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CURVATURE ESTIMATES FOR SURFACES
WITH BOUNDED MEAN CURVATURE

THEODORA BOURNI AND GIUSEPPE TINAGLIA

ABSTRACT. Estimates for the norm of the second fundamental form, |A|, play
a crucial role in studying the geometry of surfaces in R3. In fact, when |A|
is bounded the surface cannot bend too sharply. In this paper we prove that
for an embedded geodesic disk with bounded L? norm of |A|, |4| is bounded
at interior points, provided that the W1 norm of its mean curvature is suffi-
ciently small, p > 2. In doing this we generalize some renowned estimates on
|A| for minimal surfaces.

1. INTRODUCTION

In the study of the geometry of surfaces in R3, estimates for the norm of the
second fundamental form, |A|, are particularly remarkable. In fact, when |4| is
bounded the surface cannot bend too sharply and thus such estimates provide
a very satisfying description of its local geometry. When a surface ¥ is minimal
|A|? = —2K7y, Ky, being the Gaussian curvature, and such estimates are then known
as curvature estimates. There are many results in the literature where curvature
estimates for minimal surfaces are obtained assuming certain geometric conditions;
see for instance [3] [5 [6] [8, O 10, [IT], T4] et al. In [6], Colding and Minicozzi prove
that an embedded geodesic minimal disk with bounded L? norm of |A|, bounded
total curvature, has curvature bounded in the interior.

The main result in this paper is the following estimate that generalizes the cur-
vature estimate in [6] to a broader class of surfaces.

Theorem 1.1. Given Ci and p > 2, there exist Co = C2(p,C1) > 0 and €, =
£,(C1) > 0 such that the following holds. Let ¥ be a surface embedded in R3
containing the origin with Injs(0) > s > 0,

/ A2 <
B

s

and either
(i) HHH;vm(BS) <eég, ifp=2or
(i) HHH*WLP(BS) <ep, ifp>2.
Then
|A|2(()) < Cys2.
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5814 THEODORA BOURNI AND GIUSEPPE TINAGLIA

Here, for any « € 3, Injy(z) denotes the injectivity radius of ¥ at z. For
any s > 0, B, denotes the intrinsic ball of radius s centered at the origin and
IH 1005,y (IH[y22(5,)) denotes the scale invariant WP (W22, respectively)
norm of the mean curvature. See the beginning of Section 2] for a precise definition.

The structure of this paper, that is the proof of Theorem [I[1] is as follows: In
Section [2] we generalize the renowned curvature estimate by Choi and Schoen [3],
Theorem ZI1 We also show that the hypotheses of Theorem [[1] are optimal,
Remark In Section Bl we use this estimate to prove case (i) of Theorem [T
and also case (ii) of Theorem [l but with the additional assumption that the L?
norm of the mean curvature is small, Theorem Finally in Section Fl we show
some relation between the total curvature and the area of an intrinsic ball, which
allows us to remove this extra assumption and thus finish the proof of case (ii) of
Theorem [[L1] Remark A3l This relation also enables us to replace the bound on
the total curvature in Theorem [T with an area bound, Corollary 44l

2. CHOI-SCHOEN CURVATURE ESTIMATE GENERALIZED

The Choi-Schoen curvature estimate [3] says that if the total curvature of an
intrinsic minimal disk is sufficiently small, then the curvature of the disk is bounded
in the interior and it decays like the inverse square of the distance of the point to
the boundary. The goal of this section is to generalize the Choi-Schoen curvature
estimate.

Throughout this paper [[H|[j1., 5., and [[H|[jy 2.2 (5, will denote the scale in-

variant WP and W22, respectively, norm of the mean curvature, i.e.

VH s, = 572 /B HP 4 5202 /B vHP

s

and
1o,y = [ P+ [ (VHP+s* [ v2HE,
Bs Bs Bs

Furthermore the letter ¢ will denote an absolute constant. When different constants
appear in the course of a proof we will keep the same letter ¢ unless the constant
depends on some different parameters.

Theorem 2.1. Given p > 2, there exists €9 = €9(p) > 0 such that the following
holds. Let 3 be a surface immersed in R® containing the origin and B,, C X,
ro > 0. If there exists § € [0, 1] such that

| 1ap <o
By,
and either
() 1z, ) < 0c0, if p=2 or
(i) 1 s, < @02, if p > 2,
then for all 0 < o <ry and y € Bry—o,
a?|AP(y) < 4.

In order to demonstrate Theorem [Z.I] we begin by proving certain results about
manifolds that are not necessarily minimal. In particular we prove a Generalized
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CURVATURE ESTIMATES 5815

Mean Value Property, Lemma[2.2land a Generalized Mean Value Inequality, Lemma
See Proposition 1.16 and Corollary 1.17 in [4] for a proof of these results in
the minimal case.

For any s > 0, let Bs denote the extrinsic ball of radius s in R™ centered at the
origin.

Lemma 2.2 (Generalized Mean Value Property). Let 3 be a k-dimensional man-
ifold immersed in R™ and containing the origin and let f be a non-negative C*
function on X. Then

d d N |2
m - (r_k /Bm f) - J/Bmf—ﬂzklg +r—k—1/mx (VS 4 fH),

where £ denotes the normal component of x, and for 0 < s < t,

®
o= fe S e,

Proof. Using the formula
/dngX:—/X-H

with the vector field X (z) = v(|z |) (z)z, where v € C(R) is such that, for some
r>0,7v(t)=1fort <r/2,v(t) =0 for t > r and 7'(t) <0, we get

d 2| — Rl
%< Bmzd)(T) ) dr Bmzf$|2¢(7>

et [ wwrerme (1)),

where ¢ : R — R is defined by ¢(|z|/r) = v(|z|) (cf. equation 18.1 in [I2]). Then ()
follows after letting ¢ in the above formula increase to the characteristic function
of (=00, 1) and (@) follows by integrating () from s to ¢. O

Remark 2.3. The leading terms on the RHS of both (1)) and (2]) in Lemma [22] are
positive. For the second term on the RHS of (Z) we note that for any C! function
h on X, integration by parts yields

¢
[t Ged)
s B,NT kJpos \rs
where r; = max{|z|, s}, and furthermore
1 1
v-Vf=projpyz-Vf =3Vl Vf=-5V0* = |2])-V/

Thus, integrating by parts, we get the following two estimates, as a corollary of
Lemma [2.2] which we will need later:

d 1
(3) . <7"_k/ f) > r_k_l/ fo-H+ 57"_’“_1/ (7"2 - |£L’|2)A2f
B,NT B,NS BN
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5816 THEODORA BOURNI AND GIUSEPPE TINAGLIA

and

. 1 1 1 1 1 1
e ot L (B L ()
BtﬁEf BsﬂZf k Btﬁi‘,f ré t") k Jpns / re

where r; = rs(x) = max{|z|, s}.

Remark 2.4. In the case of a surface immersed in R3 we can use Remark 23] to
estimate the ratios s=! [ p.nx  as follows: In inequality (@) of Remark2.3)let n = 3,
k=2, t=1. After multiplying by s, since s, |z| < rs we get the following:

_ 1 1
Y A TR !
B.N% BiN% BiN% BiN%

Using Lemma we obtain the following Generalized Mean Value Inequality.

Lemma 2.5 (Generalized Mean Value Inequality). Let ¥ be a hyper-surface im-
mersed in R™ containing the origin and such that B1(0) N 0% = . Also let f be a
non-negative function on X such that

(5) Asf>=-Mf-h

for some A1 > 0 and a function h € L*(X N B1(0)) satisfying the following: There
exist constants ca,c3 and o € [0,1) such that

1
_rfn/ (r® — |z[*)h < car™* 4¢3, Vr € (0,1].
2 B.NT

Then
f0) <w tiex / f+wt <C—2 + 03) e,
BiNT l -«
where wy,_y is the volume of the unit ball in R"™' and ¢1 = supgnp, o) [H| + AL

Proof. Define

sy =t [y
B:N%
Then using @) and (&),

A 1
gt)>—gt) | Zt+ sup |H|| - —t’”/ (t? — |z|?)h.
2 £NB1(0) 2 B:nS

Hence, since ¢ < 1 and by the definition of ¢, s, c3,
g (1) +cig(t) > —cg —cat™™ = (g(t)et) > —coet™* — czet.

After integrating from 0 to 1,

1
wp—1f(0)= lim g(t)geclg(l)—l—/ e (cat™ +e3)dt<eg(l) + ( 24 63) e,
0

t—0+ l-a

O

In order to prove Theorem 2] we still need some information about |A|. Tt is
well known that for a minimal hypersurface in R", | A| satisfies the following partial
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CURVATURE ESTIMATES 5817
differential inequality, Simons’ inequality [13]:
2
AJAP? > —2|A* +2 (1 + —) [V |Al%.
n+1

In [7], Ecker and Huisken generalized Simons’ inequality to obtain the following
estimate for hypersurfaces in R":

A|A|? > 20V, Vi H — 2| Al* + 2Hhyjhighjr, + 2 ( ) IVIA||?> = ¢(n)|VH|?,

14—
+ n+1

where the h;;’s are the coefficients of the second fundamental form A. When n = 3,

2Hh;jhihj > H?|AJ? and thus we obtain

(6) A|A|? > 2h;;V,V;H — 2|A|* — c|VH|?.

Using equation ([6) and the previous results we now prove Theorem 211

Proof of Theorem 211 Note first that we can assume that § > 0, since otherwise
the theorem is trivially true. We first prove case (i), i.e. when we assume that
”HH;V“(BTO) < deg. Set F = (ro — 1)%|A]? on B,,, where r(z) = |z|, and let &y
be the maximum value of F' and xy the point where this maximum is attained.
Assume, for a contradiction, that §; > § and pick o so that

0
02|A|2(:170) =7
Then ) 5
To — T
20 < 1rg— d-< — < =
o < 1o —r(xg) an R P , Vo € B, (x0)
and

(ro —r(w0))? sup |A]> <4F(x9) = sup |A|? < 4|A]*(zg) = 026,
B (z0) Bo(zo)
Let ¥ = Nao,2 (Bry) (where 1, 2(y) = A~'(y — x), that is, a rescaling and a

translation) and let g, H be the second fundamental form and the mean curvature
of 3. Then

(7) sup |A]2 < 0—2 sup |42 < o < 1 and |AJ?(0) = i
BicS 16 B, (w0)cx — 16 16 64

Note that by B, we now denote the geodesic balls of radius r in S centered at the
origin. Let io be the connected component of B; N B, containing the origin. Then,
io has its boundary contained in dB;. The proof of this is a standard argument
that for completeness we have added in the Appendix; see Lemma [B.Il Using the
Gauss equation gives

72 — AP _ 1 (
— <

~ ~ 3 ~
= H? A2 ) <= AP < =
5 <5 | sup +SU4P| )_QSEF | < 35

sup | K| = sup
84 64 84 B
and thus, by the Bishop Volume Comparison Theorem (see for instance [I]), this
bound implies that there exists a constant ¢; such that AreaBs < ¢,. Note that
this area bound depends only on the upper bound for the absolute value of the

Gaussian curvature and the radius of the intrinsic ball. Finally,

(8) AreaXy < AreaBBy < .
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5818 THEODORA BOURNI AND GIUSEPPE TINAGLIA

In what follows, we focus our analysis on Yo. With an abuse of notation, we
omit the tildes and set ¥ = ¥j. Furthermore the letter ¢ will denote an absolute
constant and when different constants appear in the course of the proof we will
keep the same letter ¢ unless the constant depends on some different parameters.
We are going to show that we can apply Lemma 27 with f = |A|? and a = § to
get an estimate for [A(0)| in terms of the total curvature and ||H |[yy2.2(s).

The generalized Simons’ inequality, with |A| < 1 implies

A|A|? > =2|AP* — ¢|VH* + 2h;V;V,; H.

Hence the inequality in the assumptions of Lemma is satisfied with \; = 2 and
h = ¢|VH|?* —2h;;V;V;H. Furthermore we have

sup |[H| + A\1/2 < V2sup |[A| +1 < V2 + 1.
s s

We are now going to find ¢; and c3 such that
1

57"73/3 mE(r2 — |z|*)(c|VH|? = 2h;jV;V;H) < cor™? + 3, for any r € (0, 1].

Integrating by parts we obtain

1

__T—S/ (r? — |2[*)2hi; ViV, H =r‘3/ (r* = 2|*)Vihi;V; H
2 B,N¥ B,NX

(9)
—l—r_3/ Vi(r? — |z|*)2h;; V; H.
B,NX

Using Codazzi equations we can estimate the first term on the RHS of (@) as follows:
773/ (r* — |z|*)V;hi;V; H Srig/ (r? — |z|?)|VH?.
B.NE B,NE

We estimate the second term on the RHS of (@), using the fact that supy |[A] <
V6/4, as follows:

r*S/ vi(r2—|x|2)2hijvjﬂgr*3/ 2|z||A||VH| gzr”/ |A||VH]|
B,.NX >

0 M

< \/57"‘2/

B,.N% r

1/2
|VH| < Vor=3/2 Area (£ N By(z))"/? 1/ IVH]?| .
B, (z)nZ

Since supy. |[H| < /2, the monotonicity inequality implies that there exists an
absolute constant ¢ such that

r—2 Area (XN B,) < cAreaX < cop.
Thus

1
—r_3/ (2 — [2) (| VH] = 2hi; V¥, H)
2 B,N%

) 1/2
<c(r_1/ VHP + v/e,/ar—3 (r_l/ VH|2> )
B,.NX B,.NY2

Using Remark 24 with f = |VH|? we have

1
7"_1/ \VH|? gz/ |VH|2+—/ |V|VH?| <c(/ |VH|2+/ V2H|2>.
B,NY 2 2 b b)) b

(10)
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CURVATURE ESTIMATES 5819

Therefore we have shown that for any r € (0, 1]
1
3" 3/ (r? — |z|?)(c|VH|* — 2h;;V;V,;H)
BN

_1 1
< ¢ (IHllwacs) + Ve Vol s, ) -

Here || H|[w22(x), denotes the W22 norm of H on ¥, i.e.,

| Hlw22(s) ::/ |H|2+/ |VH|2+/ |V2H 2.
b b )

Applying Lemma we obtain

AP <o ([
BN
< eV (§eg + 2e5(v/ep/F0 + 0)) < c5v/2o,

where ¢ is an absolute constant. Thus, we can pick gg sufficiently small so that
|A(0)|? < &, which contradicts (). This finishes the proof of case (i).

Note that in equation (IIl) we have used the following elementary inequality to
estimate ||H||y2.2(x). With an abuse of notation, let us reintroduce the tildes to
denote the surfaces and quantities obtained after rescaling so that ||H |ly2.2(x) =

AP + 26 (V3 Bl sy + 1H oo )
(11) ( b W2.2(5) ())

||ﬁ”w272(§0) and ¥ = Nzo,2 (Bro). Then by the definition of the rescale invariant
norms it follows that

(12) [H 2o s0) < MHIG20s) = 1HIw22,,) < 00

We now prove case (ii), i.e., when we assume that ||HH;VLP(B ) < (6c0)P/%. We
o

note that the same argument, as in case (i), carries through up to inequality ([I0).
In this case, instead of using Remark [2.4] we will bound the RHS of (I0)) using the
area bound (§)). In particular we obtain

2/p
r_l/ |VH? < 7! Area(X N B, (z))%/? </ VH|p)
B,.N% B,NY
< 0172/137&74/1)HH”WLP(E)WP < cHH||W1,p(E)2/pr*2/p,

where ¢ is an absolute constant (independent of p) and the last inequality is true
since r <1 and p > 2. Here |[H | w1.0(s) denotes the W7 norm of H in %, i.e.,

[ H|lwr.0(s) 12/ \H|p+/ [VH|P.
by s

Using this estimate in (I0) we get

1 _
57‘ 3/ (r? — |z*)(c|VH|* - 2h;;V;V;H)
B,.N%

se (||H||W1”’(E)2/p7"_2/p +VorirTn ||H‘|W1,p(2)l/p)

<er 2P <||H||W1,p(2)2/p + \/EHH”WLP(Z)UP) .
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5820 THEODORA BOURNI AND GIUSEPPE TINAGLIA

Applying Lemma in this case with a = 2/p, we therefore obtain

AP < ([ AP e L (1w + Vil e "))
BiNx p—2

< V2t (550 +e—L 5(\/54-60)) < ¢d\/29 (1 + L) :

p—2 p—2

Thus, we can pick &g sufficiently small, depending on p, so that |A(0)> < &,

which contradicts (]). This finishes the proof of Theorem 21l Note that to estimate
| H |lw1.r(xy we have also used the same argument as in equation (I2I). O

Remark 2.6. The hypotheses needed to generalize the Choi-Schoen curvature esti-
mate are optimal. For some o € (0,1/2) and ¢ € (0,1), let
log® (z* + y* +¢)

log® e

ue(z,y) = xy

over the disk centered at the origin of radius 1/2. Let {&;} C (0,1) be a sequence
such that ; — 0. Then the graphs of the functions u., provide a sequence of
surfaces ., for which

[Allr2(s.,) = 0, [Hllwr2s.,) = 0,
but
|A25i [(0) — 1.
Note that this example shows that the hypotheses for Theorem [[.T]are also optimal.

3. COLDING-MINICOZZI CURVATURE ESTIMATE GENERALIZED

In this section we prove Theorem [[LT] with the additional assumption that the
L? norm of the mean curvature is small, Theorem The idea of the proof is
essentially the one in [6] except that we need to keep track of the mean curvature
and use the more general results proved in Section

Lemma 3.1. Given C and p > 2, there exists e1 = e1(p,C) > 0 such that the
following holds. Let ¥ be a surface embedded in R3 containing the origin and such
that Injs,(0) > 9s. If

/|A\2sc, / AP < &, / HE < e,
Bys Bos\Bs Bo

s

and either
() 11H iy, <1 i p =2 07
) 1 iy, < 0% i p>2,
then
sup |A]? <572
B

s

Proof. In order to prove the lemma, we are going to show that if €; is sufficiently
small (depending on p and C'), then

/ AP < 2
Bas
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CURVATURE ESTIMATES 5821

and either
(1) 1 H5y22(8,,) < co,if p=2or
.. . 2 .
@) || Hfyp105,, < b2 ifp>2,
where €9 = €g(p) is such that the conclusion of Theorem 2] holds. Consequently,
applying Theorem 2] proves the lemma.
Note first that either (i) or (ii) is automatically true by the hypotheses, as long
as 1 < g9, and therefore we only need to show the estimate for fB2 |A)2.
By Theorem 2] for &, sufficiently small,

(13) sup |A|? < C%eys2,
Bgs\Bas
where O = —— is fixed and £p is as above.

=

B

Since Injs;(0) > 9s, using Gauss-Bonnet yields

2s
Length(0Ba) — 4ms = —/ / Ky,
o JB,
and thus we have

Length(0Bss) < 4mws + s/

uﬁ+m%amum+#‘m?
Bas

Bas
Therefore

4 1
diam(Bss \ Bas) < 65 + %s 465 < (134 21 + C/2)s,

provided that e; < 1. Let z,2’ € Bgs \ Bas and let v = v(t) be a path between
them parametrized by arclength so that v C Bgs \ Bas and

to = Lengthy < diam(Bs; \ Bas).

Then, by letting n(x) denote the normal of ¥ at the point x, we have
to

distsz(n(a:’),n(a:)):/Oo%distsz(n(v(t))m(x))§/0 |V dist g2 (n(v(t)), n(z))|

</%Lﬂwwnscﬂyﬂw+aw+cm>
0

and thus

sup  distge(n(a’), n(z)) < Ciet/?(13 + 27 + C/2).
z,2' €Bss \Bas

By rotating R3 so that n(p) = ez for some p € Bg, \ Bas, we then get
(14) sup |Vzs| < 0161/2(13—1—271'4-0/2),
Bss\B2s
since for z = (w1, x2, x3),
|Vas| = | projg, s (Dxs)| = |projz, s(es)| = n(z) — es| = [n(z) — n(p)|.
Given y € 0Bas, let vy, be the outward normal geodesic from y to 0Bss parame-
trized by arclength on [0,6s]. Then ([I3]) implies that for £; small enough,
1

79(65) = ()] > (5.4 5)s
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5822 THEODORA BOURNI AND GIUSEPPE TINAGLIA

(see also Lemma [0.]), which in turn implies that
[TL(y (65)) — TL(7(0))| > 5s,

where II denotes the projection onto the (x1, z2) plane. This last implication follows
from (I4), since

137y (65)) — 23 (7, (0))] < / Vas| < 65C1el/> (13 + 27 + C/2).

’Yy‘[O,Gs]

Let us denote by C, the vertical cylinder of radius r, C, := {2? + 23 = r?}. The
previous discussion implies that the intersection between Cs4 and the boundary of
the annulus Bgs \ Bas is empty. More precisely, 9Bs; is contained inside the cylinder
while 0Bgs is outside. From this observation it follows that C3sN{Bgs\ Bas} consists
of a collection of closed curves. Since Bgs \ Bas is locally graphical over {3 = 0}
and the surface is embedded, each curve is a graph over 0Dss, where D, is the
disk of radius r centered at the origin in the {z5 = 0} plane. For each y € 0Ba;
let ¢, be the minimum ¢ > 2s such that ~,(¢,) € Css and let I' be the curve in
Cgs n {Bgs \823} defined by

I':= {yy(ty) | y € 0Bas}.
Since Injy(0) > 9s, such I is a deformation retract of By and thus it is the
boundary of a disk A containing Bas.
Using Gauss-Bonnet and Gauss equation,

1
27r—/kg=/KE:—/(H2—\A|2)
r A 2 /A
and thus

(15) / |A|2§/ \A|2§/ H2+2/kg—47r.
Bas A A T

For I' we have that
sup|A| < Cie?s™' and  sup|Vaz| < C18}/2(13 + 27+ C/2).
r r

Thus applying a standard argument, that is, Lemma in the Appendix with
€= C151/2(13 + 27 + C/2), we obtain that

Length(I') < 67s(1+2¢) and k| < (3s) (1 + ce),

where c¢ is an absolute constant, and

/ kg — 2m < Length(I') sup |kg| — 27 < 27(1 4 2¢)(1 4 ce) — 27
(16) r r
< 6m(1+c)e = 6m(1 + c)Cie/ (13 + 27 + C/2).

Using [, H? < €1, together with equations (IF) and (IG), if &; is sufficiently small

we obtain that
[ oar<a
Bas

and applying the Choi-Schoen estimate generalized finishes the proof of the lemma.
O

Using Lemma 3] the proof of the following variation of Theorem [[L1] is rather
straightforward. Theorem below is in fact Theorem [[I] with the additional
assumption that the L? norm of the mean curvature is small.

Licensed to Max Planck fuer Gravitationsphysik. Prepared on Thu Jan 15 05:44:08 EST 2015 for download from IP 194.94.224.254.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CURVATURE ESTIMATES 5823

Theorem 3.2. Given Cy and p > 2, there exist Co = Ca(p,C1) > 0 and €, =
£,(C1) > 0 such that the following holds. Let ¥ be a surface embedded in R3
containing the origin with Injs(0) > s > 0,

/|A|2§cl,/ HI? <<,
B B

s s

and either
6) |H o, ) <0 ifp=2 o1
() 1 lmis, < 2 i 9> 2,
then
|A]2(0) < Cas™2.
Note that in case (i) of Theorem the assumption [, |H|* < &5 becomes
redundant. Thus with Theorem we have proved case (i) of Theorem [Tl In

order to prove case (ii) of Theorem [T, we need to remove the extra assumption
on the L? norm of H. This will be done in the next section.

Proof of Theorem B2 Let &1 = e1(p, C) be such that the conclusion of Lemma[3T]
holds with C' = C7 and let N be the least integer greater than S—ll Without loss of

generality, let us assume ; < 1. We are going to show that if ¢, < 811)/ 2 < g1, then
C5 can be taken to be 92V,
There exists 1 < j < N such that

/ |A]2 < =2 <e.
Bgl—js\BQ—js N

J

[H w2208, < 1HIGy22(8,) < €2 <e

Moreover
P < [ P <5 <a
9l—Js s

and, in case p = 2,

or, in case p > 2,

2
E s o5, < IHy0m,) < e < e/

9l—Js
Thus, applying Lemma B.1] to Bg£7 we obtain
s

—2
1A[2(0) < (9—]) < 9N 52, O

4. TOTAL CURVATURE AND AREA

In this section we prove case (ii) of Theorem [T by removing the extra assump-
tion on the L? norm of H in Theorem 3.2l In order to do that we show that when
the total curvature is bounded, if the rescale invariant LP norm of the mean curva-
ture is sufficiently small, p > 2, then it bounds the L? norm of the mean curvature.
In addition, we then show that when the rescale invariant LP? norm of the mean
curvature is sufficiently small, p > 2, a bound on the total curvature of an intrinsic
ball provides a bound for its area, and vice versa (see for instance [5] for this being
done in the minimal case). This relation enables us to replace the bound on the
total curvature in Theorem [[.T] with an area bound, Corollary 4l
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An easy computation using the Gauss-Bonnet Theorem (see for instance [5])
gives the following lemma.

Lemma 4.1. If B, C ¥ is such that Injx(0) > s > 0, then

s t
AreaBS—ﬁszz—/ / / K.
o Jo Ja,

Since —2Ky. = |A|?> — |H|?, the above lemma implies
2, 1o 2, 1o 2
(17) AreaBs < ms“+ s |A] + =s |H|*.
2 B. 2 B.
Furthermore

o 2 s t
—/ Kzu :—/ / / Ky, = Area By — ms?,
B. 2 o Jo JB,

where the first equality follows by the coarea formula and integration by parts twice
(cf. Corollary 1.7 in [5]) and thus

(18)
2 A 2 _ 2 H2 _ 2
S_ |14|2 S / uw :AreaBs —71'52“‘ _u
16 /5, B, 2 2 B, 2 2
2 h E

s t 2 2
H
:AreaBs—ﬂs2+/// —§AreaBS—7732+8—/ H?
o Jo JB, 2 2 Js,

Here for any x € By, r = r(z) denotes the geodesic distance from the origin. Hence
(1) and (I8) show that when st H? is bounded, a bound on the total curvature
provides a bound on the area and vice versa.

In the following lemma we show that if s?=2 [,; |H| is sufficiently small for some
p > 2 and either we have a bound on the total curvature or a bound on the area,
then the L? norm of H is also small.

1/p
Lemma 4.2. If B, C ¥ is such that Inj5,(0) > s > 0 and (s”_2 Is |H\p> =g,
then for € small enough (depending on p),

(19) 32/ H? < ((1 = ce)m)"2/Pe? Area B,
Bs

and

(20) /B H2 < (1= ce)m)~2/ (27r + /B A|2) &2,

where ¢ is a constant that depends only on p.

Remark 4.3. Equation (20)) shows that if f& |A|? is bounded, then if the LP norm of

H issmall, p > 2, so is the L? norm of H. This estimate, together with Theorem [3.2]
proves Theorem [L.1]
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Proof of Lemma 2l First notice that by the monotonicity formula (see [2] and
Theorem 17.6 and Remark 17.9 in [I2]) we have that

Area B, > (1 — ce)ms?,

provided that ¢ is small enough (depending on p) and where ¢ is a constant that
depends only on p. Let ¢ be such that 1/¢+ 2/p = 1. Then

2/p 2/p vy
/ H? < </ H|p) Area B,/ < (/ Hp> AreaB; ((1 - ce)st) b
B Bs B

s

2 o P sep
<((1 — ee)m) /P Avea B, | s” /|H|p s- v s P
Bs

which implies ([I9) of the lemma.
Estimating the area term in ([I9), using ([I7) we get

1 1
52/ H2 < ((1— ce)m)~2/re2s? (77—1——/ \A|2+—/ H|2),
Bs 2 Bs 2 B

which for ¢ sufficiently small, ((1— ce)7)~2/Pe? < 1, implies (20) of the lemma. [J

Using ([I9) of Lemma 2] to estimate the RHS of () and (8], respectively, we
have the following two estimates that show that when the rescale invariant LP norm
of the mean curvature is sufficiently small, p > 2, a bound on the total curvature
of an intrinsic ball provides a bound for its area, and vice versa:

o\ —1
(21) Area BB, < (1 —((1 - 05)71')2/7”%) <7T$2 + %sz/ A|2) ,
Bs

provided that ((1 — cg)m)~2/Pe?/2 < 1, and

s2

2
(22) S AR < (1 +((1- cs)w)-%e—) Area B, — ms>.
16 /. 2

Finally, ([22]) implies that Theorem [[] still holds if instead of a bound on the total
curvature, we assume a bound on the area and thus we have the following corollary
of Theorem [L1]

Corollary 4.4. Given Cy and p > 2, there exist Co = Ca(p,C1) > 0 and ¢, =
£,(C1) > 0 such that the following holds. Let ¥ be a surface embedded in R3
containing the origin with Injs(0) > s > 0,

min{Area(BS),/ |A]?} < Cy,
Bs

and either
() [1Hlljyaaqa, ) < 2 if p=2 or
i) 1Hyrns, y < 2 if D> 2,
then
|A]2(0) < Cos2.
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5. APPENDIX

In this Appendix we review some standard geometric facts about surfaces with
bounded second fundamental form that are needed in the paper.

Lemma 5.1. Let 3 be a surface in R3, p,q € ¥ and let y : [0,\] = ¥ be a geodesic,
parametrized by arclength, such that v(0) = p and y(\) = q. If for some a > 0,

«
sup [A(7(D)] < T
te[0,A]

then |¢ — p| > A1 — ).

Proof. Let k denote the curvature of v in R3. Then, since v is a geodesic, for any

t € [0, )],
k()] < [A(v(@) < %
Since
SO0 <
e =

to to
>1- [ ka®)=1-0F > (1-0)
Also
rd
(v(X),7(0)) = (+(0),7'(0)) = / 2 7(®):7(0))
= (1= p,7'(0)) = (v(A)7(0),7(0)) = A(1 - a).
This implies that |¢ — p| > A(1 — ). O

Lemma 5.2. There exist ¢ > 0 and € > 0 such that the following holds. Let ¥ be a
surface in R3 that is graphical over some domain in the {x3 = 0} plane containing
0Dy, for some s > 0, and let T be XN C. If for a certain 0 < e <E,

(23) sup |[A| < es™' and sup|Vazz| <e,
r r
then
LengthT < 27ws(1+2¢) and |k, < s (1 +ce).
Proof. Let us consider the following parameterization for I':
I =r(t) := {(scos(t/s),ssin(t/s), x3(t)) | t € [0,27s)}.

Because of the second estimate in (23)),

7-e .
| |r|3 < projq, p(e3) < g,
and since 7(t) = (—sin(t/s), cos(t/s), x3(t)), we get
: 2
(24) ¢<5 = |32 < = |i3] < 2¢

—1—e2

V1t |as]?

Licensed to Max Planck fuer Gravitationsphysik. Prepared on Thu Jan 15 05:44:08 EST 2015 for download from IP 194.94.224.254.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CURVATURE ESTIMATES 5827

for ¢ < v/3/2. Thus for L = LengthT" we have the following:

27s

2rs < L := V14 |23]? < 27s(1 + 2¢).

0
Moreover

#(t) = (—s * cos(t/s), —s sin(t/s), i3(t))
and the curvature vector k = (ky, k2, k3) is given by the formula
.1 . Tals
Ty T arae
Let n = (ny,n2,n3) be the unit normal of ¥. Then by the second estimate in
[23) we have that

k:

max{|ni|, |ne|} <e, nzg>1—c.

Then
(25) (L =¢)lks| < |nsks| < |n- k| 4 |(n1,n2,0) - k| < [A(r)| + [ (K1, k2, 0)].
Note that
. . .2
I3 T323 1, .
26 ks = — |ks| > =
(26) 3 1+d2 ' (1+42)? |ks| = 2|l‘3\

because of ([24)) and for e sufficiently small ((1 +&2)~2 > 1/2).

_ 1 _ 23()@s(t) .
Let o = rgpm and 0= @iz
@7)  (ky, k2,0) = (_% cos(t/s) — Bsin(t/s), _% sin(t/s) + B cos(t/s),0)
and

2 1/2
(K, k2, 0)] < (2‘—2 + 52> < (572 4+ 4e232) "% < 571 2y

Therefore using equations ([23)), [23)), (26) and 1) we have that
1-¢
2

for € sufficiently small (¢ < 1/4).
Therefore there exists an absolute constant ¢ such that for the geodesic curvature

lig] < 2es™! + 26%|@3| = |i3] < 16es™!

we have
kgl < k| < |7+ ce®s7 M| < /57 2(1 4 ce2) + ce?s V1 + 2 < 5711 + ce)
if € is sufficiently small. O
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