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We investigate the computational requirements for all-sky, all-frequency searches for gravitational waves
from spinning neutron stars, using archived data from interferometric gravitational wave detectors such as
LIGO. These sources are expected to be weak, so the optimal strategy involves coherent accumulation of
signal-to-noise using Fourier transforms of long stretches of @ataths to yeaps Earth-motion-induced
Doppler shifts, and intrinsic pulsar spindown, will reduce the narrow-band signal-to-noise by spreading power
across many frequency bins; therefore, it is necessary to correct for these effects before performing the Fourier
transform. The corrections can be implemented by a parametrized model, in which one does a search over a
discrete set of parameter valugmintsin the parameter space of correctiong/e define a metric on this
parameter space, which can be used to determine the optimal spacing between points in a search; the metric is
used to compute the number of independent parameter-space lpititat must be searched, as a function of
observation timeT. This method accounts automatically for correlations between the spindown and Doppler
corrections. The numbeN(T) depends on the maximum gravitational wave frequency and the minimum
spindown ager=f/f that the search can detect. The signal-to-noise ratio required, in order to have 99%
confidence of a detection, also dependsNy{T). We find that for an all-sky, all-frequency search lasting
T=10 s, this detection threshold g~ (4-5)hg,,, wherehg, is the corresponding 99% confidence thresh-
old if one knows in advance the pulsar position and spin period. We define a coherent search, over some data
stream of lengtfT, to be one where we apply a correction, followed by a fast Fourier transform of the data, for
every independent point in the parameter space. Given realistic limits on computing power, and assuming that
data analysis proceeds at the same rate as data acquisitipn10 days of data gets analyzed~i0 days,
we can place limitations on how much data can be searched coherently. In an all-sky search for pulsars having
gravity-wave frequencieb<200 Hz and spindown ages=1000 yr, one can coherently seareti8 days of
data on a teraflops computer. In contrast, a teraflops computer can only perfo@8-alay coherent search for
pulsars with frequencief<1 kHz and spindown ages as low as 40 yr. In addition to all-sky searches we
consider coherent directed searches, where one knows in advance the source position but not the period.
(Nearby supernova remnants and the galactic center are obvious places jowWmokhow that for such a
search, one gains a factor 6f10 in observation time over the case of an all-sky searchngavd Tflops
computer. The enormous computational burden involved in coherent searches indicates the need for alternative
data analysis strategies. As an example we briefly discuss the implementation of a simple hierarchical search
in the last section of the paper. Further work is required to determine the optimal approach.
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[. INTRODUCTION search the data stream for chirps using matched filtering
techniques. Detailed studies have been carried out to ascer-
The direct observation of gravitational waves is a realistictain the optimal set of search templafds5]|, and a prelimi-
goal for the kilometer-scale interferometers which are nownary investigation of search algorithms is now under way
under construction at various sites around the wil@)]. [6]. Detection of other, not so well understood, sources in
However, the battle to see these waves is not over when ththis class—e.g. nonaxisymmetric supernovas—has received
detectors are constructed and running. Searching for gravitdimited attention[7].
tional wave signals in the interferometer output presents its Flanagan[8] has determined how to cross correlate the
own problems, not the least of which is the sheer volume obutput of two detectors in order to search for a stochastic
data involved. background of gravitational radiation, which was imple-
Potential sources of gravitational waves fall roughly intomented by Comptofi9] and applied to data taken during a
three classes: bursts, stochastic background, and continuopsriod of 100 hours by two prototype interferometer detec-
emitters. Burst sources produce signals which last for timegors in Glasgow and Garchifd.0]. In [11], Allen presents a
considerably shorter than available observation times. Thdetailed discussion of the potential significance of detecting
chirp signals from compact coalescing binaries belong to this stochastic background. Compton’s work, and simulations
class. Since theoretical waveforms, valid during the inspiraperformed by Allen, have demonstrated that this kind of
phase of the binary evolution, have been accurately calcuanalysis requires minimal computational resources.
lated using post-Newtonian metho@3], it is possible to In this paper we consider some issues involved in search-
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ing for continuous wave sources. Throughout our discussion 1g-zs [L T TR TR
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wherel is the moment of inertia of the pulsdrjs the gravi-

Frequency (Hz)

tational wave frequency is a measure of the deviation from
axisymmetry and is the distance to the pulsar. FIG. 1. Characteristic amplitudéw, [see Eq.(3.5)] for several

Pulsars are thought to form in supernova explosions. Th@ostulated periodic sources, compared with sensitivitigs of the
outer layers of the star crystallize as the newborn pulsainitial and advanced detectors in LIGCh, corresponds to the
cools by neutrino emission. Estimates, based on the expectéfplituden, of the weakest source detectable with 99% confidence

. ! . ’ . e I i g ;
breaking strain of the crystal lattice, suggest that anisotropi# syr=10"s integration time, if the frequency and phase of the
stresses, which build up as the pulsar loses rotational energ§idnal, as measured at the detector, is known in advahoag-
could lead toe<10~5: the exact value depends on the break-dashed lines show the expected signal strength as a function of
ing strain of the neutron star crust as well as the neutroffeduency for pulsars at a distance of 10 kpc, assuming nonaxisym-
star's “geclogial histoy,”and cou be severalcrders of PSS 10 e a0 | e efmenn Seo A
magnitude smaller. Nonetheless, this upper limit makes pul- pper : P ) ! puisars,
- . - : - ing their entire measured spindown is due to gravitational wave

sars a potentially interesting source for kilometer scale inter-

f i Ei 1 sh b d th emission. The dotted lines indicate the strongest waves received at
e_rome ers. Figure 1 Snows some upper bounds on the afli, earh for Blandford's hypothetical class of pulsars; each line
plitude due to these effects.

e .. ... . corresponds to a particular birth rate.
Large magnetic fields trapped inside the superfluid inte- P P

rior of a pulsar may also induce deformations of the star.
This mechanism has been explored recentlj1i?], indicat-
ing that the effect is extremely small for standard neutron Qbserved pulsars fall roughly into two grougs: young,
star models ¢<10"9). isolated pulsars having periods of tens or hundreds of milli-
Another plausible mechanism for the emission of gravita-seconds, andi) older, millisecond pulsars. The young pul-
tional radiation in very rapidly spinning stars is the sars are most likely to deviate significantly from axisym-
Chandrasekhar-Friedman-Schd@FS instability, which is  metry; however, they are generally observed to have low
driven by gravitational radiation reactidi3,14. It is pos-  frequencies, so that there is a competition between the fre-
sible that newly-formed neutron stars may go through thigguency,f, and deviation from axisymmetry, in Eq. (1.1).
instability spontaneously as they cool soon after formationOn the other hand, millisecond pulsars, whose waves are
The radiation is emitted at a frequency determined by theyigher in frequency, tend to be quite old and well annealed
frequency of the unstable normal mode, which may be lesthto an axisymmetric configuration.
than the spin frequency. Radio observations can only probe a small portion of our
Accretion is another way to excite neutron stars into emit-galaxy in searching for pulsars. A significant effect reducing
ting gravitational waves. Wagongt5] proposed that accre- the depth of radio searches is dispersion of the signal by
tion may drive the CFS instability. There is also the galactic matter between potential sources and the earth.
Zimmermann-Szedinits mechanigit6] where the principal  Given current evolutionary scenarios for pulsars—that they
axes of the moment of inertia are driven away from the ro-are born in supernova explosions—it seems likely that most
tational axes by accretion from a companion star. Accretiorpmsars should be located in the galactic disk, and the young-
can in principle produce relatively strong radiation, since theest of these will also be shrouded in a supernova remnant,
amplitude is related to the accretion rate rather than to strugnaking them invisible to radio astronomers.
tural effects in the star. However, accreting neutron stars will - Blandford[17,7] has pointed out that there could exist a
be in binary systems, and these present problems for detegtass of pulsars which spin down primarily due to gravita-
tion that go beyond the ones we discuss in this paper. Wg@onal radiation reaction. For sources in this class the fre-
hope to return to the problem of looking for radiation from quency scales ds: 74, whereris the age of the pulsar. If
orbiting neutron stars in a future publication. the mean birth rate for such pulsars in our galaxyg$, the
nearest one should be a distance Ryrg/7 from earth,
where R=10 kpc is the radius of the galaxy. The intrinsic
gravitational wave amplitudéthat is, the amplituden at

B. Three classes of sources

We adopt the definition dfi, provided in Eq(50) of Thorne[7].
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some fixed distangeof a pulsar in this class is proportional Tflops computer, assuming that all*¥@oints can be held in
to 7~ 2. Thus, the nearest source in this class would have &st memory. Unfortunately, this is not the whole story.

dimensionless amplitude, at the Earth The detection problem is complicated by the fact that the
2 signal received at the detector is not perfectly monochro-

h ~8x 10" 25( 200 yf) (1.2 matic. Earth-bound detectors participate in complex motions

¢ T8 ' ' which lead to significant Doppler shifts in frequency as the

Earth rotates, and as it orbits around the stnis orbit is
significantly perturbed by the moon and the other planets

In arriving at this expression we have assumed that therage he time-d dent lerati broaden th tral I
of typical pulsars in this class is much less than the age oT € ime-dependent accelerations broaden the spectral ines

our galaxy, so that the population has reached a steady staﬂaf. fixed frequency sources spreading power into many Fou-

This means that the gravitational ellipticity and the gravita-rler bins ‘?bOUt the observedl freq_uency_. l.n order to maintain
tonal wave frequency must satisfy €2>1.2 the benefit of long observation times, it is therefore neces-

X 10~ 18(1 kHz/f )*. Assuming the existence of such a classSarY to remove the effects of the detector motion from the

of pulsars, withr, <'2><104 yr, we see from Fig. 1 that there data stream. This can be achieved by introducing an inertial
, B~ ) . . . .

is a large region of parameter space that is §ottetectable (b_arycentere)j time coor_dl_nate and carrying out th? FFT

by the LIGO detector andi) physically reasonable, in the with respect to it. The difficulty of doing this was estimated

sense that<10-5 andf lies in the range 200—1000 Hz. by one of ug[18]. However, we must also consider the ad-

Note that Blandford’s argument can be slightly recast todltlonal complication that the signal may not be intrinsically

yield an upper limit on the gravitational wave strengtraafy monochromatic. If the signal exhibits intrinsic frequency

isolated pulsar, i.e., any pulsar whose radiated angular mdirift, or modulation, due to the nature and location of the

mentum is not being replenished by accretion. The age of a] Iouerc_et;e ise Izﬁi)((:[t):ifr? ;losroptggszrsng\\/ggr}nsg:g 3 2\;]\/;(0\:/&:2_
isolated pulsar must be shorter than the age computed assu

: : . g >_tion to the new time coordinate.
ing the spindown is solely due to gravitational wave emis- . .
sion. Correspondingly, if we sets equal to 40 yr(corre- Unfortunately, the demodulated time coordinate depends

sponding to the birthrate fomll pulsars, we get the strongly on _the_ di_rection from Which_the signal is expected,

following upper limit for measured gravitational wave am- and on the Intrinsic freqqency evolution one assumes for the

plitude of an isolated pulsah,<2x 1024 Of course, this source. Thus, in searching for sources whose position and
Cc . )

! - . . . _timing are not well known in advance one must apply many
is a statistical argument. This bound could certainly be vio- . . .
. ; different corrections to the data, performing a new FFT after
lated by an isolated pulsar that just happens to be anoma- ; . o
each correction. Given the possibility that the strongest

lously close to us.

! sources of continuous gravitational waves may be electro-
It is important that any search strategy should be generg . L : )
. magnetically invisible or previously undiscovered, alt
enough to encompass all three of the above classes, allowmsgk X
S . ; . y, all-frequencysearch for such unknown sources is of

for the significant changes in frequency which may be inher- iderable i btai id £ th itud
ent in the sourcetsee Sec. I considerable interest. To obtain some idea of the magnitude
' of this task, consider searching the entire sky for signals with

(fixed) frequencies up to 500 Hz using 16 worth of data.

C. The data analysis problem Assuming the entire data stream could be held in fast

The detection of continuous, nearly fixed frequencymo'f;mory on a machine capable of 1 _Tro_ps,_ I _wou!d take
waves will be achieved by constructing power spectrum es—1 S to_complete the sgarch. Introducing Intrinsic spindown
timators and searching for statistically significant peaks a .ffegt.s ;nto tthe stgarcht;ncreases tge cor]:r1putat|gtngl cqrsgz at
fixed frequencies. In practice, this is achieved by calculatin Ixe |r: tigra ||0n |;n¢, thy manty ?r erl?l N m?gnl u ﬁ.' f's
the amplitude of the Fourier transform of the detector outpu omputational cost Is the central problem ol searching for
given by applying a fast Fourier transforfRFT), a discrete unknown pulsars in the output from gravitational wave de-

oAt ; e tectors and is the focus of this paper.
approximation to the true Fourier transform:

’ﬁ(f )= i fTeZWifth(t)dt. (1.3 D. Summary of results
VT Jo We parametrize the space of pulsar signals by the position
of the source on the skyf,¢}, entering through Doppler

The main hope of detection lies in the fact that one mayshifts due to the detector's motion, and by spindown param-
observe the sky for long time periods of tifie When such  etersf, which characterize the intrinsic frequency evolution.
a data stretch is transformed to make the underlying signdSee Eq(3.7).] We constrain the range of possible values of
monochromatic, the signal-to-noise ratio grows,/@sin am-  the spindown parameters using {lsgindown ager= f/f of
plitude (or asT in the power spectrumOne will likely need  the youngest pulsar that a search can detect, [thiis 7 X.
to have integration times of several weeks or months in ordeFor the computationally-intensive search over all sky posi-
for the expected signals from nearby sources to rise abovéons and spindown parameters, it is important to be able to
the noise. However, such long data stretches pose a signiftalculate the smallest number of independent parameter val-
cant computational burden; using 18 of data to look for ues which must be sampled in order to cover the entire space
signals with gravitational wave frequencies up to 500 Hzof signals. We have accomplished this by introducing a dis-
requires calculating an FFT witN=10'° data points. Cal- tance measure and corresponding metric on the parameter
culation of a single such FFT would take abdus on a 1 space. The analysis is patterned after a similar one developed
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TABLE 1. The number of independent parameter poilds(T,uma=0.3) required for a coherent
T=10" s search, for four fiducial types of pulsar. We list the requirements both for all-sky searches and for
directed searchgse., searches where the source position is known in adyaftso listed are the threshold
valueshy, of the characteristic straih, required to have 99% confidence of detection, assuming unlimited
computer power. These threshold values are givehyihg,,= (1/1.90)yIn(50NNy) —1 whereN=2f ., T.

Here hgy, is the corresponding threshold, assuming the pulsar’s position and period and are known in
advance.

Search parameters
Np hth/hSIyr N I"th/hzlyr

p
f (Hz) 7 (Yr) (All-sky) (All-sky) (Directed (Directed
<200 >10° 1.1x101° 3.7 3.7x10° 3.3
<10° >10° 1.3x10% 4.2 1.2x10° 35
<200 >40 1.7x10'8 4.3 8.5x10% 3.9
<10? >40 8x 107! 4.6 1.4<110% 4.1

by Owen[5] for gravitational waves from inspiralling, com- Thus, when considering an all-sky, all-frequency pulsar
pact binaries. Using our metric one can compute the volumeearch, the LIGO sensitivity curves shown in Fig. 1 effec-
of parameter space, thus inferring the number of independetitvely overestimate the detector’s sensitivity by a factor of
points that must be sampled in order to cover the entire-4—5, even in the limit of infinite computing power.
space. We define aoherent searclto be one where we  Qur ability to perform searches for continuous waves will
perform one demodulation and FFT of the data for everycertainly be limited by the available computing resources.
independent point in the parameter space. Besides telling YSssuming realistic computer power—say of order
the gomputational requirements for a cohere_nt search, thfow flops—we estimate that computing limitations will ef-
metric approach tells us how to place the points most effifectively reduce the sensitivity of the detector by another
ciently in parameter space, in a similar way to that discusseghctor of ~2, even for some reasonably optimized and effi-
by Owen. _ cient search strategy. However more work will be needed to
We have found it useful to present the results based ogevelop an optimized algorithm, and thus to refine this latter
several possible search strategies, which cover different rgsgtimate.
gions of the parameter space. Accordingly, we define & pul- \while the concept of the metric is introduced in the
sar to beold if its spindown ager is greater than f0yr and  framework of an all-sky search for unknown pulsars, it is
youngif 7=40 yr. A pulsar is considered to ®ow if itS  ¢lear that we may use the same approach to examine the
gravitational wave frequency i$=<200 Hz andfast if  depth of a search over limited regions of the parameter
f<10° Hz. space. In particular, once the scope of a search is decided, the
A coherent all-sky search of 1@econds of data for old, optimization procedure discussed in Sec. VI can be used to
slow pulsars requires approximately ¥.10'° independent  determine the observation time and grid spacing which maxi-
points in the parameter space; only one spindown parametefiizes the expected sensitivity of a search. As an example,
is needed to account for intrinsic frequency evolution. Inwe consider cohererdirected searchesin which one as-
contrast, an all-sky search for fast, young pulsars ihsl6f  sumes a specific sky positidsuch as a particular cluster or
data requires & 10* independent parameter space points tosupernova remnanand searches only over spindown param-
be sampled, using three spindown parameters to model ireters. Again, we present results for two concrete scenarios
trinsic frequency evolution. Note that searches for old, fasbased on fast, young pulsars and old, slow pulsars. Similar
pulsars (such as known millisecond radio pulsarand  considerations apply to directed searches as to all-sky
young, slow pulsargyounger brothers of the Crab and Vela searches; that is, the curves in Fig. 1 overestimate the detec-
are automatically subsumed under the latter search. Thesgr sensitivity for 13 s integration. Table | summarizes the
results mean the following. Assuming unlimited computerresults for both cases.
power and stationary, Gaussian statistics, a pulsar with un- e note that in each type of search, the number of pa-
known position and period must have straig=4.3h3,, if  rameter space points, and hence the computational require-
itis in our “old, slow” category, anch,~5.1hg,, ifitisin  ments, were reduced significantly by the assumption that the
our “young, fast” category, to be detected with 99% confi- points were placed with optimal spacings given by the metric
dence in a 10s search. Her@y,, is the strain required for formalism. Nevertheless, the bottom line is that limitations
detection with 99% confidence in a’18 integration, assum- on computational resources will severely restrict the integra-
ing the pulsar position and period are known in advance: tion times that can be achieved. Assuming access to a Tflops
— of computing powereffective computational throughput, ig-
hay(f )=4.2 ySy(f )xX10™ " Hz. (1.4 noring possible overheads due to interprocessor communica-
tion or data acce$swe find the following limits on coherent
integration times: For young, fast pulsars we are limited to
2This differs from Eq(112) in [7] because we have specified 99% about 0.8 days for an all-sky search, and 18 days for a di-
confidence, and we have use the correct exponential probabilittected search. For older, slower pulsars, on the other hand,
function for power. we are only limited to 9 days for an all-sky search, and
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1 URRRLL L BRI AL I Flna”y in Sec. VIII, we list some pOSSibIe alternatives to
= a straightforward coherent search of the interferometer data.

(@) ————"7" " ] Detailed studies of the pros and cons of each are currently
— ] under investigation.

(b) e Il. PULSAR PHENOMENOLOGY

e
NN
I

e (c) E Currently, the only expected sources of continuous, peri-
] odic gravitational waves in the LIGO band are pulsars. In
this section, therefore, we review those properties of pulsars
which may be important in the detection process. In general,
the search technique we present later is capable of detecting
any nearlymonochromatic gravitational wave with sufficient
0.01 e vl vl vl amplitude. However, it is useful to have a concrete physical

101 102 10'® 10 105 1016 system in mind when considering the expected gravitational
Computing power (flops) waveform

FIG. 2. Relative amplitude sensitivitiés,,,/hy, achievable with That pulsars are .raplldly rotat'llng neutron stars Is poyv well
given computational resources, for various coherent search strat@Stablished22]. Their high densities and strong gravitational
gies: (a) directed search for old=1000 yr), slow <200 Hz) fields allow them to withstand rotation rates of hundreds of
pulsars,(b) all-sky search for old, slow pulsar&) directed search times per second. Moreover, pulsar emission mechanisms
for young (=40 yr) fast <1000 Hz) pulsars, andgd) all-sky ~ require large magnetic fields, frozen intoorotating with
search for these same sources. For a given computational power, Wiae neutron star. Indeed these large field strengths may pro-
have determined the optimum observation time as described ifluce nonaxisymmetric deformations of the pulsar. However,
Secs. VIB and VII. Thushy, is the expected sensitivity of the the most remarkable feature of pulsars is the very precise
detector for the optimal observation time, and with 99% confidenceperiodicity of observed pulses.
assuming only that the frequency bandwidth of the source is con- There are more than 700 known pulsars, all at galactic
strained in advance; see H§.14. distances, concentrated in the galactic plane. Based on the

sensitivity limits of radio observations the total number of

nearly 160 days for a directed search. The threshold sensfClive pulsars in our galaxy is estimated to be more than 10
tivities that these strategies can achieve, relative to the noig@3:24.
curves in Fig. 1, are plotted as functions of computing power

in Fig. 2.

T TV (T

T T T
—~~
A
| | [

Relative sensitivity

A. Spindown

Pulsars lose rotational energy by electromagnetic braking,
E. Organization of this paper the emission of particles and, of course, emission of gravita-

In Sec. Il we outline the physics of pulsars which is rel- tional waves[25,26. Thus, the rotational frequency is not

evant to the detection of continuous gravitational waves. Thé:o(;npler;tely stabfleh but \llar|e§rov.er ﬁl tmescalahlc? 'S ?\f
discussion is phenomenological and based almost entirely ol grdt efa?e 0 tfe pI:J sar. yglca yt,hyo:mgertpu s{ags
pulsar data collected by radio astronomers. We focus atter2€M10ds ot tens ot mi |second nave the fargest spindown
tion on effects which may lead to significant frequency eVo_rf?ltes. Flgurg 3 shows the distribution of rotational frequen-
lution over periods of several weeks of observation. cies and spindown age,zf/(df/dt). . o
Then, in Sec. Ill, we introduce a parametrized model of Current observations suggest that spindown is primarily

the expected gravitational waveform, including modulatingdU€ t© electromagnetic braking; however, for detection pur-
effects due to detector motion poses it is necessary to construct a sufficiently general model

From this, we go on in Sec. IV to describe the basicOf the frequency evolution to cover all possibilities. For ob-

technique used to search for signals, by constructing a d&€rVing timesty,s much less thary, the frequency drift is
modulated time series. Livd49], Joneg20] and Niebauer SmMall and the rotational frequeritgan be modeled as a
[21] have implemented variants of this basic search strategfoWer series of the form
over limited regions of parameter spa@e particular they
have not considered pulsar spindown, and have restricted f(t)=(f/2)
attention to small areas of the gky

For the more computationally-intensive search over all
sky positions and spindown parameters, it is important to be , , ) ,
able to calculate the smallest number of independent parani- 7min iS the shortest timescale over which the frequency is
eter values which must be sampled in order to cover th@xp_ected to change by a factor of order unity, the coefficients
entire space of signals. In Sec. V we develop the metri$atisfy
formalism for calculating the number of independent points
in parameter space. In Secs. VI and VIl we apply this for-
malism to determine the computational requirements of an3we choose to parametrize the frequency by what will be the
all-sky search for unknown pulsars and a directed searchyravitational wave frequency,, thus introducing the extra factor
respectively. of 2 into this expression.

1+; fktk>. (2.0
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101 g T the time it takes the pulsar to cross the cluster. We expect
{010 a . 5 that 7= 7r0ss fOr these objectssince if not, the pulsar will
g o0 3 already have escaped the clugtdhus the frequency model
10° = . = adopted above should be sufficiently general to encompass
108 E_ LI _E the observational effects of proper motions of the sources.
R 5 E A large proportion of millisecond pulsars are also in bi-
» 107 g, = nary systems. Unfortunately, such pulsars participate in
S 106 b = proper motions which vary over very short timescdalieir
> E E orbital periods. The time-dependent Doppler effect due to
L 10° & o Pﬂypothegﬁl = thefse mot?ons imot modeled accuratel_y by a simple power
10t b o L 3 series as in Eq(2.1). They would require a more elaborate
g 3 model involving as many as five unknown orbital param-
1000 E - eters. Including these effects in a coherent, all-sky search
100 i_ _i strat_egy would be prohibitivésee Se_c. VL In a search for _
= E gravitational waves from a known binary pulsar, however, it
10 Crond el el il 3 would be important to deal with this effect.
r 10 100 1000 Proper motions can also affect a search if the star moves
Gravitational wave frequency (Hz) across more than one resolution element on the sky during an

FIG. 3. Gravitational wave fr ey versu indown observation. For the lengths of observation periods envi-
;o Lraviiational wave Irequency Versus spindown ag€;nneq here, this is unlikely to be a problem. In an observa-

7=f/(df/dt), measured in years, for 540 pulsars which have meag;on lasting a year, however, a pulsar with a spatial velocity

sured period derivative. The figure clearly shows a large concentrac-)f 1x10° km s~ ' at a distance of 300 pc will move by about
tion of pulsars in the mid-left of diagram. Most of these are isolatedhahc an arc-second. which is compa[:able to the r)(/asolution

pulsars. The standard evolutionary scenario suggests that pulsan’;hit for our observations if the pulsar frequency is 1 kHz
move from higher frequencies and shorter spindowns left and up ’

towards this main bunch. In contrast, many of the millisecond pul- )
sars lying in the upper right of the figure are in binary systems, and C. Glitches
it is widely believed that these are pulsars which have been spun up |n addition to gradual frequency drifts due to spindown,

by mass accretion from the companion star. some young pulsars exhibit occasional, abrupt increases in
frequency. The physical mechanism behind these frequency
|fk|57-r;“':]_ (2.2 glitchesis not well understood, although the number of ob-

servations of glitch events is growirf@3]. Given the sto-
Clearly, for an observation timé,,<< 7, the first few chastic nature of glitching, and the expectation that several
terms in this series will dominate. months will elapse between major events, we will ignore
Observations suggest that pulsars are born in supernovitching in this paper.
explosions with very short periodperhaps several millisec-
ondg, and subsequently spin down on timescales compa- Ill. GRAVITATIONAL WAVES FROM PULSARS
rable to their age. Supernovas are observed in galaxies simi-

In order to gain insight into the detection problem it is
lar to our own at the rate of two or three per century, so we . o
. . . also important to understand the expected gravitational wave
might expectr,;,~40 yr for pulsars in our galaxy. It is at

signal. Several mechanisms have been discussed in the lit-

this point that the distinction between various classes of pu'érature which may produce nonaxisymmetric deformations

sars becomes |mpor_tant. The known millisecond pulsqrs arss a pulsar, and hence lead to gravitational wave generation
old neutron stars which have have been spun up to periods 2-14.16,29,3D

only a few milliseconds, possibly by episodes of mass trans- In general, a pulsar can radiate strongly at frequencies

e o i Mg e thr han wi the otato fequency. For oxampe, a ol

timescales g, =10" yr sar deforr_ned by_ m_ternal magnetic stresses, Whlch_ are not
minT ' aligned with a principal axis, can radiate at the rotation fre-

guency and twice that frequenEgl]. If the star precesses, it

B. Proper motions will radiate at three frequencies: the rotation frequency, and

Pulsars are generally high velocity objef25], as can be the rotation frequency plus and minus the precession fre-
inferred by the distance they move in their lifetimes. Properduency{16]. The important point, however, is that the signal
motions cause Doppler shifts in the observed pulsar fredt the detector is generally narrow band, exhibiting only slow
quency. If the motion is uniforniconstant velocity, it sim-  frequency drift on observational timescales.
ply induces a constant frequency shift—an effect which is  Therefore, in this section we outline the main features of

undetectable. However, acceleration and higher order derivdbe expected waveform and the corresponding strain mea-
tives of the source’s motion will modulate the observed fre-sured at a detector for the case of crustal deformation; other

quency. scenarios give similar results except for the presence of more

Studies of millisecond pulsars in globular clusters havethan one spectral component.
shown that acceleration in the cluster field can produce fre-
guency drifts which are comparable in magnitude to the spin-
down effectd27,28. Once again, we expect these effects to  Adopting a simple model of a distorted pulsar as a triaxial
be well modeled by a power seriestifr.,ss, Whererssis  ellipsoid, rotating about a principal axis with a frequency

A. Waveform
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given by Eq.(2.1), one may compute the expected gravita- For the purpose of detection, the Doppler modulation of

tional wave signal using the quadrupole formula. The twothe observed gravitational wave frequency, due to motion of
polarizations are the detector with respect to the solar system barycenter, is a
large effect. Assuming the intrinsic frequency mod2l1)

k+1
. for the pulsar rotation, the gravitational wave frequency mea-
i =ho(1+cos I)CO4 2mfolt+ 2 fkk+1 B sured aﬁthe detector is ’ ) ’
k+1 o . < . k
h,=2hg cosi sin{wao t+2 fkm , (3.2 fan(t)=Tg 1+E-n 1+§k: fi t+E n| |, 3.7

wherei is the angle between the rotation axis and the line ofyherex(t) is the detector position;(t) is the detector ve-

sight to the source. The dimensionless amplitude is locity, andn is the unit vector pointing to the pulsar, in some
inertial frame. We generally choose this frame to be initially
€, (3.3 comoving with the Earth at=0. The frequency measured in
r this frame is identical to that measured at the solar system
barycenter except for an unimportant constant shiftgin
To understand the amplitude modulation we must intro-
duce the Euler angle$®,®,¥}, which specify the orienta-
€= ——> (3.4  tion of the gravitational wave frame with respect to the de-
2, tector frame. The dimensionless strain at the detector is

272G 1, f3
=

where

is the gravitational ellipticity of the pulsar. The distance to h=F . (0,0, W)h, +F.(0,0,¥)h, 3.9
the source ig, andljy is its moment of inertia tensor.

The strength of potential sources is best discussed iwhereF, andF, are the detector beam patterns given by
terms of the characteristic amplitutie, defined in Eq(50)  Thorne[7]. In searching for continuous gravitational waves

of [7], and simply related td, by from a particular direction, the Euler angles become periodic
function of sidereal time, thus resulting in an amplitude and

h.— \/52 h (3.5 phase modulation of the observed sigfiall2,19. For ob-
¢ 15 % ' servation times longer than one sidereal day, the amplitude

modulation effectively averages the reception over all values
For a typical 1.M¢ neutron star, having a radius of 10 km of right ascension, and over a range of declination which
and at a distance of 10 kpc, the dimensionless amplitude igiepends on the precise position of the pulsar. In particular,
the effect of this process is to allow detection of continuous
h.=7.7x 10" 2% € 22 10 kpc( fo waves from any direction, but at the cost of reducing the

c 10°10%gen? 1 kHz measured straifsee Fig. 4

2

(3.6

The magnitude of the gravitational ellipticity, represents C. Parameter space

the central uncertainty in any estimate of gravitational waves To facilitate later discussion it is useful to parametrize the
from pulsars. Models of neutron star structure generally ingravitational waveform by a vectoe=(\°, )() such that

clude a crystalline outer layer, tlveust, of the star surround-

ing a superfluid core. Since the moment of inertia of the crust (NONL ST =(fg,n, 0y fq,.0 fy). (3.9
represents only about 10% of the total moment of inertia and ) ] ) )
the superfluid core cannot support nonaxisymmetric defortieres is the maximum number of spindown parameters in-
mations, the tightest theoretical constraint, 10”5, is setby ~ cluded in the frequency model determined by ER.1).
the maximum strain that the neutron star crust may support'€S€ vectors span & 3 dimensional space on wzh|0h:
[32,7]. It has also been suggested that stresses induced §" be thought of as coordinateblote thatn;=1—n,—ny
large magnetic fields might result in significant gravitationaliS not an independent parametén particular we denote the
ellipticity. Recently, Bonazzola and Gourgoulhfit?] have ~ observed phase of the gravitational waveform by
considered this possibility, finding discouraging results; their )

calculations indicate 10*< <10 ° depending on the pre- ¢(t;)\)=2ﬂf dt’ fu(t)), (3.10
cise model they consider. In any case, an upper bound on

the gravitational ellipticity ise~10~°, although typical val-

ues may be significantly smaller. wherefg,(t') is given by Eq.(3.7).

Initial interferometers in LIGO should have reasonable

sensitivity to gravitational waves with frequencies
B. Signal at the detector

Observing the gravitational waves using an earth-based f=40 Hz, (311
interferometer introduces two further difficulties into the de-\ynile advanced interferometers are expected to have im-
tection process: Doppler modulation of the observed gravitaproved sensitivity down to
tional wave frequency, and amplitude modulation due to the
changing orientation of the detector. f=10 Hz. (3.12
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A SRR
t[t;N]= 2o 4.2

the above signal becomes monochromatic as a function of
ty. (The presence of the amplitude modulation complicates
the following analysis without changing the conclusions sig-
q nificantly; therefore, we treatl as constant in this and the
4 next sectiorf) Figure 4 shows the normalized power spec-
trum computed from the signal as a functiontdh Eq. (4.1
(with f,=0), compared with the spectrum from the signal as
1 a function ofty. It is clear that the maximum power per
! frequency bin is significantly reduced when frequency modu-
N lation is not accounted for.
0 Radio astronomers refer to this technique of introducing a

o
S

Normalized Power Spectrum
o
R

0 e — canonical time coordinate aretchingthe data. Since inter-
499994 499996 4.99998 5 ferometer output will be sampled at approximately 16 kHz,
Frequency (Hz) in a practical search for pulsars up to 2 kHz gravitational

wave frequency, the stretching can probably be achieved by
FIG. 4. Power spectra for two signals, each with gravitationalresampling the data stream appropriately. This method,
wave frequency 5 Hz, computed using approximately 10 days wortlhich is calledstroboscopic samplingpy Schutz[18], has
of data; they are normalized with respect to the maximum powethe benefit of keeping the computational overhead introduced
achieved if the source was directly above an interferometer whiclhy the stretching process to a minimum. We will return to
remained stationary during the entire observation. The signal wWaghis issue in a later publication.
assumed to come from declination 0° and right ascension 90°; in Now, a search of the detector outpoft), for gravita-

fact the amplitude modulation is only sensitive to changes in deC"TionaI waves from a known source is straightforward. One
nation. The detector latitude was chosen to coincide with LIGO . :

detector in Hanford Washington. The solid line corresponds to LSSUMes specific parameter valgem the WaYeform(“-l)'
Doppler and amplitude modulated gravitational wave signal. Thecomputes the demodulated time functiyfit;£] using Eq.
dashed line is the same signal but with the Doppler modulatio{4.2) and stretches the detector output accordingly, thus
removed by stretching. Th@inreasonablylow frequency was cho- .

sen for illustrative purposes, so that both curves could appear on the op(tp[t;€]) =0(1). 4.3
same scale. For realistic gravitational wave frequenciesQ0 Hz)

the Doppler modulated signal would be further reduced by roughlyif the assumed parameteffsare not too much different from

two orders of magnitude. the actual parameteds of the signal, the stretched data will
consist of a nearly monochromatic signal. One then takes the

Moreover, theoretical constraints suggest that pulsars wit ourier transform with respect g,

spin periods significantly smaller than 1 ms are unlikely.

This helps to constrain the highest frequency that one may 1 obs
wish to consider in an all-sky search to be about 2 kHz. o(f;&)= fTb e2miftog, (t,)dt, . (4.4)
According to the discussion in Sec. Il, the spindown param- Tp > Jo

eters satisfy bs. ) )
HereTp is the length of the observation measured using

—rk<f < K (3.13  The power spectrum is then searched for excess pdiliee.

threshold is set by demanding some overall statistical signifi-

where 7y, is the minimum spindown age of a pulsar to be cance for a detection; see Sec. )M\otice that the gravita-

searched for. Fina”yr,]x and ny are restricted by the relation tional wave frequencyz\ozf(), is treated somewhat differ-
2. 2 ently than the other parameters; the Fourier transform

netny<1L. (3.149 searches over all possible values in a single pass. Given a

sampled data set containirld points, the entire process,

IV. DATA ANALYSIS TECHNIQUE from original data through to the power spectrum, requires of

Radio astronomers are familiar with searching for nearlyOrder N log, N floating point operationgto first approxi-

periodic sources in the output of their detect8,33. The mation.
technique employed by them is directly applicable to the____
problem at handl19,20.
In the detector frame the gravitational wave signal can be 4Amplitude modulation can be viewed as the convolution of the
written as exactly periodic signal with some complicated window function.
Thus, in reality, the power spectrum of a stretched signal will not be
h(t;\)=Rd Ae ™ ¢(tN7], (4.1 a monochromatic spike at a single frequency, but will be split into
several discrete, narrow spikes spread over a bandwidth
where  A=(hg; +ihgy), hos=F,(l+cofi)hy and sf=10"*Hz. After a preliminary detection, the amplitude modu-
hox =2F «(cosi)hy. The orbital phases(t;\) is given by lation spikes would provide a discriminant against false signals
Egs.(3.10 and(3.7). Introducing a canonical time [29].
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If all the parameters are not known accurately in advancelNow, suppose a detector output consists of a signal with
it will be necessary to search over some of the remainingparameters\, and stationary, Gaussian noisé&) such that

parameters\; a separate demodulation and FFT must be
performed for each independent point in parameter space that o(t)=h(t;A)+n(t). (5.2)
one wishes to search. There are many possible refineme
on this strategy which could reduce the computational cost o
a search by circumventing certain stages of the procedur@retched with parametets is
described here. We mention some of them in Sec. VIII, how- _ .
ever, we focus attention on this baseline strategy in this pa- E[Po(f )1=2h(f;NAN)[2+Sy(f ), (5.3
per.

One more issue that arises in the discussion of stretchingyhereA):=§—X, andS,(f ) is the one-sided power spectral
is how it effects the noise in the detector. Throughout thisdensity of the detector noiséAs discussed at the end of the
paper we assume that the noise in the detector is a stationafyevious section, we ignore the small effects of stretching on

Gaussian process; however, when we stretch the output dagde noise. The notationh(f;A,AX) indicates the Fourier
stream the noise is no longer strictly stationary unless it isransform of a signal, with parametexs with respect to a
perfectly white. Real detectors will have colored noise, withtime coordinatetb[t'):+AX] We define themismatch
correlations between points sampled at different t|mesm()\,m\) to be the’ fractional reduction in signal power

Stretching the data modifies these correlations in a timez, 1sed by stretching the data with the wrong parameders,

having a characteristic timescale of several hours, and beE_Z”)s/amplmg the spectrum at the wrong frequency; specif
sides this the noise in real detectors may be intrinsically non-— "
stationary on similar timescales due to instrumental effects.

Correcting pulsar searches for such nonstationarity is an im- M(ALAN)=1—
portant problem, but one that we do not address here. We '

simply assume tha®,(f ), the power spectral density of the

noise, can be estimated on short timescales and used in the, thak = (\°=f,X)
conventional way for signal-to-noise estimates. Moreover, 0./
the effects of stretching on noise are only a consideratior&0
when the noise is not white; since stretching affects the
power spectrum only within bands10™* Hz wide, the de-
tector spectrum can usually be taken as white, unless we are

near a strong feature in the noise spectrum. The precise n\?v-here the amplituded is constant. The functiony[t:X]
t f th ffects is bei lored by Tih8a]. ; : C LT
ure of these effects is being explored by Tifs] computed using Eq94.2), (3.10, and (3.7), is explicitly

written as

gﬁ]us, the expected PSD of the detector output, once again

[R(f;N,AN)|?
R(foiN0)|2

In the present circumstance, it is sufficient to consider a
mplex signal

h(t:\) = Ae~2mifotbltiX] (5.5

V. PARAMETER SPACE METRIC

k+1
In general, neither the position of the pulsar nor its intrin- tplt;A]=t+ t+-— ~n) . (59
sic spindown may be known in advance of detection. There-

fore, the above pr.ocess, or so[ne \{arlant oh it, must be reklow, the Fourier transfornTﬁ(f;)x,AK) is
peated for many different vectoésuntil the entire parameter

space has been explored. How finely must one sample these A obs i
parameters in order to minimize the risk of missing a signal? h(f:NAN)= J'Tb dt el PILAAN, (5.7)
A similar question arises in the context of searching for sig- \/TgES 0

nals from coalescing compact binaries using matched filter-

ing; Owen[5] has introduced a general framework to providewhere

an answer in that case. We adapt his method to the problem

at hand by defining a distance function on our parameter O[t;N,AN] 02 - - -

space; the square of distance between two points in param- 5 —AMtp+ fo(t[GEAFAN] = tp[GA])

eter space is proportional to the fractional loss in signal (5.9

power due to imprecise matching of parameters. The number

of discrete points which must be sampled can then be deteend AN®=f—f,. Here,t should be interpreted as a function

mined from t'he proper volume of the parameter space withy i, defined implicitly bysztb[t;X+A):]. Using Egs.

respect to this metric. (5.6)—(5.9) it is easy to show than(X,AX) has a local mini-
mum of zero whem\A=0;

A. Mismatch

_ M(N,AN)[5r=0=0, (5.9
The one-sided power spectral dengBSD) of the detec-
tor output, stretched with parametér,sis IanaM(N,AN)|ar=0=0. (5.10

P.(f )=2/0(f;&)% (5.1)  Thus, an expansion of the mismatch in powers\afis
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matchm(\,AN) as a function ofAX, having already maxi-
mized the powefi.e. minimizedm) over \°. The result is
the mismatch projected onto the+ 2)-parameter subspace:

p=min m(A,AN) =2, ;AN AN (5.15
o i]
where
J0iY0j
7ij:gij_—goo , (5.16

andi=1,...s+2. We will generally refer tqu as thepro-
jected mismatch

Fractional power detected

N I — | — ] Technically,y;; should be computed from,; evaluated
-0.2 0 0.2 at the specific value ok, at which the minimum projected
Position offset (degrees) mismatch occurred. However, since this number is unknown

in advance of detection, we evaluagg for the largest fre-

FIG. 5. Fractional reduction in measured signal power cause@uency in the search space. In this way we never underesti-
by demodulating with mismatched parametgnsthis case, an error - mate the projected mismatch.

in the assumed declination of the soyr¢Ehe solid curve is the true In a search, the parameter space will be sampled at a
power ratio, the dotted is that given by the quadratic approximatior]attiCe of points, chosen so that no location in the space:has
of the metric. Note that the widths of the curves agree well down to[given by Eq.(5.15] greater than somg, . away from one

. . max

o . . H H - . . N . ™
70% power reductionrt~0.7), beyond which the metric approxi- ¢ o hoints. This is equivalent to tiling the parameter space
mation significantly underestimates the range of parameters permit- 1/2

ted for a specified power loss. The curves are computed for a sk 't_h patches of maanum. exrt]ent/;max. The number of
position of 0° right ascension, 45° declination, and no spindown. oints we must sample at is therefore

N :fp\/deﬂ yijllds2x

MNAN) =D, Gus(MANCANE+O(ANY),  (5.1D) p
a,pB

: (5.17

Vpatch

whereV ,,chis the proper volume of a single patch, a2
is the reduced dimensionality of the parameter spadex-
1 cluding Ag).
ap=7 darcdars m(N\,AN) . (5.12 Optimally, one should use some form of spherical closest
AN=0 packing to cover the space with the fewest patches. Our so-

. , i i . lution uses hexagonal packing in two of the dimensions and
In this way the mismatch defines a local distance function onypic packing in all the others; in this way the volume of a
the signal parameter space, and, for small separatiogs single patch is '

d.p Is the metric of that distance function. Note that the

where

metric formulation (5.11) will generally overestimatethe 3V3 [ Bpmay 5F272

mismatch for large separations, as demonstrated in Fig. 5. Vpatch:T st2 ) (5.18
Calculations using this formalism are considerably simpli-

fied by partially evaluating the right-hand side of £E§.12. Finally, we note that Eq(5.17) may overestimatécon-

The form of the signa(5.5 allows us to write ceivably, greatly overestimatehe number of points one

must sample if the parameter space submanifolds in
ap(N) = {Iara®@Inrs®) = (Iure®)(InrsP), (5.13 upon itself so that points that seem widely separated on the
submanifold are actually close together in the embedding
space of possible signals. While we have no reason to think
this is occurring, we also have not seriously tried to investi-

(5.19 gate this possibility; it is a difficult, nonlocal question. Until

AN=0 this is resolved, it is perhaps safest to regdgcgiven by Eq.
(5.17 as an upper limit on the required number of sample
points, though we suspect it is close to the actual number.

where® is given by Eq(5.8), and where we use the notation

obs

_ 1 Ty
(...)—T—gb—SJ'O (...)dty

B. Metric and number of patches

Up until now, we have treated the frequency of the signal
as one of the parametesy, which must be matched. In our
search technique, stretching and Fourier transforming the We are finally in a position to estimate the depth of a
data yields an entire power spectrum, automatically samplingearch for periodic sources using LIGO. The detector partici-
all possible frequencies. We would really like to know the pates in two principal motions which cause significant Dop-
number of times that this combination of procedures must b@ler modulations of the observed signal: daily rotation, and
performed in a search. This requires knowledge of the misrevolution of the Earth about the Sun. The latter is actually a

VI. DEPTH OF AN ALL-SKY SEARCH
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complex superposition of an elliptical Keplerian orbit with a 1015
smaller orbit about the earth-moon barycenter, and is further 1014
perturbed by interactions with other planets. For now, how-
ever, we use a simplified model which treats both rotation 101
and revolution as circular motions about separate axes in- 1012
clined at an angle=23°27 to each other. Although a sim- 1011
plification, this does remove any spurious symmetries from 1010
the model; thus, an actual search using the precise ephemeris
g : : a 109
of the earth in its demodulations should give comparable =
results. In this model, then, we write the velocity of the de- 108
tector in a frame which is inertial to the solar system bary- 107
center but initially comoving with the earth: 108
v=—(QRy sin Qt—QsR, sin Qat)x+ (QRy cos Ot 10°
104
— QR4 cose[cosQat—1])y 1000
1
—QaRp sin [cosQat—1]z, (6.7 (a) Observation time (days)
whereRy=6.371x 10°(cosl) cm, | is the latitude of the de- 10°8 . — T T T —3

tector, andR,=1.496x 10" cm is the distance from the
earth to the sun. The angular velocities are
Q0 =27/(86400s) andQ,=27/(3.155674 10" s). Our

coordinate system measurgstowards the vernal equinox

108

| YT

and z towards the north celestial pole, and we arbitrarily 107 E E
choose to measure time starting at noon on the vernal equi- o C ya
nox. Z 108 = e
The number of spindown parametefis which must be E s
included to account for all intrinsic frequency drift depends 10° ;_ ,./;00 _
to a large extent on the type of pulsar one wishes to search E ’ 3
for. We determined this number on a case by case basis, C ]
including all parameters which lead to a significant increase 10* 3 E
in the number of parameter space patches. Equivalently, the = e 3
following geometric picture suggests a simple criterion for 1000 L ac” ] L]
deciding when there is one spindown parameter too many 1 10
included in the signal parametrization. Let be the last, (b) Observation time (days)

guestionable spindown paramefgr(so L =s+2). With re-

spect to the natural metrig;; on parameter space, the unit  FIG. 6. Number of independent points in parameter space as a
normal to surfaces of constant is justy'*/(y*5)¥2, where  function of total observation time, using a maximum projected mis-
y'l is the inverse ofy;;. The spindown parametex- is  matchuma=0.3. The parameter ranges chosen wéaemaximum
unnecessary if the proper thickness of the parameter space gravitational wave frequency 1000 Hz, minimum spindown age
this normal direction nowhere exceeds half the proper gridrmin=40 yr (hypothetical young pulsars(b) maximum gravita-

spacing; that is, if tional wave frequency 200 Hz, minimum spindown age
Tmin=10° yr (observed, slow pulsarsThe short-dashed curve rep-
max 27,5 2/(y") Y2 < \umax/ L. (6.2)  resents the total number of patches ignoring @ll The long-dashed
P curve is the number of patches including offilyin the search. The

dotted line is the number of patches including bbthandf,. Also

In practice, one has included more spindown parameters thasown is the empirical fit given in the text; it was normalized by the
necessary if and only if migy‘->4L Tr;%*z/,umax_ results shown ina). In some regimes, searching over an additional
spindown parameter would seem to reduce the number of patches;
however, this actually only indicates regions where the parameter
space extends less than one full patch width in the additional di-

It is extremely difficult to obtain a closed-form expression mension. In such regimes one must properly discard the extra pa-
for the metric, let alone its determinant. Therefore, werameter from the search, forcing one to choose always the higher of
present results for two concrete scenarios which suggeste curves.
themselves based on the discussion in Sedi)lhypotheti- _ .
cal sources withf,=<1000 Hz, and spindown ages greatertime in Fig. 6. The numbers are normalized by a maximum
thanr=40 yr; incidentally, this also includes the majority of Projected mismatchu ,q,=0.3.
known, millisecond pulsars; andii) slower sources In considering an optimal choice of observation time, it is
(fo<200 Hz) having spindown ages in excess ofuseful to construct an empirical fit ®y(tops, 4mad- NOtice
7=1000 yr. The number of parameter space points whicHirst that all the parameterA\ in ®, given by Eq.(5.8),
must be searched is plotted as a function of total observatioappear multiplied by the gravitational wave frequerfgy

A. Patch number versus observation time
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thus,Npec (f 12)°"2 wheref ,, is the maximum gravitational 1020 =
wave frequency to be searched for. Furthermore, provided 101 =
the determinant of the metric is only weakly dependent on 1018 =
the values of thef, one may also extract a factor of 1017 =
7 S(3+2)2 gur investigations suggest the validity of this ap- 1016 3
proach. In this way we arrive at the expression 1015 E
Np= max [N4F(top], 6.3 = 101 :
se{0,1..} 1018 —é
where 1012 =
101t _é
f s+2 40 yr s(s+1)/2 0.3 (s+2)/2 10 _E
Ne=| 7o —) ) . (6.4 10
1kHz T Mma; 10% & .~ E
_ 0*T2 5 108 £ E
FO(tObS)_69X1 T +30T 1 (65) 107 1 1 1 I I | 1 |
1 10
Fo(tos) = 1.9x10°T®+5.0< 10°TH 6.6 Observation time (days)
1 hob 4.7+T° ' '
FIG. 7. The total number of parameter-space points needed to
2.2% 10T search for pulsars having gravitational wave frequency up to 1 kHz,
Fo(tops = E6.0LTY (6.7  and spindown age greater thas40 yr. The solid line is the num-

ber computed using the metric and properly accounting for correla-

. - . . tions between various terms in the frequency evolution. The dotted
andT=tgpe/(8.64x 10° §) is the observation time measured line is the same number computed directly by assuming the points

in days. These formulas are normalized using only the dat ust lie on the grid of coordinates used to parametrize the signal.

corresponding to Fig. (@), and subsequ.ently ComPared with The benefits of using the metric to optimally place the points to be
computed values for several frequencies and spindown agega ched in parameter space is clear.

7. The analytic fit is in good agreement with the computed
results for a variety of paramet_ers; however, the fits genera||¥requency %, ., wheref, . is the maximum gravitational
break down for ob_servatlon times less than one qlay. W@vave frequency being searched for, is
stress that more spindown parameters may become important
for observation times longer than 30 days. N=2falobs- (6.9
SchutZ[18] has previously estimated the number of points
which must be searched in the absence of spindown corregor eachy that is used to stretch the detector output, a search
tions; he argued that this number scaled4$or observation  then requires an FFT, calculation of the power, and some
times longer than about a day. The difference between higresholding test for excess power. Assuming that the
previous estimate and the expression in E85), which  stretching and thresholding require negligible computations
shows that the number of points increasesTas derives compared to performing the FFT and computing the power,
from an asymmetry between declination and right ascensiothe total number of floating point operations for a search is
which was not accounted for in his argument.
The benefit of the metric formulation is that it accounts Nop= 6 matopdNp[1092(2 fmadons +1/2],  (6.10
for the significant correlations which exist between the in- o N )
trinsic spindown and the earth-motion-induced DopplerWhereNy is given by Eqs(6.3—(6.7). The additive 1/2 in-
modulations by using points which lie on the principal axesside the square brackets accounts for the three floating point
of the ellipsoids described by E¢6.15. Replacing the in- Operations per frequency bin which are required to compute

variant volume integral in Eq(5.17) by the power from the Fourier transform.
A guideline for a feasible, long-term, search strategy is
/ cr 2 that data reduction should proceed at a rate comparable to
L) H yii TN, (6.8 data acquisition. Thus, the total computing power required

for data reduction, in floating point operations per second

gives the number of points required for a search if, instead(,ﬂ‘)ps)v IS

one chooses them to lie on the,,n,,f,,f,,...} coordi- N

nate grid. Figure 7 shows the total number of points com- p_ ﬂ:6fmapr(tob5vamax)[|092(2fma><tobs)+1/2]-
puted using this method compared to the results obtained tobs

using the invariant volume integral. For sufficiently long in- (6.1
tegration times the difference can be several orders of ma

nitude glfor a prescribed maximum projected mismajeh),y, and

maximum available computing powé,,,, this expression
determines the maximum allowed coherent integration time.
Alternatively, given the computing power available for data

The number of real samples of the interferometer outputeduction, P,,., it provides an implicit relation between
for an observation lasting.,s seconds, and sampled at a umax @nd the integration time.

B. Computational requirements
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The Idea nOW IS to Choo&max andtobs SO that We maXI- 06 F T 1T T TTTIT T TTTITT T TTTITT T TTTITT
mize the sensitivity of the search. In order to do this we must E S w
first obtain a threshold, above which we consider excess 0.5 3 =
power to indicate the presence of a signal. TE =
As discussed in Sec. IV, we assume that the noise in the g o
detector is a stationary, Gaussian random process with zero .04 &~ i /. §
mean and PSI3,(f ). In the absence of a signal, the power f = ' *
Po(f )=2|n(f )|? is exponentially distributed with prob- 03 E .g
ability density function S =
E =11 =
e—Po(f )/Sy() 0.2 B ] g
Sn(f ) (612 O ; 1 I\Illl\l 1 HIHI\l 1 \IIHHl 1 \IIIIHl 1 IIIII; é

11011 1012 1013 1014 1015 1016

We assume_that there_is independent noise in eath.gf s (a) Computing Power (Flops)
frequency bins for a given demodulated power spectrum. In
general the noise spectra obtained from neighboring param- 0.6 T
eter space points will not be statistically independent; how- g wn
ever, one may expect that the correlations will be small when E o
the mismatch between the points approaches unity. There- 0.5 E 2
fore we approximate the number of statistically independent E ®
noise spectra in our search to b (tops, 4max=0.3. In .04 F =
order that a detection will have overall statistical significance £ = kS
@, we must set our detection threshold so there is less than < g g
1— « probability of any noise event exceeding that thresh- 0.3 c =
old. For a detection to occur the power in the demodulated B g
detector output must satisfy 02 F §
F o)
Po(f )> Pc =In fma><tobsz(tob51Mmax: 03) 0.1 B [TTITT RTINS R T AT ERNRRTI 10 ©
Sy(f)" Sy(f) l-«a ’ 1011 101 1013 10 1015 1016
(6.13 (b) Computing Power (Flops)
whereP,(f ) was defined in Eq(5.1), andp, is the thresh- FIG. 8. The optimum observation timghick solid line, and
old power. maximal projected mismatctaotted ling as functions of available

In other words, if the power at a given frequency exceedsomputational power. Both graphs assume a threshold which gives
Pe we can |nfer that a s|gna| |S present, the expected powén overall statistical Signiﬁcance of 99% to any de’[eC('Eithough

in the signal is thep,—S,. Thus, the minimum character- the results should be insensitive to the precise yaldach of the
istic amplitude we Cacn expect to,detect is graphs corresponds t@) the situation encountered when searching
for periodic sources having gravitational wave frequencies up to

S 1 - 1000 Hz, with minimum spindown ages,,=40 yr. (b) The
A= \/ (pe/Sh=1)S(f ) (6.14 equivalent results for gravitational wave frequencies up to 200 Hz,
th (F2(0,D,%))(1—(u))tops with minimum spindown ages,,,=10° yr. The transition region
seen in(a) is due to the fact that a longer integration time would
Where<Fi(®,<I>,‘If)) is the square of the detector responserequire searching over an additional spindown parameter, as seen in
averaged over all possible source positions and wave polal’:-ig' 6. In this region it is more efficient, as one adds computational
izations. (w) is the expected mismatch for a source whosg?ower, to lower mismatch thresholds, rather than searching over the

. S _ . . additional parameter.
signal parameters lie within a given patch, assuming that
all parameter values in that patch are equally likely. We note L .
that the characteristic detector sensitivitieg, in Fig. 1 are where p¢ /S, is given by E_q.(6.13). Assuming an overall
obtained from this expression by settitge=10's, () =0, statistical significance otr=0.99, we have computed the

i ; A . optimal observation timé,,; and optimal maximum mis-
Ezd(flmz;tf’bé\lp 1 in the expression fop ; this agrees with match umax, as functions of computing power, for the two

The optimal search strategy is to choose those values &earches considered in the previous subsection. The results
tons @Nd pmax Which, for some specified computational powerare shown in Fig. 8.

Pmax and detection confidenee maximize oursensitivity®
which is defined by VIl. COMPUTATIONAL REQUIREMENTS
FOR A DIRECTED SEARCH

[ ——S+2Mmax} obs In Secs. V and VI we examined the computational re-
ot ax)=i°< st+4 quirements of an all-sky pulsar search. In this section we
obs: Fmax) = hin pc!S,—1 ' examine the computational requirements for a directed pulsar

(6.195 search, by which we mean a search where the position is
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known but the pulsar frequency and spindown parameters

04 T TTTTT T TTTTT T TTTTT T TTTTT TTTT 50

are unknown. Obvious targets in this category are SN1987A, o —~
nearby supernova remnants that do not contain known radio E o
pulsars, and the center of our galaxy. Such searches will C <
clearly be among the first performed once the new generation 03 = \qj
of gravitational wave detectors begin to come on line. o o
Our treatment of directed pulsar searches closely parallels E C =
that of of the all-sky search, so we can be brief. Since the 3 - o
source positionrg, ,ny) is known, we can simply remove the 0.2 A S 10 g
Earth’s motion from the data. Below we imagine that the e g
signal has already been transformed to the solar system bary- R S &
center. Then the unknown parameters describing the pulsar b 3
Waveform are O 1 : 11 IIIIII‘ 11 IIIIII‘ 11 IIIIII‘ | ‘I IIIHI| 11 ||E 5 o
]_Oll 1012 1013 1014 1015 1016
AL A= (o, f), (7.0) (a) Computing Power (Flops)
Where thefl are the Same aS defInEd In Ea-l) ands IS JUSt 06 FT |||I|II‘ T IHIIHl T HIIHIl T |I|||||| T IIHIII‘ T TTTT]
the number of spindown parameters included in the fre- g ] w
quency model. We again calculate the metrigs and v;; g =
using Egs(5.13 and(5.16), respectively, and then calculate 0.5 F T
N, using (5.17 (except the integral is now over g 4100 o
s-dimensional parameter spacéssuming hexagonal pack- .04 F 3 g
ing in two dimensions and cubic packing in the others, the g E 450 =
size of each patch iS/patchz(3\/3/4)(4Mmaxls)5’2. (Except < A ] g
for s=1, whereVqe= Zulmgx.) We arrive at the expression 0.3 T i ;g
E >
Np= max [N:Gy(1)], (7.2 02 H10 9
se{1,2..} S ] a
Where 01 :\IIILLLL‘ |||\||_uJ IHIILUJ \||||u,|J |||Hu,|_[ L 5 ©
107 108 10° 1010 10! 101% 1013
F |5/ 40 yr|STDR) 3|52 (b Computing Power (Flops)
s (1 kHZ) ( T ) (ﬂmax) ’ 73 FIG. 9. The optimum observation timghick solid ling, and
maximal projected mismatctuotted ling as functions of available
Gy(topd =1.5x 10°T?, (7.9 computational power for directed searches. Both graphs assume a
threshold which gives an overall statistical significance of 99% to
G (topd =6.97X 10T, (7.5 any detection(although the results are insensitive to the precise
value). Each of the graphs corresponds (®: the situation encoun-
Ga(typd = 2.89% 107479, (7.6) tered when searching for periodic sources having gravitational wave

frequencies up to 1000 Hz, with minimum spindown ages

_ . . . Tmin=40 yr. (b) The equivalent results for gravitational wave fre-
where T=t,,/(8.64x 10* s) is the observation time mea- quencies up to 200 Hz, with minimum spindown ages =10° yr.

sured in days. Compgring_ these results with £68)—(6.7), The transition regions, where the optimum observation time does
we see that for our fiducial parameter valuégsax=1kHz,  notincrease, are due to the fact that a longer integration time would

Tmin=40 Y1, tmax=0.3) and observation time¥ of order a  require searching over an additional spindown parameter.
week,N, is ~10° times larger for an all-sky search than for

a directed search. Another way of putting this is: after using
on€'s freedom to adjust the frequency and spindown param-
eters in optimizing the fit, only- 10° distinguishable patches Searching for unknown sources of continuous gravita-
on the sky remain. Equivalently, a single directed search cational waves using LIGO, or other interferometers, will be an
cover an area of-10™* steradians. Thus 1000 week-long, immense computational task. In this paper we have presented
directed searches would be sufficient to cover the galactiour current understanding of the problem. By applying tech-
center region. niques from differential geometry we have estimated the
We can calculate the optimal, . andty,s @s a function  number of independent points in the parameter space which
of computing power for a directed search in the same way amust be considered in all-sky and directed searches for
we did for the all-sky directed searchExcept the factor sources which spin down on timescales short enough to pro-
(s+2)/(s+4) in Eq. (6.15 becomess/(s+2) for the duce observable effects; these numbers were used to com-
directed-search cagélhe results are shown in Fig. 9, for our pute the maximum achievable sensitivity for a coherent
two fiducial types of pulsar. We see that knowing the sourcesearch(see Fig. 2 Furthermore, the metric formulation can
position in advance increaség, by only a factor of~ 10, be used to optimally place the parameter-space points which
for 1 Tflops computing power. The resulting gains in sensi-must be sampled in a search.
tivity can be seen in Fig. 2. Our analysis takes no account of bottlenecks in the analy-

VIIl. FUTURE DIRECTIONS
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sis process due to data input/output and interprocessor corstage will not be more computationally intensive than the
munication. These are important issues which may imposéirst. To exceed this threshold, a pulsar must have
further constraints on the maximum observation time; howh.=12h;,,. This is factor of roughly 3 better than if one
ever, it seems premature to address such problems until westricted oneself to coherent searches considered above, but
know the hardware that will be used to conduct searches fas a factor of 3 worse than the sensitivity one could achieve
continuous waves. with unlimited computing power.

Unfortunately, Fig. 8 shows that it will be impossible to A refinement of this strategy would be one in which the
search, in one step, 18 worth of data over all-sky posi- first pass consists of several incoherently added power spec-
tions. However it is also unnecessary. We foresee impletra. That is, one slices the data inkb sequential subsets,
menting a hierarchical search strategy, in which a long dataperforms a full searclias described in this papefor each
stream is searched in tw@r more stages, trading off sen- subset, and adds up the power spectra of the resulting
sitivity in the first stage for reduced computational require-searches for each of the parameter sets. This technique has
ments. Having determined a number of potential signals irbeen used to good effect by radio astronomers searching for
the first stage—presumably at a threshold level which allowpulsars[28]. Since the addition of power spectra is incoher-
many false alarms due to random noise—these candidatnt, there is a loss of signal-to-noise ratio in the final
events would be followed up in the second stage, usingummed power spectrum of\z]N in relation to a full coher-
longer integration times. The longer integration times wouldent search over the whole timescale. However, the computa-
be possible because the search would only have to be petional savings involved allow one to search stretches of data
formed over much smaller regions of the parameter space, iwhich are much longer overall. For some optimal choice of
the neighborhoods of the candidate signal parameters. In thig, this will result in higher sensitivities when one follows up
way, one can achieve a greater sensitivity than a coheregtindidate detections using coherent searches. Nich¢isin
search using the same computational resources. vate communicationhas estimated tha 1 Tflops computer

Clearly one can imagine many different implementationscould perform such a search of 18 of data, over all-sky
of this rough strategy, and we have not yet determined thgositions but ignoring pulsar spindowns. A subsequent paper
optimal one. Nevertheless, we have considered the simphill present a concrete analysis of this and other hierarchical
example where the data is searched in two stages. Candidajeenariog35].
signals from an all-sky search of a short stretch of data
[T seconds lonpare followed up using longer Fourier
transforms to achieve greater sensitivity. One can estimate ACKNOWLEDGMENTS
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out to be a valid assumption. A simple argument along thes
lines goes as follows. Consider a search for young, fast pul-
sars that begins by coherently analyzing stretches of data th
are all ~1 day long(possible with~4x 10'? flops, by Fig.
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