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Abstract. Superconformal indices (SCIs) of 4d N =4 SYM theories with simple gauge
groups are described in terms of elliptic hypergeometric integrals. For Fy, Eg, E7, Eg gauge
groups this yields first examples of integrals of such type. S-duality transformation for
G, and F4 SCIs is equivalent to a change of integration variables. Equality of SCIs
for SP(2N) and SO(2N + 1) group theories is proved in several important special cases.
Reduction of SCIs to partition functions of 3d A'=2 SYM theories with one matter field
in the adjoint representation is investigated, corresponding 3d dual partners are found, and
some new related hyperbolic beta integrals are conjectured.
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1. Introduction

The problem of electric-magnetic duality for non-abelian gauge theories was raised
by Goddard et al. [1] (see also [2]). Its consideration in the context of N'=4 super-
symmetric Yang-Mills (SYM) theory in four dimensional space-time is a quite
old area of research [3]. This duality (called also S-duality) states the equiva-
lence of the theory with an “electric” gauge group G, to a similar theory with a
“magnetic” gauge group G,. Let G, be a simply laced Lie group. This means that
its Dynkin diagram contains only simple links, and therefore all roots of the corre-
sponding Lie algebra have the same length, which is true for SU(N), SO(2N), Eg,
E7, and Eg groups. Then, GY =G, and the S-duality transformation maps the
complex coupling constant t = 6/27 + 4wi/g* to —1/r. Taken together with
the symmetry transformation v — 7+ 1, the S-duality becomes equivalent to the
SL(2,7Z)-group of modular transformations

at+b
ct+d’

ad —bc=1, a,b,c,de’Z. (1)
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For the non-simply laced gauge groups, the S-duality acts as T — —1/mt, where
m is the ratio of the lengths-squared of long and short roots of the corresponding
root system. One has m =2 for SO2N + 1) and SP(2N) group theories dual to
each other [1]. For F4 and G, groups one has m =2 and m =3, respectively; cor-
responding theories were discussed in [4] from the algebraic point of view and the
S-duality transformation of their moduli spaces was described.

Here we discuss a new test of N'=4 SYM field theory dualities based on the
superconformal indices (SCIs) suggested by Kinney et al. in [5] (for the definition
of indices in A =1 theories, see [6,7]). N'=4 SYM theory has the PSU(2,2|4)
space-time symmetry group generated by J,, J,, a =1,2,3, representing SU(2)
subgroups (Lorentz rotations), P, Qi,a,ai,d (supertranslations) with £ =0, 1,2, 3,
i=1,2,3,4and a,a=1,2, K, Si,a,gi,d (special superconformal transformations),
and H (dilations) whose state eigenvalues are given by conformal dimensions [§].
As to the SU4)g R-symmetry subgroup, we mention only its commuting maxi-
mal torus generators R, Ry, R3. For a distinguished pair of supercharges, say, Q :=
Q1,1 and o :=S1.1, in appropriate normalization one has

3
k
(0.0 =r-21-23 (1-5) Re=a. @
k=1

In this case SCI is defined as the following gauge-invariant trace
I(t,y,v,w)=Tr ((—l)ft2(H+J3)y273vRZwR3e_ﬂA) , 3)

where F is the fermion number operator and ¢, y, v, w, g,, 8 are group parameters
(chemical potentials). The trace is effectively taken over the space of zero modes
of the operator A (the space of BPS states [9]), because relation (2) is preserved
by operators used in (3); the contributions from other states cancel together with
the dependence on 8. In comparison to A'=1, 2 theories, all fields of A'=4 SYM
theory lie in the adjoint representation of G, i.e. only the adjoint representation
characters enter SClIs.
The U(N)-gauge group SCI has the following matrix integral form [5]

1.y, v, w) =/[dU] exp ( > %f(t’", Yo" w™Tr(U)" Tr Um), 4
GC m=1

where [dU] is the invariant measure and f(z, y, v, w)TrUTTr U is the so-called sin-
gle-particle states index with

. Pw+1jw+w/v) =3 +1/y) —t*(w+1/v+v/w) +2°
(1=3y)1=13/y) ‘
As shown in [10] (see there the discussion following formula (5.33)), this expression

can be obtained from the superconformal group character or partition function for
N =4 theories by imposing the shortening condition for the multiplets.

f(t’y’v7w)
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The SCI technique has found many applications in supersymmetric field
theories. Romelsberger conjectured [6,7] that SCIs of the Seiberg dual A'=1 SYM
theories coincide. Dolan and Osborn explicitly confirmed this conjecture for a
number of examples [11]. It appeared that SCIs are expressed in terms of ellip-
tic hypergeometric integrals whose theory was developed earlier in [12,13] (see also
[14] for a general survey). Equality of indices in dual theories happened to be
equivalent either to exact computability of elliptic beta integrals discovered in [12]
or to nontrivial Weyl group symmetry transformations for higher order elliptic
hypergeometric functions [13,15]. In a series of papers [16—-19] we applied this tech-
nique to analyzing all previously found Seiberg dualities. We suggested also many
new such dualities on the basis of known identities for elliptic hypergeometric inte-
grals and showed that known nontrivial duality checks are satisfied for them. As
a payback to mathematics, it happened that many old dualities lead to new, still
unproven highly nontrivial relations for integrals.

This line of thoughts was further developed in beautiful papers by Gadde et al.
[20,21]. In [22], a particular one dimensional elliptic hypergeometric integral was
shown to have W(Fs) Weyl group of symmetry, which follows from the elliptic
beta integral evaluation formula [12]. It was used in [20] for confirming S-dual-
ity for V=2 SYM theory with SU(2) gauge group and four hypermultiplets and
for ensuring associativity of the operator algebra of 2d topological field theories
behind that duality. The SCI for a Eg SCFT theory was constructed in [21] from
the index of N'=2 SYM theory with G.=SU(3) and six hypermultiplets and a
new test of the Argyres—Seiberg duality was suggested.

Here we construct N'=4 SCIs for all simple gauge groups, show their S-dual-
ity invariance for G, and Fy cases, and give new mathematical arguments sup-
porting equality of SCIs for SP(2N) and SO(2N + 1) theories conjectured in [20].
All /=4 indices degenerate in a specific limit to orthogonality measures for the
Macdonald polynomials and admit thus exact evaluations. Another limit leads to
computable 3d partition functions described by the hyperbolic beta integrals.

2. Duality of SO2N +1) and SP(2N) N=4 SYM Theories

SCIs for SP(2N) and SO2N +1) N'=4 SYM theories were described in [20] and
discussed briefly in the simplest case in [17]. Here we prove equality of these SCIs
in several important limiting cases.

In all N'=4 theories the single-particle index is

3

3
(1 p)(l (Z qusk_l—lﬂ—q+2pq)xadj(z), (5)

k= k=1

where x,4j(z) is the character of the adjoint representation of the corresponding
gauge group (see the Appendix). For convenience, we have denoted

s1=t2v, szztzw_l, S3=t2wv_1, p=t3y, q=t3y_1.
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Using explicit expressions of the group invariant measures, SCIs can be written as
particular elliptic hypergeometric integrals [14]. So, SP(2N)-electric theory index
gets the following form

1
=y / Il [Tioi Dsez ' 27 pqﬁﬁfhlﬂ&q,pq)@, ©
E=XN
oy 1si<j=N re'sh g il r@?pq 27z
and for SO(2N + 1)-magnetic theory one has
1+l
o [zt Ty v po) 2 TR Ty po@) dy;
M =XN H I il H CvE iy
T ]Sl’<jSN y ; p ‘]) j=1 (y/ ) ps fI) J
(7

where |sx| <1, k=1,2,3. For |s;| > 1 the indices are defined as analytical con-
tinuations of the expressions (6) and (7). Here T denotes the unit circle with
positive orientation and we use conventions I'(a, b; p,q) :=T(a; p,q)U(b; p, q),
I(az*l; p,q):=T(az; p,q)T(az"'; p. q), where

1pitlgit!

00 1—z1p
L(z; p, )= H —

. pllgl <1,
_ i,4]
i,j=0 1 wpd

is the elliptic gamma function. The coefficient in front of the integrals is

3
(r; PN (q; DY
= = M e p9),

with (a; @)oo = [[12(1 — ag¥). The constraint Hi:lsk = pq plays the role of the
balancing condition for integrals.
The S-duality hypothesis leads thus to the conjecture Igp =1, or

/

where the kernels Ag(z,s) and Ay (y, s) are read from integrals (6) and (7). Denot-
ing p(z,y,8)=Ap(z,8)/Au(y, s), we have verified that this function represents the
so—called_totally elliptic hype?geometric term [17,23]. This is a rather rich mathe-
matical statement giving strong evidence on the validity of the stated equality of
integrals. It means that all the functions

N

Z] —/A dyj
= m(y,s) —, (®)
| = 11;[1 2miy;

TN

h@>==p(”'qu”"X’£) h@qzzp(g“..qyi”.,s)
p(z,y.8) ' p(z,y,s)

p(g,z,...qsk,...,q_lsl...)
Pz, Y, 8)

i

hy = L kI=1,2.3, k#£L,
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are elliptic functions of all their arguments z;, y;, sx, and ¢. For instance,

h,@(g,z,g;q;p)=h,@(..-pz,-...,y,g;q;p)=h§Z)(g,..-pyj-..,g;q;p)

=1 @y sk p s g D) =R @ ye L pst s P D),

where k,/=1,2, 3. This test is passed by all known integral identities, though it is
not sufficient for their validity. For further consequences of the total ellipticity and
various technical details of such computations, see [14,17,23].

Now we list various special cases when the equality /g =1y can be verified rig-
orously. For low ranks of the gauge group, it follows from the change of integra-
tion variables associated with the affine transformation of the corresponding root
system [20]. The electric SCI is obtained from the magnetic one after the substitu-
tion y=z> for N=1, and y; =z1z» and y,=z;/z, for N =2.

The limit s; — 1. Suppose that one of the parameters, say, s; goes to 1. Then
elliptic gamma functions of the integrand denominators are cancelled and no sin-
gularities appear on the integration contour. Because now s»s3 = pg, and I'(a, b;
p,q) =1 for ab= pq, the integrands are actually equal to 1. However, the factor
xn 1is divergent in this limit. As a result, we have limy, | Ig/Iy =1.

Reduction p =g =0. Consider the limit p — 0. For fixed z, the limit p — 0 and fur-
ther limit ¢ — 0 simplifies the elliptic gamma function to

1 1
=0 (@)oo g—01—2"

I'(z; p,q)

Because of the balancing condition for integrals, all parameters cannot be kept
fixed. The simplest possibility consists in fixing s; » and setting s3 = pg/sis2. Then
integral (6) reduces to

(@ Y (150 N,

1770, 5o fixed) =
£ (51,5 fixed) NN (o152 )Y

(Z?Elzjil,swzzilzil Do (Z slszz % @) dz;
X H (512525 52 L ) H(s @)oo 2z ©)
v 1si<jsN T T 828 2 s q)oo IZ j ,C]oo !
where (a, b; q)oo = (a5 ¢) o0 (b; q)oo. Integral (7) reduces to
_ (@: Y, (s152; DY
1779 , 57 fixed) = =< o
(1,82 ) 2NN (s1, 50 QN
GEE 1y g X (L, slszyjil;q)oo i o
X I1 ( F e R Vo) H( £ Yoo 2y (19
oy 1si<j=n G Y5 8237 Vi oo j $157 9257 oo 271

For ¢ =0 the integrands have only a finite number of poles and the integrals can
be evaluated by computing the residues. However, we did not find a simple way of
performing these computations for arbitrary N and have verified equality of the
resulting p=¢ =0 SCIs only for N =3.
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One can tie the limit p,g — 0 to a very natural choice of the fugacities v, w in
(3) equal to 1. After fixing sy = (pq)'/3,k=1,2,3, the limit p, g — 0 strongly sim-
plifies the integrals (set ¢ =51 =5, =0 in (9) and (10)). Then the SCIs can be eval-
uated exactly using two different special cases of the Selberg integral, description
of which we skip for brevity, yielding Ig =1y =1.

A p=0, g— 1 limit. Let us set in (9), (10) s1=¢%, s»=¢” and consider the limit
g — 1 for fixed « and B. Known asymptotic formulas
(9“2 @)oo

lim 27 (1 —p)f~,

lim (45 @)oo
a—1(qP2: ¢

1_ 1—x =F ,
q—1(q*; q)oo( 9 )

where I'(x) is the Euler gamma function, show that both integrands become equal
to 1 and the leading asymptotics for SCIs is determined by the integral prefactors

et 1 NCONE)
lew" " i=4" =" =355 ((l—q)F(a+ﬂ)

A p=0, so=0 limit. Let us set now in (9) s, =0, which yields

G
1[7 2= 0 ) OO/ H
SP(2N) — 5N N1 . N
2VN! (s1:9)5% | <icj<n

N
) (14+o(1)).

:tl :I:l N (Z:I:Z

3 9) oo 1—[ 7 @)oo de .
+1 il q)ooj I(SIZJ ’q)oo 2miz;

(11)

(slz
This integral can be evaluated exactly using the multivariable extension of the

Askey—Wilson integral (or particular g-Selberg integral serving as the orthogonal-
ity measure for Koornwinder polynomials) found in [24]

! / I (z 2 q)oo ﬁ @D dz
1_=+1.
2NN'TN 1<i<j<N (bZ:t :t q)()o] 1 Hl 1(CllZ ,q) 27T1Z]

ZU (<t; q)oo<b{v+f—2a1aza3a4; D= 7 1 ) (12)

b5 @)oo (q; @)oo (b7 Ya;ak; q)oo

I1<i<k<4

where |b|, |a;| < 1. This formula reduces to our case after the substitutions

b=s1, a1,2::|:\/s_, az 4 ==x./qs1.

The same limit applied to (10) leads to the integral
(! j:l
1P=s2=0 1 (g; Q)oo / H (@2 Do ﬂ (
SOQN+1 —,
CN+D T 2NN (513 Gk, l<izj<N (51272 il oo (slzfl;q)oo 2riz;

(13)

+1,
9o dzj

which is obtained from (12) after setting

b=s1, a; =si, a=-—1, az4==1./q.
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Corresponding computations on the right-hand side of (12) yield

N—1, 2j+l

p=s2=0 _  ;p=s=0 _ (‘151 aq)oo
5o = Koonen = 11 242 (14)

j=0 G577 Poo

Equality of indices established earlier in the limit s; = (pq)% —0,k=1,2,3,1s a
special case of relation (14) obtained after fixing s; =¢ =0.

The integrals in (14) were computed under the assumption that |s;| <1, but for
finite N we can analytically continue SCIs to arbitrary values of s; as meromor-
phic functions using the right-hand side expression. For [s1| <1, the limit N — oo
yields a ratio of double infinite products appearing in the elliptic gamma function
with p=s12. From the physical point of view this limit is relevant for testing the
AdS/CFT correspondence. In [25], it was suggested to consider the maximal angu-
lar momentum limit for indices t — 0, y— oo with 3y fixed, which corresponds to
g — 0 with fixed p. Due to the symmetry between p and ¢ this is similar to our
limit p=s,=0, but we have the additional free parameter s; absent in [25].

The hyperbolic limit. Let us study the hyperbolic limit [26,27] of elliptic hypergeo-
metric integrals (6) and (7). First we parametrize the variables as
— e2nivw1

p q 2627111)(02’ 5i= eZT[IUC\(l' Li=1,2,3,

where Z?:l o; =w| +wy (the balancing condition), and then take the limit v— 0.
To simplify the integrals we use the Ruijsenaars limit

F(eZHIFZ; e2n1rw1 , eanra)z)

— efni(sza)]7w2)/12rw1u)2y(2)(z; wl’a)z)’ (15)

r—0
where

. 2ni(U—w2) /W) . a—27iws /W]
B By 2 (us01,02) (e [ [ oo

YD w1, ) =€~ (16)

(eZNiu/wz; e2riw) /) Yoo

is the hyperbolic gamma function and Bj(u; w) is the second order Bernoulli
polynomial,

u? u u w] w1
Bop(uiw)= ———— - L L 22
wiwy w; wy 6wy 6w 2

The following conventions are used below y @ (a, b; w) :=y @ (a; w)y® (b; w) and
yPatuw)=y?@+u 0)y®@—u o).

We skip the general expressions for hyperbolic integrals arising in this limit and
present only the result appearing after taking the additional limit oy — oo (which
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mimics altogether the previously considered limit p =0, s, =0):
ico N
I 7(2)(051iuiiuj§w)HV(Z)(alizuﬁw)

h,ay—00
1 p—
W O (Fu; +u;; w) v (E2u;; )

SP2N) —

duj, (17)
_ioo 1Si<j=N

ico N
y Pl £uifuj; w) H y D (a1 +uj; o)

h,ar—00
1 =én
YD (tu; uj; o) YD (tu;; w)

SOQN+1) =
ieo 1Si<j=N

du;, (18)

where &y = y@(ar; w)N /NIQi/w1@)N and we dropped the common multiplier
exp{z(u’i ‘wz (oz% + 20105 — ai(w] + w2))(2N% + N)}. To obtain these expressions we
used the inversion relation y® (z, w; +w» —z; w) =1 and the asymptotic formulas

lim e%BM(”;‘”)y(z)(u; w)=1, for arg w) <arg u <arg wy+,
u—00
i (19)
lim e_TBsz(”;w)y(z)(u; w)=1, for arg w; —7 <arg u <arg w,.
u— 00

The following hyperbolic analog of the Selberg integral was computed in [26]
(for N=1, see [28]):

ico N

! / I Y@@ tui £uy; ) 1 [T v @i tuj;0)  du;

NN @) (4. ; @) - -

2 N.fioo 1<i<k<N Y (:tul Ztlxlk, Cl)) j=1 Y (:I:ZMJ, CU) 1 /wi1w)

. -1 .

_ﬁ V(z)(Jﬂw)Ii—[ H1§i<k§47/(2)(1T+Mi+Mk;w)
y@(r: w)

; . 7 : (20)
il oo YP(@N =2— T+ 201 i @)

where the Mellin—Barnes integration contour separates sequences of integrand
poles going to infinity. One can obtain integral (17) from (20) after the substitu-
tions

1

1 1 1
T=an, p=gar, M2=§(011+w1), H3=§((¥1+w2), H4=§(a1+w1+w2),

and integral (18) after the substitutions

1 1 1
T=ap, M1=Q], 2=z, U3= S0, M4=§(w1+w2)

2 2
and application of the duplication formula y® (2z; w) =y (z, 24+ w1 /2, 2 + w2 /2,
7+ (w1 +@n)/2; w). Direct computations show that

N-1
h,ay—00 _ yhapy—00
ISP(2N) _ISO(2N+1)_H

j=0

y@(Q2j+2)ar; w)
YO(Q2j+ Do+ o1 +o;0)

1)

Relations (14) and (21) provide the best available SCI justifications of the duality
of N'=4 SYM field theories with SP(2N) and SO(2N + 1) gauge groups.
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Discuss now a physical interpretation of integrals (17), (18) and their exact eval-
uation (21). In [29] it was shown that the hyperbolic limit of 4d A =1 SCIs leads
to partitions functions of 3d N'=2 SYM and CS theories constructed in [30-32]
following [33]. Our hyperbolic integrals describe partition functions of 3d N =2
SYM theories with SP(2N) and SO(2N + 1) gauge groups containing one chiral
superfield in the adjoint representation with the U (1)4-group hypercharge 1. First,
these 3d theories are dual to each other and, second, they share the same confin-
ing phase described by a Wess—Zumino type model with 2N chiral fields with the
U (1) g-hypercharges 2k, —2k+1, k=1,..., N, and zero R-charges, whose partition
function is given by expression (21). Taking «o| = (w; +w2)/2 in (17) and (18) one
obtains partition functions for pure 3d N'=4 SYM theories. As follows from the
exact evaluation (21), these partition functions vanish indicating thus to the spon-
taneous supersymmetry breaking [34].

As to the hyperbolic integrals obtained from SCIs for arbitrary «; and «», they
describe partition functions of 3d N'=2 SYM theories with 3 chiral superfields in
the adjoint representation. The constraint o; = (w) +w;)/2 leads to partition func-
tions of 3d N'=4 SYM theories with one hypermultiplet in the adjoint represen-
tation. In these cases, 3d theories with SP(2N) and SO(2N + 1) gauge group are
dual to each other in the same way as the parent 4d N'=4 models. A similar sit-
uation holds for all other cases considered below.

3. G, Gauge Group

We consider now the S-duality conjecture for A'=4 SYM theory with the gauge
group G,. This group has two maximal torus variables z; and zp, but it is con-
venient to introduce the third variable z3 =zl_lzz_ ! (see the Appendix). Then the
electric SCI takes the form

IE=K2/ H

T2 I<i<j<3

3 +1_+1
[lici Tz 275 pog) & dz;

—, (22)
re'= s po ,1:[1 2miz;

where |si| <1, k=1,2,3, and
2

3
(P P)2(q5 @)
y = Pt ‘;2; oo TTr2(s: p ).
k=1

In the magnetic theory one has

I Hi_lF(sk(yiypﬁ,sk(yiy,fl)ﬂ;p,q>13[ dy;

5 T Ty (23)
5 1=i<j=3 C(iy)=2 Giy; )= paq) o1 2T

Iy = ko

where y;y,y3=1 (we are indebted to S. Razamat for pointing to a misprint in our
initial expression for this integral).
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The S-duality hypothesis assumes the equality of these elliptic hypergeomet-
ric integrals, /r = Ip;. Remarkably, this identity can be easily established by the
following change of the integration variables

13, 13, 13,

Y1—(22Z3) 2—(Z3Z1) 3—(Z1Z )

associated with the rotation of the G, root system [4]. The SCI test confirms thus
the S-duality in this case.
Application of the limit p=s; =0 reduces integral (22) to

=s 1 @9k /
1[7 =0 __
G 223 (s1: q)z H

I<i<j<3

:I:l j:l

2
T oo de
, 24

(s1z

where z1z2z3=1. This integral admits exact evaluation [35]

Ip:sz:() _ (qS1, qslsv CI)oo
G - =

. (25)
(57,57 @)oo

4. F4 Gauge Group

Consider the S-duality for N'=4 SYM theory with the gauge group Fy [1-4]. The
electric SCI has the following form

15:/(4/ H

oa l<i<j<d

[Tioi Tz o) & Tiey Tk ™ 2o @)

rG227% p.g) ]1:[1 r 7 p.q)

Hk IF(sszlzéclzilzfl,p q) H dz;

D (gE = - i

(26)
12283 24 5P5q)

where |sx| <1, k=1,2,3, and

4
_(P p)ﬁ;g L Q)h HF4(Sk . q).

In the derivation of this expression we used the F; group adjoint representation
character which is obtained from the expression given in the Appendix after the
replacement z; — zl-z.

Using similar prescription for the magnetic theory, we find
[Tiei Ty poa) & T Dk poa)

= [ 1 Il

+1_ 41 +2
D 1sicjza LG Uy 2D B NGy M)

Hk 1F(Sky }’;:I)’;:Iyil P q) H dy; (27)

oy vipa o 2T
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These are the first examples of multiple elliptic hypergeometric integrals defined for
the F4 root system (in [22] the integrals were defined on the SU(2) group and the
Weyl group W (F4) was acting in the parameter space).

The S-duality conjecture suggests the transformation formula /g =1Iy,. Again, as
suggested to us by S. Razamat, this identity is easily established by the change of
variables

y1=2122, y2=121/22, 3 =2324, Y4=123/24,

associated with the rotation of the F4 root system [4]. We see thus validity of the
SCI test for this S-duality.
The limit p=s, =0 reduces integral (26) to

j:2 :|:2 4 42,
11’=S2=0_ 1 (q;Q)oo / H i 140 H (z j v(’I)OO
F. - R
4 2732 (s13 q)4 izt (S]Ziz +2. @)oo i (s1z CI)oo
4
zf zflzgclzjfl,q)oo dz; -
x 141+ H (28)

(177125155 25 oo g 27IZ
which admits exact evaluation [35]

Ip Sy= O (qsl qsl qS] qsl 7q)00

8
(sl,sl,sl,s1 3 q) oo

(29)

5. SU(N) and SO(2N) Gauge Groups

Consider now SCIs for self-dual =4 SYM theories with SU(N) and SO(2N)
gauge groups [1]. The SU(N) theory SCI is

SUN) = g
Cteicjen TGETzzzipa) 2wz

TN-

where H?’:l zj =1, parameters s; satisfy the constraints |s;| <1, k=1,2,3, and

3
(p: PN g DN _
’ k=1

The limit p=0, s =0 reduces integral (30) to

_ -1_. . -1 N-1
Ip:S2:0_ 1 (q,q)&l (Zi Z]yZle ,C])oo H dZ/

SUN) 7 NI (g gyN—1 -1 T, iz;
N'(SI»Q)oo TN-1 l<i<j<N (SIZZ' Zj’SIZiZj J])oo j=1 27TIZ/

. (D
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where Hj-v:l zj =1, which admits exact evaluation [35]

N-1 Jj.
[P=s= O_H (gs1: Q)oo. (32)

SU(N) j+1
J 1 (Sj ’Q)oo

For N — oo this index equals to (s1;¢)eo/(51;51)00, Which coincides with the
reduced form of N — oo asymptotics (after passing from U(N) to SU(N) gauge
group) found in [5] from the AdS/CFT correspondence.

SCI for the SO(2N) theory has the form

Hl%:]F(SkZil i Y dz; 13
5P o j

ISO(ZN)=XN/ H
o 1si<j<N

where |sg| <1, k=1,2,3, and

3
(r; PN (q; DY
=y M s r o).
' k=1

Note that for N =1 the SCI is equal to .

Taking the ratio of integral kernel to itself with different integration variables in
(30) and (33) one gets totally elliptic hypergeometric terms. However, consequences
of this statement are much less informative than in the cases with nontrivial sym-
metry transformations for integrals.

The limit p=0, s, =0 reduces (33) to the integral

:I:l :I:l N

p==0_ / . (34)
SOQN) ~ ON-INI (s1; N MEL}\} (Slzil ﬂ_tl, Qoo H | 2z

with exact evaluation [35]

2j+1

com0 @YD Y @t D
IP 52 0= 1 | | (35)
SO(2N) N. 2j42 :
(51 )00 =0 (S s 5 q)oo

In the same way as for SP(2N) and SO(2N +1) SYM theories, this case can be
obtained from the g-Selberg integral (12) using special parameter values

b=sy, ajp==l1, a34=%./9.

Consider now the hyperbolic degeneration of (30) and (33) joint with the ay —
oo limit similar to SP(2N) and S0(2N+ 1) SCIs. For SU(N)-SCI we obtain, after
dropping the multiplier exp{~= (Oll + 20100 — g (0] + @2)) (N2 = 1)},

Zwla)

D N—1 X ©) —u) w) Nl
> AMCIND) Yy o £ Wi —uj); o) H
h,o o0 / J duj, (36)

I - >~ 7
SUNY T NGtV YD (£ —uj); o)

ieo 1Si<j=N j=1
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where Zj-v:l u;j=0. In the analysis of convergency of this integral there are two ex-
tremal options when integration variables go to inﬁnity: in the first case u; =1iR +

vj,j=1,...,N—1,and uy=—(N—-1)iR — Z 1 vj, where R — 400, and the inte-
grand behaves as exp(2n N(N — 1)a1R/a)1a)2) In the second case, u; =iR, J(u;) K
R,j=2,...,N—1, and uy=—iR— Z/ _, Uj, R— +oo, and the integrand behaves

as exp(ZnNalR/a)la)z) In both cases, for N(a|/wiwy) <0 the integrand is expo-
nentially suppressed and has no singularities on the integration contour.

To our knowledge integral (36) cannot be obtained as a limit of known hyper-
bolic beta integrals. Formally it is related to the limit Z?:l wi+(N—-D1t—w —
wy — 0 in formula (20), which is not uniform. Therefore we have separately com-
puted this integral for N =2,3 by showing that the sum of residues for poles on
the left-hand side of the integration contours is proportional to the product of
sums of residues of two trigonometric integrals (32) with bases ¢ =e>™®1/®2 and
g=e2mi@2/o1 141 <1, which yields

N-1

h,ay—>00
Isgtn =11
=1

Y@+ Dar; o)
YO (o +o+w; o)

(37)

For N =4 this integral coincides with the SO (6)-integral given below. Note that
formula (37) defines a hyperbolic analogue of the orthogonality measure normal-
ization for Macdonald polynomials on Ay_j root system (31), (32) (for arbitrary
N we consider it as a conjecture).

The hyperbolic limit for SCI of SO(2N)-theory (N > 1) yields, after dropping the
multiplier exp{s= (oe1 + 20100 —ap(w] +@2))(2N2 = N)},

2a)1 w)

ico (2)( N ) N
h,0p—> 00 V4 O] U TUj; W
157 =E&N I |du-. (38)
SO(2N) ) . . J
 sicj<n Y (Fui Luj; ) j=1
This integral is obtained from (20) after the substitutions
B —o 1 1 B 1( t o)
t=an, =0 pa=go1, (3= 502, pa= 5o+ o),
which leads to the evaluation
) . N=2 A7+ Das:
har—>00 Y (Nay; o) Yy 223G+ Doy o) (39)

SO Ty @(N = Den o1 + o3 0) 4 v Q)+ Dot +or s 0)

Again, one can see that expressions (36) and (37), (38) and (39) describe par-
tition functions of 3d N'=2 SYM theories with one chiral matter superfield in
the adjoint representation of the respective SU(N) and SO(2N) gauge groups and
their dual confining partners. Substitution o) = (w; + w3)/2 in these expressions
leads to vanishing partition functions of 3d A'=4 pure SYM theories.
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6. Exceptional Gauge Groups Eg, E7, and Eg
For the E¢ gauge group theory we have the SCI

3 2 _£2
. /H dz; [Tzt Tkzi2% pa@) Tz Tk 22 2% @)
=Ko

iz 1<,<,<5 F7227% p,q) T (z22)*'; p, q)

2.2 1. 5 —
y H i F(Sk(z6zizjz)i ip.q) HHi:lr(Sk(ZG 22)% p.g)
Tz D sp.g) ) T 22 2% p.g)

1<i<j=5

(40)
where for convenience we denoted Z = (z;z2z3z4z5)" ) and

3
»; 5% (@ S
=5 e ra).
k=1

The combinatorial factors appearing here are the same as, for example, the ones
given in [35]. Similar to the F4-group case, we took the adjoint representation
character given in the Appendix and replaced in it z; — z? (the same was done
for the E7 and Eg group cases considered below).

The limit p=0, s, =0 reduces (40) to the integral

5 1 (q:9)8 / dz;
117 2=0_ 4> 49)0 J
E¢ 27345 (s1; q)6 H

2 12j 1<l<J<5 (SIZ

@725 oo

i2 i2

54 oo

(@2 9o 1l (2555 0* oo 1 ((zg ZZZ)il,q>oo
$1EDE Doo (i 25 (125D Poo 1y (12577 2)* 5 @)oo

i<j<5
(41)
which can be computed exactly [35],
4 5 T 8
=0 _ (451,957,957, 951- 957, gsi';q)
I S “)

(Sl’sl’sl’sl’sl’sl i q)oo

For N'=4 SYM theory with the E7 gauge group the SCI has the form

—K7/H

7 J=1

[Tiei D252 (22 2) 5 p.g) [Tiei Tz 227 pog)

r2 (2 2)* p,q) r(zﬂ iz,p 9)

1<i<j<6

Hk lI'(Skz7 3P q) 1—[ Hk 1F(SkZ7 Z Z r.q) H dz;
FEhpa)  oijaze  TEES IZZ p.q) 2z
43)
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where we denoted Z = (z12223z42526) " and

3
(P: PL(q: )]
= W H I (st; ps q)-
k=

The limit p=0, s, =0 reduces (43) to the integral

£2, 2 7 1. +2, i2

1= 1 (g9l /H @GO P 1l (7727 oo
219357 (s (5123 <z22>ﬂ,q>oo Liejs 01777 ﬁ L @)oo
y (Z;H;Cl)oo (Z7 e Z-Q)oo 11[ de (44)

(S]Z7 ,q)oo l<i<j<I<6 (S1Z7:|:2 2 ZZ%Z C])oo il Znizjv

which can be evaluated exactly [35],
Jp=s2=0 _ (gs1.957.95].q5],q5{". 5] ,qsl ,q)oo 43)
E7 6 8 10 .12 14
(s3, 5%, 58,510 512 514 518 @)oo
Finally, the largest exceptional gauge group Eg theory has the SCI
. /H dz; [Tiei Te G222 p,9) [T, Tk 24 pLg)
) oo, M(M F((z,-zzz-Z)il, P.a) F(Z*p.g)
r r 2,222 A :tl; ,

< TI iz D222 pag) 1 [Tioi Tk (F232722, 20 p,g) (46)

iz iz 2 2 +1 ’
I<i<j<8 F( Py q) I<i<j<l<m<8 F((Zi "J 2 "”Z) ip.q)

where Z =(z122232425262728) " and

_ i@ 9
- 21435527 HF (53 P> @)

Again, the limit p=0, so =0 reduces (46) to the integral

IP s7=0 1 (q'q)oo /H dZ] ((Z.Zzz.Z)il;q)oo
- 2M39527 (s13 ) iz 1< s GGG D)o
( il;q)oo H (Z'j:2 :i:Z q)oo H ((Z2 2 222 Z):tl’q)oo
o 1470 L Bt
51Z%15 @)oo |<i<j<8 (slzjE2 =2 oo |<i<j<lm<8 (12222222 2) Y @)oo
(47)
which can be evaluated exactly [35],
p=s2=0 _ (gs1.qs{, gs]! ,qsl ,qsl 7, gs! ,qsl 457 ,q)oo
Ig, 12 18 20 24 (48)

(sl,sl,s1 ,s1 ,sl 815 8 ,sl % oo

In all three integrals (40), (43), and (46) we assumed the restrictions |s;| <1, k=
1,2, 3. As expected, ratios of their kernels to themselves with different integration
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variables yield totally elliptic hypergeometric terms. These integrals represent first
known examples of elliptic hypergeometric integrals based on the exceptional root
systems of E-type.

7. Some Special N=1 and A/=2 Dualities

Much attention is paid in this paper to supersymmetric theories with the excep-
tional gauge groups. Therefore we would like to describe one more duality example
for such theories known to us. We take N'=1 SYM theory with E4 gauge group
and matter fields in the fundamental representation of SU(6) flavor group and in
27-dimensional representation of Eg.

This electric theory and its magnetic dual were suggested in [36,37] and validity
of this duality was discussed further in [38]. The electric SCI is

6 - _ _
[Te=i T(skzg IZZQZZ-' P TIo_  Tsezg* sezg ' Zs po @)
e=xs [ I

Jrsicies TGETGH P F(z2)*" p.q)
H 1 HHk Dsrz2z sizg ' 27575 pag) 1—[ dz; (49)
1eivjes TG D pog) [((zg 22 2)*: p.q) | 27z
where |s¢| <1, k=1,...,6, we denoted Z=(z1222324z5)"" and

_ W )% DS
27345
The magnetic theory has chiral fields in the antifundamental representation of
the flavor group and 27-dimensional representation of the gauge group. There are

also singlet mesons given by the absolutely symmetric representation of the third
rank of the flavor group. The magnetic SCI is

6 6
= [[relina [ rostina [ [] 1

M (725 2% p.g)

j=l i,j=lLi#]j o6 1<i<j<5
1522,
« H Hk IF(S3Sk 26 ZZ Z PQ)Hk 1F(S3sk 26 ’SSsk Z6 Z pq)
I<i<j<5 I'(z; £2 %Z’I) q) F((Z6Z):H,p,q)
1 -1,-2. 6
XHHk (PS5 i sh e 27 AL (50)
i=1 F((zg 3sz)il; P q) il 2miz

where |sg] <1, k=1,...,6. The balancing condition for both elliptic hypergeomet-
ric integrals has the form S=]_[i6:1 $i=pq.

We have checked that the ratio of these integral kernels yields a totally elliptic
hypergeometric term, which is an important test suggesting that these dualities and
the equality /g = Iy might be true. Interestingly, the limit ss — 1 reduces the inte-
grals to SCIs of peculiar E¢ and F4 SYM theories dual to each other [37].
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Finally, as an additional advertisement of the applications of the theory of ellip-
tic hypergeometric integrals, we present SCI of a particular N =2 quiver SYM
theory described in [39]. Define

P S%@: s [ dx dz; dr dw
Igp = - H - -
8 2711x 2my 27'[1z] 2rir ) 2mwiw
T

T
XF(t2vxil,t2vyi2 tzvzflzgtl,tz +2 tsz ;p,q)
+1 :l:l
F(xil,yiz 7% r:|:2 w:l:l pq)

2 2 2
! :I:l:l:lt +1

t 2
F( £l £, I‘( £, )
x —Uy —ﬁr p q) W ARV AL
2 2o £
r:[ ( Pt ta). (51)

where ¢ is the same parameter as in N =4 theories before and v is the chem-
ical potential associated with some combination of the U(2)g-group commuting
R-charges. Introducing the variables o®=z1z0, B2=2z1/z2, y*=x, and 82=w, one
can rewrite this integral as

;W p>6 <q D% / / / / /
M= 2niy J 2rmiy ) 2mia ) 27wifB 2mr 27115

r(t2vy:|:2,t2vy:|:2’t2va:t2 tzvﬁiz t2vr:|:2 tzvaizyp’q)
r(yiz’in +2 ﬁi2 +2 3i2 P, (1)
2 e 2 +1ol 41 ’2 +1 41541 2 qEL E gl
><F( yEL, L stlgtl, £l L 2l +l gl gL p, q)
Vv Vv Vv Vol

(52)

The identity Ig = Iy can be interpreted as the equality of SCIs for particu-
lar N'=2 SYM generalized quiver theories (although it does not correspond to
an intrinsic electric-magnetic duality). The “electric” part is an SO(3) x SP(2) x
SO@) x SP(2) x SO3) N =2 SYM quiver and the “magnetic” part is the same
theory rewritten as an SU (2)°-quiver, as illustrated in Fig. 9 of [39].

8. Discussion

In this paper we have described SCIs for N'=4 SYM theories with simple gauge
groups as elliptic hypergeometric integrals and analyzed some of their mathemat-
ical properties. For all classical simple gauge groups we have found particular
limiting values of chemical potentials (p — 0 followed by the s; — 0 limit and the
hyperbolic limit followed by the ap — oo limit) for which N'=4 indices are com-
putable exactly. According to the general ideology [6,7,11,17], exact computability
of non-abelian gauge group SClIs is associated with the confinement in the dual
phase of the theory, since it provides a group-theoretical representation of indices
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without local gauge group symmetry. Therefore we conclude that there should exist
some interesting supersymmetric field theories similar to the Wess—Zumino model
whose SCIs are described by the right-hand sides of equalities (11), (13), (24), (28),
(31), (34), (41), (44), and (47). The hyperbolic analogs of these relations describe
equalities of 3d partition functions of particular dual 3d N'=2 and N =4 SYM
theories.

To our knowledge, hyperbolic beta integrals for exceptional groups were not
considered in the literature. Analysing such exact integration formulas given in
[14,26,27,29] and references therein, we conjecture that the hyperbolic analogs of
all our exceptional gauge group g-beta integrals are obtained from them after the
replacement of infinite products (q”s,’cnzf.; @)oo With m or ££0 by 1/y@n(w; +
wr) +may +Luj; w), the measure elements (¢; g)ocdz;/2miz; by duj/i\/wiws, and
T by the Mellin—Barnes integration contours. From the physical point of view this
is equivalent to the conjecture on the particular structure of confining phases of
corresponding 3d N =2 SYM theories with G, F4, Eg, E7, Eg gauge groups and
one matter field in the adjoint representation. For oy = (w1 +w>)/2 this would yield
vanishing partition functions for 3d N'=4 pure SYM theories.

One of the initial motivations for consideration of SCIs in [5] was an analysis
of the AdS/CFT correspondence for A'=4 SYM theory with U(N) gauge group
which required consideration of the N — oo limit. In this limit, the original index
coming from the BPS states not forming long multiplets can be computed from
the dual spectrum of gravitons appearing in the Type IIB supergravity compacti-
fied on AdSsx S°. It would be interesting to understand the meaning of the reduc-
tion p— 0 from the AdS/CFT point of view on the level of graviton spectra. All
our p=s7 =0 indices for gauge groups of rank N are well defined in the limit
N — oo for |s1] <1, being given by curious explicit infinite products. We expect that
the p=sp =0 limit corresponds to an essentially simplified picture for the corre-
sponding gravitational duals for both finite and infinite N.

In [40-42], marginal deformations of SCFTs were studied and the importance of
global symmetries for the conformal manifold (a manifold of coupling constants of
the theory where it stays conformal) is shown. A B-deformation of the N =4 SYM
theory [43] is obtained by introduction of a marginal deformation of the superpo-
tential ATr(e™P & d,P3 —e TP d | d3P,) breaking N =4 supersymmetry down to
N =1 (h is the Yukawa coupling). The arbitrary parameter 8 may be complex and
this does not spoil superconformal invariance of the theory [44]. The initial R-sym-
metry SU (4)g breaks to U(1)g with the additional global symmetry U (1) x U(1)>
[43]. From the indices point of view the parameters v and w play now the role of
chemical potentials for the latter global group. SCI for the B-deformed theory is
the same as in the initial theory [5]. This means that these theories share essentially
the same set of BPS states. In the conclusion of [17], we discussed appearance
of the SO(3) N'=4 SYM theory from an N =1 model after a superpotential
deformation, such that both theories share the same SCI. Actually, SCIs of all
exactly marginally deformed theories coincide, only the interpretation of chemical
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potentials is different, being tied to global groups of different meaning. There-
fore these indices serve as invariants of the conformal manifold with their structure
reflecting only a part of the global symmetries preserved by the superpotential.

As an example of different deformation of N =4 theories we can mention the
deformation to N'=1 SYM theory with two chiral superfields in the adjoint rep-
resentation and an additional U(1) global group (see [45] and references therein).
This theory has an SL(2,7Z) group electric-magnetic duality inherited from A =4
SYM theory in its infrared fixed point. At the level of SCIs such a deformation
is realized in a very simple way, it is just necessary to fix, say, s3 =./pg, which
excludes this parameter completely from the integrals.

The g-beta integrals appearing from SCIs of all =4 SYM theories in the limit
p — 0,55 — 0 determine orthogonality measures for special cases of the
Koornwinder and Macdonald orthogonal polynomials (for Eg, E7, and Eg root
systems these measures are generic [35]). We come thus to a natural question on
whether one can give a similar meaning to general elliptic hypergeometric inte-
grals describing A'=4 SCIs and construct corresponding biorthogonal functions.
The first example of such biorthogonal functions in the univariate case has been
found in [13] and a particular SP(2N)-group multivariable generalization of them
has been constructed in [15]. For the exceptional root systems N =4 SCIs define
the only currently known integrals pretending to such a role.
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Appendix A: Characters of the Adjoint Representations

Here we list characters of the adjoint representations for simple Lie groups G
depending on the maximal torus variables z;.
For SU(N) group one has N variables z;, H;-Vzl zj=1, and

XSUN),adj(Z15 -5 ZN) = Z (ij;l—i-zi_lzj')-l—N—l.

I<i<j<N

For SO(2N +1) group of rank N the character is (no constraints on z;)

N
+1 1 +1
XSO@N+1),adj(2) = Z %z +ZZ,- +N,

I<i<j<N i=l

5 S D B NN S | ., -1
i3 =gtz tzo gtz oz and o=zt

where z i
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For SP(2N) and SO(2N) groups of rank N the characters are

N
+1_+1 +2
XSPQ2N),adj(2) = E z Z; + E ;" +N,
I<i<j<N i=1

+1_+1
XSO@2N),adj(2) = Z zi ¢ +N.
I<i<j<N

The character for the adjoint representation of G, group is a symmetric poly-
nomial of two parameters z; and z, but it is convenient to introduce the third

variable using relation z;z2z3=1. Then,
il
XGy.adj(21,22,23) =2+ Z )

1§z<]§3

The exceptional F4 group has rank four and

+1 T
XF4,adj(Zl,...,Z4)—ZZ + >z

i=1 I<i<j<4

+(Zl/2+z1 )(zl/2

12 1/2

) Py 42,7 +4.

Description of the exceptional Lie groups E¢ 78 can be found in [46]. The rank
of the group Eg is equal to six and

£
XEsadi@1.---.26)=6+ D 2

1<i<j<5

5
+z3/2H 1/2(H_ S oani+ > ZiZjZkZ[)

i=1 I<i<j<5 I<i<j<k<I<5
5
-3/2 1/2 —1 —1
+24 / HZ/ (1+ Z (zizj)~ + z (zizjzkz1) )
i=1 I<i<j<5 I<i<j<k<I<5

The rank of the group E7 is equal to seven and the needed character is

XE7,adj(Z1s .., 27) =T+ Z 7z jEl—l—z7

1<1</<6
6 1/2 —1/2
+(z7+z7_1)(Hzl/ Zz +H /(Zzz—i- z ZiZjZk))-
=1 i=1 1<i<j<k<6

The group Eg is the biggest exceptional Lie group, it has rank eight and

XEadi(@1, - 28) =8+ > 7z ilJrl—[ 1/2(1+ > ZiZj)

l<t<]<8 I1<i<j<8

+Hz}/2(1+ > @ X @haa).

i=1 I<i<j<8 I<i<j<k<I<8
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