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We show topologically ordered states in the complex-valued spectra of non-Hermitian systems.
These arise when the distinctive exceptional points in the energy Riemann surfaces of such models
are annihilated after threading them across the boundary of the Brillouin zone. This process results
in a non-trivially closed branch cut that can be identified with a Fermi arc. Building on an analogy
to Kitaev’s toric code, these cut lines form non-contractible loops, which parallel the defect lines
of the toric-code ground states. Their presence or absence establishes topological order for fully
non-degenerate non-Hermitian systems. Excitations above these ground-state analogs are charac-
terized by the occurrence of additional exceptional points. We illustrate the characteristics of the
topologically protected states in a non-Hermitian two-band model and provide an outlook toward
experimental realizations in metasurfaces and single-photon interferometry.

Introduction.—Non-Hermitian systems feature proper-
ties with no counterpart in Hermitian models, such as
skin states, dissipative phase transitions, and unidirec-
tional transmission [1–3]. These features are closely tied
to the topology of the complex-valued spectral struc-
ture of such systems [4, 5]. The extensive studies of
non-Hermitian spectra have focused by-and-large on so-
called exceptional points (EPs) [2, 6–16] and spectral
winding numbers [17–20]. Here, we instead demon-
strate topological order in the energy Riemann surfaces of
fully non-degenerate non-Hermitian systems. For a two-
dimensional periodic two-band system we show that four
topologically distinct states are realized by closed non-
contractible branch cuts in the Riemann sheet structure
over the Brillouin zone. These states are analogous to the
ground state of the toric code, in which they represent
a protected logical qubit pair within a toroidal spin lat-
tice [21]. The Z2 ×Z2 topological order that protects the
toric-code ground states translates to the Riemann sheet
structure of the non-Hermitian lattice. We extend this
analogy by showing that EPs in the non-Hermitian spec-
trum emerge similarly to excitations of the toric code [21–
23]. While there are three types of excitations in the con-
ventional toric code, the number of different excitations
in the non-Hermitian model is tied to its band structure.
We conclude with an outlook on potential experimental
implementations in optical, plasmonic, and mechanical
metasurfaces, and single-photon interferometers.

Non-Hermitian Bloch Hamiltonians and spectral Rie-
mann surfaces.—Two-dimensional lattice structures can
be described by a Bloch Hamiltonian, which is defined
over the toroidal surface formed by the two-dimensional
Brillouin zone. Allowing for dissipative processes on
the lattice results in a non-Hermitian Bloch Hamilto-
nian, H(k) ≠ H†(k), and complex-valued eigenenergies.
Topology in conventional Hermitian systems operates on
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Figure 1: Illustration showing the real part of the Riemann
surface structure of two-band non-Hermitian spectra: (a) shows
an EP2 pair connected by a branch cut identified with the Fermi
arc in red. This line is referred to as a Fermi cut; (b) shows an
open Fermi arc due to band touching in blue. In two dimensions
the Fermi cut is protected by the presence of the stable EP2 pair,
while the Fermi arc may disappear under perturbations.

the level of eigenstates, whereas in non-Hermitian sys-
tems topological structures may also emerge in the Rie-
mann surfaces describing the energy spectrum [4, 18, 24].
The most prominent feature in non-Hermitian topology
are exceptional points of order n (EPns), which cannot
arise in Hermitian systems [1–4, 6]. At these points the
spectrum of the Hamiltonian is n-fold degenerate and
the EPs manifest as branch points in the energy surface
structure. Consider a two-band system, described by a
2×2 Bloch Hamiltonian, which gives rise to two complex-
valued energy sheets over the Brillouin zone. In this two-
dimensional space, EP2s generically appear in pairs, see
Fig. 1(a), with opposite spectral winding around the re-
spective EP2 defining a topological charge [19, 20]. Any
such pair is connected by a Fermi arc, an imaginary Fermi
arc, and a branch cut of the Riemann sheets [4, 25–27]:
(imaginary-)Fermi arcs are lines on which the real (imag-
inary) part of the eigenenergies is degenerate. Note that
such arcs can also exist independent of EPs, for example
at band touching lines, see Fig. 1(b). A branch cut, on
the other hand, is a line along which a continuous multi-
sheeted Riemann surface is separated into well-defined
single-valued sheets; the path of such branch cuts can
be chosen freely in general. Here we choose the common
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Figure 2: (a): Illustration of the toric code on a square lattice given periodic boundary conditions. Physical qubit degrees of freedom are
represented by white circles. A star and a plaquette operator, As and Bp, are shown in blue and red, respectively. Non-contractible
loops of flipped spins, which define the ground states, are indicated by red lines. (b): In the top row, the four toric code ground states
are shown on the spin lattice, where flipped spins are highlighted in red. In the bottom row, we show the corresponding Fermi-cut
structure in the Brillouin zone, where Fermi cuts are represented by red lines. Two distinct non-contractible loops, Cx and Cy , around the
different holes of the torus are indicated in blue. Along these loops the eigenenergy braids, shown next to the Brillouin zone, can be
measured to determine the topological invariants.

identification of the branch cuts with the Fermi arc that
always connects the EP2 pair, and refer to the combined
object as a Fermi cut. The presence of this Fermi cut
is topologically protected and results in a continuously
connected energy structure. The topological protection
originates from the presence of the stable EP2 pair and
prevents the Fermi cut from being removed by any small
perturbation. These topologically stable features of non-
Hermitian systems have been studied [4, 26, 27], but not
yet employed to construct protected states or to obtain
global topological order.

Toric code ground state.—A prominent application of
topology is the protection of the ground states in Ki-
taev’s toric code [21]. These states implement two logical
qubits within a square lattice that is defined on a toroidal
surface and has physical qubit degrees of freedom on its
links. The key idea of this encoding is the definition
of a Hamiltonian in terms of overlapping but commut-
ing local operators. Due to the overlap, such a model
and its states are highly non-trivial. The states can be
fully determined nevertheless because all local operators
commute. For the conventional toric code, this can be
achieved by defining the star and plaquette operators,

As =∏
i∈s

σx
i and Bp =∏

i∈p
σz
i , (1)

where the σα
i with α ∈ {x, y, z} are Pauli operators acting

on the physical qubits. Here products run over the links
coming together at a lattice site s, or over the boundary
links of a plaquette p; cf. Fig. 2(a). In these terms, the
toric code is governed by the Hamiltonian

Htc = −∑
s

As −∑
p

Bp , (2)

summing over all sites and plaquettes.
Measuring a plaquette or star operator yields ±1 and

does not affect the model, since [Htc,As] = [Htc,Bp] = 0.

Thus As and Bp form a basis for error detection making
them so-called stabilizers [21, 28]. A state for which all
of these stabilizers are measured to be +1 minimizes the
energy of Htc making it a ground state of the system.
The ground state is not unique, which can be seen by
considering the following. If the physical qubits are mea-
sured in the σx basis, the configuration with only spin-up
states achieves As = +1. So does any configuration that
can be obtained from flipping spins along closed loops.
Projecting these configurations onto the subspace with
Bp = +1 results in the ground-state manifold of the toric
code. Any contractible loop of flipped spins can be re-
moved by applying plaquette operators, which leave the
ground-state manifold unaffected while flipping all the
physical qubits around a plaquette. Therefore the highly
degenerate set of ground-state configurations is classified
by four topologically distinct realizations of flipped spins
along non-contractible loops on the toroidal surface, see
the top row in Fig. 2(b). As such, they encode a logical
two-qubit system that is protected by the topology of the
non-contractible loops. The presence or absence of each
possible non-contractible loop of flipped spins defines a
single logical qubit. In the following we develop an anal-
ogy between topologically stable Fermi cuts in the spec-
tra of non-Hermitian models and the non-contractible
loops of the toric code ground states.

Snapping Fermi arcs.—In a preparatory first step, we
identify the non-contractible loops in the toric code with
Fermi arcs, which are closed across the Brillouin zone
boundary, instead of identifying them with Fermi cuts.
This approach illustrates that while one can find classical
analogs of the toric-code ground states utilizing Fermi
arcs, they lack the desired topological protection. To
illustrate this absence of protection, let us consider the
Bloch Hamiltonian

HFA(k) = (
δ + i (1 − coskx) + i

2
(1 − coskx) + i

2
−δ − i ) , (3)
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which realizes a non-contractible Fermi arc along the ky-
direction of the Brillouin zone for δ = 0. Turning on δ ∈ R
does not continuously deform the Fermi arc, but abruptly
snaps it. This is a consequence of the Fermi arc being a
spectral observable only. The Riemann surface structure
of the energies remains separated into distinct sheets even
in the presence of a Fermi arc, compare also Fig. 1(b).
Such a band touching is not topologically protected, and
therefore already destabilized by small perturbations.

Topologically protected Fermi cuts.—To construct a
perturbatively stable analog of the non-contractible loops
of the toric code ground states within non-Hermitian
spectra, we utilize the topological protection of Fermi
cuts. For the creation of a Fermi cut, a pair of EP2s
must be generated and pulled apart. In a non-periodic
parameter space closed branch cuts cannot exist, thus
a Fermi cut always depreciates to a Fermi arc when it
is closed through the merger of the EP2s. This applies
to the local creation and merger of EP2s in the peri-
odic two-dimensional Brillouin zone as well. However,
if one of the EPs is threaded through the full Brillouin
zone and across the periodic boundary, the Fermi cut
survives even after the EPs are merged again. The re-
sulting closed branch cut runs through the whole Bril-
louin zone along a non-contractible loop. The threading
of the EP changes the structure of the spectral Riemann
surface non-trivially, resulting in a fully non-degenerate
continuously-connected energy structure. We stress that
it is the toroidal topology of the Brillouin zone that fa-
cilitates such a closed Fermi cut.

The topological protection of the Fermi cuts after
threading and merging the EPs can be understood from
the perspective of eigenenergy braids. These braids are
defined on closed lines around the holes of the toroidal
Brillouin zone, cf. the bottom row in Fig. 2(b). A Fermi
cut results in a crossing of the braids orthogonal to the
cut. This is the only possible non-trivial braid, since any
pair of Fermi cuts along the same direction reduces to
Fermi arcs, which have a trivial braid structure. Per-
turbations cannot change the non-trivial braids of single
Fermi cuts, ensuring their stability. This is similar to the
braid protection of third-order EPs observed in Ref. [29].

The presence or absence of non-trivially closed Fermi
cuts defines four distinct states of the system. These
states are only well-defined without EPs present. Tun-
ing the system from one of these states to another thus
requires the merger of all EPs after the threading pro-
cedure. To distinguish the states we define two topo-
logical invariants, which are the crossing numbers of the
braids along non-contractible loops through the Brillouin
zone. We associate the invariant mα = 0 with the triv-
ial braid and mα = 1 with the non-trivial braid, where
α ∈ {x, y} indicates whether the path runs along the
kx or ky direction. This establishes Z2 × Z2 topologi-
cal order in the non-Hermitian spectrum. Based on the
four states distinguished by the combinations of topo-
logically protected closed Fermi cuts, we construct the
analogy to the ground-state manifold of the toric code in

Figure 3: The real part of the spectral Riemann surface structures
over the Brillouin zone is shown for the topologically distinct
ground states. (a) Coordinate system of the toroidal Brillouin
zone; (b)-(e): Topologically distinct fully non-degenerate states of
the non-Hermitian model HFC(k) analogous to the ground states
of the toric code. The states are distinguished by the topological
invariants (mx,my): (b) (0,0), (c) (1,0), (d) (0,1), (e) (1,1).

an exemplary model. Any closed Fermi cut is mapped
to a non-contractible loop of flipped spins in the toric
code, and the four different ground states are represented
by (mx,my) ∈ {(0,0), (1,0), (0,1), (1,1)}. The ground-
state manifold is realized by the tunable non-Hermitian
system with the Bloch Hamiltonian

HFC(k) = (
3 − cos sk− cosak sin sk− 3i(1−cos sk)

sin sk− 3i(1−cos sk) −3 + cos sk+ cosak
) , (4)
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where sk = my kx +mx ky and ak = mx kx −my ky. Fig-
ure 3 showcases the four topologically distinct states of
the non-Hermitian toric-code analog and highlights the
non-trivially closed Fermi cuts. In parallel to the toric-
code ground state, the non-Hermitian model realizes two
logical bits, albeit classical bits. The spectrum of the
non-Hermitian system is a classical object and this trans-
lates to the nature of the bits. Their value is given by the
topological invariants, mx and my, and creating an EP
pair and threading it through the Brillouin zone results
in a single bit flip.

Exceptional points as excitations.—The non-Hermitian
analog of the toric-code ground state is only defined for
non-degenerate systems in which no EPs are present. In
the following, we show that EPs can be regarded as its
excitations.

The excitations in the conventional toric code are sites
s or plaquettes p, whose respective stabilizers, As or Bp,
are measured to be −1 [21]. This raises the energy of the
system above the lowest possible energy state in which all
stabilizers are +1. By flipping a single physical qubit in
the σx-basis, a pair of star defects called electric charges e
is created on the adjacent sites. Similarly, flipping in the
σz-basis creates two plaquette defects, called magnetic
charges m, on the plaquettes that share the edge. These
excitation pairs can be pulled apart and moved around
the lattice. They stay connected by a so-called flux line,
which is an open line of flipped spins. Excitations of the
same type annihilate when brought together, and the flux
lines become closed loops, so that the system returns to a
ground state. Alike charges exchange bosonically, while
different charges commute mutually anyonic. Bringing
two different charges together results in a dyon, which is
a fermionic composite excitation.

In the non-Hermitian toric-code analog the ground
state is characterized by the absence of EPs, which may
thus be interpreted as excitations. For a two-band model,
the only possible types of excitation are therefore EP2s.
Similar to the conventional toric code, they appear pair-
wise and are connected by an open Fermi cut, which plays
the role of a flux line. Moreover, the EP2s carry a topo-
logical charge ν, given by the spectral winding number

ν = −∮
C

dk

2π
⋅ ∇karg [∆ϵ(k)] = ±1

2
, (5)

where C is a closed path encircling the EP2 and ∆ϵ(k)
is the difference between the energy sheets that coalesce
at the EP2 [19, 20]. As a result, excitations in the non-
Hermitian toric-code analog carry additional structure
compared to the conventional toric code, because only
EP2s of opposite topological charge can annihilate. Com-
bining EP2s of identical charge, on the other hand, re-
sults in an unstable EP2 composite with additively com-
bined topological charge.

In contrast to the conventional toric code a non-
Hermitian two-band model, while realizing four distinct
ground states, allows for only one instead of three ex-
citation types. The implementation of multiple distinct

excitations requires systems with additional bands in the
Bloch Hamiltonian. Adding a third band, for instance,
results in three types of EP2s, which are the different pos-
sible branch points between pairs of eigenenergy sheets.
When bringing two different EP2s together, EP3s emerge
as composite excitations [30, 31]. In general, extending
this to n-band systems allows for ∑n

j=2 (
n
j
) = 2n − (n + 1)

different types of excitations. These are again associated
with topological charges, determined by the braiding of
the eigenenergies around them [32, 33].

At the same time, added bands affect the ground-
state manifold of the non-Hermitian multi-band model,
which comprises any fully non-degenerate spectral struc-
ture. The number of topologically distinguishable Rie-
mann surface structures increases, because additional
non-contractible Fermi cuts along the kx and ky direction
are possible between any two bands. However, intersect-
ing Fermi cuts induce EP3 excitations if one energy sheet
is part of both cuts. Therefore not all combinations of
Fermi cuts are part of the ground-state manifold. Fur-
thermore, Fermi cuts along the same direction and be-
tween the same energy sheets still reduce to Fermi arcs, so
that one only needs to consider the presence or absence of
each type of cut. A topological invariant can be defined
for each ground state by assigning a color to each en-
ergy sheet, which colors the braids along non-contractible
loops through the Brillouin zone. Invariants then corre-
spond to the crossing numbers of braids in the colored
(pure) braid group PBn. This establishes the ground-
state manifold as a subspace of the space with (Z2 ×Z2)m
topological order, where m = ∑n−1

j=1 j = 1
2
(n − 1)n.

Overall, extending the non-Hermitian model to multi-
band systems goes beyond the initial analogy to the toric
code and allows for the realization of multiple distinct
excitations.

Implementation on metasurfaces and in single-photon
interferometry.—The implementation of different topo-
logically protected states in the non-Hermitian toric-code
analog requires a high degree of parametric tunability
over a toroidal parameter space. A prominent platform
providing such tunability are optical or plasmonic meta-
surfaces, which rely on artificial units cells defined in pe-
riodic arrays of nanoantennas [34, 35]. Loss generates
non-Hermitian contributions to the dynamics of these
systems. By carefully adjusting the shape, spacing and
orientation of the antennas in the surrounding medium
or on the host surface, the parameters of the system can
be precisely controlled. Such setups are capable of realiz-
ing the two-band model HFC(k) in a two-orbital square
lattice given full control over the onsite terms and hop-
pings up to next-nearest-neighbor distance. Mechanical
metamaterials, in which individual oscillators are driven
depending on the state of the system, provide another
feasible platform. Here, the dynamical control of the os-
cillator response allows for the observation of EP pair
creation and their threading through the Brillouin zone.
Thus these materials are capable of resolving the transi-
tion between topologically distinct states. Single-photon
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interferometry was recently established as a different
platform for the study of non-Hermitian topological fea-
tures [36]. These newly designed interferometers can, for
example, encode the evolution of a non-Hermitian three-
band Bloch Hamiltonian and realize a braid protected
EP3 [29, 36]. By instead encoding the parameters of
HFC, the non-Hermitian analog of the toric-code ground
states can be realized in this state-of-the-art platform.

Conclusion.—We have demonstrated topological order
in the spectral Riemann surfaces of non-Hermitian sys-
tems. Pairs of EPs emerge as uniquely non-Hermitian
features in these complex-valued energy structures. We
introduce Fermi cuts as the branch cuts connecting EPs
along lines with degenerate real energy parts. These cuts
can be closed non-trivially by separating the EP pair, and
recombining it across the Brillouin-zone boundary. The
EPs then annihilate, leaving a non-contractible closed
Fermi cut. Building on an analogy to Kitaev’s toric code,
these Fermi cuts parallel non-contractible closed defect

lines on the toroidal Brillouin zone of a two-dimensional
lattice. The ground-state analog is characterized by a
fully non-degenerate spectrum and EPs are interpreted
as excitations. Non-Hermitian multi-band systems facil-
itate multiple different excitations and the presence or
absence of the closed Fermi cuts establishes topological
order. The energy spectrum behaves as a classical object,
so that this analogy does not inherit the full quantum-
mechanical properties of the toric code. It instead gives
rise to a rich ground-state manifold beyond the conven-
tional toric-code dimension. The resulting states are
topologically protected and remain stable under pertur-
bation. This framework establishes a novel approach to
utilize the topological features inherent in non-Hermitian
systems.
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