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ABSTRACT: Recently, an asymptotic Bethe Ansatz that is claimed to describe anomalous
dimensions of “long” operators in the planar A/ = 6 supersymmetric three-dimensional
Chern-Simons-matter theory dual to quantum superstrings in AdS, x CP? was proposed.
It initially passed a few consistency checks but subsequent direct comparison to one-loop
string-theory computations created some controversy. Here we suggest a resolution by
pointing out that, contrary to the initial assumption based on the algebraic curve consid-
erations, the central interpolating function h(\) entering the BMN or magnon dispersion
relation receives a non-zero one-loop correction in the natural string-theory computational
scheme. We consider a basic example which has already played a key role in the AdSs x S®
case: a rigid circular string stretched in both AdS, and along an S of CP? and carrying
two spins. Computing the leading one-loop quantum correction to its energy allows us
to fix the constant one-loop term in h(A) and also to suggest how one may establish a
correspondence with the Bethe Ansatz proposal, including the non-trivial one-loop phase
factor. We discuss some problems which remain in trying to match a part of world-sheet
contributions (sensitive to compactness of the worldsheet space-like direction) and their
Bethe Ansatz counterparts.
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1. Introduction

The duality [fl] between planar N = 6 supersymmetric three-dimensional Chern-Simons-
matter theory and free type ITA superstring theory in AdSy x CP3 (AdS/CFTj3 for short)
has attracted much attention recently. This is for a good reason, as both the perturbative
gauge theory and the dual free string theory appear to be integrable (as was partially
verified at two-loop level in gauge theory — namely in the scalar sector [P (see also [B])
— and at the classical level in string theory [, [f]). If so, this correspondence may be
providing us with a second example of integrable gauge-string duality, in addition to the
by now well understood canonical one relating the N’ = 4 super-Yang-Mills theory (SYM)
and the AdS;xS° superstring (or AdS/CFTy).

Being less than maximally supersymmetric, this new duality is useful as it reveals var-
ious seemingly obvious assumptions that were made (and eventually shown to be correct in

the maximally supersymmetric context) in the construction of the solution for the spectrum



of AdS/CFT, based on the Bethe Ansatz (see [ and references therein). Bearing in mind
possible future studies of less supersymmetric dualities in both three and four dimensions
this is an important step forward.

One crucial change compared to the AdS/CFT} case is that now the BMN or magnon
dispersion relation is no longer protected and receives nontrivial corrections both in the
weak and strong coupling expansions [[] -] (see also [[(—-[IZ]). For example, the dispersion
relation for the “lighter” magnon and its BMN limit are given by

2

1 1
e(p) = 5\/1 + 16h2(\) sin? g — 5\/1 + 167T2h2()\)% , (1.1)

with p = # in the BMN limit and where

AN < 1) = A1+ e 2+ e\t + -], h(A>1) = \/§+a1+2+--- . (1.2)
2 VA

Incorporating this new interpolating function, the authors of [I(J] made a remarkable pro-
posal for the corresponding Bethe Ansatz which has (somewhat surprisingly at first sight)
essentially the same structure as in the AdS/CFT, case. It was suggested in [[L0] that
the leading strong coupling (one-loop in the world sheet theory) correction to h(A) should
vanish, i.e. a; = 0; this was apparently confirmed in [[J] where the fluctuation spectrum
near the giant magnon solution was computed using the algebraic curve technique [[4-[L§]
(the conjecture also passed a few other consistency checks see [L1, [[7]).

However, the subsequent direct string theory computations [[§—P(] of the one-loop
correction to the universal scaling function, i.e. the coefficient of the In .S term in the folded
spinning string energy [R1, 7, led to the result that was different from the Bethe Ansatz
prediction of [I]] based on the assumption that a; = 0.

It was suggested in [P that this disagreement was due to different regularizations
used, or rather to different ways of combining fluctuation frequencies in the calculation
of the one-loop correction to the string energy. The proposed prescription, argued to be
intrinsic to the algebraic curve description of the classical string solutions in the Bethe
Ansatz context, favored the a; = 0 choice.

While the string theory sigma model is manifestly one-loop finite in the ultraviolet,
separate terms in one-loop corrections contain logarithmic divergences. Hence results ob-
tained by regularizing separate terms in different ways, e.g. using different cutoffs, may
differ by finite terms (for an example, see 2J]). On general grounds, however, in the string
theory calculation one should regularize the world-sheet action or the path integral; any
acceptable regularization should be independent of the fine structure of the spectrum of
fluctuations around a specific solution! and should preserve the basic (global and local)
symmetries of the theory. Within the class of acceptable world-sheet regularizations all
choices should be equivalent.

Our aim here will be to provide a resolution to the apparent contradiction between
the world-sheet [[l§-R(] and the Bethe Ansatz [0, R] calculations while staying within a

deally, the classical solution should be constructed in the presence of the regulator.



natural and consistent world-sheet regularization scheme. We will be led to the conclusion
that, in this context, the coefficient a; in equation ([L.4) has a non-zero value

_ln2

@ = 2

(1.3)
Using this value in the Bethe Ansatz prescription of [[[(] restores the agreement between
the string theory result and the Bethe Ansatz result for the one-loop term in the universal
scaling function. A non-zero value for the constant term a; may be accounted for by
a redefinition of the 't Hooft coupling?, suggesting that the world-sheet and the Bethe
Ansatz calculations effectively employ different regularization schemes. While anomalous
dimensions at renormalization group fixed points are scheme-independent, for conformal
field theories parameterized by free parameters the scheme dependence may, in fact, arise
as the freedom of redefining these parameters. Such may be the case here, in contrast with
the world-sheet theory in AdS5xS® where no such redefinitions appear to be necessary.

A possible way of avoiding such an ambiguity is to define the coupling constant of
the theory in terms of an observable, e.g. a particular anomalous dimension. Perhaps a
natural choice for such an observable is the universal scaling function f(\). Eliminating the
't Hooft coupling in favor of f effectively removes all scheme ambiguities related to coupling
constant redefinitions. Such a proposal was put forward in QCD [Rf] to systematically
account for the scheme dependence in the running of the coupling constant. Since at
weak coupling f(g(A)) ~ A, the resulting expressions are necessarily analytic in f. This
analyticity property holds also (despite a different dependence on the 't Hooft coupling)
for the gauge theory dual of the world-sheet theory in AdS, x CP3.

It is worth noting that in the all-loop Bethe Ansatz proposal of [[L(] the 't Hooft
coupling appears only through the function h(\) and consequently if we express all other
anomalous dimensions in terms of the scaling function f(h(\)) any trace of the function
h will be removed, demonstrating that it is unphysical. However, this is only true for the
Bethe Ansatz of [[I]]; for the perturbative calculation in the gauge or string theory we
must work with A and thus need the explicit weak or strong coupling expansion of A(\) in
whatever regularization scheme we choose to work in.

In addition, below we will be able to provide a non-trivial test of the proposal of [[(] by
directly computing the one-loop correction to the energy of the circular (S, J) string [b4, 27,
P9 from the AdSy x CP? string theory action and then trying to match the result with the
prediction of the Bethe Ansatz of [I(]. We will find that the two answers are remarkably
similar, indicating that the Bethe Ansatz proposal of [I(] may indeed be correct at strong
coupling. However, few issues remain, warranting a further more systematic study on the
Bethe Ansatz side.

The computation of the one-loop correction P§-B{ to the energy of the simplest
rigid circular (S,J) string in AdS5xS® played a key role in discovering the presence of
the one-loop term [R9, BJ] in the phase in the strong-coupling (or “string”) form of the

2Here we consider the coupling as it appears on the string worldsheet and thus have in mind redefinition
\& = \% — a1§ 4+ .... It is not a priori clear that such a redefinition will be consistent with
a similar weak coupling redefinition of the form X = XA+ ci A2 +....

of the form



Bethe Ansatz [B3]. Our plan here will be to follow the same logic as in [R§, RY], i.e. carry
out the analogous computation in the AdSs x CP? case and then compare to the Bethe
Ansatz prediction.

For later use let us define the rescaled coupling constant, A, in terms of the 't Hooft

3

coupling, A\ (equal to kﬂcs’ where k¢ is the level of the Chern-Simons action), ® as well as

the function h as

A =212\, h(\) = 2rh()) . (1.4)

The role of X is to emphasize the close analogy between the AdSs and the AdS, string-
theory expressions.
Let us first recall the story in the AdSsxS® case. The (S, .J) string solution of [R7| has
a spiral-like shape, with projection to AdSs being a constant radius circle (with winding
number k), and projection to S® — a big circle (with winding number m). The correspond-
ing spins are, respectively, S and J with the Virasoro condition implying that u = % = -7
The classical string energy has the following expansion in large semiclassical parameters S
: S 3 _ _ S _J A
and J with fixed k and fixed u = § 7, B (Eo = VAE(S, T k), S = 5, T =, A
is the string tension)
E S+J+A ( lc)+A2 ( k)+A3 (u, k) + (1.5)
= —e1(u —e3(u —e5(u e .
0 J 1\, 73 3\, Ve 5\, )
where e; = k—;u(l +u), ez = —%u(l +u)(1+3u+u?), es = ]f—zu(l +u) (14 Tu+ 13u® +
7u® + u?), etc. In the limit when v — 0 or S < J this takes the familiar BMN form

k2 9
Ey=J+ 1+?S +0(59) . (1.6)

Computing the one-loop correction Fy = &(S,J, k) to the energy gives g, P9

2 5/2
Bi= B B, = o+ gk B =2 k) (1)
The absence of the % and % terms here implies the non-renormalization of the BMN-type
part of the classical energy ([[.6) which is consistent with the non-renormalization of the
BMN dispersion relation in the AdS5xS° case. This also suggests that the two leading %
and % terms are protected and their coefficients should directly match the corresponding
one-loop and two-loop perturbative gauge theory results.
Indeed, the coefficient go of the “even” % term? in ([L.7) can be reproduced as a leading
1 (finite spin chain length) correction from the one-loop Bethe Ansatz in the sl(2) sector
of the N’ = 4 SYM theory [Bf]. An extension to higher orders was discussed in [B1]]. The
same should apply to the coefficient of the other analytic even ?—Z term — i.e. it should
match the two-loop gauge theory result.

3Since we are interested in the strict ‘t Hooft limit when N — 00, kes — 00 with A being fixed we can
treat A\ as a continuous parameter.
“Its value is g2 = —$ M7 + 32 [nv/n2 +4M? —n® — 2M7], M?* = k*u(1 +u).



\5/2
55
in (7 (with g5 = £u®(1+u)?) implies that a similar 45 term in the classical energy ([C3)
is not protected so that its coeflicient cannot be directly compared to three-loop result

At the same time, the presence of the non-analytic in A and “odd” in % term

on the gauge theory side. This resolves the infamous “three-loop disagreement” [4] and
implies [29] that the corresponding “string” Bethe Ansatz [B3] should be modified to contain
a non-trivial one-loop correction to the phase.’

The circular (S,.J) string solution in AdS; x CP? is essentially the same as that in
AdS5xS®, with the classical energy having again the form ([L5) (modulo some numerical
factors due to the different definition of string tension). However, as we shall find below, the
expression for the one-loop correction is drastically changed: the expansion of £ in (.3
starts already with % and % terms. This implies that the corresponding leading terms in
the classical energy ([[.J) are no longer protected.® Indeed, considering the S < J limit,
i.e. comparing to equation ([.f), these odd one-loop corrections can be unambiguously
interpreted as a one-loop renormalization of the coefficient of the f}—i term under the square
root in the BMN dispersion relation ([[.f), leading to the value of the one-loop shift in h()\)

given in ([.3) (cf. equations (1)), ([G)).

Several of the 715 terms can similarly be interpreted as arising from the one-loop shift
in 2(\); the remaining term happens to be essentially the same as in AdS5xS?® case, which
is in perfect agreement with the Bethe Ansatz proposal of [L(] where the S-matrix dress-
ing phase has the same form as in the AdS/CFT, case (up to the replacement of VA by
2h(N) = 4mh(N)).

The even % and ﬁ terms do not appear to be the same as in the AdS5xS® case,
but can be formally related to their AdSsxS® counterparts by restricting the sum over
mode numbers to odd integers and making some re-identification of parameters. While the
results of our computation appear to be in agreement with the general structure of the
Bethe Ansatz of [[LJ] with h()) given by ([.2), ([L.J) there are still remaining subtle issues
related to % terms which require further clarification.

The rest of this paper is organized as follows. In section 2 we discuss, following closely
the model of AdS5xS° 7, BJ], the structure of the classical circular string solution in
AdS, x CP3. 1In section 3 we present the spectrum of quadratic fluctuations near this
solution derived directly from the Green-Schwarz superstring action. In section 4 we sum
up these frequencies to derive the one-loop correction to the string energy. We then compare
it to the similar expression in the AdS5xS® case, determining in the process the one-loop
term in the A(\) function and discussing correspondence with the Bethe Ansatz result
implied by the proposal of [[(]. Some computational details and special cases are collected
in five appendices.

®The one-loop term in the S-matrix dressing phase can be completely determined by including higher
order terms in the expansion of Ej [E]

5This is of course not surprising given that the leading gauge-theory correction here is the two-loop
one [EL i.e. proportional to A2, while the leading term in the classical string energy still scales as \.



2. The circular rotating string in AdS, x CP?

As was recently pointed out [[I]], the closed superstring (type ITA) background which de-
scribes holographically the U(N) x U(N) N = 6 Chern-Simons theory at levels (kcs, —kes)
is (we follow the notation of [[I§]))

5 = T (1, + 102,0) = B
Fy = kes Jops Fy = gRBVOlAd&; (2.1)
Here
d/sids4 = —cosh? p dt? 4 dp* + sinh? p (d92 + sin” 0d¢?) | (2.2)

dsges =dGi+sin’ G [d<22 +cos? ¢y (dry +sin® Gy (dra+sin? Cadrs))”

+sin? ¢y (d(§+cos2 (o (d72+sin2 §3d7'3)2+sin2 (3 cos? C3d7'§>] . (2.3)

The radii of curvature of the AdS, and of CP? factors are

3
Riq4s = L R?

4]§ 5 (CIPS - 4R12XdS . (24)
CS

At the world-sheet tree level, the relation between the radius of curvature and the gauge
theory 't Hooft coupling arises from simply matching the charges of the supergravity soli-
ton describing the relevant stack of branes, and to leading order in the strong coupling
expansion one finds []

R =V . (2.5)

Due to the non-maximal supersymmetry of the space this relation may, in principle, receive
world-sheet quantum corrections (see footnote [§ below).” We have used here the notation
A introduced in (.4) to maintain a formal similarity with string theory in AdSsxS®, where
the radius of the space is the 't Hooft coupling of the dual gauge theory.

While not entering in the interactions of the world-sheet bosons, the flux fields govern
the interactions of the bosons and the Green-Schwarz fermions. In that context, their tan-
gent space components are relevant. For the field strengths in (R.])) these components read

k2 k2
(F2);w = 2@«]];“/ ; (F4)abcd = 6ﬁ€abcd 5 (26)
or
€ (F2);w = J,u,uy € (F4)abcd = €abed - (27)
Raas Raas

"We shall ignore this possibility here. One way to determine if this relation is modified would be to
study possible renormalization of 3-point functions of chiral primary operators both on the gauge theory
and string theory sides.



An important property of AdS,; x CP? space, largely similar to that of AdSsxS® space, is
that all relevant tangent space tensors are constant. Indeed, here J and e are numerical
tensors with entries +1 and 0. They are, respectively, the entries of the Kéahler form and
of the volume form on unit CP? and AdS,.

All classical spinning string solutions with sufficiently few charges are common between
string theory in AdSsxS® and AdS, x CP3, since AdSs C AdSs and, up to a change of
radius, a single isometry direction looks the same in S° and CP? (for a discussion of related
classical string solutions which excite more fields in CP? see [B7). Like the spinning folded
string, the circular rotating string is also in this class of common solutions. They, in fact,
excite the same fields, which makes them ideal to identify potential conceptual differences
between strings in AdSsxS® and AdS, x CP3.

The world-sheet action is

S = SAdS4 + S@Paa

2 2
= Rf;s/ dr do \/gg™ <Gﬁ388aX“5bX”+4G§f36aXN8bX”) ‘ (2.8)
0

We express the string tension T' = % in terms of the radius of the AdS space as in the
AdS5 xS case.® We will be using the conformal gauge and thus take the worldsheet metric
to be flat, gop = Map-

All conserved quantities derived from this action are related to the corresponding
charge densities by factors of the string tension:

(B, S, J)=VXE S, J) , (2.9)

where (£, S, J) are given in terms of the momenta conjugate to isometry directions from
the Lagrangian

L= %nab (GASa. X9 X7 + 4G 0, X719, X7) (2.10)
The rotating string solution we are interested in lies in an AdS3xS! subspace of AdSy x CP3.
The choice of the circle S' ¢ CP? should be such that it corresponds to the BMN vacuum
state chosen on the gauge theory side, i.e. a gauge-invariant combination Tr(Y1Y4T)J of the
scalar field bilinear Y'Y, [, ]

It is useful to discuss in more detail how the CP? coordinates in (:3) are related to
the scalar fields of the dual gauge theory of [[]. It is natural to start with the form of
the metric written in projective coordinates (see e.g. [B4]). Given an eight-dimensional flat
space ds? = dZ*dZ 4 with complex coordinates Z4 with A = 1,2, 3,4, restricting to the

8 This relation may, in fact, receive quantum corrections. Indeed, since the AdSs x CP? geometry is not
maximally supersymmetric, it may be corrected at the world-sheet quantum level. Type ITA supergravity
action is known to receive higher derivative corrections; modifications of the classical geometry arise from
requiring that the geometry solves the modified equations of motion. Such higher derivative corrections,
however, first arise at order O(a’®), i.e. they would be suppressed by an additional factor of A73/2. They
are thus of too high an order to be relevant to the one-loop calculation we will be interested in here.



7-sphere Y ,|Z4|? = 1, choosing Z* = ¢'™|Z%| and then introducing ™ = Z™/Z* with
m = 1,2, 3 one ends up with the S7 metric written as a circle fibration over CP?. Rewriting
E™ in terms of its norm and a unit vector u™ as £™ = tan (; v one may then repeat this
construction recursively.

The isometric directions of the resulting metric denoted by 7123 correspond to the
phases of the analogs of Z* at each step of the recursion, i.e. Z* = ei™|Z%|, Z3 =
et(T3+74) |Z3|, 72 — pi(r2+73+74) |Z2|, 71 — pi(ri+T2+73+74) |Z1|
To identify the spinor representation of the SO(6) C SO(8) R-symmetry of the gauge theory
(the scalars Y4 are transforming as a spinor) let us define a new set of angles

1
TI=P2—Q1, To=Q3—2, T3=P2+pP1, Ta=T0+p1, pa=—=(p1+pa+eps) (2.11)

2
getting
71 _ ei[70+%(+¢3+¢2_¢1)]‘z1’7 72 _ ei[70+%(+503—502+s01)]‘22’7
73 — ei[70+%(—<ﬂ3+<ﬂ2+801)]‘z3’ 7 74 — ei[To+%(—<p3—<p2—sO1)]‘Z4’ ] (2.12)

Observing that the shift by 75 does not affect the CP? coordinates, the homogeneous
coordinates Z4 are in one-to-one correspondence with the four gauge theory scalar fields Y4
in the spinor representation of SO(6), provided one identifies the three Cartan generators
of SO(6) as represented by shifts of @123, i.e. J; = —z'a%i. Then

N R PN T L PN (RO
Thus, the SO(6) charges of the operator Tr[(YlYJ)J | are matched by the charge of the
product of J bilinears, [Z1(Z*4)T]7. Since Z'(Z*)! = ¢!(¥2+¥3)|Z1||Z4| this means that
@2 + @3 should have nontrivial background. Then Jy(Z'(ZH)T) = 0, J([Z'(ZY)1])7) =
J3([Z21(Z*)1]7) = J. To guarantee that the vacuum contains no other fields it is necessary
to require that o — 3 and ¢ have trivial background.? In terms of the original coordinates
71,2,3 this translates into

T2 =0, T = T3, (2.14)
which may be realized if the coordinates (; in (E) take the background values
_ T _ T . T
Cl - 17 CZ - 57 C3 - 5 . (215)

Then the relevant part of the full 10-d metric becomes
ds® = R3 45 | —cosh? p dt?® + dp? + sinh® p (d6? + sin® 0 d¢?) + d(p2 + 3)*| . (2.16)

The values of the remaining coordinates on the solution of here are (o = (7,0))

N

t=kT=1-0, Y 0=—, d=wrt+ko=i-o, (2.17)

1
p1=0, @2:@3:—(w7'+ma):§m-0', (2.18)

9Then in terms of homogeneous coordinates Z*#, the phases of only Z! and Z* will be nonvanishing
which is consistent with having a bilinear combination (Y1Y4Jr ) in the spin chain vacuum [ﬂ]



where the constant vectors are
n = (k,0), n=(w,k), m=(w,m). (2.19)

Here k and also m are arbitrary integers (o-coordinate is 27 periodic). Indeed, as one can
show by considering the flat space limit of the metric (R.3), the combinations of angles
T3 = w9 + 1, To + 73 = w3 + 1 and 71 + 79 + T3 = P2 + @3 should have 27 periodicity,
while each ¢; is m-periodic.

Written in terms of ¢ = @9 + 3 with ¢ = 2¢2 = m - o this solution becomes the same
as in AdS5xS°:!1 in particular, the relations between the parameters following from the
equations of motion and the Virasoro constraints are the same as those in the string theory

in AdS5xS® case (cf. p§)):!

w? — (K2 + k%) =0, 2wk 4+ wm = 0
W R P m? =0, (2.20)
ro = cosh p, , ry = sinh p, . (2.21)

From these constraints one may find, e.g. the expression of (x,12,w) in terms of (m, k,w).
The explicit relations look rather complicated and not very enlightening; below we will
only need their series expansion in a certain limit.

The charge densities are given by

2T 27 I
do do do
5:/0 %TSH,:I‘%H, S:/O %T%WZY%V\G \72:\73:/0 27Tw:w7 (222)

so that the classical energy, spin and the charges under the second and third Cartan
generators of SO(6) are

Eoz\/irgm, S:\/ir%vv, JEngng\/iw, (2.23)
while the Virasoro constraint in (R.20) implies that
kS 4+ Jm=0. (2.24)

As already mentioned these are exactly the same as the AdS5xS® case.
Similarly to the AdS;xS® case, a (technically) useful limit is that of large spin S and
large angular momentum J with their ratio u (and also k) held fixed, i.e.

S, J— o0, u:—%zgzgzﬁxed. (2.25)

10T et us mention that the definition of R-charges used here is different from the one used in [@], there
the charge J was given by the momentum conjugate to the field ¢ and thus is twice as large as the
R-charges used here.

HThese relations imply certain useful identities between the seven parameters entering the solution; one
of them, which will be useful later in the calculation of the fermionic characteristic frequencies is [@]

r(hw —wm) _ w fm? +12k2
vm2 k2 kn



In this limit it is possible to solve perturbatively the constraints (2.20)

K= w—l—k—2u(2+u) - k—4u(4—|—12u—|—8u2—|—u3)—|—(9 <i>
2?2 8w3 ’
2 k> K 2 2 1
rf = u— 2—w2u(1+u) —i-@u(l—ku) (3+10u+3u”) + O <—6> ,
w:w—k—2(1+u)2—k—4(1+u)2(1+6u+u2)+0<i> (2.26)
2w 8w3 wh ) '
Using these expressions, the expansion of the classical energy at large J and thus large
angular momentum J = \/ij = \/iw is given by

_ A2 N 2
EO—S+J+2J/<: u(1+u)—8J3k w(l 4+ u)(1 4 3u+ u)
1

A
+ —ESu(1 + w)(1 + Tu + 13u® + Tud +ut) + O <ﬁ> . (2.27)

This result is essentially the same as in the AdS5xS° case ([.L) provided one identifies the
two tensions, i.e. \/m — \/i

A formally alternative prescription that also relates the AdS5xS° and AdS, x CP?
results for the classical string energy, is (i) to replace m — 2V X\ in (), and,
simultaneously, (ii) to replace E, S and J in AdS5xS° result by 2E, 2S and 2J (i.e.
S — 25, J — 2J and add an extra overall 1/2 factor in the energy). At the classical
level this is obviously equivalent to no rescaling at all: changing the string tension by 2 is
compensated by rescaling of charges by 2 so that classical parameters remain the same.

As we shall see, it is a generalization (with 2v/X — 2h(})) of the second prescription
that will actually extend to the quantum level. This should not be too surprising since the
two quantum string theories appear to be quite different.

It is an analog of this generalized second prescription that was proposed, from the
Bethe Ansatz perspective, in [[(] as a relation between the universal scaling functions (or
leading terms in the folded string energies) in AdS/CFT, and AdS/CFTj3 cases. As we
shall demonstrate below, quite remarkably, this prescription applies also to the non-trivial
quantum circular string case as well as to the generalized folded string case with non-zero
orbital momentum J discussed in [[§, [9].

3. The spectrum of quadratic fluctuations

3.1 Bosons

[,

It is not hard to expand the string action (2.§) around the solution (R.I§). This is, how-
ever, largely unnecessary since, using the close connection to the circular string solution
in AdSsxS®, we can quickly write down the characteristic frequencies for the bosonic fluc-
tuations. The six fluctuations from the CP? split into one massless, four “light” degrees
of freedom

1
po = \/p%—kz(u)?—m?), (3.1)
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and one “heavy” fluctuation

po =1/pt+ (W2 —m?) . (3.2)

From the AdS space one finds one massless degree of freedom, one massive one

po = \/pT+ K2, (3.3)

and two fluctuations whose dispersion relation is given by the roots of the quartic equation
2
(p% _ p%)z + 47*%52],% —4 (1 + r%) ( K2+ k2 po — kpl) =0. (3.4)

As in AdS5xS°® [BY, the explicit solution to this equation looks complicated, but may be
constructed perturbatively in the limit (P-25). Furthermore, one can determine the appro-
priate signs with which these modes contribute to the energy correction in a similar fashion
to [Rg| by considering the behavior of the frequencies at large w.

3.2 Fermions

Since the solution has non-zero angular momentum along CP?, the spectrum of fermionic
fluctuations could be constructed by starting with the coset superstring action of [, [
This is, however, not necessary here; instead, we will use the standard form of the quadratic
part of the k-symmetric Green-Schwarz action

L2F — '(nab(sIJ o EabSIJ)9_1¢aDI;]K9K ) (35)

Here s’/ = diag(1, —1) and e2 = 9, XM Eﬁ,, where X denote generic coordinates and Eﬁ,
is the vielbein. In the string frame the type ITA covariant derivative is (see e.g. [BY for a
choice of field variables with nice transformation properties under T-duality)

1 1
D[{K - <8a + ZaaXMWMABFAB> 6JK - gaaXMEﬁHABCPBC(US)JK
1

+§e¢ [Floy(01)”™ + F 9y (i02)”™ + F4y(01)”"] ¢a (3.6)

The spin connection components in the AdS directions are:

W' = —w!% = sinh p dt, w? = —w'? = coshp db,

w3t = —w!? = cosh p sinf do, w3 = —w? = cos 6 do . (3.7)

The spin connection components along CP? are more complicated but, due to our choice
of coordinates, they will not be needed in this leading-order calculation.

To find the fermionic spectrum we evaluate the fermionic action (B.§) on the back-
ground solution (R.1§) and then impose a gauge-fixing condition which is adapted to the
resulting kinetic operator: one needs to make sure that the resulting operator is invertible.

The features of the resulting kinetic operator may be exposed through a series of con-

stant field redefinitions which map the background vielbein to a scalar multiple of a single
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Dirac matrix. Then, after combining the two type IIA fermions of opposite chirality into a
single unconstrained 32-component spinor v and also using the symmetry properties of the
ten-dimensional Dirac matrices, the fermionic kinetic operator (B.§) becomes manifestly
proportional to the projector

1
PL= 5 (1 + P0P3F_1) . (38)
The natural k-symmetry gauge then is

Pip =t . (3.9)

We relegate the details of this calculation, as well as the construction of the eigenvalues
of the resulting quadratic operator, to appendix [A] and record here only the conclusions.
The spectrum contains four different frequencies, each being doubly-degenerate. Two such
pairs have frequencies

KM W2 — U.)2

lmm
=4 0T + 242 R e— Y |
(pO):IZIQ 2 2—1—1'2]{32 +\/ pl b +k rl)? b W 2(m2 +I‘%kf2) (3 0)

while the frequencies of the other two pairs are solutions of the equation

2
(p% o p%)2 + r%,‘i2pg — (1 =+ r%) ( /{2 + k2 Py — kp1> = O . (311)

The latter equation may be mapped to a similar one in the bosonic case (B.4) by replacing k
and k with 2k and 2k (or equivalently by replacing pg and p; with %po, %pl). The constant
shifts of several of the fermionic frequencies are similar to those found in the case of the
folded string and, in fact, even for the short and fast BMN string. They may be removed
(at least at the level of the quadratic action) by a further time-dependent redefinition of the
fermions. We will not, however, do this here: as is easily seen, they simply cancel among
themselves when we consider the sum over all frequencies and so these constant shifts do
not contribute to the one-loop correction to the energy.

Let us note that the superconformal algebra supercharges — and thus the Green-
Schwarz fermions — transform in the 69 @ 15 & 1_9 of the SU(4) R-symmetry group. In
the presence of the rotating string background the SU(4) ~ SO(6) breaks to SO(4) =
SU(2) x SU(2). This breaking pattern and the spectrum listed above are consistent if we
associate the degenerate fermion pairs with the self-dual and anti-self-dual representations
of SO(4) or pairs of singlets related by charge conjugation. One may test this in the BMN
limit: the fermion spectrum splits in two sets of four modes of equal masses; since the
R-symmetry group is SO(4) and two modes are R-symmetry singlets, it follows that in this
limit the spectrum decomposes as 490 1o P 1o P 12 B 1_o.

4. One-loop correction to the string energy

The expression for the correction to the string energy can be found by summing the fre-
quencies over all flavours and mode numbers

B =EY+ B, (4.1)
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where E&O) is the contribution of the zero modes and E; involves the infinite sum over all
non-zero modes (we set py =n =0,+£1,...)

EY = —¢0), Bi=—oc0)+— Y en) . (4.2)

The summand e(n) is simply the weighted sum of the bosonic and fermionic frequencies

found in the previous section:?
1
e(n) = 5 [(po)1 + (p0)2’ = (o)’ = (P0)7] + V' + 12 + V/n? + (0? — K*u?)
Ax 2 Lo 129 2 2. 1.2,.2 2 2. 1.2,.2
+44/n —I—Z(w —k2u )—2\/(n—b) +(w?+k rl)—2\/(n—|—b) + (w2 4-k2r7)
— [(Po)1 + (po)5 — (o)} — (o)1} , (4.3)

where (po)Z and (pg)F stand for solutions of the quartic equations (B-4) and (B-I1)).

Before proceeding, let us make few comments about the derivation of (.9). This
expression for the one-loop correction to the energy of the rotating string may be arrived
at in several different ways. One can use the expression for the string energy in conformal
gauge in terms of the fluctuation fields derived in appendix A of 9] (in that paper this
was in the context of the folded spinning string):

By = (U|H)0). (4.4)

with Hy = [ g—;Hg(E, b, ... ) being the quadratic worldsheet Hamiltonian corresponding the
fluctuation action at this order.

As here we are interested only in the one-loop result, this Hamiltonian approach is
sufficient and practical. However, certain conceptual issues are perhaps clearer in the
path-integral approach. In the AdSsxS® theory where two-loop calculations have been
performed it has been found useful to extract the correction to the string energy from the
sigma model partition function. It was argued in [BY—[El]] and in greater detail in [f7]
that for a homogeneous string solution like the one we consider here £ may be defined
as the one-loop effective action divided by the two-dimensional time interval. Moreover,
the (quantum-corrected) charges of the background solution are also determined by the
one-loop effective action and, similarly to the energy, are finite at this order.

In a path integral approach the frequency sum appearing in the Hamiltonian formalism
arises in the process of evaluating the logarithm of the regularized determinants of the
operators of quadratic fluctuations around the classical solution. Though the final result is
finite, as may be seen by inspecting the large mode-number behavior of frequencies, each
determinant taken separately is divergent. As a consequence of the path integral approach,
all determinants are regularized in the same way.

An advantage of this approach is that field /fluctuation redefinitions are systematically
accounted for the path integral evaluation of the effective action or free energy. Such

12The contribution of two massless degrees of freedom cancels against the contribution of the diffeomor-
phism ghosts.
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redefinitions (e.g. the ones equivalent to changing the original coset representative) may
effectively lead to constant shifts in the frequencies of various modes. While a priori such
shifts may lead to (power-like) divergences in the free energy, their contribution is, in fact,
canceled exactly by the Jacobian due to the change in the measure of the path integral
and thus it does not change the expression for the energy shift.

4.1 Large spin expansion of one-loop correction to the energy

While computing exactly the sum over frequencies in ([.J) is difficult, there is one particular
region of the parameter space that is amenable to explicit evaluation: this is the scaling
region (R.27), i.e. that of large angular momentum J or large w, and large spin S with the
ratiou = — 7+ = % (and also k) fixed. As discussed in P9 in the context of string theory in

AdS5xS?, in this limit the sum over modes receives contributions from two distinct regions:
(I) n < w: here the sum remains discrete
(IT) n/w = x =fixed: here the sum may be replaced by an integral over x

These two regimes are compatible; while each regime exhibits singularities, it is possible to
see that the singular part of one regime is captured by the regular part of the other. Thus,
the complete result as an expansion in 1/w is the sum of the regular parts of the two regimes,

[e.e] o0

1 1 ( ( ) v dd
Ei=g Z e(n):ﬂ Z esum (n) 2/{/ dzepns (x) +ESY 4 B9 (4.5)

n=—oo n=—oo

(0)

It is an interesting question whether the zero-mode part F,” should be kept separate or
whether it effectively belongs to E$'°" or E‘fdd. As we will argue shortly, it belongs to E‘l’dd
part, i.e. Fdd = E%O) + E94d,

It is not difficult to solve perturbatively the quartic equations (B.4) and (B-11]) and find

the most non-trivial bosonic and the fermionic frequencies at large w:

()P = 5+ [%(1 )+ /pd+ AR2u(1 + u)} +0 (%)

(po)Fy = +2w + % [pT F 2kp1 (1 4+ u) + 26*(1 + u(3 + u))] + O <$> (4.6)

(po)Ys :]Zj [k;(1+u j:\/p1+/<:2 (1+u)] +O<;>

(po)gA = tw+ é [p? Fhkpi(1+u)+ %(1 +u(3+ u))} + O <wl3> . (4.7)

Then, the summand e(n) in equation ([£J) as a function of the momentum mode number
n takes the form

e (n) = i [n <3n —4y/n? + K2u(1 4+ u) + /n? + 4k2u(1 + u) >

— K21 +u)(1 + 3u)] +0 (%) . (4.8)

— 14 —



The sum over n is singular with a divergence arising from the constant term which also
gives rise to the zero mode piece of the energy. This occurs at one order lower in the 1/w

expansion than for the rotating string in AdSsxS®. Continuing to higher orders in 1/w one
sing"
The contribution of large mode numbers, n = wz with fixed z, may be accounted

finds the same splitting into regular and singular parts, e™" = eig;" + e

for by replacing the sum over n with an integral over x. To leading order in the large-w
expansion the summand becomes

K1 4u) [T4+u@B+22%) 1+ u(3+8z?) 0 1
2w (1+ 22)3/2 (1 + 4z2)3/2 w3 )’

e (x) (4.9)

where one can see that eirreltg(n Jw) = e:i‘gg(n). It is interesting to note that, while capturing

the singular part of the sum over e$"™(n) in equation ([L.§), it also correctly captures the
zero-mode contribution:

erog(0) = €Xing (0) - (4.10)

Thus, we may simply combine the zero-mode contribution "™ (0) together with the con-
_ ?Eé“
e;?;g to higher orders in the 1/w expansion, which we carry out explicitly in appendix Bl and

: int
show that indeed e‘sri‘ng

to the recombination which takes place in AdS5xS® case.

tribution of large mode numbers. It is possible to extend the comparison above to e and

(z) = ereg (wz) to all orders we checked. This is exactly analogous
Since the sum is absolutely convergent, the coefficients in the 1/J expansion of the
discrete part of the correction to the energy may be computed as formal power series in k

o0

_ 1
)
n=1
\ 1.4 2,,2
- AW (ﬁg(z) ~ 1Ru(1 4 u)C() + SR (L ) (6) + >
%}“)% (24(1 +2u — u2)C(2) + 15k2u2(1 + u)(5 + 13u)C(4)

—%k4u2(1 +u)2(5 + 22u + 27u2)C(6) + . . )

NES(1 + u)?u? 2 3 4
e — <48(3 + 18u + 26u® + 10u® + Tut)C(2)
—60k>u(1 + u)(7 + 27u + 53u? + 49u3)( (4)

+63k1u? (14-u)? (5 —20u — 183u” — 382u> — 264u?)C(6) +. . . )

Lo (%) ‘ (4.11)

Using the expression for e listed in appendix [ to go to higher orders in the 1/.J expan-
sion, the continuum contribution to the energy reads:
w [ ;
E(l)dd — _/ dx e1nt (x)
2/{ e reg
/22 N3/2 4

_ 2
== ln2u(1+u)+Wln2u(1+u)(1—|—3u+u)
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4
———u(l + u) [3(1 + Tu+ 13u? + Tu® + u')In2 — §u2(1 + u)?

Lo (%) ' (4.12)

While anticipated by the existence of divergences in the discrete contribution to leading
nontrivial order, the appearance of such low odd powers of 1/J with “non-analytic” factors
of X\ may at first look surprising. It is possible to test numerically that the expressions
above are indeed accurate (see appendix [0).

4.2 Relation to the energy of the circular rotating string in AdS;xS°

Motivated by the similarity of the classical solution we started with to the one in AdSsxS®
and also by the fact that the proposed Bethe Ansatz of [I0] has a structure similar to that
of the AdS/CFTy case let us now compare the result for E; to the corresponding expression
in AdS5xS® string theory.!?

Collecting the results of the previous section, the total one-loop corrected energy of
the circular rotating string in AdS x CP? is

E=Ey+ E| = Ey + E$¥° 4 Epdd | (4.13)

with Ep, BV and FE94 are given by equations (R.27), (L) and (E13), respectively.
From equation (R.27) we note that the classical energy of the circular rotating string

in the scaling (large spin (B.29)) limit is a series in inverse odd powers of the angular
momentum J. One may then contemplate that Ey and E94d might naturally combine
together. This is indeed the case as we may write their sum as

h2(\)k? RNk
Eo + E9 = S+J+(27J)u(1+u)—%
RS (\) kS
1677
RO (X)kS
6.J°

u(1 4 uw)(1 4 3u + u?)
u(1 +u)(1 + 7Tu + 13u® + 7u® + u?)

(1 +u)+0 (%) : (4.14)

Here we introduced the function

- = 1

A0 =VA-In2+0 <—_> . (4.15)
vV

The powers of h()) in equation (f.14) are understood to be truncated to the two leading

terms in 1/ VA expansion except for the last term, proportional to h%()\)/J® which is

understood to be truncated to the leading term. This is indeed the correct prescription, as

the X dependence of the next-to-leading term identifies it as a two-loop correction.

13Note that the fluctuation frequencies in the two theories are not directly related (corresponding to the
two superficially quite different 2d quantum theories), but their respective sums representing F1’s happen
to be similar as we describe below.
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For comparison, let us recall the analogous part of the expression for the one-loop
energy of the same circular rotating string in the AdS;xS° case 2§, B9 (see ([.H), (.7
and the discussion in the introduction)

2 21.4

Ak )

AdSyxs® J—I—S—I—ﬁu(l—ku) - WU(1+U)(1+3U+U )
)\31{:6 2 3 4
—=u(l 1 1

)\5/2/€6
3J°

(Eo + E9IY)

- w1 +u)+0 <i> . (4.16)

J7
We then observe that the AdS, x CP3 expression ([.14)) can be obtained from the AdSsxS°
one ([:16) by the prescription mentioned earlier at the end of section 2:

AdSy xCP3 xS5

_ 1 o
EeY (S gk V) = SE L (28.20k: 2R(N) ), (4.17)

with the function A()\) given by ([-1). It is important to note that the replacement v\ —

2h(N) = 2\/§ —2log2 + --- is to be implemented after the energy is expressed in terms
of the conserved charges (.5, J) (which are also the parameters on the gauge theory side).

Notice that what selects between the simple replacement A\ — h()\) with no change to
the charges and the prescription ({.17) (which were equivalent at the classical level) is the
matching of the last “quantum phase” term in (4.14) and in (.16).

As was already mentioned in the introduction (see eq. ([l.§) and discussion below
it) the one-loop renormalization of the leading “analytic” terms in the AdS; x CP? string
energy implies that the BMN spectral relation here gets a one-loop renormalization, i.e. the

function (f.19) should be identified with the function h()) entering the magnon dispersion

relation (cf. ([[.0), ([4))

1 4 -~ . op
S 2 20
e(p) = 2\/1 + th (A) sin 5 (4.18)

Notice that ([E1]) is related to the familiar AdS5xS® expression €(p) = 1/1 + 2 sin? £ by
the same prescription ([L.17) (cf. also ([.g)).

One useful way to understand the relation between the renormalization of the magnon
dispersion relation and the above function h()) is to consider the analog of the effective
Landau-Lifshitz (LL) model description of the large J limit as was done in the AdS5xS®
case in [, 4]. The LL model may be viewed as an effective 2d field theory which
describes the “fast string” or large J expansion on both the string and spin chain side and

thus interpolates between the two descriptions. Considering for illustrative purposes the

analog of the SU(2) sector action parameterized by a unit 3-vector 7 the corresponding LL
action is S = J [dt [ 92 L where [[H]

L = C(i) - doii — ﬁ[ 1- 4@9)85 — 1]77 — %(81?)4
—% [1(N) (017)2(937)2 + ba(A) (D17 - B271)% + ba(N) (1)) + ... . (4.19)
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In general, h, a, b;, etc., are interpolating functions parameterizing this low-energy effective
action. In the AdSsxS® case the first three functions are simple: 2h — VX, a — %8)\2,
by — —%)\3. The functions by, bg are non-trivial, having the same rA3 behaviour at weak
and strong coupling but with different numerical coefficients (reflecting the “3-loop dis-
agreement” ).

All of these functions are expected to be nontrivial in the present AdS, x CP? case.'*
By comparing the energy of the rotating string as described by the LL action with the
explicit string theory computations one observes that the v — 0 limit of (jt.14)) should
be essentially captured by the leading quadratic in 7 terms in (1Y), thus identifying h
in ({.15) with the function that governs the magnon dispersion relation ({.1§).

Remarkably, the same prescription ([l.17) also relates the folded string energies in
AdS5xS° and AdS,; x CP3. Indeed, ignoring first the J-dependence, starting with the
AdS5x S5 one-loop result [P

:S+%(\/X—3log2)ln5+---, (4.20)

AdSgxS5

and making the replacements in ({.17) one finds (for S > 1)

! [2R*(X) — 3log 2] In S 4 --- . (4.21)

=S+ —
+27T

AdSyxCP3

Using the expression ([.15) for A found here we end up with

:S+l(\/§—glog2)ln5—|—---, (4.22)
™

AdSy xCP3
which is the expression found by direct string computation in [[§—pJ]. Moreover, by
including the dependence on J (in the limit of large S with % fixed) one finds that
the equations (f17), ([E1H) directly relate the AdSs;xS® result of [BJ to the one in the
AdS, x CP? case as found in g, [9. This provides a nontrivial consistency check between
currently available one-loop results in the AdS, x CP? superstring.

It should be noted, however, that the prescription ({.17) is so far rather heuristic (or
empirical, on the string theory side) and need not a priori apply to the whole expression

for the one-loop string correction.'

Returning to the circular string solution, the relation between the equation ({.14) and

the corresponding result in AdS;xS® ([.16) via the equation ([17) suggests to compare
also the terms containing even powers of 1/J in (.11) with the analogous terms in the

1n particular, due to the structure of perturbation theory in the A” = 6 CS theory the function a(\)
should start at weak coupling with a 4-loop A* term.

151t does seem to apply to the “non-analytic” part of the one-loop correction, which comes from the
“integral” term in the one-loop calculation and is not sensitive to the compactness of the worldsheet; this
is also the only term that determines the leading one-loop shift in the folded string case. It is, in principle,
possible that a different prescription is necessary to map the “analytic” part of the one-loop correction to
the corresponding AdSsxS°result.
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AdS5 xS case. The part of the AdSsxS® one-loop energy which is proportional to the even
inverse powers of the S° angular momentum is (cf. [2§])1¢ 7

(Efven)Ad85><S5 — Z eilel;lAdSrXS" )
4
- Ak(lzz%)u (4¢(2) — 8Ku(1 + u)¢(4) + 20k u?(1 + u)2¢(6) + ... )
214 2,2
4 AU (168201 + 20— 02)G(2) + 8KM2(1 4+ )6 + 13u)C(4)

— 16K5u2(1 + w)2(5 + 22u + 27u?)C(6) + .. )

)\3k‘4 1 2,2
- W (32/#(3 + 18u + 26u2 + 10u® + Tut)C(2)

— 32k5u?(1 + u) (7 + 27u + 53u? + 49u3)((4)
+ 32k8u2 (1 + u)*(5 — 20u — 183u® — 382u® — 264u?)C(6) + .. )

+0 < J18> (4.23)

Comparing this with equation ([.11) we note that, while not exactly the same, the two
expressions may be mapped into each other by again replacing v\ — 2h(}), S — 285,
J —2J (ie. u — u) and E — 2F as in (J.17) but in addition also by replacing ¢(n) in the
AdS5xS® result (f23) by

(n) — 2(1 - i)g(n) . (4.24)

27L
This modification of the (-constants in the AdS5xS® calculation may be formally inter-
preted as replacing the sum over even mode numbers n in (f.11) by a sum over odd
mode numbers,

Dwn = wont+ D> wops1 > 2D w1 - (4.25)
n n n n

4.3 Comments on comparison to the Bethe Ansatz proposal

In a finite two-dimensional quantum field theory, loop corrections to the conserved charges
(such as the target space energy) of classical solitons may be computed using the standard
perturbative approach, either in the Hamiltonian or in the path integral setting. If this
two-dimensional theory is dual, through gauge/string duality, to some planar gauge theory,

161n the AdSsxS® case the zero-mode contribution to the energy is also accounted for by the contribution
of large mode numbers. Note also that here we are assuming that one can interchange summation with
expansion in 1/J, but otherwise there is no regularization ambiguity (as would be present in the Landau-
Lifshitz model approach) as we start with the full UV finite expression for the sum.

'"Here we record only the regular contributions to the discrete sum from the AdSsxS® case. The divergent
7
phase at order % [@] Keeping only the regular contributions is equivalent to evaluating the summation

contribution starts at order and corresponds to the non-analytic contribution coming from the dressing

using the zeta-function regularization as was done in [E]
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then the target space energies obtained this way in an acceptable (in the sense defined in
the introduction) regularization scheme should yield the strong coupling expansion of the
anomalous dimensions of certain gauge theory operators.

If this two-dimensional theory is also integrable, then its semiclassical states can be
described using the algebraic curve techniques [Bj], which also determines the fluctuation
frequencies [[[4, b2, [[7] near the solitonic solutions and thus, effectively, the 1-loop correc-
tions to their charges. Furthermore, there may exist a set of (discrete) Bethe equations
that should provide the exact description of quantum corrections to all loop orders. The
results of the algebraic curve approach and the Bethe Ansatz approach should of course
agree with the results found by the direct worldsheet computations, and this should be, in
fact, a test of the validity of the algebraic curve and Bethe Ansatz approaches.

In the Bethe Ansatz approach one solves directly the algebraic (“discrete”) Bethe
equations and thus no choice of regularization is required. Such a choice is, however,
required in the algebraic curve approach, where, similarly to the worldsheet calculation,
one finds the frequencies of small fluctuations near a soliton from an algebraic curve and
then uses the standard quantum-mechanical prescription to evaluate the one-loop correction
by computing the sum of frequencies (weighted by (—1)¥ where F is the fermion number).
Since the all-order Bethe Ansatz construction is based on a “discretization” [BJ] of the
classical (integral) Bethe equations [B5] and since their solution requires no regularization,
it follows that a special choice of regularization is required in the algebraic curve calculation
to reproduce the results of the Bethe Ansatz calculation.

This is the case for strings in AdSsxS®, where the Bethe equations and the worldsheet
calculation yield the same result which is matched by the algebraic curve calculation [53, [
provided one chooses a natural regularization which accounts for certain constant shifts in
the space-like momenta of fluctuations and essentially amounts to introducing different
cutoffs for various partial frequency sums (cf. [15, B3, B4, B1l)).

For string theory in AdS; x CP? the same three strategies are, in principle, also avail-
able. In particular, for the circular rotating string we have already the worldsheet results
obtained in the previous subsection. One may also consider the implications of the algebraic
curve approach [[[], i1 and of the Bethe Ansatz equations proposed in [[[J] to describe the
corresponding set of gauge theory operators with one spin and one R-charge.!® Below we
shall only briefly comment on the corresponding solution to the Bethe Ansatz equations
and its comparison with the worldsheet approach.!® The relevant Bethe Ansatz equations
are given by:

Ly . u—uj+1i [T —T; 9
<_> - H w—u; — i ( B opgs (U, uj) (4.26)

— _l’_ o
7 iZi=1 T —

181t is worth pointing out that this rank one sector, in fact, captures only some of the sl(2) sector
solutions, namely those with odd Bethe mode number. The other solutions mix with the other sectors,
requiring the use of the complete set of nested Bethe equations.

More details and comparison with the algebraic curve approach should appear in ref. [@]
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where20

xi+%:ﬁ<ui%> : (4.27)

and h()) is the interpolating function in the magnon dispersion relation (cf. ([.1)), (T.4)).
Here opgs is the same dressing phase as in the context [fj], but with VX replaced by 47h())
in the appropriate way [I(]. We will consider a class of solutions of ([[.2G), with the one-cut
solution of [if] particularly in mind, vis-a-vis those of the analogous sl(2) Bethe equation
in AdS5xS® to which it has a great degree of similarity. The total energy of the solutions

D3 <% - i_) , (4.28)

is given by

Mo:

E — J = 2ih(\

or in terms of the magnon momenta

E-7=Y \/1 + 16A2()\) sin? % (4.29)

i @]ll | a0

The absence of the factor of 1/2 in the expression for the energy (f29) and the square
in ({.30) are due to the identification of the u4 and wuz roots [[L{].

As was mentioned in [[[(], the only differences between the equations above and the
analogous ones in AdSsxS® are the replacement of the square-root of the 't Hooft coupling
A of N' =4 SYM with 47h()\) = 2h(]\), the different relation between the R-charge and
the spin-chain length and the existence of an additional minus sign on the right-hand-side
of (.24). This additional sign is like a familiar “magnetic field” twist and the corresponding
Bethe Ansatz equations are also analogous to those that appear in the §-deformed SYM
theory [[i§, iJ] for a special real value of the deformation parameter 3; = % Indeed, the
(-deformed Bethe equations and the zero momentum condition are [b(]

2J S SN
—2inBaJ [ L1 _ H w—ujte (T T 2 : 4.31
‘ < ) l_Uj—i +—xj_ UBES(ul’uJ) : ( . )

U
xl jAlI=1 Ly

This equation becomes the same as equation (.26) upon choosing 3; = % 21

20The charge J used here in the Bethe equations is the same as the angular momentum J used in our

worldsheet calculation and the gauge theory R-charge J which in turn is half the spin-chain length.
) ot
21The zero-momentum condition, e =254 Hle x—l = 1, is, however, different from eq. () by a factor
l

of (—l)s/‘]. It is the consequences of the latter equation which we will discuss here.
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In the B-deformed context [f9, (] the only effect of the phase 34 is to shift the integer
number that appears in the logarithm of the Bethe equations by B3J. This may be seen
directly by taking the logarithm of equations ([£26) and ([£30):

2
~ 1 + S _ . y :1;‘_ —:I;‘+
2m<k+§> +27/lnt = 3 I [Z; R < L xi) U%Es(ul7uj):|a (4.32)
J

:El foral —uj—i \ a —
- 5 af
2mim + 2 E In— =0, (4.33)
x
=1 l

where k € Z is the Bethe mode number and 7 is an integer. Consistency of the equa-
tions (4.39) and (4.33) implies that

-~ 1
mdJ + <k‘—|—§>S:0 . (4.34)
Compared to the corresponding equations in the AdSsxS® case there are five changes:
(1) here 47h()\) is in place of V/A;
(2) here the spin chain length is 2.J not J;

)
(3) here the energy of a solution is doubled (due to the double number of excitations);
(4) the BPS condition at vanishing coupling requires that spin S be doubled;??

)

(5) here k + 3 is in place of k (due to the additional minus sign in the equation ([£20)).

The square in the equation ([.3() and together with the doubled number of excitations
(point (3) above) imply that no change in m is necessary. With these identifications (f.34)
is formally the same as the usual constraint in the AdS5xS® case: m(2J) + (k + $)(28) =
0 — mJ+ kS = 0. In the case of the circular (rational) solution we are interested in, m
and k are, respectively, the S and the AdSs winding numbers.

The solution of these Bethe equations in the strong coupling limit, to the leading and
subleading order, proceeds as in the AdS5xS° case [Bf, Bl (see [R9, BJ] for the inclusion
of the one-loop corrections to the dressing phase). To obtain the solution of the Bethe
equations (f.24) from that of the AdSsxS® Bethe equations with length J and parameters
k,m,S with mJ+kS = 0 one is then to make the following formal replacements as implied
by the above discussion:

(1) VX = 4xh(\); (2)J —2J; (3)S —2S; (4)E — 2F; (5)k—>l§:+%; (6) m — 7.

Comparing now the solution of the above AdS/CFTj3 Bethe equations to the classical
AdS, x CP? string solution discussed in section 2 we are led to the following identification:

1. k+ % — k, where k is the AdS4 winding number;

2. m — m, where m is the CP? winding number.

22That is, items (3) and (4) imply that E=S+J+... — 2E=25+2J+...
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Note that ([£.34) becomes then equivalent to the Virasoro constraint in (2.24)).

The above replacements reproduce the energy of the classical rotating string in AdSy x
CP? from the energy of the classical rotating string in AdS5xS°. Moreover, keeping the
next to leading term in h()\) reproduces all the non-analytic terms in (Fg + F9dd) AdS, xCP?»
those related to the classical energy of the string as well as those related to the corrections
from the one-loop phase.

In addition, the various identifications of parameters which relate the Bethe Ansatz
energy with the result of the worldsheet calculation for the circular rotating string also
lead to the correct map for the folded spinning string and the universal scaling function,
as may be seen by inspecting the Bethe Ansatz solution in [F1].

Unfortunately, the same cannot be said about the relation between the analytic 1-loop
terms (E§V") pqs, x5 in ({:23) and (EY™) AdS, xCP? 1 (E11). Using the above identifica-
tions in (V") adg, xs5, it appears that an additional formal replacement for the (-constants
is needed. This is exactly the same replacement described earlier, (.24), and has the same
interpretation of replacing the sum over even modes by an additional sum over odd modes.
Such a replacement, however, seems unjustified on the basis of the Bethe equations ([.26)—
30

To summarize, we have found that the conjectured all-loop Bethe Ansatz [[L0] repro-
duces the general structure of the AdSy x CP? superstring calculation.

In particular, the worldsheet approach predicts that the function h(M) that should
be used in the Bethe Ansatz proposal of [[[(f] should be given by ([.3), (.J) (or, equiva-
lently ({:1§)). This conclusion (as well as the confirmation that the strong-coupling limit
of the phase in the Bethe Ansatz should be, indeed, the same as in AdS5xS® case) is not
sensitive to the compactness of the worldsheet o direction.

However, the matching of the analytic 1/J%" terms in the string 1-loop energy (whose
coefficients are sensitive to the compactness of the o direction) is not immediately clear.
It might be that we are missing some subtlety in the identification of the circular string
configuration as a Bethe Ansatz solution, or that some details of the Bethe Ansatz proposal
of [[[0] still need to be adjusted. Further analysis is required to settle these issues.
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A. Details of calculation of the fermionic spectrum

Our starting point is the action in (8.). We will analyze separately the geometric and the
flux part of the covariant derivative. The action has constant coefficients and the kinetic
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operator may be extracted directly. For the purposes of analytic calculations, however, it
is useful to first perform certain field redefinitions.
The background value of the slashed vielbein is

¢a =0,y +n,I's + m,Iyg (Al)

Here as in (R.1§) 1= (k,0), o = (w, k) and m = (w,m). A sequence of two rotations with
constant coefficients

S = 539509, S39 = cosp + sinpl'gg, Sog = cosh g + sinh gl'gg

m sinh 2¢ = @ (A.2)

Vm? + k2r? ’ krq

transform ¢pand ¢ into two Dirac matrices. Then the transformed value of the slashed

sin 2p =

vielbein becomes:

S71¢0S = \/m? + k23 Ty, STl S = /m2 + k23T . (A.3)

Due to the choice of isometry direction (3 in the construction of the circular rotating
string solution, all components of the spin connection along CP? vanish when evaluated
on the background. Thus, the geometric part of the (transformed) covariant derivatives is

as in [29):

1
D, =0, + ZwaABFAB >

_ rori k> rorikw km w2 — w?
: 2/m? + r2k? 2/m? + r2k? w 2(m?2 + r2k2)
mw ror1 k2 r%k:mn

DS:S_1D15:81+r—0 F01_ 13+
' r12y/m? + r3k? 2¢/m?2 + r?k? 2(m? + r2k?)

In the type ITA theory the fermions 12 are chiral and of opposite chirality

To (A4)

r_10' =0', 0% =—-6% . (A.5)
They may be combined into a single 32-component unconstrained spinor 1 = #'+62. Then,
sY07 + 2707 =T_14p . (A.6)

With these observations the geometric part of the action for the fermionic quadratic fluc-
tuations may be written as

(nabél‘] o EabSIJ)§I¢an9J — Wan(n“b]l— Eabr—l)w

—1?¢0D01/1 + ¢¢1D1tp — 1/;¢QD1F—11/1 + tp¢1 Dol _11p
= —'To(1+To3T—1) D/ +4'T3(14+ T3l _1)D{y' (A7)

where ¢/ = (m? + k*1?)//45~ ). Opening the parenthesis one finds without difficulty
that the terms in D7 which do not commute with (1 + T'o3T'_1) cancel out either among
themselves or because of the constraint ¥I' 410 = 0. One is finally left with

(ns!t — e 5! Nglg, Dyo7 = ' (~TgDy + T'3Dy)(1 + sl 1)¢)’ (A.8)
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Let us focus next on the flux-dependent terms in the super-covariant derivative. Their
contribution to the action (B.§) as well as the precise expressions for the slashed fluxes are

(6" =51 1)0" ¢ [F2(i0%) "™ + Fa(01)""] 0™ = bl Fal 1+ F Ay (™ 14T _1)9)
o =2(Ty5 — Ter + I'sg), Fy = 60123 - (A.9)

To simplify this expression we next split S~H(—FoI'_1 + F4)S into a sum of terms
STH—Hal 1 + F4)S = F + Foz + Fo + T3, (A.10)

where F commutes with I'g and I's, F; anticommutes with I'; and F;; anticommutes with
I';;. These properties are sufficient to show that Fo and F3 cancel out and that the only
relevant terms will be F and Fy3 whose expressions are

F = —2(T'y5 — T'67)T'—1 — 2 cosh 2q cos 2pI'gol" 1,
Foz = 6 cosh 2q cos 2pIp123 (A.11)

Using ([A-3) one may rewrite the flux term in the fermionic action as

U [—Ha2l 1 + Hal f(n™ 1+ €T 1)y
= \/m2 + k%‘%lﬁl [.7: — fog] (]1 + PogP_1)¢,

= —/m2 + k2r2¢)/ [2 ((T45 — Dg7) + cosh 2q cos 2plgg) I'_4

+6 cosh 2q cos 2pLo1a3] (1 + Lozl —1)7 (A.12)

Then, the complete fermionic quadratic Lagrangian is

L= i(n™s! — c®s!)al 4, DIK K = iy,
K = {2(—I‘0D69 +T3DY) — i\/m2 + k2r2 [ 6 cosh 2¢ cos 2pTo123 (A.13)
+2 ((F45 —T'7)+cosh 2¢ cos 2pF89) F_l} }77+ ,
where

1
Py =5(1+Tesl-1) (A.14)

The presence of this projector in the quadratic Lagrangian is an indication of the k-
symmetry of the action. A naturalk-symmetry gauge choice is then that none of the
components of ¢ lie in the orthogonal subspace of P,..

Next, we need to find the frequencies of the fermionic modes described by this La-
grangian. To this end it is useful to consider a general operator of which K is a special
case. Such an operator is:

K = —ipglyg + ip1I's + alg13 + 6919 + cl'139
+6ATg193 + 2BI'ggl"_1 + 20(P45 — F67)F_1 (A.15)
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where

1
a=0, A:—gw/w2—|—k:2r%,
km w2 — w? 1
b==——— —— B=—- 2 4 k22 Al
w 2(m? +12k2) gV TR (4.16)
rglmm
c=—

L 22
2(m? + r?k2)’ ¢= 8 m*+ ko

To evaluate the eigenvalues and enforce x gauge fixing P11 = 1, let us find the eigenval-
ues of

K, =PIToKP; . (A.17)

The factor of I'g implies that py may be extracted from the zeros of the characteristic
polynomial.

To identify the zeros it is useful to note that the operator K commutes with I'4567 and
that the projectors PL = %(1 + I'y567) commute with the k-symmetry projector P,. Then
one may make a further split

K, = P'K,P,, K, = PTK,P_ (A.18)

The characteristic polynomials for these operators may be found without difficulty.
The one for K, implies that pg is determined by the equation

[—(po+¢)*+(p1—b)* +4(3A+B)* [~ (po—c)*+(p1+b)*+4(3A+ B)?* =0, (A.19)

from which one should keep the positive frequencies. The factorized form means that there
are two doubly-degenerate modes with the frequencies:

(po)+12 = £c+/(p1 £ b)2 + 4(34A + B)2 . (A.20)

It is worth noting that these correspond to the “heavy” fermions. If one reduces the
solution to the case of the BMN string the mass of these fermions is twice that of the
“lighter” fluctuations.

The frequencies of those lighter modes are determined by the characteristic polynomial
of K,_, i.e. are the roots of the following quartic polynomial:

2
(=P + P1)? = 205C 44+ — 207Cy—y— —8bepopr + CF__|" =0, (A.21)
where

Ciapy = 0> +4a(3A — B)? + 3% — 16702 . (A.22)

As for K4, there are two doubly-degenerate modes; upon using the expressions ({A.14) for
the constants appearing above, one finds the equation (B.11) quoted in the text.
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B. Details of comparison of the fixed and large mode number contribu-
tions to the one-loop string energy

In this appendix we record the regular and singular terms in the one-loop frequency sum
in the large w limit in the discrete and continuous regimes (see section 4.1)

sum __ _sum sum int __ _int int
€ - ereg + esing ) e - ereg + esing ) (Bl)

and compare their structures. The part of the summand €sing that gives rise to a singular
contribution in the discrete regime is
1

€sing () =5~ (—k*(1 +u)(1 + 3u))

ﬁ <7k2(1 +u)(3 + 5u)n® + ék‘*(l + u(44 + u(86 + (28 — 15u)u)))>

1 1
T (—93k2(1+u)(5+7u)n4—Zk:4(1—I—u)(375—|—u(2509—|—u(3157+687u)))n2

—%kﬁ(l +u)(1 + w(257 + u(1134 + (1006 + u(65 + 33u))))) + - - >
+0 <%> : (B.2)

The part of the integrand eirré‘é(n) that leads to a regular contribution in the continuum

regime is

; 1 7 93
epe(z) = 5 <—k2(1+u)(1+3u)+§k2(1+u)(3+5u)w2—§k2(1+u)(5+7u)x4+---)
4 J—
+32w3 <l<: (1 4+ u(44 + u(86 + (28 — 15u)u)))
1
—§1<;4(1 + u) (375 4+ (2509 + u(3157 + 687u)))3:2>
1 6
~ 56w <k (T +u)(1 4+ u(257 + u(1134 + u(1006 + u(65 + 33u))))) + - - - >
1
ol—] . B.3
By inspection, it is not hard to notice that
sum in n
esing(n) = ere‘é <;> ’ (B4)

which shows that the regular part in the continuum regime correctly captures the apparent
singularities in the large w limit of the discrete regime.

Similarly, the singular part in the continuum regime eis?rtlg(:n) and the regular part in

the discrete regime egeg" (n) are

on (1) 3klu(l+w)? |1 <15k6u3(1+u)3 3k6u2(1+u)2(—1+2u2)>
sing = 5 =2

Ax203 Swd xt 2

e <§) , (B.5)
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and

sum 1 3 4,2 2 15 6,3 3
Creg (1) = % <_Wk u” (14 u) +Mk w(1+u)’+---
(3 00201 £ )2 (1 + 202) + 2 kSt (1 + u)P(13 4 17w + -+
43 2n?2 16n*
1
o). o
respectively. Again, it is not hard to see that
exng (¥) = ereg (W) | (B.7)

implying that the regular part of the discrete regime correctly describes the singular part
in the continuum regime.

These observations parallel those in AdSsxS® made in [2g). As in that case, they imply
that the one-loop correction to the energy of the circular rotating string is given by the

equation ([L.5).

C. Higher orders in the 1/w expansion of e™(zx)

In this appendix we include the expression of ™ (whose leading order was quoted in (£.9))

to higher orders.

e (z) = 92 1+ 2232 7 (14 4a2)32
kY1 + ) 1
C 32wia? [(1 + 22)7/2
+4(=T+u(—=T+u(29+21u)))z* +16u(1+u(3+u))z’® +16u(1+u)z®)

8

R (2(1 4+ u) + (1 + 3u(5 + u(11 + 5u)))a’

k(1 + ) <1 +u(3+22%) 1 +u(3+8x2)>

(320 (1 4 u) + (7 4 u(77 + u(221 + 135u)))z”

+8(—1 + 3u)(2 + u(4 + u))a* + 64u(2 + 3u)z® + 256u(1 + u)z®)

KS(1+w) 1
256wl24 | (1 + 22)11/2

+(31 4+ u(735 + u(3570 + (10418 + u(12447 + 4991u)))))z*

+4(—93 + u(—596 + u(—907 + u(373 + u(1412 + 707u)))))z°

+8(31 + u(93 + u(254 + u(358 + u(201 + 71u)))))a®

+32u(28 + (132 + (146 + u(40 + u))))x™°

+64u(1 + u)(6 + u(26 + Ju))z'?

+32u(1 +u)(3 + u)(1 + 3u)x'?)
32
T+ 422)112 (u?(1 +u)® + u* (1 +u)(1 + 22u + 20u)z?

(1 4 w(31 + u(147 4+ w(357 + u(391 4 157w)))))z*

(5120 (1 + u)? + 1280 (1 + u)(1 + 22u + 20u?)z?
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+4(—12 4 u(—52 + u(—9 + u(137 + u(179 + 91u))))))z°
H16(8 + u(64 + u(232 + u(240 + u(67 + 21u)))))a’
F1280(32 + w(140 + (142 + u(32 + u))))z'°

+1024u(1 + u)(7 + 26u + 8u)x'?

+2048u(1 + u) (3 + u)(1 + 3u)z')
o <$> . (C.1)

At each order in 1/w one notices terms which are singular as  — 0. These are the terms

contributing to eis?;g quoted in the previous appendix.

D. Numerical checks

The fact that the leading term in the large w expansion of the one-loop string energy is

—! contrasts with what happened in the case of the rotating string in

proportional to w
AdS5x S5, whose “odd” part starts only at 1/w? order. A check of this dependence may be
obtained by a numerical evaluation of the sum in the regime leading to (f.12). The main
complication is related to the fact that, while the correction to the energy is finite, each
of the sums contributing to it is divergent. These divergences are of two types: power-like
and logarithmic. While one may directly evaluate the sums with a cutoff, the presence of
divergences leads to a quick loss of numerical accuracy.

This may be somewhat improved by separating the sum into two sub-sums and sub-
tracting the divergences in each of them.?® Concretely, we split the full sum into two sums

— over the light and heavy modes; schematically, they are

e(n)"8" = 4 x \/n2 + i(bﬂ — k?u?) — 2 x % ((po)T + (p0)y — (P0)5 — (p0)i )

e(n)"™ = \/n2 + k2 + /n? + (W% — k2u?) + % ((po)? + (p0)y — (p0)5 — (p0)7)
~24/(n — B2 + (w2 + k2:) — 2/ (n + )2 + (w2 + K213) (D.1)

where, as before, pﬁng are solutions of the bosonic and fermionic quartic equations.

Since the subtracted sums are absolutely convergent, one may carry out this subtrac-
tion for each mode separately. The subtracted terms add up to zero. In each of them the
power-like divergences cancel out. Then, from each of them we may subtract the leading
term in the large n expansion for fixed values of the other parameters

1
ASlight = (w2 — k2 — m2)% N :
ASheavy = (3(K% —w?) —m? — 4k*r]) — . (D.2)

2n

230ne may in fact go even further and subtract the divergences of each frequency sum separately.
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These subtractions cancel out when the two sums are added together because of the usual
mass sum rule

Z(—)F"m? =0 & r-m?P-uwr-2E"?=0, (D.3)
i
which here appears as a consequence of the Virasoro constraint.

An unfortunate feature of these sums is that they converge somewhat slowly in their
effective parameter which is n/w. Indeed, since the leading large n behavior is ~ n73, the
corrections are of the order 65 ~ 3(w/N)2. Consequently, for a sufficiently large w which
probes the asymptotic behavior of the sum, the necessary cutoff IV is relatively large.

Numerical evaluation with w = 10* and an estimated error 5 x 1073 (i.e. a cutoff
N = 10%) gives

2wE = —(1.383 & .005)k*u(1 4+ u) + O(w™)
= —(1.995 +.01) In 2 k*u(1 +u) + O(w™) (D.4)

Clearly, this is consistent with the leading term in the large w = % expansion obtained

analytically in ({.19).
It is possible, though somewhat cumbersome, to perform similar checks for the sub-
leading terms in the 1/J expansion.

E. Large J, large k limit of circular string solution

It is interesting to study the large J, fixed S, limit of the solution considered in the main
text for, as we will see, this limit does not seem to follow the same rules for finding the
AdS, x CP? string energies from their AdSs;xS® analogues. This limit may, however, be
somewhat exceptional, as it requires scaling AdS, winding number to infinity. Nonetheless,
if for nothing other than completeness, we decided to mention it here.

We will consider the limit where J = w is taken to be large while S and m are kept
fixed with ‘¢ < 0. The constraints on the parameters in section 2 then imply that we must
also take the winding k to be large. We will use the notation k¥ = Sw where § = —'g. In
this limit the parameters of the solution become

/i—w—m72+(9<l>

T Vm2+ &2 w
S? 1

2 _ il

n= wV8?% + m? +O<w2>

_ Y /e 2 Sm? 1
= LVsTem +82+m2+0<w . (E.1)

w

Then the energy density, £, is infinite but as for the BMN string or giant magnon the
difference £ — J is finite, and is given simply by

E—J=v52+m2\ . (E.2)
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This classical energy is what we would expect from the analogous AdSsxS® result found
in [#§] where the one-loop correction was also calculated and shown to be zero. Based
on the replacement rule, ({.17), we would then expect to find a non-vanishing one-loop
contribution proportional to In2 in AdS; x CP? geometry (coming from the X — 2h())
replacement in the classical expression ([E.J) with h given by (fE1§)). However, we will see
that this is not the case — the one-loop correction found by direct evaluation from string
theory actually vanishes.

It is straightforward to find the fluctuation frequencies about this large-.J solution from
the general frequencies calculated in section f|. From the quartic equation (@) we find the
characteristic frequencies

(Po)To =V + 82 +1£VI+3, (po)sa=—p—-B2+1TV1+5>. (E3)

We should note here that we have rescaled the worldsheet coordinate so that the string has

infinite length, scaling like w. Thus the worldsheet momenta, p, are now continuous. From
the remaining bosonic fluctuation frequencies we have six free massive modes — two with
mass 1 and four with mass 1/2. For the fermions we find four with frequencies calculated
from the quartic equation (B.11])

(po)fz = % (\/(2p+5)2+1i\/1+62> ,
(Po)ia = % (—\/(2p —B)2+1FV1+ 52) (E.4)

while the remaining four fermions have frequencies

2
(Po)fg = \/<p+%ﬁ> +1i%\/1+52,

1\? 1
(po)f,s = \/(p - 56) +1F 5\/1 + 32 (E.5)

We can now straightforwardly calculate the sum over frequencies which to leading order in
w can be replaced by an integral.

Ey ~ /Ooodp [2\/1 +p24+2/14+4p2 4+ 1+ (p— B2+ V1 + (p+ 5)? (E.6)

—/1+(2p—B)2 =4+ (2p—B)2 = /1+(2p+5)2 — V4+(2p+5)?

If we follow the standard procedure of imposing a cut-off, performing the integral and
taking the cut-off to infinity we find that the one-loop correction to the energy of the circle
string in this limit is zero.

For comparison, if we follow [RJ], we can identify the “light” and “heavy” modes as?*

ok = {4>< V141 2,2 x \/1/4+(pi5/2)2}, (E.7)
pH _{2><\/1+p VI+@£B2 1+ (px5/2) } (E.8)

24This can be done by taking the B — 0 which can be viewed as taking S — 0 but with m = 0 and which
corresponds to the BMN string.
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Then we note that the formula [PJ] for the one-loop energy correction

o0

Bi=g 30 |+ Gobtn/2 (£.9)

n=-—oo
becomes, in the limit of large J = w (where we again set n = wp and replace the sum by

an integral), exactly half of the analogous result in AdSsxS® which in this case is also zero.
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