = ln(a/af). In the left plot, we show the solution

for w = 1/6, the right one is for w = 2/3, and we chose Mf = 10g and β = 10−3 in both cases for direct

comparison. The dashed grey lines mark Neq and Neva as given in eqs. (2.9) and (2.13), respectively. Note

that, although the chosen values are for illustration purposes only, for w = 1/6 these values lie within the

allowed parameter space, while for w = 2/3 this particular combination violates the upper bound on β set

by BBN, see (4.14).

To better understand the situation, it is helpful to derive analytical estimates for the typical

timescales involved. For the number of e-folds from PBH formation to the early equality (i.e. the

beginning of PBH domination), we find

Neq −Nf ≃ − 1

3w
ln(β) ≈





23.03− 2 ln
(

β
10−5

)
(w = 1/6)

11.51− ln
(

β
10−5

)
(w = 1/3)

5.76− 1
2 ln

(
β

10−5

)
(w = 2/3)

, (2.9)

where we assumed ρw,f ≫ ρPBH,f , or equivalently β ≪ 1, and neglected the effect of Hawking

radiation, i.e. assumed that PBHs evaporate after equality. Note that eq. (2.9) only depends on β,

but not on Mf . Equation (2.9) makes it clear that for a softer equation of state (i.e. smaller w), it

takes significantly longer until PBHs start dominating.

For the number of e-folds the Universe spends in PBH domination, we find

Neva −Neq ≃ 2

3
ln

(
(1 + w)

2πγ

A

(
Mf

MPl

)2

β
1+w
2w

)

≈ 4

3
ln

(
Mf

104g

)
+

2

3
ln
( γ

0.2

)
+





1.48 + 7
3 ln

(
β

10−5

)
(w = 1/6)

13.08 + 4
3 ln

(
β

10−5

)
(w = 1/3)

18.98 + 5
6 ln

(
β

10−5

)
(w = 2/3)

, (2.10)
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where we set gH = 108. Note how for a stiffer primordial fluid (i.e. larger w) the PBH dominated

phase is significantly longer. Later, we will see that this leads to an enhanced amplitude of the

induced GWs because density fluctuations have more time to grow during the eMD era.

Demanding Neva > Neq, such that PBHs evaporate after equality, we have a lower bound on β

β > βmin :=

(
A

(1 + w)2πγ

(
MPl

Mf

)2
) 2w

1+w

(2.11)

≈
(( gH

108

)(0.2

γ

)(
Mf

104g

)−2
) 2w

1+w

×





5.31× 10−6 (w = 1/6)

5.48× 10−10 (w = 1/3)

1.27× 10−15 (w = 2/3)

. (2.12)

Equation (2.12) shows that a stiffer equation of state corresponds to a lower minimal value βmin

required for reaching PBH domination. It should be noted here that this lower bound on β is

necessary for the validity of the assumption of PBH domination used in the following calculations,

but should not be understood as a physical constraint.

Combining (2.9) and (2.10) and demanding Neva > Neq, we find the number of e-folds for the

whole PBH reheating process from formation to evaporation

Neva −Nf ≃ 24.4 +
2

3
ln(1 + w) +

1

3
ln

(
β

10−5

)
+

4

3
ln

(
Mf

104g

)
+

2

3
ln
( γ

0.2

)
, (2.13)

which depends only very weakly (logarithmically) on w and varies by less than half an e-fold between

w = 0 and w = 1. This is due to the fact that, when PBH dominate the Universe, the evaporation

temperature depends only on the mass of the PBH. In other words, it does not depend on the

start of the PBH dominated phase. To summarize, w determines when PBHs start dominating and

the length of the PBH dominated phase, but the total number of e-folds until PBH evaporation is

determined predominantly by the initial PBH mass Mf and abundance β.

To conclude this section, we derive some useful relations between the relevant scales in our

system. A comoving scale ki is defined by the size of the comoving Hubble radius when that scale

reenters the horizon, i.e. ki = Hi, where H = aH is the comoving Hubble parameter. The main

relevant scale is the mean physical distance d of the PBHs, which is determined by the details of

PBH formation. It defines the comoving ultraviolet (UV) cutoff kuv by [36]

kuv :=
a

d
with d(tf) =

(
3

4π

Mf

ρPBH,f

)1/3

. (2.14)

For scales larger than kuv, we can take a coarse-grained view and treat the population of PBHs as

a non-relativistic matter fluid, also referred to as dust, but for smaller scales, the discrete nature

leads to shot-noise effects and our effective treatment breaks down [36]. We find the following

relations between the characteristic scales,

kuv
kf

=

(
β

γ

)1/3

,
keq
kf

≈
√
2 β

1+3w
6w and

keva
kf

=

(
βA

2πγ

M2
Pl

M2
f

)1/3

, (2.15)
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where we used eqs. (A2) and (A4). Then we also see that

keq
kuv

=
√
2γ1/3β

1+w
6w and

keva
kuv

≈ 4.32× 10−7
( gH
108

)1/3( Mf

104g

)−2/3

, (2.16)

which allows us to express all relevant scales in terms of kuv. Note that the ratio keva/kf in

eq. (2.15) is independent of w, under the assumption that PBHs dominate the Universe. This

is because, if PBHs dominate the Universe, both Heva and Hf depend only on Mf and the ratio

aeva/af = (nf/neva)
1/3 (where n is the PBH number density) depends on β andMf , but not w. Thus,

it follows that keva/kf = aevaHeva/(afHf) is independent of w, except for a possible w dependence

in γ. However, this does not apply to the w → 0 limit as PBH would never dominate the Universe

unless β ∼ 1. Also note that we find overall agreement with Ref. [47] except for the possible w-

dependence in kf and keq of Ref. [47] through γ. Since there are uncertainties in the value of γ we

leave it as a free parameter not to obscure the discussion.

Finally, we can express the comoving scales in physical units using the temperature of the

radiation bath (2.6). We find e.g. for the scale corresponding to PBH evaporation [37]

keva ≈ 4.7× 1011Mpc−1

(
g∗(Teva)

106.75

)1/4(g∗,s(Teva)

106.75

)−1/3 ( gH
108

)1/2( Mf

104g

)−3/2

, (2.17)

where we used entropy conservation, i.e. aTg
1/3
∗,s ∼const., and we introduced the number of entropic

degrees of freedom g∗,s [84]. Equation (2.17) makes it apparent that PBH reheating probes physics

at scales many orders of magnitude smaller than the ones observed in CMB measurements, i.e. at

the order of the pivot scale kCMB ≈ 0.05Mpc−1 [83].

III. CURVATURE AND ISOCURVATURE PERTURBATIONS

Let us now focus on the evolution of cosmological perturbations. We consider a perturbed

Friedmann-Lemâıtre-Robertson-Walker (FLRW) metric in the Newton gauge,

ds2 = a2(τ)
[
−(1 + 2Ψ)dτ2 + (δij + 2Φδij + hij) dx

idxj
]
, (3.1)

where the two scalar potentials are related by Ψ = −Φ in the absence of anisotropic stress, hij are

the transverse-traceless tensor perturbations and the conformal time τ is defined by dt = adτ in

terms of the scale factor a and the cosmic time t. For simplicity, we assume Ψ = −Φ from now on.

For details on cosmological perturbation theory, more generally, see Refs. [15, 84, 85]. We provide

details of the calculations in App. A.

We begin by studying the evolution of the curvature perturbation Φ during the transition from

the w- to the PBH-dominated era. In this early epoch where a ≪ aeva we can safely neglect the

effect of Hawking radiation. At the background level, the Friedmann equation (A1) yields

keqτ =
2
√
2

1 + 3w
χ

1+3w
2 2F1

(
1

2
,
1 + 3w

6w
;
1 + 9w

6w
;−χ3ω

)
with χ :=

a

aeq
, (3.2)
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where 2F1 (a, b; c; d) is the hypergeometric function.

Turning our attention to the perturbations, we take the trace of the ij-component of the per-

turbed Einstein equations (A10) and use eq. (A8) to obtain the equation of motion for Φ, namely

Φ′′ + 3H(1 + c2s)Φ
′ +
(
(1 + 3c2s)H2 + 2H′ + c2sk

2
)
Φ =

1

2
a2c2sρPBHS , (3.3)

where ′ ≡ d/dτ and k denotes the wavenumber of a given Fourier mode. The sound speed c2s is

defined as [85]

c2s =
c2w(1 + w)ρw

ρPBH + (1 + w)ρw
where c2w =

δPw

δρw
, (3.4)

with the pressure and density perturbations respectively denoted by δP and δρ. In eq. (3.3) we

also defined the isocurvature perturbation as [85]

S :=
δρPBH

ρPBH
− δρw

(1 + w)ρw
, (3.5)

which evolves according to

S′ = k2Vrel +
3H

(1 + w)ρw
δPnad with δPnad = (c2w − w)δρw , (3.6)

where we introduced the relative velocity Vrel := VPBH−Vw, and δPnad is the non-adiabatic pressure

[85]. Equation (3.6) follows from eqs. (A11) and (A12).

In the case of an adiabatic perfect fluid, which we will assume hereon for simplicity, the sound

speed is given by c2w = w and δPnad vanishes. Equation (3.6) then shows how the relative velocity

Vrel between the w and PBH fluids is responsible for the time evolution of the isocurvature pertur-

bation. It also shows that S is constant on superhorizon scales. Further, using eq. (3.6) together

with eqs. (A13) and (A14), we find a closed system of equations for S and Φ, namely

S′′ + (1 + 3(c2s − w))HS′ − k2(c2s − w)S =
2c2s

a2(1 + w)ρw
k4Φ . (3.7)

Equations (3.3) and (3.7) determine how Φ and S evolve. In particular, it shows that an initial

isocurvature perturbation generates a curvature perturbation as the Universe evolves. This has

important implications, as curvature perturbations are the main source of induced GWs [86].

At this point let us clarify the difference between adiabatic and isocurvature initial conditions.

In the adiabatic case, there exists a slicing of spacetime where the energy density of all (matter)

fields is homogeneous and fluctuations are carried only by the metric [87]. This is e.g. the case in

the standard single-field inflationary scenario, where the matter fields all inherit the fluctuations

of the same inflaton field. In this case, the Newtonian potential Φ has a non-zero initial value Φ0

of primordial origin. In the opposite case of isocurvature initial conditions, the initial curvature

perturbation vanishes. For this to be the case, the density fluctuations in the fields filling the Uni-

verse need to compensate each other, and there is thus no slicing in which each of their fluctuations
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vanish separately [87]. Consequently, isocurvature is related to relative number density fluctuations

and can only appear in a system of multiple fluids.

Interestingly, initial isocurvature fluctuations are inevitably generated after PBHs form. This is

because during PBH formation, energy is transferred from the primordial fluid to the PBH fluid.

Simply put, when a PBH is formed from the collapse of a large density fluctuation in the primordial

fluid, it leaves a “hole” in the background energy density, and thus the fluctuations in both fluids

are equal and opposite, δPBH,f = −δw,f , leaving the total energy density unperturbed. Initially it

is ρw ≫ ρPBH, and the initial isocurvature perturbation (3.5) is determined by the PBH density

contrast

S0 ≈ δPBH,f :=
δρPBH,f

ρPBH,f
. (3.8)

Assuming that PBH formation is a rare event, the PBHs will be located randomly in space, and

their spatial correlations are described by Poisson statistics [36, 88, 89]. PBH number density

fluctuations, and therefore also isocurvature fluctuations, are then distributed according to the

dimensionless initial power spectrum 3 [36]

PS0(k) ≈ PδPBH,f
(k) =

2

3π

(
k

kuv

)3

Θ(kuv − k) , (3.10)

which is valid on scales larger than the UV-cutoff kuv defined in (2.14).

We also consider that, in addition to isocurvature fluctuations there may be primordial adiabatic

fluctuations, that is initial perturbations in the total energy density stemming from inflation.4 By

extrapolation from CMB measurements, we parameterise the initial curvature power spectrum

PΦ0(k) with a power-law of the form

PΦ0(k) = As

(
k

k∗

)ns−1

Θ(kcut − k)Θ(k − kIR) , (3.11)

where k∗ is an arbitrary pivot scale. Note that the amplitude As is arbitrary and, at the small

scales we are considering, can in principle be significantly larger than the O(10−9) value measured

at CMB scales kCMB [83]. We also assume a UV cutoff of the power spectrum at some scale kcut.

The origin of such a cutoff is the fact that density fluctuations eventually become non-linear during

a matter dominated phase. Thus, one often cuts the primordial spectrum at the scale that becomes

non-linear at the end of the matter dominated phase, say at kNL [23, 90] (we give an estimate of

the non-linear scale in appendix C).5 In this way, density fluctuations always remain in the linear

regime. However, GW production will continue in the non-linear regime (see, e.g. Ref. [91] for

early analytical approximations and Ref. [92] for a numerical simulation in a gradual transition).

3 The dimensionless power spectrum Pδ(k) is defined in terms of the two-point correlation function

⟨δPBH(k)δPBH(k
′)⟩ = 2π2

k3
PδPBH(k)δD(k + k′) . (3.9)

4 Note that, in our scenario, large adiabatic fluctuations at the scale kf are required for generating the PBHs in the

first place. This also generates an induced GW background. However, we do not consider it here as it peaks at

very high frequencies.
5 More conservatively, Refs. [42, 43, 47] set the cutoff at keq.
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For this reason, we take kcut as an arbitrary value between kNL ≤ kcut ≤ kuv (beyond kuv it is

difficult to talk about fluctuations in the PBH dominated universe). For kcut = kNL we may be

underestimating the signal, while for kcut = kuv we are probably overestimating it. Unfortunately,

numerical simulations are needed to provide a more accurate estimate. In our plots we will set

k∗ = kcut = kuv for direct comparison with the isocurvature case. Lastly, we impose an infrared

(IR) cutoff at some scale kIR > kCMB in order not to get into conflict with CMB observations.

We proceed to find approximation solutions to the equations of motion (3.3) and (3.7) for the

evolution of Φ and S in the different epochs within the PBH reheating scenario, that is, the initial

w-dominated phase, the following PBH-dominated era and finally the radiation era following PBH

evaporation. We will treat isocurvature (Φ(0) = 0, S(0) = S0) and adiabatic (Φ(0) = Φ0, S(0) = 0)

initial conditions separately, as they do not mix at linear order in perturbation theory. The general

solution for Φ is given by the sum of the isocurvature and adiabatic solution branches. In the

special case w = 1/3, our solutions reduce to the ones collected in [87]. We will first focus on the

fluctuations that enter the horizon during the PBH dominated era (i.e. k ≪ keq), and later on

fluctuations that enter the horizon before the PBH dominated era (k ≫ keq).

A. Superhorizon scales k ≪ H

Superhorizon scales are those scales k that remain larger than the comoving Hubble radius 1/H
during the whole period under consideration, i.e. k ≪ H. Due to the rather complicated relation

between the scale factor and conformal time, see eq. (3.2), it is convenient to introduce

y :=

(
a

aeq

)3w

= χ3w (3.12)

as a new time variable. The full equations (3.3) and (3.7) expressed in terms of y are given in

eqs. (A15) and (A16). In the superhorizon regime we can neglect the scale-dependent k2-term,

which allows us to solve the equations analytically.

1. Isocurvature fluctuations

From eq. (3.6) we know that S is constant on superhorizon scales, such that S = S0. For the

curvature perturbation, on the other hand, we find

Φiso(y; k ≪ H) =
S0

3w

(√
y + 1 2F1

(
1

2
,
5

6w
+

1

2
;
5

6w
+

3

2
;−y

)
− 1

)
, (3.13)

where 2F1 is the hypergeometric function. At early times y ≪ 1, or equivalently a ≪ aeq, the

curvature perturbation (3.13) grows linearly with y as

Φiso(y; k ≪ H, a ≪ aeq) ≈
S0

5 + 9w
y , (3.14)
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whereas after equality, it approaches a constant value,

Φiso(k ≪ H, a ≫ aeq) =
S0

5
, (3.15)

independent of w. It should be noted that the independence of w in eq. (3.15) follows from the

fact that the source of initial isocurvature becomes the source of curvature fluctuations. More

precisely, as argued in Ref. [36], the factor 1/5 comes from relating the initial curvature fluctuation

on uniform density slices at formation ζf ∼ S0/3 to the curvature fluctuation during the PBH

dominated phase, namely Φ ≈ 3/5 ζ = S0/5, where we used that S is constant on superhorizon

scales. Also note that for w ≪ 1, the limiting value (3.15) is approached only at very large values

of a ≫ aeq, while for larger w it is reached earlier. This is a consequence of the fact that for small

w, the transition to PBH domination is slower, cf. fig. 1.

2. Adiabatic fluctuations

For adiabatic fluctuations on superhorizon scales, the solution to eq. (3.3) reads

Φad(y; k ≪ H) =
Φ0

3w + 3

(
(3w + 5)− 2

√
y + 1 2F1

(
1

2
,
5

6w
+

1

2
;
5

6w
+

3

2
;−y

))
. (3.16)

At early times Φad(a ≪ aeq) = Φ0 is constant. After equality, Φad drops slightly but again goes to

a constant value, given by

Φad(a ≫ aeq; k ≪ H) =
3w + 5

5w + 5
Φ0 . (3.17)

The prefactor can be understood from the relation of Φ to the gauge-invariant comoving curvature

perturbation R(k ≪ H) = 3w+5
3w+3Φ, which is conserved on superhorizon scales [84, 93].

B. Fluctuations during w-domination (a ≪ aeq)

In this section, we will study how small-scale modes with k ≫ keq evolve when they enter the

horizon during the w-dominated era. In order to study the evolution of these modes, we expand

the equation of motion (3.3) for early times a ≪ aeq, following the approach of [94]. In this regime,

the scale factor (3.2) is related to the conformal time by

χ =
a

aeq
≈
(√

2(1 + b)
)−1−b (x

κ

)1+b
, (3.18)

where we introduced the useful parameter

b :=
1− 3w

1 + 3w
(3.19)
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for compactness of the equations. The value of b ranges from b = −1/2 for w = 1 over b = 0 for

radiation (w = 1/3) to b = 1 for w = 0. In eq. (3.18) we also defined

x := kτ and κ :=
k

keq
. (3.20)

The parameter κ determines whether a given mode k enters before (κ ≫ 1) or after (κ ≪ 1)

equality, and the time coordinate x defines the superhorizon (x ≪ 1) and subhorizon (x ≫ 1)

regimes. An expansion in a ≪ aeq is then equivalent to x ≪ κ. However, expanding directly in the

variable a/aeq is not well-defined for all values of w (depending if w > 1/3 or w < 1/3). Instead, we

expand eqs. (3.3) and (3.7) about y ≪ 1, where y is the variable defined in eq. (3.12). Transforming

the resulting equations to the time variable x, one can separate the leading and subleading terms

in y as follows

d2Φ

dx2
+

6(1 + w)

(1 + 3w)

1

x

dΦ

dx
+ wΦ

+ y

((
12w2 + 11w + 5

)

3w2 + 4w + 1

1

x

dΦ

dx
+

w

w + 1

(
12w

(1 + 3w)2
1

x2
− 1

)
Φ− 6w

(1 + 3w)2
1

x2
S

)
≈ 0 , (3.21)

and similarly for the equation for S

d2S

dx2
+

2

1 + 3w

1

x

dS

dx
− w(1 + 3w)2

6(1 + w)
x2Φ

+ y

((
1 + w + 6w2

)

1 + 4w + 3w2

1

x

dS

dx
+

w

1 + w
S +

w(1 + 3w)2

6(1 + w)
x2Φ

)
≈ 0 . (3.22)

The system (3.21) and (3.22) can be solved with a perturbative ansatz Φ = Φ0 + κ−1+bΦ1 + ...,

and equivalently S = S0 + κ−1+bS1 + ..., where the power in κ is determined by y ∝ (x/κ)1−b from

(3.12) and (3.18).

1. Isocurvature fluctuations

We first consider isocurvature initial conditions with Φ0 = 0. Keeping only the leading order

terms in Φ1 on the left-hand side of eq. (3.21) and treating S0 as a constant source, we obtain

Φiso(x; a ≪ aeq) =S0 2
− b

2
−4 (1 + b)b

(
3− 3b2

) 1
4
(−2b−3)

κb−1

(
(1− b)b+

5
2

b+ 4
x5/2Γ

(
−b− 3

2

)

× J−b− 3
2
(cwx) 1F2

(
b

2
+ 2;

b

2
+ 3, b+

5

2
;−c2wx

2

4

)

+ 12b+
3
2 (b+ 1)b+

3
2x−2b− 1

2Γ

(
b+

3

2

)

× Jb+ 3
2
(cwx) 1F2

(
1

2
− b

2
;−b− 1

2
,
3

2
− b

2
;−c2wx

2

4

))
, (3.23)
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Figure 2. Evolution of the curvature perturbation Φ with isocurvature initial conditions from w- to PBH

domination. We compare a numerical solution of eqs. (3.3) and (3.7), the superhorizon solution (3.13) and

the analytical result (3.23) for w = 1/6 (left) and w = 2/3 (right) with κ = 103 and S0 = 1. The horizontal

dotted line marks the limiting value S0/5, and the vertical dashed line marks τeq. Additionally, we show the

result of the matching for the plateau value (3.33).

where Jν(z) is the Bessel function of the first kind, Γ(z) is the Euler gamma function, and 1F2 is

the generalised hypergeometric function. In fig. 2, the analytical solution (3.23) is shown in terms

of x, together with a numerical solution of the full equations (3.3) and (3.7) for comparison. As one

can see, the analytical approximation agrees almost perfectly with the full numerical result, with

deviations setting in only close to τeq. The approximation close to τeq is better for larger w, where

the transition between the two regimes is sharper. We observe that the curvature perturbation

grows while it is still outside the horizon and starts to oscillate and decay after it enters the

horizon. Note how the scaling with x and the amplitude of Φ vary with w. We also show the

superhorizon solution (3.13) in fig. 2, which agrees with (3.23) until x ≈ 1, when the mode enters

the horizon. The plateau of Φ after aeq is discussed below in section III C.

Expanding the Bessel and hypergeometric functions in eq. (3.23) for small argument x ≪ 1

reproduces the superhorizon solution (3.14), as expected. The behaviour of Φ after entering the

horizon, i.e. at x ≫ 1, is given by

Φiso(a ≪ aeq;x ≫ 1) ≈3S0 2
b−3
2 (b+ 1)b+1κb−1x−b−1

− 3S0π
3/22

b−1
2 (b+ 1)b+2 csc(πb)√

wΓ
(
− b+2

2

)
Γ
(
b+3
2

) κb−1x−b−2 sin (cwx) , (3.24)

which contains a decaying power-law term and a damped oscillating contribution. Interestingly,

when expressed in terms of the scale factor χ, eq. (3.24) becomes independent of w at leading order,

Φiso(a ≪ aeq;x ≫ 1) ≈ 3S0

4κ2χ
− 3

√
2π3/2S0 csc(πb)χ

− b+2
b+1

4
√
wΓ
(
− b+2

2

)
Γ
(
b+3
2

)
κ3

sin

(√
2

3

√
1− b2κχ

1
b+1

)
, (3.25)
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and is suppressed by κ−2. This independence of w, and the factor 3/4, in the leading order term

of (3.25) can be derived by considering only the k-term in Φ in eq. (3.3). Then one sees that the

leading order, constant term in S is exactly compensated by the decaying leading order term of Φ

in (3.25). In simpler terms, Φ is given by the Poisson equation when PBH density fluctuations are

dominant. Such behaviour is illustrated in fig. 8.

The first order solution S1 for the isocurvature perturbation can be given implicitly in terms of

the first order solution (3.23) for Φ. Keeping only the leading order terms in eq. (3.22) yields

Siso(x; a ≪ aeq) ≈ S0 −
2

b−3
2 (1− b)(b+ 1)b−1κb−1

3(3− b)(b+ 2)
S0x

3−b

− (1− b)

3(b+ 1)2(b+ 2)

∫ x

0
dx1 x

−b−1
1

(∫ x1

0
dx2 x

b+3
2 Φiso(x2)

)
. (3.26)

Equation (3.26) is a good approximation for x ≲ 1, where S1 grows as S1 ∝ x3−b, see eq. (A17).

Numerically we find that S also grows at large x, whereas Φ decays according to eq. (3.24). This,

however, means that at x ≫ 1, the terms in eq. (3.22) that are subleading in y but involve S1 will

become relevant, and the perturbative ansatz breaks down. The evolution of S is plotted in fig. 9.

2. Adiabatic fluctuations

In the case of adiabatic initial conditions, the leading order terms of eqs. (3.21) and (3.22)

correspond to the homogeneous equation for Φ without any isocurvature contribution. The solution

is the well-known result for an adiabatic fluctuation in a general cosmological background [22] and

is given by

Φad(x; a ≪ aeq) = 2b+
3
2Γ

(
b+

5

2

)
(cwx)

−b− 3
2 Jb+ 3

2
(cwx) Φ0 . (3.27)

On superhorizon scales, i.e. for small x ≪ 1, (3.27) goes to a constant, given by the initial value

Φ0. Expanding the Bessel function for large x ≫ 1 on the other hand, we find

Φad(a ≪ aeq;x ≫ 1) ≈ 2b+2

√
π
Γ

(
b+

5

2

)
(cwx)

−b−2 cos
(
cwx+

π

2
(1− b)

)
Φ0 , (3.28)

which shows that after a mode has entered the horizon during w-domination it oscillates with

frequency cw and decays away with a power-law whose spectral index depends on w through b.

In fig. 3, we plot the result for Φ with adiabatic initial conditions. As one can see, the numerical

and approximate analytical results agree excellently at early times, corresponding to a ≪ aeq. The

two solutions begin to differ around τeq, with deviations setting in earlier for smaller w due to

the more gradual transition. See how the gravitational potential starts decaying and oscillating

strongly as soon as the mode enters the horizon. The superhorizon solution (3.16) agrees with the

former two up to horizon crossing at x = 1 and decreases only very slightly during the transition.

One can also see how the plateau value at a ≫ aeq is well captured by the fit (3.38) discussed

below.
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Figure 3. Evolution of the curvature perturbation Φ with adiabatic initial conditions from w- to PBH

domination. We show a numerical solution of eqs. (3.3) and (3.7), the superhorizon solution (3.16) and the

analytical result (3.27) for w = 1/6 (left) and w = 2/3 (right) with κ = 103 and Φ0 = 1. The vertical dashed

line marks τeq. Additionally, we plot the fit for the plateau value (3.38).

Feeding the homogeneous solution (3.27) for Φ back into equation (3.22), we obtain the first

order solution for the isocurvature perturbation

Sad(x; a ≪ aeq) =
3(cwx)

4

4(1− b)(b+ 2)(b+ 4)
2F3

(
b+ 4

2
, 2; b+

5

2
,
b+ 6

2
, 3;−(cwx)

2

4

)
Φ0 , (3.29)

where 2F3 is the generalised hypergeometric function. For an illustration of the evolution of S, see

fig. 9.

C. Fluctuations during PBH-domination (aeq ≪ a < aeva)

After equality and during PBH domination, the curvature perturbation becomes constant on all

scales. This can be seen by expanding eq. (3.3) in a ≫ aeq (or equivalently, expanding eq. (A15)

for y ≫ 1) and solving the resulting equation, which yields

Φ(χ; a ≫ aeq) = C1 + C2 χ
−5/2 (3.30)

in terms of the scale factor χ. Equation (3.30) reproduces the well-known result for metric per-

turbations in a matter dominated Universe [84]. The decaying branch ∝ C2 becomes unimportant

quickly, while the constant C1 determines the value of the plateau deep in PBH domination. What

remains to be done is to determine the value of the constants, in particular that of C1.
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1. Isocurvature fluctuations

The most straightforward approach is to fix the coefficients C1,2 by matching (3.30) to the

leading order term of the analytical solution for Φ(a ≪ aeq;x ≫ 1) in eq. (3.25) at equality, i.e. at

χ = 1. Matching only C1 to the value at χ = 1 we recover the well-known result by Kodama and

Sasaki [95], Φiso(a ≫ aeq) ≈ 3S0/(4κ
2), which notably is independent of w.

However, numerically we find that the amplitude of the plateau does depend on w and that the

prefactor 3/4 underestimates the numerical result. In order to improve upon the previous estimate,

we match eq. (3.30) and its first derivative to the first term of eq. (3.25), keeping the matching

point χm as a free parameter. As eq. (3.25) was derived in an expansion in y ≪ 1, it is natural to

introduce ym = χ3w
m . In terms of ym we find

C1 =
9

20

S0

κ2
y
− 1

3w
m and C2 =

3

10

S0

κ2
y

1
2w
m . (3.31)

In order to determine the optimal value for ym, we numerically evolve the coupled equations (3.3)

and (3.7) for Φ and S until deep in PBH domination and evaluate Φ(a ≫ aeq) there. By considering

a range of values for w and κ we first confirm that κ−2 is the correct κ-dependence independently

of w. Next, by performing a fit to the numerical data, we find that ym is well described by a linear

function in the parameter b, defined in (3.19), with a single free coefficient αfit as

ym ≃ αfit (3 + b) with αfit ≈ 0.135 . (3.32)

This fit describes the numerical data to a precision of O(1%) in the range 0.1 ≤ w ≤ 1, and the

data was computed for κ ∈
[
103, 104

]
, which is large enough to capture the κ ≫ 1 behaviour at an

acceptable numerical cost. We expect the fit to be a good description also at larger values of κ.

For smaller w, the numerics become increasingly costly because one has to evolve Φ very deep into

PBH domination and needs large values of κ to reach the plateau. Therefore, the fit should not be

extrapolated to w → 0. With the value of the plateau at hand, we can take a simple interpolation

between the super- and subhorizon solutions, (3.15) and (3.30), to finally obtain

Φiso,eMD(k; a ≫ aeq) ≃ S0

(
5 +

1

C(w)

(
k

keq

)2
)−1

(3.33)

≈ S0 ×
{
1/5 k ≪ keq

C(w)κ−2 k ≫ keq
, (3.34)

where we defined

C(w) =
9

20
α
− 1

3w
fit

(
3 +

1− 3w

1 + 3w

)− 1
3w

. (3.35)

The numerical value of C(w) ranges from C(1/6) ≈ 2.23 over C(1/3) ≈ 1.11 to C(2/3) ≈ 0.75.

The solution (3.33) is shown in fig. 2 above together with a numerical solution, demonstrating

the excellent agreement. As can be seen from (3.34), while on superhorizon scales the curvature



19

perturbation asymptotes to a constant independent of k, for small scales with k ≫ keq the amplitude

of Φ is suppressed by κ−2, showing that modes which enter earlier during w-domination experience

a stronger suppression. Note that for k ≫ keq we find that Φiso(a ≫ aeq; k ≫ keq) ∝ κ−2, just

like in the standard radiation case. This shows that the scale dependence in the transfer function

is insensitive to the equation of state of the cosmological background preceding PBH domination.

The reason for this result is that the k−2 dependence is solely due to the Poisson equation, as PBH

density fluctuations are both the source of initial isocurvature and the later curvature fluctuation.

Inspecting (3.35), we observe that the suppression of the gravitational potential is smaller,

i.e. C(w) is larger, the smaller w. This is due to the fact that for small w, the transition to PBH

domination is more gradual than in the stiff case, meaning that the decay of Φ due to the non-zero

pressure of the primordial fluid is weakened already before aeq.

2. Adiabatic fluctuations

To obtain an expression for the transfer function of the gravitational potential Φ with adiabatic

initial conditions, we adopt a similar strategy as in the standard radiation to matter transition

and follow the derivation in Ref. [15]. The idea is to track the evolution of the matter density

perturbations from horizon crossing through equality via a generalized Mészáros equation, and

then relate them to the potential in the plateau regime, rather than solving for Φ directly. In

this procedure, one takes advantage of the fact that PBH density fluctuations have vanishing

propagation speed, which simplifies the calculations significantly by removing the k-dependence of

the equation for the Fourier modes of δPBH. We provide the detailed calculation in appendix B.

The main result of appendix B, though, is that for adiabatic initial conditions, the PBH density

contrast evolves as a−(1−3w)/2 both in super- and subhorizon regimes before PBH domination. For

w > 1/3, this turns into a super- and subhorizon growth of the PBH density contrast as (kτ)−b

(recall that b < 0 for w > 1/3). Thus, the transfer function for k ≫ keq is enhanced by a factor

κ−b for w > 1/3 with respect to the isocurvature case. For w < 1/3, we instead expect to recover

the κ−2 scaling stemming from the Poisson equation.

Let us here provide the final expression for the transfer function, which is given by

Φad,eMD(a ≫ aeq; k ≫ keq) =
3

2(1 + w)
Φ0c3κ

−2 + α1κ
−2−b

(
α2 − κb

b

)
Φ0 , (3.36)

where the constants c3, α1 and α2 are given in eqs. (B13) and (B16), respectively, and the parameter

b is defined in eq. (3.19). We refer the reader to appendix B for the details. We find that eq. (3.36)

is in excellent agreement with numerical results for w ≳ 1/5 for κ ≳ 103, while for w ≲ 1/5 the

large k-scaling is only reached for κ ≳ 104. In the very soft regime, the approximation breaks

down, at the latest at w = 1/9 where the coefficient α2 diverges. The first term ∝ κ−2 is always

subdominant and can be neglected, except for very stiff EoS parameters w ≳ 0.95. For convenience
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we show the dominant terms of eq. (3.36) in the stiff and soft limits, which read

Φad,eMD(a ≫ aeq; k ≫ keq) ≈ Φ0 ×





−α1κ
−2 w ≪ 1/3

81
8 ln(κ)/κ2 w = 1/3
α1α2
b κ−2−b w ≫ 1/3

. (3.37)

In the radiation limit b → 0, eq. (3.36) reproduces the well-known ln(κ)/κ2 behaviour [15], which

results from the logarithmic growth of matter density fluctuations during radiation domination,

while for stiff and soft w the scale-dependence is given by a power-law. Note that this scaling is

approached asymptotically for very large κ, especially in the soft case.

We match the small-scale transfer function (3.36) with the superhorizon solution (3.17) in a

simple interpolation, and provide an approximate transfer function for the primordially adiabatic

mode as

Φad,eMD(k; a ≫ aeq) ≃ Φ0

(
5b+ 10

6b+ 9
+

1

α1
κ2+b

(
b

α2 − κb

))−1

(3.38)

≈ Φ0 ×
{

3
5
3+2b
2+b k ≪ keq

α1
b κ

−2−b
(
α2 − κb

)
k ≫ keq

. (3.39)

Notice how in contrast to the isocurvature case, cf. eq. (3.33), the k-dependent suppression has a

dependence on the EoS parameter for w > 1/3, implying that the adiabatic mode “remembers”

the earlier w-dominated phase differently at different scales. Contrary to the isocurvature case, the

primordial curvature fluctuation is sourced by fluctuations in the w-fluid. This is the source of the

w dependence in the exponent of κ.

However, in the computation of the induced GW spectrum, we will mainly be interested in

scales κ < 104. This is due to the cutoff at kuv, see eq. (2.16), and the possible overproduction of

induced GWs. In this regime, i.e. for κ < 104, we find that eq. (3.36) is not accurate for soft EoS

parameters w. For this reason, we instead use a numerical fit in this regime, inspired by eq. (3.36),

which is given by

Φad,eMD,fit(keq < k ≲ 104keq) ≃ A(w)κ−2−b

(
κ3b/2 − 1

3b/2

)
Φ0 , (3.40)

and provides a better fit to the numerical data. The additional factor 3/2 in the exponent is found

to reproduce the scaling of Φ in the soft regime more accurately than eq. (3.36). The prefactor A(w)

is well described by a second order polynomial in the parameter b, given explicitly in eq. (B17).

This fit captures the behaviour of Φad(a ≫ aeq) to O(1%) precision in the range 0.1 ≤ w ≤ 1 and

κ ∈
[
103, 104

]
, with largest deviations below 10%. It further agrees excellently with the analytical

result (3.36) for w ≥ 1/3.

Let us note that the transfer function (3.39) is valid in any primordial universe scenario that

consists of a period of w-domination after inflation followed by an early matter dominated phase,

regardless of the composition of the dust fluid. For example, our formulas are valid for oscillations

of heavy moduli field around the minimum of the potential [19], oscillons [53, 55] and Q-balls [91],

which eventually dominate the early universe.
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D. Fluctuations after PBH evaporation (aeva ≪ a)

As the PBHs evaporate due to Hawking radiation, the Universe rapidly transitions from matter

to radiation domination. Assuming a monochromatic PBH mass function, all PBHs evaporate at

the same time τeva,
6 and as can be seen in fig. 1 the final evaporation happens within one e-fold.

Thus, we begin by assuming an instantaneous transition to radiation domination. The behaviour of

Φ during the radiation period is given by a solution of the form (3.27) for b → 0. By matching this

solution to the plateau of the gravitational potential ΦeMD(k), given in (3.33) for the isocurvature

case and in (3.39) for the adiabatic one, we find [37]

Φinstant
RD (kτ) =

ΦeMD

cskτ̄
(C1j1(cskτ̄) + C2y1(cskτ̄)) , (3.41)

where we introduced the shifted conformal time τ̄ = τ − τeva/2 to maintain continuity of the

background metric, and the constants C1,2 are determined from requiring continuity of Φ and its

first derivative to yield

C1 = −1

8
(cskτeva)

3y2(cskτeva/2) , (3.42)

C2 =
1

8
(cskτeva)

3j2(cskτeva/2) . (3.43)

Here and above, jn and yn are the spherical Bessel functions of the first and second kind, respec-

tively. More details on the matching can be found in Ref. [37]. Note that here and in the following

sections, the sound speed takes the value cs = 1/
√
3 as usual during radiation domination.

In reality, the evaporation is not instantaneous, and our matching (3.41) neglects the effect of

the finite duration. This effect is small for long-wavelength modes, which vary on timescales larger

than the evaporation rate Γ defined in eq. (2.3), but is significant for the very short-wavelength

modes with k ≫ Γ we are considering here. As a result, these modes decay already during the

transition and get an additional suppression factor [39]

SΦ,eva(k) =
ΦRD

Φinstant
RD

≈
(√

2

3

k

keva

)−1/3

. (3.44)

This analytic estimate has been shown to be in good agreement with numerical results [39], es-

pecially for k > keq. More details on the derivation of eq. (3.44) can be found in [39, 90] and

appendix C. The differences between a gradual and a sudden transition to the radiation era with

respect to the induced GW signal have been discussed in [90, 96, 97].

IV. INDUCED GRAVITATIONAL WAVE SPECTRUM

With the evolution of the curvature perturbation from PBH formation through PBH domination

until inside the radiation era at hand, we can compute the gravitational waves induced in the

6 To be precise, this is true only if we adopt the synchronous comoving gauge. In general, the evaporation is non-local

if the PBH 3-velocity is non-zero [37].
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process. GWs (subhorizon tensor modes) are sourced by scalar curvature perturbations at second

order in perturbation theory. For more details on these scalar induced GWs we refer the reader

to [22, 27, 98, 99] and the recent review [86]. Here, we will focus on the dominant contribution

to the spectrum resulting from the fast transition to radiation domination after PBH evaporation

[96]. The gravitational waves produced in the PBH reheating scenario with w = 1/3 have been

studied in [36–39], and here again we follow closely the computation of [37], recovering their results

for w = 1/3.

A. GW spectral energy density

The quantity of interest, which can later be compared with observations, is the GW spectral

energy density ΩGW(k). It is defined in terms of the tensor power spectrum Ph as

ΩGW(k) =
k2

12H2
Ph(k, τ) , (4.1)

which for convenience is to be evaluated at a time τ during radiation domination when the GWs

are deep inside the horizon and propagate as free waves, such that h′ ≈ ikh. After this time, the

GW energy density redshifts like that of radiation, ρGW ∝ a−4, and we can relate the GW spectral

density in the radiation era ΩGW,RD(k) to the spectral energy density today as [100]

ΩGW,0(k)h
2 ≈ 0.387

(
g∗(TRD)

106.75

)−1/3

Ωr,0h
2ΩGW,RD(k) , (4.2)

where we used entropy conservation and assumed TRD ≳ 0.5MeV so that g∗,s(TRD) = g∗(TRD).

Ωr,0h
2 ≈ 4.18× 10−5 is the energy density fraction of radiation today [83].

The overline in eq. (4.1) denotes an oscillation average, and the tensor power spectrum Ph is

given by [99]

Ph(k, τ) = 8

∫ ∞

0
dv

∫ 1+v

|1−v|
du

((
1 + v2 − u2

)2 − 4v2

4uv

)2

PΦ(uk)PΦ(vk)I2(x, u, v) , (4.3)

where we already summed over the (×) and (+) polarisations. The Kernel I(x, u, v) carries the full-

time dependence of Ph(k, τ) and can be split into contributions from the different epochs, namely

the w-dominated, PBH-dominated and radiation-dominated eras. As was shown in [96], due to the

(almost) sudden transition from matter to radiation domination caused by the fast final stages of

the PBH evaporation, the contribution from right after PBH evaporation is the largest, and we will

focus on this contribution here. Thus, the curvature power spectrum PΦ should be understood as

the power spectrum at the end of the eMD phase. It is related to (3.10) in the case of isocurvature

initial conditions and to (3.11) for the adiabatic case via the transfer functions computed above.

The dominant contribution is therefore given by

Ph,RD(k, τ ; x̄ ≫ 1) ≈ c4s
2048

x8eva
x̄2

∫ ∞

0
dv

∫ 1+v

|1−v|
du
(
4v2 −

(
1 + v2 − u2

)2)2 I2
osc(x̄, u, v)

PX(uk)PX(vk)S2
Φ,eva(uk)S2

Φ,eva(vk)
(
T eMD
Φ (uk)

)2 (
T eMD
Φ (vk)

)2
, (4.4)
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where X = {S0,Φ0} respectively for isocurvature and adiabatic initial conditions, x̄ = kτ̄ is the

shifted time coordinate in the radiation era and xeva = kτeva = 2k/keva. The derivation of eq. (4.4)

is discussed in more detail in appendix D and the oscillatory function Iosc is defined explicitly

in eq. (D10). In eq. (4.4), we also introduced the notation T eMD
Φ for the transfer function of the

gravitational potential in the eMD era by dividing out the initial values S0 and Φ0 from ΦeMD in

the isocurvature and adiabatic cases (3.33) and (3.38), respectively. We now solve the remaining

momentum integrals in u and v for the two cases separately in the following sections.

B. Isocurvature induced GWs

Considering the isocurvature mode, recall that the source to GWs is generated by the conversion

of the isocurvature into a curvature perturbation, as discussed in section III. As a consequence,

the initial spectrum PΦ is given by PδPBH,f
, defined in (3.10), and the transfer function T eMD

Φ is

determined by Φiso,eMD in (3.33). One can give an analytical estimate of the peak of the induced

GW power spectrum by focusing on the contribution to the momentum integrals in (4.4) near the

scales where u+ v = c−1
s . At this scale, where the sum of the frequencies of the two scalar modes

equals the frequency of the tensor mode, the system has a resonance, and the GW production is

enhanced at these frequencies [86, 98]. More details on the approximate evaluation of eq. (4.4)

near this scale may be found in appendix E, see in particular (E2) for the relevant contribution to

the Kernel I2
osc. Using this approximation and assuming k ≫ keq results in the following, compact

expression for the GW spectral density near the resonant peak

ΩGW,res(k) ≈ Ωpeak
GW,res

(
k

kuv

)11/3

Θuv(k) (4.5)

with the amplitude near the peak given by

Ωpeak
GW,res = C4(w)

c
7/3
s (c2s − 1)2

576× 61/3π

(
keq
kuv

)8( kuv
keva

)17/3

(4.6)

≈ 9.58× 1030C4(w)β
4(1+w)

3w

( gH
108

)−17/9 ( γ

0.2

)8/3( Mf

104g

)34/9

. (4.7)

The function Θuv(k) is defined explicitly in eq. (E7) and acts as a smooth cutoff of the GW spectrum

for large frequencies. For practical purposes, it roughly behaves like a Heaviside step-function,

namely

Θuv(k) ≈ 1.167×Θ(1− k/kuv) . (4.8)

However, eq. (4.8) results in a sharp cutoff at kuv, whereas (E7) smoothly goes to zero between
2cs
1+cs

≤ k/kuv ≤ 2cs before vanishing at and above k = 2cskuv.

Consequently, the spectrum grows as k11/3 until it peaks near kuv, and then sharply drops

above kuv before going to zero at 2cskuv. The comoving scale kuv corresponds to a frequency
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fuv = kuv/(2π) today, which evaluates to [37]

fuv ≈ 1.7 kHz

(
g∗,s(Teva)

106.75

)−1/3(g∗(Teva)

106.75

)1/4 ( gH
108

)1/6( Mf

104g

)−5/6

, (4.9)

where we again used entropy conservation. Note that the peak frequency is determined solely by

the PBH mass Mf . Considering the allowed mass range Mf = O(1− 108)g given by (2.7), we note

that the peak frequency falls within the range fuv ∈ (0.3, 7 × 106)Hz and therefore may enter the

observational window of several current and future GW detectors [37], as shown in fig. 7.

As eq. (4.7) shows, the equation of state of the primordial fluid enters the GW amplitude

through the prefactors, C4(w) and β
4(1+w)

3w . On the one hand, the prefactor C4(w) due to the

transfer function yields an enhancement of the amplitude of the GW power spectrum for small

values of w, because in this case, the transition to PBH domination is more gradual and the

gravitational potential Φ decays less, see (3.35). On the other hand, the factor β
4(1+w)

3w has the

opposite effect of relatively enhancing the amplitude for stiffer w and suppressing it for softer w. It

stems from the ratio
(

keq
kuv

)8
in (4.6) due to the relation (2.16), and leads to a strong w-dependence

of the amplitude as generally β ≪ 1. This can be understood as a result of the longer (shorter)

PBH dominated phase for a stiffer (softer) equation of state, and it is, in fact, the dominant effect,

so that overall a stiffer equation of state (w > 1/3) leads to an enhanced GW amplitude, while a

softer one (w < 1/3) results in suppression.

Note that the scaling of the spectrum near the peak ΩGW,res ∝ k11/3 is independent of w, because

the transfer function ΦeMD,iso (3.33) has the same scale-dependence (i.e. κ−2 for k ≫ keq) for all w.

Additionally, the peak frequency (4.9) depends only on Mf . This, unfortunately, implies that an

observation of the isocurvature-induced peak (4.5) alone is not sufficient to determine w because

the amplitude is degenerate with respect to β and w.

Next, we consider the IR regime corresponding to low frequencies or large scales. In this regime,

k ≪ kuv, the momentum integrals in eq. (4.4) are dominated by the large momentum tails, i.e. u ≈
v ≫ 1. In this regime, we keep only the relevant terms given in (E5) for the kernel I2

osc, and one

can again solve the integrals analytically. The dominant contribution to the GW spectrum at low

frequencies is given by

ΩGW,IR(k) = C4(w)
c4s

120π2

(
2

3

)1/3( keq
kuv

)8( kuv
keva

)14/3( k

kuv

)
(4.10)

≈ 9.03× 1024C4(w)β
4(1+w)

3w

( gH
108

)−14/9 ( γ

0.2

)8/3( Mf

104g

)28/9( k

kuv

)
. (4.11)

Comparing (4.10) and (4.11) to (4.6) and (4.7) one sees that the amplitude of the IR tail is sig-

nificantly suppressed compared to the resonant peak, namely by a factor of the order (keva/kuv).

In the low-frequency regime, the EoS parameter w enters only through the prefactors and, thus,

does not break the degeneracy (as for the resonant peak). Also an observation of the transition

frequency ktr at the knee of the spectrum, where ΩGW,IR(ktr) = ΩGW,res(ktr), would not provide

additional information, as the w- and β-dependent prefactors in eqs. (4.6) and (4.10) are the same,

leaving ktr as a function of Mf only [37].
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Figure 4. The isocurvature induced GW spectrum as a function of k/kuv for Mf = 104g. The spectrum is

normalised by β
4(1+w)

3w , leaving the amplitude independent of β. We compare a numerical solution of the full

momentum integrals (4.4) with the analytical approximations for the resonant peak (4.5) and the IR tail

(4.10) for w = 1/6 (blue curve) and w = 2/3 (green). For this plot we assume that k > keq in the entire

range shown.

In figure 4, we show the resulting spectral energy density of the isocurvature-induced GWs.

We plot the spectrum obtained by numerically solving the full momentum integrals in eq. (4.4),

together with the analytical approximations for the resonant peak (4.5) and the IR-tail (4.10).

As the plot illustrates, we find excellent agreement between the spectral shapes in the respective

regimes. See how the spectrum grows linearly ∼ k in the IR, then rises as k11/3, reaching its peak

value near kuv, and quickly drops at k/kuv = 2cs. Note that because we normalised the spectra by

β
4(1+w)

3w , the amplitude for w = 1/6 (blue curve) is larger than for w = 2/3 (green) due to the value

of C(w) (3.35). Including the dependence on β reverses the effect by multiple orders of magnitude.

In passing, we find that the resonant approximation underestimates the peak amplitude by a

factor of two, compared to the full numerical solution. The origin of this minor discrepancy is that

the sum of all the finite terms contributing to the Kernel I2
osc resulting from eq. (D10) results in an

equal contribution to the GW spectrum as the resonant term with the divergent cosine integral (E2)

alone. We confirmed this by numerically computing the GW spectrum stemming from the different

contributions to the Kernel separately. Thus, the missing factor of 2 can easily be accounted for

and has been already included in fig. 4, leaving our analytical approximation in perfect agreement

with the numerical result.

Once the tensor modes are deep within the horizon, they behave as radiation, and the GW energy

density ΩGW contributes to the total energy content of the Universe like an additional relativistic
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species. The effective number of extra relativistic degrees of freedom is, however, constrained by

CMB observations to ∆Neff < 0.30 at 95% [83]. This in turn, implies that the GW energy density

in the radiation dominated epoch at BBN cannot exceed [101]

ΩGW,BBN ≲
7

8

(
4

11

)4/3

∆Neff ≈ 0.068 . (4.12)

Note that the bound eq. (4.12) is an integrated constraint on the total GW energy density given

by ΩGW =
∫
d ln kΩGW(k). As the GW spectrum is very peaked, we estimate the total GW energy

at BBN from our analytical expression for the resonant peak (4.5), yielding

ΩGW,BBN ≈
∫ ∞

0
d ln kΩGW,res(k) ≈ 0.31Ωpeak

GW,res . (4.13)

Combining eqs. (4.12) and (4.13) and using (4.7), we can derive an upper bound on the initial PBH

abundance β. It is given by

β < βmax := (2.3× 10−32)
3w

4(1+w)C(w)−
3w
1+w

( gH
108

) 17w
12(1+w)

( γ

0.2

)− 2w
1+w

(
Mf

104g

)− 17w
6(1+w)

(4.14)

≈





2.9× 10−4
( gH
108

)17/84 ( γ
0.2

)−2/7
(

Mf
104g

)−17/42
(w = 1/6)

1.1× 10−6
( gH
108

)17/48 ( γ
0.2

)−1/2
(

Mf
104g

)−17/24
(w = 1/3)

4.5× 10−10
( gH
108

)17/30 ( γ
0.2

)−4/5
(

Mf
104g

)−17/15
(w = 2/3)

, (4.15)

showing that a stiffer w leads to a significantly stronger upper bound on β, because the GW

amplitude is enhanced by the longer PBH dominated phase, whereas a softer w relaxes the bound.

The resulting allowed parameter space, taking into account the lower and upper bounds on the

initial PBH mass Mf (2.7) and abundance (2.11) and (4.14), respectively, is plotted in fig. 5. See

how, for a stiffer equation of state parameter w, the allowed range for β shifts to lower values and

how the open parameter space narrows as w → 0. Note also how larger initial PBH masses Mf

require lower values of β.

C. Adiabatic induced GWs

In addition to the GWs induced by the isocurvature perturbation, we now discuss the effect

of the primordially adiabatic mode. Recall that we have parameterised its initial power spectrum

PΦ(k) by the power-law ansatz (3.11). Analogously to the isocurvature case, we compute the

GW spectrum by inserting the scalar power spectrum PΦ and the transfer function (3.38) of the

adiabatic mode into the tensor power spectrum (4.4). In contrast to the isocurvature case, the

power-law in the momenta now depends on the scalar spectral index ns, as well as on the EoS

parameter w through the transfer function (3.38). Inspecting the large-k branch of the transfer

function (3.36) one notices that near w = 1/3 both powers of κ are equally relevant and in the

special case of radiation, the logarithmic correction to the power-law arises. For the computation
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Figure 5. The allowed parameter space in the (Mf , β)-plane (left) for 3 values of w, and in the (w, β)-plane

(right) for 2 values of Mf . The lower and upper bounds for β are set by (2.11) and (4.14), respectively. The

bounds on the PBH mass are given by eq. (2.7). Note that for the plot we fixed γ = 0.2. The potential

dependence of γ on w only introduces O(1) factors.

of the induced GWs, it is, therefore, convenient to parameterise the transfer function for our scales

of interest with an effective power law

Φad,eMD,eff(k ≫ keq) = AΦ(w)κ
−n(w) , (4.16)

with the power-law exponent given by

n(w) ≈





2− b/2 w ≲ 1/5

1.83 + 0.285b− 0.790b2 1/5 < w < 2/3

2 + b w ≳ 2/3

, (4.17)

and n(w; k ≪ keq) = 0. The scaling in the soft and stiff regimes results from eq. (3.40) and a

numerical fit for the intermediate regime, respectively. The amplitude AΦ is given by A(w) as

in eq. (3.40) for the stiff and soft regimes, and by the fit given in eq. (B17) around w = 1/3.

Schematically, this parametrisation results in the following momentum integrals

Ph,RD(k, τ, x̄ ≫ 1) ∝
∫ ∞

0
dv

∫ 1+v

|1−v|
du
(
4v2 −

(
1 + v2 − u2

)2)2
(uv)neff I2

osc(x̄, u, v) (4.18)

with the effective spectral index

neff = −5

3
+ ns + 2n(w) (4.19)

collecting the k-dependencies arising from the suppression factor (3.44), the scalar power spectrum

(3.11) and the transfer function (4.17). Note that for k > keq, neff is negative unless ns > 14/3.
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For scales k ≫ keq we first obtain the resonant contribution

Ωad
GW,res(k) =Ωad,peak

GW,res

(
k

kuv

)2neff+7

Θ̃uv(k) , (4.20)

where the amplitude at k = kuv is given by

Ωad,peak
GW,res = A2

sAΦ(w)
4 π

211

(
2

3

)1/3
(
c2s − 1

)2

(2cs)1+2neff

(
kuv
keq

)4n(w)( kuv
keva

)17/3

(4.21)

≈ 9.72× 1032
32n(w)+ns

43n(w)+ns
A2

sAΦ(w)
4γ−4n(w)/3β− 2n(w)(w+1)

3w

( gH
108

)−17/9
(

Mf

104g

)34/9

. (4.22)

Like Θuv in the isocurvature case, see eqs. (4.8) and (E7), Θ̃uv acts as a smooth cutoff and inter-

polates between zero and an O(1)-value that depends on neff . The explicit expression for Θ̃uv(k)

is given in (E11). An important observation is that the spectral slope in (4.20) depends on w

through the effective spectral index neff (4.19). Let us mention here that the isocurvature result

(4.5) is recovered from eq. (4.20) with the replacements ns → 4, n(w) → 2, As → 2/(3π) and

A(w) → C(w).

Interestingly, the slope of the resonant part of the spectrum, 2neff + 7, is negative for ns ≲ 1,

which entails that the peak in this case is not at the UV scale kuv. Numerically we find the peak

close to keq, corresponding to a frequency today

feq =
√
2γ1/3β

1+w
6w fuv , (4.23)

due to the relation (2.16) and with fuv as given in eq. (4.9). In order to get an analytic estimate

for the peak region near keq we use the large-v approximation (E5) for the Kernel I2
osc and split the

remaining integral into two parts, where we consider the large and small k-branches of the transfer

function (3.39) separately. The relevant contribution stems from the lower boundary of the v > veq
part of the integral. We evaluate the integral at vmin = ξ1keq/k, where we introduced the O(1)

factor ξ1(β,w) to account for the fact that our split of the transfer function neglects the transition

near keq. This yields the spectrum in the intermediate, near-peak regime

Ωad
GW,mid(k) = − A2

sAΦ(w)
4c4s

768(1 + 2neff)

(
3

2

)2/3

ξ1+2neff
1

(
keq
kuv

)2ns−7/3( kuv
keva

)14/3( k

kuv

)5

. (4.24)

We find that the k5 scaling agrees well with the scaling found numerically, but the amplitude is

quite sensitive to the value of ξ1 due to the w-dependent exponent. Therefore, we need to rely on

the numerical solutions with the full transfer function to determine the correct amplitude.

In the deep IR, i.e. for low frequencies with k ≪ keq, we again use the large-v approximation

(E5). In this case, we find the dominant contribution to the integral eq. (4.18) to be given by the

growing branch of the v < veq part of the integral, resulting in

Ωad
GW,IR(k) =

A2
sc

4
s(3w + 5)4

104(6ns + 5)(w + 1)4

(
3

2

)2/3(ξ2keq
kuv

)5/3+2ns
(
kuv
keva

)14/3( k

kuv

)
, (4.25)
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Figure 6. The GW spectrum induced after PBH evaporation by a scale-invariant (ns = 1) primordial power

spectrum as a function of k/kuv for Mf = 104g. We fixed β = 10−2 and β = 10−5 in the cases of w = 1/6

(blue lines) and w = 2/3 (green), respectively, for better comparison of the spectral shapes, and the thick

vertical lines mark the corresponding keq. We set ξ1 = 1.1 and ξ1 = 0.48, respectively, yielding good

agreement of the amplitude in the intermediate regime. The spectra are normalised by β
−2n(w)(1+w)

3w , such

that the resonant contribution becomes independent of β. See how the analytical approximations (4.20),

(4.24) and (4.25) agree well with the numerical result in the respective regimes.

where we evaluated the integral at the upper boundary vmax = ξ2keq/k. The O(1) factor ξ2 = ξ2(w)

in this case can be estimated analytically from the crossing of the two branches of (3.39) and is

given in eq. (E12). This approximation agrees well with the numerical result, up to a factor of 1/2.

In fig. 6, we show the induced GW spectrum for a scale-invariant primordial power spectrum with

ns = 1 for two values of w. As the plot shows, the analytical expressions for the resonance and the

IR tail (4.20) and (4.25) agree well with the numerical result, and for the near-peak regime (4.24)

we get an accurate result by fixing ξ1 by hand. Note that for ns ≲ 1, the peak is rather broad and

close to keq, as opposed to the isocurvature case where the spectrum is sharply peaked at kuv.

Importantly, the scale keq, whose value compared to kuv is given by the initial PBH abundance

β and w from eq. (2.16), determines where the spectrum tips over from the resonant slope to the

IR tail. In principle, this gives another observable complementary to the peak of the isocurvature-

induced GWs and, in combination, could break the degeneracy between β and w. Note that in the

presence of adiabatic primordial fluctuations7 the total induced GW spectrum in the PBH reheating

scenario will have a double peak structure. This was first pointed out in Ref. [42]. If both signals

7 Note that the PBH isocurvature is an inevitable consequence of the presence of PBHs, but the presence of primordial

adiabatic fluctuations assumes an extrapolation of CMB measurements. However, we do not know the spectrum

of primordial fluctuations at small scales. Therefore, whether there is an adiabatic-induced GW signal in the PBH

reheating scenario depends on whether there are sizeable primordial fluctuations on such small scales.
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Figure 7. The induced GW spectra for 2 sets of example values. We compare the spectra for w = 1/6,

Mf = 5 × 104g, β = 9 × 10−5 (blue curves) and w = 2/3, Mf = 3 × 106g, β = 2 × 10−14 (green). In both

cases we set ns = 1 and As = 2.1 × 10−9. The solid lines represent the isocurvature induced GWs, while

the dashed lines show the adiabatic induced GWs. We confront the spectra with the power-law integrated

sensitivity curves of several next-generation GW detectors [102–106]. We also show the current upper bound

on an isotropic GW background from the LIGO-Virgo-Kagra (LVK) collaboration [107] and the integrated

BBN bound (4.12) evaluated today.

were observed, one could first determine the initial PBH mass Mf from the peak frequency fuv
(4.9). Then, the amplitude of the resonant peak (4.6) determines a line of possible β(w). The peak

frequency of the adiabatic signal could then be used to determine feq by comparing the analytical

expressions eqs. (4.20), (4.24) and (4.25) or a numerical template for the adiabatic spectrum with

the observational data. This finally singles out the true combination (β,w) by (4.23). One can

determine the remaining amplitude and tilt of the primordial curvature power spectrum, As and

ns, from the amplitude and slope of the resonant part of the adiabatic GW spectrum (4.20).

In fig. 7, we show the induced GW spectra evaluated today for two values of w and different

initial PBH masses Mf and abundances β within the allowed parameter space. As can be seen,

both the adiabatic and isocurvature induced GW signals can enter the observational windows of

future detectors. While the isocurvature induced GWs are a target for high frequency detectors

such as the Einstein Telescope (ET) [108] and Cosmic Explorer (CE) [109], the adiabatic GWs

may be observable by LISA [110] and DECIGO [111]. Interestingly, for the values ns = 1 and

As = 2.1× 10−9 which are close to the values measured at CMB scales [83], the adiabatic induced

GWs are of comparable amplitude as the isocurvature ones and remain below the BBN bound.

Remarkably, the above considerations imply that by measuring both the adiabatic and isocurvature-

induced GW signals, one could determine the equation of state of the post-inflationary Universe,
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along with the parameters of the primordial curvature power spectrum at very small scales. Addi-

tionally, one could pin down the initial PBH mass and abundance, establishing whether evaporating

primordial black holes were responsible for reheating the early Universe.

V. SUMMARY AND CONCLUSION

In this paper, we have investigated a generalised PBH reheating scenario, where PBHs initially

form in an epoch with a general constant equation of state after inflation. We found that a stiffer

EoS (w > 1/3) leads to a significantly longer PBH dominated phase, see eq. (2.10), because the

primordial fluid is diluted faster due to the larger pressure. As eq. (2.11) shows, this, in turn, leads

to a much lower minimal initial abundance β required to reach PBH domination.

We then investigated in detail the evolution of isocurvature-induced and primordial curvature

perturbations and the resulting induced GWs. We derived the general transfer functions for the

curvature perturbation for both isocurvature and adiabatic initial conditions, which can be found

in eqs. (3.33) and (3.38), respectively. Our main result is that the amplitude of the curvature

perturbation deep inside the PBH dominated stage for k ≫ keq is proportional to (i) κ−2 for

isocurvature initial conditions, (ii) κ−2−b for adiabatic initial conditions and w > 1/3 (b < 0) and

(iii) κ−2 for adiabatic initial conditions and 0 < w < 1/3 (1 > b > 0). In all cases, the κ−2 scaling

comes from the Poisson equation relating curvature fluctuations with PBH density fluctuations.

In the isocurvature case, the PBH density contrast is dominant in the beginning, which directly

carries over to the curvature perturbation in the PBH dominated phase. This is why there is no

w-dependence in the exponent of κ. In the adiabatic case, PBH density fluctuations are sourced

by initial curvature fluctuations and keep a “memory” of the equation of state w. The additional

power κ−b for w > 1/3 is due to a subhorizon growth of the PBH density contrast. For w < 1/3 the

situation is more subtle, as the scaling κ−2 is achieved only for very small scales. In intermediate

regimes there is in fact a κ−b correction to the κ−2 scaling (see the discussion in sec. III C). Lastly,

note that in all cases, there is a w-dependent prefactor in the transfer function.

In section IV we presented our results on the induced GWs after PBH evaporation. We found

that, in general, the induced GW spectrum is enhanced for w > 1/3 due to the longer PBH

dominated phase. For the PBH isocurvature induced GWs, we find that it is sharply peaked at the

UV-cutoff scale kuv which is determined by the initial PBH mass Mf and corresponds to a peak

frequency today of about fuv = O(1 − 106)Hz. The peak amplitude (4.7) is determined by the

PBH parameters Mf and β, as well as the EoS parameter w. However, we find that the slope of the

GW spectrum is insensitive to w, since the transfer function for the curvature perturbation only

depends on κ−2. Then, by demanding that the amount of induced GWs does not violate the bound

on the effective number of relativistic species ∆Neff at BBN, we placed an upper bound (4.14) on

the initial PBH abundance. The resulting parameter space is plotted in fig. 5, showing how a stiffer

EoS broadens the allowed range for β and shifts it to lower values.

For adiabatic induced GWs, we found that, contrary to the PBH isocurvature induced GWs,

the spectral features depend on w, in addition to the standard dependence on the amplitude and

tilt of the primordial curvature power spectrum and the PBH mass and abundance. Furthermore,
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the peak of the GW spectrum appears closer to keq, providing complementary information to the

isocurvature case. Interestingly, a combined observation of the isocurvature and adiabatic induced

GW spectra would be able to break the degeneracy between model parameters. In particular, by

measuring the peak and amplitude of the isocurvature and adiabatic induced GW spectra, one is

able to determine the initial energy density fraction β and the initial equation of state w. These

GW signals can be observed by future detectors such as LISA, DECIGO, the Einstein Telescope

and Cosmic Explorer, as illustrated in fig. 7.

Our analysis could be extended in several aspects. Firstly, we conducted our analysis using

linear cosmological perturbation theory. However, during the eMD period, density fluctuations

grow proportionally to the scale factor, and the smallest scales will reach the non-linear regime

before PBH evaporation. We give an estimate for the scale kNL at which this happens in eq. (C6).

Our results should, therefore, be understood as optimistic estimates, and the derived upper bound

on β can be viewed as rather conservative. Let us note, however, that on the small scales considered

here, Φ can remain linear even if the density fluctuations become larger than unity, which could

be argued to justify using linear theory as an estimate. To improve upon our computations, one

could model the effect of non-linear density fluctuations by employing empirical fits to the results

of N -body simulations of structure formation, as done in [91]. Alternatively, one could employ

analytical approaches such as kinetic field theory (KFT) [112, 113] to compute non-linear density

fluctuation power spectra. Otherwise, sophisticated numerical simulations as in [92] are needed.

Secondly, in our derivation, we assumed a monochromatic PBH mass function. This led to the

simultaneous evaporation of all PBHs and the sudden transition to the RD era. However, depending

on the details of the PBH formation, the mass function may be rather broad, and the transition,

therefore, more gradual. The effects of an extended mass function and a gradual transition from an

eMD to the RD have been studied in [41] and [90, 97], respectively. It would be interesting to apply

similar analyses also in our more general setup, although we expect the effects to be comparable.

Finally, we treated the isocurvature and adiabatic modes separately in our computations, which

is justified at the linear level. However, at the second order in the GW source term, one gets

an additional cross-term with contributions from both modes. In order to compute the resulting

tensor power spectrum induced by this term, one would need to know the mixed two-point correlator

⟨Φ0S0⟩. Assuming PBH formation is a rare and random event, the correlation would be vanishing,

but in the case of sizeable primordial non-Gaussianity or PBH clustering, it could carry information

on the common origin of the two modes, considering that the isocurvature perturbation (i.e. the

PBH density fluctuations) is correlated with the curvature fluctuation that leads to PBH formation

in the first place. It could be interesting to compute the GW spectrum induced by this mixed term

to look for any interesting interference effects and additional peaks and use the (non-)observation

of the signal as a consistency check.

We plan to study the GWs induced by the isocurvature mode itself (as in Ref. [94]) during the w-

dominated phase in a subsequent work, which will have applications to the universal GW signatures

of cosmological solitons studied in Refs. [114, 115]. To conclude, let us remark that, as the GW

amplitude is strongly dependent on β, a slight increase in the value of β could easily compensate

for the suppression due to non-linear effects or an extended mass function. Therefore, our main
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conclusions should remain unchanged by the above considerations, and we may still hope to observe

the GW signals with future detectors and uncover the physics at play during the reheating of the

Universe.
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Appendix A: Background and perturbation equations

The expansion of the background spacetime is governed by the Hubble parameter H = ȧ/a,

where a is the scale factor of the FLRW metric (3.1). H satisfies the Friedmann equation

3H2M2
Pl = ρPBH + ρrad + ρw , (A1)

with the energy densities ρn, n ∈ {PBH, rad, w}, of the PBH, radiation and primordial fluids,

respectively. The Hubble parameter is related to cosmic time t as

H =
2

3(1 + w)

1

t
(A2)

when the Universe is dominated by a fluid with EoS parameter w. This relation is useful e.g. for

expressing the time of PBH formation tf in terms of the initial PBH mass (2.1), or when evaluating

the Hubble parameter at the evaporation time teva (2.5).

Neglecting the radiation component ρrad and the energy transfer between components, it is

convenient to write the total energy density at early times a ≪ aeva as

ρ =
ρeq
2

((aeq
a

)3
+
(aeq

a

)3(1+w)
)

, (A3)

with the total density at equality ρeq. From the different dependencies of the primordial background

and PBH fluid densities on the scale factor a, one can read off the useful relation

(
af
aeq

)3w

≈ β (A4)

for the scale factor at PBH formation and equality. Solving (A1) with the total energy density

(A3) one obtains the scale factor (3.2) quoted in the main text. Equivalently, we may also write

a

aeq
= F−1

[
keq τ√

2
+ c1

]
with F(x) = 2 2F1

(
1

2
,− 1

6w
; 1− 1

6w
;− 1

x3w

)√
x , (A5)
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where the constant c1 is set by requiring a(0) = 0 to yield

c1 =
2√
π
Γ

(
1− 1

6w

)
Γ

(
1

2
+

1

6w

)
. (A6)

This form for a/aeq is more suitable in the a ≫ aeq limit as 2F1

(
a, b; c;−χ−3w

)
∼ 1 for χ ≫ 1. It

is easy to see that in this limit a ∝ τ2. Lastly, when the Universe is dominated by radiation after

PBH evaporation, the radiation temperature is related to the Hubble parameter as

ρrad(teva) =
π2

30
g∗(Teva)T

4
eva ≈ 3M2

PlH
2
eva . (A7)

Perturbing the metric around the FLRW background as in eq. (3.1) and the fluid 4-velocities as

uµn = ūµn + δuµn results in the perturbed Einstein equations, whose 00, 0i and ij trace components

at linear order in perturbations read

6HΦ′ + 6H2Φ− 2∆Φ =a2 (δρPBH + δρw) (A8)

Φ′ +HΦ =
1

2
a2 (VPBHρPBH + (1 + w)Vwρw) (A9)

Φ′′ + 3HΦ′ + (H2 + 2H′)Φ =− 1

2
a2c2wδρw , (A10)

where again we are considering a ≪ aeva such that the radiation component is negligible and we

set MPl = 1 for convenience. While at the background level the fluid velocities are simply given

by (uµn) = (1/a, 0⃗), at first order in perturbations we have (δuµn) = (Φ/a, ∂iVn/a) [85] where we

have kept only the scalar part of the spatial velocity perturbations. The covariant conservation

of the energy-momentum tensors ∇µT
µν
n = 0 of the PBH and w-fluids further leads to the energy

conservation equations, resulting from the ν = 0 component and given by

δρ′PBH + 3HδρPBH + ρPBH(3Φ
′ +∆VPBH) =0 (A11)

δρ′w + 3(1 + c2w)Hδρw + (1 + w)ρw(3Φ
′ +∆Vw) =0 . (A12)

The spatial components ν = i lead to the momentum conservation equations

V ′
PBH +HVPBH − Φ =0 (A13)

V ′
w + (1− 3w)HVw +

c2w
1 + w

δρw
ρw

− Φ =0 . (A14)

Using the Friedmann equation (A1) and the expression for the total energy density (A3), we can

express the perturbation equations (3.3) and (3.7) in terms of the variable y (3.12), yielding

d2Φ

dy2
+

1

6

(
5 + 9w

wy
− 6

w + y + 1
+

3

y + 1

)
dΦ

dy
+

3w + 2(1 + w)κ2y
1
3w

9wy(y + 1)(w + y + 1)
Φ

=
1 + w

6wy(1 + y)(1 + w + y)
S , (A15)
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Figure 8. The isocurvature induced curvature perturbation Φiso as a function of the scale factor χ = a/aeq.

We plot the analytical solution (3.23) and the superhorizon solution (3.13) for two values of w and κ = 5×102.

The plot shows the w-independent subhorizon (x ≫ 1) behaviour found in (3.25). Note that the superhorizon

solution is valid for the entire range, whereas the solution (3.23) is valid only for a ≪ aeq and does not capture

the transition to the eMD.

and

d2S

dy2
+

1

6

(
1 + 3w

wy
− 6

1 + w + y
+

3

1 + y

)
dS

dy
+

2κ2y
1
3w

9w(1 + y)(1 + w + y)
S

=
8κ4y

2
3w

27w(1 + y)(1 + w + y)
Φ . (A16)

Inserting the superhorizon solution (3.14) for Φ in the integral eq. (3.26) for Siso gives the

behaviour of the isocurvature perturbation in the superhorizon (x ≪ 1) regime

Siso(a ≪ aeq;x ≪ 1) ≈ S0 −
2

b−3
2 (b− 1)(b+ 1)b−1

3(b− 3)(b+ 2)
S0κ

b−1x3−b . (A17)

Appendix B: Constructing the transfer function in the adiabatic case

In this section we present in detail the derivation of the transfer function (3.36). To begin with,

we consider early times where fluctuations in the w-fluid are dominant and we assume δw ≫ δPBH

for the respective density contrasts. This implies that the gravitational potential is determined by

fluctuations in the dominant fluid and is described by eq. (3.27). We can derive a second order
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Figure 9. Here we show the isocurvature perturbation S as a function of x = kτ for isocurvature (left) and

adiabatic (right) initial conditions. We set κ = 103 in both cases and S0 = Φ0 = 1. The solid lines show

a numerical solution, the dashed lines mark the small-x solution (A17) in the isocurvature case, and the

analytical result (3.29) for the adiabatic one, respectively. Note that on the left we plot |S − 1| to show the

growing first order correction S1, and on the right we rescaled the curves for w = 2/3 by a factor 10 for a

clearer presentation.

equation for δPBH by differentiating the energy conservation equation (A11) and using eq. (A13)

to replace VPBH. In this way we arrive at

δ′′PBH +
2

1 + 3w

δ′PBH

τ
= k2Φ− 6

1 + 3w

Φ′

τ
− 3Φ′′ . (B1)

Because of our assumption we can treat Φ as an external source. We first consider the homogeneous

solutions to eq. (B1) by setting the right hand side to zero and find the two independent solutions

δh1 = c1 and δh2 = c2
1− (kτ)−b

b
, (B2)

where we made explicit the factor k−b to leave the constant c2 dimensionless and pulled out the

constant c2/b necessary to recover the logarithmic solution in the radiation case (b = 0) which

appears due to the identity

lim
α→0

xα − 1

α
= ln(x) . (B3)

The Green’s function can be obtained from the two homogeneous solutions by

Gδ(τ, τ̃) =
δh1(τ)δh2(τ̃)− δh1(τ̃)δh2(τ)

δ′h1(τ̃)δh2(τ̃)− δh1(τ̃)δ
′
h2(τ̃)

= τ̃
1− τ−bτ̃ b

b
, (B4)

and the particular solution to eq. (B1) is obtained by a convolution of Gδ(τ, τ̃) with the source

(i.e. the right hand side of eq. (B1) evaluated at τ̃). To solve the convolution integral we insert
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the solution (3.27) for Φ and its derivatives. Noting that the source term decays as (kτ) → ∞, we

send the upper integration boundary to infinity, leaving the particular solution as the sum of two

terms ∝ 1/b and ∝ τ−b/b with constant prefactors. The initial conditions are fixed by noting that

Φ(τ → 0) = Φ0 is constant, and that eq. (A8) in the superhorizon limit then implies δ = 2Φ [84].

Using δ(τ → 0) ≈ δw = (1 + w)δPBH we then require c1 = 2Φ0/(1 + w) and c2 = 0. This results in

the full solution for the PBH density contrast early during w-domination

δPBH =
2

1 + w
Φ0 +

B1 −A1(kτ)
−b

b
Φ0 , (B5)

with the constants A1 and B1 resulting from the convolution integrals given by

A1 =
2b+13

b
2
+1b

(
b+1
1−b

)b/2
Γ
(
b
2

)
Γ
(
b+ 5

2

)

(b− 1)Γ
(
b+1
2

) and B1 =
3
(
b2 + 6b+ 3

)

(b− 1)
. (B6)

Equation (B5) is valid from superhorizon scales through horizon crossing to subhorizon scales

for a ≪ aeq as long as the fluctuations in the w-fluid are dominant. Note that in the limit

b → 0, eq. (B5) reproduces the well-known logarithmic growth of matter density fluctuations

during radiation domination [15]. Equation (B5) shows that for a stiffer EoS (b < 0) matter

density fluctuations grow faster on subhorizon scales than the logarithmic growth during radiation

domination, leading to enhanced small-scale structure formation [19]. Interestingly, eq. (B5) also

implies that during a kination period with w = 1 density fluctuations grow linearly with the scale

factor, the same as during matter domination, cf. eq. (B12).

Due to the non-zero pressure of the w-fluid, the potential Φ and perturbations δw decay after

horizon reentry. Because the PBH density fluctuations grow according to eq. (B5), or at least stay

constant for b > 0 (corresponding to w < 1/3), they will at some point overtake the fluctuations

of the w-fluid, even though the background evolution is still driven by ρw > ρPBH. Therefore, we

now consider the opposite limit δPBH ≫ δw and focus on subhorizon scales k ≫ H. The solutions

derived in this way will be valid from w domination through equality until deep inside the eMD,

but only for subhorizon scales.

Combining again the energy-momentum conservation equations (A11) and (A13) and the Pois-

son equation derived from eq. (A8), we can derive a second order evolution equation for the density

contrast in the regime when fluctuations δw have become negligible. Neglecting the terms with

derivatives of Φ due to k ≫ H, and using 2k2Φ ≈ a2δρPBH due to δPBH ≫ δw we find [84]

δ′′PBH +Hδ′PBH − a2

2
ρPBHδPBH = 0 . (B7)

Transforming to the variable y defined in eq. (3.12) as time variable we obtain

d2δPBH

dy2
− (6wy + y + 3w + 1)

6wy(y + 1)

dδPBH

dy
− 1

6y(y + 1)w2
δPBH = 0 , (B8)

which reduces to the well-known Mészáros equation for w = 1/3 [118, 119]. The solution is given

by a sum of hypergeometric functions as

δPBH(y) = c̃1 2F1

(
− 1

3w
,
1

2w
;
1

2
+

1

6w
;−y

)
+ c̃2 y

1
2
− 1

6w 2F1

(
1

2
+

1

3w
,
w − 1

2w
;
3

2
− 1

6w
;−y

)
. (B9)
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Expanding the hypergeometric functions for small argument y ≪ 1 and using the expression (3.18)

for the scale factor to transform back to conformal time we find

δPBH(a ≪ aeq) = c̃1 + c̃22
b/2(1 + b)bκb(kτ)−b . (B10)

Comparing now eqs. (B5) and (B10) we can directly read of the relation between the constants

c̃1 =
2

1 + w
Φ0 +B1/b and c̃2 = 2−b/2(1 + b)−bκ−bA1/b := −Ãκ−b/b . (B11)

Remembering that eq. (B9) is valid for subhorizon scales both before and after equality, we can

also take the limit y ≫ 1 to find

δPBH(a ≫ aeq) = χ (c̃1c3 + c̃2c4) , (B12)

where we defined

c3 =
Γ
(

5
6w

)
Γ
(
1
2 + 1

6w

)

Γ
(

1
2w

)
Γ
(
w+1
2w

) and c4 =
Γ
(

5
6w

)
Γ
(
3
2 − 1

6w

)

Γ
(
1
2 + 1

3w

)
Γ
(
1 + 1

3w

) . (B13)

Equation (B12) reflects the well-known result that density fluctuations grow proportionally to the

scale factor during matter domination [15, 84]. Note that for an equation of state different from

radiation, the amplitude of δPBH carries a scale dependence κ−b through the constant c̃2. In the

regime a ≫ aeq we can now use the Poisson equation

Φ =
3

2

(H
k

)2

δPBH (B14)

to construct the plateau value of the potential Φ during the eMD from the PBH density contrast.

We obtain

Φad,eMD(a ≫ aeq) =
3

2(1 + w)
Φ0c3κ

−2 − 3

4
Φ0κ

−2−b

(
c4Ã− c3B1κ

b

b

)
, (B15)

which is valid on small scales k ≫ keq because (B12) and (B14) were derived for subhorizon scales.

The second term reproduces the well-known logarithmic k-dependence of the transfer function in

the limit b → 0 [15]. For clarity of presentation in the main text we introduced the combinations

α1 = −3

4
c3B1 =

9(b(b+ 6) + 3)Γ
(
2−b
1−b

)
Γ
(
5b+5
2−2b

)

4Γ
(
b+2
1−b

)
Γ
(
3b+3
2−2b

)

α2 =
c4Ã

c3B1
=

2
b
2
+13b/2b

(
1− b2

)− b
2 Γ
(
2b−1
b−1

)
Γ
(
b
2

)
Γ
(
b+2
1−b

)
Γ
(
b+ 5

2

)
Γ
(
3b+3
2−2b

)

(b(b+ 6) + 3)Γ
(

1
1−b

)
Γ
(
− 2

b−1

)
Γ
(
b+1
2

)
Γ
(

b+3
2−2b

) . (B16)

Note that α2(b = 0) = 1, while for b = 1/2 (corresponding to w = 1/9) c4 and therefore also α2

diverges.

The numerical fits for the amplitudes A(w) and AΦ(w) in eqs. (3.40) and (4.17) are given by

A(w) = 7.76 + 18.3b+ 12.5b2 and AΦ(1/5 < w < 2/3) = 15.6 + 39.2b+ 21.3b2 . (B17)
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Appendix C: Suppression due to finite duration of evaporation and non-linear scales

Following [39, 90], the additional suppression of Φ at the transition to radiation domination due

to the finite duration can be understood by considering the Poisson equation

k2Φ ≈ 3

2
H2

(
ρPBH

ρtot
δPBH +

ρrad
ρtot

δrad

)
, (C1)

which is valid on subhorizon scales and close to teva, when we can neglect ρw. Because perturbations

in the radiation fluid are suppressed due to the non-zero pressure, Φ will be sourced by PBH density

fluctuations until roughly teva, even when radiation is already dominating. Thus, from eq. (C1) we

expect Φ(k ≫ Γ) ∝ ρPBH ∝ M(t). At later times, when Γ ≫ k, Φ decouples from PBH fluctuations.

While in the case of an instantaneous transition we essentially treat the time dependence of the

PBH mass as a step function M(t) ≈ Mf Θ(teva − t), the actual time dependence is as given in

eq. (2.4), resulting in a correction factor

ΦRD(t)

Φinstant
RD

≈
(
1− t

teva

)1/3

(C2)

≃ exp

(
−
∫ t

tf

dt′ Γ(t′)

)
. (C3)

In order for the subhorizon approximation used in the Poisson equation (C1) to hold, the following

condition on the second time derivative of Φ (with respect to cosmic time t) must be satisfied

|Φ̈| ≪ k2

3a2
|Φ| , (C4)

which can be used to set an upper bound on the time tdec, when the Φ modes decouple. Computing

the second time derivative of (C2) and evaluating at tdec, we obtain for the decoupling time

tdec ≲ teva −
√

2

3

adec
k

. (C5)

Evaluating now eq. (C2) at the bound for tdec and using adec ≈ aeva, we obtain the suppression

factor (3.44) for ΦRD after evaporation due to the finite duration of the transition.

We can estimate the scale kNL := k(δPBH = 1)[39], above which non-linearities become relevant,

using the Poisson equation during eMD (B14) and the transfer function (3.33) to obtain

kNL =

√
5C(w)

C(w)(keqτ)2S0/6− 1
keq (C6)

≈keq ×





3.3/

√
11.8

(
Mf
104g

)4/3 (
β

10−5

)7/3 ( γ
0.2

)2/3 ( τ
τeva

)2
S0(kNL)− 1 (w = 1/6)

2.4/

√
58.7

(
Mf
104g

)4/3 (
β

10−8

)4/3 ( γ
0.2

)2/3 ( τ
τeva

)2
S0(kNL)− 1 (w = 1/3)

1.9/

√
26.9

(
Mf
104g

)4/3 (
β

10−13

)5/6 ( γ
0.2

)2/3 ( τ
τeva

)2
S0(kNL)− 1 (w = 2/3)

, (C7)
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showing that for a stiffer EoS non-linearities become important at larger scales, or smaller frequen-

cies conversely. A root of the denominator in the equations above implies that at that time τ no

scales have become non-linear yet. Note that the precise value of kNL depends quite sensitively on

the model parameters, and in particular also on the value of S0 at that scale. One can roughly

estimate the value of S0 at a scale k by taking S0 ∼ P1/2
S0

(k), but then the scale kNL can only be

determined numerically for fixed parameter values. For example, the values used in fig. 7 yield

kNL ≈ 2.5 × 10−3kuv (w = 1/6) and kNL ≈ 2.8 × 10−3kuv (w = 2/3). Non-linear effects, such

as binary PBH interactions, lead to a suppression of the power spectrum of PBH number density

fluctuations at these small scales. As a consequence, the amplitude of the induced GWs will also

be suppressed at frequencies larger than the corresponding fNL.

Appendix D: Gravitational wave kernel

The Kernel I(x, u, v) appearing in the tensor power spectrum (4.3) is defined as the convolution

of the (retarded) tensor Green’s function Gh(x, x̃) and the source function f(x, u, v), explicitly [86]

I(x, u, v) =

∫ x

xi

dx̃ Gh(x, x̃)f(x̃, u, v) . (D1)

The Green’s function is found from the two homogeneous solutions h1,2(τ) to the tensor equation

of motion

h′′k,λ(τ) + 2Hh′k,λ(τ) + k2hk,λ(τ) = Sk,λ(τ) , (D2)

which holds for both polarisations λ separately. In the isocurvature case, the source term Sk,λ(τ),

up to second order in perturbation theory and when a single fluid is dominant, is given by [86, 99]

Sk,λ(τ) = 4

∫
d3q

(2π)3
eijλ (k)qiqjS0,qS0,pf(τ, q, p) , (D3)

where f(τ, q, p) = TΦ(qτ)TΦ(pτ) +
1 + b

2 + b

(
TΦ(qτ) +

T ′
Φ(qτ)

H

)(
TΦ(pτ) +

T ′
Φ(pτ)

H

)
(D4)

with p = |k − q| and the polarisation tensors eijλ . The variables u and v appearing in (4.3) are

defined in terms of the momenta q and p by u = p/k and v = q/k. The transfer function TΦ of

the curvature perturbation is defined by Φ(k, τ) = S0,kTΦ(k, τ). Let us note that the initial value

of the isocurvature perturbation S0,k is drawn from a scale dependent distribution, denoted here

by the subscript k. The initial distribution is quantified by the (dimensionless) isocurvature power

spectrum PS,f(k)δD(k+k′) = k3

2π2 ⟨S0,kS0,k′⟩, which is given in (3.10). In the case of adiabatic initial

conditions one has instead Φ(k, τ) = Φ0,kTΦ(k, τ) with the initial curvature perturbation Φ0, which

is distributed according to the power spectrum PΦ0(k) given in (3.11).

The solution to the homogeneous part of (D2) yields a Green’s function given by a sum of Bessel

functions of the first and second kind as [86]

Gh(x, x̃) =
π

2

x̃b+3/2

xb+1/2

(
Yb+ 1

2
(x)Jb+ 1

2
(x̃)− Jb+ 1

2
(x)Yb+ 1

2
(x̃)
)
Θ(x− x̃) , (D5)
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which is valid in a single-fluid Universe. The full solution for the tensor modes is then given by

hk(x) =

∫ x

xi

dx̃ Gh(x, x̃)
Sk(x)

k2
. (D6)

During radiation domination, b = 0, the Green’s function (D5) reduces to

GRD
h (x, x̃) =

x̃

x
sin(x− x̃) Θ(x− x̃) . (D7)

Following the discovery of [96] that a sudden transition from matter domination to the radiation

era leads to an enhanced production of GWs, we will consider only the contributions to (D4) after

PBH evaporation. Then, the dominant term is the one involving two time derivatives, i.e. the

one proportional to
(
H−1T ′

Φ

)2
. This can be understood by considering the transfer function in

the radiation period (3.41), which entails ΦRD(τeva) ∝ ΦeMD and H−1Φ′
RD(τeva) ∝ (kτeva)ΦeMD.

As we are considering scales k ≫ keva, the second term is the larger one, originating from the

enhanced oscillation of the curvature perturbation after the transition. Consequently, the dominant

contribution to the Kernel I(x, u, v) is given by [37]

IRD(x̄, u, v) ≈
1

2
uv

∫ x̄

xeva/2
dx̃ x̃2GRD

h (x̄, x̃)
dTRD

Φ (ux̃)

d(ux̃)

dTRD
Φ (vx̃)

d(vx̃)
, (D8)

where we introduced the shifted time coordinate x̄ = kτ̄ = x− xeva/2 (resulting from the required

continuity of the background) and used qτ = vx and pτ = ux. As we are interested in the late time

limit of the GWs evolution, we will take the upper limit of the time integral x̄ → ∞. The transfer

function for the radiation period TRD
Φ is defined from (3.41) and (3.44) by splitting off the initial

value S0 or Φ0, respectively. Inserting the transfer function into eq. (D8), changing the integration

variable to x̃ → x̂ = x̃− xeva/2 and renaming again x̂ → x̃ we obtain [37]

IRD(x̄, u, v) ≈
c2suv

32x̄
x4evaSΦ,eva(uk)SΦ,eva(vk)T

eMD
Φ (uk)T eMD

Φ (vk) Iosc(x̄, u, v) , (D9)

at leading order in xeva ≫ 1 and we defined

Iosc(x̄, u, v) =
∫ ∞

0

dx̃

x̃+ xeva/2
sin(¯̄x− x̃) sin (csux̃) sin (csvx̃) , (D10)

where ¯̄x = x̄−xeva/2. The time integral in (D10) can be done analytically and results in a sum of 8

terms involving sine and cosine integrals, given explicitly in eq. (C4) of [37]. Taking the oscillation

average of I2RD and inserting the resulting Kernel I2RD in the expression (4.3) leaves us with the

expression (4.4) for Ph,RD quoted in the main text.

Appendix E: Gravitational wave integrals

In both the isocurvature and adiabatic cases, the momentum integrals in eq. (4.4) can be com-

puted numerically for fixed Mf and β by defining a grid of values knum = k/kuv, and using the
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relations (2.16) to express the scales keq and keva in terms of kuv. For each grid point, we then define

a range of v-values (respecting the UV-cutoff vuv = uuv = kuv/k), resulting in a purely numerical

expression and allowing us to perform the integral over u. We then compute the integral for every

value of v, interpolate the resulting data to obtain the integrand as a function of v, and finally

perform the remaining integral over v. In this way we obtain Ph,RD as a function of knum. Using

that during radiation domination H = 1/τ̄ , we have k2/H2 = x̄2, and the GW energy density is

easily obtained from the tensor power spectrum by (4.1).

Selecting only the dominant part of the kernel (D10) near the resonance - the term involving a

divergent cosine integral [37, 96] - and considering the k ≫ keq part of the transfer function yields

Iosc,res(x̄;u+ v ∼ c−1
s ) =

1

4
Ci ((1− cs(u+ v))xeva/2) sin(¯̄x+ (1− cs(u+ v))xeva/2) . (E1)

Taking the oscillation average, i.e. integrating over half a period and dividing by π, we obtain

I2
osc,res(u, v) =

1

32
Ci (|(1− cs(u+ v))|xeva/2)2 . (E2)

Si(x) and Ci(x) denote the sine and cosine integrals, respectively, and are defined by

Si(x) =

∫ x

0

sin(t)

t
dt and Ci(x) = −

∫ ∞

x

cos(t)

t
dt , (E3)

with limiting values Si(x → ∞) = π/2, Ci(x → ∞) = 0, Si(x → 0) = 0 and Ci(x → 0) = −∞.

At low frequencies k ≪ kuv the momentum integrals are dominated by the regime u ≈ v ≫ 1.

Setting u = v, we select the terms [37]

Iosc,LV(x;u = v ≫ 1) = −1

2
(Ci(xeva/2) sin(x) + (π/2− Si(xeva/2)) cos(x)) , (E4)

which are most relevant at u ∼ v ≫ 1. After taking the oscillation average we have

I2
osc,LV(u, v) =

1

8

(
Ci(xeva/2)

2 + (π/2− Si(xeva/2))
2
)
. (E5)

1. Isocurvature induced GWs

Inserting the dominant part of the Kernel near the resonant peak, eq. (E2), into the expression

eq. (4.4) we obtain the resonant contribution to the tensor power spectrum

Ph,RD,res(k, τ, x ≫ 1) ≈ C(w)4
c4s

220/334/3π2x̄2

(
keq
kuv

)8( kuv
keva

)2( k

keva

)14/3

×
∫ vuv

0
dv

∫ min(1+v,vuv)

|1−v|
du

((
1 + v2 − u2

)2 − 4v2
)2

(uv)5/3
Ci2

(
|(1− (u+ v)cs)|

k

keva

)
, (E6)

where vuv = kuv/k. The double integral in (E6) can be approximately solved analytically by

transforming to the new variables y = ((u + v)cs − 1)k/keva and s = u − v. We then effectively
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treat the divergent cosine integral like a Dirac delta function by evaluating the integrand at y = 0,

except for the Ci-term itself, which we integrate from −∞ to ∞, yielding a factor of π. This

approximation is found to agree excellently with a numerical solution of the integral. Applying this

approximation, the second line in (E6) results in

Θuv(k) :=

∫ s0(k)

−s0(k)
ds

(
s2 − 1

)2

(1− c2ss
2)5/3

(E7)

=
3s0
(
5c4s − 2c2s

(
2s20 + 5

)
+ 9
)
−
(
5c2s
(
c2s + 6

)
− 27

)
s0
(
c2ss

2
0 − 1

)
2F1

(
5
6 , 1;

3
2 ; c

2
ss

2
0

)

10c4s
(
1− c2ss

2
0

)2/3

times some prefactor, and we introduced

s0(k) :=





1 kuv
k ≥ 1+c−1

s
2

2kuv
k − c−1

s
1+c−1

s
2 ≥ kuv

k ≥ c−1
s
2

0 c−1
s
2 ≥ kuv

k

, (E8)

resulting from the integration boundaries in (E6) due to momentum conservation, combined with

the UV-cutoff of the isocurvature power spectrum (3.10) at kuv. s0(k) acts as a step function that

is equal to 1 for small k/kuv and then smoothly drops until it vanishes at and above k/kuv = 2cs.

In the IR regime k ≪ kuv the contribution from u ≈ v ≫ 1 dominates the momentum integrals.

We split the integrals into two parts v ∈ (0, veq = keq/k) and v ∈ (veq, vuv = kuv/k), where the

respective branches of the transfer function (3.34) apply. Noting that the power of the integrand

in eq. (4.4) is positive, the integrals are dominated by the upper boundaries. After setting u = v

we can solve the remaining momentum integral to find for the two regimes

Ph,RD,LV(v > veq) ≈ C(w)4
c4s

5 22/331/3π2x̄2

(
keq
keva

)8(keva
kuv

)10/3( k

kuv

)
(E9)

Ph,RD,LV(v < veq) ≈
c4s

217500 22/331/3π2

(
keq
keva

)14/3( keq
kuv

)5( k

kuv

)
, (E10)

where we also expanded the Ci and Si terms for large argument (i.e. xeva ≫ 1). The first contribu-

tion (E9) is significantly larger and determines the IR tail ΩGW,IR.

2. Adiabatic induced GWs

In the adiabatic case, the cutoff function Θ̃uv(k) for the resonant part (4.20) is defined by

Θ̃uv(k) :=

∫ s0(k)

−s0(k)
ds
(
s2 − 1

)2 (
1− c2ss

2
)neff (E11)

=
2

5
s50 2F1

(
5

2
,−neff ;

7

2
; c2ss

2
0

)
− 4

3
s30 2F1

(
3

2
,−neff ;

5

2
; c2ss

2
0

)
+ 2s0 2F1

(
1

2
,−neff ;

3

2
; c2ss

2
0

)
.
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The factors ξ1,2 appearing in (4.24) and (4.25) are introduced to account for the fact that we treat

the transfer function in a piecewise manner when splitting the v-integral in eq. (4.18) into large and

small v pieces. However, the main contribution in these cases stems from the boundary resulting

from the split and is thus sensitive to this approximation. For (4.24) the relevant contribution

results from the v > veq piece, where the transfer function (3.39) is scale-dependent, and we find

that ξ1 varies with β and w. In this case it has to fixed by comparison to numerical results on a

case-by-case basis.

In the IR tail (4.25) the v < veq part dominates, where the transfer function (3.39) is constant.

In this case we determine ξ2 by equating the large and small k/keq branches of (3.39) and solving

for the corresponding scale, where the two branches cross. We find that evaluating the momentum

integrals at this scale agrees well with the numerical solution, where the interpolated transfer

function (3.38) is fed into the integrals. The resulting ξ2 is given by

ξ2(w > 1/3) =

(
A(w)

Φsuper
ad

) 1+3w
3+3w

and ξ2(w < 1/3) =

(
A(w)

Φsuper
ad

) 2+6w
3(1+5w)

, (E12)

where we defined Φsuper
ad = (3w + 5)/(5w + 5) from the superhorizon solution eq. (3.17).

The lower integral boundary of the v < veq part of the momentum integrals in the large-v

approximation would give an additional contribution determined by the IR cutoff of the power

spectrum. We neglect this part, as for the scales we are considering this contribution is deep inside

the v ≪ 1 regime where our approximation is invalid, and we find that eq. (4.25) alone yields a

good description of the IR tail.
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