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Abstract In this work we study solutions of the prescribed mean curvature equa-
tion over a general domain that do not necessarily attain the given boundary data.
With such a solution we can naturally associate a current with support in the closed
cylinder above the domain and with boundary given by the prescribed boundary data
and which inherits a natural minimizing property. Our main result is that its support
is a C* manifold-with-boundary, with boundary equal to the prescribed boundary
data, provided that both the initial domain and the prescribed boundary data are of
class 1,

Keywords Prescribed mean curvature equation - Minimal surfaces - Boundary
regularity

Mathematics Subject Classification (2000) 53A10 - 49Q15

1 Introduction

The Dirichlet problem for surfaces of prescribed mean curvature in an open set €2 of
R" concerns the existence of a solution to the equation

" D,-u .
Di| ————— ) =H(x, Q 1.1
i:Z1 ( AL |Du|2> (x,u) in (L.
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taking prescribed values
u=¢ onof.

Here and throughout this paper 2 C R” is an open bounded set, ¢ € L'(92), and
H(x,xp41)isa C ! function defined in © x R, which is non-decreasing in the x;41-
variable and such that || H ||g < n(w,/|2))"/".

It is known [15, 23] that if 92 is C2, then a solution exists for any given boundary
values ¢ € c%Q) provided that Hyq(x) > |H (x, ¢(x))| for each x € 92, where
Hjyq denotes the mean curvature of the boundary, and furthermore, the regularity of
the solution depends on that of d€2 and ¢. Here and in what follows, we adopt the sign
convention according to which the mean curvature of 0€2 is non-negative in case €2 is
convex. Furthermore, there are examples that indicate that this condition is necessary
for the existence of a solution (cf. [13, 14.4]).

Our goal is to study the regularity of such a solution without imposing any cur-
vature conditions for 0€2. For this reason we will use a variational approach to the
Dirichlet problem (cf. [11, 22]) and look for a minimum of the functional

v(x)
f(v):/ ,/1+|Dv|2dx+// H(x,xn+1)dxdxn+1—|—/ lv—oldx (1.2)
Q QJo 9

for v € BV(); here BV(Q) denotes the space of all functions in L!(€2) that have
bounded variation, i.e., with first distribution derivatives given by signed Radon mea-
sures.

Giusti and Miranda [11, 22] have proved that if d€2 is Lipschitz, then there exists
a minimizer u of the functional F, which is unique up to translations. Furthermore,
this minimizer satisfies (1.1) in €2 (cf. [3, 19, 28]) and attains the prescribed boundary
values above any C? portion of the boundary where the mean curvature is bigger than
|H(x, ¢ (x)| [21].

The purpose of this paper is to give a complete and general discussion on the regu-
larity of the hypersurface obtained by taking the union of {(x, u(x)) : x € Q) and the
part of 92 x R which is enclosed by {(x, u(x)) : x € 9} and {(x, ¢ (x)) : x € 92},
where u is the minimizer of . In particular, in our main theorem (Theorem 4.2) we
prove that if 32 is C1% and ¢ € C1**(3<), then this hypersurface is a C'** manifold-
with-boundary, with boundary equal to graph ¢p. We also show that this regularity re-
sult can be extended for boundary data ¢ € C1* (32 \ {xo}), where at xo € 92, ¢ has
a jump discontinuity.

Furthermore, we will show that this manifold can be obtained as the C1¢ limit
(as submanifolds of R"*1) of graphs of C'** functions over . The main idea is to
approximate the equation of the given Dirichlet problem (1.1) by new equations in
which we change the RHS near the boundary by adding a divergence term that will
allow us to prove existence of barriers for solutions of the new equations. We then
use techniques from the theory of integer multiplicity varifolds, integral currents,
and partial differential equations to get uniform C!+¢ estimates for the graphs of the
solutions to the approximating equations.

Concerning the regularity of u (the minimizer of F), it is known [12, 24] that if
¢ is Lipschitz, then above any C? portion of the boundary where the mean curva-
ture is bigger than |H (x, ¢ (x))|, u is Holder continuous for some positive exponent.
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However, above points of the boundary where this condition is not satisfied, we could
have u # ¢, and there are examples that show that the gradient of # does not have to
be bounded near these points. In [25] it is proved that if  is a C* domain and ¢ is a
Lipschitz function over 92 then in the case H = 0, u is Holder continuous at every
point x € 92 where the mean curvature is negative, and furthermore, the trace of u as
a function above 02 is locally Lipschitz at these points. Note that since u € BV(£2)
it has a well defined trace in L' (8S2). In [17] this result was extended for surfaces of
prescribed mean curvature H = H (x).

The hypersurface that corresponds to u, as described above, inherits a minimizing
property which we now describe: With a function v € BV(£2) we can associate an
integral n-current defined by

T, = [[graphv] + O, (1.3)

where Q is the multiplicity one n-current with support in 92 x R and boundary 0 Q =
[graph ¢]| — [trace v]]. Here and in what follows, for the orientation of a current
[[graph v]] associated with the graph of a function v we use the downward pointing
unit normal to the graph. For any multiplicity one n-current S such that spt.S C QxR
and 05 = [[graph¢]] we let S be the multiplicity one (n + 1)-current such that § —
[(x,2):x€0R,z<¢p(x)] = 9S. Then if u minimizes the functional , the current
T =T,, as defined in (1.3), locally minimizes the functional

M)+ | _HO, xpp1)dx'dx, 1 (1.4)
— sptT

among all integral n-currents with support in € x R and boundary [[graph¢]] [17],
where M (T') denotes the mass of the current 7.

This observation was first made by Lin and Lau [18] for the H = 0 case. In par-
ticular, they observed that in that case 7 minimizes area among all integral currents
with support in © x R and boundary equal to [[graph ¢ ]|, thus locally, near points of
the trace of u that are away from graph ¢, spt T is a solution to a parametric obstacle
problem. Hence, using results from [4, 20] in case 2 is a C? domain, they showed
that spt T is a C'-! manifold near such points.

There are various results concerning the regularity of minimal boundaries respect-
ing a given obstacle [5, 20, 27], however these results (as that of Lin and Lau) do
not include any discussion about boundary points and hence, using these results,
we cannot conclude anything about the regularity around points in the intersection
trace u N graph ¢.

Finally, we mention that if 92 is of class C 2 then, following the notation of [8],
the current T = T, is A-minimizing, i.e.,

M(T) < M(T +80Q) + +M(Q)

for all integral (n + 1)-currents Q, where A = max{|| H ||o, || Hyqllo}. In [7], Duzaar
and Steffen generalized for such currents the boundary regularity results given in [14]
for area minimizing currents. In particular, they proved that if a7 is represented by a
multiplicity one, C Le submanifold, then sptT isaC LA submanifold, for all B<a/2,
around each pointa € 9T, where Or(a) < 1+ 1/2.
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2 The Dirichlet Problem with Regular Data
2.1 Notation and Definitions

B" (x) will denote the m-dimensional ball of radius r centered at a point x € R™, i.e.,
B'(x)={yeR":|y—x|<r},

and w,, will denote the measure of the m-dimensional unit ball.
For any C'* function u : V N B"(0) — R", where V C R™ isa C1® domain and
a € (0,1], llullie,vaBm ) will denote the scaled C'* norm of u, i.e.,

1
lullt,e,vosm @) = ;Ilullo + 1Dullo 4 r*[Duly.

Occasionally, when there is no confusion about the domain of u, we will write ||u||1
instead of [|u|l1,e,vnBm(x)-

For a point x € R"*! we will often write x = (x', x,,11), where x’ € R”. Finally,
the letter ¢ will denote a constant depending only on the specified parameters, and
when different constants appear in the course of a proof we will keep the same letter
c unless the constant depends on some different parameters.

Definition 2.1 M C R"*! is an m-dimensional properly embedded C!* submani-
fold (where m < n, a € (0, 1]) if for each x € M there is a p > 0 such that

MnN BZH (x) = graphu, N B;"H (x),

where u, € CH*((x + L) N EZH (x); L) for some m-dimensional subspace L, of
R"*! and where graphu, ={§ +u,(§):Ee(x+ LN EZH (x)}. We quantify the
regularity of M N B;"H (x) by defining

k(M, p,x)=inf|juy ||])a’(x+LX)ﬂBZ+l(x)’

where the infimum is taken over all choices of subspaces L, and corresponding rep-
resenting functions .

We say that a sequence My of m-dimensional submanifolds converges in the C1-*
sense to M in Bg“(x) (for p > 0 and x € M) and write

1o
My S Min BZ'H(x)

. . . —=n+1
if there exists a subspace L, and functions u, ux € C1*((x 4+ L) N BZJF

with

(x); Ly)

M N By (x) = graphug N By (), M 0 By (x) = graphu N B (x)

and

[l — u”l,a,(x+LX)ﬂBZ+1(x) — 0.
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We then say that M) converges in the C1® sense to M in R"*! and write
l,a
M, C—> M, if there is a p > 0 such that My C J, ey B’;H(x) for all sufficiently

1,0
large k and if My N M in B;}‘H(x) for each x € M.

Definition 2.2 (Regular Class) For a € (0, 1], r > 0, we define the («, r)-regular
class, which we denote by BY, to be the set of all pairs (€2, ®) satisfying the follow-

ing:

1. Q is a domain of R" such that 32 N B/ (0) is a non-empty, (n — 1)-dimensional
embedded C* submanifold of R” such that

k(@Q,r,x) <1, VxedQn B (0).

2. There exists a sequence of functions {¢;} C L'@Q) nch*aQn B'(0)) such

l,a
that graph ¢; C—> ® in B'(0) x R and ® N (B} (0) x R) is an (n — 1)-dimensional
embedded C* submanifold of R**! such that

K(®N(B'(0) xR),r,x) <1, V¥xe®N(B'0) xR).

For (2, ®) € BY we define

K(Q,@:max{ sup (@R, r,x),  sup x(qm(Bf(O)xR),r,x)}.
xedQNB!(0) xe®N(B1(0)xR)

Remark 2.3 Note that if (2, ®) € BY then

lvag(x) —vaaW Il < c(n)k@,@)lx — yI*

Vx,y € a2 N B)(0), where for x € 92, vyq(x) denotes the inward pointing unit
normal to 02 at x, and

I ProjNorg (x) — PrO3Nore (y) Il < (MK, @)lx — ¥[*

Vx,y € ®N(B'(0) x R) such that [x — y| <r, where for x € &, Norg(x) denotes
the 2-dimensional normal subspace to ® at x.

The following remark is a direct consequence of the Arzela—Ascoli theorem.

Remark 2.4 Let (2;, ®;) € B‘r)j be a sequence such that liminfr; = co and for some
r € (0, 00), B(0) N 9€2; # ¥ for all i. Then after passing to a subsequence

I,oz/ l,o/
Q; N Q and P; N d

for any o’ < « in the sense of Definition 2.1 and where (Q2, ®) € BY forall ' > r.
If in addition kg, ¢,) — 0, then for the limit we have that (2, ®) = (H, ®), where

H is an n-dimensional halfspace and ® C dH x R is an (n — 1)-dimensional linear
space or .
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2.2 The Dirichlet Problem

Let Q be a domain of R” and ¢ € L!(32) be such that (2, graph¢) € BY, for some
a € (0, 1] and r > 0. We consider the following Dirichlet problem:

Xn:D( Diu )—H+Z”:Dfi inQ

|\ 7] = i )

P V1+|Dul? P (2.5)
u=¢ onoas2,

where H = H(x,u(x)), f* = f'(x,u(x)) € L'(Q x R), H is bounded in (€ N
B!'(0)) xR, and f = (fY ..., ™ is a €%% vector field in (€ N B-(0)) x R, so
that

1 H llo, @By o) xR = sup |H (x)| <00
xe(QNB1(0)) xR

and

- B 1) = fO)
[f]a,(QﬁB;’(O))xR = _sup 7| 9 <00
x,ye(@NB(0) xR x=y
For notational simplicity and as long as there is no confusion about the domain €2,
we will write ||H||073;1(Q)X]R and [fla,Br0)xr instead of ||H||0’(§mgf(0))XR and
[f] o, (QNBY (0) xR respectively.
The equation in (2.5) above is to be interpreted weakly, i.e.,

DicdH" = — HdH”—i—/ ' DicdH" 2.6
/Z\/l+|Du|2 ¢ /sz ¢ ng ¢ >0

forany ¢ € CCI(SZ).

For the rest of Sect. 2 we will let u € C1% () be a (weak) solution of the Dirichlet
problem (2.5) and T = [[graph ]| be the multiplicity one n-current associated with
the graph of u. Recall that for the orientation of a current associated with the graph
of a function we use the downward pointing unit normal to the graph. In our case, for
the function u, we extend this vector to be an R"t!-valued function in all of Q x R
that is independent of the x,4-variable and we let v denote this extension, i.e., for
any (x',x,4+1) € Q2 xR

2.7)

, Diu(x") Dyu(x") -1
v(x', Xpp1) = .

VI+1DuGHE T+ DuG) 2 1+ [Du(x))
Furthermore, we associate with the vector field v an n-form w defined as follows:

n+1
w:Z(—l)iHei-vdxlA---Acf)aA-~-Adxn+1, (2.8)

where e1, €3, ..., e,+1 denote the standard unit vectors in R+,
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2.3 Volume Bounds

In this paragraph we will show bounds for the mass of the current 7 and also prove
that it has an “almost minimizing” property (cf. Lemma 2.10). The main ingredient
is Lemma 2.9, which allows us to compare 7" with other currents that have the same
boundary and coincide with 7" outside QN B'(0)) x R. Recall that r is such that for
the initial data of the Dirichlet problem (2.5) we have that (2, graph¢) € BY.

Lemma 2.9 Assume u € CY%(Q) is a (weak) solution of the Dirichlet problem (2.5),
and let T = [[graphu]| be the corresponding multiplicity one n-current. Let R be a
multiplicity one (n + 1)-current in R ywith sptRC W CC «@n B'(0)) x R. Then
for S=T —0R

(I = d*[fla.r)xR)M(T) < (1 +d*[ fla, B ) xR)M(S) + | H llo, B2 0) xR M(R),
where d = diam W.

Proof Note first that if u is smooth then w (as defined in (2.8)) is a smooth n-form,
and hence

T(a))—S(w):aR(a)):R(dw):/ Ox)divv(x)dx
sptR

:f O) (H  u(x") +div £ (x', u(x")) dx'dxp 41
spt R

_ / O (H ue) + v () = £ 0) dx'dr.
spt

where x is any given point in W, ®(x) depends on the orientation of R, in particular
O) = (R(x),dx1 A+~ Adxpi1) € (1, —1)

and recall that for any point x € R"*+! we use the notation x = (x/, Xn41)-
Hence, we get that

T (@)~ S(@) = / LOWH G Xy dnss + IR @), (1)
spt

where

n+1
Wy = Z(—1)’+1e,~ (f = fo))dxy A---Adxi A+ Adxpgt,
i=1

which implies the lemma, since T (w) = M(T) and |wf— | < da[f]a,g'{l (0)xR EVery-
where in W.

For the general case, when u is C1¢ it suffices to show that (1) is still true. For
this reason we will approximate w by smooth n-forms.
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Let ¢ € C2(R™!) be such that spt¢ € BJT1(0), ¢ >0, [pus1 ¢(x)dx = 1. For
ce(0,1)weletts(x)= o_(”+1)§(x/o) and consider the n-form

n+1
ws =L ko= (=D (G vi)dxr Ao Adxi A Ados,
i=1

where v, w are as defined in (2.7), (2.8).
Then w, is a smooth n-form, and hence

T (w5) — S(wg) = IR(wo) = R(dws)
= ew [ | =Dy vodya
sptR B ()
Using (2.6) (the weak form of the prescribed mean curvature equation) we get

T(ws) — S(we) =— / O(x) Co(x = HY', u(y))dydx
SptR B (x)

_/ O(x) Dyio(x —y)
sptR Bl (x)
x (O u(y") — f(x0)) dydx,

where we have used the fact that
/ Dty (x = y) - f(x)dy =0.
B (x)
Hence we have that

T(s) — S(ws) = — / o) Lo (x — WH( u(y))dydx
sptR B (x)

—0R(s *wp—fy),
which by letting o — 0 implies (1). 0
Lemma 2.10 Assume u € C1%(Q) is a (weak) solution of the Dirichlet problem (2.5)
and let T = [[graphu]] be the corresponding multiplicity one n-current. Then for any

x0 € B'(0) x R and p > 0 such that BZ“'l(xo) C B/'(0) x R and p*[ fla,Br0)xR <
1/4:

M(T LB} (x0)) < e (1+ pllHlo,82 0y x) @n "
and
M (T) <M (S)+conp" (oI Hlogroyxr + p*[flo, By 0)xR)

for any W @ Bg“(xo) and S an integral n-current in R"*' with 3S = 9T and
spt(T — S) a compact subset of W N (Q x R) and where ¢ is an absolute constant.
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Proof Since spt(S — T) C B! (x0) N ((B}'(0) N Q) x R), by Lemma 2.9 and using
the assumption o[ f]a,Br)xR < 1/4 we have that

(1=20"[fla,Bp)xr) M, (T) < M () + 200" Hllo.poyxr- (1)

Let U ={(x, xp11) € 2 X R:x,41 <u(x’)},ie., U is the region under the graph
of u, and also let U, = U N Bg“(xo). By Sard’s theorem, for almost all o > 0,
M(T LoB}+! (xg)) =0. For such o < p,let S =T LB} *!(xo) — 9U,. Then sptS C

B (x0) U ((0Q x R) N B (x¢)) and so
M(S) < 4w,0" + w0 (1 4+ k) < 6w,o”,
where k = k(@ ¢) is as in Definition 2.2. Using this in inequality (1) we have that
M(T LB (x0)) < 12(1 + 0 || Hlo,52(0) xR)0n ™",

which gives the first assertion of the lemma.
Taking o € (0, p] such that W C Bg“'l (x0), we have that

M, (T)<12(1 + Pl H llo, B2 0)xR)@wnp",
and using this estimate back in the inequality (1) we get
M, (T)<M,(S)+ 24w, 0" (1 + pl Hllo, B2 0)xR) P [f 1o, B2 (0) xR
+ 200" | H 10,820 xE

which implies the second assertion of the lemma. O

Definition 2.11 Let M be an n-dimensional manifold in R**!, x € M and P an
n-dimensional linear space passing through x. We say that M is o-close to P in
Bt (x) if

MN B (x) Cq(Qp.0)

for some orthogonal transformation ¢ of R"*! such that ¢(0) = x, g ({0} x R") = P
and where

Qp.0 =[—0op,0p] x B;(0).

Lemma 2.12 Let u € CLY(Q) be a (weak) solution of the Dirichlet problem (2.5).
Let xo € graphu N (B;’/z(O) x R) and p € (0,r/2] be such that BgH(x()) C

B}, (0) x R, B!+ (xo) N graph¢ = 0 and p*[ o r(0)xr < 1/4. Then

H" (graphu N q(Qp.0)) =1+ 3pa[f]a,B,'?(0)><R)wnpn
+cowpp" (n+ pllHllo,pr©0)xR)

for any o € (0,p) and any orthogonal transformation of R'‘', q, such that
q(0) = xo and where c is an absolute constant.
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Proof Let ¢ be an orthogonal transformation of R”*! and let Q% be the regions in
q(Qp,o) that lie above and below the graph of u, i.e.,

0" ={x =" x11) €4(Qp,o) : Xny1 > u(x)},
0 ={x= (x/, Xnt1) € CI(Q,O,U) PXpp1 <u(x)}.

Notice that for one of the 9 Qi, say 0 0%, we know that
00" N (g ({op) x By(0) Uq ({—op) x Bj(0)))] < wup”.

Then the lemma is a direct consequence of Lemma 2.9, applied with Q% in place
of R. O

Remark 2.13 1If in addition to the hypotheses of Lemma 2.12 we have that graphu N
B;}“ (xp) is o-close to a plane (in the sense of Definition 2.11) then Lemma 2.12
eventually gives

H"(graphu N B (x0)) < (1+ 3% [fla. B2 (0)xR)0n 0"

+cow,p" (n 4 pl Hllo,B20)xR)-

Lemma 2.14 Let u € C1%(Q) be a (weak) solution of the Dirichlet problem (2.5).
Let xo € graphu N (B}(0) x R) and p > 0 be such that Bg“(xo) C B'(0) x R,
B+ (xo) N graph¢ = @ and p®| f o2 (0)xr < 1/2. Then

H'NUF N B (x0)) > o™ (1)

where U* are the regions of Q x R that lie above (U™) and below (U ™) the graph
of u and

H" (graphu N B2+ (x0)) > cp”. )

The constant c in both inequalities depends on || H ||o, gz 0)x®r and n.

Proof We first give the proof of (1) for U ~; the argument for U™ is similar.
Let

Up=U"NB""(xo), G, = graphu N B2 (xp). 3)

By Lemma 2.9 (with U, in place of R) we get that
d
H (G,) < 3%71"*1(0,)) +2[1H llo, 82 0)xr ™" (Up). )

Since

d
H (U,) < H"(G,) + %H"“wp),
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the isoperimetric inequality for U, implies that
n d
H”H(Up)m <c(m)yH"(dU,) <c(n) (H"(Gp) + d—H”H(Up)) . 5)
o
Using the estimate (4) in (5) we get
n+1 Pt d n+1
HT(Up)mt < C%H Up)

because we can assume that 2¢(n) || H ||o, (0)><1RHn+l Up) < %H”“ (Up) nn?, where
c(n) is the constant from the isoperimetric inequality, since otherwise the lemma is
trivially true.

Hence

d 1 1
i GARUSL BT
and after integrating
HVL+1 (Up) 2 C,On+1 .

For proving (2) of the lemma we let U,, G, be as defined in (3) above. By in-
equality (1) we know that

Hn+1(Up) > Cpn+1.

Let v be a unit vector in R**! such that
v-(0,...,0,1)>0. 6)

For such a vector v we define P, to be the n-dimensional affine subspace of R+
passing through x¢ and normal to v, i.e.,

Py={x eR": (x —xp) - v=0}
and U;fv to be the part of U, that lies above Py, i.e.,
Uf,={xeU,:(x—xp)-v>0}

We claim that it is enough to prove that for some vector v, satisfying (6), we have
that

1
HHLU,) = JH W), @)

To see this, assume that (7) is true for some v and let fo’v be the parts of G, that lie
above (Gj,"v) and below (G, ) the affine subspace P,. Let also

G, =G, ,Urefp, (G} )U(G,NP,),
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where refp, denotes the reflection along P,, and let U o be the region of Bg“(xo)
that lies below G,. Then we have that

H"(Gp) =H"(G))
and
Hn+1(ﬁp) > H”“(Up) _ 2H”+1(U;U) > %Hn—i-l(Up)'
Furthermore, since U ©» lies below P,, we have that
projp, (5,0) = projp, (ﬁp)s
where projp denotes the projection onto the affine subspace P, . Finally, since
(7,) C{x—tv:x eprojpv(ﬁp),Oft <p}

we have that
pH" (projp, (Up)) = H"'(U,)
and hence

H (G ) =H"(Gp) = H"(projp, (G ) = H" (proj p, (Up))
~ 1
= o H T = p SH U 2

We now need to show that for some vector v that satisfies (6), inequality (7) is
true.
Foranyt e (—1,1) letv, = (£,0,...,0,4/1 —12),

P={xeR"™: (x —xp)- v, =0}
and

U;t:{XEUp:(x_xO)'vt>0}, U, ,={xeUy:(x—xo) v <0}.

We claim that for some ¢, H" ™ (U,) < THLW,).
Assume it is not true. Then for all ¢

1
Hn+l (U;;[) < ZHYI+1 (Up)
and hence for any ¢ > 0

Hn+1(U; ) U+

1 1
,—e p,—l+a) z EHrH_ (Up)

which is impossible, since

e—0

wHwr _ U )—0. O

J—e
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2.4 The Solutions to (2.5) are Uniformly Close to Planes near the Boundary
Cylinder

In this subsection we want to show that given ¢ > 0, there exists p > 0 depending
only on ¢, r, || Hllo,5r(0)xR> and [ f ], 81 0)xR, such that the graph of u is e-close to
some n-dimensional linear space in all balls of radius less than p that intersect the
boundary cylinder (cf. Theorem 2.16). The main ingredient is the following lemma:

Lemma 2.15 Let (4, graph¢y) € Bf‘k be a sequence such that ry — 00,

K@, @) — 0, and 0, N B'(0) # ¥ for some r € (0, 00), where ®; = graph¢y.

Assume that u; € C1%(Qy) is a (weak) solution of the corresponding Dirichlet prob-

lem (2.5) with [fk]a,B,’}k(O)xR — 0 and ”Hk”O,B;‘k(O)xR — 0 and let Ty = [[graph u]l.
Then, after passing to a subsequence,

Te L(BL(0) x R) — T (1

in the weak sense of currents, but also with the corresponding measures converging
U1, — Mt as Radon measures and where for the limit T either

(i) 0T =0 and sptT is a vertical hyperplane
or
(i) oT # 0 and sptT is an n-dimensional halfspace.

Furthermore, for the convergence in (1) we have that for any ¢ > 0 and W a
compact subset of R" such that W N sptT # @, there exists ko such that for all
k> ko

spt Ty N W C e-neighborhood of sptT. 2)

Proof We note that given any p > 0 and for all k large enough we have that
0L fila, By (O)xR < 1/4 and therefore we can apply Lemma 2.10. This implies that
the currents 7 L.(By; (0) x R) have locally uniformly bounded masses. Hence we can
apply the Federer—Fleming compactness theorem [26, Theorem 32.2] which implies
that after passing to a subsequence

T L(BL(0) x R) — T

in the weak sense of currents in R"*!, where T is an integral n-current. Furthermore,
by Remark 2.4, T has support in an (n + 1)-dimensional closed halfspace. Without
loss of generality, we can assume that this halfspace is equal to Ry x R” = {x €
R"*+! : x; > 0}. According to the Federer—Fleming compactness theorem we also
have that T, = [®*] — 97T and thus (using Remark 2.4 again) either 07 = 0 or
dT = [®]], where ® is an (n — 1)-dimensional affine subspace of {0} x R".

We claim that T is area minimizing. In view of Lemma B .4 it suffices to prove that
it is area minimizing in the closed halfspace R x R”. Note that although the currents
Ty are not area minimizing, they do satisfy a minimizing property (cf. Lemma 2.10),
which enables us to argue as in the case when T is the limit of area minimizing
currents (cf. [26, Theorem 34.5]), as follows:
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Since Tk L(B;’k (0) x R) — T in the weak sense of currents, we know that
the convergence is also with respect to the flat-metric (cf. [26, Theorem 31.2]),
i.e., there exist integral (n 4 1)-currents R; and integral n-currents Py such that
T —T; L(B;‘k (0) x R) = 0 Ry + P, and for any compact subset W of Rl

M. (R)+M, (P)— 0.

Let S be an integral n-current such that 3S = 0 and sptS ¢ W N (Ry x R"),
where W is a compact subset of R"*!. Let W, = {x € R"*! : dist(x, W) < &}. We
can choose ¢ € (0, 1) so that, after passing to a subsequence, we have that for all k:

M(Ti LOW,) =0, M(T LOW,) =0 3)

and
O(Ry LW,) = (ORy) LW, + Ly, 4

where Ly is an integral n-current such that spt Ly C dW, and g (Ly) — 0. Then
TLW, — T LW, = dRy + Py,
where ﬁk = R, LW, and Fk = P, LW, — L, and
M, (T+8$)=M, (Tc+S+3Rc+ P =M, (Te+S)—M, (P, )

where Sy = S + aEk. For Sx we have that spt S C W, and 85 = 0.
Let R > 0 be such that W, C BZH (0). For k big enough, so that ry > R, let ¢; be
a Lipschitz retraction of (R x R") N BF‘I 0) to (% x R)N BZH (0) such that

1€k (x) — L (V)

<Kk@.dp),  Vx,y € {0} x R".
=yl Lo

Then the current £;4S; has support in Q; x R and no boundary, hence using the
minimizing property of 7y (Lemma 2.10) we have that

M, (T =M, (T +EexSe) +c (RIIHllo,B;g(c))xR + R“[f]a,B;(O)xR> wp R"

< VUM, (T + S0 + ¢ (RIH o g0 2 + RLf e g0y ¢k ) on R”

for any &’ > ¢ such that Wy C B;’{H(O) and where J{; denotes the Jacobian of ¢
and thus |J€x| < 1 + ckq,.@,)- Letting &' | & we get

M, (To) <\t (M, (Tx + S0 + ML)

+c <R||H||O,B;g(0)xR + Ra[f]a,Bﬁ,(O)xR) w, R", (6)
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where we have used (3) and (4). Hence, using (6) to estimate g W (T + Sk) in (5),
we get ‘

M, (T +8)=(1 = ek 00) M, (To) — M, (PO~ ML)
—c (R||H||o,3;(0)xR + Ra[f]a,B;(O)xR) w, R",

where ¢ depends only on n. Letting K — oo and using the lower semicontinuity of
the mass and the fact that gw (Pr) = 0, M(Ly) — 0 we get

M, ()M, (T+5)

which implies that
M (T) <M, (T+5)

since § = 0 outside W, and hence T is area minimizing.
We claim now that 7, — wr as Radon measures.
Using S = 0 in the above argument we have that

M, (T)=(1 = ko) M, (Tr) = gwg(ﬁk)
— e (RIHlo.y0r 2 + R sy0r ) @ R”

and letting k — 0
gwg (T) > hmksup %WE (Ty).

Since W C W,
limsup pz (W) < M (T) = pur (We)

and because we can repeat the argument for ¢ |, 0 we have that

pur (W) > limsup ur, (W)
k

which along with the lower semicontinuity of Radon measures implies the measure
convergence.

Next we will show that T is either an n-dimensional halfspace or a vertical hyper-
plane.

Assume first that we are in case (i) 7 = 0. This is the case when for any W &
R+ W N ®; = @ and hence 8T, LW =0, for all k large enough (cf. Remark 2.4).

Using the uniform area ratio bounds, Lemma 2.10 and the interior monotonicity
formula [1] we have

Lo, r " ur (B (0) = o " lim g (B (1) < ¢

for all x € sptT and any r > 0, where c is an absolute constant.
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Hence for a sequence {A;} 1 oo we can apply the Federer—Fleming compact-
ness theorem to the sequence Ty a, = nx,a,#7, where for x € R**! and 1 € R,
Nx.a s R R+ g defined by 1,5, (y) = ™' (y — x). So, after passing to a sub-
sequence,

Tx,A,- —C
in the weak sense of currents, where C is an integral n-current. Since T 4, are area
minimizing, C is an area minimizing cone and ur, ,. — K¢ as Radon measures.
bt 4
Furthermore, since spt7 C Ry x R" we have that sptTy o, C {y € Ry >

—Aflxl}, where x1, y; denote the first coordinates of x and y, respectively, and
hence sptC C R x R". This implies [26, Theorems 36.5, 26.27] that

C =m[[{0} x R"]]

for some integer m > 1. We claim that in fact m = 1.
Foro € (0,1),let Q1o =[—0,0] x B{(0). Then puc(Q1,5) = mw,. By the mea-
sure convergence [r, . — KC and pug, — ur, we have that for any § > O there

exists some A > 0 and kg such that for all k > kg

m—38<

R MG+ AQ1L0).
Using Lemma 2.12, the RHS of the above inequality is less than 1+ A[ f s, B (xR
+co (14 Al Hkllp) and hence taking o small enough we conclude that m has to be 1.
Hence we get that
o r T ur (B (x)) =1, VxesptT andr >0

which implies that T itself is a hyperplane of multiplicity one, and since spt7 C
R x R" it has to be a vertical hyperplane.

Assume now that we are in case (ii) 7 = [®]]. In this case Py Q) ® for all
o’ < o and hence @ is an (n — 1)-dimensional linear subspace of {0} x R" (cf. Re-
mark 2.4). Without loss of generality we can assume that ® = {0} x R"~! x {0}.

Using the uniform area ratio bounds, Lemma 2.10 and the boundary monotonicity
formula [2] we get

1 - “o—n s
5 Sop T urBIHO0) = o T lim g (BT 0) < ¢
for any r > 0 and where c is an absolute constant.

Hence for a sequence {A;} 1 co we can apply the Federer—Fleming compactness
theorem to the sequence T, = no,A,#1 to conclude (as in case (i)) that after passing
to a subsequence

TA[ — C,

where C is an area minimizing cone with sptC ¢ Ry x R", §C = & = {0} x
R"~! x {0} and also KTy, = HC as Radon measures.
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Hence we can apply Lemma B.1 and in particular Corollaries B.2, B.3 to C to
conclude that C is either an n-dimensional halfspace or

C=mPi+(m—1)P,

for some integer m > 1, where Pj, P, denote the n-dimensional halfspaces {0} x
R*! x Ry.

We claim that in the latter case m = 1 and hence C is a halfspace in either case.
To see this, take x € sptC such that for Q1 5(x) = x + [—0, 0] x B{(0) we have
that Q1 »(x) N ® =0 and uc(Q1,6 (x)) = mw,. We can argue now as in case (i) and
using the measure convergence ur,. — Uc, i1, — 7 and Lemma 2.12 we have
that for any § > 0 there exists some A >0 and ko such that for all k > kg

m—34§<

=y M (x +AQ1,6(x) <1+ 3A%fila. Bz ©)x& + co (1 + Al Hillo)
n

and hence taking o small enough we conclude that m has to be 1.
Hence C is a halfspace and therefore for any r > 0

1

oy 'r " ur (B T10) = 5

n

so that 7' is an area minimizing cone with vertex 0. Hence we can apply Lemma B.1
and Corollaries B.2, B.3 to T, which along with the fact that the density at 0 is 1/2
imply that T is an n-dimensional halfspace.

We finally have to prove statement (2) of the theorem.

Assume that for some W & R**! such that W N sptT # @ and ¢ > 0, statement
(2) of the theorem is not true. Hence, after passing to a subsequence, we have that for
every k there exists xj € spt T N W such that

Bg“(xk) NsptT =@.

Since either &, N W =  for k big enough or ®; N (B, (0) x R) g @ forall o’ < «,
we have (after passing to a further subsequence if necessary) that B;’El (xp)Ndp = 0.
Hence, for k big enough so that B;‘/ng(xk) C Bfk (0) x R and (8/2)“[fk]a,B;szR <
1/2, we can apply (2) of Lemma 2.14 with x¢g = x; to conclude that for any p < ¢&/2

g, (BiH (xi)) = cp”

where ¢ depends only on n.
Since x; € W € R**! and B"*!(xx) N'sptT = ¢ for all k, we have that, after

passing to a subsequence, x; — xo for some xo € W, such that B;’;El (xo)NsptT = .
Then for k large enough we have that

B! o) C BIS (o) = (B (x0)) = pr (BUE (60)) = c(e/4)".
By the mass convergence wr, — 7, this implies that

nr (B (x0)) > 0
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which contradicts the fact that B;'/JE] (x0) NsptT = (. O

Theorem 2.16 Ler (2, ®) € BY, with © given by the graph of a function; ® =

Zr>
graph ¢ and let also u € CL%(Q) be a (weak) solution of the Dirichlet problem (2.5)
with H, f satisfying

1 Hllo,820)xr < K, [flo,Br)xr < K (1)

for some K > 0.
Then ¥V ¢ > 0, there exists p = p(r, &, K) < r such that the following holds:
Forany x € (Br"/z(O) x R) Ngraphu and A € (0, p] such that dist(x, 92 x R) < A,

! sup  dist(y —x, P) <e, )
graphuﬁB;’“(x)
for some n-dimensional linear subspace P = P (x, A)
w, 'A™" graphu MBI (x) < 1 +e. 3)

In particular, if x € ® then inequality (2) holds with an n-dimensional halfspace
Py = P, (x,)) in place of P, such that 0 € d Py and

At sup dist(y —x,0P4) <e¢
eNBIT (x)

and inequality (3) holds with the RHS replaced by 1/2 + ¢.

Proof Assume that the theorem is not true. Then for some ¢ > 0, there exist a se-
quence of boundary data (€2;, ®;) € B and corresponding Dirichlet problems (as in
(2.5)) with H;, f; satisfying (1) such that the following holds: there exists a sequence
AidOand x; € (B:’/Z(O) x R) N graphu;, where u; € C“"(Q,-) are weak solutions of
the corresponding problems, with

dist(x;, 02; x R) < A;

but sucll that at least one of Lhe assertions (2), (3) with x = x; and A = A; fails.
Let Qi = ny, 2, (€2;) and @; = ny, 3, (P;), where ny 1 (y) = 1~ (y —x). Then (after
a vertical translation so that Q; C R" x {0})

(ﬁi, cAISz) € Bg/(zki)

and K@&.8) = )\?K(gi,q;i). Also 55 = graphgi, where 51‘ € Cl'“(8§~2,~) is defined
by @i (x') = 1.2, (®i (ix’ + xi)). Furthermore, for T; = 1y, 5,4(T;), where T; =
[graphu;]l, we have that T, = [graphu;]l, where u; € Cl($;) is defined by
Ui (x") = ny,; 2, Wi (ix’ + x;)) and is therefore a solution to the Dirichlet problem

n Dﬁ n
JHi _ 17 Y -
>0, (20 ) =i+ 3o .
j=

i =¢; ond<,
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with

~ ~ i —00
Hi(x) =2 Hi(xi +2ix) = | Hillo.sy,,, xr = *illHillo,r0)xr =0,

i = fitei+hix) - = [fi]“*Bf/m.)(O)xR <2 fila.Bro)xR — O.
Hence we can apply Lemma 2.15 to the sequence 7;, which implies that
T L(B})2:,)(0) xR) > T

in the weak sense of currents, but also 17 — w7 as Radon measures and where for
the limit 7' the following holds:

(1) If liminf Ai_l dist(x;, ;) = oo then T =0 and spt T is a vertical hyperplane.
(ii) If liminfA,~ ! dist(x;, ;) < oothen 9T # 0, sptT is an n-dimensional halfspace
and 0T = [[®]] with ® being determined by ®; as follows:

~ 1,0/
& N (B30, (0) xR) > @, forall o’ <a.
By the measure convergence KT —> KT, V & > 0 there exists iy such that Vi > ip:
A BRI () = g (BT(0) < [spt T 0 B (0)] e

Furthermore, because of (2) of Lemma 2.15 for any ¢ > 0, there exists ip such that
forall i > i

1
— sup dist(y — x;,sptT) < sup dist(y,sptT) < ¢
i yeB;’_“(xi)MsptT,» yeBIH O)nspt T;

and if T # 0, we also have that

1
— sup dist(y — x;, sptoT) < sup dist(y, spt®) < ¢
Ai veB! )N yeB! )N,

1o
since 5,- N (B;’/(ZAi)(O) x R) N D.
Hence taking P to be the n-dimensional linear subspace that contains the support
of T we get a contradiction.
In the special case when x; € ®; we argue in the same way. In this situation, for
the limit 7 we are in case (ii) d7 = [®]] # 0 and furthermore 0 € ®. Hence we get a

contradiction by taking Py =sptT. g

3 Approximating the MCE

Throughout this section we let 2 be a C® bounded domain in R” and & a compact,
embedded C!* submanifold of 3Q x R, such that for a sequence ¢; € C1*(3),
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lLa
graph ¢; N @, where the convergence is as in Definition 2.1. By translating 2 we
can assume that 0 € 9Q and hence for some r > 0, (2, ®) € BY, with BY as in
Definition 2.2. We let also H = H(x’, x,41) be a C! function in Q x R, which is
non-decreasing in the x,4-variable and such that || H||o < na),i/ Q.

In this section we will show that the Dirichlet problem of prescribed mean cur-
vature equal to H (cf. (1.1)) and with boundary data (€2, ®), can be approximated
by a sequence of new Dirichlet problems for the prescribed mean curvature equation
which have the form of the one defined in (2.5). We will construct the new equations
in such a way that

(a) We have uniform C!*% bounds for the graphs of the solutions of the approximat-
ing problems.

(b) We can construct barriers for the solutions and prove gradient bounds and hence
existence of the solutions.

3.1 Constructing the Approximating Sequence

For (2, ®) € BY, let {2} be a sequence of bounded, C*° domains with € C € for
all k, ¢ € C*°(32) and Py = graph ¢ be such that (2, Px) € BY and

l,a l,a
a5 0,50

with the convergence being as in Definition 2.1.
For each k we consider the following Dirichlet problem

ia(ﬂ):iaﬁ%m in 4,
o \V1+IDuw?*) i (3.1)

Uy = @r on 932,

zhere the equation above is to be_ interpreted weakly (as is (2.6)) and Hy :
Qi xR—=>R, fiy = (fkl, o /i) 1 Q2 x R — R satisfy the following properties
for a sequence §y, |, 0:

(1) Hy = Hp(x', xp11) is a C! function in Q; x R, which is non-decreasing in the
Xp+1-variable and such that || Hi|lo < || H||p and

H(x', xp11) forx’ € Qp : dist(x’, Q%) > 25y,

Hi(x', x =
(X", Xn41) 0 for x’ € Qi : dist(x’, Q%) < 5.

(ii) There exists a neighborhood Vi of 92 in 24 such that

(x" e Qp :dist(x’, 0Q) < &) C Vi, B;’/4(x/) C Vi Vx' €N B 0)

and such that f; is C% when restricted in V; x R, and in particular it satisfies
the estimate

1 fillo.Br, ey xr + ¥ Lkla, By, () xR

< C (Imllo,a2unBr ) xR + 7 [k la, (920 B2 (1)) xR
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for all x" € 3, N B (0). Here 7y is the inward pointing unit normal to the cylin-
der Q; x R, and C is a constant that depends only on 7, in particular it is inde-
pendent of k (recall that r is such that (2, ®) € BY). Also

n
> Di fix xa11)
i=1
div e (x’, xp01) for x’ € 0Q, xp41 > Pp(x)),
=1 —divpe (X', x,41)  forx” € 9Q%, xpq1 < Pr(x)),
0 for x’ € Qp : dist(x’, dQ2) > & (weakly).

We now show how to construct Hy, f; satisfying the above properties.
For any 6 > 0 we define Qi to be the §-neighborhood of 32 in 2, i.e.,

Q) = {x" € Q : dist(x', 9) < 8).
Let {6k} be a sequence such that
5 —0 and 8% Hagyllo— 0, (3.2)

where Hjq, denotes the mean curvature of 92, with respect to the inward pointing
unit normal. We also take §; small enough so that the nearest point projection, which

we will denote by projq, (x"), is well defined for all x" € Qia" . Notice that we can
do this since 92 is C*°, and using (3.2) we have that

. . 28
| Projyg, x& (*) — Projyoxr (M| < Clx —y| Vx,y € Q™ xR, (3.3)

where C is a constant that is independent of k. This enables us to extend n; in
Q% x R by letting 7k (x', Xnt1) = 0 (Projyg, (x')., Xnt1) = M (Projyg, (x), 0) and
for this extension, using (3.3) we have that

(7] < Clnkla,ounBreyy VX' € 08, 34

o, (QFNBr () xR
where C is a constant independent of k. Similarly, we can extend ¢y in Qi‘sk by
o1 (x") = ¢r (proj N (x")). Furthermore, we pick the sequence {8} so that

54| Deello — 0. 3.5)

We remark that this is a technical assumption that will be used later for proving global
gradient estimates for a solution of (3.1) (cf. Lemma 3.16).
With §; as above, we let

H( xpp1)  in (2 \ 925k) x R,
H /, k
e Xnt) :O in Qik x R,

and extend it in the rest of the domain Q; x R so that it is cl, non-decreasing in the
Xp+1-variable and so that || H || QxR = | H g gxr- Hence we have constructed H,
satisfying the properties described in (i) above.
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To construct fi, we define UT, U™ C Qi"/z x R by

Ut = {2 11 € Q7 g1 2 9 () +dist(x’, 99 x R)),
3.6)
U™ = {2 11 € Q% a1 < 9 () — dist(x, 9% x R)}.

By Lemma A.1, Remark A.2, there exists a smooth vector field X = (Xl, X,
xX"tYinU-, independent of the x, 1 |-variable, such that

n
divX =Y " DX =0, X (X, xpg1) =2 (X', xpg1)  for x’ € 0%

i=1

and

1 X llo, (82 ey Ry~ + T [ X e, (B () xR)NU-
< C (Imllo, 8z ynaco xR + 7 [kl (B2 (x)nasu) <)

for any x” € 9€2, and where C is independent of k (for sufficiently large k).
Using again Lemma A.1, Remark A.2, there exists a neighborhood Vj of 92 in
€ such that

QFC Vi, Bly()CVi Vxedun B0

and a smooth vector field ¥ = (Yl, D 4L Y"+1) in (Vg \ Qi") x R, independent of
the x,41 variable, such that

n
divy =) D;Y' =0, Y (&', Xpp1) = me (X, xpg1)  forx’ € aVi \ 9%
i=1

and

1Yl +r[Y]

0,(BI (x)N(Vi\QD) xR o, (B! )NV \ 20K )) xR

< C (I llo, 82 o x& + 7 Iila, (B2 (o) xR)

for any x” € 9, and where C is independent of k (for sufficiently large k).
We then define f, :U=UTUU~ U (Vi \ Q,‘z") x R) — R" as follows: For each
ie{l,...,n} welet

nk (x) ifxeUT,
. X —ni(x) ifxeU™,
fieo={7 ~ N 3.7)
Y'(x) ifx e (Vi \ Q) xR,
0 if x € (% \ Vi) x R.

One can easily check now, using the estimates for the norms of X and Y, the definition
of UE as well as (3.3), (3.4), that fi = (f,..., f") is a C%% vector field in the
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domain U = Ut UU~ U (Vi \ 22%) x R) and

||fk||0(B”4(x’)><]R)ﬂU+r [file, (B B, () xR)NU
< C (Imllo, 8z ynaco xR + 7 [kla. (B2 ()nosu) <) (3.8)

for any x” € 3Q; N B! (0), and where C is independent of k. Hence we can extend f
in Q; x R so that the estimate (3.8) still holds (with U replaced by 2; x R).

Remark 3.9 By the construction of f; and using Lemma A.1, Remark A.2 we note
that Z:‘l:l D; f; is well defined and smooth in (€2 x R) \ graph ¢|yq, and in this
domain

k—)oo

. 1/2
<cldivilo = 8/

Zka

n
ZDiflé
i=1 0

. 1/2
since 8, || Hagy llo — 0 (cf. (3.2)).

Furthermore, since f, as defined in (3.7), is independent of the x,41-variable in
each of the domains U', U~ and (Vj \ Qik), we can extend it in Q; x R so that it is
still independent of the x,, 4+ variable in each of the domains

(O xg1) X € QY xngr = ¢ () + dist(x, 9% x R))
and
{((x), xp01) 1 X € Qi",xnﬂ < p(x") —dist(x’, 3Q x R)}.
In these domains we also have that Y i, D; fki (x) is equal to divnyg, (x) and

—divnyg, (x), respectively. This extra property of f; will be used later for proving
global gradient estimates for a solution of (3.1) (cf. Lemma 3.16).

Remark 3.10 The solutions uy of the approximating problems satisfy a uniform sup
estimate, i.e., if uy € C1* () are solutions of the problems (3.1), then

lurllo = M
for some constant M independent of k.

To see this, note that by the assumption on || H ||p and by Remark 3.9, for §; small
enough

V (Hk +ZD fk>§d7-l”

for all ¢ € Cé(Q) and where ¢p < 1 is a constant independent of k. Hence we get a
uniform sup estimate [13, p. 408].

=1- 80)/ |D¢|dH"
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3.2 C!® Regularity of the Approximating Graphs

In the following theorem, which is essentially an application of Theorem 2.16 and
Allard’s regularity theorem [1], we prove that the graphs of the solutions are close to
planes in uniform sized balls.

Theorem 3.11 For each k let ux € C%(Q) be a (weak) solution of (3.1). For any
& > 0, there exists Ly = Lo(€) such that the following holds:
For any k, x; € graphuy N (B:‘/S(O) x R) and A < Ao

A7t sup dist(y — x¢, P) < ¢ 1)
graph ukﬂB;H(xk)

for some n-dimensional linear subspace P = P (xy, &, A).
In particular, if x, € graph ¢y N (Bf/8 (0) xR) then (1) holds with an n-dimensional
halfspace Py = P4 (xk, e, A) in place of P, such that O € d Py and

A7l sup  dist(y —xx, 0Py) <eé. )
O NBI ()

Proof We assume that the conclusion is not true. Then for some gp > 0 and for any
Ao > O there exist kj, x; € graphukj N (B;‘/S(O) x R) and A; < Ao such that the
conclusion of the lemma for k = k;, xx = x;, and A = A fails. Hence there exist
sequences {k;}, {x;} such that x; € graphuy; and a sequence {A;} | O such that the
conclusion (1) of the lemma with this &g and with k = k;, xx = x;, A = A fails for
all j.

Since for all k, u; € Cl’“(ﬁk), we can assume that k; — oo. Hence without loss
of generality we can take k; = j.

Let dj = dist(x;, 022; x R). Standard PDE theory implies uniform interior C La
estimates for the solutions of the of the problems (3.1), therefore we can assume that
dj — 0 (cf. Remark 3.12).

In the special case when x; € ®;, we can apply Theorem 2.16 with x = x;,
A = X;. Hence for any ¢ > 0 there exists jy such that for j > jo

)\;1 sup dist(y —x;, Py) <e
graph ujﬂB;’;'l (xj)

for some n-dimensional linear halfspace Py with O € d P4, such that

)»171 sup dist(y —xj,0Py) <¢
’ q)jﬂB;l;rl(Xj)

and so by taking ¢ = g9 we get a contradiction, which proves the special case (2) of
the theorem.

We assume now that x; ¢ ®;. Applying Theorem 2.16 with x = x; and A =
dj + X ; we get that for any ¢ > 0 there exists jy such that for j > jo

@dj+xrp! sup dist(y —x;, P) <e )

graphujﬂB;/ﬂAi (x)
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for some n-dimensional linear subspace P and
w, ' (dj +x;)"| graphu; mB;;j;M(x,-n <l+e. )

We will consider two different cases, namely lim infdjflk i>0ord;=0 and

lim inf dj_l)\ j =0 and show that in both cases we are led to a contradiction.

Case 1: liminfd; '%; > 0 or d; =0.
In this case (3) implies that

Aj+d;

ATl sup dist(y—Xj,P) =<

; e <ce.
graphujﬂB;’;"(xj) J

Hence by taking ¢ small enough, so that ce < &g, where c is as in the above inequality,
we get a contradiction.

Case 2: liminfd; '2; =0.
In this case for any p > 2n

dj‘f”/" /
ng*‘(xj)

since either d; > 2§, which implies that B;’;;(xj) C{x € Q; x R:dist(x, 022 x

R) > 6;} where Z?:l D; f]’f =0, or d; <2§;, in which case (5) is true because of
Remark 3.9.

1

n p P
Hi+ Y Difi] dur, | =50 ®)

i=1

Furthermore, (4) implies that

2"
w;ldjfﬂgraphuj N B;’;rl(xj)| < <1 + d_j> (1+e).
J
Hence for any ¢’ > 0 there exists jo such that for all j > jo, graphu; N BZ},‘H (x;)
satisfies the hypothesis of Allard’s interior regularity theorem and thus there exists
6 € (0, 1) such that graphu; N Bg;;l(x ) is the graph of a C L@ function v ; above an

n-dimensional linear space P, with the C Le horm of v; is less than ¢’. Hence for all
J < Jjosuchthat 1; < 0d;

A;l sup dist(y —xj, P) <&’
graphujﬂBfA’;rl(xj)

which for &’ = g¢ gives a contradiction. g

We will show next that the graphs of the solutions uy are not only e-close to planes,
as we proved in Theorem 3.11, but in fact they are e-close in the Cl¥ gense, i.e., we
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will prove that around each point there exists a uniform sized ball in which graph u
is a C1'% manifold with uniformly bounded C'** norm.

Remark 3.12 For all k, uy € C1*(Q) and so graphuy is a C1¢ manifold-with-
boundary equal to ®; = graph ¢. Therefore, given g € (0, 1/2), for any k and x €
graph uy there exists some p = p(k, x, &g9) such that

oV (y) — v (@]

T <egp/4 Vy,ZeBzH(x)ﬂgraphuk, )

where for any point x = (x’, ux(x")) € graphuy, v (x) is the downward pointing unit
normal of graphuy at x. Note that provided dist(x, 02 x R) > d > 0, the radius p
satisfying (1) is independent of k and x, i.e., there exists pg = po(d, €9) < d such
that the inequality in (1) holds with any k and x € graphu; such that Bg“(x) C
(2 \ Q;f) x R; recall that Qg = {x € Q : dist(x, 0Q2) < d}. That is because standard
PDE estimates [13, 16, Chap. 13] imply that for any d > 0 we have that

sup ”uklll,a,gk\g;{f < C(d),
{k:8r<d/2}

where C(d) is a constant independent of k.
For any k, x € graphuy and p = p(k, x, go) satisfying (1), we have that

graphug N BZH (x) = graphv N BzH(x) 2)

with v e CH((x + (L, NU)) N Bg“(x); L)J;) and L, = T, graphuy, the tangent
space of graphuy at x. Since v(0) = 0, |[Dv(0)| =0 and for all x = (x’, v(x')) €
graphuj we have that

() = Div(x") D,v(x") B 1
¢ VI+[Dve) 2 1+ [Dv)E 1+ Do) )

It is easy to check that (1) implies that
lvll1,e < €o.

Also, U is a C1'* domain of L, since either

1) ®rN BZ‘H(x) =, in which case U = L, or
(i) x + (U N BE1(0)) = projz. graphuy (Px N BET(x)).

Furthermore, the function v satisfies the equation

1 Div . . n
ZDi ———— | =div fi + Hi 1nUﬁBp(O),
i=1 V1+[DvP?

where for x’ € Q, ¥y’ € x + (Ly N U) we have identified (x, u;(x")) with (', v(y’))
using (2).
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Given &g, k, and x € graphuy, let p be such that (1) holds and assume furthermore
that for some ¢ < &, BZ‘H(x) N graphuy is e-close to some n-dimensional linear
space P, i.e.,

p! sup dist(y — x, P) <e.

yv’:‘B'/}Jrl (x)Ngraphuy

We then have that
p~dist(P N B,(0), Ty graphuy N B, (0)) <& + &9

and it is then easy to check (by writing P as the graph of a linear function above
T, graph uy) that this last inequality implies that

IN —ve(x)|l <Seo/2,
where N is the normal to P. Using this and (1) we have that
lve(¥) = NI < v (y) — ve )l + [[ve(x) = N < 3eo

Vy € graphu; N Bg‘“ (). 3)

This implies that (2) holds with v € C1((x + (P N U)) N BX*!(x); P1), such that
lvll1,« < 6&0 and where U is a C1* domain of P.

Theorem 3.13 Let uy € CL¥() be a solution of 3.1). For 0 < gy < 1/4 there
exists a constant pg = po(€o), independent of k, such that

px = sup{k (graphuy, x,r) < &} < po
r
for all x € graphu N Br/16(0)’ where k is as in Definition 2.1.

Proof Let 0 =r/8. By Theorem 3.11 we have that for any ¢ > 0 there exists Ao =
Ao(e) such that for any k, xx € graphuy N (B} (0) x R) and A < X

At sup dist(y —xg, P) <e¢ (D
graphukﬂBf“(xk)

for some n-dimensional linear subspace P = P (xg, €, A).
We fix a k, and define the following:

d(x) = dist(x, 9B (0) x R),

0, = mm{m xegraphukﬂcbkﬂ(B"(O)xR)}

6> = min {m x € (graphuy \ ®x) N (B, (0) x R)} .
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Note that both these minima are attained. Given ¢ small enough (that will be deter-
mined later), let Ag = Ag(¢) be such that (1) holds. We can assume that

min{6y, 6,} < %min{l /2, 00/0} 2)

since otherwise for all x € graphuy N (Bg 2 0) xR)

1
px = min{6y, O }d (x) > 3 min{o /4, X0/2}
and hence the lemma is trivially true.
Let x € graphuy N (BZ (0) x R) be such that the following hold:

(i) if 01 <40, then x € &, and p, = 01d(x),
(1) if 61 > 46; then x ¢ ®; and p, = 6,d (x).

In both cases, using (2), we have that
Pox <4min{0y, 6h}d(x) < ro/2.
Therefore, there exists an n-dimensional linear subspace Py such that

2p)~! sup dist(y — x, Py) < e. 3)
graph uy OBS;CI (x)

Remark 3.12, the definition of p,, and (3) imply that
graphuy N B”'H (x) =graphv N B/')’;H (x), @)

where v e CH((x +(PyNU))N B”+1(x); POL) is such that [|v||1 ¢ < 6go and where

U is a C"* domain of Py, provided that 2¢ < g /4.
We will show that we can extend v in B"l:y Yo (x) for some y € (0, 1) such that

(4) still holds with (1 4 y)px in place of px and |[v||1,« < cgo for some constant c.
Let z € BE’;I (x) N graphug. Then because of the choice of x and using (2) we

have that

1 d@@) 2px
pz Z d(2)min{0y, 02} = 7 px dx )24 <l—d(x)>2px/8-

Furthermore, by (3)

(,0)5/8)_1 sup dist(y — z, Py) < 16e.
graphukﬂB" /8(2)

Hence, by Remark 3.12, B"tl /8 (z) N graphuy can be written as the graph of a C1*

function above z + Py with C Lo orm less than 6¢g, provided that 16¢ < &g /4. Since
dist(z — x, Py) < 2¢epy, by a translation we have that

graphuy N B"fj/g (z) = graphv, N thg(z), 5)
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where v, € CH¥(x + (Py N U,); POJ‘) is such that ||v;||1,« < 7€0 and where U, is a
C* domain of Py.
Note that for z € graphuy N 8B;‘:“] , because of (3) we have that

graphv, N BZ:“/IS @)N Bz_jl (x)#£ 0

and so
graph v, N graphv # @,

where v is as defined in (4). Therefore, using the graphical representations in (5) for
any z € graphuy N Z)BZX‘H, we can extend the function v so that v € C1¥((x + (Py N

U)nN B;’ljll J8)p, (%) Pg) and with

lvll1,« < cso, (6)

where ¢ is an absolute constant. For y € (0, 1/16), we can check (again using (3))
that for any y € graphuy N B?l-:-ly) o (x) there exists z € graphuy N aB;'X‘H(x) such

that |z — y| < py /8. Hence for the extended function v we have that

Bn+l

(i, (¥) = graphv N Bl (x). @)

graphu N (4y)px

Furthermore, v satisfies the following equation:

V14 |Dv|?

where as in Remark 3.12, for x’ € Q,y’ € x + Py we identify (x’, ui(x’)) with
(', v(y") using (7).

For this function v, if either U = R" or 0 € dU we can apply the interior or bound-
ary C1 Schauder estimates, respectively, in By (0) C B(”l +y/2)0x (0), which imply
that

D,’U . . n
Di| —— | =divfi + Hk inUNB{, ., 0,

lolany, © = C (e + oLy, 0+ oclHillosy, o @) ®

(4y/2)px
where C is a constant depending only on «, n, y. In this case, (8) implies a lower
bound for py. To see this, note that the LHS is bounded below by c_lso, where ¢ is
the absolute constant in (6), since if it wasn’t true then (by (6)) we would have that
lvell 1o, Bl 2y (O) < &9, which would contradict the definition of p,. Hence, taking
& small enough, the inequality gives a lower bound on p, that is independent of k.

To finish the proof we need to show that we can indeed apply the Schauder esti-
mates, i.e., we need to show that either 0 € 0U or U = R".

If x € ® then 0 € dU. So we can assume that x ¢ ®; which implies that 6 > 46,
(i.e., we are in case (ii), as described at the beginning of the proof). We will show that
o, N B! (x) =@ and hence U = R". Assume that for some x € ¥y, |x — x| <

(I+y)px
2px. Then
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LT > 40, =42
d(x) d(x)
- a1 a2y s ]
T > — — > —Px,
Px d(x) Px = 2 2:0x
where we have used (2). Hence Bg’;;l/z(x) C BZ;r 1(%). But this would contradict the
definition of p,, and so dist(x, ®g) > 2px. O

Remark 3.14 Theorem 3.13 implies that for any & > 0 there exists pg = po(e) such
that for all k

Ve () — vl < elx =y,
Vx, y € graphuy N (B})16(0) x R) : [x — y| < po,
where v denotes the downward unit normal of graphuy.

Recall that 02, & are compact, C'% embedded submanifolds, which along with
Remark 3.12 imply that for any & > 0 there exists 0y = po(¢) such that for all k

vk () — vk < elx —y|%, Vx,y € graphuy : |x — y| < po,
where pg now also depends on

sup{r : (02, x,r) < 1,Vx € 0Q and x (®, x,r) < 1, Vx € d}.
r

Let M = supg, |uk| and recall that M is independent of k (cf. Remark 3.9). Covering
Qi x [—M, M] by balls of radius py we conclude that

ve(x) — eI < Clx —y|*,  Vx,y € graphu,
where C does not depend on k.

3.3 Gradient Estimates for the Solutions to the Approximating Problems (3.1)

Our goal here is to show a priori C!** estimates for the solutions u; € C1%(Qy) of
(3.1). That will allow us (cf. Theorem 3.18) to apply the Leray—Schauder theory to
prove the existence of such solutions.

We first show that for each k£ we have boundary gradient estimates for a solu-
tion uy, by using local barriers at each boundary point. In particular we have the
following:

Lemma 3.15 Let u; € C%(Q) be a solution of (3.1). Then
| Dukllo,ae, < C,

where C depends on 5., ||lukllo, [|Hyey llo. and || ¢k |2



cle Theory for the MCE with Dirichlet Data

Proof For any x), € 9, let N = B/ (x)) N 2*/* and let ¢}, ¢ : N — R be C2
functions that satisfy the following:

i (x0) = 7 (x0) = i (xp),
DL () = pe(x) > @2(x)  Vx € IN NI,
dr(x) = llugllo. Pr(x) < —llugllo Vx' € IN\ 3
and
DL () > g (x) + dist(r, 0Q0),  PR(x') < g (x) — dist(x’, 9%) Vx' e N
so that
«.paNeUt,  &.grx)eU” Vi eN,

where U* are as defined in (3.6), so that

iD-f" _|Jdivee  inUT,
ST | —divie inUT,
where 7y, is the inward pointing unit normal to 92 x R, extended in Qi" x R, so that

Mk (X", Xp11) = Nk (Projyg, (x"), Xn41).
We look at the following Dirichlet problems:

- Dju} . .
ZDi ———— | =divyy inN,
i=1 1+ [Du}? (D)
up =¢. ondN,
" D,‘I/t2
D | ——=EF— | =—divijx inN,

i

1 \Y1+DugP? ©)
u,% =¢,§ on dN.

By standard PDE theory [13, Theorem 14.6] we know that there exists a positive
function ¥ : R — R, such that for the functions defined by

YT =gt +vEED), YD) =R — pdR)),

where d(x') = dist(x’, 32;), we have that

<divny onN

iD' Dy~
=\ 1+ Dy+12)
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and

n D w_
Z Di| — —divn, on N.
i=1 V1+|Dy~|?
So T is an upper barrier for a solution uk e clt @ (Q) of the problem (1) at the

point x(’), Y~ is a lower barrier for a solution u? L € e CLe(Q) of the problem (2) at the
point x;), and their gradients satisfy an estimate

|DY ()|, 1DV ()| < Cll Hagy o i ll2: 8¢ llur o). 3

a constant depending on || Hyg, llo, l|¢«ll2 and 8,:1 [[ugllo-

We claim that ¥ and v~ are also an upper and, respectively, a lower barrier for
Uy at x;).

Let

T eN () 2yt NT = e N () =y ()
Since ¥+ (x") > up (x") > ¥~ (x') for all x’ € 9N, we have that
ur(xY=v (@) ondNT and wur(x)=v (x') ondN".
Furthermore, since v (x") > (;5,1 N, v~ (x) < ¢,% (x"), we have that
& ux)eU?, vx'eNT and (X, ur(x)eU~, Vx'eN~.

Hence

Djuy - ;
D; =Y D;fi=diviy inNT
Z (¢1+|Duk|2) 2P

and

n n

Djuy ) ; . N
Y Di|————= )= Difi =—divikx inN".
i=1 (V 1+ [Dug/|? i=1

Thus, by the comparison principle we have that uy(x") = ¥ (x’) for all x’ € NT,
up(x’y = ¢~ (x’) for all x’ € N—, and so ¥ and v~ are upper and, respectively,
lower barriers for uy. O

We claim now that the boundary gradient bounds (Lemma 3.15) along with the
C1@ estimates that we have shown for the graph of uy as a submanifold (Theo-
rem 3.13), imply global gradient bounds for the function uy.

Lemma 3.16 Let uy € C1*(Qy) be a solution of (3.1). Then

sup |Duy| < C,
o7

where C depends on || Dug |0, Supg, |Hk| + D Hkl, ll¢kll2 and supyq, |Haq, | +
|DHyqy .
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Proof Recall that by the construction of the approximating problems, in the domain
(2N ) X RY UL, xap1) 15" € 5, g1 — g ()] > dist(x’, 982))

the mean curvature of graphuy, Hy + Y. D' f,i is smooth and its derivative with re-
spect to the x,,1-variable is non-negative (cf. Remark 3.9). Hence, by standard gradi-
ent estimates for a solution to the prescribed mean curvature equation [16], it suffices
to show that for any x;, € 92

|Dug(x)| < C,  Vx" e By, (xp) : lug(x') — ¢ (x)] < 2dist(x’, 02) (1)

for some constant C as in the statement of the lemma.
Let xg = (x(’), uk(x(/))) € ®g. Recall that we picked §; so that we can extend ¢y in

8225k by letting ¢y (x") = ¢x (proj,q, (x')), and by (3.3) we have that for any x’, y" €
2ak (xg)

|k (x") — i (y)] < C8kl Do,
where C is a constant independent of k. We have also picked 8r so that
Ol/2||D(;§k||0 — 0 (cf. (3.5)), hence for & small enough: If x’ € By (xo) and
lug (x") — (x| < 2dist(x’, 9%), then (x', ux(x')) € B"l/2 (x0).

By the uniform C* La estimates for graphuy (cf. Theorem 3.13, Remark 3.14),
there exists pg such that for all &

e ) — v < Ix = y|%, V¥, y € graphug : |x — y| < po, ©))

where vy is the downward pointing unit normal to graphuy.
Let K =1+ supy || D¢k llo. We will show that (1) holds for all 6; small enough so

that 8,1/2 < po and

1

‘We will consider two different cases:
Case 1: |Duy(x()| < 2K. Then for any x = (x', u(x')) € B"l/2 (x0) we have, by (2),
(3):

1 1 /2
> -3
Y1+ [Du(x))2 \/1—|—|Duk(x('))|2

= |Du(x")| <4(1+K)

in which case (1) holds.

Case 2: |Du(x})| > 2K. Then, by (2), (3), for any x = (x", u(x")) € B"l/2 (x0) we
have that
1 1

<
V14 [Duy(x")|? \/1 + | Dug (x}) |2

+8% = |Du(x)>1+K.




T. Bourni

Hence in this case

(B;izl (x0) Ngraphu N (BYs, (x0) X R)\ @k C {(x", Xp41) * [Xn+1 — ¢ (x)] = 2d (x)}
and so (1) is trivially true. Il
3.4 Existence of a Solution to the Approximating Problems (3.1)

Lemma 3.16 and standard applications of the de Giorgi, Nash, Moser theory give the
following C Lo estimates [13, Theorem 13.2].

Corollary 3.17 Let ux € C*(Qy) be a solution of (3.1). Then
luilly o3, <€
where C depends on 8k, supg, |Hi| + |DHil, ||¢kll2 and sup,q, |Hyoy | + 1D Hygy -
We can now prove the existence of a solution to the problem (3.1).
Theorem 3.18 The Dirichlet problem (3.1) has a solution in C1% ().

Proof Let p >n/(1 —a). We define the family of operators
Ty : CL(Qp) = WHP(), o €[0,1]

such that for any v € C*(Q;), u = T, v is defined to be the solution of the linear
Dirichlet problem

n
> aij(x', Dv)Djju = go (x',v) in .
ij=1 (D
u=o¢r on I,
where
Sij  pipj
VIHIpP  1+1pP)?

aij(x', p) =
and

n
8o (', Xp1) = 0 Hy (X', xng1) + Y Di fi 5 (X', xnp1),
i=1
where the vector field fi , is constructed in the same way as f; was constructed
in the beginning of this section (cf. construction under (3.1)), but with boundary data
o ¢y instead of ¢y and §; replaced by s(o)dy, where s : [0, 1] — [0, 1] is a continuous
increasing function such that s(1) = 1 and 5(0) = 0. Note that then [ fx o lo < c[nk]a>
where 7y is the inward pointing unit normal to 92, x R.
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Claim Forall o € [0, 1], Ty is well defined, compact, and continuous.

ajj € CO(€%) and g, (x’, v(x")) is bounded and thus in L? (). Hence, there ex-
ists a solution Tyv = u € WP () of (1) [13, Theorem 9.18] and by the Calderén—
Zygmund inequality, for this solution we have that

lullwzr < Cl@kliw2r + 1180l p)- @)

Therefore, T, is well defined. o
Assume now that {v;} is a sequence of functions in C1%(€y), such that for some
K >0
loill g, < K. Vi.

Then, by the Arzela—Ascoli theorem, after passing to a subsequence, v; — v €
C 1")‘(ﬁk), where the convergence is with respect to the C La’ norm, for all o’ < .
Let u; = Ty v;. Then, because of (2) and by the Sobolev embedding theorem [13,
Theorem 7.26], after passing to a subsequence, u; — u with respect to the C L¢ norm
for all o’ < o and where u € W2P (). Furthermore, u is a solution to the equation

aij(x', Dv)Djju = g (x',v) in Qi
and since u; = o ¢ on 92 for all i, we have that u = o ¢y on 9Q2;. Hence
Tov=u

and thus 7, is compact and continuous.
If u, is a fixed point of the operator 75, then u, is a solution of the following
Dirichlet problem:

n n
Dius i / ’ .
E Di| — | = E Difi s(x" ug) + o Hi(x',ug) in g,
i=1 (V 1+ |D”0|2) i=1 ’ (3)

u=o¢r ondk.

Since 0 is the unique solution for 7 (0), and a fixed point of 77 corresponds to a
solution of the problem (3.1), the Leray—Schauder theory implies that (3.1) is solvable
in C1#(Qy) if there exists a constant C such that

lugllie <C, Vo €l0,1] “)

where for each o, u, € C1%(y) is a solution to (3).
Since ||uq |lo are uniformly bounded (cf. Remark 3.10), and because of standard
PDE estimates [13, Theorem 13.2], for proving (4) it suffices to show that

[Ducllo<C, Vo €l0,1]. )

Note first that the results of this section concerning the regularity of the approx-
imating graphs of the solutions to (3.1) (Theorems 3.11 and 3.13) are applicable
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for the family of problems given in (3) for o € [0, 1]. Hence Theorem 3.13 implies
uniform (independent of o) C!® estimates for the graphs of the solutions u, as
manifolds. Furthermore, for each u,, Lemma 3.15 implies a boundary gradient esti-
mate || Duy |lo,50, < Cs, possibly depending on o, and consequently we can apply
Lemma 3.16 to get a global gradient estimate for each u, (depending on Cy ).

We will show that by choosing the function s(o) appropriately, C, is in fact inde-
pendent of o, which would imply (5).

By the construction of the barriers in Lemma 3.15 (cf. estimate (3) in proof of
Lemma 3.15, [13, Chap. 14]) we note that it suffices to show that s(0) Yug|lo are
uniformly bounded. The following sup estimate shows that this can be achieved as
long as we take s = s(0) = ol/2.

Let v = (ug — 1)+, where I =sup,q, llo@xllo. For some 1, &2 € (0, 1), also let

Q= ( @\ )N Dy ()] > 61}, Qo= (\ )N {x: [Duy (x)] < 1)
and
Q=N [Dup ()] > 2}, Q=% N (x| Duy(x)] <e2).

By using v as a test function in the weak form of (3) we have:

1
|Dv|dH" + |Dv*dH"

€1 /
J1+e2 /% 1+e7 /2

1
y 2 /leldH”—l— \Dv2dH"
2

l—i-S% 1+8% Q]

§CU(/ |Dv|dH”+/ |Dv|2dH"~|—1>
Q) Q1

+Cs1/2</ |Dv|dH"+/ |Dv|2dH”+s>,
o o4

where C is a constant depending only on || Hg ||o, |2¢| (cf. Remark 3.10). So for ¢; =
ol/?, gy =4CsY/ 2 (where C is as in the above estimate), and for s, o small enough,
we get the following:

01/2/ |Dv|dH" +s1/2/ |Dv|dH" < C(o +s5'T1/%)
Q> Q;

= 61/2/ |Dv|dH"+s1/2/ |Dv|dH"
QUQ QU

<C(o+ s+ C(o +5?)

= |Dv|dH" < C(c'/? + o~ 1/251+1/2)
Qe
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and by the Sobolev inequality

n—1

(/ |v|ﬁdH”> " <o (o 451412,
Qe

This implies a sup estimate (cf. [13, Sect. 10.5]):
fvllo < Cs,

where C is independent of s, o, provided that 172 <5, O

4 Main Theorem and Applications

As in Sect. 3, we let Q be a C'® bounded domain in R” and ® a compact, embedded
€1 submanifold of 32 x R. We will use the following notation:

The set (02 x R) \ ® is the union of two disjoint open connected components
Ug, Vo, where Ug D {(x, xp41) : X' € 02, X441 > R} and Vo D {(x/, xp41) : X' €
02, x,41 < —R} for sufficiently large R. We can think of these components as the
parts of the cylinder 02 x R that lie “above” and “below” @, respectively. Then for
any multiplicity one n-current S with sptS C @ x R and 39S = [®]], there exists a
multiplicity one (n 4 1)-current, which we will denote by S, such that

S=[Voll +0S, sptSCxR. .1

We now state our Main Theorem:
Theorem 4.2 (Main Theorem) Given Q a C'% bounded domain of R", ® a compact,
embedded CY submanifold of 32 x R, such that for a sequence ¢; € C*(3),

lLa —
graph ¢; SR ® and H = H(x',x,41) a C! function in Q x R, which is non-
decreasing in the x,y1-variable and such that ||H ||o < na),ll/n|Q|_l/”, we let u be
a function in BV (R2) that minimizes the functional

u(x)
F(u) =[ J1+ |Du|2dx’+/ / H(x', xpp1)dx'dx, 11
Q QJO

+1lim | |u—¢;ldx’.
i Jaq

Then for the current T = [[graphu]|+ Q, where Q is the multiplicity one n-current
such that spt Q C 0Q x Rand 0 Q = [[®]] — [traceu]l, sptT is a Ccle manifold-with-
boundary, with boundary given by ®.

Moreover, this current T = T (2, ©, H) locally minimizes the functional

M+ | _HE, xpp)dx dxng (1)
— sptT

among all n-currents with boundary [®]) and support in Q x R.
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Proof Without loss of generality we can assume that 0 € 2. We also let r > 0 be
such that (€2, ®) € BY (cf. Definition 2.2).

We use the approximating method described in Sect. 3 with the given boundary
data (R, ®). Let u; € C'(Q) be the solutions to the approximating problems defined
in (3.1):

>0, (ﬂ) S D+ H i
i=1 VIl ) i @

Uy = @r on 932,

la lLa
where C—> Q and Pilypq, C—> @ with ®; = graph ¢;. Note that the solutions uy
exist by Theorem 3.18.
Then, by Theorem 3.13, we have uniform C!¢ estimates for the graphs of uy
(independent of k). In particular, given &g, there exists p such that

k(graphuy, p, xx) < &9, Vi € graphuy and Vk,

where « is as in Definition 2.1.

Assume now that BZ;EI (x) ¢ R**! is such that 32721 (x) N graphuy # @ for infi-

nitely many k. Then for these k, Bz;’zl (x) N graphuy is the graph of a C* function,
of norm less than &g, above some n-dimensional affine space Py. After passing to a
subsequence P, — P, where P is an n-dimensional affine space and hence

graphug N BZ?‘ZI (x) = graphv; N BZ?LZI (x), 3)

where vy € CH*(P N Uy; P1) is such that lvkll1,e < 2&0 and where Uy is a cle
domain of P. Notice that either Uy = P or else ®x N B,(x) # ¥, in which case

l,a
ol N BZ;LZI (x) = proj p (O N 32721 (x)). In the latter case, since ®y N ®, we have

1,a
that Uy C—> U, where U is a C'% domain of P such that 3U N BZ;rzl (x) =projp(PN

BI‘H—I ( X)) .
P2
Hence we can apply the Arzela—Ascoli theorem to the sequence {vx}, to conclude

that, after passing to a subsequence,
VE — v @4

with respect to the chy norm, for any o’ < «, where v € Cl*“(P nU; Pl) is such
that ||v]l1,¢ < 2¢0, and furthermore

1o
graphu N BZ_H(X) < graphv N BZH (x).

Since ||ux ||o are uniformly bounded, there exists a compact subset D C R"*! such
that graphuy C D for all k. Covering D with finitely many balls of radius p and ap-
plying the above discussion in each of them we get that after passing to a subsequence

/

1,
graph uy “m 5)
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for all o’ < o and where M is an embedded C'** manifold-with-boundary & and
such that for any x € M, k (M, p, x) < 2¢o.

For the sequence {u;}, by standard PDE estimates (as discussed in Remark 3.12)
we have uniform C!* estimates in compact sets of 2 (independent of k) and thus,
after passing to a subsequence, {u;} converges with respect to the C Le" horm on
compact sets of €2, for any o’ < «, to a function u € C1%(Q). Hence we have
that M N (2 x R) = graphu. Furthermore, since u; satisfy the equation in (2) and

cle .
Q. —> Q, u satisfies

=H(', u(x")), inQ. (6)

ZD (m)

Let T be the multiplicity one n-current such that spt7 = M. Then 07 = [®]
and T = [[graphu]] + Q, where Q is the multiplicity one n-current such that spt Q C
02 x Rand 0Q = [[®] — [[trace u]].

u satisfies (6) and therefore T minimizes the functional in (1) of the theorem. To
see this, let W €  x R and let S be a multiplicity one n-current with boundary [[®]]
and such that spt 7 = spt S outside W.

Then T — S = 3(T — S), where T, S are as defined at the beginning of this section
(cf. (4.1)) and note that T — S has support in W N (2 x R). Let

n+1
w= Z(—l)’+lei cvdxy Ao ANdxi A Adxpa,

where v is the downward pointing unit normal to graphu extended to be an R"*1-

valued function in 2 x R S0 that 1t is independent of the x,,4-variable. Then, because
of the convergence in (5), Tk =T (where Ty = [[graphu]]) with respect to the C* 0.0
norm, for any &’ < . Hence T (w) = M(T) and arguing as in Lemma 2.9 we have

T(w) — S(w) = (T — S)(dw)

= M(T)— M(S) <— / HO xwe)dxdns
- — sptT\sptS
+ / H( xp)dxdng. ™
spt S\sptT
Hence T minimizes the functional defined in (1) and so # minimizes F. O

Remark 4.3 1f § is another n-current with boundary [®]] and support in Q x R that
minimizes the functional defined in (1) of Theorem 4.2, then T = S almost every-
where. To see this, note that by the argument (7) in the proof of Theorem 4.2 we have
that

M(T)=M($) = / (8. Tdps.
sptS
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Therefore, spt S N (2 x R) = graphu + ¢, for some constant ¢, and hence u + ¢ (as
well as u) minimizes the functional F. Hence if traceu N ® # (J then S = T and
T is the unique current with this minimizing property. In particular, we know that
u(x) = ¢(x) for any x € a2 such that Hyq(x) > |H (x, ¢ (x))| [21].

Remark 4.4 The regularity of spt7T, where T = (2, ®, H) (as defined in Theo-
rem 4.2) depends on that of 92, ®, and H in a continuous way and the boundary
regularity of spt7 is a local result:

By the proof of Theorem 4.2 we see that spt 7 can be approximated in the C1¢
sense (cf. Definition 2.1) by a sequence of graphs of solutions u; to the approxi-
mating problems (3.1) (as described in Sect. 3). Furthermore, for this sequence we
also have that |lux —u|l;o.w — Oforall W € Q, o' <« and |luk||1,o,w < C, with
the constant C depending only on || H |1, the C! norm of H. Hence llee|l1,0,w and
therefore sup{r : k (sptT, x,r) < oo} for any x € spt7T N (2 x R) depends only on
IHllcr.

For points x = (x’, x,+1) € sptT N (32 x R) we have (by Theorem 3.13 and the
proof of Theorem 4.2) that sup{r : k (spt7T’, x,r) < oo} depends on ||H |1 but also
on sup{r : k(02, x’,r) < oo} and sup{r : k (®, x,r) <00, Vx = (x/,1) € ®}.

In the following corollary, which is an immediate consequence of Theorem 4.2,
we give some properties for the trace of the function u that minimizes F, as defined
in Theorem 4.2.

Corollary 4.5 Let (2, ®), H, u, and T = T(2, D, H) be as in the statement of
Theorem 4.2.

(i) If traceu N ® # 0, then Vx = (x', x,11) € traceu N O there exists p > 0 such
that either BZ‘H (x)NVep =0 or BZH (x) NUg = @. The radius p depends only
on sup{r : k(02, x',r) < oo}, sup{r : k(®,x,r) < oo, Vx = (x',t) € ®} and
|Hll 1 (because of Remark 4.4).

(i) Iffor some x' € 92, x = (x', x,,41) € traceu N Uy then i‘(x) coincides with the
inward pointing unit normal of 92 at x', and if x = (X', xp41) € traceu N Vg
then T (x) coincides with the outward pointing unit normal of 32 at x'.

Ug, Vo are as defined at the beginning of Sect. 4.
4.1 Higher Regularity

In this paragraph we show higher regularity for spt 7', where T is as in Theorem 4.2,
provided that we impose some additional regularity conditions on &, 9€2.

Lemma 4.6 [f in addition to the hypotheses of Theorem 4.2 we assume that 92 and
® are W>P submanifolds, for some p > n, then for the current T =T (2, ®, H), as
defined in Theorem 4.2, we have that sptT is a WP manifold-with-boundary, with
boundary given by ®.

Proof Note first that since 32, ® are W27, they are also C»* for @ = 1 —n/p and
hence (by Theorem 4.2) spt T is C1:¢.
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Following the proof of Theorem 4.2 we can construct the vector fields f,f in the
approximating problems, as defined in (2) in the proof of Theorem 4.2, so that

n
ZDiflf
i=1

This is possible because d€2, ® are in w2p (see also Lemma A.1, Remark A.2).

Let vx be the local graphical representations of graphuy, as defined in (3) in
the proof of Theorem 4.2: vy € C 1""(P N Ug; PL), for some n-dimensional affine
space P, are such that

sup <oo and sup ||k, < oo.
k k

p

graphug N BZ;EI (x) = graph vy N BZ;EI (x).

Recall (Remark 3.12) that vy satisfy the following equations

“ Djvyi . i P -
DY (i, P o B A
i=1 V1+[Dvgl i=1
and if 9®; N BZ;’; (x) £ ¥ we also have that
ve=¢r ondUiN Bz/gl (x).

Applying the Calderén—Zygmund inequality to the solutions vy and noticing that

n
D Difi+ Hy

i=1

sup

< 00, sup || ¢k [l w2 < 00
k
p

we conclude that |[vg|ly2, are uniformly bounded. This implies that v is in wp,
where v is as in (4) in the proof of Theorem 4.2, and in particular

lvllwzr < sup llvelly2.p-
Kk

Hence M = spt T is a W2” submanifold (see (5) in proof of Theorem 4.2). g

Let Q, P, H,u, T =T(2,P, H) be as in Theorem 4.2. Then by standard PDE
theory, spt 7 N (2 x R) is a CZ manifold. However, near points x € traceu the best
we can expect is that spt 7 is C'!. We will show that this is the case, provided that
we impose higher regularity conditions on €2, ®. In particular, we will show that
around those points spt7T can be expressed as the graph of a function that satisfies
a variational inequality, an observation that for the case H = 0 and for points x €
traceu \ ® was first made in [18]. Thus, using regularity results for such functions
[4, 10], we will show that spt 7" is a C'! manifold-with-boundary provided that £ is
a C? domain and @ is a C* manifold.

Theorem 4.7 If in addition to the hypotheses of Theorem 4.2, Q2 is a C* domain and
®isaC? submanifold of 92 x R, then for the current T =T (2, ®, H), as defined
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in Theorem 4.2, we have that spt T is a C'! manifold-with-boundary, with boundary
given by .

Proof Let x = (x', x,41) € traceu. By Theorem 4.2 there exists p > 0 such that
Bz“(x) N sptT can be represented as the graph of a C!** function above P =
T, (sptT), the tangent space of sptT at x, i.e.,

B (x) NsptT = graphv N B) ! (x), 1)

where v € C1((x + (P N U)) N BAM (x); PL) is a C1 function and U a C'@
domain of P.

Assume that P # Ty (02 x R), the tangent space of 9€2 x R at x. Then, because
of Corollary 4.5 (ii), we have that x € ® and after replacing o with a smaller radius
if necessary we have that

(B NsptT)\ @ C 2 x R

since spt T is C1:%. Hence v satisfies

iD-( Div ) H inU
i | —V——=] =
=\ 1+ 1DoP

(cf. Remark 3.12). Also for 3U we have that graph v|, 13y N BZH (x)=®nN BZ‘H (x).
Hence standard PDE estimates imply that v € C2((x + (P N U)) N BZ“ (x): P,

provided that ® is C>¢.

Hence we will assume that P = T, (92 x R). In this case v doesn’t satisfy a pre-
scribed mean curvature equation. However, we will show that due to the minimizing
property of T (Theorem 4.2), it satisfies a variational inequality.

Note that we can also represent (92 x R) N Bg“ (x) as the graph of a C func-
tion above P =T, (02 x R), i.e.,

(02 x R) N BA*! (x) = graphy N B)+! (x)
for some ¢ € C1*((x + P) N B2t (x); P1).

In case ® N BZ'H(x) £ (), we define f: (x +0U) N Bz+1(x) — PL to be the
restriction of v on 0U, so that

® N By (x) = graph f N BT (x).

We also define the following set
K= {w eCON(x+PNU)YNBIM (x); PHY:w >y,

w=fon(x+3U)N B (x), w=von aB;“(x)m(erU)}.
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Then because of the minimizing property of 7, v minimizes the functional

Bv) = / 1+ |Dv]2dH"
x4+U)NBET ()

v(x")
+f / H(x', xpp1)dxp1dx’
GHDNBET (x) Jyr(x)

among all functions in K, where as usual for x’ € Q, y' € U we identify (x’, u(x’))
with (¥, v(y")) using (1); here u is such that spt T N (2 x R) = graphu.

Since K is a convex set, for any w € K, the function X : [0, 1] - B(v+ A(w —v)),
attains its minimum when A = 0, therefore

’h Bv+A(w—v))=>0

A=0

—)
UNBit (x) ZI: V14 |Dv|2

+ HX , v(x))(w —v)dx' >0
and hence v satisfies the variational inequality
(Av+ Hv,w —v) >0, VYwek, 2)

where

n

D,'U

Av=—) D;| —— and Hv=H(x, v(x).
2 (¢1+|Dv|2)

Therefore, by a theorem of Gerhardt [10], if ¢ is of class C 2 and fisofclass C 3
then v is a C1! function.

We remark here that in case (x + U) N Bg“(x) =x+P)N BZH(x) (i.e., if
x € traceu \ @) then v satisfies (2), but with the set K defined by

K={weC" (x+P)NBIx); PH):w>vy, w=vondBiH (x)).

In this case, as was first shown in [18], we can also derive that v is a C L1 function
provided that 1 is of class C? by a result in [4]. |

Finally, we state a result about the regularity of the trace. It is known [17, 25]
that above a C* portion of dQ where Hjyq(x) < |H(x, ¢(x))|, the trace of u is a
Lipschitz manifold. In the following theorem we show that because of Theorem 4.7,
we can apply a result of Caffarelli [6] to show that it is actually C!.

Theorem 4.8 In addition to the hypotheses of Theorem 4.2, assume that 2 is a
C* domain and ® is a C3 submanifold of 32 x R. Let S = {x' € 92 : Hyq(x') <
|H(x', xy41)], Y&, x441) € ®). Then the trace of u above S is C', where u e
BV () is the minimizer of F, as in Theorem 4.2.
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Proof Following the notation in the proof of Theorem 4.7, we introduce the function
v = v — ¢ and define the set

F@)=d{yeUNBI (x):0(y) >0} Ndfx e UN B (x) : 3(y) =0}

Then F(v) = traceu N BZH(x). By [17, 25], F(v) is a Lipschitz manifold. If we

furthermore know that v is a C!'! function, then we can apply the results in [6] to
conclude that F(7) is C!. This completes the proof, since if 92, ® € C3, then by
Theorem 4.7 v € C11. O

4.2 Corollaries, Applications

We show that for u € BV (2) minimizing the functional F (as in Theorem 4.2), the
trace of u changes monotonely if we change the boundary data monotonely:

Lemma 4.9 Let H,Q2,®;,T; =T(Q2, ®;, H), for j = 1,2, be as in Theorem 4.2
and such that Vo, C Vo,. Then

spt T] C spt ?2

where Vo, T"j Jj = 1,2 are as defined at the beginning of Sect. 4, (cf. 4.1).

Proof For j =1, 2, we approximate spt7; by graphs of solutions u,i to the approx-
imating problems defined in (3.1) (as in (2) in the proof of Theorem 4.2). Note that
we can take u,ﬁ, for j =1, 2, to be solutions to the same equation

- Diul -
DD | == =) _Difi + H in
i=1 V 1+ |Duj|? i=1

and their boundary values to satisfy
¢ () <PR(x), V' €09y

The above equation satisfies the comparison principle and hence u}((x’ ) < ui(x’)
for all x" € Q. The lemma follows by letting k — oo. O

Finally, we want to show (Theorem 4.11) that in case n = 2, for a large class of
boundary data €2, ® the trace of the minimizer of the functional F with H equal to a
non-negative constant has a jump discontinuity at a point where the mean curvature
of 92 is less than —H, and along this discontinuity it attaches to the prescribed
boundary in a subset with non-empty interior (relative to the boundary manifold).
For this we will need the following lemma.

Lemma 4.10 Let 2, ®, H be as in Theorem 4.2. Suppose that {®;}:c(0,1] is a con-
tinuous (as a map from [0, 1] into the space of C'* manifolds) 1-parameter family,
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where for each t € [0, 1], ®; is the limit of C* graphs above 32 and such that it
satisfies the following:
There exists x(’) € 0Q2 and o > 0 such that:

() @, N (B"(x})) x R) =& N (B"(x}) x R) forall t € [0, 1].
(i) {(x’,traceun(x”)) :x" € 32N BJ(xy)} C Vo.
(i) {(x',traceu;(x")) :x" € 9Q N B} (x()} C Uo.

Here for each t € [0, 1], u; € BV (R2) is a minimizing function of the functional F
with given data (2, ®;, H).

Then for each x1 € ® N (B] (x(')) x R) there exists t =t(x1) € (0,1) and ¢ > 0
with {(x', traceu,; (x)) : x" € 3Q} N B 1 (x1) = @ N B (x)).

Proof For each ¢, (02 x R) \ traceu, is the union of two disjoint connected com-
ponents Uy, V;, where U; D {(x/, xp11) : x' € 0, x,41 > R} and V; D {(x', x541) :
x" €92, x, 1 < —R} for sufficiently large R. Given x1 € ® N (B} (xy) x R), let

t =sup{r €[0,1]:x1 € Uy}

and
tr =inf{r € [0, 1] : x1 € V}}.

Note that by the assumptions (ii), (iii), and because of Remark 4.3, #1, 1, € (0, 1).
Take any sequence #; | 2. Then by ii of Corollary 4.5, T (€2, ®;,)(x) coincides with
the outward pointing normal of d€2 x R at x; for all #; in the sequence and therefore,
by Remark 4.3, it is also true for #. On the other hand, if we take a sequence ¢; 1 #1,
then similarly we get that T (2, ®;,)(x1) coincides with the inward pointing normal
of 02 x R at x7. .

Hence, again by Remark 4.3, for some ¢ between ¢ and ,, T (€2, ®;)(x) is not
parallel to the normal vector to €2 x R at x; and so for this ¢, Corollary 4.5 implies
that {(x’, traceu, (x")) : x' € dQ} N BT (x1) = & N B (x)) forsome e >0. O

Theorem 4.11 Let Q be a bounded C* domain of R2H>0a given constant, and
x) € 32 is such that
Hyq(xy) < —H, e

where Hyq(x()) denotes the mean curvature of 32 with respect to the inward pointing
unit normal.

Then there exists a large class of C1"* boundary data ®, for which the function
u that minimizes the functional F with given data {2, ®, H} has trace with a jump
discontinuity at x(, along which it attaches to ® in a subset with non-empty interior.

Proof Let ® be an embedded C'** submanifold of 92 x R such that for a sequence
lLa
¢ € CH¥(9Q), graph ¢; s @ and assume that
{xo} x I C®

for some interval /.
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We will show that for any such & there exist C1'* boundary data @ such that
®N (B, (xp) x R) = @ N (Bs (x() x R) for some o > 0 and for which the conclusion
of the theorem holds, i.e., the function u that minimizes the functional F with given
data {€2, o, H } has trace with a jump discontinuity at x;, along which it attaches to
® in a subset with non-empty interior. Here and in the rest of the proof B, (x") will
denote the 2-dimensional ball of radius r centered at x’. By Lemma 4.10, it suffices to
show that for such @ we can construct a continuous 1-parameter family of boundary
data {®,} satisfying properties (i)—(iii) of Lemma 4.10.

For ® as above and o > 0, which will be determined later, let {®;} o< <00 be any
monotone, continuous, 1-parameter family of boundary data satisfying the following:

®; N (B, (x(/)) x R) =® N (B, (x(/)) x R)
and outside B, (x(’)) x R, ®; is given by the graph of a C L function ¢ with

lim ¢;(x") = —o0, lim ¢, (x)=00 Vx' €3\ By (x)).

We will show that for 7y > 0 big enough, {®;}{_; <<y, (after a reparameterization)
satisfies properties ii and iii of Lemma 4.10. In particular, we will show that there
exists 1o > 0 and o > 0, such that for all r > 1,

{(x', traceu; (x)) : x" € 9Q N By (x()} C U, )

and
{(x', traceu—_; (x")) :x" € 92 N By (x()} C Vo._,, 3)

where u, is the minimizer of F with data (22, ®,, H).

For any x” € 92 such that Hyo(x") < 0, there exists a circumference C,/ passing
through x’, such that a neighborhood of x’ in 9<2 lies inside C,. Since Hyq(x() <0
we can choose o > 0 such that the following holds: For all x’ € B, (x6) there exists a
circumference C, passing through x’ and such that B, (x(’)) N 9L lies inside C,.

Let x = (x', x3) € ® N (B} (x{) x R), Cy be as described above and let A be the
region defined as follows: If H = 0 then A is the region of R? outside C,/, and if
H > 0 then A is an annulus with inner boundary C, and width H =1 Then (cf. [9])
there exist functions v* defined in A N Q such that x € graphv™,

2o ()
and Dv* = £00 on 3(A N Q) \ Q. Taking ¢ small enough we have that
vt >u, ondQNA
and taking 7 big enough we have that

v <u; ondQNA.
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Hence we can apply the comparison principle in [9] to conclude that for ¢ small
enough, v* > u; on A N Q and so x lies above the trace of u,. Similarly for ¢ big
enough, v~ <u; on A N and so x lies below the trace of u;. O

Remark 4.12 By Remark 4.3 and Corollary 4.5, Theorem 4.11 still holds if € is a
1% domain. In this case condition (1) of the theorem should be replaced by the
following: There exists some r > 0 for which

—/ V3Q~D§'</ H¢
02 Q2

for all positive £ € C* with support in B, (x;) N 9<2.
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Appendix A: A Technical Lemma
Lemma A.1 Let Q be a C* domain of R" and r > 0 be such that
k(0Q2,r,x) <1, VxedQ

with k as defined in Definition 2.1.

Given 1= (1, ...,1,) € CO*OQ RY), there exists a CO* vector field X on
Q% ={x € Q:0<dist(x, Q) < r/4} such that div X = 0 (weakly), X |3q = n and
forany x € 0Q2

IX N0, 87 oyngr + 71X ]o, gronars < C (I1nllo,B2eonag + 7% (e, B2 0n02) »

where C depends on 2 and n.

Proof We will construct X around each point using local transformations that flatten
the boundary. Therefore, we will first show that the lemma holds in the case of flat
boundary:

Claim Given a C%% vector field g = (g1, ..., gn) : R*™1 — R" with compact sup-
port, there exists a O« vector field X = (Xy,..., Xy,) on R x [0, 1] such that
X(x',0) = g(x'), div X = 0 (weakly) on R"~! x [0, 1] and || X |0.« < Cllgll0.«» where

C is an absolute constant.

Let ¢ be a non-negative, smooth function with compact support in Bffl (0) and
such that fR"— 1 ¢ (§)dE = 1. For x = (x’, x,,) define X by the following formula:

n—1
X (x, xn) =ZfRn_l gj (X' — xn£) (¢ (§) — div(p(£)§)) d e;
j=1

n—1
+ | &= /R 8 —xaE)Dp()dE | en. (1)
j=1
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For X it is easy to check that X (x’,0) = g(x) and || X|lo.« < ClIgll0,«.- Furthermore,

we have that div X = 0. To see this, we only need to check it for smooth g, for which
we can integrate by parts to get that

n—1
X, xn)—ZD fiej+ | g ) =D D, fi(x) | en,
Jj=1 j=1
where
16 = [ e = Exp €.
Then

n—1 n—1

divX =ZDanfj + Dngn — ZDnDjfj =0
j=1 j=1

since g, is independent of the x, -variable. Hence the claim is true.

For the general case, consider a finite cover {B 4()c,)} of 02, where x; € 992
and such that Br"/8 (xi) N B /S(x ) =¥ for x; # x;j. Let ¢; be a partition of unity
subordinate to this cover. Let n; (x) = ¢; (x)n(x), for all x € 9Q2.

For each i, let y; be a diffeomorphism that flattens 92 in B} (x;), i.e.,

¥ (2N B (x;)) = BM(0) NR%.
We can also take y; so that ¥; (2 N B}, (x;)) = BJ',,(0) N R, and
i (74N B, (x;)) € B"(0) N (R"™! x [0, r/4]).
Let
g =Dy 1 Ym W @), forx e BIO)NR™ > {0), (@)

where (D 1, )1//,~) denotes the matrix of the Jacobian of y; at the point w_l (x).

Then, since i (2N Br/4(x,~)) = r/4(0) NRY and n; = 0 outside Bf/4(xl~), we
have that

gi(x)=0 forx e (B'(0)N(R"™" x {0)\ B,0). 3)
For each g; let X; be the vector field given by (1). Then, by (3)
X;=0 ondB"(0)N R x[0,r/4]). )
Hence

X(x) =) Dy, ¥i )X (i (x))
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is a C%¢ vector field on '/4 and is such that for any x € 92

-1
1 X1lo, 40 (x) < Z 1 DY Nlo. 20 1 Xillo,w; (Br (x))

1

<C Y lgillo, s mreyne-1xiop < Clinllo.ansr e
i

and

—1
r*[Xla.@ 0B (x) < Zra[Dllfi lo, B2 ) 1 Xillo, v (B (x))

1
+1D¥; Mo, Broyr® X la i (B2 (o)

<C D 8illo.yarcopna—txtop 18 .y, (B copn@n- x o)

1

<C (IInllo, Bz xynag + r* e, Br o) »

where C depends on n.
Finally, we have that X|jq = n and div X = 0. To see this, let x € 2. Then:

X(0) =) Dy, ¥ g (Wi(x) =Y (Dy,oy¥i ™Y (Dx i) mi (x)

=Y ¢i)nx) =n(x).

Let ¢ € C*®('/*) and having compact support. We will show that
/ X(x)- DytdH"(x) =0,
Qr/4
/ X(x) - DyedH" (x)
Qr/4

- Zf (Dy; 0¥~ Xi (i (x)) - DxgdH" (x)

) (x)

=y f Dy, Vi~ Xi (Wi (X)) - Dy (€ 0 ¥~ ) DxprdH" (x)

7 (xi)

=3[ X Dy € op o)

i f’(xi)

=Zf Xi(y) - Dy(Z oy~ HdH" (y)

which is equal to zero because by construction div X; = 0 (weakly). O
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Remark A.2 We remark that Lemma A.1 is true with higher regularity of the bound-
ary and of the vector field 5. In particular, we have the following:

Let Q be a C5* domain of R” and n € CH#(9Q, R"), where k,1 >0, o, B € [0, 1],
and / + B <k + o + 1. Then there exist a neighborhood V of 92 in 2 and a cl.p
vector field X on V such that div X =0, X |3 =7, and

1X1l1,8,v < Clinlli,g,a0

where the neighborhood V' and the constant C depend on 9€2.

Appendix B: Varifolds, Currents

Let
P RI’H-I N RZ % {O}n—l

denote the projection onto the (x1, x2)-plane in R"*+1.
Let

R ({02 x R - R? x {0y !
be the function defined by

;(-x) - ;(.xl,.XQ, .. ~7xn+l) - (_x2,xl»07 e 70)

so that ¢ is the projection P followed by a counterclockwise 7 /2-rotation.

Lemma B.1 (Allard) Let C = (sptC, c ,0) be an n-dimensional cone in R"t1, such
that 0 € 3C, 6(x) > 1 for all x € sptC \ dC, dC = {0}> x R"~!, and ||8C||(R"+1 \
aC) =0.

For each ¢ € C®°((R? x {0}*~1) N §") define

P(x) ) |px (C ()2

O (x)dH" (x),
B 0)\aC (|P(x)| |P(x)2 (x) (x)

T(¢)=

where ¢ is as defined above and p, denotes the projection onto the tangent space of
Catx.
Then

(1) T is a multiple of H'((R? x {0}"~1) N §"), i.e.,
T($)=c / ¢ (dH ()
(R2x{0}=Hnsn

for any ¢ € C®((R* x {0}*~1)yn ™).
(2) If T =0 then P(sptC) N S" is finite.

For the proof of this lemma we refer to [2].
Part (2) of Lemma B.1 directly implies the following:
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Corollary B.2 Let C be an n-dimensional cone in R" ! such that 0 € 3C, 3C is an
(n — 1)-dimensional subspace, 6 (x) > 1 for all x € sptC\ dC, and sptC C H, where
H is a halfspace with 0C C 0H.

Then

k
i=1
where P; are n-dimensional halfspaces, with 9 P; = +0C and P; C H.

Corollary B.3 [fin addition to the hypotheses of Corollary B.2, we assume that C is
area minimizing, then we have that either C is an n-dimensional halfspace or

C=mH| +1H,,

where Hy, H> are the two halfspaces in 0 H defined by oC.
Furthermore, |m — 1| gives the multiplicity of 9C.

Proof Without loss of generality we can assume that H = R, x R". By Corollary B.2
we can write C = Zf‘z 1 Pi, where P; are now of multiplicity one (so that we could
have that P; = P;),

Pi==x[[{y +tui,y €9C,t > O}]|

for some unit vector u;, normal to dC and such that u; - ¢; > 0.
Take j € {1,...,k} such that  P; = 9C. Then

3(C - Pj)=0
and for any compact set W C R"+!
M, (C—=P)=M,(C)—M,(P)).

We claim that C — Hj is also area minimizing. Assume that it is not true. Then for
a compact set W C R there exists a current S with sptS C W, S =0, and such
that

%W(C —P;+5) <%W(C - Pj) =gw(C) —gW(Pj).
Then
M (C+S)<M (C+S—P)+M, (P) <M, (C)

which contradicts the fact that C is area minimizing.
So C — P; is area minimizing and hence the associated varifold is stationary.
Computing [|§(C — P;)||(Br(0)) we get that

OZZM,'.

i=l
i#]
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This is true for any j such that 9 P; = 9C, hence there can only be one such differ-
entu;.

Similarly, picking a j such that 0 P; = —0C we get that C + H; will be area
minimizing, and computing the first variation of the corresponding varifold we get
that

k
Ozuj—i—Zui.
i=1

Hence, as before, there can only be one such different u ;.
So either k = 1, in which case we get that C is an n-dimensional halfspace, or if
k > 1 we showed that C must be of the form
C=kH| +1H;,
where Hj, H, are the two halfspaces in d H defined by oC. |

Lemma B.4 Let C be an n-dimensional integral current such that sptC lies in a
closed halfspace H, 9C C 0 H and C minimizes area in H. Then C is area minimiz-
ing.

Proof Suppose not. Then there exists an integer multiplicity current S, with 9.5 = 9C,
W = spt(S — C) compact in R"*!, and such that

M, (C)>M, (). M
Let f be the reflection along L =9 H:
f@)=Lx)—L*x), xeR"™,

where, for a subspace P, P(x) denotes the projection of x on P.
Define the function g : R**' — H, by:

(x) = X, x € H,
EYZ) r), xeRH\H.

Then for the current g#S we have that it has support in H, 9(g#S) = g#dS =09C,
and it satisfies the estimate

M, (g#S) = sup |Dg|'M
gtV

g—l(V)(S)’ VVEH, 2)

where, if S = (spt S, 6, 3‘), then:

(g#S)(w)=/ S(w(g(X)),dgx#g(x))G(X)dH”(X)-
spt
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Using now the assumption on C and (2) we have that for any compact subset of
R W

M (=M, (C)<M, (g5 <M, (S
which contradicts (1). [l
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