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Abstract. Many-body quantum dynamics defined on a spatial lattice and in discrete

time – either as stroboscopic Floquet systems or quantum circuits – has been an

active area of research for several years. Being discrete in space and time, a natural

question arises: when can such a model be viewed as evolving unitarily in space as

well as in time? Models with this property, which sometimes goes by the name space-

time duality, have been shown to have a number of interesting features related to

entanglement growth and correlations. One natural way in which the property arises

in the context of (brickwork) quantum circuits is by choosing dual unitary gates: two

site operators that are unitary in both the space and time directions.

We introduce a class of models with q states per site, defined on the square lattice by

a complex partition function and paremeterized in terms of q× q Hadamard matrices,

that have the property of space-time duality. These may interpreted as particular

dual unitary circuits or stroboscopically evolving systems, and generalize the well

studied self-dual kicked Ising model. We explore the operator dynamics in the case

of Clifford circuits, making connections to Clifford cellular automata [1] and in the

q → ∞ limit to the classical spatiotemporal cat model of many body chaos [2]. We

establish integrability and the corresponding conserved charges for a large subfamily

and show how the long-range entanglement protocol discussed in the recent paper [3]

can be reinterpreted in purely graphical terms and directly applied here.

1. Introduction

The existence of symmetries between continuous space and time in fundamental physical

theories has been with us for more than a century, since the dawn of relativity theory.

In this work we are concerned with models –– either in classical or quantum mechanics

–– defined in discrete space and time where a similar symmetry arises.

Lattice models studied in statistical mechanics usually have a symmetry between

different lattice directions. When studying dynamics of lattice systems there is typically

an inherent asymmetry between the discrete lattice directions and the continuous time
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direction. A more symmetric situation arises for discrete time dynamics ‡. Taking the

case of one space (x) and one time (t) dimension as our main example, with x, t ∈ Z,
there is no guarantee in general that the dynamical map that advances the system

forward one unit of time t→ t+ 1 can be reformulated as a map advancing the system

forward in space x→ x+1. In this paper we will be concerned with particular families

of systems where such a reformulation is possible, a situation that we will describe as

space-time duality.

Two questions immediately arise:

(i) How is this reformulation defined, particularly in the quantum mechanical case?

(ii) What, apart from intrinsic interest, is the value in such a reformulation?

The answer to the first question is deferred until section 2, where the class of

models that we will study is defined precisely. As to the second question, systems that

may be given such a space-time dual formulation have particular dynamical features,

particularly in regard to the propagation of correlations and (in the quantum case) the

growth of entanglement between distinct regions. Further, these features mean that

the calculation of these quantities is dramatically simpler than for generic many-body

systems, even though these systems do not fall into one of the usual categories of systems

(e.g. free particles, integrable models, etc.) where such calculations are often possible,

though they may intersect with them in some special cases.

Space-time duality in the sense used in this paper made early appearances in [4, 5] in

the quantum and classical settings respectively. Its occurrence in the kicked Ising model

at the self-dual point was uncovered in [6] and was subsequently used in [7] to calculate

the spectral form factor and in [8] to evaluate the (maximal) growth of entanglement.

Ref. [9] noticed that in the brickwork circuit formulation of this system space-time

duality arose from a “dual unitary” condition on the unitary gates describing the circuit,

which was then used to study correlations in a much wider range of models in [10]. For

the kicked Ising model this space-time duality proved to be crucial in deriving analytic

results on deep thermalization [11] and measurement-based quantum computing [12]. A

more extensive list of references describing subsequent activity introducing new families

of dual unitary circuits and calculating their properties can be found in Section 3.3.3 of

the recent review [13].

The models discussed in this paper have their origin in [14], which showed that

models based on Hadamard matrices (as described in section 2) have space-time duality.

Ref. [15] introduced the quantum cat maps as an ingredient in constructing dual unitaries

and sucessive generalizations were explored in [16–18]. Quantum circuits in terms of

Hadamard matrices also allow for extending dual unitarity to e.g. different lattices and

higher dimensions [19–22], closely connected to recent ‘hierarchical’ generalizations of

dual-unitarity [23].

‡ The term stroboscopic is often used when the discrete time dynamics arises from continuous time

evolution in a non-autonomous system
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Here, we focus on the operator dynamics and entanglement generation properties

of such models for the following reasons:

• It is possible to handle different local Hilbert space dimensions q on a unified footing,

even including the classical limit q → ∞ where we can make a connection to the

spatiotemporal cat models introduced in [5] (see also [2]).

• These models include families of Clifford space-time dual models for arbitrary

q, generalizing the discussion given in [24, 25] for q = 2. These models have

simple operator dynamics (without operator entanglement) but include a variety of

behaviours such as the ballistic propagation of operators or fractal operator growth.

• Certain members of the family are integrable, in the sense that they allow for the

construction of an extensive set of local conserved charges. These models include

known integrable limits of the kicked Ising model (q = 2) and the kicked Potts

model (q = 3). More generally we show how each complex Hadamard matrix can

be used to construct an integrable model, extending these constructions to arbitrary

q and general complex Hadamard matrices (in a way that will be made more precise

in section 5).

• In these models the preparation of highly entangled states under certain protocols

can be understood using purely graphical methods, which are however different from

those used to date to understand entanglement growth in dual unitary circuits (see

e.g. [8, 9]).

1.1. Outline

The outline of the remainder of this paper is as follows. In the next section we introduce

the models that we will study, review some of the properties of the Hadamard matrices

used to define them, and give some examples. Section 3 introduces the generalized

Pauli operators as a convenient operator basis for a q-dimensional local Hilbert space

and investigates Hadamard matrices that act in a simple way on this basis, including

Clifford and quantum cat maps. In section 4 we study the operator dynamics in

circuits constructed from these ingredients, finding a variety of behaviours and making

connections to Clifford cellular automata [24, 25] and the spatiotemporal cat maps of

[2, 5] in the classical limit. In section 5 we consider unitary dynamics obtained from

a particular arrangement of Hadamard matrices and show how these support solitonic

dynamics, giving rise to an extensive set of conserved charges. We discuss the Floquet

dynamics of a q = 3 model introduced in [3] that turns out to be an example of this

construction, which leads to a simple graphical derivation of the results of that paper on

long-ranged entanglement generation. In this way this protocol directly extends to all

models constructed in that section. We conclude in section 6 and offer some perspectives

for future work.
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Figure 1. The partition function (1) represented as a tensor network, with rank

2 tensors on the bonds given by the operators uij denoted by boxes and rank 4

tensors δz1,z2,z3,z4 at the vertices denoted by dots. The network can be viewed as

a ‘brickwork’ circuit by taking the elementary ‘unit cell’ to be the dotted square on the

left (section 2.2). Alternatively, the dotted square on the right shows a decomposition

into ‘round-a-face’ form (see section 2.3).

2. Model

In this work we will be concerned with models defined on the square lattice that may

be interpreted as discrete time unitary evolution in 1+1 dimensions with a finite local

Hilbert space of dimension q. The general form of the (complex) partition function of

these models is

U = N
∑
zi∈Zq

∏
⟨i,j⟩

uij(zi, zj), (1)

where N is a normalization factor. As usual ⟨i, j⟩ denotes the bond between site i and

j of the lattice, where the site i = (x, t) is specified by two integer coordinates. The

function uij(zi, zj) : Zq×Zq −→ U(1) is a phase factor describing the bond ⟨i, j⟩. We will

mostly be concerned with the case when all space-like (horizontal) bonds are described

by the same function uH and likewise all time-like (vertical) bonds are described by a

function uV.

The quantum mechanical interpretation of (1) is as follows. We associate with each

lattice site the Hilbert space Cq (a ‘qudit’) with an orthonormal basis |z⟩, z ∈ Zq (the

computational basis). The phase factors uij(zi, zj) are regarded as the matrix elements

of an operator uij in the computational basis: uij(zi, zj) = ⟨zi|uij|zj⟩. N qudits in a

row of the lattice are described by a Hilbert space spanned by the tensor product states

|z1:N⟩ ≡ |z1⟩ ⊗ |z2⟩ · · · ⊗ |zN⟩.
The partition function in (1) is equal to the contraction of a tensor network with

rank 2 tensors on the bonds given by the operators uij and rank 4 tensors δz1,z2,z3,z4 at

the vertices, as illustrated in Fig. 1. The p-valent δ tensor is defined as

δz1,z2,...,zp =

{
1 z1 = z2 = · · · = zp

0 otherwise
(2)

In (1) we did not specify the boundary conditions. We fix the values of the zx,t on the

bottom and top row to zx,0 and zx,T respectively for x = 1, . . . N , thus omitting them
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from the sum in Eq. (1). We take periodic boundary conditions in the spatial direction

so that zx,t = zx+N,t. We want the resulting partition function U(z1:N,0, z1:N,T ) to give

the matrix elements of a unitary operator on a system of N qudits. This will be the

case if certain conditions on the uij are satisfied. A single row in the tensor network

corresponds to a diagonal operator Urow

Urow = , (3)

with matrix elements

⟨z1:N |Urow|z1:N,t⟩ =
N∏

x=1

uH(zx,t, zx+1,t) (4)

This is a unitary operator since the functions uH are phases. The vertical bonds

correspond to operators uV acting on single qudits, giving rise to an operator Uvert

acting on N qudits

Uvert = . (5)

To obtain unitary evolution we require that uV is unitary too, up to a multiplicative

factor. A q-dimensional matrix with elements of unit modulus obeying u†VuV = q1 is

called a complex Hadamard matrix. A simple and important example is the Fourier

matrix

(Fq)jk = exp (2πijk/q) j, k = 0, . . . , q − 1. (6)

Acting with Fq on a q-dimensional vector performs the discrete Fourier transform (or

its inverse in the usual convention).

The complete tensor network then corresponds to the composition

U(z1:N,0, z1:N,T ) ∝ ⟨z1:N,T | (UvertUrow)
T |z1:N,0⟩ . (7)

These are the matrix elements of a unitary operator if uV is a Hadamard matrix, with

the normalization factor in (1) given by N = q−N(T−1).

We may consider evaluating the tensor network from left to right instead of from

bottom to top. Without worrying about boundary conditions at this stage, we can say

that this space-like evolution is unitary if uH is Hadamard. Thus if both uV and uH are

Hadamard the model describes unitary evolution in both space and time. This property

– known as space-time duality – has been exploited in various contexts in recent years,

as described in the introduction. For introductions to complex Hadamard matrices, we

refer the reader to [26, 27].
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2.1. Interpretation as Stroboscopic Dynamics

We have introduced our model abstractly, but an interpretation in terms of stroboscopic

dynamics is straightforward if we can write Urow and Uver as the exponentials of two

Hamiltonians

Urow = e−iH1T1 , Uvert = e−iH2T2 . (8)

As discussed above, the partition function (1) describes space-time dual unitary

evolution if Uvert is a product of single qudit Hadamards and Urow is diagonal with

matrix elements a product of two qudit phase functions uH(zx, zx+1), both with respect

to the computational basis. Thus H1 is a sum of diagonal terms acting on two

neighbouring qudits, while H2 is a sum of single qudit terms. The former can be

interpreted as a classical Ising-like interaction, with the latter acting as a ‘kick’ creating

a quantum superposition. Further, H1,2 must be chosen so that the matrix elements of

the corresponding unitaries have unit modulus. Concrete examples include the self-dual

kicked Ising model [6] for q = 2 and the kicked Potts model studied in [3] and section 5

for q = 3. Space-time duality therefore requires a degree of fine tuning, including the

parameters T1 and T2 in (8).

2.2. Interpretation as a Brickwork Circuit

Alternatively, our model may be interpreted as a dual-unitary brickwork circuit. The

local two-site gates constituting this circuit are defined as

, (9)

where the vertices are now rank 3 delta tensors [17, 18]. This gate is repeated in a

brickwork pattern in the square lattice of Fig. 1. The dual-unitary of the individual

gate implies that this gate acts as a unitary along both the horizontal and vertical

direction, as follows directly from the Hadamard construction.

The boundary conditions (e.g. initial and final states) of the two presentations of

the model are however slightly different: when presented as a brickwork circuit every

other horizontal Hadamard is missing from the top and bottom edges. Consider for

example the two equivalent circuits below:

⇒ , (10)
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where we take both to have periodic boundary conditions. The different boundary

conditions at the initial and final time however do not change the physics of the

brickwork circuit and the lattice model of Fig. 1, since they simply correspond to a

unitary transformation with the appropriate horizontal bonds.

2.3. Round-a-face Form

Alternatively, our model can be presented in dual-unitary ‘round-a-face’ form, in which

the fundamental unit is a unitary acting on a single qudit controlled by its two

neighbours [18, 28], here of the form

. (11)

Ddual-unitary here implies that it is possible to exchange the role of the control indices

a, c and the indices of the unitary b, d while retaining unitarity of the single-qudit

operator – which is again apparent in the Hadamard construction. The full partition

function of Fig. 1 reduces to regular lattice of dual-unitary interactions round-a-face

with modified boundary conditions, this time of the form

⇒ , (12)

A unified formalism that includes brickwork and round-a-face models (not necessarily

constructed from Hadamard matrices) can be found in [18].

When the Hadamard matrices in the parametrization (11) are chosen to be either

the Fourier matrix F or F †, with the four Hadamard matrices not necessarily equal, this

construction gives a particularly simple family of cellular automata models. This may

be seen by explicitly performing the summation over the central index in (11), where

choosing e.g. all Hadamard matrices to be F returns

q−1∑
e=0

(Fd)ae (Fd)be (Fd)ce (Fd)de = q δa+b+c+d mod q, (13)

fixing d = −a−b−c mod q. Similarly, choosing the two horizontal Hadamard matrices

as F † and the two vertical ones as F returns

q−1∑
e=0

(F †
d )ae (Fd)be (F

†
d )ce (Fd)de = q δ−a+b−c+d mod q, (14)
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fixing d = a − b + c. While these two constructions are equivalent for a local two-

dimensional Hilbert space, they differ in general.

To draw the correspondence to a cellular automaton described by a space-time state

function sx,t ∈ Zq we identify

sx−1,t = a sx,t+1 = b

sx+1,t = c sx,t−1 = d (15)

The relation (13) then defines a simple ‘second-order’ cellular automaton (an example

of a construction originally due to Fredkin [29, 30])

sx,t+1 = −sx−1,t − sx+1,t + sx,t−1 mod q . (16)

For q = 2 this corresponds to the reversible version of Wolfram’s Rule 150 (Rule 150R)

[31].

Note that this mapping involves only the variables of one sublattice of the original

square lattice, with the summation being performed over indices on the other sublattice.

As a result, the cellular automaton dynamics describes the evolution of particular initial

product states. We will defer further discussion of this point to section 4. We now turn

to more general choices of Hadamard matrices.

2.4. Equivalent Hadamard matrices

Before discussing possible choices of the couplings uH and uV, it is useful to introduce

the notion of equivalent Hadamard matrices. H and H ′ are equivalent if

H ′ = D1P1HP2D2 (17)

where D1,2 are diagonal unitary matrices and P1,2 are permutation matrices [26]. If the

same holds with D1 = D2 = 1 we say that H and H ′ are permutation equivalent.

A related notion is that of the dephased form of a Hadamard matrix, in which

the entries of the first row and column are all 1. If two Hadamard matrices have the

same dephased form, they are equivalent. The dephased form is obtained by choosing

P1 = P2 = 1, D1 = diag(H̄11, H̄21, . . . H̄q1), and D2 = diag(1, H11H̄12, . . . H11H̄1q) in

(17).

We make the following important observation about our models. It is possible

for permutations to cancel at the vertices since δz1,z2,z3... = δP (z1),P (z2),P (z3)... and it is

similarly possible to choose vertical and unitary Hadamard matrices such that phases

also cancel. If we choose e.g. uH = DPu′HPD and uV = D̄Pu′vPD̄ then all permutations

and phases cancel exactly and the lattice constructed out of uH and uV is equivalent to

the lattice constructed out of u′H and u′V, up to boundary conditions. In this case we

can always use the dephased form of the Hadamard. Such a cancellation can happen if

uV = ūH, a case that will be discussed in detail in section 5.
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2.5. Examples

For q = 2, 3 and 5 all complex Hadamard matrices are equivalent to the Fourier matrix

([26], section 5). The simplest case is q = 2, where

F2 =

(
1 1

1 −1

)
(18)

is the usual Hadamard gate of quantum information theory. This is equivalent to the

matrix

K2 ≡

(
1 i

i 1

)
(19)

since

K2 =

(
1 0

0 i

)
F2

(
1 0

0 i

)
. (20)

Written as a phase function this is

K2(zi, zj) = eiπ/4 exp

(
−iπ

4
σiσj

)
, σi ≡ (−1)zi ∈ {1,−1} (21)

This has the form of an Ising coupling i.e. ∝ exp (iJσiσj) with a special value J = −π/4,
and corresponds to the self-dual Ising model [6].

The phase function corresponding to F2 is

F2(zi, zj) = eiπ/4 exp

(
iπ

4
[σiσj − σi − σj]

)
, (22)

that is, to an Ising model with a particular value of the magnetic field. The value of the

magnetic field can more generally be tuned by multiplying this Hadamard matrix with

diagonal unitaries.

For q = 3 we have

F3 =

1 1 1

1 ω3 ω2
3

1 ω2
3 ω3

 , (23)

where ωq = exp(2πi/q) is the qth primitive root of unity. This is equivalent to

K3 =

 1 ω3 ω3

ω3 1 ω3

ω3 ω3 1

 (24)

Since

F3 =

1 0 0

0 ω2
3 0

0 0 ω2
3

K3

1 0 0

0 ω2
3 0

0 0 ω2
3

 (25)
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The tensor product of Hadamard matrices is a Hadamard matrix, so tensoring provides

a way to build up more complicated models. The simplest example is for q = 4

F2 ⊗ F2 =


1 1 1 1

1 −1 1 −1

1 1 −1 −1

1 −1 −1 1

 . (26)

This differs from F4 and both are dephased, however they are permutation inequivalent

[32]. A full orbit of inequivalent Hadamards is given by [26]

F
(1)
4 (a) =


1 1 1 1

1 ieia −1 −ieia
1 −1 1 −1

1 −ieia −1 ieia

 a ∈ [0, π) (27)

F
(1)
4 (0) = F4 and F

(1)
4 (±π/4) is permutation equivalent to F2 ⊗ F2.

For q = 6 the manifold of complex Hadamard matrices is quite complicated

and no exhaustive classification has been found. Various constructions exist however:

Complex Hadamard matrices are a specific kind of biunitary connection, and different

biunitary connections can be composed to relate complex Hadamard matrices to e.g.

quantum Latin squares or unitary error bases [33]. There is active effort in finding

new constructions which have additional properties including multi-unitarity and being

perfect tensors [34–37].

3. Generalized Pauli matrices

To discuss operator dynamics with local Hilbert space dimension q it is useful to

introduce a basis of generalized Pauli operators. We introduce two unitary operators Xq

and Zq. Taking the computational basis to be the eigenbasis of Zq, the two matrices

have the form

Zq =


1 0 0 · · · 0

0 ωq 0 · · · 0

· · · · · · · · · · · · · · ·
0 0 0 · · · ωq−1

q

 , Xq =


0 1 0 · · · 0

0 0 1 · · · 0

· · · · · · · · · · · · · · ·
1 0 0 · · · 0

 . (28)

These matrices satsify Zq
q = Xq

q = 1 and the Weyl relation [38, 39]

XqZq = ωqZqXq. (29)

We will drop the q subscript from now on to avoid clutter. If one of the eigenvalues of

Z is taken to be 1, the representation (28) follows from (29). Denoting the eigenvectors

of Z and X as |z⟩Z and |x⟩X respectively, we have

Z |z⟩Z = ωz |z⟩Z X |x⟩X = ωx |x⟩X , z, x ∈ Zq (30)
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The relation between these bases is

|x⟩X =
1
√
q

q−1∑
z=0

ωzx |z⟩Z , |z⟩Z =
1
√
q

q−1∑
x=0

ω−zx |x⟩X . (31)

corresponding to a unitary transformation with the Fourier matrix F . The operators

satisfy the following relations involving the Fourier matrix :

FZF † = X, FXF † = Z−1 . (32)

The products ZaXb with a, b = 0, . . . q−1 form a basis of generalized Pauli operators

for the q2-dimensional space of operators, and are a quantum mechanical analogue of

a classical toroidal phase space, which we expect to recover in the q → ∞ limit. The

matrix elements of these products are(
ZaXb

)
jk

= ωajδj+b=k mod q. (33)

These transform under the Fourier matrix as

FZaXbF † = XaZ−b . (34)

This shows that unitary transformation by a Fourier transformation is equivalent to a

−π/2 rotation of the toroidal phase space: (z, x) −→ (x,−z). This will be useful for

discussing the classical q → ∞ limit.

3.1. Cat maps and Clifford gates

In this section we build up a picture of the Hadamard matrices that are naturally

suggested by the Weyl variables, culminating in the cat maps (39).

The simplest Hadamard is a power of Z (which is equivalent to a power of X by

conjugating with the Fourier matrix c.f. (32)). Its effect on a general Pauli operator is

ZkZaXbZ†k = ZaXbω−bk. (35)

This corresponds to a ‘kick’ to the momentum x→ x−k: just a c-number. As a second

example, define S as the diagonal matrix with:

Sjj = exp(iπj2/q) j ∈ Zq. (36)

This gives

SαZaXb(S†)α = ωα/2Za+αbXb . (37)

In this case the momentum has received a kick αq, where q is the position. In the phase

plane this corresponds to a shear(
z

x

)
−→

(
z′

x′

)
=

(
z

x+ αz

)
=

(
1 0

α 1

)(
z

x

)
mod q. (38)
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The form of S has a simple semiclassical interpretation: after multiplying a wavefunction

by eiθ(z), we identify θ′(z) with the shift to the momentum. Thus a shift linear in z

corresponds to θ(z) ∝ z2.

We can combine S with the Fourier map to give the family of Hadamard matrices

Cjk(α, δ) ≡
(
SαFSδ

)
jk

= exp

(
2πi

q

[
αj2

2
+ jk +

δk2

2

])
α, δ ∈ Z. (39)

These have the following effect on a generalized Pauli matrix

ZaXb −→ C(α, δ)ZaXbC†(α, δ) = Za′Xb′ , (40)

where (
a′

b′

)
=

≡TT︷ ︸︸ ︷(
α αδ − 1

1 δ

)(
a

b

)
. (41)

The unitaries (39) are thus in correspondence with a subfamily of linear area preserving

maps of the torus. The general form of such maps is(
z

x

)
−→

(
z′

x′

)
= T

(
z

x

)
mod 1

T =

(
α β

γ δ

)
α, β, γ, δ ∈ Z, αδ − βγ = 1. (42)

Equation (39) presents special cases of quantum cat maps, first studied in [40] as the

quantum analogs of the classical Arnold cat maps (42) [41]. Equation (39) corresponds

to β = 1, which means they are additionally Clifford unitaries i.e. they map Pauli

operators to Pauli operators: ZaXb −→ Za′Xb′ .

The nature of the linear transformation T is determined by trT = α+δ: hyperbolic

for | trT > 2|, parabolic for | trT | = 2 and elliptic for | trT | < 2. Explicit examples of

Clifford quantum cat maps corresponding to the first two are

T =

(
2 1

3 2

)
: Cjk(2, 2) = exp

(
2πi

q

[
j2 + k2 + jk

])
(hyperbolic)

T =

(
−1 1

0 −1

)
: Cjk(−1,−1) = exp

(
−iπ
q
[j − k]2

)
(parabolic) (43)

Note that the second of these leads to a model with Zq clock symmetry : j −→ j + 1

mod q (for q even), which should become a U(1) symmetry in the q → ∞ limit. The

parity of q is important since

exp

(
−iπ(j + q)2

q

)
= (−1)q exp

(
−iπj

2

q

)
. (44)

We have not explored the significance of this symmetry any further.
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In [42], operator dynamics was studied in the perturbed quantum cat maps

(Uq)jk =
1
√
q
exp

[
2πi

qβ

(
αj2

2
+ jk +

δk2

2

)
+
iκq

2π
sin

(
2πj

q

)]
. (45)

This is still Hadamard for β = 1, but κ ̸= 0 leads to a non-Clifford unitary that gives

rise to operator spreading for this single-qudit map. Note that general cat maps are not

Hadamard, as some matrix elements vanish [40].

According to our general prescription, coupling between sites is introduced via a

diagonal matrix with the cat matrix elements down the diagonal

C = diag(Cj1j2(α, δ)) j1,2 ∈ Zq . (46)

Ignoring phases§ this gives the transformation

CZa1
1 X

b1
1 Z

a2
2 X

b2
2 C

† ∼ Za1−αb1−b2
1 Xb1

1 Z
a2−δb2−b1
2 Xb2

2 . (47)

The momenta on the two sites receive a kick:

z1 −→ z1

x1 −→ x1 − z2 − αz1

z2 −→ z2

x2 −→ x2 − z1 − δz2 (48)

Combining the single qudit (40) and two qudit (48) maps gives the dynamics of operators

in these Clifford circuits, which we turn to now.

4. Operator dynamics in coupled Clifford cat models

Operator spreading in dual-unitary dynamics has been of special interest, where the

underlying space-time duality enforces that all operators grow with maximal velocity

|v| = 1 [43–47]. This will again be the case for all operator dynamics presented below.

The dynamics of these Clifford circuits is specified by finding the evolution of a

general Pauli operator, which we write as

OAB ≡
N∏

x=1

Zax
x Xbx

x ax, bx ∈ Zq, (49)

where we denote A = (a0, . . . , aN) and B = (b0, . . . , bN). The Clifford property

guarantees that the operator remains Pauli at all subsequent times. On conjugation

by the unitary describing our model we have UtOA0B0U
†
t ≡ OAtBt , which defines the

time evolution of the quantities At = (a0,t, . . . , aN,t) and Bt = (b0,t, . . . , bN,t).

Let us take the horizontal bonds to be given by the Fourier matrix uH = F = C(0, 0)

and the vertical bonds to be uV = C(α, δ). The case of cat maps in both directions is not

§ As we will from now on.
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more general because the cat map is the Fourier matrix with a diagonal transformation

on either side (see (39)), and so these additional phases can always be placed on the

vertical bonds. The result of a horizontal update followed by a vertical update is

ax,t+1 = α(ax,t − bx−1,t − bx+1,t) + (αδ − 1)bx,t

bx,t+1 = ax,t − bx−1,t − bx+1,t + δbx,t
mod q. (50)

These can be regarded as the ‘Hamiltonian’ form of the equations of motion, being

first order difference equations involving position and momentum variables. We can

eliminate the ax,t to obtain the second difference ‘Lagrangian’ formulation, written in

terms of the lattice Laplacian

[∆b]x,t = (α + δ − 4)bx,t

[∆b]x,t ≡ bx,t+1 + bx+1,t−1 + bx+1,t + bx−1,t − 4bx,t
mod q (51)

Here the symmetry between space and time is manifest. If instead the horizontal bonds

are taken to be uH = F †, the Lagrangian equation involves the lattice d’Alembertian

ax,t+1 = α(ax,t + bx−1,t + bx+1,t) + (αδ − 1)bx,t

bx,t+1 = ax,t + bx−1,t + bx+1,t + δbx,t

[□b]x,t = (α + δ)bx,t

[□b]x,t ≡ bx,t+1 + bx+1,t−1 − bx+1,t − bx−1,t

mod q (52)

The operator dynamics of the two models may be simply related by changing the sign

of ax,t, bx,t on alternate sites as ax,t → (−1)xax,t, and bx,t → (−1)xbx,t.

Note that since the equations of motion are linear, it suffices to understand the

dynamics (assuming translational invariance) starting from a single initial Z as well as

from a single X. The general case can then be obtained by adding these solutions to

satisfy any desired initial condition.

The models introduced in this section have appeared in several different contexts

— with several different names — over the years. They are an example of Clifford

cellular automata (CCAs) [1], a particular class of quantum cellular automata (see [48]

for a recent review). Strictly CCA dynamics keeps track of the phase of the operators:

by discarding the phase (which can always be reconstructed) we have arrived at linear

dynamics on the discrete torus which preserves the symplectic inner product, sometimes

described as a symplectic cellular automaton (see [49] for an earlier related construction).

Finally, the classical version of this model was described as a coupled cat map model

[5] or spatiotemporal cat [2]. These works also included an on-site potential akin to

the perturbed cat maps (45) that can give rise to non-Clifford dynamics and operator

entanglement. We note that all ideas generalize readily to higher dimensional situations,

e.g. for a model defined on a cubic lattice.

4.1. Fractal dynamics: α + δ ̸= 0 mod q

Ref. [24] describes an automaton in terms of a characteristic dynamical matrix,

essentially using the additive structure and translational invariance to obtain the
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Figure 2. Operator dynamics for vH = F †, uV = C(1, 0). The figures illustrate the

coefficients bx,t for propagation starting from a single X for d = 2 (left), the kicked

Ising model in a longitudinal field h = π/4 [24, 25] and the d = 3 model of [3] (right).

On the right white, grey, and black represent X0 = 1, X, and X2.

equations of motion for the variables at(u) ≡
∑

x ax,tu
x and bt(u) ≡

∑
x bx,tu

x, with(
at+1(u)

bt+1(u)

)
=M(u, u−1)

(
at(u)

bt(u)

)
(53)

For the equations of motion (52), choosing uH = F † in order to make the connection

with previous results, we have

M(u, u−1) =

(
α (αδ − 1) + α(u+ u−1)

1 δ + u+ u−1

)
(54)

The trace is trM = α + δ + u + u−1. According to the results of [24] this means

that for α + δ = 0 we have a glider automaton (i.e. one with ballistically propagating

excitations, see next subsection) and a fractal automaton otherwise. This dependence

on α + δ is already apparent in the equations of motion (52), showing that the second

order dynamics of the bx,t depends only on the sum α+ δ (also implying that α+ δ = 0

is not fundamentally different from α = δ = 0).

In the generic case of α + δ ̸= 0 the operator dynamics hence generally exhibits a

fractal structure. This fractal structure of abelian automata — of which the Clifford

cellular automata are an example – is described in [50]. Such fractal structures already

appeared in the literature: The couplings uH = F †, uV = C(1, 0) give the patterns

discussed in [24, 25, 50] for q = 2, and in [3] for q = 3, see figure 2. Similar Clifford

dynamics underlie the fractal patterns in [22, 51, 52].

4.2. Glider dynamics: α = δ = 0 mod q

For α = δ = 0 we expect to recover a glider automaton. This can be made apparent

starting from the equations of motion for uH = F †, which take the simple form

ax,t+1 = −bx,t
bx,t+1 = ax,t + bx−1,t + bx+1,t

mod q.
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Gliders can be directly obtained by noting that these equations support solutions as

configurations translating to the left or right,

aRx,t = rx−t, bRx,t = −rx−t−1 ,

aLx,t = lx+t, bLx,t = −lx+t+1 , (55)

which is also evident from the second difference form [□b]x,t = 0. Since the equations of

motion are linear, we can add these solutions mod q to obtain new solutions.

The simplest propagating solutions are

right moving: ZjX
−1
j+1

left moving: X−1
j Zj+1. (56)

Adding the solutions corresponds to taking products of two-site operators, such that

e.g. Zn
j X

−n
j+1 and X−n

j Zn
j+1 are also right and left propagating solutions respectively. In

this way we obtain 2 sets of q independent gliders per lattice set j, returning a complete

(operator) basis and indicating that any initial operator can be decomposed in left- and

right-moving gliders. For a system of size N this implies a recurrence time of N , since

after N time steps and corresponding translations any initial operator will return to

itself. Such linear recurrence times were already obtained in [53, 54] for dual-unitary

models where the underlying gates additionally satisfy the set-theoretic Yang-Baxter

equation and square to the identity, a point we will return to in section 5.4.

Note that a single-site Pauli operator leads to a more complicated evolution since

all gliders are two-site operators. For example, starting from a single X operator at

x, t = 0 gives a checkerboard wedge

ax,t =

{
−1 |x| ≤ t, x+ t = 1 mod 2

0 otherwise

bx,t =

{
1 |x| ≤ t, x+ t = 0 mod 2

0 otherwise
(57)

All single-site correlation functions therefore vanish. The two-site correlation function

corresponding to the solutions (56) are nonzero and constant along a light cone.

Finally, note that the equations of motion (55) leave invariant the ‘vacuum’ states

ax,t = −bx,t This gives rise to the following propagating solutions

ΨX(j) ≡

(∏
k<j

ZkX
−1
k

)
X−1

j to the right

ΨZ(j) ≡

(∏
k<j

ZkX
−1
k

)
Zj to the left. (58)

Note that the above elementary glider solutions correspond to

ZjX
−1
j+1 = Ψ−1

X (j)ΨX(j + 1)

Z−1
j Zj+1 = Ψ−1

Z (j)ΨZ(j + 1), (59)
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moving to the right and left respectively.

These operators obey the relations Ψq
X(j) = Ψq

Z(j) = 1 as well as

ΨX(j)ΨX(k) = ωsign(j−k)ΨX(k)ΨX(j)

ΨZ(j)ΨZ(k) = ωsign(k−j)ΨZ(k)ΨZ(j)

ΨX(j)ΨZ(k) = ωsign(j−k)ΨZ(k)ΨX(j) j ̸= k

ΨZ(j)ΨX(j) = ωΨX(j)ΨZ(j). (60)

These are therefore parafermion operators that generalize the Jordan–Wigner fermions

of the Ising model to q > 2 [55, 56]. The ballistically propagating solutions (58) are

the analog for unitary dynamics of the discrete holomorphic conditions in statistical

mechanical models discussed in [57].

4.3. Dynamics of product states

We now revisit the cellular automata picture discussed in section 2.3, which corresponds

exactly to the α = δ = 0 case discussed in the previous subsection. Recall that by

summing over one sublattice we found the second order dynamics (16) on the states of

the other sublattice.

More precisely, we consider starting from a product state of alternating Z and X

eigenstates

|z1⟩Z |x2⟩X · · · |zN−1⟩Z |xN⟩X , z2j−1, x2j ∈ Zq for j = 1, . . . N/2. (61)

Taking uV = uH = F and applying UvertUrow to this state gives

|z1⟩X |−x2 − z1 − z3⟩Z · · · |zN−1⟩X |−xN − zN−1 − z1⟩Z (62)

(as usual addition is modulo q), and similarly for the state |x1⟩X |z2⟩Z · · · |xN−1⟩X |zN⟩Z .
In this basis the dynamics explicitly corresponds to a cellular automaton. We can view

this graphically as follows. The state (61) has the representation

, (63)

since the X basis is related to the Z basis through a unitary transformation with the

Fourier matrix. After applying UvertUrow we have

= . (64)

In this equality we have made explicit the dual-unitary interactions round-a-face of (11).

Since the diamond regions correspond to the application of Rule 150R (as discussed in
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section 2.3), the remaining Hadamards on the odd sites give the XZXZ · · · pattern of

eigenstates in (62). Applying UvertUrow a second time

(65)

reproduces the original ZXZX · · · pattern.

The relation to the Clifford dynamics described by (50) for α = δ = 0 is as follows.

In one time step we have the operator dynamics

Z2j−1 −→ X2j−1, X2j −→ X−1
2j−1Z

−1
2j X

−1
2j+1. (66)

The initial state (61) is an eigenvector of Z2j−1 and X2j for j = 1, . . . N/2 with

eigenvalues ωq2j−1 and ωp2j respectively. It is straighforward to check that the final

state (62) is an eigenstate of X2j−1 and X
−1
2j−1Z

−1
2j X

−1
2j+1 with the same eigenvalues. The

same applies to any products of the above operators, since they are mutually commuting,

and hence to multiple time steps.

Mapping product states of the form (61) to product states means that this initial

condition generates no entanglement. On the other hand, it is known that for the self-

dual kicked Ising model, which is in the class we study here, an initial product state

consisting of only X or only Z eigenstates generates maximal entanglement [8]. To be

precise, consider the bipartition of an infinite system into two semi-infinite halves A and

Ā, with the initial state a product of Z eigenstates. After T ≥ 1 time steps, the reduced

density matrix of one of these halves has qT−1 eigenvalues all equal to q−T+1, with the

remainder zero. Then the Rényi entanglement entropies obey

S
(α)
A (T ) ≡ 1

1− α
log tr [ραA] = (T − 1) log q, (67)

which is maximal∥. To understand the origin of this behaviour in the present context,

we express a product state in the Z eigenbasis in terms of the states (61) (c.f. (31))

|z1⟩Z |z2⟩Z · · · |zN−1⟩Z |zN⟩Z

=
1

qN/2

∑
x2,x4,...xN

ω−z2x2−z4x4−···zNxN |z1⟩Z |x2⟩X · · · |zN−1⟩Z |xN⟩X . (68)

The unitary evolution of this state for T timesteps can be understood in terms of the

Rule 150R dynamics acting on the states (61). This causes each index x2, x4 . . . xN that

appears in (68) to appear in multiple factors of the evolved product state, with the

∥ For a product state of X eigenstates the result is T log q.
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index x2j appearing in sites in the forward light cone of the site 2j, namely the sites

[2j − T + 1, 2j + T − 1] (for T ≥ 1)

. (69)

The sum over x2j in (68) then contributes to the entanglement between two regions

that intersect with this light cone. For the case of two semi-infinite halves mentioned

above, T − 1 indices appear in both halves. Since the Rule 150R dynamics is bijective,

every term in (68) gives rise to a distinct state. Since all coefficients in the resulting

expansion have the same magnitude, the entanglement entropies are maximal and equal

to (T − 1) log q.

A slightly more general result is obtained if, in the expansion (68), we weight each

state |x⟩X with an amplitude cx satisfying
∑q−1

x=0 |cx|2 = 1 instead of q−1/2. In this case

the above argument still goes through, giving the von Neumann entanglement entropy

(corresponding to Rényi index 1)

S
(α)
A (T ) = −T

q−1∑
x=0

|cx|2 log |cx|2. (70)

This allows the rate of entanglement growth (the entanglement velocity) to be tuned

from zero to the maximal value (T−1) log q. This is reminiscent of the numerical results

of [8] for the self-dual kicked Ising model in the integrable (zero longitudinal field) limit

and the analytical results of [58] on the Rule 54 automaton.

This result, holding for α+δ = 0 and a very special set of initial conditions, does not

invalidate the general results connecting dual unitarity to maximal entanglement growth

in [59–61]. In particular, the last paper shows that initial states written as products

of arbitrary two-site states (which includes the states considered here) have maximal

entanglement growth for almost all dual unitary circuits. The model considered here is

presumably a member of a set of exceptions of measure zero.

5. Integrable Potts models, solitons, and long-range entanglement

generation

In the previous section it was shown that the operator dynamics can support propagating

solutions, also known as gliders, reminiscent of the solitons underlying integrability. In

a recent work [3], Lotkov et al. considered a particular Floquet dynamics in a q = 3
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chain that turns out to be an example of the models considered here. The authors

considered a kicked Potts model, and at specific points in parameter space it was shown

that the model supports specific protocols to generate long-range entanglement in the

form of “rainbow states” starting from an initial product state. It was conjectured that

this model is integrable, which was subsequently established in [62]. Other points in the

parameter space correspond to the fractal Clifford dynamics illustrated in figure 2.

Here we show how this model can be naturally rewritten as a Hadamard circuit,

with the special property that the Hadamard matrices on the horizontal links are

the inverse of those on the vertical links. For such circuits we identify gliders from

which an extensive set of local conserved charges can be constructed in an alternative

and purely graphical way. We similarly present a purely graphical derivation for the

protocol generating long-range entanglement. Interpreting the dynamics as unitary

circuit dynamics, we show how the underlying gates satisfy the set-theoretical Yang-

Baxter relation, although curiously only for q < 6 or if the dynamics correspond to

Clifford dynamics. This approach further highlights the ways in which this model

extends the self-dual kicked Ising model for the q = 2 chain, and directly extends

these constructions to arbitrary q and away from the Clifford points.

5.1. From kicked Potts models to lattice models

Fixing d = 3, the Floquet protocol of [3] considered kicked Floquet dynamics generated

by two Hamiltonians¶,

H1 =
2N−1∑
j=1

Z2
jZj+1 + ZjZ

2
j+1, H2 =

2N∑
j=1

(
Xj +X2

j

)
, (71)

where Zj (Xj) now denotes the operator Z (X) acting on site j. Evolving the system

with Hamiltonian H1 for a time T1 and Hamiltonian H2 for a time T2, we can identify

the corresponding unitary dynamics with a tensor network of the form in Fig. 1, with

Urow = e−iH1T1 , Uvert = e−iH2T2 . (72)

Here we used that the first Hamiltonian is diagonal in the computational basis, whereas

the second Hamiltonian consists of one-site unitaries. This model was shown to be

integrable for T1 = T2 = α, where α = 2π
9
(3l − m) with m = 1, 2 and l ∈ Z (m = 0

results in trivial dynamics with the unitaries reducing to the identity). For general α it

follows that

uH(zi, zj) = δzi,zje
−2iα + (1− δzi,zj)e

iα (73)

and

uV(zi, zj) =
1

3

(
e−2iα − eiα

)
+ δzi,zje

iα . (74)

¶ In order to make the connection with Hadamard circuits more transparent, we here exchange the use

of X and Z as compared to the original reference, which corresponds to a local basis transformation

generated by the Fourier matrix.
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At the integrable point with m = 1 we find that

uH(zi, zj) = ei
4π
9 K†

3(zi, zj), uV(zi, zj) = −ie
i 4π

9

√
3
K3(zi, zj), (75)

whereas for m = 2 we recover

uH(zi, zj) = ei
8π
9 K3(zi, zj), uV(zi, zj) = i

ei
8π
9

√
3
K†

3(zi, zj). (76)

Up to an unimportant prefactor, all matrices are (proportional to) complex Hadamard

matrices. Furthermore, in both models we recover the setup from Fig. 1, with the

additional property that the complex Hadamard matrices on the vertical bonds are the

hermitian conjugate of those on the horizontal bonds. We will graphically represent

such circuits as

,

(77)

for periodic and closed boundary conditions respectively. The gray and white squares

represent symmetric complex Hadamard matrices that are each others inverse. It is a

direct check that the conditions for the dynamics to correspond to a Hadamard circuit

is equivalent to the integrability constraints. For local qubits with d = 2, this setup is

also realized in the self-dual kicked Ising model at the integrable point (see e.g. [18]).

For this model all complex Hadamard matrices are identical and equal to F2, which

satisfies F †
2 = F2, such that the above setup directly applies.

In the following, we will consider models of the form (77) for more general complex

Hadamard matrices. The only requirements are that (i) the complex Hadamard matrices

are symmetric, and (ii) u†H = uV. If we consider complex Hadamard matrices that are

equivalent to the Fourier matrix, both the phases and permutations exactly cancel at

each vertex due to the geometry of the lattice and the model reduces to Clifford dynamics

equivalent to a classical cellular automaton, but the construction does not depend on

any specific parametrizations and supports more general dynamics.

5.2. Long-range entanglement generation

These circuits can be used to generate long-range entanglement starting from an initial

product state. The explicit decomposition in terms of complex Hadamard matrices

makes clear that these protocols directly generalize to any circuit composed out of

symmetric complex Hadamard matrices for which u†H = uV and significantly simplifies

the corresponding derivation, which can be done purely graphically. The generalization

of the proposed protocol from [3] consists of three steps.
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• Prepare the system in an initial product state |ψ(t = 0)⟩ = ⊗2N
j=1 |+⟩j, where

|+⟩ = 1√
q

∑q
a=1 |a⟩.

• Evolve the initial state for N discrete time steps with an evolution operator with

closed boundary conditions in which the horizontal unitary between sites N and

N + 1 is removed (i.e. there is no interaction between sites N and N + 1).

[UvertŨrow]
N |ψ(t = 0)⟩ , (78)

with the row unitary defined as

⟨z1:2N |Ũrow|z1:2N,t⟩ =
N−1∏
j=1

uH(zj,t, zj+1,t)
2N−1∏
j=N+1

uH(zj,t, zj+1,t) . (79)

• Evolve the resulting state for N discrete time steps with the inverse of the full

unitary evolution, in which the interaction between sites N and N + 1 is restored.

|ψfinal⟩ = [UvertUrow]
†N [UvertŨrow]

N |ψ(t = 0)⟩ . (80)

The resulting state is given by a rainbow state, in which the sites N − j + 1 and

N + j are connected by a maximally entangled Bell-like state,

|ψfinal⟩ =
N⊗
j=1

|ψK⟩N−j−1,N+j , |ψK⟩ =
1
√
q

q∑
a,b=1

uH(a, b) |a⟩ ⊗ |b⟩ . (81)

The unitarity of uH directly implies that the two sites are maximally entangled.

In order to graphically represent this protocol, we can build up the full dynamics

starting from the initial state, which can be conveniently represented as

⊗2N
j=1 |+⟩j = , (82)

taking N = 3 for concreteness. The full circuit representation of the final state then

follows as

= (83)
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In order to simplify the circuit, we note that many of the unitaries in

[UvertUrow]
†N [UvertŨrow]

N cancel due to unitarity, introducing a ‘causal light cone’ starting

from sites N,N + 1.

Next, we note that the initial state can effectively be ‘absorbed’ in the circuit, since

the contraction of two delta tensors returns a delta tensor. This procedure is identical to

the so-called ‘spider fusion’ of ZX calculus [63], which similarly concerns compositions

of delta tensors, leading to

= (84)

In this equality we have used that the unitary matrices on the vertical legs are the

hermitian conjugate of the horizontal ones, and identified the places where we multiply

uH with uV. Next we can use that the matrix elements are phases, such that any places

where the delta tensors introduce a term uH(a, b)uV(a, b) = |uH(a, b)|2 = 1 can also be

removed:

= (85)

where we have again simplified the circuit by contracting vertical with horizontal

unitaries. Repeating these two steps, either cancelling phases or contracting the unitary

matrices, we find that

= (86)

This final expression results in a rainbow state where all sites N − j + 1 and N + j are

connected by a unitary operator uH resulting in maximally entangled Bell-like states.

|ψfinal⟩ =
N⊗
j=1

(
1
√
q

q∑
a,b=1

uH(a, b) |a⟩N−j−1 |b⟩N+j

)
(87)

The previous derivation implicitly used that uH and hence uV were symmetric. This

is guaranteed whenever the complex Hadamard matrices are Fourier matrices, and also

holds for K3 and F
(1)
4 (a),∀a, but is not generally the case.
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5.3. Conserved charges and integrability

Integrable Clifford dynamics are characterized by the presence of gliders, propagating as

solitons throughout the systems. Similarly, integrability in dual-unitary circuits implies

the presence of solitons propagating with maximal velocity [64, 65]. This demand is

more stringent than the usual integrability conditions, i.e. the existence of an extensive

set of conserved charges, but such solitons can be directly used to construct conserved

charges as sums of local operators.

In this section we explicitly construct these solitons and the resulting conserved

charges for lattice dynamics of the form (77). It is instructive to first consider the

corresponding brickwork circuit, with local gates U of the form

. (88)

For these gates, the |+⟩ = 1√
q

∑q
a=1 |a⟩ states behave as solitons. The unitary gates U act

as swap gates whenever one of the two states is the |+⟩ state, i.e. U(|+⟩⊗|ψ⟩) = |ψ⟩⊗|+⟩
and U(|ψ⟩ ⊗ |+⟩) = |+⟩ ⊗ |ψ⟩ for all states |ψ⟩. The derivation works similarly as for

the entanglement generation protocol, e.g. for U |+⟩ ⊗ |ψ⟩ we can use that:

= = = = (89)

Conserved charges for the unitary circuit dynamics can be directly constructed from

projectors on the |+⟩ state. However, because of the different boundary conditions in

the brickwork circuits and the coupled cat models these do not directly translate to

solitons for the coupled cat model. Informally, the propagation of solitons needs an

initial ‘corner’ to start the contractions, which is absent in the circuits (77).

Solitons for the Hadamard models can be introduced as two-site operators [similar

to (56)] that cancel an initial horizontal Hadamard matrix and perform an appropriate

contraction. Propagating solutions are given by

right moving: g
(+)
j =

q∑
a,b,c=1

u∗H(a, b)uH(a, c) (|a⟩ ⟨a|)j(|b⟩ ⟨c|)j+1

left moving: g
(−)
j =

q∑
a,b,c=1

u∗H(a, b)uH(a, c) (|b⟩ ⟨c|)j(|a⟩ ⟨a|)j+1 (90)

These can again be analyzed purely graphically. Consider the right-moving solutions,

graphically represented as

(91)
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Under a unitary transformation with UvertUrow, this operator transforms as

= ,

(92)

where we have again used unitarity to contract all operators outside of the causal light

cone of the operator. Using the properties of the complex Hadamard matrices, we can

first cancel opposite phases before using the unitarity of the matrices to obtain

= .

(93)

This final expression can be directly deformed to return the original operator shifted by

a single site to the right

(94)

The connection with the states |+⟩ acting as solitons for the unitary gates can be directly

made by observing that these gliders are a unitary transformation of 1 ⊗ |+⟩ ⟨+| with
a two-site horizontal bond gate uH:

u†H(1⊗ |+⟩ ⟨+|)uH = = = . (95)

The horizontal gate exactly cancels a horizontal gate in the full lattice, introducing a

corner from which the state |+⟩ can propagate using the derivation from (89). The

derivation for the left-moving glides is purely analogous.

From the above derivation we can directly construct sets of conserved charges as

Q
(n1...nk−1)
k,+ =

∑
j

g
(+)
j g

(n1)
j+1 . . . g

(nk−1)
j+k−1g

(+)
j+k, nl ∈ {0,+}, (96)

Q
(n1...nk−1)
k,− =

∑
j

g
(−)
j g

(n1)
j+1 . . . g

(nk−1)
j+k−1g

(−)
j+k, nl ∈ {0,−}, (97)

where we have introduced the notation g
(0)
l = 1 for convenience andQ

(n1...nk−1)
k,± is the sum

of local terms acting on k + 2 sites. These operators consist of sums of local operators
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as products of solitons, for each of which the dynamics acts as a simple translation,

with the outer edges of the operators constrained to be nontrivial in order to have full

support on k + 2 sites.

While these operators form an extensive set, they are not guaranteed to be

exhaustive. For the circuit of Fourier matrices with uH = F † and uV = F a set of right

(left) moving gliders were obtained in (56) as Zn
j X

−n
j+1 (X

−n
j Zn

j+1) with n = 0, 1 . . . , q−1,

since powers of gliders are again gliders. These operators have a similar structure as

the gliders (90), with e.g. the right moving glider acting as a diagonal matrix on site j

and as a nondiagonal matrix on site j+1. However, these are not identical. Rather, for

this choice of Hadamard matrix we have that the gliders obtained in this section can be

written as a linear combination of the already obtained gliders,

g
(+)
j =

d−1∑
n=0

Zn
j X

−n
j+1, g

(−)
j =

d−1∑
n=0

Zn
j+1X

−n
j . (98)

These identities can be directly checked by comparing the matrix elements of both sides,

e.g. for the right moving glider

= FabF
†
ac = ωa(b−c),

d−1∑
n=0

Zn
aaX

−n
bc =

d−1∑
n=0

ωanδb−n=cmod d = ωa(b−c) . (99)

No additional gliders can however be constructed from powers of g
(±)
j , since these are

projectors. This is readily apparent from their definition as unitary transformation of

e.g. the projector 1⊗ |+⟩ ⟨+|, or can be graphically checked as

[
g
(+)
j

]2
= ∝ = g

(+)
j . (100)

This result illustrates an important point: The underlying Hadamard structure

directly implies the existence of a right and left moving glider of the form (90), but

specific choices of Hadamard matrices can give rise to additional gliders and resulting

conservation laws, as is the case for Fourier matrices. In the latter case we have

established that the set of gliders is complete and the dynamics is hence integrable

as well as Clifford, whereas an incomplete set of gliders would rather result in Hilbert

space fragmentation.

5.4. Yang-Baxter relation

The previous section established an extensive set of conserved charges for the full class

of circuits for any choice of symmetric Hadamard matrix. Furthermore, in section 4.2

we constructed a complete set of gliders and hence established integrability whenever



Operator dynamics and entanglement in space-time dual Hadamard lattices 27

these Hadamard matrices are equivalent to Fourier matrices. The difference between

completeness and incompleteness of the gliders can also be observed on the level of the

unitary gates, where integrability is typically implied by an underlying Yang-Baxter or

braiding equation. A unitary unit cell U for the Hadamard circuit can be identified as

, (101)

which is also the local gate in the corresponding brickwork circuit. For the integrable

kicked Ising model at the self-dual point and the kicked Potts model for d = 3, this

gate indeed satisfies the set-theoretical Yang-Baxter relation U12U23U12 = U23U12U23,

graphically represented as

. (102)

These results track with the literature on integrable dual-unitary models [10, 53, 66–68]:

for all known models the unitary gate satisfies the set-theoretic Yang-Baxter equation.

This is again a more restricted form of integrability. In order to be integrable the gate

only needs to satisfy the parameter-dependent Yang-Baxter equation [69], of which the

set-theoretic Yang-Baxter equation is a particular limit. Ref. [53] discussed the dynamics

of dual-unitary models whenever the underlying gate satisfies (102) and is in involution,

i.e. U2
12 = 1, a property we do not require here, and showed how they gave rise to

superintegrable dynamics.

Remarkably, unitary gates of the form (101) constructed from a symmetric complex

Hadamard matrix satisfy the set-theoretical Yang-Baxter relation (102) whenever q < 6

but not necessearily for q ≥ 6. That this result breaks down at q = 6 follows from

the fact that there exist exhaustive characterizations of complex Hadamard matrices

for q < 6 but not for q ≥ 6. The two-site gates (101) satisfy the set-theoretical Yang-

Baxter equation whenever the underlying Hadamard matrix is given by a (possibly

dephased) Fourier matrix. Furthermore, the Yang-Baxter equation is also satisfied when

the building block is given by a q = 4 complex Hadamard matrix F
(1)
4 (a) [Eq. (27)],

resulting in a one-parameter family of complex unitary matrices satisfying (102). Both

can be verified by direct calculation. Crucially, for q = 2, 3, 5 all complex Hadamard

matrices are equivalent to Fourier matrices, and for q = 4 these are either equivalent to

Fourier matrices or to Eq. (27), implying that for q < 6 all gates of the form (101) will

satisfy the braiding relation. For q = 6 it is however possible to find counterexamples,

such that this is not a general property.

Symmetric complex Hadamard matrices for arbitrary q can be numerically obtained

in a relatively straightforward way by direct extension of the Sinkhorn algorithm
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from [70, 71]. Starting from a random matrix, it is possible to iteratively generate

a symmetrix complex Hadamard matrix by (i) taking the polar decomposition of the

matrix, (ii) symmetrizing the unitary matrix obtained from this decomposition, and

(iii) dividing each matrix element in this matrix by its absolute value and (iv) repeating

these steps until convergence. If this procedure converges, which generically happens,

the resulting matrix will be a symmetric complex Hadamard matrix.

As an additional verification, for q < 6 all symmetrix complex Hadamard matrices

generated in this way satisfy the Yang-Baxter equation (102), whereas for q ≥ 6 no

such matrices generated from a random seed were found to satisfy the Yang-Baxter

equation (102). A random example of a symmetric complex Hadamard matrix obtained

in this way, which does not give rise to a unitary gate satisfying the set-theoretical

Yang-Baxter equation, is given by

0.894 + 0.449i −0.311− 0.951i 0.616− 0.788i 0.746 + 0.665i 0.675 + 0.738i 0.138 + 0.99i

−0.311− 0.951i 0.455− 0.891i −0.068 + 0.998i −0.991− 0.132i 0.963 + 0.269i 0.699 + 0.716i

0.616− 0.788i −0.068 + 0.998i 0.533 + 0.846i 0.458 + 0.889i −0.909 + 0.417i 0.949 + 0.314i

0.746 + 0.665i −0.991− 0.132i 0.458 + 0.889i −0.348− 0.937i 0.18 + 0.984i 0.197− 0.98i

0.675 + 0.738i 0.963 + 0.269i −0.909 + 0.417i 0.18 + 0.984i 0.991− 0.131i 0.4− 0.916i

0.138 + 0.99i 0.699 + 0.716i 0.949 + 0.314i 0.197− 0.98i 0.4− 0.916i 0.55 + 0.835i


(103)

The corresponding brickwork circuit can be numerically checked to only support gliders

of the form (89), as opposed to the q right and left moving gliders obtained for Fourier

matrices.

6. Conclusions

In this work we have studied a class of space-time dual models defined in terms of

Hadamard matrices. These models can be viewed through the lens of recent activity

on dual-unitarity, in both the brickwork and the interactions round-a-face language, as

well as integrable stroboscopic quantum dynamics. Choosing the Hadamard matrices to

be dephased Fourier matrices returns models that are closely connected to older work

on (Clifford) cellular automata and classical spatiotemporal chaos, while also admitting

integrable points.

There are various connections that are natural to explore further. The choice of

complex Hadamard matrices allows for additional graphical identities as compared to

the usual dual-unitarity, similar to the ZX calculus – where delta tensors and Hadamard

matrices for q = 2 are among the basic building blocks. It would be interesting to relate

the graphical ZX calculus to the one for more general complex Hadamard matrices and

explore the Clifford limit, where the graphical ZX rules are known to be complete.

It would additionally be interesting to explore the dynamics for specific non-Fourier

complex Hadamard matrices, e.g. multi-unitary ones. Different families of classical

cellular automata can be obtained by constructing an inhomogeneous lattice out of

(possibly dephased) Fourier matrices and their hermitian conjugate, with the resulting

cellular automata satisfying dual-injectivity as a classical equivalent of dual-unitarity,

and it would be interesting to explore the classical consequences of dual-injectivity.
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These models can also be directly extended to other lattice geometries and higher

dimensions, which will be the subject of upcoming work.

Acknowledgments

P.W.C. gratefully acknowledges useful discussions with M.A. Rampp and S.A. Rather.

A.L. was supported by EPSRC Critical Mass Grant EP/V062654/1.

References

[1] D.-M. Schlingemann, H. Vogts, and R. F. Werner, “On the structure of Clifford quantum cellular

automata,” J. Math. Phys. 49 (2008).
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