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Abstract We discuss universal properties of axisymmetric and stationary configu-
rations consisting of a central black hole and surrounding matter in Einstein–Maxwell
theory. In particular, we find that certain physical equations and inequalities (involv-
ing angular momentum, electric charge and horizon area) are not restricted to the
Kerr–Newman solution but can be generalized to the situation where the black hole is
distorted by an arbitrary axisymmetric and stationary surrounding matter distribution.

Keywords Black holes · Einstein–Maxwell spacetimes

1 Introduction

One of the most important exact solutions in General Relativity is the Kerr metric
describing the spacetime around axisymmetric and stationary black holes in vacuum.
This solution is particularly interesting because it is generally expected that it will be
approached asymptotically by any collapsing matter distribution—provided that all
the matter finally falls into the black hole. It is, however, conceivable that for a long
time period a substantial portion of the matter distribution moves around the black
hole in a quasi-stationary state. Such a configuration can be approximated well by an
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equilibrium system consisting of a central black hole and surrounding matter, e.g., a
fluid ring or disk (describing a black hole with an accretion disk or a galaxy with a
central black hole).

Little is known about how such surrounding matter influences the central black
hole. In this essay we discuss several universal properties that black holes possess
independent of the nature of their environment. Our investigations apply to the more
general case in which additional electromagnetic fields are considered, i.e. we study
“distorted Kerr–Newman black holes” within Einstein–Maxwell theory.

We point out that for stellar black holes it is not expected that surrounding mat-
ter contributes more then a few percent to the total mass of the system. Hence, for
such configurations the influence of the matter on the black hole should be small or
even negligible. On the other hand, for a galactic black hole the surrounding matter
(the galaxy) contributes the main part of the mass and dominates the behaviour of
the spacetime in larger distances. However, in a vicinity of a galactic black hole, it is
expected that the deviation of the spacetime geometry from a Kerr metric is again very
small. But even though astrophysically relevant black holes might typically be close
to the Kerr solution, the following universal properties are of fundamental theoreti-
cal interest since they provide exact relations (equations and inequalities) which are
completely independent of the amount and type of matter surrounding a black hole.

2 A universal inequality for sub-extremal black holes

It is well-known that the three-parameter Kerr–Newman family of solutions describes
single rotating, electrically charged, axisymmetric and stationary black holes in elec-
trovacuum. For the parameters one can choose, e.g., the mass M, the angular momen-
tum J, and the electric charge Q of the black hole.1 For a solitary black hole, which is
characterized by the existence of an event horizon, the relation

(
J

M

)2

+ Q2 ≤ M2 (1)

must be satisfied. Equivalently, expressing M through J, Q, and the area A of the event
horizon, we find that the three parameters J, Q, and A have to obey

(8π J )2 + (4π Q2)2 ≤ A2. (2)

Now, a Kerr–Newman black hole with equality in (1) [or (2)] is called extremal,
otherwise sub-extremal.

A different definition of sub-extremality of black holes refers to the existence of
trapped surfaces in every sufficiently small interior neighborhood of their event hori-
zons [5]. In the Kerr–Newman family, both notions of sub-extremality turn out to be
equivalent. However, the concept of trapped surfaces is more general and applies to

1 In the special case of the Kerr–Newman metric, these quantities can be read off from the asymptotic
behavior of the metric coefficients.
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arbitrary axisymmetric and stationary black holes. Hence it is appropriate to use the
corresponding definition of sub-extremality, and we will do so in the following.

In [8,10], we have investigated such sub-extremal stationary and axisymmetric
black holes surrounded by matter in full Einstein–Maxwell theory and found that
inequality (2) strictly holds:

(8π J )2 + (4π Q2)2 < A2. (3)

Through this result we generalize the link between the two notions of sub-extremality
to the realm of distorted black holes, i.e. we establish a universal relation between the
geometric concept of existence of trapped surfaces and the inequality to be obeyed by
the physical black hole parameters J, Q, and A.2

For the proof of (3) for sub-extremal distorted black holes it suffices to study the
Einstein-Maxwell equations in an electrovacuum vicinity of the event horizon. Using
these equations, it is possible to reformulate (3) in terms of a variational problem: An
appropriate functional depending on the horizon values of three metric and electro-
magnetic potentials must always be greater than or equal to 1. As shown in [8,10], this
variational problem can be analyzed with methods from the calculus of variations.

A fascinating application of (3) is the solution of an old problem in General Rela-
tivity, the balance problem for two black holes: Is it possible that two aligned axisym-
metric and stationary black holes are in equilibrium, i.e. can the spin-spin repulsion
of two rotating black holes compensate their gravitational attraction? The application
of a particular soliton method (the inverse scattering method),3 provides a proof of
the non-existence of such equilibrium situations, showing that at least one of the two
black holes in this ensemble would violate inequality (3), cf. [14].

3 The interior of the black hole

Having discussed universal properties on a black hole’s event horizon, we will now
direct our attention to its interior. Again, we were able to generalize a well-known
feature of Kerr–Newman solutions, namely the existence of a second horizon inside
the black hole—the inner Cauchy horizon—which is defined as the future boundary
of the domain of dependence of the event horizon. Since predictability breaks down
beyond the Cauchy horizon, its stability is an important issue. Based on an argument
by Penrose [15], it was assumed that generic perturbations grow infinitely near the
Cauchy horizon. However, for purely axisymmetric and stationary (arbitrarily large)
perturbations, i.e. for our situation of a central black hole with surrounding matter, a

2 Note that these quantities can be determined locally on the event horizon. We further remark that the
definition of J (in contrast to that of Q and A) involves a choice: The total angular momentum of the space-
time is composed of matter, electromagnetic field, and black hole contributions. While clearly the matter
part should be excluded from the definition of J, both a Komar integral and an appropriate electromagnetic
event horizon integral is taken into account for our notion of the black hole’s local angular momentum
(cf. [2] for a more thorough discussion).
3 Soliton methods are based on the existence of a linear matrix problem which is equivalent to the nonlin-
ear field equations via its integrability condition [12]. (See [13] for a sophisticated introduction to soliton
methods in General Relativity.)
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regular inner Cauchy horizon can be shown to exist provided the angular momentum J
and the charge Q of the black hole do not vanish simultaneously. Moreover, the region
between event horizon and Cauchy horizon is then completely regular.4 In contrast,
the Cauchy horizon becomes singular and approaches a scalar curvature singularity in
the limit J → 0, Q → 0 (precisely as in the transition from a Kerr–Newmann black
hole to a Schwarzschild black hole).

Remarkably, if the inner Cauchy horizon exists (i.e. if J and Q do not vanish simul-
taneously), then the area ACH of the Cauchy horizon and the event horizon area A are
related via

(8π J )2 + (4π Q2)2 = ACH A. (4)

Note that the left hand side of (4) is the same as in (3).
The proof of these statements [3,4,9] utilizes again soliton methods. From an anal-

ysis of the linear matrix problem (see footnote 3) on a closed path (along the event
horizon, the Cauchy horizon and the two parts of the symmetry axis, which connect
both horizons), it is possible to deduce the existence of a Cauchy horizon. Moreover,
explicit formulas for the metric and electromagnetic potentials on the Cauchy horizon
emerge, and these are used to show (4). The second essential ingredient of the proof
is a theorem by Chruściel [7].

Finally, we note that the interior spacetime region of axisymmetric and stationary
black holes is closely related to Gowdy spacetimes (cosmological models with two
spacelike Killing fields), making the above statements applicable in this cosmological
context as well. They also imply the analogous existence and regularity statements for
Cauchy horizons [11].

4 Configurations with degenerate black holes

In the degenerate limit of converging Cauchy and event horizons (expressed by van-
ishing surface gravity κ), we obtain equality in Eq. (2), cf. [2]:

(8π J )2 + (4π Q2)2 = A2. (5)

Consistently, Eq. (5) also follows from Eq. (4) as the areas A and ACH coincide in the
degenerate limit.

As a consequence of (5), the characterizing relation

(
J

M

)2

+ Q2 = M2
CR (6)

of the extremal Kerr–Newman solution continues to hold in presence of surround-
ing matter—in accordance with the fact that Kerr–Newman black holes are
degenerate precisely if they are extremal. (In this general situation, MCR denotes the

4 A particular exact solution for the interior black hole region is discussed in [1].
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Christodoulou-Ruffini mass [6] of the black hole which agrees with the ADM mass
in the Kerr–Newman setting.)

5 Discussion

We have demonstrated that the following statements about the Kerr–Newman black
hole are more generally valid for any axisymmetric and stationary black hole with
surrounding matter in Einstein–Maxwell theory:

• Physically relevant black holes are expected to be sub-extremal, where sub-
extremality is defined by the existence of trapped surfaces in every sufficiently
small interior neighborhood of the event horizon. Angular momentum J and elec-
tric charge Q of a sub-extremal black hole are bounded in terms of its horizon area
A: (8π J )2 + (4π Q2)2 < A2.

• The black hole possesses a second horizon—an inner Cauchy horizon—if and only
if J and Q do not vanish simultaneously. The Cauchy horizon is regular whenever
it exists.

• The spacetime region between event horizon and Cauchy horizon is completely
regular.

• The horizon areas satisfy the universal relation (8π J )2 + (4π Q2)2 = ACH A.

• The relations (8π J )2 + (4π Q2)2 = A2 and
( J

M

)2 + Q2 = M2
CR hold for degen-

erate black holes (MCR: Christodoulou–Ruffini mass). In that sense, degenerate
black holes could be named extremal.

It would be interesting to identify further universal properties of the black hole con-
figurations in question, e.g. black holes in Yang-Mills theory or in higher dimensions.
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7. Chruściel, P.T.: On space-times with U (1) × U (1) symmetric compact Cauchy surfaces. Ann. Phys.
202, 100 (1990)

123



1210 M. Ansorg et al.

8. Hennig, J., Ansorg, M., Cederbaum, C.: A universal inequality between the angular momentum and
horizon area for axisymmetric and stationary black holes with surrounding matter. Class. Quantum
Grav. 25, 162002 (2008)

9. Hennig, J., Ansorg, M.: The inner Cauchy horizon of axisymmetric and stationary black holes with
surrounding matter in Einstein–Maxwell theory: study in terms of soliton methods. Ann. Henri
Poincaré 10, 1075 (2009)

10. Hennig, J., Cederbaum, C., Ansorg, M.: A universal inequality for axisymmetric and stationary black
holes with surrounding matter in the Einstein–Maxwell theory. Commun. Math. Phys. 293, 449 (2010)

11. Hennig, J., Ansorg, M.: Regularity of Cauchy horizons in S2 × S1 Gowdy spacetimes. Class. Quantum
Grav. 27, 065010 (2010)

12. Neugebauer, G., Kramer, D.: Einstein–Maxwell solitons. J. Phys. A: Math. Gen. 16, 1927 (1983)
13. Neugebauer, G.: Gravitostatics and rotating bodies. In: Hall, G.S., Pulham, J.R. (eds.) Proceedings 46th

Scottish Universities Summer School in Physics (Aberdeen). Institute of Physics Publishing, London
(1996)

14. Neugebauer, G., Hennig, J.: Non-existence of stationary two-black-hole configurations. Gen. Relativ.
Gravit. 41, 2113 (2009)

15. Penrose, R.: Structure of space-time. In: de Witt, C.M., Wheeler, J.A. (eds.) Battelle Rencontres,
W.A. Benjamin, New York (1968)

123


	Universal properties of distorted Kerr--Newman  black holes
	Abstract
	1 Introduction
	2 A universal inequality for sub-extremal black holes
	3 The interior of the black hole
	4 Configurations with degenerate black holes
	5 Discussion
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


