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Curvature estimates for surfaces with bounded mean
curvature
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Abstract

Estimates for the norm of the second fundamental form, |A|, play a crucial role in
studying the geometry of surfaces. In fact, when |A| is bounded the surface cannot bend
too sharply. In this paper we prove that for an embedded geodesic disk with bounded
L? norm of |A|, |A| is bounded at interior points, provided that the W'* norm of its
mean curvature is sufficiently small, p > 2. In doing this we generalize some renowned
estimates on |A| for minimal surfaces.

1 Introduction.

In the study of the geometry of surfaces, estimates for the norm of the second fundamental
form, |A|, are particularly remarkable. In fact, when |A| is bounded the surface cannot bend
too sharply and thus such estimates provide a very satisfying description of its geometry.
When a surface ¥ is minimal |A|? = —2Ky, Ky being the Gaussian curvature, and such
estimates are then known as curvature estimates. There are many results in the literature
where curvature estimates for minimal surfaces are obtained assuming certain geometric
conditions, see for instance [2, 4, 5, 7, 8, 9, 10, 13] et al.. In [5], Colding and Minicozzi
prove that an embedded geodesic minimal disk with bounded L? norm of |A|, bounded total
curvature, has curvature bounded in the interior.

The main result in this paper is the following estimate that generalizes the curvature
estimate in [5] to a broader class of surfaces.

Theorem 1.1 Given Cy and p > 2, there exist Cy = Cy(p,Cy) > 0 and €, = €,(Cy) > 0
such that the following holds. Let X be a surface embedded in R® containing the origin with
IHJE(()) Z s > 0)

AP < ¢4
Bs

and either
i HHH;VZ?(BTO) <eéeg, if p=2, or
11. HHH*Wl'p(BT()) < Ep, pr > 2,

then
|A|2(O) < Oys72.
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Here, for any = € X, Injy(z) denotes the injectivity radius of 3 at x. For any s > 0, B
denotes the intrinsic ball of radius s centered at the origin and [|H|[jy1,(5,) ([[H [[fy22¢5,)) de-
notes the scale invariant W' (W22 respectively) norm of the mean curvature, see Section 2.

We also show how the hypotheses are optimal and, in order to prove Theorem 1.1, we

generalize the renowned curvature estimate by Choi and Schoen [2] (cf. Theorem 2.1).

2 Choi-Schoen curvature estimate generalized

The Choi-Schoen curvature estimate [2] says that if the total curvature of an intrinsic minimal
disk is sufficiently small, then the curvature of the disk is bounded in the interior and it decays
like the inverse square of the distance of the point to the boundary. The goal of this section is
to generalize the Choi-Schoen curvature estimate. Such generalization, Theorem 2.1 below,
is the first step in the proof of Theorem 1.1.

Throughout this paper [[H|[j 1,5, and |[H[}22(5,) will denote the scale invariant Whe
and W22 respectively norm of the mean curvature, i.e.

1 H i, = 5 / HP + 52 / VH]

and

VH 2o, = / ey [ v [ verp
BS Bs BS

Furthermore the letter ¢ will denote an absolute constant. When different constants
appear in the course of a proof we will keep the same letter ¢ unless the constant depends
on some different parameters.

Theorem 2.1 Given p > 2, there exists e = eo(p) > 0 such that the following holds. Let
Y be a surface immersed in R3 containing the origin and B,, C 3, ro > 0. If there erists

0 €[0,1] such that
/ |A|2 S 580
B

70

and either
0. HHH*WM(BT-O) < deg, if p=2, or
i [ H o, < (20?2, if p> 2,
then for all0 <o <ry andy € B,,—,
o?|AP(y) < 0.

For any s > 0, let B, denote the extrinsic ball of radius s in R™ centered at the origin.
We begin by proving certain results about manifolds that are not necessarily minimal. The
first result is a Generalized Mean Value Property (see for instance Proposition 1.16 in [3]).



Lemma 2.2 (Generalized Mean Value Property) Let ¥ be a k-dimensional manifold
immersed in R™ and containing the origin and let f be a non-negative C* function on X then

d ([ _y _d |2N]? —k—1
%(T /Bmzf)_%/BmzfmkH_l_r /Bmzx-(Vf—l—fH), (1)

where V' denotes the normal component of x, and for 0 < s <t

N |2
- / fo gk / e \|x|k12 / / (VS fH). (2
BNy BsNS (B;\Bs)NE mz

Proof. Using the formula
/disz:—/X-H

= v(|z|) f(x), where v € C*(R) is such that, for some r > 0,
0 for t > r and ~/(t) < 0, we get

with the vector field X (z)
A(t) =1 for ¢ < 1/2, () =

4 (1 N el [ R (el 2
i (7 Lo ()9) = e (D)o [ rmsssme (5)

where ¢ : R — R is defined by ¢(|z|/r) = v(]z|) (cf. equation 18.1 in [11]). Then (1) follows
after letting ¢ in the above formula increase to the characteristic function of (—oo, 1) and
(2) follows by integrating (1) from s to t. O

Remark 2.3 The first term on the RHS of (1) and (2) in Lemma 1 are positive. For the
second term on the RHS of (2) we note that for any C function h on S, integration by parts

yields
t
/T—k—l/ hzl/ h i_l
s NS k Jp.ns rkoth

where ry = max{|z|, s}, and furthermore
. 1 1
2V = projgyw - Vf = LVl VS =~ V0~ [af) - O

Thus, integrating by parts, we get the following two estimates, as a corollary of Lemma 1,
which we will need later:

i( / f)zr‘k‘l [ gmemept [ @elpass @
dr ByNY ByNY 2 ByNY

and

1 1 1 1 1 1
R YT RYRSICE
BNy B,NY k Jp,ns Tf tk k Jg,ns Tf t @)

where Ty = r4(xr) = max{|x|, s}.



Remark 2.4 In the case of a surface immersed in R® we can use Remark 2.3 to estimate
the ratios s~ [, o [ as follows: In inequality (4) of Remark 2.3 let n =3, k =2, ¢t = 1.
After multzplymg by s, since s, |z| < rs we get the following:

R RS R Y
BsNX% BiNY BiNY BiNY

Using Lemma 2.2 we obtain the following Generalized Mean Value Inequality (for a proof
in the minimal case see for instance Corollary 1.17 in [3]).

Lemma 2.5 (Generalized Mean Value Inequality) Let 3 be a hyper-surface immersed
in R™ containing the origin and such that B1(0) N 93 = (. Let also f be a non-negative

function on ¥ such that
Asf>-Mf—h (5)

for some \y > 0 and a function h € L'(X N B1(0)) satisfying the following: There exist
constants ca,c3 and o € [0,1) such that

1
—7“_"/ (r* — 2| )h < cor™* 4¢3, ¥r € (0, 1].
2 B,Nx

Then
f(0) <w,te / f+w, (—1 = 03)
BiNX -

where w,_y is the volume of the unit ball in R"™" and ¢; = supsp, o) |[H| + 3

Proof. Define

o) =t [
BiNX
then using (3) and (5)

A 1
g'(t) = —g(t) (%tJr sup |H|> - §t_"/ (% — |2[*)h.
ZﬂBl(O) BNX
Hence, since ¢ < 1 and by the definition of ¢, o, 3
g t)+aglt) > —cz —ct™ = (g(t)e™) > —cpet™ — c3e.

After integrating from 0 to 1:

1
wn—1f(0) = lim g(t) < eg(1) +/ e (et ™ +c3)dt < e“g(1) + ( - +03)
0

t—0+ 1-—
]

In order to prove Theorem 2.1 we still need some information about |A|. It is well-known
that for a minimal hypersurface in R™, | A| satisfies the following partial differential inequality,
Simons’ inequality [12],

AlA]? > —2|A|* +2 (1 + L) IV|A|.
n+1
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In [6], Ecker and Huisken generalized Simons’ inequality to obtain the following estimate for
hypersurfaces in R™:

2

When n = 2, 2Hh;;hiphj, > H? A]* and thus we obtain
Using equation (6) and the previous results we now prove Theorem 2.1.

Proof of Theorem 2.1. Note first that we can assume that ¢ > 0, since else the theorem
is trivially true. We first prove case (i), i.e. when we assume that ||H H*WM(BT-O) < dgg. Set
F = (ro—7)*AJ]? on B,,, where r(z) = |z|, and let dy be the maximum value of F' and z the
point where this maximum is attained. Assume, for a contradiction, that o, > ¢ and pick o
so that

o*|Al*(zo) =

Then:
To —T

20 <rg—1r(xg) and - < ————
0 (0) 7"0-7’(5(70)

g vz € B, (o)

N —

and
(ro = r(20))? sup [A? < 4F(wy) = sup |A]* < 4|AP(x0) = 0%
Bo(zo) Bo(x0)

Let & = Nao,2 (Byry) (Where n,A(y) = A'(y — ) that is a rescaling and a translation) and

let sz, H be the second fundamental form and the mean curvature of . Then

~ o2 1) 1 1)
A2<— AP < — < —and |A
sup |4 < Tg sup AP < 3o < 7 and [P0) = g7

(7)
Note that by B, we now denote the geodesic balls of radius r in 5 centered at the origin. Let
Yo be the connected component of By N By containing the origin. Then, >4 has its boundary
contained in 0B;. The proof of this is a standard argument that for completeness we have
added in the Appendix, see Lemma 5.1. Using the Gauss equation gives

3

o2 — AP 1
A= 147 (supH2 —l—sup|A| ) Z)sup|A|2 D

sup | Ks| = sup < =
B | Z| B 2 2

and thus, by the Bishop Volume Comparison Theorem, see for instance [1], this bound implies
that there exists a constant ¢, such that Area By < ¢,. Finally,

Area Yy < Area By < ¢ (8)

In what follows, we focus our analysis on . Abusing the notations, we omit the tildes
and set X = Y. Furthermore the letter ¢ will denote an absolute constant and when different
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constants appear in the course of the proof we will keep the same letter ¢ unless the constant
depends on some different parameters. We are going to show that we can apply Lemma 2.5,
with f = |A]* and a = 3 to get an estimate for |[A(0)| in terms of the total curvature and

1H [Jw22(s)-
The generalized Simons’ inequality, with |A| < 1 implies:

Hence the inequality in the assumptions of Lemma 2.5 is satisfied with \; = 2 and h =
¢|VH|? + 2h;;V,;V;H. Furthermore we have

sup [H| 4+ A\ /2 < V2sup |A| +1 < V2 + 1.
2 D

We are now going to find ¢, and c¢3 such that

1
57’_3/ (r* —|2[*)(c| VH|* + 2h;V;V;H) < o1 2 + 3, for any 1 € (0,1].
B,N%

Integrating by parts we obtain

1
—T_3/ (7’2 — |a?|2)2hZ]VZV]H = —7’_3/ (T2 — |l’|2)vthV]H
2 BrNX B.NX

(9)
—7’_3/ VZ'(T’2 - |$‘2>2hUV}H
ByNY

Using Codazzi equations we can estimate the first term on the RHS of (9) as follows:
7’_3/ (r* — |2|*)V:hi; V;H §7’_3/ (r* —|z|?)|VH|?.
B,N% B,N%

We estimate the second term on the RHS of (9), using the fact that supy |A| < V/0/4, as
follows:

7"_3 VZ'(T’2 — ‘l’|2)2hmij S 7’_3/

B.NX ByN%

o] A|[VH| < 25 / AV H]

BrNX

<Vor—? /

ByNX

1/2
IVH| < Vor=*? Area (2 N B,(z))"? (1/ \VHP)
B (z)NX

r

Since supy, |[H| < /2, the monotonicity inequality implies that there exists an absolute
constant ¢ such that
r~? Area (X N B,) < cArea ¥ < ca.

Thus

1
—r—3/ (r* = |2[*)(c|VH|* + 2h;V,V,;H) <
2 B-NX

1/2
c(r—l/ IVH|? + ¢,V/6r 2 (7’_1/ \VHP) )
B.NX B,NXY
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Using Remark 2.4, with f = |[VH|* we have

1
7"_1/ |VH|2§2/ \VH\2+—/ VIV H]? §c</ |VH|2+/ |V2H|2).
BN BiNX% 2 BiNX% BiN% BiNX%

Therefore we have shown that for any r € (0, 1]
) P AVHP + 28,9V, ) < ¢ (e + a5 VB s )
Applying Lemma 2.5 we obtain
T A(0)|2 < V2 (/B . |A]> 4 2¢ (cb\féHHHévg,z(Z) + ||HHW2,2(2)))
n

< eVt (620 + 2¢8(cpn/Eo + £0)) < dy/0

(11)

)

where ¢ is an absolute constant. Thus, we can pick g sufficiently small, so that |A(0)]* < &,

which contradicts (7). This finishes the proof of case (i).
Note that in equation (11) we have used the following elementary inequality to estimate
| H ||w22(x). Abusing the notation, let us reintroduce the tildes to denote the surfaces and

quantities obtained after rescaling so that HfIHWZ,g(iO) = ||H||w22¢x) and S = Mo, 2 (Bro)-
Then by the definition of the rescale invariant norms it follows that

HHHWQQ(EO) < ||HHW2,2(§) = ||HHW2,2(BTO) < deo. (12)

We now prove case (ii), i.e. when we assume that ||H||*W1’p(BTO) < (dg9)?/?. We note that

the same argument, as in case (i), carries through up to inequality (10). In this case, instead
of using Remark 2.4, we will bound the RHS of (10) using the area bound (8). In particular

we obtain
2/p
7’_1/ IVH|? < 77! Area(X N B,(z))' 727 </ |VH|P)
ByNY B-NX
< P H i)™ < el H sy

where ¢ is an absolute constant (independent of p) and the last inequality is true since r < 1
and p > 2. Using this estimate in (10) we get

1
—r_3/ (7’2 — |x\2)(c|VH|2 +2h;;V;V,;H) <
2 B,NY

1 1_2 «
e (1 iy 4 Vo A H ) <
o * 2 * 1
cr 2/1” (HHHWLP(E) /p + \/SHHHWLP(E) /p) .

Applying Lemma 2.5 in this case with a = 2/p, we therefore obtain



p * *
T AO)? < V> (/ AP + =L (1H oy + VI H s, p>)
BiNY p—

S e\/§+1 <560 _'_Cp g 25(\/54—60)) S 05\/5 (1 + ]%)

Thus, we can pick g sufficiently small, depending on p, so that |A(0)]? < 6%, which
contradicts (7). This finishes the proof of Theorem 2.1. Note that to estimate || H |1,y We

have also used the same argument as in equation (12).
UJ

Remark 2.6 The hypotheses needed to generalize the Choi-Schoen curvature estimate are
optimal. For some o € (0,1/2) and € € (0,1), let

log®(2% + y* + €)
log® e

u.(z,y) = Y

over the disk centered at the origin of radius 1/2. Let {¢;} C (0,1) be a sequence such that
e; = 0. Then the graphs of the functions u., provide a sequence of surfaces X, for which

1Al r22.,) = 0, [[Hlwres.,) = 0

but
|A26i|(0) — 1.

Note that this example shows that the hypotheses for Theorem 1.1 are also optimal.

3 Colding-Minicozzi curvature estimate generalized

In this section we prove Theorem 1.1. The idea of the proof is essentially the one in [5] except
that we need to keep track of the mean curvature and use the more general results proved in
Section 2.

Lemma 3.1 Given C and p > 2, there exists e1 = &1(p, C') > 0 such that the following holds.
Let 3 be a surface embedded in R® containing the origin and such that Injs(0) > 9s. If

/|A|2§c, / A2 < e, /|H|2§61
Bos Bos\Bs Bys

and either
i HH||€V2,2(BQS) <ey, ifp=2, or

y . 2 .
. HHHWLP(BQS) < 511)/ ,ifp > 2,

then
sup |[A|* < 572
B

S



Proof. In order to prove the lemma, we are going to show that if e; is sufficiently small
(depending on p and C') then
JRCGEE
Bs

and either

. . 2 .
i H [y, < P2 ifp > 2,

where g9 = g¢(p) is such that the conclusion of Theorem 2.1 holds. Consequently, applying
Theorem 2.1 proves the lemma.

Note first that (i) or (ii) are automatically true by the hypotheses, as long as ¢; < gy and
therefore we only need to show the estimate for [, |AJ*.

By Theorem 2.1, for ¢; sufficiently small

sup |A]* < C¥eys7? (13)
383\325

L
€0

Since Injy;(0) > 9s, using Gauss-Bonnet yields

where C] = is fixed and ¢( is as above.

ﬂ

2s
Length(0Bys) — 4ms = —/ Ky,
o JB,

and thus we have

Length(0Bas) < 4ms + s/

am%wﬂmscm+cw+sfwﬂﬁ
B2s

Bas

Therefore 4 O
diam(Bs, \ Bay) < 65 + %s +65 = (13+ 27 + C/2)s

provided that e; < 1. Let x,2" € Bgs \ Bas and let v = () be a path between them
parametrized by arclength so that v C Bg, \ Bas and tg = Length v < diam(Bsg; \ Bas). Then,
by letting n(z) denote the normal of ¥ at the point x, we have

dist2 (n(z'), n(z)) = /0 O%distgz(n(y(t)),n(x)) < /0 |V distge (n(+ (1)), n(x))
< /to [A(y(t))] < Crey* (13 + 27 + C/2)

and thus
sup  distge (n(2'), n(x)) < Crey*(13 + 21 + C/2).

50750/6883\625

By rotating R? so that n(p) = es for some p € By, \ Bas we then get

sup |Vas| < Ciel/*(13 + 21 + C/2) (14)
BSS\BQS



since for x = (x1, T, T3)

\Vas| = \pijsz(DI?))‘ = |PT0J'THC2(€3)| = |n(x) — es] = |n(z) — n(p)|.

Given y € 0Bss, let v, be the outward normal geodesic from y to 0Bss parametrized by
arclength on [0,6s]. Then, (13) implies that for e; small enough, |v,(6s) — 7,(0)| > (5 + 3)s
(see also Lemma 5.1) which in turn implies that

(7 (65)) — 1(7,(0))| > 5s

where IT denotes the projection onto the (x1,z5) plane. This last implication follows from
(14), since

|5(7y(65)) — 23(7,(0))] < / |Vag| < 65Chey’*(13 + 27 + C/2).

’Yy\[o,(ss]

Let us denote by C, the vertical cylinder of radius r, C,. := {z% + 23 = r?}. The previous
discussion implies that the intersection between Cs¢ and the boundary of the annulus Bg, \ Bas
is empty. More precisely, 0By is contained inside the cylinder while dBgs is outside. From
this observation it follows that Cs,N{Bss \ Bas} consists of a collection of closed curves. Since
Bss \ Bas is locally graphical over {z3 = 0} and the surface is embedded, each curve is a graph
over dD3g, where D, is the disk of radius r centered at the origin in the {z3 = 0} plane. For
cach y € 0By, let T, be the minimum ¢ > 2s such that 7,(¢,) € Css and let " be the curve in
C3s N {Bss \ Bas} defined by

I':={y(ty) | y € OBas}

Since Injy;(0) > 9s, such I' is a deformation retract of dBss and thus it is the boundary of a
disk A containing B;.
Using Gauss-Bonnet and Gauss equation,

1
[r—2m= [ m =5 [ 1ap)
T A 2 A
/ |A|2§/ |A|2§/H2+2/kg—47r. (15)
Bs A A T

1
sup |A| < Ciefs™' and  sup |[Vas| < 0151/2(12 + 21+ C/2).
r r

and thus

For I' we have that

Thus applying a standard argument, that is Lemma 5.2 in the Appendix with ¢ = C’lei/ 2(12—|—
21 + C/2), we obtain that

Length(T') < 67s(1+2¢) and |k,| < (35)7'(1 + ce).

where ¢ is an absolute constant, and

/kg — 21 < Length(T") sup |k,| — 27 < 27m(1 4 2¢)(1 +ce) — 27
r r (16)

< 6m(1 4 ¢)e = 6m(1 + )Chey/ > (12 + 27 + C/2).
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Using [, H? < &1, together with equations (15) and (16), if &; is sufficiently small we obtain
that
|A]? < &
Bs
and applying the Choi-Schoen estimate generalized finishes the proof of the lemma.
O

Using Lemma 3.1 the proof of the following variation of the Theorem 1.1 is rather straight-
forward. Theorem 3.2 below is in fact Theorem 1.1 with the additional assumption that the
L? norm of the mean curvature is small.

Theorem 3.2 Given Cy and p > 2, there exist Cy = Cy(p,Cy) > 0 and €, = £,(C1) > 0
such that the following holds. Let X be a surface embedded in R? containing the origin with

InJZ(O) >85> 0;
/LWSCM/UNS%
Bs Bs

1. ||H||>";Vz’2(3ro) < €2, pr = 2, or

and either

. ||H||€V1,p(370) <éep, ifp>2,

then
‘A|2(O> S 028_2.

Proof. Let 1 = e1(p, C1) be such that the conclusion of Lemma 3.1 holds with C' = C; and
let N be the least integer greater than f—ll Without loss of generality, let us assume ; < 1.

We are going to show that if e, < £2/% < &1, then Cy can be taken to be 92V,
There exists 1 < 5 < N such that

/ |A]? < “ < e
891*js\897js N

J

||H’|%272(391,j8) < Hy22p,) <2 <ea

Moreover

HP< [ |HP<e <2
9l—Js 4
and, in case p = 2,

or, in case p > 2,
p/2

IH 1o, ;) < M e, < &p <&

Thus, applying Lemma 3.1 to Bgé, we obtain

9l—Js
2 s\ 2 N -2
1A (0)§<§) < 92Ng2,
O

Note that in case (i) of Theorem 3.2 the assumption [, [H|* < 3 becomes redundant.
Thus with Theorem 3.2 we have proved case (i) of Theorem 1.1. In order to prove case (ii)
of Theorem 1.1, we need to remove the extra assumption on the L? norm of H. This will be
done in the next section.
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4 Bounded I norm of the mean curvature

In this section we show that when the rescale invariant L” norm of the mean curvature is
sufficiently small, p > 2, a bound on the total curvature of an intrinsic ball provides a bound
for its area, and viceversa (see for instance [4] for this being done in the minimal case). As
a consequence the LP norm of the mean curvature when p > 2, bounds the L? norm of the
mean curvature and this hypothesis can be removed from Theorem 3.2 proving Theorem 1.1.
We begin by showing the relation between total curvature and area in the p = 2 case.

An easy computation using Gauss-Bonnet Theorem (see for instance [4]) gives the follow-
ing lemma.

Lemma 4.1 If B, C X is disjoint from the cut locus of 0, then

S t
Area B, — ws? = —/ / K.
o Jo JB,

Since —2Kx, = |A|*> — |H|?, the above lemma implies

1 1
Area B, < ws® + —32/ |A]” + —32/ |H|?. (17)
2 Jg, 2 Js.

_ 2 S t
—/ KZ(S ) = —/ / Ky, = Area By — 75>
B 2 o Jo JB,

where the first inequality follows by the coarea formula and integration by parts twice (cf.
Corollary 1.7 in [4]) and thus

Furthermore

2 A2 (s — )2 H2 (s — )2
o |A]? < / u (s —7) = Area B, — ms® + / — (s—7)
16 /5. 5 2 2 s 2 2

: (18)

2
2 Js.

S t H2
:AreaBs—Ws2+/ / — < AreaBB, — ws® + H?.
o Jo Jp, 2

Hence (17) and (18) show that when [, H? is bounded, a bound on the total curvature
provides a bound on the area and viceversa.

In what follows we show that if 72 | s, ||V is sufficiently small for some p > 2 and either
we have a bound on the total curvature or a bound on the area, then the L? norm of H is
also small.

1/p
To see this let € be such that (sp_2 / s 1H |p> < ¢. First notice that by the monotonicity
formula (see Theorem 17.6 and Remark 17.9 in [11]) we have that

Area By > (1 — ce)ms?

where ¢ is a constant that depends only on p.

12



Let ¢ be such that 1/q+ 2/p =1 then:

2/p 2/p Yy
/ H* < </ |H\p) Area B,/ < </ Hp) Area B, ((1 —c)ms®) P
BS S S

—2/ —2 P ey —4/
<((1 —ce)m)~“/P Area B | s* |H P s— v s P

Hence
—/ H? < ce)m)~2/Pe? Area By (19)
and using this estimate in (17) we obtain
1
Area B, < (1 — ((1 — ce)m)~2/Pe?)~! <7TS2 + 532/ |A|2) (20)
Bs

provided that ((1 — ce)w)~?/Pe? < 1. If ¢ is sufficiently small, say ((1 — ce)m)~ P2 <
replacing the area term in (19) with equation (20) we obtain

H? < 2((1 — ce)m)~2/P (27r + / |A|2) g2, (21)

B

In sum, estimate (21) shows that if st |A|? is bounded, then if the P norm of H, when

p > 2, is small, so is the L? norm of H. This estimate, together with Theorem 3.2 proves
Theorem 1.1.
Finally, using estimate (20) in (18), we have

82

16 |A|2 (1+ ((1 = ce)m)~2/Pe?) Area B, — s>

This implies that Theorem 1.1 still holds if instead of a bound on the total curvature, we
assume a bound on the area and thus we have the following corollary of Theorem 1.1:

Corollary 4.2 Given Cy and p > 2, there exist Cy = Cy(p,Cy) > 0 and ¢, = £,(Cy) > 0
such that the following holds. Let X be a surface embedded in R® containing the origin with
InJE(O) >85> 0;

min{Area(Bs),/ |A]?} < ¢
Bs
and either

1. ||H||>";Vz’2(3ro) < €2, pr = 2, or

71, ||H||>";V1’p(8r0) S €p, pr > 2,

then
|A](0) < Cys™?
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5 Appendix

In this Appendix we review some standard geometric facts about surfaces with bounded
second fundamental form that are needed in the paper.

Lemma 5.1 Let X be a surface embedded in R?, p,q € ¥ and v : [0,\] = ¥ a geodesic,
parametrized by arclength, such that v(0) = p and v(\) = q. If for some a > 0,

sup |A(y(1))] <
te[0,M]

> 2

then |¢ —p| > A1 — ).
Proof. Let k denote the curvature of v in R®. Then, since 7 is a geodesic, for any ¢ € [0, )]

K] < |A(v(#)] <

>0

Since

we have for all ¢; € [0, \]

B0 2 1- [ L0002 1= [Trewiz1-a2 2 0-a)
Also
rd
(A0) = 0050 = [ Z60.70) —

(g =p,7'(0)) = (v(A) =7(0),7'(0)) = A(1 — ).
This implies that |¢ — p| > A(1 — «).
U

Lemma 5.2 There exist ¢ > 0 and € > 0 such that the following holds. Let ¥ be a surface
in R® that is graphical over some domain in the {x3 = 0} plane containing 0D, for some
s>0, and let T" be XN Cy. If for a certain 0 < e < E,

sup |[A| <es™' and sup|Vas| <e (22)
r r

then
Length' < 27s(1 +2¢) and |k,| < s7'(1+ ce).

14



Proof. Let us consider the following parameterization for I,
['=r(t) :={(scos(t/s), ssin(t/s), z3(t)) | t € [0,27s)}
Because of the second estimate in (22)

7 - €3 .
‘ |T| | S prOJTTM(63) S €

and since 7(t) = (—sin(t/s), cos(t/s), x3(t)) we get

2

T

T+ &P T 1-e?

for ¢ < v/3/2. Thus for L = LengthI" we have the following:

27s
27T3§L::/ V14232 < 2ms(1 + 2¢).
0

— iy < 2 (23)

Moreover
#(t) = (=5~ cos(t/s), —s~*sin(t/s), i (1))

and the curvature vector k = (ky, ko, k3) is given by the formula

1 . T3ls

k =+ .
T1+¢§ +T(1+:&§)2

Let n = (n1,n2,n3) be the unit normal of X, then by the second estimate in (22) we have
that
max{|ni|, |nz|} <e, ng>1—ce.

Then
(1 —&)|ks| < |naks| < |[n- k[ +[(n1,n2,0) - k| < [A(r)] + €|(K1, k2, 0)]. (24)
Note that ) o .
T3 T3x3 .
ks = = k3| > = 25

because of (23) and for ¢ sufficiently small ((1+¢%)72 > 1/2).

_ _ E3(t)is(t)
Let o = 3 and § = Gy
(k1 ks, 0) = (—% cos(t/s) — Bsin(t/s), —% sin(t/s) + B cos(t/s), 0) (26)
and

o? 2 _ . _ i}
|(ky1, k2,0)| < (? + 52) < (s 24 452517:2),)1/2 < 574 2¢|is).
Therefore using equations (22), (24), (25) and (26) we have that

1—¢ 1

i3] < 28871 4 28| d3| = |¥3| < 16es™
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for

if e

e sufficiently small (¢ < 1/4).
Therefore there exists an absolute constant ¢ such that for the geodesic curvature we have

lkg| < K| < |F| + ces7 i < /5721 4 ce2) + ce®s V14 ce2 < s (1 + ce)

is sufficiently small.
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