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ABSTRACT

The effect of gravitational radiation and of viscosity on the stability of rotating self-gravitating
fluids is considered. Previous criteria governing secular stability to radiation are shown to fail as
a result of the trivial displacements introduced in a previous paper (I). The required modification
is obtained by describing perturbations in terms of canonical displacements (displacements
orthogonal to the trivials). There nevertheless remain physical perturbations having angular
dependence ¢™® which, for sufficiently large m, make the stability functional (the canonical
energy E.) negative, and it follows that all rotating stars are unstable or marginally unstable to
gravitational radiation. In the case of stability against viscosity, the corresponding stability
criterion is shown to involve the canonical energy in a rotating frame, E, p, a functional invariant
under gauge transformations associated with the trivial displacements. By using the functional
E. ; to analyze local stability, it is found that a star is locally stable against viscosity if and only
if the specific entropy increases outward (in the sense of decreasing pressure). Finally, the behavior
of normal modes is discussed and used to elucidate the generic radiation-induced instability;
and certain orthogonality properties are derived.

Subject headings: gravitation — instabilities — stars: rotation

I. INTRODUCTION

This is the second of two papers dealing with perturbations and stability of nearly Newtonian stars. In this
paper we apply the Lagrangian perturbation theory developed in Paper I (Friedman and Schutz 1978) to the
problem of secular instability of rotating stars arising from radiation reaction and from viscosity.

It had long been thought (Thompson and Tait 1883) that models of rotating stars which are stable in the absence
of dissipation can nevertheless be unstable when viscosity is present. The fact was not explicitly demonstrated,
however, until 1963, when Roberts and Stewartson showed that in the presence of slight viscosity the Maclaurin
sequence is unstable to a bar mode beyond the bifurcation point where the mode has zero frequency in the rotating
frame. The phenomenon is due to the fact that viscous forces violate a constraint on the perfect fluid—namely,
the conservation of circulation in constant entropy surfaces—and that viscosity can thereby permit transitions to
lower energy states that would be inaccessible to a perfect fluid. In 1970, Chandrasekhar found that gravitational
radiation gives rise to a similar instability in Maclaurin spheroids, which one could ascribe in an analogous way
to the angular momentum nonconservation of the radiation reaction force. Subsequent work found that the
radiation-induced instability could be important in models of rapidly rotating white dwarfs and neutron stars
(Friedman and Schutz 1975b; Durisen 1975). The growth time for these instabilities is determined by the dissipative
mechanisms and is generally long compared to the dynamical time scale.

The 1967 paper of Lynden-Bell and Ostriker proposed a general criterion for deciding whether a stellar model
was unstable in the presence of a dissipative force. Perturbations of an equilibrium model were described by means
of a Lagrangian displacement, and a configuration was claimed to be stable if and only if a certain operator C',
(also the C? of Paper I) was positive definite. This condition on C? is equivalent to demanding that the canonical
energy E. of the perturbation be positive definite for all nonzero initial data. Later work by Tassoul, Ostriker,
and Bodenheimer (Tassoul and Ostriker 1968; Ostriker and Tassoul 1969; Ostriker and Bodenheimer 1973) used
tensor virial techniques to test stability of particular differentially rotating stars, in effect evaluating the Lynden-
Bell-Ostriker functional, | ¢*,C";¢/dV, for a specific trial displacement £ linear in the Cartesian coordinates.

There are, however, several problems with these related approaches. First, Hunter (1977) has observed that
instability in the presence of viscosity will not in general set in at the same point along a sequence of rotating
stars as instability to radiation reaction, and so separate criteria are required for the two cases. A second difficulty
is associated with the existence of trivial Lagrangian displacements which do not change the physical configuration
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but whose canonical energy is nonetheless negative. Such displacements violate the Lynden-Bell-Ostriker criterion,
although of course they do not imply an instability. We regain a criterion for secular stability to gravitational
radiation by requiring that perturbations be described by the canonical displacements—displacements orthogonal
to the trivials—introduced in Paper I. The tensor-virial displacement mentioned above is not orthogonal to the
trivials, and consequently the tensor-virial criterion will not in general guarantee secular instability. On the other
hand, when viscosity is the dissipative mechanism, we will see that the corresponding stability criterion involves a
functional that vanishes for the trivial displacements—in this case the trivials are harmless, but the criterion is
again inequivalent to the old tensor-virial one.

The plan of the paper is as follows. In § II we consider secular instability to radiation reaction and find that
when one admits only canonical displacements, positivity of the canonical energy E. provides the desired stability
criterion. Using this criterion, we find the remarkable result that all rotating, self-gravitating perfect fluids are
unstable or marginally unstable to gravitational radiation. It had previously been thought that instability along a
sequence of rotating stars would first set in via a bar mode, a mode having angular dependence of the form e3¢,
and that at the point of marginal stability the ratio of kinetic to potential energy 7/|W| would be about 0.14
(Ostriker and Tassoul 1969). We find, however, that models with arbitrarily slow rotation have unstable multiarm
oscillations with angular dependence ™ for sufficiently large m. On the other hand, because the time scale for
the multiarm instability is likely to be too long for these modes to be important, the m = 2 mode probably remains
the physically interesting phenomenon. In the final part of § II, we review the tensor-virial method for locating the
m = 2 instability point and show that the method will not in general imply instability.

Section III deals with secular instability to viscosity. For differentially rotating stars the notion of a viscosity-
induced instability may be empty in that the growth time of such an instability would be comparable to the time
needed to alter substantially the equilibrium configuration by viscous readjustment of its angular velocity. For
uniformly rotating stars, however, the question of viscous instability is meaningful. In this case, the canonical
energy defined in the rotating frame, E. , is a decreasing function of time and can be used to phrase a stability
criterion analogous to that introduced previously for the radiation-induced instability. Moreover, the functional
E. ;, is invariant under the gauge transformations associated with trivial displacements: as we saw in Paper I,
E. ; depends only on the physical perturbation, and one need not use canonical displacements (in fact, the criterion
can be stated in an entirely Eulerian framework). Using the criterion, we find that a necessary and sufficient con-
dition for local secular stability is that the specific entropy s decrease outward (in the direction of decreasing
pressure). This naturally generalizes the Schwarzschild criterion for local (dynamical) instability of nonrotating
stars.

In §§ II and III, no assumptions are made concerning the existence or completeness of normal modes, perturba-
tions having harmonic time dependence. It is not unlikely, however, that it will be commonly possible to decompose
an arbitrary perturbation (of a nondissipative fluid) into a sum of modes corresponding to a continuous real
spectrum of frequencies together with a discrete set of complex frequencies associated with dynamically unstable
modes. For this reason, and because a normal mode analysis provides a clearer physical description of radiation-
induced instability, we consider in § IV the application of our results to normal modes of oscillation. In particular,
we show that instability to gravitational radiation sets in along a sequence of rotating stars when a counterrotating
mode changes the sign of its pattern speed and becomes corotating; this behavior is so common in rotating systems
coupled to radiation that it leads us to identify a new class of instabilities, the rotational dragging instabilities. In
the last part of § IV, we show that normal modes with no corotating points are automatically orthogonal to the
trivial displacements and that modes having definite frequencies are orthogonal to each other (with respect to the
inner product W of Paper I).

Finally, in § V, we list a number of problems suggested by our work.

Al

II. INSTABILITY TO GRAVITATIONAL RADIATION

The question of secular stability of Newtonian stars is really the question of whether nearly Newtonian stars
are unstable in the exact framework of general relativity. In relativistic stability theory, as in the Newtonian
theory, one describes perturbations of a fluid equilibrium by means of a Lagrangian displacement. In this way one
obtains an action for the perturbation equations and (via Noether’s theorem) a conserved current J¢ associated
with the time independence of the equilibrium configuration. The canonical energy may then be defined by

E, = [ Jeds, ,
Jy

where the integral is evaluated on a spacelike hypersurface—say ¢ = #,. Now the conservation of J¢ implies that
the difference in E. from one spacelike (but asymptotically null) hypersurface ¢ = ¢, to another ¢ = ¢, in its future
is just the energy radiated to infinity between #, and #, by gravitational waves. Because this radiated energy is
positive (or zero), E. is a decreasing function of time. For nearly Newtonian stars, the functional E, is the canonical
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energy given in Paper I (1.6), and is a quadratic function of the Lagrangian displacement ¢ and its first time
derivative ¢ at a given time.!

In linearized perturbation theory, unstable nonaxisymmetric perturbations of an axisymmetric background will
grow without bound, radiating infinite energy. Stable perturbations, on the other hand, can radiate only finite
energy; and one expects that they will die away in time—that the star will radiate until it settlcs back down to an
axisymmetric configuration. Now, the functional E. depends only on the initial data (£, £) for the perturbation
at a given time. Thus if E, were positive for all initial data at a time ¢, then it would have to be positive for all
data at any later time as well (because of the time independence of the equilibrium, the functional form of E. is
independent of time); and in that case no perturbation could radiate more energy than the initial value of E,
at ¢. If, on the other hand, E, could be made negative for some initial data, then—since its value can only decrease—
it will never return to zero, and it would appear that the corresponding perturbation could not die away in time.
In other words, the functional E, would seem to govern stability to nonaxisymmetric perturbations in the following
sense:

1) If E.(€) = O for all initial data, the configuration is stable in the sense that no perturbation radiates infinite
energy

ii) If E(€) < O for some initial data, the configuration is unstable or marginally unstable: there exist nonaxisym-

metric perturbations which do not die away in time.

As stated, however, the stability criteria (i) and (ii) overlook the existence of trivial Lagrangian displacements.
That is, as we showed in Paper I, there is a class of displacements that leaves all the physical variables unchanged
but for which the canonical energy E. is nevertheless nonzero. Thus (i) is true but vacuous: one can always find
initial data for a trivial displacement that makes E, < 0. Similarly, statement (ii) is false: the fact that E, < 0
for some displacement will not in general signal an instability because a physical perturbation that dies away in
time can be described by a displacement that remains finite, evolving to a trivial for which E. < 0.

In order to regain a stability criterion, it is necessary to restrict the class of allowed displacements so that
E. # 0 will imply that the physical perturbation is itself nonvanishing. Fortunately, as we saw in Paper I (§ IV)
there is a class of canonical displacements, naturally distinguished by the structure of the theory and such that
(@) the class is dynamically invariant and (b) if ¢ and £ are two canonical displacements describing the same
physical situation, then E.(¢) = E.(£). For nonisentropic stars, in fact, the assignment of canonical Lagrangian
displacements to physical perturbations is unique; for isentropic stars, a slight freedom of choice remains but the
freedom does not affect E.. Conversely, for isentropic stars there exists a canonical displacement corresponding
to each physical displacement; but it appears that for some nonisentropic stars,? restricting consideration to
canonical displacements will be a real restriction on the allowed physical perturbations.

Explicitly, a displacement £ is canonical if it is orthogonal to all trivial displacements with respect to the inner
product W, the symplectic structure introduced in Paper I (1.39). That is,

W(¢, ) '=‘f [p&'(i + v- V) — pr'(é + v-VE)V = 0 1))

for all trivial displacements %'. For nonisentropic stars the orthogonality condition is equivalent to requiring that
the displacement ¢ preserve the vorticity of each fluid element in surfaces of constant entropy—formally, that

e“kV,SVjAgvk =0 s (2)
where the Lagrangian change in the velocity v; is
Aw, = & + V(V,é + Vi€) . 3

For isentropic stars, the class of trivials is larger and the condition is more restrictive, namely, that all components
of the vorticity be preserved for each fluid element, or

ViAgv, - VjA{v‘ = 0 . (4)

By canonical initial data, we will mean a pair of vector fields (¢, £) which satisfy equation (2), or, in the isentropic
case, (4). Because W(¢, n) is time independent when ¢ and 7 are solutions to the dynamical equation (I.15), the
time evolution of canonical initial data is a canonical displacement. In fact even in the presence of gravitational
radiation reaction, W(§, n) is conserved when either ¢ or 9 is trivial. Thus, in particular, the condition that £ be
canonical is dynamically preserved. This fact is related to the existence of an exactly conserved quantity for
relativistic fluids analogous to the Newtonian circulation in surfaces of constant entropy.

! Technically, the relativistic E, has as its Newtonian limit two terms. The first can be ldentlﬁed with the energy of grav1tat10nal
waves on flat space and involves initial data independent of the fluid perturbation; this is positive definite and so is uninteresting
from the point of view of stability theory. The second term of the relativistic functional is the Newtonian canonical energy of
Paper I (see, e.g., Friedman and Schutz 19754, Appendix I).

2 Explicitly, when Ve X Vs = 0, where s is the specific entropy and o« = VsV X v = 5,a(w%Q),, — s5,.(w?Q),=. See (1.80).
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A sufficient condition for instability may now be phrased in the following manner:
ii") If E.(€) < O for some canonical initial data (¢, &), then the configuration is unstable or marginally unstable:
there exist nonaxisymmetric perturbations which do not die away in time.
Similarly, for isentropic stars, and for nonisentropic stars in which Va x Vs s 0, a sufficient condition for
stability is:
1) If E.(€) = O for all canonical initial data, the configuration is stable in the sense that no perturbation radiates
infinite energy, and the magnitude of E. is bounded.
The apparent lack of a sufficient condition for stability, in the case where Vo x Vs = 0 somewhere in the
equilibrium star, is mitigated by the fact that (as we show below) all rotating stars are unstable in any event.

a) Generic Instability of Rotating Nonisentropic Fluids

We will first consider nonisentropic configurations, perfect fluids having equations of state of the form p =
p(p, s). We will pick canonical initial data (£, £) having angular dependence ™ (where ¢ is the angle about the
symmetric axis) and will show that E.(§) < 0 when the integer m is sufficiently large. When ¢ is complex, the
canonical energy has the form given by equation (I.45),

E($) = % [Plfl*’ — plo-VE|% + yp|V-€|% + £*-VpV. £ + £-VpV. &*

+ EEUTTp + pVV,0) - g1 V0P |av, ®
where the Eulerian change in the potential, 6®, is defined by the equation
V2380 = —4nGV-(pf) . ©®
Suppose that as initial data we choose a pair (£, ¢’) having the form given in cylindrical coordinates by
¢ = U@ e,  §= =, 2", ™

where £? = 0. The vectors ! and {* may depend on the integer m, but we will require that the magnitudes of '
and its first derivatives and of £ are bounded everywhere by some constant C independent of 7. Then the divergence
of ¢! has the form

Vg = V.l ®)

and so it too will be bounded by a constant independent of m. Now if the equilibrium fluid variables p, p, and ®
are smooth (if they have bounded second derivatives), the terms

plé?,  yp|V-E2,  E-VpV-£ 4+ £.VpV.£*,  and  EH(V,V;p + pV,V,D)
appearing in the integrand of equation (5) for E, will all be similarly bounded. The only remaining terms,
—plo-VE?  and -4% |Vs02,
are negative definite,® and thus
E < —j plo-VEP + K, ©)
where again K is independent of the angular eigenvalue m. Finally

lv.vf|2 — m2Q2I§|2 + QZ|£w|2 > m292|l|2 s
whence
E < —m2JpQZIZ|2dV + K. (10)

For m sufficiently large, E. will be negative (as long as pQ2|{|? is not everywhere zero).
A particular choice of canonical initial data of the form (7) is given by

L=fas, b= a(@0ftus), (1)

3 The quantity |V8®|? is also bounded by a constant independent of m, but the fact is not needed here.
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where fis a smooth function of =@ and z vanishing in some neighborhood of the axis (where w = 0). To see that
the data are canonical—that is, satisfy the orthogonality condition (2)—we rewrite the condition in terms of ¢* as
follows. The Lagrangian change in the velocity (3) takes the form

A, = 9y(Lie™?) + vV (Lie™?) + V(™) = [04; + imQY; + 2wQLz3,]e™? . (12)
Then

e‘ﬂ‘VistA;vk = Gﬁkaisajszk = e‘jkagsaj[(atgk + imQCk + Z'aTQCka")e""d’] . (13)
Now

eukaisaj(6£Ckeim¢) = %n' (gwazs - Zzaws)eimd’ ’

E“kaisaj(ggkelm¢) = 0
(because {, = fV,s), and

40,50, Uo8,?) = = (050 () — 2,50u(@OL)]; (14)
and the orthogonality condition becomes

0= e-i’"‘tel’"‘aisajAevk
= :—;[imé., — 20a(wQla)]0.s — }F [im¢, — 20,(wQla)]0as . (15)

For the initial data given in equation (11), the coefficients of .5 and s vanish separately, and condition (2) is
satisfied. We conclude that the pair

: 2
& = fose™?, &= e Oy(wQf Ous)e™™®

are canonical initial data for which

E(&) < —m? j Q212 + K; (16)

and since ! is itself independent of m, E.(¢) < O for all m greater than some m,,.

Some editorial comment is in order concerning this result. First, since all that has been proved is that a set of
nonaxisymmetric perturbations will not die away in time, one might ask whether a real instability is indicated.
We have little doubt that rotating fluids are in fact strictly unstable to radiation reaction, and the argument is
this. Each initial data set with angular dependence ¢™* for each E. < 0 must either (1) approach a stationary non-
axisymmetric state, implying the existence of a zero frequency mode for that value of m, (2) approach a time-
dependent but nonradiative state (whose time derivatives remain finitely large forever), or (3) radiate an infinite
amount of energy. Alternative (1) is the way instability commonly sets in in a particular mode (Friedman and
Schutz 1975a); but it is rare that a configuration has any zero-frequency mode and highly unlikely that a star
would have zero-frequency modes for all values of m greater than some m,. The second alternative would be ruled
out if one could show that any pulsation involved a nonzero density perturbation; for in that case the mth mass
multipole moment would change in time and the system would radiate. This is automatically true for isentropic
fluids because 8p vanishes only for trivial displacements. In more general fluids, the dynamical equations probably
rule out time-dependent perturbations for which 8p = 0; but if there were pulsations for which only &p and és
were nonzero, one would expect that they too would radiate, losing energy at a rate slower than that for a density
perturbation by a factor on the order of p/pc2.

One is thereby led to the third alternative, representing a strict instability in the linearized theory. In the exact
theory, one expects a perturbed rotating fluid gradually to radiate away its angular momentum, and to settle
down to a spherical, nonrotating configuration.

From a physical point of view, a more serious objection is that the time scale for energy loss due to high multipole
moment oscillations is inordinately slow. That is,

dE dm+1 2
dar ~ (dt"""l Qm) ’ an

where Q,, is the mth mass multiple moment, and it follows that the e-folding time exceeds the dynamical time by
a factor (c/v)®™*1, where v is a characteristic velocity of the perturbation.* Thus for slowly rotating stars the

4 For the ergoregion instability of a scalar field, which has many formal similarities to this one, Comins and Schutz (1978) find
that for large m the e-folding time is 7 = const. x exp (am).
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instability is unimportant. For nearly-Newtonian configurations rotating rapidly enough that high m modes could
play a role, the m = 2 mode might already be unstable, in which case it would dominate. The physical limitation
on rotation would then continue to be set by the Dedekind-like bar mode—the onset of instability along a sequence
of rotating stars would effectively not be far from the first point at which an m = 2 mode has zero frequency.
Finally, recent work by Lindblom and Detweiler (1977) on the evolution of Maclaurin spheroids in the presence
of both radiation reaction and viscosity indicates that when the viscous and radiation-reaction time scales are
comparable, the two dissipative mechanisms can damp the instability that each drives separately. This suggests
that viscosity may stabilize modes with growth times long compared to the time for viscous readjustment of the
velocity profile, and thereby eliminate the high m instability in slowly rotating stars. (Our result is mathematically
similar to an analysis of accretion disks due to Stewart 1975, but his work has several flaws: see § IIlc below.)

b) Generic Instability of Isentropic Fluids

The demonstration of a generic instability of isentropic fluids differs somewhat from that given above for stellar
models having a nonzero entropy gradient. The structure of the instability is also somewhat more restricted,
arising only in regions where the fluid velocity exceeds the speed of sound in the star. (Such regions always exist
because v, vanishes at the surface but Q, which is constant on cylinders, does not.)

Canonical displacements ¢ of isentropic stars satisfy

Aw; = &+ V(Vié + Vi€) = =Vif (18b)

for some scalar f. Specifying general canonical data (¢, ') thus amounts to picking a vector £ and a scalar f;
&' is then determined by equation (18b). The canonical energy E. may in this way be written explicitly in terms of
the unconstrained data, the quantities & and f.

It will also be convenient to assume an angular dependence ™ and to write the ¢ component of ¢ separately.

We will write
[ = Aetm® 19)

g = (ud,y + etm? (20)

where, in cylindrical coordinates, the quantities A u, and »* depend only on = and z and where »* = 0. In order
to obtain the functional E. in terms of A, p, and v, we will first find expressions for [€]2, |v-VE|%, and V- ¢. These
terms involve the gradient of the dlsplacement vector which from equation (20) has the form

or

and

v, = [imB,"’(p,Sd,‘ F ) 4 Vb, + ,L(i 8,78, — ws,.t»a,,") + v,vi]em. ‘ @1
Then from equation (18), we find
& =- [im()x‘o‘," +2Qu82 + ) + VA + w?QVu + %Qv"&f’]e‘"‘d’,
and

|€]2 = mz[;iE AN+ 2000E + Aw) + 4w?Q2up + szii'] + imQ[(% A+ 4«:;&2,;)17” - (% X+ 4wQﬁ)w

= (Vid + =2QV)it + (VX + w2QV,a)] + |VA + w2QVpu|? + 4Q2|v=|2. (22)
Equation (21) gives
PV, = [;mws; ) — wpdet + év""&df] Qeime | 23)
and we have
[v-VE|2 = QY mi(w3up + vi') + 2ima(ui® — ™) + w2ug + voi©]. 24)

The divergence of the displacement vector is

V-£&€ = (imp + V-v)em?,
and the terms in E. involving V- ¢ are

yp|V- €12 = yplmPpi + im(uV-v — gV-v) + V-V.7] (25)

© American Astronomical Society ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1978ApJ...222..281F

T D D272 D281

]

rT978A

No. 1, 1978 SECULAR INSTABILITY 287
and o

E.VpV.-& + E.VpV.-¢ = im(uv-Vp — pgv-Vp) + v-VpV-5 + - VpV.v. (26)
Finally, assembling the various expressions (22), (24), (25), and (26) according to equation (5), we find

E, = % f [mzp[# AX + 200\F + W) + 3w2Q%E + ’-’,f-’ pﬁ]

) i A
+ im{pwzﬂ[(V¢$ + =w2QV, ﬁ)v‘ - (Vt;E + =2QV; 5)6’] + yp(uV-v — gV-v) + uv-Vp — ﬁv-Vp}

+ p]V/\ + w2QVu|? + pQ2 (™™ — wiup) + ypV-vV-7

+v-VpV.7 + 7. VpV.v + v5(V,V,p + pV,V;®) — Z«lc‘; |VéD|2 (|dV . 27
The coefficient of m? appearing in this expression is minimized for fixed x when
A= —2w2Qu. (28)
The coefficient then has the value
. 202 4 YP\ - _ 2 _ 2\,
p| —=°Q +9 pit = p(v® — v)uix, (29)

where

b, = (@)1/2 _ (y_p)uz
dp P
is the speed of sound in the fluid. For a given choice of p and v, and with A given by (28), equation (27) implies
that

E. < mz% f p(vs — v)uix + mky + ks,

where k; and k, are constants independent of m. Thus, as long as the fluid velocity exceeds the speed of sound
somewhere in the star, the function u can be taken to be nonzero only where v > v,; whence, for sufficiently large m,
the functional E, will be negative.

Because the adiabatic index vy is always greater than one, v; — 0 when p — 0 at the surface of the fluid. It follows
that there is a region near the boundary of any rotating isentropic star where v > v,, and the fluid will therefore
be unstable to gravitational radiation. In § IV we will indicate how the instability in slowly rotating isentropic
and nonisentropic stars arises in the p- and g-modes of nonrotating models.

¢) Problems with the Tensor-Virial Method

An efficient technique for testing secular stability of differentially rotating stars was developed by Tassoul and
Ostriker (1968) and applied by them (Ostriker and Tassoul 1969) to numerical models constructed by Ostriker
and Bodenheimer (1968). They made the remarkable discovery that secular instability appeared to set in whenever
the ratio ¢ = T/|W| of the kinetic to potential energy of the model exceeded roughly 0.14, regardless of the rotation
law or the (polytropic) equation of state. Similar results have since been found by other investigators (e.g., Durisen
1975; Ostriker and Peebles 1973). Ostriker and Tassoul claimed that their method exactly located the point at
which secular instability sets in along a sequence of rotating stellar models. It was subsequently realized, however
(Friedman and Schutz 1975b; Hunter 1977), that the method can be exact only when the rotation is uniform, and
probably only when the density is uniform as well. One can show without much difficulty that the method locates
a model for which the canonical energy of a particular time-independent displacement ¢;' vanishes. In the absence
of trivial displacements one could still regard E.(£;) < O as a sufficient condition for instability, but unfortunately
the vector ¢ is not, in general, orthogonal to the trivials. The tensor-virial criterion will therefore not generally
guarantee instability, and a modified technique should be developed. Some work in this direction has recently
been done by Bardeen (Bardeen et al. 1977), for his thin disk models. By using a canonical displacement having
the same Eulerian change in density as the tensor-virial displacement £, he finds a value of ¢ about 15%, higher
than that provided by the tensor-virial method. This result is in agreement with the location of the first zero-
frequency m = 2 mode.

In the remainder of this section we will briefly review the tensor-virial method and show that it fails to give a
sufficient condition for instability—that the tensor-virial displacement is not canonical unless the equilibrium
model is uniformly rotating.
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In the tensor-virial method one assumes that a perturbation can be represented as a superposition of normal
modes of the form

gt — lieima)ewt (30)
with complex frequency o. The dynamical equation (I.15) then has the form
—ao?44¢ + ioBY ¢ + CLE = 0. (€2))

Multiplying equation (31) by the Cartesian coordinate x* and integrating over space gives the tensor-virial
equations

—o? f ALV + o f XBLEAV + J XCLEAV = 0. 32)

Tassoul and Ostriker now choose a displacement vector £/, whose Cartesian components are linear in the Cartesian
coordinates
§Tj = Lj:lx! ’

where L7, is a constant matrix; and they identify the m = 2 secular instability point with the first configuration
along a sequence of rotating stars for which

0 = f xkcingjdV = (f ka‘,xldV)L’;, Y (33)

where L/, has the symmetry of an m = 2 perturbation (the explicit form is given below). Now multiplying equation
(33) by L;..* gives

0= f (Lt C (L2 o)AV = (&r, Crd . (34)

Thus when equation (33) is satisfied, there are initial data, namely (¢, &) = (0, L*,;x’) for which

E(ép) = %<ér, Aé’r> + ¥, Céry =0, (35)

where we have used equation (1.49) for the canonical energy. The tensor-virial method therefore locates a point
along a sequence of rotating stars at which E,(¢7) = 0.
The general form of an m = 2 displacement vector linear in the Cartesian coordinates is given explicitly by

&% = olx + 1y), Y =ida(x +iy), &°=0,
&7 = awe® | £0 =iae®, £ =0. (36)

The condition that £, be orthogonal to the trivials is equation (18a). For the time-independent &;, we find from
(3) that

or

A, = 2i0Q(x + iy), Ay = —20Q(x + iy);
and the orthogonality requirement becomes
0= VAv, — VA, = —20wQ'(w)e™ . 37

In other words, as stated above, the displacement £, will be canonical only when the angular velocity Q is constant.

III. SECULAR INSTABILITY AGAINST VISCOSITY
a) Previous Criteria

In their fundamental paper on stellar perturbation theory, Lynden-Bell and Ostriker (1967) remarked without
proof that positivity of the operator C'; was a necessary and sufficient condition for secular stability against
viscosity. In fact, their remark is ambiguous because it does not specify in which frame C?; is to be evaluated:
their definition of C, includes the angular velocity of an arbitrary rotating frame. But it is clear from the later
work of Tassoul and Ostriker (1968) that they had the inertial frame in mind. If this were correct, then the criterion
for secular stability against viscosity would be identical to that for gravitational radiation. Unfortunately, as has
been argued by Hunter (1977), this is not the case. The Lynden-Bell-Ostriker conjecture was based on the assumption
that E. was the total energy associated with the perturbation, and must therefore decrease in time because of the
dissipative action of the perturbation. In fact, however, we shall see in § IV below that E, actually increases for
perturbations that are unstable to viscosity; the total energy may decrease with time, but that part represented by
E. does not. On the other hand, if one defines the analogous energy E. j in the rotating frame, one finds that this
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functional does decrease monotonically in time. Curiously, this fact seems to have been fully understood by early
workers on secular instability, at least for systems with a finite number of degrees of freedom. It is perfectly clear,
for example, in Lyttleton (1953, p. 23). It forms, as we shall see, the basis for the viscous stability criterion.

b) The Rotating-Frame Criterion

We confine our remarks to rigidly rotating stars with angular velocity Q; stability (to viscosity) of stars which
are differentially rotating cannot be consistently defined in our approach since we deal only with unperturbed stars
which are stationary and have purely axial velocity fields. Such stars cannot satisfy the viscous equations we use
for the perturbations, so the perturbation theory would not be consistent. It is possible to have a differentially
rotating locally stationary viscous solution if one permits small radial velocities as well: this is the case for accretion
disks. There the global energy generation problem is taken care of by boundary conditions; such systems are
outside our scope here.

If E. is the canonical energy defined in the inertial frame (as in § II), and if J. is the canonical angular momentum
in the inertial frame, defined by

T = = [ Vot b + @D, (39)
then the canonical energy defined in the rotating frame (cf. Paper I) is
Ep=E — QJ.. (39a)
Moreover, remarkably, this is also
E, = 8°F — Q&% (39b)

where 8%F and 8%J are the fotal second-order changes in the energy and angular momentum in the inertial frame.
Equation (39) shows that E. ; is gauge-invariant, but it also shows something else. Since viscosity dissipates energy
but conserves angular momentum, it causes the right-hand side of (39) to decrease in time. Therefore, as Hunter
(1977) has shown, E, p—and not E,—decreases monotonically under the action of viscosity. The argument is as
follows.

The Navier-Stokes equation is

po vt + pv-Vv! + Vip + pVI® = 2V, (ye¥) + VY(L0), (40)
where 7 and { are the viscosity coefficients and where
0=V
and
ol = H(Vi! + Vi) — g0 41

In the unperturbed star, the velocity field is shear and divergence free, and the right-hand side of equation (40)
vanishes. Denoting by F* the right-hand side of equation (40) for the perturbed configuration, we have

Fi = 8[2V,(no¥) + VH(6)] = 2V,(580") + V¥(36).

In the remainder of this section it will be helpful to change our notation slightly and use a dot to mean the time
derivative in a rotating frame:

_ f= (@ + Qo). “2)
Then from (I.11) we obtain
8 = 9 + VV,E — EVp = (9, + Q)¢ = &, “43)
and thus ) .
Ff = 29,3 + V{(9), (44)
where
0O =V.¢
and
S = JVE + ViE) - 4g0 . (43)
The linearized perturbation equations are (see (I.15))
Fi= A'22¢ + B¢ + ChE = ARtjgf + BRijéj + CL¥, (46)
where the operators Ay, By, and Cj, are defined by
AR = A ’
By = B — 2Q40,,
and

CR = C + 92A6¢2 bt QBad, . (47)
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The canonical energy in a rotating frame was defined by equation (I1.64) for solutions to equation (46) with F* = 0.
Written in terms of the operators given above, it has the form

o o E.p = IKE Azé) + KE G, (48)
and its time derivative is
d .
S Eon=<&F). (49)

Using equations (44) and (45) to express F in terms of £, we find after integration by parts that
G = [ &Fav = [~ @50 + o, (50)

a negative semidefinite expression. Thus E. j is a decreasing function of time and governs stability to viscosity in
the sense that E. governs stability to radiation. That is:
i") If E. x(¢) > O for all initial data, the configuration is stable in the sense that no perturbation dissipates infinite
energy and the magnitude of E, y, is bounded.
ii”) If Ec x(€) < O for some initial data (¢, £), then the configuration is unstable or marginally unstable in the
presence of viscosity: there exist nonaxisymmetric perturbations which do not die away in time.
We expect that uniformly rotating stars will in fact be stable against viscosity if and only if E, p is positive-definite.

¢) Local Secular Stability

Rotating stars do not have a generic secular instability to viscosity at short wavelengths. The term in E, which
caused the instability in the case of gravitational radiation, — p|(v-V)E|2, is absent in E. p (cf. eq. [51] below)
and the condition for local stability is very simple. This corrects a misimpression that seems to have arisen from
the work of Stewart (1975). He used the old (E.) criterion and found that the accretion disk was unstable to short
wavelength modes, by an analysis similar to that given in § II above, but which took no account of the need to
eliminate trivials. His result does not imply that there is any viscosity-induced instability, particularly nothing
which would lead to turbulence. Since, as we have shown, E. remains of indefinite sign even after elimination of
the trivials, one might be tempted to conclude that accretion disks at least have the gravitational radiation in-
stability, but here we have two reservations. First, gravitational radiation should be weak compared to viscosity,
and this should lead to a damping of the instability. (This might not be the case if disks had large coherent magnetic
fields, since electromagnetic radiation excites the instability in the same way as gravitational radiation.) Second,
if the accretion disk has a central rotating black hole, the criterion for instability given in § II above fails. Certain
modes can extract energy from the hole and add it to E., so the sign of dE./dt is not necessarily negative. This
case needs to be examined separately. In contrast, the local criterion for viscous stability (of rigidly rotating
fluids) is remarkably simple.

The Eulerian form of E, , derived by Howard and Siegmann (1969) (cf. Paper I, Appendix C) in fact gives us a
very convenient local stability criterion. The expression is

21 2y Lisye oy L(9P) @ 52 — L 2|,
B = [ av|olool® + @ + 1 () 2 @y — 4o 100l (51)

where y is the adiabatic index and dp/ds is the derivative of the relation p = f(s) which obtains throughout the
star by virtue of its rigid rotation. To study local stability, we set 8® = 0. For normal fluids we have y > 0 and
(9p/0s), < 0. Then, since initial perturbations in p and s may be chosen independently, the stability of the star
depends on the sign of dp/ds: A rigidly rotating star is locally secularly stable against viscosity if and only if s increases
outward (i.e., in the direction of decreasing p). This is just the generalized Schwarzschild criterion.

d) A Gauge Condition for Viscosity

As we have said, the viscous stability criterion is gauge-invariant, so nothing more needs to be said if we are
only interested in stability. It is interesting, however, that there exists a conserved gauge condition for viscous
perturbations, one which will guarantee orthogonality of the perturbation to the trivials. This may be useful in
studies of the detailed nature of the structure of unstable perturbations.

( The gauge condition used in § II above was based on the symplectic inner product W(z, £) introduced in Paper I
1.39):

W, §) = J (14408 + 3B',&) — §(A' 00" + §B'm))ldV . (52)
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In order to adapt it to the viscous case, we first observe that ¥ has the same form in a rotating frame. That is,
from equations (47) and (52) it follows that

A'0,87 + 3BLE = A€ + 3BE . (53)
We shall rewrite F*, defining a symmetric operator F*; by
F ¢ = F ‘:Ig.j ’

with F* given in terms of ¢ by equations (44) and (45). It is then straightforward to show that if both £ and 7
satisfy the dynamical equation (46), the time derivative of W is given by

d .
IWa, 0 = [ @pd - &Py . (54
If 7 is a trivial perturbation, then %' = 0, and we have
d
2| wen o - [nrgar] =0, 9

Thus, although there is apparently no conserved inner product between two general solutions of (46), there is one
between an arbitrary solution ¢ and a trivial one 7:

W, & = Wor, & — | nFgiav. (56)

(Notice that this, too, is frame-invariant, since the second term involves no time derivatives.) One can therefore
use a conserved gauge condition: ¢ will be called a physical displacement if, for all trivial 7,

W, 6 =0.
The complex version of this (for use with normal modes) is, since F is symmetric, simply
W, & = W, & = [ nFigiav. 57)
The condition this sets on ¢ is
e”"V,sV,[Agvk - %F,,,.f'] —0. (58)

IV. SECULAR STABILITY OF NORMAL MODES
a) Basic Equations

Because much analysis of stability is carried out by searching for normal modes, and since in many ways the
results of §§ II and III above are more easily exhibited for normal modes, we feel it is worthwhile to devote some
space to a discussion of the subject.

By a normal mode of oscillation of a nondissipative axisymmetric equilibrium, we mean a solution of the
form

&= él(,w., 2)elmo +ab
AL02¢ + BLo, ¢ + CLE = 0. 59

We found in Paper I (egs. [I.50]-[I1.51]) that the conserved canonical energy and angular momentum of such a
mode have the forms

to the equation

and E, = o[(Re o)¢, AE) — ¥K§, iBEY] = o[(Re o)X§, p&d — <&, ipv-VE], (60)
J. = —m[(Re oX§, 4£) — K&, iBE] = —m[(Re o)(§, p&) — <&, ipp-VE]. (61)

When the frequency o is real, we have
Ef]. = w,, (62)
where w, = —o/m is the pattern speed of the mode, the angular velocity of surfaces of constant phase. (When ¢

is complex, E. and J, vanish.)
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It will be useful for the discussion in § IVh below to obtain an inequality satisfied by the canonical angular
momentum J.. From equation (61), when o is real,

e _ [ ipv-vo] ,
&b ’”[ ) (63)
Now

v- V¢ = Q[imfi + %waso‘ - ‘w'fd’sw'] s (64)
and

_ipfi*v.Vgi —_ PQ[mI{.’P + i(f* % g)z] . (65)

From a Schwartz inequality

[(¢* x 8] < €2,

and we have
pQ|€1%(m — 1) < —ipé&*v-VE < pQ€2(m + 1). (66)
Thus, defining
g — & pQ6)
Q= 67
ED (7
we obtain from equations (63) and (66) the inequality
= Q J. =~ Q
2 — 2 — 2.
’"(“"’ ¢- )—<£,pf>s”‘( Q*m) (68)

If o is complex, so that E. = J. = 0, one finds in a similar way
= 1 = 1
Q(l + ﬁ) > Re(w,) > Q(l - E) .
When dissipation is present, the perturbation equations have the form

A28 + B9 + CHE = F, (69)

where F' represents either the radiation reaction force or that due to viscosity. The canonical energy and angular
momentum will no longer be conserved, their time dependence being given by the equations

d

B =Re (04, F) (70)
and '
d
Z—Jc = —Re<(0,¢, F) . (1)
t
If there are solutions to (69) having harmonic time dependence, then equations (70) and (71) imply
(dE./dt) _
(dJ./dt) —

where now the quantity w, may be complex. In other words, for normal modes in the dissipative case, E, and J,.
are locked together in a way analogous to that given by equation (62) for a conservative flow.

b) Gravitational Radiation Instability of Normal Modes

Because dE./dt < 0 for any radiative solution to the perturbation equations including radiation reaction (or
to the relativistic equations), no radiative oscillation which has harmonic time dependence and which is coupled
to the radiation field can have purely real frequency. Instability in such a mode must therefore set in when its
frequency vanishes (Friedman and Schutz 1975a), and one expects that any mode having m > 2 will in fact be
radiative. The mode will be stable when E, > 0 and strictly unstable when E, < 0.

Now consider the onset of instability in some mode along a sequence of models that begins with a nonrotating
star and along which some measure of the rotation increases. We assume that the mode and its characteristic
frequency vary smoothly along the sequence and that in each model the angular velocity Q is everywhere positive.
The discussion will refer to a nondissipative Newtonian mode that approximates the exact radiative mode. For
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any m > 0 the normal modes divide naturally in two classes, corotating (w, > 0) and counterrotating (w, < 0).
When the rotation is small, equation (68) implies that (for modes whose frequencies remain finite as Q — 0)
corotating modes will have J. > 0 while counterrotating modes will have J. < 0. Thus by equation (62), both
classes will have positive canonical energy and will be stable.

At the onset of instability in a mode, because its frequency vanishes, the inequality (68) implies that J. is negative
—in fact, that J. < 0 in a neighborhood of the marginally stable model. Prior to this point of instability, E, is
positive, and beyond the point E. is negative; therefore, again by equation (62), the pattern speed w, changes
direction at the point of instability. The mode is counterrotating when stable and begins corotating when it becomes
unstable. The unstable mode thus has J, < 0 but w, > 0.

This is the generic behavior of a large class of instabilities, because only two physical conditions are required to
make it occur: coupling to some radiation field (which makes E. < 0) and the existence of a background rotation
which introduces a bias in the eigenfrequencies (counterrotating modes rotating slower than corotating ones).
We call this class the rotational dragging instabilities.

We can now construct a rough picture of the generic instability in rotating stars. Since it exists for arbitrarily
slow rotation, we can classify the modes as p- and g-modes by analogy with the nonrotating star (cf. Ledoux and
Walraven 1958, § 79). The p-modes are acoustic modes, and for large m (short wavelength) they are like sound
waves. The g-modes are convective modes, dominated by entropy changes rather than density changes, and for
short wavelength they approach zero frequency in a nonrotating star. They are absent (i.e., all zero-frequency
and, in our terminology, part of the trivials) in an isentropic star. This explains why the speed of sound arises in
the stability criterion of the isentropic star: the only modes are p-modes, and for high m they travel at the speed
of sound. They will go unstable if they are dragged supersonically by the rotation. The non-isentropic star, on the
other hand, will have an instability not only in its p-modes but also in its g-modes. This is because the g-modes,
approaching zero frequency for high m, are even easier to drag in the reverse direction than the p-modes. We can
thus understand why the non-isentropic star is unstable for any trial function for sufficiently high m. However,
we can probably safely conjecture that the p-modes of the nonisentropic stars are the important ones for instability,

since they typically involve larger density changes than the g-modes do, and so will radiate gravitational waves
more effectively.

¢) Viscosity-induced Instability of Normal Modes

A brief discussion of normal modes in the presence of viscosity enables one to see more clearly why the canonical
energy of the nonrotating frame is an inappropriate functional for viscous instability. We will make use of the
angular momentum inequality (68) in which now Q = Q because we deal only with uniformly rotating stars.

For a normal mode, the viscous force F! of equation (44) has the form

F' = i(c + mQ)[2V,(nZ¥) + Vi({Z)] (72)
and

e _ _Re{o*(o + MO, 2E,) + (5, (] 3

For real frequency modes (modes stable in the absence of viscosity), we therefore find that

sign ("Zf) — sign [wy(@ — wp)], (74)

and thus dE./dt has no definite sign.

We now construct an argument like the previous one for gravitational radiation. For small Q (and for w, not
limiting to 0), both counterrotating and corotating modes have E. > 0 and dE./dt < 0, so both are stable. The
mode that went unstable to gravitational radiation remains stable to viscosity, because although E, changes sign,
so does w, and hence by equation (73), dE./dt changes sign as well. In other words, the magnitude of E. remains
a decreasing function of time. On the other hand, it may happen that (as in the Maclaurin sequence) Q increases
along the sequence faster than the pattern speed of some corotating mode. When they become equal, the sign of
dE./dt changes (while that of E, remains the same) and the mode goes unstable. Thus for the unstable mode,
viscosity has the effect of making an already positive canonical energy E,. increase in time. Similarly, although
viscosity preserves the real angular momentum of the star, it causes the canonical angular momentum J, to increase
for an unstable star.®

It is evident from this discussion that the sign of E. is irrelevant to the question of viscosity-induced instability.

5 This may seem puzzling in view of the fact that one can represent a perturbation at any time by canonical data for which J,
is equal to the second order change in the system’s angular momentum. As was pointed out in § IVb above, however, the time
evolution in the presence of viscosity of canonical initial data will not be a canonical displacement; thus J, will not remain the
physical angular momentum of the perturbation.
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d) Orthogonality Properties of Normal Modes

We will show that smooth normal modes of the nondissipation system are in general canonical: orthogonal to
the trivials with respect to the inner product W. The only possible exceptions are in cases where VQ vanishes at
corotation points of the mode. In addition, we will see that normal modes with different frequencies are orthogonal
to each other in W.

The second statement is the simplest. If

& =46 exp [i(m¢ + o,2)] and & =4 exp [i(m¢ + oat)]

are normal modes, their inner product with respect to W is given by (see [1] or [I.39])

Wik, &) = j PLES*(@kn; + 0-VEs) — E7(O6L* + 0-VELHAV

= f plé7*(ioy + imQ + U'V)ézj - 527("1.0'1* — imQ + ”'V)éu*] exp [i(op — o1®)t]dV . (75)
But W is independent of time, whence W = 0 unless o;,* = o, B
In a similar way, we show that a twice-differentiable normal mode ¢ = &(w, z)el™+ js orthogonal to all

trivials except if o is real and the mode has a corotation point (w, = Q) where |VQ| = 0. Any trivial 5 can be
written as (cf. [[.22])
py’ = MV, f,

where f = f(w, z, § — Qt). For fto have the correct angular dependence it must be expressible as

1 = fw, yemo=an,

where of course Q may be a function of w and z. For a trivial, two integrations by parts of equation (1) give (1.67):

W(f, ,7) - — f f(,w., Z)eim(cﬁ—nt)eijkvjsvk{[i(o.* + mQ) éi* + imQSi‘”é ¢* _ Ul(szs* + Vif,*)]e""""}e"""dV,

= f g(w, Z)e= 0" +mdtgy (76)

This equation defines g(w, z). Since W is again time-independent, it must vanish if ¢ is complex. If o is real, then
we integrate:

j TT Wdt = 2WT, 7
an expression which diverges as T— oo unless W = 0. On the other hand,
| TT | st De=rormravar = | g(ar, 2 | TT et nggy (78)
and for large times
f " gy % 2nd(o + mQY). (19)
-7

The argument of the & function vanishes except on surfaces of corotation, S,, satisfying Q(w, z) = w,. We have

f g(w, )3(mQ + o)V = > L m ds

=1 g
=2, W (80)

where n, is the unit normal to the surface S,. Thus the limiting value of the integral in equation (77) is well defined
if at corotation points VQ # 0.

The fact that normal modes are usually canonical should not be surprising. Trivials are generated by functions
of ¢ — Q(w, z)t, so they have a continuous spectrum of pattern speeds spanning the range of Q in the star. A
mode with a pattern speed outside this range—that is, having no corotation point—can obviously contain no
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trivial part. If [VQ| # O everywhere (the usual case for differential rotation), then no trivial defined on an open
set in = and z can have a single pattern speed and so cannot be part of even a normal mode whose pattern speed
allows a corotation point. The exception here is a normal mode which is not twice-differentiable. This may be
important: the work of Hunter (1969) and Bardeen (1975) on perturbations of rotating disks shows that, at least
under certain conditions, a real-frequency eigenfunction ¢(w, z) will have discontinuous first derivatives at a
corotation point. (Such discontinuities are well known in hydrodynamics; see, for example, Rayleigh 1945 and
Chandrasekhar 1961.) This means that g(w, z) in (76) may contain 8-functions at corotation, picking out a finite
piece of W(¢, ) which is explicitly time-independent, and showing that the eigenfunction might contain a trivial
piece. It should still be possible, however, to add a trivial also having discontinuous first derivatives at corotation
to t(lime eigenfunction to produce one for which W(¢, 1) vanished for all 5. This would then be a purely canonical
mode.

Similar remarks apply to the rigidly rotating star, where |VQ| = 0 everywhere. In this case all trivials have
pattern speed (, so a mode with the same pattern speed can contain an arbitrary trivial part. Again, the results
of Paper I encourage us to believe that it will usually be possible to find a canonical mode with the same eigen-
frequency.

In this way one expects to be able to construct a full set of canonical eigenmodes with discrete frequencies.
One would hope that this set plus the trivials would usually form a complete set of eigenmodes for the solutions
of the dynamical equation, (I.15). The remarkable thing, which seems not to have been appreciated before, is that
most of the eigenmodes will automatically satisfy the additional equation.

eV, sV A, = 0.

V. QUESTIONS FOR THE FUTURE

Because the work reported here substantially revises previous notions of secular stability, it suggests a number
of new questions that ought to be answered. We will list some of these here.

1. When the quantity Va x Vs = 0 somewhere in a star, the canonical displacements apparently do not
describe all physical perturbations. How does one phrase a sufficient condition for stability in this case? A related
problem is that the definition of a canonical displacement is vacuous if Vo x Vs vanishes in some three-dimensional
region of a star. Can this occur, and, if it can, is there some further condition that can be imposed ?

2. It is unclear from the form of the canonical energy E, that its minimum value for (normalized) canonical
initial data (¢, ) can be found by restricting oneself to time-independent trial functions (data with £ = 0). On the
other hand, if one assumes that instability sets in via a discrete normal mode, the data marking the point of marginal
stability will be time independent because those data give rise to a zero-frequency mode. Is there an argument
independent of normal mode assumptions that would allow one to dispense with time-dependent trial functions ?

3. What is the time scale of the generic gravitational radiation instability in isentropic stars? (The estimate
given in § II above is probably rougher than order of magnitude.)

4. There is generally a unique correspondence between canonical displacements and physical perturbations:

(¢, &) <> (3p, 8p, 80", 8s) .

It is therefore in principle possible to express the functional E, that governs secular stability to gravitational
radiation in terms of Eulerian perturbations. What is the expression, and is there a natural way to derive it that
uses only the Eulerian changes in the fluid variables ?

5. In the Maclaurin spheroids, the secular instabilities to viscosity and to radiation reaction for m = 2 set in
at the same point. It seems clear that this is a coincidence: is it false for the analogous m = 2 modes of uniformly
rotating compressible models and does it hold true for modes with m > 2 in Maclaurin?

6. The key term in E, responsible for the generic instability of rotating stars to radiation is [ ( —p|v- V£|?)dV.
That term is not present in the functional E. ; which governs stability against viscosity, and one consequently
expects that dynamically stable models in slow uniform rotation will be stable in the presence of viscosity. Is
this true?

7. We have presented arguments that our conditions for secular instability are sufficient for strict instability—
that they imply more than the existence of a marginally stable deformation. Can one construct a rigorous proof,
perhaps along the lines of Laval, Mercier, and Pellat (1965)?

8. The coupling to electromagnetic radiation that results from strong magnetic fields is commonly more im-
portant than the coupling to gravitational radiation, and it should induce the same kind of instabilities, including
the generic instability. In what stars are they important?

9. We have excluded differentially rotating stars from our discussion of viscosity, but it might be possible to
phrase a consistent secular stability criterion under two circumstances: if the unperturbed star were locally
stationary because it had radial flow, and if viscosity would drive instabilities on a faster time scale than it would
cause redistribution of angular momentum in the unperturbed star. What are the relevant criteria ?

10. We have treated viscosity and gravitational radiation separately, but in the real world they are usually both
present. Moreover, they tend to stabilize each other (Lindblom and Detweiler 1977). Is it possible to find a single
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criterion for secular instability which includes both effects ? We are not convinced this is possible; one may always

simply have to use a normal-mode calculation.
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Howard, R. Sorkin, and S. Teukolsky. B. F. S. thanks the Royal Society of London and University College, Cardiff
for travel grants, and Cornell University for its hospitality while this work was in progress.
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