[

THE ASTROPHYSICAL JOURNAL, 221:937-957, 1978 May 1
© 1978. The American Astronomical Society. All rights reserved. Printed in U.S.A.

LAGRANGIAN PERTURBATION THEORY OF NONRELATIVISTIC FLUIDS*

Jonn L. FRIEDMAN
Department of Physics, University of Wisconsin-Milwaukee

AND

BERNARD F. ScHUTZ
Department of Applied Mathematics and Astronomy, University College, Cardiff, Wales
Received 1977 July 11; accepted 1977 November 7

ABSTRACT

In this paper the conventional description of adiabatic perturbations of stationary fluids in
terms of a Lagrangian displacement is reexamined, to take account of certain difficulties that have
been overlooked in other treatments. A class of displacements—called trivials—that leave the
physical variables unchanged is identified; these define “gauge” transformations of the initial
data in the Lagrangian picture. The conserved canonical energy £, (Hamiltonian) and angular
momentum J,. (in the case of axisymmetric unperturbed fluids) associated with the dynamical
equations are shown not to be invariant under these gauge transformations. Since E, has formed
the basis of previous criteria for secular stability of stars, it is necessary to eliminate the gauge
freedom in order to regain a meaningful criterion. To this end a conserved inner product (the
symplectic structure) is introduced and used to define a dynamically invariant class of “canonical”
displacements orthogonal to the trivials. In general, canonical displacements obey the extra
restriction that the Lagrangian change in p~1Vs.V X V vanish; in fluids with uniform entropy s
they obey the more restrictive condition that the Lagrangian change in p~'V X ¥ vanish. Restrict-
ing consideration to canonical displacements guarantees that £, and J, will be invariant under any
residual gauge freedom. For nonaxisymmetric perturbations of axisymmetric fluids, to every
physical perturbation corresponds a unique canonical displacement.

In an appendix the relationship between E£, and J, and the (gauge-invariant) second-order
changes in the total energy and angular momentum of the fluid is derived. Another appendix,
dealing with uniformly rotating fluids, reexpresses the gauge-invariant combination E, — J,
in terms of Eulerian changes in the fluid variables. A subsequent paper applies these results to the
study of secular instability in stars.

Subject headings: hydrodynamics — instabilities — stars: rotation

I. INTRODUCTION

This and a subsequent paper (Friedman and Schutz 1978, hereafter Paper II) are concerned with fluid perturba-
tion theory, and with secular instability of rotating Newtonian stars. Although the subjects have received the
attention of various authors in recent years (Clement 1964; Lynden-Bell and Ostriker 1967; Tassoul and Ostriker
1968 ; Chandrasekhar 1970; Chandrasekhar and Lebovitz 1968, 1973; Friedman and Schutz 1975; Hunter 1977),
several points have been consistently overlooked, and they substantially alter the previously accepted picture. First,
stellar perturbations have conventionally been described in terms of a Lagrangian displacement; but Schutz and
Sorkin (1977) have recently pointed out the existence of a class of trivial displacements which leave the physical
variables unchanged, but which do not leave invariant the functional that governs secular instability to radiation
reaction. One must therefore eliminate the trivial displacements in order to regain a meaningful stability criterion.!
(A special kind of trivial had been pointed out by Lynden-Bell and Ostriker (1967), but these are harmless in that
the criterion is unaffected by them.) A second previously unsuspected result is the presence of a generic instability of
rotating stars to radiation reaction. That is, we find that in all rotating stars? gravitational radiation reaction will
excite an instability or marginal instability in nonaxisymmetric modes of the form ¢™® with m sufficiently large. As
has been pointed out, for example, by Hunter (1977), the criterion for secular instability to viscosity is not identical
to that governing instability to radiation reaction. Because the proof of generic instability to radiation reaction does
not hold in the case of viscosity, one expects on the basis of our results that stellar models which are unstable against
radiation reaction can nevertheless be stable against viscous dissipation. In fact, the work of Lindblom and Detweiler

* Supported in part by NSF grant MPS 74-17456.
_ ! The elimination of displacements that do not change the boundary of uniform-density ellipsoids (e.g., Chandrasekhar 1969) is
similar in character, although this class of displacements is larger than the trivials.
? Technically, we consider rotating axisymmetric perfect fluids having equations of state of the form p = plp, ).
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(1977) suggests that in cases where the viscous and gravitational radiation time scales are comparable, viscosity
may damp out the generic instability.

Physical implications of this work, in particular the modification of instability points obtained by Ostriker.
Tassoul, Bodenheimer et al., using tensor virial methods, have already been discussed in a Letter (Bardeen er al.
1977).

In this first paper we develop a formalism for perturbations of a stationary Newtonian fluid. In § II, a description
of fluid perturbations in terms of a Lagrangian displacement is introduced. The class of trivial displacements is
identified, and an explicit form obtained for the generic trivial. Section III deals with the formal structure of the
perturbation equations. The canonical energy and angular momentum are introduced, together with two related
dynamically conserved inner products. We find that the canonical energy and angular momentum do not vanish
on trivial displacements. They therefore cannot be identified with the second-order changes in the system’s energy
and angular momentum, and following Bardeen (1975), we obtain the explicit relation between the canonical and
physical conserved quantities. (The details of derivations in this section are in two appendices.) In the final section
(IV), the inner products defined in § I1I are used to characterize a dynamically invariant class of canonical displace-
ments orthogonal to the trivials. In Paper II the formalism developed here is used to treat secular instability of

Newtonian stars.

II. TRIVIAL LAGRANGIAN DISPLACEMENTS

We will consider the perturbations of a stationary perfect fluid with density p, pressure p, entropy per baryon s,
and fluid velocity ¢*. The equilibrium configuration is to be a solution (p, p, ¢!, 5) to the equations

p =plp,s), 'a)

Vi(pr*) = 0, (1b)
v"Ws =0, (1¢)

and
V0, + % Vo + V0 =0, (1d)

where @ is the gravitational potential, defined by the equation
V20 = 4=Gp . 2

Small perturbations of such a star can be treated in either of two ways. The first is a ““macroscopic’ point of view:
one simply considers changes in fluid variables at a particular point in space. These perturbations, written 8p, dp,
Sv*, &s, are the Eulerian changes. The other approach is *“ microscopic”: one defines a ““Lagrangian displacement”
vector field &, which connects fluid elements in the equilibrium with corresponding ones in the perturbed con-
figuration. One then defines the Lagrangian change in any fluid variable as the change with respect to a frame
dragged by ¢. Formally this means.that the Lagrangian change AQ in a quantity Q is related to the Eulerian

change by
AQ =30 + £0, (3
where the Lie derivative £, has the meaning )
£f=&Vif (4a)
for scalars f,
£t = #V — vV, & (4b)
for contravariant vector fields v*, and
£§U¢ = f’V,v_ + U,V,f’ (4c)

for covariant vector fields v, (see, e.g., Yano 1955). The Lie derivative with respect to ¢ has an easy interpretation:
in a coordinate system in which ¢ is one of the coordinate basis vectors, the Lie derivative is the ordinary partial
derivative with respect to that coordinate. Equations (4) simply enable one to compute it in any coordinate system.

Defined in this way, the Lagrangian change in a vector (or tensor) measures the change in its components with
respect to a “‘Lagrangian frame”: the frame (or coordinate system) is embedded in the fluid and dragged along
with the fluid by the perturbation. This definition was introduced by Taub (1969) for relativistic fluids and has been
used in that context by Carter (1973), by us (Friedman and Schutz 1975), and by Schutz and Sorkin (1977) who
studied the resulting formalism in some detail. The definition agrees with that of Chandrasekhar et al. and of
Lynden-Bell and Ostriker (1967) only for scalars (the latter authors use A = 8 + ¢-V). The form of A given in (3)
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is mathematically somewhat more natural,® and it simplifies the formalism developed here. In particular, such key
results as equations (59) and (70) below take more complicated forms (and might have been more difficult to derive)
using the older definition of A.
The Lagrangian change in the fluid velocity,
Avt = 8, &)

follows from the fact that a fluid element with trajectory c(¢) in the unperturbed fluid has the perturbed trajectory
(1) + £'[c(r), t]. Conservation of mass is expressed by

Ap = —pVi¢. (6)
We suppose that the perturbation is adiabatic, so that
As = 0; (M
and it then follows from the equation of state (1a) that
Ap Ap
= -, 2P 8
7 ®

where y = (p/p)}(9p/dp); is the adiabatic index. Equations (5)—(8) can also be written in terms of Eulerian perturba-
tions, by means of equation (3). We have

3p = —Vi(pf), 9

8s = —#8V,s, (10)

vt = 9,8 + vV, ¢ — &V, an
and

8p = —ypV, & — EV,p. (12)

These expressions are identical to those used by Chandrasekhar ez al. The Eulerian charge in the gravitational

potential 6® is then given by
V28D = 4nGép = —4nGV (pé) . (13)

In this way one writes all variables of the perturbed configuration in terms of the displacement ¢'. The perturbed
equation of motion for the fluid,

pA[(at + v’Vj)vg + i Vip + V((D:l = 0 . (14)

then takes the form
0 = pd2& + 200'V,0,£, + p(VV,)2¢, — Vi(ypVi€) + VipV, & — V pViEl + p&V,V® + pV, 8D

= A/o2¢ + Bo £ + C¥. (15)
By introducing a Lagrangian displacement, one automatically satisfies the linearized conservation equations
3@ + Vi) = 0 (16)
and
8[op + Vi(pv)] = 0. ¢y)

As a result, one acquires an unconstrained action for the dynamical equation (14) (see § II1) and a related Hamilton-
ian formalism useful for stability theory. Moreover, any initial perturbation (8p, 8p, 8, 85) can be characterized
by some displacement £' via equations (9)—(12), provided that the total mass and entropy of the configurations are
unchanged.* (In the case of isentropic fluids, one is restricted to isentropic perturbations.)

It is not true, however, that a physical perturbation uniquely determines a displacement &. In fact, there is a

° This is essentially because the reference frame is * Lagrangian,” whereas the older definition refers a Lagrangian perturbation
to an Eulerian frame and thereby complicates the mathematical description. The fundamental element underlying Lagrangian
perturbation theory is a map between the perturbed and unperturbed stars (see, for example, Appendix B). The Lie derivative is
defined only by this map; the derivative ¢-V requires in addition the Euclidean structure of the space.

* These are natural restrictions in the following sense: any perturbation that changes the total mass and entropy can be viewed
as a perturbation of a nearby equilibrium having mass M + M and entropy S + 8S. The corresponding pertubation of this new
equilibriumn leaves its mass and entropy unchanged.
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class of trivial displacements »* for which the corresponding Eulerian changes in p, p, ¢!, and s all vanish. Two
displacements £ and & then correspond to the same physical perturbation if (and only if) they differ by a trivial

displacement, ‘

=86+, (18)
where 7' satisfies the equations that result from setting the left-hand sides of equations (9)-(12) to zero, namely
Vien) =0, (19)
7'Vis =0, (20)
and
omt + 'V — Vit =0. (21

(Note that when 8p and 8s vanish, 8p vanishes as well by virtue of the equation of state (1), or, equivalently, by

eq. [12)). . ) _
The general solution to equations (19)~(21) is

7= I—I)e”"V,stf, (22a)
where the function f'is a scalar, constant along fluid trajectories,
@ + £)f=0, (229

but otherwise arbitrary. That equation (22) provides the general trivial can be seen in the following way. Equation
(20) implies that the vector % lies in surfaces of constant s. Equation (19) can therefore be written in the manner

Dfpx ') =0, (23)

where y = (V;sV's)?'2 and where D; is the covariant derivative operator in the s-constant surfaces. Equation (23)

implies that
= VsV, f (24)

(in the language of differential forms, py ~'* is a closed 1-form on s = constant surfaces and all closed I-forms
are exact on surfaces with spherical topology). Finally, to see that the time dependence of #* is necessarily that given
by equation (22), it suffices—by uniqueness of solutions to ordinary differential equations—to show that 7' satisfies
equation (21), which can be written in the form

o' + £ = 0. 25)
Now
\ £, = — Vle (26)
sO that
Moreover,
£vS = Uivzs =0, (28)

and therefore
£,,(;{ VsV, f) = % 5V sV Ef

where we have used the fact that Lie derivatives commute with ordinary derivatives on scalars. Thus
1
@ + £t = ;e‘”‘VjsV,c(a, + £)f

=0. (29)

The trivial displacements are permutations of fluid elements in surfaces of constant entropy that preserve the
volume of each fluid element. They amount to a relabeling of particles, and the time evolution of equation (22)
means that the initial relabeling is carried along by the unperturbed motion of the star. In the special case of an

L
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isentropic fluid, equation (25) is automatically satisfied, and the trivial displacements comprise a larger class of
vector fields having the form

7 = %e""V,»ck, (30)

where the time dependence of the vector £, like that of the function f above, is given by
@ + £)=0. 31

III. FORMAL PROPERTIES OF THE EQUATIONS AND OF THE CONSERVED QUANTITIES
a) Symmetry of the Operators and Existence of a Variational Principle

The following identities show that the operators 4';, B!, and C', of equation (15) are, respectively, symmetric,
antisymmetric, and symmetric on any vector fields £ and »':

nd4¢ = pniét, (32)
n.B4¢ = p(n'V,E — £V ) + Vi(pv'n£h), (33)
mCLE = —pv- Vo -VE + ypV-9V-£ + V.né-Vp + V-&n-Vp + *¢((V,V,;p 4+ pV,V,0)

" 4nG

where 8, and 8, are the changes due to ¢ and ». It follows (cf. Lynden-Bell and Ostriker 1967) that equation (15)
can be derived from a variational principle whose action is

1= 2av =3 [teag + épe - 6cignar. (35)

o V8,0 V5,0 + Vi[pv"q,(v-V)f’ — V£ — nE-Vp + 8@(# V5,0 + pnf)] . (34)

The existence of an action of this sort was apparently first discovered by Chandrasekhar (1961). Conversely, the
fact that variations of ¢ in (35) are unconstrained guarantees the symmetry properties (32)—~(34) (Kulsrud 1968;
Friedman and Schutz 1975), and these account for the power of the Lagrangian framework in analyzing stability,
as we shall see below.

It may seem strange that an unconstrained action principle exists for the perturbations in the Lagrangian frame-
work, since the unperturbed fluid equations do not follow from an unconstrained action principle. However, the
discussion of the exact fluid variational principle in Schutz and Sorkin (1977) makes it clear that there should be no
surprise. The constraints on the exact action uniquely limit variations in p, s, and ¢' to those that arise from a
deformation of the paths of fluid elements (generated by an arbitrary vector field ¢) in which the entropy and mass
of each fluid element remain unchanged. The Lagrangian framework deals with perturbations that are in precisely
this class, so the constraints that the perturbation’s action principle inherits from the full one are automatically
fulfilled. In this way the existence of an unconstrained action and the resulting symmetry properties (32)—(34) are
natural consequences of adopting the Lagrangian point of view.

We shall find it convenient to discuss arbitrary complex solutions to equation (15). We use the conventional inner

product notation

<7)" §i> = f (ﬂ‘)*fidV,

where the asterisk denotes complex conjugation. On complex functions the operators 4*; and C‘; are Hermitian,

while B, is anti-Hermitian:
(n, A = <K&, Ap* (36)

{n, B&) = — (£, Bp*. 37

(We drop indices on vectors and operators where there is no chance of confusion.)

and similarly for C;

b) The Symplectic Structure and Conserved Quantities

Associated with any Lagrangian system is a symplectic structure, a dynamically conserved antisymmetric product
involving the configuration space variables and their conjugate momenta. In our case, configuration space is the
set of vector fields ¢, and the momentum conjugate to £ is

o0&

T A48 + IBLE = pft + p!V £ (38)
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The sympletic structure, which we will denote by W, has the form
Win, §) = (3, A¢ + 1BE) — (A% + 1By, &) . (3%

The product W may be regarded as acting on the space of all pairs (£, £') of vector fields at a given time, the initial
data sets for the dynamical equation (15). If £ and »' evolve as solutions to (15), this inner product will be conserved :

oWy, &) = (i, A€ + IBE) + (n, AE + 1BE) — {di) + 3B, £ — (Aij + 1By, £
= (i, A€ + IBE + (n, —IBE — C& — (A% + 1By, £ — (—1Bj — C, &

= (Chy AE — (A3, ) + Hh, BE + (B, ) — 3(<n, BE) + (Bn, ) + ((Cn, & — (0, CE)

=0, (40)

where equation (15) and the symmetry properties (36)-(37) have been used.

We will use the symplectic structure in § IV to eliminate the trivial displacements by picking out a class of physical
displacements orthogonal to the trivials with respect to . In the meantime it gives us an elegant way to introduce
the canonical conserved quantities that arise via Noether’s theorem from symmetries of the equilibrium configura-
tion. In particular, because the background is stationary, the operators A, B, and C which appear in the dynamical
equation (15) are time independent. Thus ¢,£'(x, #) satisfies the dynamical equation when £(x, 1) is a solution, and

it follows that the product H({, n), defined by
H(E ) = W@é, ), ®

is also conserved. By virtue of the symmetry properties (32) and (33), A is symmetric in its two arguments (Hermit-
ian when complex solutions are considered). The canonical energy is defined by

E(§) = H(E, & = W ©) . (42)
We have ) o i )
E(&) = W, &) = I&, A€ + 1BE — 34§ + 1BE, &)
= & A€ + 3BE) — K —1BE — C&, & = 1 48 + KE CE, (43)

where equation (15) and the fact that B is anti-Hermitian were used. Equation (43) is the form of the more common
(but equivalent) way of defining the canonical energy, namely,

:, 0%
= /'——.- _ .
E, f(f 28 $)dV (44)
Explicitly,
1 )
E$) =5 [PI§|2 — plv-VE|2 + yp|V- €2 + £*.VpV £ + £-VpV. &*
. 1
+ £*E(ViV,p + pV\V;0) — G IVS(Dlz]dV. 5)

Similarly, when the equilibrium configuration is axisymmetric, the operators 4, B, and C commute with 9,
(with £,, where ¢ is the rotational symmetry vector). Thus one obtains another symmetric conserved product,

J(€,m) = W(0s€,m); (46)
and the associated canonical angular momentum is
A
160 = ~4W @k, 0 = — [ 08 T v @
We have .
J(§) = —Re0,, A + 1BE (48)
or
I(®) = ~Re [ pout (G + 0- V&)V (9)

The values of E, and J. for complex £ are the sum of the corresponding quantities for the real and imaginary
parts of £'. In particular a normal mode, & = £(x)e't, has canonical energy

E. = of(Re o){¢, A&) — ¥&,iBE)]. (50
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Since iB is Hermitian, the product (¢, /B¢ is real; and since E. is real by equation (43), it follows that either o is
real or E, vanishes. This simply confirms the fact that if E, is to be conserved for a mode which grows (or dies)
exponentially, it must vanish. Similarly, when the background is axisymmetric, a normal mode & has the form

& = &(r, 0)e™?+®, and we find

Jo = —m(Re o(§, AL — 3§, iBE)). (51)
Thus J, also vanishes if o is not real. For real frequency modes we have the result
El]. = —o/m=w,, (52)

where w, is the pattern speed of the mode. This relation follows only from the Hermiticity properties of the
operators A, B, and C and is generally true for linear Lagrangian systems.

¢) Gauge Dependence of the Canonical Energy

If ' is a trivial displacement, then the Lagrangian displacements ¢ and ¢ + 7' correspond to the same physical
perturbation. Unfortunately, the canonical energy E. is not invariant under such gauge transformations: in general

Ef(¢ + ) # E8) - (53)

To prove this, one need only show that E.(5) # 0 for some trivial »'. In Appendix A we find that the canonical
energy of a trivial displacement has the form

En = -3 f o e (Vo — Vyp)dV . (54a)

When the displacement ' is written in terms of a generating function f as in equation (22), the expression (54a)
for E, becomes
E) = § [ s VsV (ESIVAY (54b)

where the scalar « is defined by
o= f—l)e""V,«sV,-v,c . (55)

In particular, if the unperturbed star is axisymmetric and rotating with angular velocity €, and if the generating
function f has the form f = g(w, z) cos m¢ at t = 0, then

E.(n) = mm? f ofs o(g2Q) . — 5. (g%Q) »)dwdz . (56)
Now a necessary condition for stability against convection is that (Fricke 1971),
0= - [su@Q),, — 5D 0] # 0. (57)
wp

Thus, unless the equilibrium is everywhere marginally unstable to convection, one can give E, any value at all, by
suitably choosing the function g.

d) Complete Expressions for the Energy and Angular Momentum through Second Order

At first sight the noninvariance of E, under a gauge transformation is surprising. Previous work seems universally
to have assumed that £, was the second-order change in energy of the star due to the perturbation.® But this
energy depends only on physical quantities, and hence should be invariant under a gauge change. Therefore, the
canonical energy is not the full energy at second order.

In principle, the second-order part of the energy is the sum of two pieces: one piece quadratic in the first-order
changes of the fluid variables p, p, ¢, and s, and another linear in the second-order perturbations of these quantities.
In many physical theories (e.g., vacuum electromagnetism, vacuum general relativity) the piece linear in the second-
order perturbations of the field variables vanishes identically; the reason is that it has the same functional form as
the first-order change in the energy, which vanishes identically: the energy of stationary solutions is an extremum.
For fluid dynamics, however, the energy of a stationary solution is not an extremum against all perturbations; this

® See Schutz (19725) for a *“proof ” of this in the relativistic context. His equation (80) is incorrect because step (b) of his argu-
ment fails: E. and J. do not necessarily vanish if the physical perturbation is zero. The existence of the trivials was not suspected

at that time.
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has been discussed in detail from a field-theoretic viewpoint by Schutz and Sorkin (1977). In particular, a first-order
Lagrangian change in the velocity leads to a first-order change in the (kinetic) energy of a solution:

SE = _[ dVorAv, . (58)

In Appendix B, we calculate the change in energy and angular momentum accurate to second order in the
perturbation. We find for the change in energy the expression

SE = f dVpv'Av, + E,, (59)

where now & and A are complete to second order. Thus the energy at this order includes in addition to E.aterm
involving the Lagrangian change in v, and which (like E,) is gauge-dependent. Because SE is a physical property
of the configuration, it is independent of gauge; and because it is the change in energy, it is conserved. Then

conservation of E, implies that the term
J dVpv'Av;

must also be conserved. This additional conserved quantity can be related to the circulation in the fluid, at least
when the unperturbed flow is circular:

f dVer'do, = f d2xpQ jﬁdfoui - ziﬂ f AMQA 3@ vt ®

where dM is the mass of the ring around which the circulation integral is calculated. This was in fact the form in
which the correction to E, was first found by J. Bardeen (private communication, 1975).
The analogous expression for the second-order change in the angular momentum is

5J = f AVedido, + U, , 61)

where & and A are complete to second order. Again, neither term is gauge-invariant but their sum is, and both
terms are separately conserved.

It is remarkable that for uniformly rotating stars a gauge-invariant expression quadratic in ¢ does exist (Bardeen
et al. 1977). If v = Q¢' for Q constant, then inspection of (59) and (61) shows that

SE — Q8J = E, — QJ,. (62)

Since the left-hand side is gauge-invariant, so is the right. This quantity has a simple interpretation: it is E. p, the
canonical energy of the perturbation with respect to the frame rotating with the star. This is easily seen by applying
the definition (42) in the rotating frame. If we denote by ¢’ the time coordinate of a rotating observer (whose angular
coordinate is ¢ = ¢ — Qt), thent’ = t and

Oy = 0 + Q0, . (63)

Thus
E.n = W8 6 = WL &) + QW(@t, §) = E — Q.. ®

In the rotating frame, the fluid is not moving; since gauge problems arise only in moving fluids, it is not surprising
that E, p is gauge-invariant.

The energy E. » has been discussed by Howard and Siegmann (1969) in connection with the stability of rotating
flows. Their treatment is entirely Eulerian, and they find the expression for E, j in terms of Eulerian perturbations;
this must exist because E,  is gauge-invariant. Appendix C expands on this briefly.

1IV. CANONICAL DISPLACEMENTS

The description of fluid perturbations in terms of a Lagrangian displacement involves, as we have seen, a gauge
freedom associated with the trivial displacements: the same physical perturbation can be described by more than
that one Lagrangian displacement. This ambiguity is particularly unsatisfactory for stability theory, where, as we
shall see in Paper l1, one would like to test stability by asking whether the canonical energy E, is positive definite.
To make sense of such a criterion, the functional E. must have the same value for two displacements that describe
the same physical perturbation, and, as was pointed out in § [L1c, this will not be the case if one allows the full class
of trivial displacements.

~We would therefore like to restrict in some way the class of displacements—to pick out a subclass of *“canonical”
displacements. The subclass should be large enough to include all physical perturbations, small enough that E. is
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invariant under any remaining gauge freedom, and should be such that the time evolution of a canonical displace-
ment is canonical. That is, one requires of a class of *“canonical” displacements that

i) the class be dynamically invariant,

i1) to each physical perturbation correspond at least one ‘““canonical” displacement, and )

ii1) if ' and & are two “canonical” displacements corresponding to the same physical perturbation, E,(£) = E,(£).
One can often do somewhat better than this, in the sense that it is ordinarily possible to find a dynamically preserved
class small enough that to each physical perturbation corresponds a unique displacement in the class. On the
other hand, it is apparently not always possible to satisfy (ii), and in such cases restricting consideration to the
“canonical” displacements may then be a genuine restriction.

Each of the conserved inner products W, H, and J introduced in § I1I5 can be used to define a natural class of
displacements satisfying (i)—(iii) above (except in special cases) by requiring that a canonical displacement be
orthogonal to all trivial displacements with respect to the inner product. That is, a displacement & will be canonical
with respect to the inner product W if W(¢, n) = 0 for all trivial . In fact, the three inner products provide the
same substance of displacements orthogonal to the trivials, and we conjecture that the class obtained in this way
is the only subspace satisfying conditions (i)-(iii).* However, uniqueness of the subspace is not required for the

stability criterion obtained in Paper II.
a) Fluids with Two-Parameter Equations of State
Consider the condition that a displacement be orthogonal to all trivials, »*, with respect to W. We have
W ) = [ ol + 09,8 = G+ VIV = [ g6 + 09,6 + 0T ENY, (63

where we have used equation (21), valid for a trivial displacement 7' and integrated by parts to obtain (65).
Substituting now for n* the explicit formula (22) for a generic trivial, we have

Wi &) = [ HVsVuf(l+ 09,6 + 098DV, (66)
whence W(, £) = 0 for all trivial 5 if and only if
| 79,598+ Vit + w980y =0, (67)
for all functions f. Thus £ is orthogonal to the trivials if and only if
VsV (€ + VV.E + 'V, E) = 0. (68)
Now the expression in parentheses in equation (68) can be written in the form
L+ UVE + UV = g + vEg, = gy’ + vAg, = Aw,, (69)
where the definition (3) of A, and the relation £,g,, = V,¢; + V,¢ have been used. Equation (68) then has the form
e VsV, A, = 0. (70)

In other words, the Lagrangian change in the vorticity,
AVw; — Vo) = Vb, — VA, an

is a tensor orthogonal to the constant entropy surfaces. (We have made use in eq. [71] of the fact that Lie derivatives
commute with exterior derivatives, that, e.g., £(Vi4;, — V,4)) = V.£,4;, — V,£,4,). An equivalent statement is
that the circulation in surfaces of constant entropy be unchanged:

A f pdxt = 0, 72)

where c is any curve lying in a constant-entropy surface. In the special case of isentropic stars (see below), all curves
lies in surfaces of constant entropy and the canonical displacements conserve all components of the vorticity.
A final equivalent form of the orthogonality condition is

A = A, (;1) e""V,-sV,-vk) -0, ™)

® Strictly speaking, we are concerned here with displacements of the form ¢ = &(r, 8)e'™® with m # 0.
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which follows from the relations
A = — V. £, Ap=—pV-§, and As=0.

The quantity « that appears in equation (73) was previously introduced in IIlc. In a rotating (nonisentropic) fluid,

a is conserved:
@, + U’Vi)“ =0; (74)

and the gauge condition can be interpreted as a requirement that the perturbation also conserve « for each fluid
element. In the general unperturbed flow, exactly three quantities are constant on a fluid element: its mass, its
entropy, and the value of «. Conservation of « is called Ertel’s theorem (Ertel 19424, 5).”

Having explicitly characterized the space of displacements orthogonal (in W) to the trivials, we can show that
the spaces arising from the products H and J are identical and that the canonical displacements so defined satisfy
(i)(iii) above. We will specialize our considerations to the case where the unperturbed configuration is axisymmetric
without meridional circulation, and first deal only with perturbations having angular behavior ¢ for m # 0.

The fact that W, H, and J define the same class of orthogonal displacements follows from the defining equations
(41) and (46) for H and J together with the fact that if %' is trivial (and nonaxisymmetric), so is &', 947, f n'dt,
and [ n'd$. Condition (iii) follows from equation (42) for the canonical energy E, together with the fact that
orthogonality to all trivials with respect to # implies orthogonality with respect to A. That is, if & and ¢ corre-
spond to the same physical perturbation, their difference, n* = & — ¢ is a trivial displacement. If ¢ and £ are both
orthogonal to all trivials, »' is itself orthogonal to all trivials, including itself. Thus we have

2

E(®) =3H(E +m, & +n) = YH(E &) + H(E,m) + $H(, m) = $H(E, &) = E(§) .

Finally, consider (ii), the question of whether there is at least one canonical displacement corresponding to each
physical perturbation. That is, given any displacement ¢, we want to find a & orthogonal to the trivials and with
& — Ettrivial. Let ot = ¢' — §'. The displacement &' will be orthogonal to the trivials if

Aa = 0. (76)

We have
0=A7A;e =0+ Ao = Ape + £,0 = Ay + 7'V, 7

Writing the trivial displacement %' in the form (22), we have for f the equation
’l)e‘”‘V,aV,sV,c f= ~dg. (78)

In cylindrical coordinates (¢, w, z), with = the distance from the axis, its solution is

dgf = ——ZPA= 19)

X aSz — XS5

Thus one can always find such an f(and therefore a canonical é) provided that Ve x Vs # (0 away from the axis
of symmetry. Finally, it is not difficult to show that when such a ¢ orthogonal to the trivials exists, it is unique. Jaar
if £ and { are both canonical and represent the same physical perturbation, n = { — £ is a trivial orthogonal t¥gl
trivials. Thus

0 = A,,a = %e""V,aV,Ska;

and, except at points where Ve x Vs = 0, the equation implies 9,/ = 0. Assuming that the locus of such points is
of measure zero in the equilibrium fluid, we have é,f = 0 everywhere, implying that f = 0. Thus { = £, and
the canonical displacements are uniquely determined in the nonaxisymmetric case.

7 By means of the symplectic structure we have related conservation of circulation to the trivial displacements. This relation can
be understood in terms of Noether’s theorem in the following way. First, note that for any (not necessarily canonical) displacement
£, the product W(¢, ) is conserved for all trivial »'; and this conservation law is simply Ertel’s theorem for the perturbed flow:

@ + v'V)Aa=0.

Now each trivial displacement 7' generates a one-parameter family of symmetries of the set of solutions £ to the dynamical equations,
namely the transformation A* — & + Ay'. These transformations change the Lagrangian density by a pure divergence and are
therefore what Trautman (1967), in his extension of Noether's theorem, calls generalized invariant transformations. The corre-
sponding conserved quantity turns out simply to be the product W(¢, 7). Thus Ertel’s theorem for the perturbed fluid arises via
Noether’s theorem as the conservation law associated with the trivial displacements. Furthermore, when one treats the exacr flow
as a Lagrangian system, trivial displacements again play a role as generators of symmetry transformations and the associated con-

servation law is again Ertel’s theorem.
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We turn now to axisymmetric perturbations of axisymmetric stars. A trivial displacement is generated by a
function f which, by equation (22) and axisymmetry, must be independent of ¢ and z. Therefore the trivial dis-
placement n can have only a ¢-component. From (73) it then follows that v is orthogonal to all trivials, since
A, = £, = 7%0a/0¢ = 0. This means that £, and J, are invariant under the whole class of axisymmetric gauge
transformations. We can conclude two things: first, that there is no real need to eliminate trivials in this case; and
second, and conversely, that there is no unique way to define the trivial part of a given Lagrangian displacement.
On the other hand, it is certainly possible to find displacements ¢ for which A« # 0. These must clearly differ in a
physical way from those for which A,z = 0, since all the trivials are in the latter class.

In order to resolve this difficulty, it is helpful to understand another problem with axisymmetric perturbations. It
makes sense to discuss E, and J, only if the first-order changes in £ and J vanish for the given perturbations. For
nonaxisymmetric perturbations this is automatic, since the integral over the entire star of any function linear in the
perturbation vanishes. For axisymmetric perturbations one must impose the extra condition

A¢U¢ = 0 (80)

in order to guarantee this (cf. eq. [58]). This condition also turns out to guarantee A, = 0, for the following reason.
Consider equation (70). If the perturbation is axisymmetric, then in coordinates (¢, w, z), A,v, must not depend on ¢.
This means that the two derivatives V, and V, (which are really only partial derivatives) must be chosen from V,
and V., forcing the index k to take the value ¢. Then condition (80) guarantees satisfaction of (70) and hence of
(73). This shows that the only perturbations which do not satisfy our gauge condition are those which change the
angular momentum and energy of the star to first order. These have been excluded in all previous treatments of
axisymmetric stability (see, e.g., Lynden-Bell and Ostriker 1967 and Chandrasekhar and Lebovitz 1968) by the

imposition of (80).
b) Isentropic Fluids
An isentropic fluid has an equation of state of the form p = p(p), and its adiabatic perturbations satisfy
8 = p'(p)op . @81
%it n/iascpointed out in § II that the trivial displacements 7' of an isentropic fluid are proportional to curls of vector
elds ¢,
= % eV L, (82)

where ¢, has the time dependence given by equation (31).
The requirement that a displacement £ be orthogonal to all trivials is again given by

0= W, & = [ e, + 09,6 + oVEWY = [ prfwdy (83)
(see eqgs. [65] and [69]). Now, however, 7' has the general form (82), and equation (83) becomes
0= J. A0, V., . (84)
This will hold for all {, when
e*V, Ao, = 0. (85a)
Equivalent forms of the condition are
AV — Vi) =0, (85b)
A, (% e”"V,.v,,) —0, (85¢)
and
A §§ odxt = 0, (85d)
[+4

where ¢ is any closed curve lying in the fluid. These express the requirement that the perturbation preserves the

vorticity of each fluid element.
To show that to each physical perturbation corresponds some &' preserving vorticity (condition [iii] for the isen-

tropic case), we have to solve the equation analogous to (78), namely,
Vikwn = — Vubevp = 1g,, (86)
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together with the requirement that %' be trivial,
Vi) =0. (87

For an axisymmetric, differentially rotating star having angular velocity Q, isentropy implies Q = Q(=). In
cylindrical coordinates, equations (86) and (87) take the form

(,w.2Q)'aznd> = Guwz> (88)
(m*Q)09™ = g4, (89)
Oul(w? Q) 77] + 0u[(@* Q)] = Gao, (90)
and
2 oalwpn®) + 8upn) + 2y(pn®) = 0. o1
Equations (88) and (89) imply
— 1 : 4 &, o 5
"Id’ - (mgg)r [J‘_ZD(W) qwzdz + C ( s ¢):l (92)
7 = oy || e+ o) ©3)
(m’zQ)’ ~ 2p(m) = ’

where z,(w) is the value of z at the boundary of the equilibrium star and £ = (£, =, 0) is a vector field indep&ent
of z. Making use of the identity

IeGwor = 0, o9
we find that in order to satisfy equation (90), {! must be a solution to
Oul™ + 0,0 = qou(®m, 2 = —z0(w), $) . 95)
This relation fixes {! up to
70"+ 0,8, =0 - 0ug, (96)

where g is an arbitrary function of = and ¢ (g must vanish on the axis in order that ' be regular there). Finally,
from equation (91) we have
1 [? 1
"= dz [— Ou(wpn®) + 3‘»(9714’)] : @7
2p

w

In order that »* be defined at z = z,(w), where p = 0, the freedom in ' given in equation (96) must be further
restricted to guarantee that

2y , l
f dz [; Ow(wpn™) + 3¢(p1)¢):| =0. ‘98)
This can be done, but it leaves some ambiguity in {! corresponding to functions g in (96) which satisfy
21 wp _
f o gy 8 = 0 (99)

When £ is smooth, with angular dependence ™, m # 0, and when (=2Q) is nonzero away from the axis,
equations (92), (93), and (97) provide a smooth trivial displacement %' for which & — %! is orthogonal to the
trivials. Now the requirement of local stability against convection is precisely that w?Q-—the angular momentum
per unit mass—increase outward, that (=?Q) > 0 away from the axis of symmetry (Goldreich and Schubert
1967). Thus for isentropic stars condition (iii) is satisfied: to each physical perturbation corresponds at least one
canonical displacement. The canonical displacements are not quite unique, as we have seen, but the remaining
ambiguity is harmless in that it leaves the canonical energy and angular momentum invariant.

Using canonical displacements for isentropic stars is natural in the sense that isentropic fluids conserve vorticity,
and, in addition, the canonical displacements are precisely those which preserve the vorticity of each fluid element.
In the context of stability theory, J. Bardeen (1975) and C. Hunter (1977) have previously advocated using the
condition. It has apparently not been recognized, however, that this involved no restriction on the corresponding

physical perturbations.
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APPENDIX A
CANONICAL ENERGY OF A TRIVIAL DISPLACEMENT

The canonical energy defined in equation (42) is
Eo) = WG = § [ ol + 0-Vn) — G + v Valav
A trivial displacement has time dependence given by equation (21),
7= —£n';

then
i = (£,)%,

and we have
E(n) =% f plEm'gutn’ — £m'v- Vo — n(£)* ' + nw- VEL 1AV .
The third term in this expression for E, can be integrated by parts in the manner

—4 [ ey = -4 [ ottt = ptanaiav

= <1 [ oo Vanta)at + 4 [ ptnttnav = 4 [ ptattnay,

(AD

(A2)

(A3)

(A4)

where the relation V-(pv) = 0 was used. After another integration by parts (of the last term on the right in eq. [A3]),

we obtain
E. = 4 [ ptar(gutor’ + £ — 20 Vadav

— 1 [ ot (Vio, = Vddv = —4 [ pepain'taa,

where «' is the vorticity vector,
w‘ = E“"V,U,c .

When the general form (22) of the trivial displacement,

7= % VsV, f,

is inserted in equation (AS5), the expression for E, takes the form

E = —% :—)e,«,—kw‘(e”""vmsvn NPV, 5V £, f)dV = —% f % WV, eV sV, fV L fdV |

In terms of the scalar «,

1 1
o = ;Eu"V‘stvk = ;w‘V,S

introduced in the text, E, can be written as

E = —1 f eV sV, fV, £, fdV .

(A3)

(A6)

(A7)

(A8)

In particular, suppose the equilibrium is an axisymmetric fluid rotating with angular velocity Q. If fis a function

of the form (at ¢t = 0)
f= glw, 2) cosmp,

(A9)



950 FRIEDMAN AND SCHUTZ Vol. 221

We have
E. =~} f eV sV (g cos md)Vi(—mQg sin mp)dV

= —1im? f ae*V s[ - V,gQgV, b cos? mp + gV,4V,(Qg) sin®> meldV
= Lom? f «eV,5V (g2 )V, $wdwdz

= Jam? f ofs.0(8°Q)., — 5.48°Q) u]durdz . (A10)

APPENDIX B
SECOND-ORDER PERTURBATION THEORY

Our aim in this Appendix is to calculate the change in physical energy and angular momentum of a perturbed

equilibrium configuration accurate to second order in the perturbation.
Suppose first that (p, p, ¢!, 5) is a solution to the equilibrium equations (1) and that [5(A), p(&), 7'(A), §(3*° i a

family of solutions to the exact time-dependent equations, (1a), (2), and

&+ V@) =0, (Bla)
35_' 5t T —
S+ oVs=0, (BIb)
@ + V)5, + %_V,ﬁ +V®=0. (Blo)

The family is to be smoothly parametrized by A and to coincide at A = 0 with the equilibrium configuration:
PO =p, pO)=p, TO)=v  50)=s. (B2)

We will further suppose that the family of time-dependent solutions is such that all of its members can be reached
by an adiabatic deformation of the stationary solution. That is, there is to be a family of maps ,(x, t) with the

following characteristics:
i) If ¢(¢) is the path of a fluid element in the equilibrium configuration ,[c(r), ¢] is a path in the perturbed

configuration. )
ii) The entropy of each fluid element is conserved:

EA(‘/’A(X’ t), t) = S(x! t) .
iii) The mass of each fluid element is conserved:
ﬁ((/’l\(x’ t)’ t)JvIl;\ = P(X, Z) ’

where J,, is the Jacobian of the map .
An exact Eulerian change in a quantity Q will be defined by

80 =0 - ¢; (B3)
the Eulerian change in the linearized theory is then the first-order part of 8,0, which one could identify with

d
7 9@

A=0

Similarly, the second-order change in energy that we want to evaluate is

& EL0), 500, 09, 5]

A=0



No. 3, 1978 LAGRANGIAN PERTURBATION THEORY 951

In order to construct a generalization in this exact framework of the linear Lagrangian displacement formalism,

we write
dix, ) = r' + §(x, 1) (B4)

where r is the radial vector from the origin to the point x. [In Cartesian coordinates x = (x!, x2, x%), r* = x'.] For
simplicity we take
E(x, 1) = Ml(x, 1), (B3)

so that (d2/dA?)¢,! = 0.8 We will suppress the index A from now on, writing O(¢?) to mean O(A?). The Lagrangian
change in a quantity Q will be defined by

AQ =4¢*0 - Q, (B6)
where ¢* is the differential map. Its action on a tensor T*-/, , expressed in a given coordinate system, has the
form

pT s = o B0 B ool B T, (B7)

on the tensor density g2, where g is the determinant of the metric g;;, ¥* acts in the manner
Prgliz = J gl . (BSY)

In effect, AQ compares the components of Q at x with respect to a frame at x with the components of Q at (x)
with respect to a frame dragged along by the fluid to ¢(x). To first order in &, A agrees with the operator of the

linear theory:

A=38+ £+ 0(8H. (B9)
In terms of the Lagrangian operator A, conservation of mass and entropy, (ii) and (iii) above, take the form
As =0 (B10)
and
A(pg'?) = 0. (BI1)
The change in integrals over the entire fluid having the form
| soav
has the property®
5 ffpdV= fAfpdV. (B12)

a) The First-Order Change in Energy

Before doing the second-order calculation, it will be helpful to evaluate the change in energy to first order in
& without assuming that As and A(pg*/?) vanish. The total energy of a fluid has the form

E=T+U+W, (B13)

where the kinetic energy is
T= J%vzpdV, (B14)

8 No loss of generality is involved in making this ansatz: If a time-dependent solution is related to the equilibrium fluid by a
map ¢(x), it can be reached by the family of maps x — x + A[¢(x) — x].
9 This may be seen as follows:

5 Jv fpdV = J.vapdV— fv fpdV .
Now
[ av =] wGogoux = [ wheav
v v=1v) “y-Ly)

when A(pg'i?) = 0. Taking for V the entire space, we recover (B12).
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the internal energy

U= jupdV, (B15)
(with u the specific internal energy), and the potential energy W is
W= f 3Dpdv . (B16)
When A(pg'/?) is nonzero, equation (B12) is replaced to first order by
5 f fodV = f AfpdV + f fz-12A (g 2)dV (B17)
and we have
SE = f [AGY? + u + 3D)p + G0 + u + 3O)g~A(pg )]V . (B13)
We want to evaluate
AEV? + u + 1P) = AV, + Ao + Au + FAD . (B19)

The Lagrangian change in the velocity field, as before, is
Mot = B @

and the corresponding change in the covariant field is

Av; = Mg v?) = Agyt! + 8,80 = 8¢ + VYV + vV, (B21)
The specific internal energy changes by
_ [ou ou _ P .
Au = (3p)sAp + (-a—E)DAs = Ap + TAs; (B22)
and, finally, the perturbed gravitational potential is
AD =380 + ¢V, 0, (B23)
with
V28D = 47Gép . (B24)

Substituting these expressions for the Lagrangian changes in Av*, Av,, Au, and A® in equation (B18), we find after
an integration by parts

SE = f [(h + 30 + ©)g~1PA(pg"?) + pTAs + pilv, + E(Vip + pVi® + p!Vp)ldV,  (B25)

where # = u + p/p is the specific enthalpy. The last term in the integrand vanishes by the equation of equilil.m
of the unperturbed star, and we are left with

3E = f [(h + 40* + ®)g~12A(pg*?) + pTAs + pr'Av]dV . (B26)

This equation was obtained by Schutz and Sorkin (1977) by slightly less direct means.

It is clear from the expression for S E that the energy of a star is an extremum only against perturbations for which
the Lagrangian changes in particle number, entropy, and a certain component of velocity either vanish or integrate
to zero. Perturbations which do not satisfy these conditions can change the energy to first order; and this fact is
closely related to the difference between E. and the second-order change in energy. That is, to second order 8 E will,
in general, have two contributions: terms linear in the fluid variables Ay, Ap, and As occur in the combination (B26)
as in the linearized theory, while a second group of terms, quadratic in the field variables, combine to give the
cagon{calgenergy E.. Thus E, will be the second-order change in energy if A(pg?/?), As, and v*Av, vanish to second
order in £.

b) Second-Order Change in Energy and Angular Momentum

We want now to calculate the change in energy and angular momentum to second order in the perturbation. We
will assume that the mass and entropy of each fluid element are constant, and so we will find that 3E — E, involves
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only ©*Ar,. As a by-product will follow the fact that for uniformly rotating stars, E, — QJ, = 8E — Q8J. Conse-
quéntlv E. — QJ. is an expression in ¢ invariant under gauge transformations & — & + 7', ¢ trivial.

The conservation of the mass and entropy of each fluid element will allow us to express E in terms of the Lagrang-
ian displacement £. We will first obtain expressions for Ag;;, Ap, and Av' in terms of ¢, which we will then use to
calculate 87, 38U, and 8W. In finding the Lagrangian change in the metric Ag,;, it is simplest to work in Cartesian

coordinates. Because 8g;; = 0, we have

Agy = ¥y — gy, (B27)
$*giy = G(x™ + EMOAX™ + E)gm(x + £)
= (3" + 0£™S" + 0;6M)gmn(X) = g + 0€; + O)f, + O,€™0 6 .
The corresponding covariant expression is then
Vrey = gy + Vi&; + Vibi + ViV n (B28)
and Agy = Vié, + Vyb + Vig"V,E, (B29)
To express the change in density Ap in terms of the displacement vector, we use conservation of mass,
0 = Apg'?) = Apg2 + pAg'® + ApAgh?. (B30)
From (B29) or (B3) it follows that
gAY = V& + H(ViEV,E — VEVE) + 0(8), (B31)
and we find
épi’ =~V + WVEVE + VEVE) + OE). (B32)

The perturbed velocity field can be obtained from condition (i) above in the following way. Let ¢!(r) be the
trajectory of a fluid element in the equilibrium configuration. The trajectory of the corresponding fluid element in

the perturbed configuration is

&(t) = §'le(r), t] = c'(z) + €[c(2), 1] (B33)
The value of the unperturbed velocity field at ¢'(z) is
PLee), 1] = 3 60

and, similarly, the perturbed velocity field has at time ¢ and position &'(¢) the value

@0, 1) = Se) = Do) + Bl 1] = @ + 8 + Voe(), 1], (B34)
where €' = §,¢. Now the Lagrangian change in the velocity field Avt is
At = P* 5t — o, (B35)
or
Avi(x) = (@3~ ")Y(x)] — v'(x), (B36)

where the time dependence is suppressed for simplicity of notation. We can obtain ¢ ~* iteratively by substituting
i ~*(x) for x in the equation
x = i(x) — &(x)

to give

e VTN =X = BT = ¥ - Sl - WD = ¥ ) + PO + O).  (B3)
Bl = 8 - 0,60) + 8808 + 0E). (B38)

Finally, from (B34), (B36), and (B38), the expression for Av' has the covariant form,
Avt = (8, — V,& + V£V, 00" + & + vV, &) — vt + O(&°)
= § - f':ng . (B39)
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The corresponding change in the covariant vector is
Av, = Agiv') = guAv* + Agiyv’ + AgyAv’ = & + (Vi€ + V,E) + §Vi§ + vV, EVi¢,, (B40)

where the expression for Ag;; and A¢* given in equations (B29) and (B39) have been used.
The calculation of 8T, §U, and §W is now straightforward. We have

ST = 5 f 3pv2dV = f 1pARdV (B41)

from equation (B12). Now
Av? = A(g,v't!) = 20'Ay, — Ag o'’ + g, Av'AY? + O(€%)
= 20Av, — (Vi€; + V& + ViEV 00 + gy €18 = 2'An, — 2007V,¢, — vIV,E04V, & + £6. (B42)

Thus
ST = f (A0, — POVE) + 3p(E, — IV, 9V, £)JdV

- f [0'Av, + pEUVy0, + (8 — UIV,EVV, E)ldV (B43)

where A, is given in terms of the displacement £ by equation (B40).
For U we have

8U = 8 f pudV = [pAudV. (B44)
Because As = 0, '
_ (0u 1 (0%u 2 3 c
du = (%) ap + 5 (Z5) @07 + 0. (B45)
But
duy ya
(5;) - L, (B46)
and
Puy 1 (op 2 _p,
(7).~ ). -%-Fo-». (347

where y is the adiabatic index. Substituting expression (B45) in equation (B44) for U and integrating by parts,
we find

8U = f [£Vip + Typ(ViE)? + EVipV,E + JEEV.V,pldV . (B43)
In calculating W it is useful first to establish a few identities. From the exact relation -
V28D = 47Gdp , (B49)
it follows that
f $pDdV = % f V20DV = f 5OpdV . (BS0)
Similarly,
_ =1 t
J' Sp8baY = f V,50V5DdV . (BS1)
Now
SW = f 3p0dV = f 3pABAY (B52)

as usual. We also have, however,

sw =1 f 8(p)dV = % f (p3D + Spd + 8pdD)AV = f 8DV — ﬁﬁ f VAOViISddY,  (B53)
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where the identities (B50) and (B51) have been used. Together the two expressions (B52) and (B53) for W imply
SW = f p(AD — 8DYV + ﬁ f V.o0Vis0dV . (B54)
Now _ L
AD — 8O = (f*D — D) — (@ — ®) = y*D — O = J*O — O + Y*8D — 8O
= &V, 0 + £V, 0D + 3£V, V,0 + 0(&). (B55)
Thus
SW = f [pf‘Vifb + p€V, 6D + 8—7-13 VsOVISD + %pE‘f’V‘V,d)]dV. (B56)
To first order, the Eulerian change in density is
8p = —Vi(pt),
from which it follows that
f £V, 50V — f 3p30dV + O(£%) = —311—7 f V,50V'504V (B57)
by equation (B51); and the expression for 8 then takes the form
SW = f (pgfv,tb - §71—G VSOVSD + %p«f‘f’V‘Vj(D)dV. (B53)

Finally, combining equations (B43), (B48), and (B58) for 87T, 8V, and 8W, we obtain
8E = 8T + 86U + 6W

=f [pf’(z/Vjvi + ’—ljv,p + Vi(D) + pv‘Av,-]dV
+ %f [Pétéi — p!V,E0V E + yp(ViE)? + 28V, pV,E7 + EE(V,V,p + pV,V,0) — ﬁ V,S(DV‘S(D]dV.
(B59)

The equilibrium of the unperturbed star implies that the first term in the integrand vanishes, and we have
SE — J' ov'AvdV + E., (B60)

where E. is the canonical energy given in equation (45). As anticipated, when the mass and entropy of each fluid
element are conserved, 8F differs from £, only by a term involving the component of the change in velocity Ay,

along the unperturbed velocity field. . _
Finding the second-order change in angular momentum is much easier. We will write ¢! for the rotational sym-

metry vector (in cylindrical or polar coordinates, it has the form é&',). Then
J = f pviptdV (B61)

and
8J = J pA@ SV = f pdiAvdV + f p(vAdt + AvAdh)dV . (B62)

Because 64! = 0,
Ag' = Y*¢! ~ ¢t = PV — ¢V, + (HV,EF — VIV + 1V VB + 0(8%) . (B63)
It is easy to verify directly (and true of any Killing vector on flat space) that V,V, ¢! = 0, whence—using the
definition (4) of Lie derivative—we have
Agt = —£48" + £8°ViE + O(8%) . (B64)

Then
Ad'o, + Ao AP = — £48'0, — £48(¢, + VV;8); (B65)
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and from equation (B62),

5 = f Ao dV — f [p£e8(é + UV,E) + pEofvldV . (B66)
Now
f pEobiodV = f £o(pto)dV = 0, (B67)
and we are left with
5J = f Ao dV — f pEQ(E, + VIV, E)AV = f p$iAvdV + ., (B63)
where
7= - f pLE(E, + vV, )V (B69)

is the canonical angular momentum given by equation (48).
As in equation (B60) for the energy, the difference between 8J and J, depends only on the ¢-component of Ar..

In fact (as Bardeen first noted), when the unperturbed star rotates uniformly with angular velocity Q (¢! = Q¢Y),
equations (B60) and (B68) imply
8E — Q8J = E, — QJ,.

Because 8E and 8J are physical quantities, the combination E, — QJ, = E, ; must be invariant under the gauge
transformations ¢ — ¢ + =, o' trivial. One therefore expects to be able to write E, x in terms of Eulerian changes

in the fluid variables, and we do this in Appendix C.

APPENDIX C
ENERGY IN THE ROTATING FRAME

The energy E. ; may be found from equations (64), (45), and (B69):

1 , 1 1
E.r = 3 JdV[p|3§/at |2 + P 8pdp + (V- &) (&) — yyred |V8(D[2] s cn
where
—vp Py, (%
& = Vp 5 Vp = (as)DVs (C2)

and where ¢’ is the time-coordinate of the rotating frame. Our object is to express E, . in terms of the Eulerian
perturbations. In this frame 8v = 9§/dt’, since the unperturbed velocity is zero, so only the third term in (C1)
needs work. To do this we note that, because the star is uniformly rotating, the level surfaces of p, p, and.S all
coincide. There are therefore relations inside the star ‘b

p=ps), p=np). (C3)
Then the third term is

v of) v (v em LB+ (Do 26 e

where the last term inside the brackets is the derivative inside the star as given by (C3). This suffices to express
E. x in terms of Eulerian perturbations, but the whole expression can be simplified considerably by using the identity

®).E).5). -

One combines the first term in (C4) with the second in (C1), and one combines the last two in (C4) with each other
to get

bt LG L) Bor - er]|
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This is equivalent to the energy integral defined by Howard and Siegmann (1969), apart from the 8@ term which
was absent from their treatment because they assumed an external gravitational field.

The Howard-Siegmann paper is partly concerned with geostrophic flows, which are time-independent local
iis connection they use the energy E. » as an inner product to define the *“ geostrophic part” of
a procedure which closely parallels our manner of defining the trivial part of initial data.
leads them to certain conditions involving Ertel’s constant.

perturbations. In th
arbitrary iniual data.
Not surprisingly, this
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