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Abstract

Assuming that the spacetime is close to isotropic in the sense that the shear
parameter is small and that the maximal velocity of the particles is bounded, we
have been able to show that for non-diagonal Bianchi I-symmetric spacetimes
with collisionless matter, the asymptotic behaviour at late times is close to
the special case of dust. We also have been able to show that all the Kasner
exponents converge to % and an asymptotic expression for the induced metric
has been obtained. The key was a bootstrap argument.

The sign conventions of [18] are used. In particular, we use a metric
signature — + + + and geometrized units, i.e. the gravitational constant G and
the speed of light c are set equal to 1. Also the Einstein summation convention
that repeated indices are to be summed over is used. Latin indices run from
1 to 3. C will be an arbitrary constant and € will denote a small and strictly
positive constant. They both may appear several times in different equations or
inequalities without being the same constant. A dot above a letter will denote
a derivative with respect to the cosmological (Gaussian) time ¢.

PACS numbers: 04.20.—q, 98.80.Jk

1. Introduction

For both mathematical and physical reasons, one would like to be able to understand anisotropic
and inhomogeneous cosmological models in general. As a first step, spatially homogeneous
spacetimes can be studied. For the case where the matter model is a perfect fluid, a lot of
results have already been obtained which are summarized in [22], see also [6] for a critical
discussion. Usually in observational cosmology it is assumed that there exists an Era which
is ‘matter dominated” where the matter model is a perfect fluid with zero pressure, i.e. the
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dust model. A kinetic description via collisionless matter enables to study the stability of
this model in the following sense. Suppose that we have an expanding universe where the
particles have certain velocity dispersion. One might think that due to the expansion, the
velocity dispersion will decay. That this is true has been shown in [15], [16] and [17] for
locally rotationally symmetric (LRS) models in the cases of Bianchi I, IT and III. These results
have been generalized (in a different direction) to LRS Bianchi IX and in a context which also
goes beyond collisionless matter in [2] and [1].

The LRS models can be diagonalized in a suitable frame where they then stay diagonal if
one makes some extra assumptions on the distribution function. A natural question is: What
happens if the model is not diagonal? In this paper we will treat the late time dynamics of the
non-diagonal Bianchi I case assuming small data. That this makes sense was established in
[13] where it was shown that geodesic completeness holds for the general Bianchi I-Vlasov
case. In a sense which will be specified later, we assume that the universe is close to isotropic
and that the velocity dispersion of the particles is bounded. Then we conclude that the universe
will isotropize and have a dust-like behaviour asymptotically. In fact these two properties are
intimately linked in the proof, something which is not expected to happen in other Bianchi
types, except in the case of a positive cosmological constant where it has been shown [9] that
isotropization and asymptotic dust-like behaviour occur in all Bianchi models except Bianchi
IX and without the LRS assumption.

We hope to be able to extend this result in the near future (a) to other Bianchi types, where
the spacetime does not (necessarily) isotropize, but some other solution still may act as an
“attractor’ (b) to remove the small data assumption(s).

2. Bianchi I spacetimes with collisionless matter

A Bianchi spacetime is defined to be a spatially homogeneous spacetime whose isometry
group possesses a three-dimensional subgroup G that acts simply transitively on the spacelike
orbits. They can be classified by the structure constants of the Lie algebra associated with the
Lie group. We will only consider the simplest case where the structure constants vanish, i.e.
the case of Bianchi I with the Abelian group of translations in R? as the Lie group, where the
metric has the following form using Gauss coordinates:
4o = —dr® + g (1) dx“ dx?. (1)
We will use the 3 + 1 decomposition of the Einstein equations as made in [18]. We use
Gauss coordinates, which implies that the lapse function is the identity and the shift vector
vanishes, so comparing our metric with (2.28) of [18] we have that « = 1 and 8¢ = 0. The
only non-trivial Christoffel symbols are the following (see (2.44)—(2.49) of [18]):

Loy = —Kab 2)
rg, = —kj. 3)
In terms of coordinate expressions, we then have that (np = —1)
p =T
Ja=T,
Sab = Tab,
where p, j, and T,, are the energy density, matter current and energy momentum tensor,

respectively. In the 3+1 formulation the second fundamental form k,, is used and rewriting its
definition as in (2.29) of [18], we have

gab = _Zkab- (4)
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Using the Einstein equations as in (2.34) of [18] and the fact that g,; does not depend on the
spatial variables, we have

i(ab = Hkab - 2kack}i — 87 (Sab - %gah tr S) - 47Tpgah, (5)

where we have used the notations tr § = g%’S,,, H = trk. It has been assumed that the
cosmological constant vanishes. From the constraint equations (2.26) and (2.27) of [18],

—kapk® + H* = 167p, (6)
and we see that no matter current is present since the ‘spatial’ Christoffel symbols vanish:
Toa = 0. @)

From (6) we see that H never vanishes except for the Minkowski spacetime. We exclude this
case and assume now without loss of generality that H < 0 for all time. If this is not true for
a given solution it may be arranged by doing the transformation ¢ — —z.

For the matter model we will take the point of view of kinetic theory. This means that we
have a collection of particles (in a cosmological context the particles are galaxies or clusters of
galaxies) which are described statistically by a non-negative distribution function f(x%, p%)
which is the density of particles at a given spacetime point with given four-momentum. We
will assume that all the particles have equal mass (one can relax this condition if necessary,
see [2]). We want that our matter model is compatible with our symmetry assumption, so we
will also assume that f does not depend on x“. In addition to that we will assume that there are
no collisions between the particles. In this case the distribution function satisfies the Vlasov
equation (see (3.38) of [18])

0 0
i, 2kgpb—f =0, (8)
at ap?
where f is defined on the set determined by the equation
—(p"* + garp“p’ = —m*

called the mass shell. The energy—momentum tensor is (compare with (3.37) of [18])

g :/ F(t, pYon® + gupp p")* (det g)? dp ©)
Sab =/f(t, p)papb(mz+gabp“pb)‘5(detg)%dp (10)
Tou = / £, pypa(det)? dp. (11)

Here p := (p', p?, p?) and dp := dp'dp?>dp>. For this kind of matter all the energy
conditions hold. In particular, p > tr§S > 0. Our system of equations consists of
equations (4)—(11). For a given Bianchi I geometry, the Vlasov equation can be solved
explicitly with the result that if f is expressed in terms of the covariant components p;,
then it is independent of time. This has the consequence that if 7y is some fixed time and
fo(p:) = f(t, pi), then we can express the non-trivial components of the energy—momentum
tensor as follows:

o :/fO(Pi)(mz+ngpcPd)%(detg)7%dPl dp, dps

Sap = / Fo(p) Paps(m® + g% pepa)~2 (detg)"2dpy dp> dps.
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2.1. Other equations and new variables
A useful relation concerns the determinant of metric ((2.30) of [18])
d
E[log(detg)] = —-2H. (12)
Taking the trace of the mixed version of the second fundamental form (2.36 of [18]),
H=H?*+4ntrS — 127p. (13)

With equation (6) one can eliminate the energy density and (13) reads

H = {(H? + 3kgpk®) + 4 tr S. (14)
We can decompose the second fundamental form introducing o,;, as the trace-free part:
H
kab = Oyp + ?galr (15)
Then
H2
kapk® = 0450 + R (16)

and equation (14) takes the following form:

H=1H*+30,0" +47u S. (17)
It is obvious that

H >

1H”. (18)

From the constraint equations (6) and (17), it also follows that
H < H>. (19)
From (18) and (19), we conclude that
—t+C) "> H®@) = -20+0)7". (20)

Let us use the following notation:

O,dbo_ab

F = e
This quantity is related to the so-called shear parameter, which is bounded by the cosmic
microwave background radiation and is a dimensionless measure of the anisotropy of the

universe (see chapter 5.2.2 of [22]). Using this notation and with the help of (4), (5) and (17),
we have

2

F=H[F <1—%F—%tr5> —lfI—Zsa,,o“b]. (22)
From the constraint equation (6),
Fe2_16n L (23)
3 H?
In general, we see that 0 < F' < %

4
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2.2. Special cases

2.2.1. Vacuum. We see that in the vacuum case, F = % and F = 0. Actually in this case
one can write explicitly the solution known as the Kasner solution

4o = —df? + 1P dx? + 122 dy? + 177 dZ2,
where the constants p; are called the Kasner exponents which satisfy the two Kasner relations
given by

pitpr+ps=1

(P> +(p)* +(p3)* = L.

The mean curvature in this case is

H=—t"
Let A; be the eigenvalues of k;; with respect to g, i.e. the solutions of
det (k! — 287) = 0. (24)
We define
R (25)
pi = 7]

as the generalized Kasner exponents. They satisfy the first but in general not the second
Kasner relation.

2.2.2. Flat Friedmann with dust. A special case of Bianchi I is the Friedmann model with
flat spatial geometry. The metric in this case is

4o = —dr’ +a’(dx? + dy? + d2P),

where a is the scale factor. In this case o,;, = 0 which means that F = 0 and also that ' = 0.

Moreover, in the dust case, S,, = 0 (the Einstein-dust system can be thought of as a
singular case of the Einstein—Vlasov system, see chapter 3.4 of [18] for more information)
and we can solve equation (17) obtaining

H=-2"".
We can also write down the explicit solution of the metric in this case:
4
Yo = —dr? +13(dx® +dy? +dz?).

This is also called the Einstein—de Sitter model.

2.2.3. Bianchi I: the dust case (with small data). Let us look at the dust case not necessarily
isotropic. The general solution is known and one can see from the solution (11-1.12) of [12]
that the spacetime will isotropize. Nevertheless, we will analyse this case with care, since we
will show that the general case behaves asymptotically like it assuming small data. In the dust
case

F=HF(1-3F)<o0. (26)

We are interested in the asymptotic behaviour at late times and will assume that F is small, i.e.
F < €. Then it follows from (17):

H=(+3F)H* < (L +€)H>. (27)

5
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Integration leads to

2—¢€
H< - .
t+C
Using this inequality in (26) and integrating,
F =0@1"7). (28)
We can put equality (27) in the following form:
—H'=—H(@t) "+t —10) + Ip, (29)
where Ip is
"3
Ip = / —F(s)ds. (30)
o 4
Now we will use the fact that we can choose freely the time origin setting tp = —2H (tp) .

Note that for the general Bianchi I symmetric Einstein—Vlasov system we know that H takes
all values in the range (—oo, 0) (lemma 2.1 of [14]). We then obtain

H+2t7' < 4lpt™2. (31)
Using (28) it is clear that Ip < C(#y). Note that with our time origin choice, C = 0 in (20), so

H>-2t7" (32)
Our result for H is the following:

H=-2"'1+0@¢™H]. (33)
This equation in (26) leads after integration to

F=0@17?. (34)
From (32) and (34) we can conclude that

oao? = 0@1™). (35)

Now from (15) we see that the eigenvalues (24) of the second fundamental form with
respect to the induced metric are also the solutions of

, | )
det (O’; - [k - 3H]8;).
Let us define the eigenvalues of o;; with respect to g;; by i3 we have that
hi=x—LH.
Note that ¥; (/)\\5)2 = 0,0%. From (32) and (35) we can see that the spacetime isotropizes at
late times, in the sense that
pi=3+00""),

where p; are the generalized Kasner exponents.
Now using (12) and (32), we have

detg = O(t%).
So the hope would be to show that | g, =3 | can be bounded by a constant. Let us define

_ _4
8ab =1 38ab

gab — t+%gab.

We have then with (4) that

o — - _4
8ab = —%(21‘ ! + H)gup — 2t 304p.
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Making similar computations as in [9], we arrive at

T2

18ap (DN < 118as (10) ] +/ [§|281 +H(s)| +2(Uab0ab(5))éi| 18an (s)1Ids
1y

and with Gronwall’s inequality we obtain

ra i
18061l < 11Zab(t0) ]l exp { f [§|2s‘ + H(s)| +2<aaba“b(s>)z} ds} <C. (36)

Therefore, g, is bounded for all ¢ > #,. The same holds for g% by similar computations.
Thus,

™3l < C

g < C.
From this we can conclude that

llowsl < €73
or

Oup = O(I_%).
Looking again at the derivative of g, and putting the facts which have been obtained together,
we see that

B =0@).
This is enough to conclude that
Zap =173 [Gap + 017
g =173[g" + 0,
where G,;, is the limit of g, as t goes to infinity.

3. Bianchi I: the general case

For the general case the basic equations are (17), a modified version of (5) where y is a small
and positive quantity which is introduced for technical reasons and (22):

1 1 3 trS
d —y sab —y =ab 2 -1 —1 —y+% _ab
E(t g =t"g 5(2t +H)—yt +2t77" 0 (38)
; 3 8w 16 ab
F=H|F 1—EF—ﬁtrS —FSQ},O' . (39)

We have a number (different from zero) of particles at possibly different momenta and
we will define P as the supremum of the absolute value of these momenta at a given time #:

P(1) = sup{|pl = (& paps)? | f (2, p) # O}. (40)

Theorem 1.  Consider any C* solution of the Einstein—Vlasov system with Bianchi I-
symmetry and with C* initial data. Assume that F(ty) and P (ty) are sufficiently small. Then
at late times one can make the following estimates:

H@) ==-2r"'1+0¢") (41)
P(1) = O(t~5%) (42)
Fit)=0@7?). (43)



Class. Quantum Grav. 27 (2010) 235025 E Nungesser

Remark 1. Equation (42) implies that asymptotically there is a dust-like behaviour (see

(47)).

Proof. We will use a bootstrap argument (see chapter 10.3 of [18] for more information).
Let us look at the interval [#, #;). Our bootstrap assumptions are the following:

Fit) < A0 +1)77 (44)
P(t) < BA+D7", (45)
where A and B are positive constants which we can choose as small as we want. |

3.1. Estimate of H

Integrating (37) we obtain
—H'=—H@) "+t —1) + g (46)

t /3 trS rj3 3 1trS
Ig :/ <—F+4nr—2) (s)ds </ [—A(1+S _;"“r_(s)} ds,
fo 4 H fo 4 4p

where the inequality comes from (44) and (6). Consider now an orthonormal frame and denote
the components of the spatial part of the energy—momentum tensor in this frame by S,,. The
components can be bounded by

Sap < PX()p, (47)

with

so we have that

-~

—= < 3pP? (48)
Y

from which it follows that

18 )
I < (A+B?)

Now returning back to (46) and setting as in the dust case fy = —2H (o), we have besides
H> 2" (49)
that
H+2t7" < 18(A+ BHr 2. (50)

3.2. Estimate of P

Now we will use the second equation (38) to obtain an estimate for the metric. One can show
that in the sense of quadratic forms, the following is true:

o < (o0 ™)2 g
Then with the definitions of g“” and F and estimates (44) and (49), we have
26 2TV (00 ™) g™ = 2F | H|t V5P < 4A (1 +1) it 7 g,
Now from the last inequality of the first step (50), equation (38) leads to

d | ;
a(r—yg“”) SE7EYN2A + Bty +4AT(1+10) 7% — It~ = =7 g0,

8
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F

Bootstrap assumption

Desired estimate

t

ty t

Figure 1. Case L.

where A and B have to be chosen in such a way that n is positive; then
d
dr
from which it follows that

g’ =0

t7g") <0, (51)

or
gab — O(I—%+y).

Now from (51), we have
—y+% ab < ~y+5 ab
TV g () <ty " 7 g (to).

Using the fact that p,, is constant along the geodesics we can conclude that

P(t) Sty 3P (to)t s 3 < Bi T (52)
since we can choose P(#p) and B independently as small as we want. In order to improve
equation (45), y has to be smaller than é Using the notation ¢ = %, the last inequality can
be expressed as

P(1) < B3, (53)

1
where ¢ < 5.

3.3. Estimate of F

Until now we have an estimate for H and for P in the interval [fy, ;). Now we have to
improve the estimate for F coming from the bootstrap assumption. The desired estimate is
F(t;) < A(1 +t)~2*¢. If this is the case (case I: figure 1), the bootstrap argument will work
and there is nothing more to do.

Let us suppose now the opposite that F(t;) > A(1+# )~2*¢_ Then define #, as the smallest
number not smaller than #, with the property that F(¢;) > A(1+# )~2*¢_ In this case, we have
to distinguish between the case that #, = 1, (case Ila: figure 2) and 7, > £, (case IIb: figure 3).

Let us now look at (39), in particular at the terms in square brackets. By using (44),
3 3

¢ 3 .8
SFSIAQ+D T S SAQ+1) 7 < 5
3 A+ < A +10) > < 5
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Bootstrap assumption

Obtained estimate

Desired estimate

: t
fh=t, t

Figure 2. Case Ila.

Bootstrap assumption

Obtained estimate

Desired estimate

t

Figure 3. Case IIb.

where § is a positive small constant. Using (6), (45) and (48),
S 3, 3, 3, 8
T— <P "< =B°(1+1t) s < =B“(1+1y) s < -.
H? ~ 2 2 2 4
With the Cauchy—Schwarz inequality, equations (6), (47) and supposing that F > A(1+¢)~2*¢
in the interval [, #1],
Uabgab 1)

SS,) .
167 =251 < TS App-ipr V3ATIBX(1+1) 55 F < ZF
P

8

Note that although Az may be a big quantity since A and B are independent, we can make B
smaller to ‘correct’ this. Using (50) and the last three inequalities in (39) leads to

F<(=2+e)(1—=8)Ft™ !,
where ¢ = 18(A + Bz)t(;l. Now setting £ = ¢ + 26 — &6 we end up with
F<(=2+8)F1,

10
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which means that
F(t) < F()n* o0, (54)

Case Ila. In this case t, = ty, so (54) means
F(t) < Fto)ty™ 51,7 < A%

since we can choose F (fy) as small as we want. So it follows that in this case
AT F(n) < An,

a situation which is schematically depicted in figure 2.

Case I1b. In this case, we can use the fact that by continuity, F () < A(1 + 1) ~2*€ holds and
then

Ft) < A0 +6)72707 5077 <A+ 1) 7572,

Here € is also a quantity which we can choose as small as we want and then it follows that in
this case,

F(t) < A(L+10) 5172,
We can choose € to be smaller than &, so

F(t) < Ay,

3.4. Results of the bootstrap argument

We have arrived at the statement that at least for a small interval [#y, f;) and assuming (44)
and(45) we obtain the estimates

F(t) < At~ (55)
P(t) < Bt™3. (56)
Thus, both assumptions (44) and (45) have been improved and using a bootstrap argument we

know that the estimates obtained are valid for #; = oo assuming small data. Equation (50) can
be expressed as

H=-2t"'"1+0@¢"), (57)

and is then also valid for the whole interval.

3.5. Improving the estimate of F

We want to improve (55), but before that we need an inequality in the other direction. From
(39) we have

F > H(F +3F1 P?).

Implementing now equations (55) and (56) in this inequality, in particular having in mind the
‘B’ dependence of the estimate of P (52),

F > HF + HC(tp) B33,
Using now (49),
F>—27'F — C(ty) BX 5+

11



Class. Quantum Grav. 27 (2010) 235025 E Nungesser

from which it follows that

t
2F (1) > 13F (1) —/ Clto) B2~ 3*ds

)

and
F(t) > 17 2(F (1)t — B*C(to)to™ 5% + C(10) B2~ 5%) > 1 2(F (t0)15 — B>C(t0)1y™ ),

where F (1) is strictly positive. Choosing now B small enough, we have the following estimate:

F(t) = C(to)t 2. (58)
Putting the last term of (39) with the help of (56) and (58) in the following manner:
: §ab
‘16”011;3 < CF(F*%Pz) = FO(t™3*7),
we can improve equation (55) implementing equations (55)—(57) in (39) with the result
F=0@17?. (59)

With these results, we obtain the following theorem.

Theorem 2. Consider the same assumptions as in the previous theorem. Then

pi=%+00™") (60)
and

8ap = 1'3[Gap + O], 61)

g =175[6" + 07D, (62)

where G, and G*° are independent of t.

Proof. The conclusions made in the dust case after (34) only depend on the estimate of F
and H and apply directly to the general case. ]

4. Conclusions and outlook

The result concerning the asymptotics of the metric implies ‘asymptotic freezing’ in the
expanding direction in the following sense. Consider metric (4.12) of [4]; then by comparison
with (61) one sees that the off-diagonal degrees of freedom 7,1, and n3 tend to constants and
thus are not important for the dynamics. See [4] for the importance of asymptotic freezing
in the ‘other’ direction which has been studied, namely the initial singularity, and [7] for
consequences of that in a quantum version.

As already mentioned in the introduction, there exist several results concerning the Bianchi
I-symmetric Einstein—Vlasov system (without cosmological constant). Almost all of them
assume additional symmetries, namely the LRS and the reflection symmetry condition (see
[14] for a precise definition of these symmetries). However, there exist some results where
only the reflection symmetry is assumed. Concerning the expanding direction, there is theorem
5.4 of [14]. Our theorems can be seen as a generalization of that theorem since we obtain
the same result, but (a) we also find how fast the expressions converge, (b) we obtain an
asymptotic expression for the spatial metric and (c) we do not assume any of the additional
symmetries mentioned. However, we used a different kind of restriction, namely the small
data assumptions.

12
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In any case we think it interesting to study the non-diagonal case because although this
time there was not an essential difference in the result with respect to the diagonal case, we do
not expect that this will always be the case, especially when analysing the initial singularity.
In [5] the possible dynamical behaviour towards the past has been determined assuming only
the reflection symmetry and already there surprising new features such as the existence of
heteroclinic networks arose.

The situation of several (tilted) fluids leads naturally to the non-diagonal case. The
Bianchi I-symmetry implies the absence of a matter current such that a single filted fluid is not
compatible with this assumption. However, there can be several tilted fluids such that the total
current vanishes. In [19] and [20] this has been considered in the case of two fluids. What
was found is that isotropization occurs if at least one of the two fluids has a speed of sound
which is less than or equal to % the speed of light. It is shown in particular for the case of two
pressure-free fluids in [20], which can be seen as a singular solution of the Einstein—Vlasov
system.

Of course, there are many other ways of generalizing results which have been obtained
for (single) perfect fluids. See for instance [8] and references therein for the inclusion of a
Maxwell field in the Bianchi I case. In the presence of a cosmological constant, the results
of [9] have been generalized even to the Einstein—Vlasov—Maxwell case [11]. A natural
generalization of the Vlasov equation is the case where the collision term is not zero, i.e. the
Boltzmann equation. For this case, dust-like asymptotics have already been obtained in [21]
for an isotropic spacetime with a cosmological constant and a basis is provided for a possible
extension to the asymptotics in the case of Bianchi I with LRS symmetry in [10].

Finally, we would like to mention that non-diagonal Bianchi I spacetimes are not only of
interest in the context of cosmology, see for instance a recent work on the so-called ultra-local
limit [3].
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