IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Minimal data at a given point of space for solutions to certain geometric systems

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2010 Class. Quantum Grav. 27 155006
(http://iopscience.iop.org/0264-9381/27/15/155006)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 194.94.224.254
The article was downloaded on 16/03/2011 at 11:19

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0264-9381/27/15
http://iopscience.iop.org/0264-9381
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

IOP PUBLISHING CLASSICAL AND QUANTUM GRAVITY

Class. Quantum Grav. 27 (2010) 155006 (24pp) doi:10.1088/0264-9381/27/15/155006

Minimal data at a given point of space for solutions
to certain geometric systems

Andrés E Aceifia
Max Planck Institute for Gravitational Physics, Am Miihlenberg 1, D-14476 Golm, Germany

E-mail: acena@aei.mpg.de

Received 13 January 2010, in final form 23 April 2010
Published 17 June 2010
Online at stacks.iop.org/CQG/27/155006

Abstract

We consider a geometrical system of equations for a three-dimensional
Riemannian manifold. This system of equations has been constructed as to
include as particular cases several physically interesting systems of equations,
such as the stationary Einstein vacuum field equations or harmonic maps
coupled to gravity in three dimensions. We give a characterization of its
solutions in a neighbourhood of a given point through sequences of symmetric
trace-free tensors (referred to as ‘null data’). We show that the null data
determine a formal expansion of the solution and we obtain necessary and
sufficient growth estimates on the null data for the formal expansion to be
absolutely convergent in a neighbourhood of the given point. This provides a
complete characterization of all the solutions to the given system of equations
around that point.

PACS numbers: 04.20.Cv, 02.40.Hw

1. Introduction

Einstein’s equations form the core of general relativity. Solutions to this system of equations
represent physically feasible spacetimes. Therefore, analysing the properties of such solutions
is one of the most important tasks in general relativity. It is, at the same time, one of the
utmost difficulty. One of the ways to be able to analyse properties of the solutions is to
make simplifying assumptions, which restrict the possible solutions. Typical assumptions are
those of staticity or stationarity, where the existence of a timelike Killing field is assumed,
allowing for a dimensional reduction of the problem. The literature is full of examples of such
procedures, the simplest being the static Einstein vacuum field equations. More complicated
examples are given by the stationary Einstein-Maxwell fields in arbitrary dimensions [5] (here
stationary means that the dimensionally reduced problem is three dimensional) and static
Einstein-Maxwell-dilaton fields [6]. Also if dimensions higher than four are considered, as
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in Kaluza—Klein-type theories, dimensional reduced versions of the theories are also usually
analysed. As said, this practice is due to the complicated structure of Einstein’s equations and
because the static or stationary solutions provide important information about some properties
of the solutions.

Even though simpler, the arising systems of equations are still complicated and need
detailed analysis. The main objective of the present work is to answer the question of existence
and characterization of solutions to the arising systems of equations. That is, we want to
show that given suitable data, these data are enough to characterize uniquely the solution
and that there is a solution with such a data. As we do not want to enter in a case-by-case
discussion, the first step is to look at the shared properties of those systems. In general they
have the following features.

e The base manifold is three dimensional.

e The metric is Riemannian.

e On the base manifold there are some scalar fields.

e The metric satisfies an equation whose principal part is given by the Ricci tensor of the
metric.

o The fields satisfy Laplace-type equations.

There are two features that are central for our analysis. The first is that in a suitable gauge
the systems are elliptic. This implies that the solutions are analytic in this gauge. Second, in
this gauge the systems of equations are diagonal, i.e. for each system the principal symbol has
only diagonal elements (the off-diagonal elements vanish) and all the diagonal elements are
the same. This implies that the complex null cone (characteristic cone) is the same for all the
unknowns in each system. This is very important for the geometrical analysis of the problem.

We consider now a more general system of equations that includes all the named features.
The setting is the following.

Let N be a three-dimensional manifold with negative definite metric /& and n scalar fields
onit, %, o = 1, ..., n, that satisfy the following system of equations:

Apd® = [4(@", Dcg?), a=1,...,n, (D

Rap[h] = F(¢") DaDypop® + F*¥(@") Dadp” Dyd” + f(¢7, Ded"hap, ()
where D is the covariant derivative associated with i, A, is the Laplace operator with respect
to h and R,[h] is the Ricci tensor of h. F*(¢?), F"‘ﬂ(¢”), a, B =1,...,n, are analytic
functions of the scalar fields and f (¢, D.¢?), f*(¢?, D.¢"), « = 1, ..., n, are analytic
functions of the scalar fields and its first derivatives. In order not to burden the text, the
span of greek indices is not always stated. We assume that the summation rule for repeated
indices holds for both Latin and Greek indices, the latter being written always in the upper
position, as no metric is associated with them. We assume F @f — FB* g0 we do not to have
to symmetrize on the a, b indices. The functions f, f¢, F* F @B are scalars if considered
as functions on N through their dependence on the fields and their first derivatives. This is
necessary for (1), (2) to be a geometrically meaningful system of equations. Later on, we
will see that the functions f, ¢, F® and F® are not independent but have to satisfy some
relations (discussed in section 7). We refer to (1), (2) as the field equations.

The setting above includes all the named static or stationary cases of Einstein’s equations.
A particular class of systems that has received increasing attention over the years and that is
also included corresponds to harmonic maps coupled to gravity (also called o -models) whose
base space is a three-dimensional manifold or where the spacetime is stationary [3, 10]. Of
course the present listing of included systems of equations is far from complete, but it clearly
shows that many physically interesting systems of equations are included.
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Now we can state clearly the objective of this work: to give a complete characterization
of the solutions to the field equations above in a neighbourhood of a given point.

So, let us take a point g in N. As said before, in a suitable gauge the system of equations
is elliptic with analytic coefficients; therefore the solution, if it exists, is analytic [7] (cf [2, 8]
for application of the result in [7] to the stationary vacuum Einstein equations). This suggest
prescribing as data the coefficients of the Taylor expansion of the fields at g. This is not
possible, as the Taylor expansion coefficients are not independent of each other. Instead we
consider the following n sequences of symmetric trace-free tensors at g:

D* = {¢“(q), Da,#" (@), C(Da, Da,$*)(q), C(Day Doy D %) (@), ...}, (3)

where C means taking the symmetric trace-free part of the tensor to which it is applied. These
sequences are called the null data for our system of equations. It turns out that the null data are
indeed a minimal set of data for the field equations, that is, it determines a formal expansion
of the solution and its components are independent of each other. Our purpose can then be
stated as to derive necessary and sufficient conditions for the null data to determine apart from
gauge conditions (unique) real analytic solutions of (1) and (2). This will show that the null
data do indeed provide the searched characterization.

Prescribing a minimal set of data at a point as characterization for the solutions to a
gauge-elliptic problem is certainly different from posing a standard boundary value problem.
A particular advantage of our approach is that the data have a geometrical meaning and do
not depend on the choice of an arbitrary hypersurface or coordinate system. This makes the
characterization intrinsic to the geometry of the solution.

Another advantage arises if there is a geometrically distinguished point. Our approach
then allows for a complete control and analysis of the solution at the given point. The
existence of a geometrically distinguished point happens in the case of asymptotically flat
static or stationary spacetimes (cf Friedrich [4] and Acefia [1]), where there is a point in the
manifold that represents infinity. Unfortunately those cases are not included in our present
treatment because besides the metric there are further tensor fields among the unknowns, while
we only consider scalar fields. An extension of the present result to include tensors in the
unknowns is possible although not entirely straightforward, as one possibly has to take into
account integrability conditions that may arise for the system of equations to be consistent.
We do not want to get involved in such a discussion here.

It is convenient to express the tensors in D* in terms of an A-orthonormal frame c,,
a=1,2,3, centred at g. Denoting by D, the covariant derivative in the direction of c,,

D** = {¢%(q), Day¢“(q), C(Day Da,¢*)(q), C(Day Da, D, %) (q). ... }. (4

These tensors will be called the null data in the frame c, and are defined uniquely up to rigid
rotations in R?.

If the metric /& and the potentials ¢* exist, then they are real analytic near ¢ and one has
Cauchy estimates on the derivatives of the potentials. The Cauchy estimates imply that there
exist positive constants M, r, such that the components of the null data satisfy

Mp!
C(Da ... Dad®) (@] < ==, p=0,  ap...a =123 (5
rP

Our main result corresponds to the statement that these estimates are not only necessary but
also sufficient to have an analytic solution and is presented in the following theorem.

Theorem 1.1.
Suppose

A

D ={yg Vga Ve - a=1,...,n, (6)
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are n infinite sequences of symmetric, trace-free tensors given in an orthonormal frame at the
origin of a three-dimensional Euclidean space. If there exist positive constants M, r such that
the components of these tensors satisfy the estimates

Mp!

o J— j—
|1pap___al}< ra p =0, ap,...,a; =123, a=1,...,n,
then there exists an analytic solution h, ¢“, « = 1, ..., n, of the field equations near q, unique

up to isometries, so that the null data implied by it in a suitable frame c, as described above
satisfy

C(Da, .- Dai¢*)(@) = ¥y o> p =0, ay,...,a; =1,2,3, a=1,...,n

The sequences (6), not necessarily satisfying any estimates, will be referred to as abstract
null data. As the type of estimates imposed here on the abstract null data do not depend on the
orthonormal frame in which they are given, and since these estimates are necessary as well as
sufficient, then all possible solutions of (1), (2) are characterized by the null data.

A few words on the requirement on the manifold N to be three-dimensional are in order
here. The proof that we present of the theorem above relies heavily on the use of space
spinors, which can be used only on a three-dimensional manifold. This may seem as the main
reason for such a requirement, in fact it is not. There is a one to one correspondence between
space-spinor analysis and the more usual tensor analysis on a three-dimensional manifold.
Therefore, all the proofs could be translated and expressed in terms of tensor analysis, and
then one could try to extend them to higher dimensions. The main reason for the requirement
is that in three dimensions the Riemann tensor is completely determined by the Ricci tensor.
If one wants to extend the result to higher dimensions one is forced to include in the system
of equations an equation for the Weyl tensor, which makes the system of equations more
complicated and also introduces complications regarding the integrability conditions.

The use of null data in general relativity was first presented by Penrose and Rindler [9],
where it is used as data for fields coupled to gravity in spacetime (four-dimensional Lorentzian
manifold). It is important to note that although there are similarities in the use of the null
data in the Lorenzian case and in the Riemannian case, treated in the present work, there
is a profound difference. Namely, in the Lorenzian case, one has to impose analyticity on
the solution to be able to characterize it using the null data, while in the Riemannian case
analyticity is a natural consequence of the equations.

In the context of three-dimensional Riemannian spaces, the null data were first introduced
by Friedrich [4] as a way to characterize static asymptotically flat solutions to the vacuum
Einstein field equations. They were also used by Acefia [1] for the stationary asymptotically
flat vacuum case. The techniques that we use to prove the result of the present work are
similar to those introduced by Friedrich and used by Acefia. Therefore, we will not present
the procedure in full detail, but we will state the important steps and the features that are
distinctive for the case that we are treating here.

2. The exact sets of equation argument

We have defined the null data D* (3) and we want to use them to characterize solutions to the
field equations. Therefore, an important first step is to show that the null data can actually be
used to construct formal solutions to the field equations. For this we construct expansions of
the fields in normal coordinates.

We assume from now on N to be small enough to coincide with a convex h-normal
neighbourhood of ¢q. Let ¢, a = 1,2, 3, be an h-orthonormal frame field on N which is

4
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parallelly transported along the A-geodesics through ¢ and let x“ denote normal coordinates
centred at ¢ so that c” , = (dx”, ¢,) = 8%, at g. We refer to such a frame as a normal frame
centred at q. Its dual frame will be denoted by x¢ = x¢,dx?. In the following, all tensor
fields, except the frame field ¢, and the coframe field x €, will be expressed in terms of this
frame field, so that the metric is given by hap = h(ca, cb) = —8ap. With Dy = D,, denoting
the covariant derivative in the c, direction, the connection coefficients with respect to ¢, are
defined by Dyce = 'y ? ccp.

An analytic tensor field Ty, 4, on N has in the normal coordinates x“ a normal expansion
at ¢, which can be written as

Ty, (X) =Y i'xb" .. xP'Dy .. Dy Ty 0 (q), (7
p=0 77
where we assume from now on that the summation convention does not distinguish between
bold face and other indices.
Since hyp = —&ap, it remains to be seen how to obtain normal expansions for the ¢*’s
using the field equations and the null data. That is, we need to see how to obtain

D,, ... Da 9 (q), p=0, a, ...,a =123
The algebra necessary for doing this simplifies considerably in the space-spinor formalism.

How to do the transition is explained in [4]. Here we recall a few important properties.

o A space-spinor field T4, p,..4,8, = T(a,B))...(4,B,) arises from a real tensor field 7, _,, if
and only if

A/ B/ -_
Tap..a,8, = (=DP1a it v Turp 4, ®)
PEP 14 171

p-r

where 744" = ¢y%€p + €, %€; V. €4p is the constant e-spinor, which satisfies 45 =
—€pa, €01 = 1, and it is used to move indices according to the rules 1z = teyp,
A _ _AB
1 =€e’Pup.

e Any spinor field 74y admits a decomposition into products of totally symmetric spinor
fields and e-spinors which can be written schematically in the form

Ta.u=Ta. m+ Z €'s x symmetrized contractions of T. 9

e The operation of taking the symmetric trace-free part of a tensor translates into taking
the totally symmetric part of the corresponding spinor. So the null data translate into n
sequences of totally symmetric spinors.

e We also have a complex frame field c4p (related to c,), such that h(cap, ccp) = hapep =
—€ea(c€pyp, and its dual 1-form field x 4B (related to x?). The covariant derivative of a
spinor field (€ in the direction of cp is given by

c c c D
Dppt™ = cap(t™) + Ty~ pt”,

where I'apcp = I'(aB)(cp) are the spinor connection coefficients.
e The commutator of derivatives are given in terms of the curvature spinor

(DcpDer — DepDep)t = r? geperd®, (10)
where
FABCDEF = %[(SABCE - éVhABCE)GDF + (SABDF - érhABDF)GCE]» (11)

rbeing the Ricci scalar of hand sapcp = S(4Bcp) the trace-free part of the Ricci tensor of 4.
In tensor notation, the decomposition of the Ricci tensor reads R,[h] = sqp[1]+ %r [R)hap-

5
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Equations (1), (2) take in the space-spinor formalism the form

D" ADgp¢® = —3€anf®, (12)

rascoer = 3[(Sasce — £ Rhapce)epr + (Saspr — £ Rhappr)eck], (13)
where

Sapcp = F* DapDep¢® + F* Dapg® Depg? + fhasc. (14)

R=7. (15)
with

f=—3(F"D.g¢*D'¢" + F* f*),
f=F*D,p*D¢P +3f + F* f*.
Using these equations and the theory of ‘exact sets of fields’ is possible to prove the

following result.

Lemma 2.1. Let there be n given sequences

D = {wa’ wngl ’ wngszl ’ szBBAZBZAIBl [ }

of totally symmetric spinors satisfying the reality condition (8). Assume that there exists a
solution h, ¢%, to the field equations so that the spinors given by D* coincide with the null
data D** given by (4) in terms of an h-orthonormal normal frame centred at q, i.e.

Va,8,..a8 = Db, - Dapy¢® (@), p = 0.
Then the coefficients of the normal expansions (7) of the fields ¢%, i.e.
Da,s, - D5 ¢%(q), p=0,

are uniquely determined by the data D* and satisfy the reality condition.

Proof. The proof is by induction. It holds ¢*(q) = ¥, Dapd®(q) = ¥43-

To discuss the induction step we assume that the expansion coefficients of ¢* up to order
p are known and start with Dy 5., - . . Da, 5,¢“(q) and its decomposition in the form (9). By
assumption, the totally symmetric part of it is given by wzw By ALB The other terms in the
decomposition contain contractions. Let us consider a general contraction, say A; contracted
with A;. We can commute the operators Dy, p, and Dy, p, with other covariant derivatives,
generating by (10) and (13) only terms of lower order, until we have

DA[)+]B[)+| s DAi+|Bl+] DAi—]Bi—] s DA_/+|B/'+1 DA_/'—IBj—l cee DAlBl Dg, DPB_;¢a(q)'

Equation (12) then shows how to express the resulting term by quantities of lower order that
are already known.

That the expansion coefficients satisfy the reality condition is a consequence of the
formalism and the fact that they are satisfied by the data. ]

In order to show the convergence of the formal series determined in the previous lemma
we need to impose estimates on the free coefficients given by D*. For the necessary part we
have the following result.

Lemma 2.2. A necessary condition for the formal series determined in lemma 2.1 to be
absolutely convergent near the origin is that the data given by D* satisfy estimates of the type
p'M
Visaml < P20, (16)
with some positive constants M, r.
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The proof of the last lemma is very similar to the respective lemma in [4] and is not
repeated here.
A more clarifying way of stating the last two lemmas is as follows.

o If we have two solutions of the field equations and the null data (4) of one of the solutions
are related to the null data of the other solution by a rigid rotation in R3, then the two
solutions are related by an isomorphism and are therefore geometrically equivalent.

o If we have a solution of the field equations, then its null data (4) satisfy estimates of the
form (5).

3. The characteristic initial value problem

After showing that the null data determine the solution, one would have to show that the
estimates (16) imply Cauchy estimates for the expansion coefficients

!
Days, - Dand“@| < 200 pz0

This would ensure the convergence of the normal expansion in a neighbourhood of g and the
existence of the solution. But deriving estimates on the expansion coefficients from estimates
on the null data using the procedure described in the proof of lemma 2.1 has not been possible.
Instead, one can use the intrinsic geometric nature of the problem and the data to formulate
the problem as a boundary value problem to which Cauchy—Kowalevskaya-type arguments
apply. The formalism necessary for this has been developed in [4] and used in [1]. Here we
present the important facts for the present work, following the notation in [1]. The reader is
referred to [1, 4] for details.

The fields h, ¢“ can be extended near g by analyticity into the complex domain and
considered as holomorphic fields on a complex analytic manifold N.. Under the analytic
extension, and choosing N, to be a sufficiently small neighbourhood of g, the main differential
geometric concepts and formulae remain valid. The extended coordinates and the extended
frame, again denoted by x¢ and c,p, satisfy the same defining equations and the extended
fields, denoted again by &, ¢“, satisfy the field equations as before.

The null cone at q is defined as the set

Ny ={p € NeIT'(p) = 0},

where I' = §,,x%x". It is the cone swept out by the complex null geodesics through g. For
the type of systems we consider one very specific and important feature of this cone is that it
is the characteristic cone not only for the Ricci operator in a harmonic gauge but also for the
Laplace operators that act on the scalar fields. The coincidence of the characteristic cones for
all the unknowns is due to the special form of the principal symbol of the system, it is diagonal
and all the diagonal elements are the same. If this were not the case then the construction used
in the present work would not be possible. It turns out for our problem that knowing the null
data is equivalent to knowing the restriction of the holomorphic functions ¢* to the null cone.
The identification is made explicit later on.

Our problem can thus be formulated as the boundary value problem for the field equations
with data given on the null cone by the functions ¢“|;, . The difficulty with this formulation is
that V; is not a smooth hypersurface but an analytic set with a vertex at the point g; therefore,
an adapted coordinate and frame field is needed. The construction is done rigorously in [4]
in terms of the principal bundle of spin frames over N., SL(N,). There a three-dimensional
submanifold N of SL(N.) is constructed in such a way that together with the projection map
7w : SL(N.) — N, it induces coordinates on N.. Here we describe how the construction is
seen on N,.
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We start by taking the null vector c¢; at g and constructing the null geodesic y with affine
parameter w whose tangent vector at g is ¢j;. That is, y (w) is the affinely parametrized null
geodesic that has ¥ (0) = g and y’'(0) = ¢y;.

We define now a family of frames e,p at ¢ in terms of the frame c4p and a parameter v € C
in the following way:

2
eoo(v) = coo + 2vcgr +v7Cyy, eo1 (v) = co1 +veyy, e;1(v) =cq.

These frames are orthonormal in the sense that (eap, ecp) = hapcp. As v varies egy covers
all null directions at g except c;.

We parallelly propagate the frames e45(v) over y (w). So now at each point of y (w) we
have a family of frames esp(v, w).

Consider a fixed value for v = vy and w = wy. At y(wg) we construct the null geodesic
that goes through this point and has a tangent vector ego(vg, wo) at ¥y (wp). We call u the
affine parameter on this null geodesic that vanishes at y (wg) and we assign to a point on this
geodesic the corresponding value of u and the values v = vy and w = wy. We also parallelly
propagate the frame es5(vg, wo) over the null geodesic. Doing this for all possible values of
v and w covers all of N, and defines the frame field e,p there.

The functions z! = u, z2 = v, z° = w define holomorphic coordinates on N. We
denote again 7 the restriction of the projection to N. The map 7 induces a biholomorphic
diffeomorphism of N’ = N\Uj, where Uy = {u = 0}, onto (N’), but the gauge is singular
in the sense that the set Uy, which is a two-surface on N, projects into the curve y on N.,.
We also need to distinguish the set I = {u = 0, w = 0}, where 7(I) = ¢g. Finally, the
set Wo = {w = 0} projects onto N, \y and will therefore define the initial data set for our
problem.

It is important to recall that although the coordinates z* are well adapted to the geometry
of the problem we are dealing with, and are holomorphic on N, they are not a good coordinate
system in all of N.. The set {# = 0} corresponds to the curve y instead of being a hypersurface
on N, and thus there is no way of assigning a v coordinate to points on y. For this the null
curve y will be referred to as the singular generator of Ny in the gauge determined by the
frame cap at q. The singularity of the gauge is reflected in the following properties, deduced
in [4], and which are important for the present work.

Regarding the frame field, as seen on N , if one writes eqp = € 4504, then on N ,

1 6101 6111 1 (’)(u2) O(uz)
(e“4) =10 €01 & |=1]0 ﬁ +0W) O®w) as u— 0.
0O O 1 0 0 1

‘We shall write
a *d ~d
€ AB = € AB T+ € 4B,

with the singular part
1
¢*ap = 8fea’es” + 3§;€<A°63>1 +05eq'ep",
and holomorphic functions % 45 on N which satisfy
éaAB = O(M) as u— 0. (17)
The connection coefficients I'apcp = I'apy(cp) satisfy

Tooas =0 onN, Tya =0 on Uy,
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and also

. .
Casep = Ukpep + Uasen,

with the singular part
Tigep = _;e(AOGB)IGCOGDO,
and holomorphic functions Cupcp on N which satisfy

Cagep = O@w) as u— 0. (18)

We need a couple of more definitions and properties to be able to deal with spinor functions
on N.

In general, a holomorphic spinor field i on N, is represented on SL (N,) by a holomorphic
spinor-valued function ¥4, . 4,, given by the components of v in the corresponding spin frame.
We shall use the notation i, = w(AlmA/)/ﬂ k=20,...,Jj, where (---); denotes the operation
‘symmetrize and set k indices equal to 1, the rest equal to 0’. These functions completely
specify ¢ if ¢ is symmetric. They are then referred to as the essential components of .

As the induced map 7 of N into N, is singular on U, not every holomorphic function of
the z* can arise as a pull-back to N of a holomorphic function on N.. The former must have
a special type of expansion in terms of the z* which reflects the particular relation between
the ‘angular’ coordinate v and the ‘radial’ coordinate u. The following definition and lemma,
taken from [4], are needed for manipulating spinor functions on N.

Definition 3.1. A holomorphic function g on N is said to be of v-finite expansion type k,,
with k, being an integer, if it has in terms of the coordinates u, v and w a Taylor expansion at
the origin of the form

00 oo 2m+tkg

8= > > guapu"v"w’,

p=0m=0 n=0
where it is assumed that g, , , = 0 if 2m + k, < 0.
Lemma 3.1. Let ¢a,..4, be a holomorphic, symmetric, spinor-valued function on SL(N,).
Then the restrictions of its essential components ¢y = @4, .. A 0<k<j,to N satisfy
D = (J — k)P, k=0,..., /], on Uy,
(where we set ¢ ;.1 = 0) and ¢y is of the expansion type j—k.
As stated at the beginning of this section, prescribing the null data is equivalent to knowing

®*|n;,- Following [4] it is possible to see how this fit into our particular gauge. Consider the
normal frame c4p on N, near g and denote the null data of 4 in this frame by

D* = {D(A,,B,, ..Dagyd* (@), p=1,2,3, ... },

then on W,
oo 2m
P ()= ) ™", (19)
m=0 n=0
where
1 /2m
Vin = o} < " ) D,8, ---Da s, 8% (). 0<n<2m.

This shows how to determine ¢*(u, v) from the null data D** and vice versa.
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4. The field equations on N

Now, having the coordinates and frame field, we can use the frame calculus in its standard
form. Given the fields ¢ and using the frame e4p and the connection coefficients I"4pcp on
N , we set

_ K
rapcper = ecp(Uerap) — eer(Ucpag) + Ter © ¢Tpkas
K K K
+ Ter ™ pTckap — Ucep ™ ETkms — Ucep ™ FTUEkaB
K K GH
+ Ter ™ BUcpak —Tep ™ BUERAK — tep ™" EFT GHAB

and define there the quantities tap “F' cp, Rapcper, 055, 55 by

IAB EF Cfoa EF = 2043 E (cea D)E — 2Tcp E (Aé’a B)E — e CD,beh A +e’ AB,beb CD>
Rascoer = rascper — 3[(Sasce — # Rhasce)epr + (Saspr — £ Rhaspr)ece],
GXB = Dppd® — ¢X37
ZXB = DPA¢%P + %EABfa.
It is important to note that R and Sapcp, defined in (15), (14), represent functions of the fields
that need not bear relation with the geometric Ricci scalar and trace-free part of the Ricci
tensor. The equality among the quantities defined in terms of the fields ¢* and its derivatives
and the geometric quantities comes when the field equations are solved.

The tensor fields on the left-hand side have been introduced as labels for the equations and

for discussing in an ordered manner their interdependences. In terms of these tensor fields,
the field equations read

EF a o o
tap™ cpe’ gr =0, Rapcper =0, o =0, 2 =0.

The first equation is Cartan’s first structural equation with the requirement that the metric
connection be torsion free. The second equation is equation (13). The third equation define
the symmetric spinors ¢4. The last equation is the field equation (12) in terms of ¢.

We want to see how to calculate in our particular gauge a formal expansion of the fields
using the initial data in the form ¢*(u, v). As the system of field equations is overdetermined
we have to choose a subsystem of it. In the rest of this section, we choose a particular
subsystem, writing the chosen equations in our gauge, and at the end we see how a formal
expansion is determined by these equations and the initial data.

4.1. The o, = 0 equations

The first set of equations that needs particular attention are the equations oy, = 0. In our
gauge they read

814 ¢a = ¢8‘o-
These equations are used in the following to calculate ¢y, each time we know ¢ as a function

of u. In particular, as ¢* will be prescribed on W, as part of the initial data, this equation
allows us to calculate ¢, there immediately.

4.2. The ‘0,-equations’

We now present what we will refer to as the ‘0,-equations’. These equations are chosen
because they have the following features. They are a system of PDEs for the set of functions
29 41, La cp and ¢4, which comprise all the unknowns with the exceptions of the free data ¢*
and the derived functions ¢,. They are all interior equations on the hypersurfaces {w = wo}

10
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in the sense that only derivatives in the directions of u and v are involved; in particular, if we
consider the hypersurface Wy, they are all inner equations in A,. The possibility of choosing
such a subsystem of inner equations in V; is due to the coincidence of the characteristic cones
for all the unknowns. Also they split into a hierarchy that will be presented in the following
section. The ‘0,-equations’ are as follows.

Equations 45 £ goe? gr = 0:

1 ~ A
Al A1 Al
0.2 01 + ~eo = —20101 + 2101002 01,

L 1, 1, .
0,801 + —e“o1 = —I'o100 + 201008701,
u u
Al A A Al
due 11 = —21101 + 2111008 01,
L 1. .
e = ;F1100+2F1100€ 01-

Equations Rapooer = O:
N 2 . N 1
du o100 + ;Fmoo — 20100 = E(F“amﬁo + F“’S¢8‘o¢5o),

o 1. A N 1
9 Toro01 + ;me —2T0100T 0101 = E(F"Bud)& + Faﬂ¢go¢g1),

N 1. N N 1 ~ 1 4
.o + ;Fom — 2T 010000111 = E(F”'aud)i'l + F"%gwﬁ +f) - Ef’
N 1. N N
9. I'1100 + ;Fuoo — 2T 01001 1100 = F“0uty; + F"’%gmgl,

N N N ~ 1 4
3l 1101 — 21100l 0101 = F¥ 0,97, + F“’S¢30¢’fl +f+ Ef,

1111 — 21000111 = F* (Zamau +2 018,85, +2%018,0%, — 20011108, + 2F0101¢[111>

+ FP 48,7,
Equations X9, = 0:
1

" (30050 — 208,) + &' 019l + €%019,95 — 2L 010180 + 2T 01009, -

Q=
1 N o N a B o 1 o
Y, = o (3,08, — ¢51) +2' 010,98, +2%010u85, — Tor1198 + Toro09 + Ef .

4.3. The 0,-equations hierarchy

The system of d,-equations splits into a hierarchy of subsystems as follows:
(H1) Rooooo1 = 0,

(H2) 101 EF e’ gr = 0,

(H3) 101 EF ooe! &7 = 0, Roiooo1 = 0, B = 0,

(H4) Roooor1 =0,

(H5) 111 BF goe® gr = 0,

(H6) Ri10001 =0, X5 =0,

(H7) Ro10011 =0,

(H8) Ri10011 =0,

(H9) 111 EF gpe! gr = 0.

11
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The defining property of the hierarchy is the following. If ¢* are prescribed on {w = wy}
and using oy, = 0, then H1 reduces to an ODE. Once we have its solution, H2 reduces to an
ODE. Given its solution, H3 reduces to a system of ODEs, with coefficients that are calculated
by operations interior to {w = wy} from the previously known or calculated functions. This
procedure continues till the end of the hierarchy. So, given ¢* on {w = wy} and the appropriate
initial data on Uy N {w = wy}, all the unknowns can be determined on {w = wy} by solving a
sequence of ODEs in the independent variable u.

4.4. The ‘0, -equations’

The initial data ¢* are prescribed on Wy, and to determine their evolution off Wy we need the
equations oy} = 0, referred to as the d,,-equations, which read

dp® = @3 — &' 119,07 — &2118,0%.

4.5. Calculating the formal expansion

Let us call X any of the unknowns that we are solving for, i.e. €45, [ ascn, @, ¢ip. We want

to see that it is possible to obtain a formal expansion of X in a neighbourhood of g using the

o(y-equations, the d,-equations and the 9,,-equations, given ¢ on W as our datum. We give

here an inductive argument showing that with our setting 9 X |y, can be determined for all k.
We need the following conditions, obtained from the gauge requirements (17), (18)

ke |, =0, a=1,2, A=0,1, k>0,
3 Caicn|, =0, A,C,D=0,1, k>0,

and from the o5, = 0 equations and the spinorial behaviour as discussed in lemma 3.1,
Iy ar|, = 30,0, 0L A=0,1, k>0,

which are our initial conditions for the 9% -derivatives of the d,-equations.

Using the initial conditions for £ = 0 and following what has been said in subsection 4.3
we successively integrate the subsystems H1 to H9 to determine all of X on Wj.

As inductive hypothesis we assume as known 95 X |W0, 0<p<k—1,k>1. Applying

1’

formally 8’;)_1 to the d,,-equations, and restricting them to Wy, we find (’Qi‘)qb"ﬂw0 in terms of
known functions. We apply formally 85} to the d,-equations. This is a system of PDEs where
the unknowns are 9 X. Keeping the discussed hierarchy and considering the functions that
we already know on W), it again becomes a sequence of ODEs, which together with the initial
conditions on I can be integrated on Wy. Thus, we know 3X X |y, and the induction step is
completed.

The procedure just stated shows that we know 9% X Wo for all k. Expanding these functions
around ¢ = {u = 0, v = 0, w = 0} gives

3,’:’3”8”X|q Vm,n,p,

vw

and the procedure gives a unique sequence of expansion coefficients for all the functions in X.

Lemma 4.1. The procedure described above determines at the point O = (u = 0,v =
0, w = 0) from the data ¢* given on Wy according to (19) a unique sequence of expansion
coefficients

"L X (0), mon,p=0,1,2,...,

where X stands for any of the functions & ag, [agcp, ¢%, oy

12
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If the corresponding Taylor series are absolutely convergent in some neighbourhood Q of
O, they define a solution to the equation oy, = 0, to the 0,-equations and to the 9,,-equations

on Q.

By lemma 3.1 we know that all spinor-valued functions should have a specific v-finite
expansion type. The following lemma, whose proof is quite similar to the proof in [4], is
important for handling the estimates in the following section.

Lemma 4.2. [f the data ¢* are given on Wy as in (19) the formal expansions of the fields
obtained in lemma 4.1 correspond to the ones of functions of v-finite expansion types given by

ko, = —A — B, ke, =3—A— B, AB =01, 11,
kiy,, =2—A—B,  ky,,=1—-A-B,  AB=0,1,
ko =0, ks, =2 — A — B, A, B=0,1.

5. Convergence of the formal expansion

In the previous section we have seen how to calculate a formal expansion for & 4, [ e,
@%, ¢4y given ¢%|w,, or, what is the same, given the null data. From lemma 2.2 we know
which are the necessary conditions on the null data in order to have analytic solutions of the
conformal field equations. In this section we show that those conditions are also sufficient for
the formal expansion determined in the previous section to be absolutely convergent.

We consider the abstract null data as given by n sequences

D = {‘ﬁgl&v MszAlB.v Il/XzB}AszAlBI’ s }

of totally symmetric spinors satisfying the reality condition (8) and we construct ¢*|y, by
setting in the expansions (19)

DB, - Dap®“ (@) = V5 5. a5 m > 0.

Observing lemma 2.2 one finds as a necessary condition for the functions ¢* on W to determine
an analytic solution to the conformal static vacuum field equations that its non-vanishing Taylor
coefficients at the point O satisfy estimates of the form

2m M
97109 (0)] < (n )m!n!ﬁ, m >0, 0<n<2m. (20)
These conditions are also sufficient for ¢*(u, v) to be holomorphic functions on Wy. So the
null data give rise to n analytic functions ¢* on Wj.

From oy, = 0 we have ¢g, = 0,¢%, so having ¢*|w, we have ¢8‘0|W0, which is also an
analytic function on W,

Following lemma 6.1 in [4], we can derive from (20) slightly different type of estimates
for ¢ (u, v) which are more convenient in our case.

Lemma 5.1. Let e be the Euler number. For given pge in R, such that 0 < pge < e, there
exist positive constants cge«, rg« so that (20) imply estimates of the form

"ol ot pl
rgam!pgan!

—_— m > 0, 0<n<2m. (21)
(m+1)2%(n+1)2

[31916%(0)] < cye

We present our estimates.

13
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Lemma 5.2. Assume ¢% = ¢“(u, v) are holomorphic functions defined on some open
neighbourhood U of O = {u = 0, v =0, w = 0} in Wy = {w = 0} which have expansions of
the form

oo 2m

¢ (u,v) =) Y Y U
m=0 n=0
so that its Taylor coefficients at the point O satisfy estimates of the type (21) with some
positive constants Cge, rge and pge < % Then there exist positive constants r, p, Cga ,p,
Cppen Co, SO that the expansion coefficients determined from ¢* in lemma 4.1 satisfy for

m,n,p=0,1,2,...
r" P (m + p)lpn!

83" 3P X (0)] < ,
1900, X (O S ex G D2 7 102

(22)

where X stands for any of the functions é* sp, fABCD, @, ¢4y and

9ecsp = Al ugep — -1, e = 45y = 0.

Remark. Taking into account the v-finite expansion types of the functions X obtained in
lemma 4.2, we can replace the right-hand sides in the estimates above by zero if n is large
enough relative to m. This will not be pointed out at each step and for convenience the
estimates will be written as above.

We take the following four lemmas from [4]. The first states the necessary part of the
estimates, and the other three are needed in order to manipulate the estimates in the proof of
lemma 5.2.

Lemma 5.3. If g is a holomorphic function near O, then there exist positive constants c, ry,
po such that

r'"™P(m+ p)lp"n!
m+1D2m+1D)2(p+1)2°
foranyr > ry, p = po. If in addition g(0, v, 0) = 0, the constants can be chosen such that

|0 a102g(0)| < ¢

w

m,n,p=0,1,2,...

PP p)lp'n!
m+1D2m+1D2(p+1)2°

|0 a102g(0)| < ¢

b m,n,p=0,1,2,...
foranyr = ry, p = po.

Lemma 5.4. Forany non-negative integer n there is a positive constant C, C > 1, independent
of n so that

" 1 1
> <o
—k+ D2 —k+1)? (n+1)?2

In the following, C will always denote the constant above.

LemmaS5.5. Foranyintegersm, n, k, j, withO <k <m,and0 < j<nresp. 0 < j<n—1
holds
m\ (n < m+n m\ (n—1 < m+n
S . resp. . S ]
k j k+j P k Jj k+j

14
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Lemma 5.6. Let m, n, p be non-negative integers and g, i = 1, ..., N, be smooth complex
valued functions of u, v, w on some neighbourhood U of O whose derivatives satisfy on U
(resp. at a given point q € U) estimates of the form
rIt (G 1) pFk!
G+ D2k+ D21 +1)2
for0 < j<m0< k< n 01 < p, with some positive constants c;, r, p and some fixed
integers q; (independent of j, k, ). Then one has on U (resp. at q) the estimates
FIEPHGIF AN (m + p)',O"n'
Nm+ D2+ D2(p+ 12

] 0%0! gi(0)| < ¢

|01 aral (g1 - ... g (O] < C¥V ey e (23)

vw

Remark. This lemma remains true if m, n, p are replaced in (23) by integers m’, n’, p’ with
0<m <m,0<n <n, 0 p <p.

The factor C3*¥~D in (23) can be replaced by CG~WV=D if s of the integers m, n, p
vanish.

From now on we consider that a function in a modulus sign is evaluated at the origin O.

Proof of lemma 5.2. The proof is by induction, following the inductive procedure which led
to lemma 4.1. A general outline is as follows. We start leaving the choice of the constants r,
p, cropen (except for cge and cgeo, which are determined by the data). We use the induction
hypothesis and the equations that lead to lemma 4.1 to derive estimates for the derivatives of
the next order. These estimates are of the form

P (m + p)lpn!
m+1)2m+1)2(p+ 12 %

with certain constants Ay which depend on m, n, p and the constants cx, r and p. Sometimes
superscripts will indicate to which order of differentiability particular constants Ay refer. In
the way we will have to make assumptions on r to proceed with the induction step. We shall
collect these conditions and the constants Ay, or estimates for them, and at the end it will be
shown that the constants cx, r and p can be adjusted so that all conditions are satisfied and
Ay < 1. This will complete the induction proof.

In order not to write long formulae that do not add to the understanding of the procedure,
we state here some properties that are used to simplify the estimates.

o1y a0 X < ex 24

e During the procedure we need estimates on the derivatives of the functions f, f*, F¢
and F*, which are analytic functions of the fields ¢* and ¢%,. The functions are also
scalars if we consider them as functions on the manifold through their dependence on the
fields. This and the Cauchy estimates for derivatives of analytic functions allow us to get
the following result. Let us denote by g any of the functions f, f%, F% and F*f. If, for
r>r,0<j <m0<k<n0<I<p,

G+ D)ok k!

G+ D2k + 121+ 1%’

G+ D) k!
%G+ D2+ D21 + 1)2

then there exists positive constants c,, Ry = rg such that for R > Ry

8] 850! ¢%| < cpo

u-v-w

|8j3k31 ¢XB| S¢

u-v-w

R™P(m + p)!p"n!
C .
Sm+1D2n+1D2(p +1)2

|oyang <

w

(25)
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Using this for calculating the estimates leads to terms with the factor §. We can then fix
R by making R = Ry and add to the requirements for r that r 2> R,. We have then

R
— < 1. (26)
’

e After calculating the estimates and using (25) and (26) we find that all the A’s satisfy

inequalities of the form

A

&
A<La+ —,
r

where «, & are constants that do not depend on r. If & = 0 then we have to show that we
can make o < 1. If the @’s are not zero we can take a constant @, 0 < a < 1, and require
that @ < a and then choose r large enough such that % < 1 — a. In the estimates that
follow, we shall not write the explicit expressions for the &’s, as they do not play any role
if we are able to make r big enough at the end of the procedure.

As the ¢*’s are analytic functions of # and v on Wy, also the ¢,’s are. Then there exist positive
constants 0 < pge, pgz, < 5 and Cge, g, Fge, rge such that

Tgam!pgan!
(m+1)2(n+1)2

m 1 p" !
. g M Pge 11!
P (m + 1)2(n+1)2

As the inequalities do not change if the constants are changed for bigger constants, we choose
(but leaving the precise value open)

|0 979" | < cge

2

EACHEZA IS

r > max {re, rog, b, p = max {pge, pgg, |
then
mmlo™n!
0 r'"mlp"n!
0| < o G T T
r"m!p"n!

mana0 ja
Using how the frame fields and the coordinates were constructed,
éaAB}UO =0= |838385é“AB‘ =0,
fABCD‘UO =0= }83338£fABCD| =0.

From the required spinorial behaviour we have

¢gl = %av(p(o)t()v ¢?l = avd’(o)[]’ on UOa
then
1 1 p™lm+1)! p'n! —0. p
0qnq0 _ | qn+l - — m=0, p=0
|au8v aw('bgl| = 2‘81) ¢30| < 264’30 (n +2)2 = Co (n+1)2 ) ’
where

m=0, p=0 — lclﬁgg 0 (n + 1)3 lclﬁgo 0
%% 2ege (n+2)2 T 24

as kgg, = 1 and then n = 0, 1. Now that we have this inequality, and in the same way, we get

m=0,p=0 < l%
¢?l = 4 C¢?] :
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Now we have estimates for 3°9"9° X, with n € Ny. We assume as inductive hypothesis that

we have estimates for a; ay BS,X ,with 0 < I <m—1,n € Nyg. We already have those
estimates for ¢* and ¢g,. We use the 9,-equations to get estimates for 379”90 X for the rest
of the unknowns. The estimates obtained in this step are less restrictive than the estimates for
general p, so we skip their enumeration and go on to the next step.

We assume that we have estimates for 9, agafux, with0 < I < p—1,m e Ny, n e N,
and use the system of equations and the properties stated on the lemmas of this section to get
estimates for 99705 X .

Using the d,,-equations we get

~p>1

o

>1 3
Agu <4C Cply, +

Using the equation D195, = Doo¢f;, which follows from o, = 0 and o, =0,

Ap>1

o o
p=>1 4 3 P60
b0 S C o (C‘f"ﬁ +C celll%go) + ,

00

For m = 0 and p > 1 it is not possible to use the J,-equations to get estimates, so it is
necessary to use the spinorial behaviour to get, as before,
1 cg

Am:O < =

1o
oo S 2C¢gl

, AT=0 <
g T ey

Now we use the d,-equations, obtaining

&m>l &m>]
Am21 < el Am}l < Cfoi00 22
élOl ~ ’ ézUl X ’
r 2cp r
01
Am>1 Am>1
(078 Cp (078
m>1 2 m>1 1100 2%y
Aél/ < 5 Aé2/ g - )
1 r 1 Ce2,, r
am>1 Aam>1
3 Qs arz
Am21 < ¢ CFeCog, + o100 Am21 < c CFeCyp, + Toio1
Foro A ’ NI - ’
2CF0100 r 2Clﬂomu r
Am>1 Am>1
3 oz 3 a.”~
m2>1 < ¢ CFeCop + Loinn m=1 < ¢ CreCos + 100
Fon = Qe r INTT I Ccn r
Lo T'1100
am>1 Am>1
3 &z 3 3. "z
mz=1 ¢ CreCop, Iii01 m=1 c ('0+C cflOl)cFac‘ﬁ?] i
ﬁ < + ) A["w < + )
1101 - 111 -
Sl r i r
am>1 Aam>1
3 am/ C3 [V
m>=1 p+C Celor )Cog [ m>1 P+ C7Cen, )Co i
Axpgl/ < ( ) o, Yo A ?l/ < ( ) o, %
C¢gl r CQ’?] r

We take a constant a, 0 < a < 1, whose precise value will be fixed later. We see that if we
can make r arbitrarily large, then all the A’s are less or equal to 1 if the following inequalities
are satisfied:
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cp Cp C cracye
o100 <a, 100 <a, P50 <a,.
2c4,, Cy, 2¢p,00
C cpacye C cpacys C cpacys o
k) k) X )
2Cﬁ0[01 2Cf‘Ol]l Cﬁ]lUO
C3Cpacye C3(p + C3¢cp VCpacy: 4(cge + C3cp cye
% <a, (p 901) P <a, (¢’11 e 4’00) <a,
cf‘l]()] cﬁl]]l C(PSO
3 3
(0 +Cicay )y, (0 + Cleay, ey
01 00 < a, 01 01 < a
o oty
We define
= <1
pP= maX{pw, ,0¢>go} S
and
1
a=(32p%3 < 1.
Considering the last two inequalities, we define
S _ P o 2pes, o 2Pk
Cel01 = CS, C%] = —a , ¢ = —a .
With the previous definitions and
4p?
Cen = /3,2

the third to last inequality is satisfied. The rest of the inequalities are satisfied by defining

C3CFa C¢go C3C1:oz C¢gl CSCpa CQ’?]
Cﬁ01oo = 2 ’ Cﬁ0101 = ’ Cfolll = ’
a 2a 2a
3 3 3 3
. C CF“Cqbgl . C CFaCep, . C (p+C célm)cmc,ﬁl
CfllUO = ’ Cf‘ll()l = ’ CIA‘lll] = ’
a a a
— Cf‘OlOO — Cf‘ll(l()
Ce2y = , Ce2 = .
2a a
Now we can take r big enough so that all the A’s are less or equal than 1. |

The following lemma states the convergence result. The proof follows as the one given
in [4].

Lemma 5.7. The estimates (22) for the derivatives of the functions X and the expansion
types given in lemma 4.2 imply that the associated Taylor series are absolutely convergent in
the domain |v| < %, lu] + |lw| < "‘r—z,for any real number a, 0 < a < 1. It follows that the
formal expansions determined in lemma 4.1 define indeed a (unique) holomorphic solution to
the 0,-equations, the 9,,-equations and the oy, = 0 equations, which induces the data ¢* on

W.

6. The complete set of equations on N

We have seen in section 4 how to calculate a formal expansion for our fields using a subset
of the field equations. In the previous section, we have shown that these formal expansions
are convergent in a neighbourhood of ¢. In this section we shall show that these fields satisfy
the complete system of field equations. First, we prove that the field equations are satisfied in
the limit as u — 0. Second, we derive a subsidiary system of equations, for which the first
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result provides the initial conditions, and which allows us to prove that the complete system
is satisfied.

Lemma 6.1. The functions é* ap, Casen, @%, @4 whose expansion coefficients are
determined by lemma 4.1, with expansions that converge on an open neighbourhood of the
point O, neighbourhood that we assume to coincide with N, satisfy the complete set of field
equations on the set Uy in the sense that the fields tag °° gr, Ragcper, o4p X4p calculated
from these functions on N\Uy have vanishing limit as u — 0.

Proof. Taking into account that the equations used to calculate the expansion coefficients
are already satisfied, it is left to show that 7o; % |} = 0, Rapo111 = 0, 08; = 0 and §, = 0
in the limit # — 0. From the definition (see [4] for details) and using the way in which the
coordinates and the frame field were constructed,

lim £, AB 1n=0.
u—0

Using the definitions of Ragcper, F'ABcDEF: tAB €D . and the way in which the coordinates and
the frame field were constructed, we have near u = 0

1 o “ 0, 0.0 2, A2 o
Rypoin = o™ 0 lap — 2l 1a€p) + €465 i~ e 11 + 40111

1 .1,
-5 [F“DAB¢>‘1"1 R (f - 6f>] +0u).

Taking the limit # — 0 and using on U the d,-equations, the d,,-equation and the spinorial
behaviour of the quantities involved, we get

51_1)% Rupor11 = 0.
Using that ¢, = 19, in Up and ¢, = 3,9 as o = 0,
z}i—rf%)agl = (%81481)45& - ¢gl)|u:0 =0.

Now, as 0| _, =0, Z4,| (— ¢4 +1tac *C g Dgr¢®)|,_,» which imply

u=0 =
. o

lim X4, = 0.

u—0

This concludes the proof showing that the complete system of field equations are satisfied in
the limit as u — 0. O

Lemma6.2. The functions é® s, f‘ABCD, @%, Pip, corresponding to the expansions determined
in lemma 4.1, satisfy the complete set of field equations on the set N.

Proof. We have seen that the field equations are satisfied in the limit u — 0; we proceed to
deduce a system of equations that those quantities satisfy.
Following the proof of lemma 5.5 in [4] we find that

1 N
<3u + ;) to1 *8 11 = 200100t01 *% 11 + 2R 011160 2. (27)

Also following the proof of lemma 5.5 in [4] we get in our case that

1 N 1
<3u + ;) Rupor11 = 20100 Rapo111 — (SABOO - EREA lep 1) to1 "' 11

1 F 1
+§ D SABEF_EDABR . (28)
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Let us consider the coupled system of PDEs (27) and (28), with the initial conditions already
derived. Taking first (27) with AB = 11 we see that 75; '';; = 0. Now (27) with
AB = 01 and (28) with AB = 00 show that #5; °' ;; = 0 and Rogo111 = O if and only
if DEFSpopr — DR = 0. If DEFSy1pr — Do R = 0, equation (28) with AB = 01
implies Roio;1 = 0, and then (27) with AB = 00 implies that fp; ®°;; = 0. Finally, if
D*FSy1gp — ¢ D11 R = 0 then (28) with AB = 11 implies Ryjo111 = 0.

In the equations Rappopr = 0, which were used to calculate the unknowns as part of
the d,-equations, the quantities Spoo0, So001> Soo11> So111 and R are equal to the corresponding
components of the trace-free part of the Ricci spinor and the Ricci scalar. Then the equations
DEF Soorr — éDooR = 0and DEF Sy 1pp — éDOl R = 0 are automatically satisfied, as they only
include So000, Sooo1> Soo11, Sor11 and R, and if these quantities are replaced for their expression
in terms of the field frame coefficients and the connection coefficients, then the two equations
are the components of the contracted Bianchi identity. The equation that is not automatically

satisfied is DEF Sy gp — %D”R = 0, as it includes S;;1;, which has not been used as part of
the procedure to calculate the unknowns. So we need to include
DEFS]]EF_éDllRZO (29)

as requirement for the complete system of field equations to be satisfied. So we have that if
and only if (29) is satisfied then

EF
tap”" cp =0, Rupcper = 0.

From now on we assume (29) to be satisfied and analyse the implications in the following
section.
From the definition of o7,

Dagolp — Deposy = —tap™ cpDprd® + esc XS p + €ap &g,
and then
(au + 5) o8 = 2010008, s
which together with the initial condition for u = 0 gives oy = 0, and together with the
quantities that are already known to be zero from the 9,-equations gives
o4 =0.
The last equation implies that
45 = =TG4 +1ac "0 pDerg®,
using the 9,-equations and what has already been deduced,
21 =0.
So the full system of field equations is satisfied. |

7. Conditions on f, f&, F, F°8

We need to consider now the requirement (29). If we write it in full using the field equations,
it takes the form

J*4% D11 Dapd™ + K*D11gp* =0, (30)
where J%48 is the spinor version of

1 af 1, off +<8F"‘
)

+-F
P

S = 25 T2 3(Duge

+ F“Fﬁ> D¢P (31)
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and
19 1 9% 1 ,0FF
ko= L9 + fFY+ Lppdf” _ —fP—— 4 fPFP
2 9¢” 20 ¢pr 27 9o
aF*F  19FFY
+ - = + FFP) D,¢? D" . (32)
dpr 2 dg”
As

DapDcpd® = DapDcpyd® + % f* hapcp,
we can write (30) in the following form:
JsoD1Di1yg® — 24§ D1 D11y¢® + J7y (3. f* + Do D11y¢®) + K*Dy19* = 0.

If we now evaluate this expression at the origin, all the quantities involved depend only on the
freeinitial data. Thatis, Jg5, K* and f“ are functions of ¢|o and Dsp¢*|o. As Dap Dcpyd*lo
are also part of the free initial data, in order for the equality to be satisfied for all initial data
we need that

Jig=0. (33)
So from (30) we are left with
K*D11¢% = 0.

Again evaluating this expression at the origin, as K is a scalar function, and considering that
the equality should be satisfied for all orthonormal frames at the origin, we also need that

K% =0. (34)

Conditions (33) and (34) imply that the contracted Bianchi identity needs to be satisfied by
both sides of (2) from the beginning.
Let us consider (33). F* does not depend on D,¢%, and then the condition using the
expression (31) can be written as
a aF*
———(f—FPfPy=2( — + F*FP | D¢".
I(Da9%) apP
This equation can only be integrated if
AF*  9FP
s (35)
dgh ¥

and then

f—FYf = (W + F“Fﬂ) D,¢*D"¢P + G(¢")
ad)ﬂ a E)

where G(¢7) is a free function of ¢¥. We can consider this equation as an expression for f
in terms of the other functions, having

oF*
f=F*f"+ <a¢ﬁ + F“Fﬂ> D.¢*D 9P + G(¢p7).
If we put this into (34) using expression (32) we get

10G oFP 1 3%°F aFP
- —GF*+ fP | — —F*FF —FP )+ (= — F
2 d¢p” Ao 2 0¢p*dpP dpY

AFY  3dF* 19FFr
- += — F*FPFY — F*F" | D“¢* D,¢" = 0.
e dpr 2 g~

+ FP
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This can be written in the following form:

G f# = G* + G D*¢* D¢, (36)
where
193G
G*=—= + F°G,
2 9
FP
G = — F*FF — F*,
A
1 3%FY dFP AFY 9F* 19FFPr
G = —— + F© —FF + - = + FYFPFY + FPFY.
2 92 9P AP Ape Y 2 9P

If det(G*?) # 0 then
P =(G"™) " (G" + G*** D“¢* D).

Equation (35) means that the form corresponding to F** is closed, and therefore there exists a
function F(¢?) such that F* = 2L

g *
So we are left with the possibility of choosing %(n2 + n +4) free functions of the fields
¢V, namely G, F, F @ Once we have these functions, we calculate F* = ;Tf;, and if

det(G*P) # 0 we calculate f¢. If det(G*?) = 0 then some of the f¢’s are free functions, and
we have conditions on the rhs of (36).

8. Analyticity at ¢

The last needed step is to show that the holomorphic solution of lemma 5.7 can be extended
as to cover a full neighbourhood of the point ¢. This is not obvious from our construction as
our gauge is singular. The proof that we can indeed get a holomorphic solution in a whole
neighbourhood of ¢ is in all similar to the respective proofs in [1, 4]; therefore, here we only
explain the steps of the proof.

The first step is to show that the obtained solution can be expressed in terms of the
normal coordinates x“ and the frame field c4p based on the frame csp at g. This can be
done by showing that for small |x¢| the coordinate transformation x¢ — z%(x¢), where
defined, is nondegenerate. This means that all the tensor fields entering the field equations
can be expressed in terms of the normal coordinates x“ and the normal frame field c4p. The
coordinates x? which cover a domain U in C> on which the frame vector fields cag = ¢ Apdya
exist, are linearly independent and holomorphic. Also in U the other tensor fields expressed
in terms of the x“ and c4p are holomorphic. However, by the singularity of our gauge, U
does not contain the hypersurface x! +ix? = 0 but the boundary of U becomes tangent to this
hypersurface at x¢ = 0.

The second step is to note that the construction of the submanifold N was done based on
the frame c4p at g. Starting with a different frame ¢4p at ¢ all the previous constructions and
derivations can be repeated if the estimates for the null data in the c4p-gauge can be translated
into the same type of estimates for the null data in the ¢45-gauge. Indeed, the estimates do
translate into each other, and hence all the statements made about the solution in the c45-gauge
apply to the solution in the ¢45-gauge, in particular statements about domains of convergence.

Now, the solution in the ¢4p-gauge can be expressed in terms of normal coordinates X¢
based on the frame 43 at g, which cover a domain U in C3. Again U does not contain the
hypersurface %' + i¥?> = 0 but the boundary of U becomes tangent to this hypersurface at
X =0.
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By the uniqueness statements made so far, the solution in the ¢45-gauge and in normal
coordinates ¥¢ is related to the solution in the c4p-gauge and in normal coordinates x¢, on
the domain U N U, by the rotation that takes ¢4p to cap, corresponding to the rotation of
normal coordinates. We can extend this as a coordinate and frame transformation to the
solution obtained in the ¢4p5-gauge to express all fields in terms of x“ and cyg. Then the
solution obtained in the c4p-gauge and the solution in the &45-gauge are genuine holomorphic
extensions of each other, as one covers the singular generator of the other one away from the
origin in a regular way.

Therefore, the set U can be extended in such a way as to contain a punctured neighbourhood
of the origin in which the solution is holomorphic in the normal coordinates x¢ and the normal
frame c4p. Then the solution is in fact holomorphic on a full neighbourhood of the origin
x% = 0, which represents the point g, as holomorphic functions in more than one dimension
cannot have isolated singularities.

By lemma 2.1 we have from null data satisfying the reality conditions a formal expansion
of the solution with expansion coefficients satisfying the reality conditions. By the various
uniqueness statements obtained in the lemmas, this expansion must coincide with the expansion
in normal coordinates of the solution obtained above. This implies the existence of a three-
dimensional real slice on which the tensor fields satisfy the reality conditions. It is obtained by
requiring the coordinates x“ to assume values in R3. This completes the proof of theorem 1.1.

9. Conclusions

We have seen how to determine a formal expansion of the solution to certain types of elliptic
systems of equations at a given point using a minimal set of freely specifiable data, the null
data. We have also obtained necessary and sufficient conditions on the null data for the formal
expansion to be absolutely convergent, thus showing that the null data characterize all possible
solutions in a neighbourhood of the given point.

The system of equations is general enough as to include as particular cases stationary
Einstein—-Maxwell fields, static Einstein—-Maxwell-dilaton fields and harmonic maps coupled
to gravity whose base space is three dimensional or where the spacetime is stationary.

One interesting outcome of the analysis is the conditions that the functions of the fields
that enter the field equations need to satisfy for the existence of solutions. These conditions
can be read as that the contracted Bianchi identity needs to be fulfilled by the system of
equations. This seems to indicate that only geometrically well-behaved systems of equations
allow for general data and solutions. It could be interesting to analyse if this forces the system
of equations to be the Euler-Lagrange equations for some Lagrangian. Along the same line, it
would also be interesting to analyse whether the considered system of equations can generally
arise from a dimensional reduction. This would be the case for example if one starts with a
four-dimensional stationary spacetime or in Kaluza—Klein-type theories.
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