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Abstract. The Einstein equations with a positive cosmological constant are coupled to
the pressureless perfect fluid matter in plane symmetry. Under suitable restrictions on the
initial data, the resulting Einstein-dust system is proved to have a global classical solution
in the future time direction. Some late time asymptotic properties are obtained as well.
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1. Introduction

In [12], plane symmetric solutions of the Einstein—Vlasov system with positive
cosmological constant were investigated. It was shown that a spacetime of this
type which is initially expanding exists globally in the future when expressed in
an areal time coordinate ¢ and information was obtained about its asymptotics for
t — oo. It is future geodesically complete and resembles the de Sitter solution at
late times. Information is obtained on the decay rates of the components of the
energy-momentum tensor.

This paper is concerned with the question, to what extent analogues of these
results for the Einstein—Vlasov system hold in the case of the Einstein-dust sys-
tem. There is an issue which has to be addressed right at the start. This is that
of shell-crossing singularities. The intuitive idea behind this concept, as explained
n [5,9], is the following. A shell of dust particles which are related to each other
by the symmetry of the spacetime moves in a coherent way. If two of these shells
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collide then the intermediate shells are trapped between them, so that the matter
density is forced to blow up. For more information about shell-crossing singularities,
see for instance, [7] and references therein. For general plane symmetric solutions
of the Einstein-dust system, it must be expected that shell-crossing singularities
develop, even from smooth initial data. For that reason global classical solutions
cannot be expected to exist in general. In order to have a global existence theo-
rem in the framework of classical solutions it is therefore likely to be necessary to
make some kind of smallness assumption on the initial data. There is another fact
which is essential in the following. This is the presence of a positive cosmological
constant, known as a mechanism leading to solutions of the Einstein equations with
exponential expansion. Results related to this idea have been obtained in [12,10].
They are used in this paper to guess the decay rates on the geometric and matter
quantities providing a basis to the bootstrap argument for the proof of the main
result (Theorem 3.3).

The rest of the paper is organized as follows. In Sec. 2, the equations are derived
and a local existence theorem is obtained for the corresponding Cauchy problem.
In Sec. 3, the solution is shown to exist globally in the future time direction and
its late-time asymptotic behavior is investigated, provided some restrictions on the
initial datum are satisfied.

2. Preliminaries
2.1. The Einstein equations

Let (M, g) be a spacetime, where the manifold is assumed to be M = I x T3, I
is a real interval and T2 = S! x S' x S! is the three-torus. The metric g and the
matter fields are required to be invariant under the action of the Euclidean group
FE5 on the universal cover. It is also required that the spacetime has an Es-invariant
Cauchy surface of constant areal time. In such conditions the metric is assumed to
have the form

ds? = =210 qp2 4 2262 g2 4 2 (dy? + d2?), (2.1)

where ¢ > 0, 7 and \ are periodic in z, y and z range in [0, 27].
The Einstein equations read

GP + Ag®P = 8xT°P, (2.2)

where G*” is the Einstein tensor, T the energy-momentum tensor and A is the
cosmological constant we assume to be positive. We introduce the notation p =
e21T0 j = A0l and S = 2AT1,

After computations in plane symmetry with the previous coordinates consider-
ations, we obtain from (2.2) the following equations where the subscripts ¢ and x
refer to partial derivatives with respect to ¢ and x respectively:

e (2N + 1) — At? = 87t?p, (2.3)
e 21 (2tn, — 1) + At? = 8nt?S, (2.4)
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Ny = —A4mte? 1, (2.5)

€ (Mow + 12 (ne — Aa)) — €727 (Att + (A —me) (At + %)) +A=0. (26)

2.2. The equations for dust

We consider a pressureless perfect fluid with energy density p := u(t,z) > 0 and
4-velocity U®. The latter is normalized to be of unit length U*U, = —1. The plane
symmetry allows us to set U := (e, e~ u,0,0) where £ = (1 — u?)~/? is the
relativistic factor, u := u(t, z) being the scalar velocity that satisfies |u| < 1. The
energy momentum tensor for a pressureless perfect fluid is

TP = pUueu”,
that is
00 —on K2
= 1—u? K
7o = e"\_”—l ﬁuuz e My
11 _oy —2)
T =e m =€ S,
the other components being zero.
The equations for dust are given by
VaoT = 0. (2.7)

The components V,7? and V,7T vanish identically. Computing the remaining
two components gives

. .2

(*p)e + (¢"5)a = =Aue™S = mue”j = Ze*p, (2.8)
2

(X9)e + (€78)0 = —\ie?j — mpep — Ze*, (29)

and expressing Eqs. (2.8)—(2.9) in terms of the variables p and u gives
(1 — u?)[pe + we M ug] + p2uu + (1 + u?)e" ]
= (1 — u?)[(1 +u*)\e + 2t~ 4 2un,e"?, (2.10)
(1 — u?)ufp + we M pg] + p[(1+ u?)uy + 2ue” ]
= —p(1 —u®)2u(N +t71) + (1 + u?)ne" . (2.11)
Adding and subtracting (2.10) and (2.11) yields
(1 —w)[pe + ue”*/\,ur] + plue + e”*’\um]
= —p[(1 = u?)(N + ™) +2(1 —u)t ™Y, (2.12)
(1+ ) [ + e A pug] + pl—up + € uy]
= —(L+u)p[(l —ue + 2671 — (1 — u)nge™?], (2.13)
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and the linear combinations (2.12) + (2.13) and (1 +w)(2.12) + (u— 1)(2.13) lead to
Dp=—p[(l —u?)A — 2671 + "M, ], (2.14)
Du = (1 —u?) [—u) — e”*/\naj] , (2.15)
where the derivative is
D := 8, + ue"*0,.

This is called the characteristic derivative and we denote the corresponding integral
curve by (t,7). This means that this curve satisfies the differential equation v, =
d

ue™ >, and on the curve D = 4 so that we can, for instance, rewrite (2.14) in the

form

St y(0) = —pul(1 = w?)h = 271 4 "L (1)-

2.3. The Cauchy problem and local existence

The object of our study is the plane symmetric Eintein-dust system (2.3)—(2.6),
(2.14)-(2.15) with unknowns A, 7, ¢ and u. The initial data are prescribed at some
time to > 1. To analyze the solutions of these equations, the first step is to obtain
a local existence theorem. The method, which has been used, for instance, in [8]
for the Einstein—Vlasov system in plane symmetry, consists on constructing an
iteration and proving its convergence. In the present investigation, we follow another
approach, which is described in [11]. There are several steps and it is not convenient
to keep track of the differentiability in the process. For this reason, only the case of
C* initial data will be treated in this paper. There is a general (without symmetry)
local existence theorem for the Einstein-dust system by Choquet—Bruhat [1].

In fact, in that reference the author writes the Einstein-dust system (2.2)—(2.7)
in the equivalent form

u’'V,Gap = —8mpuqugVyu”, (2.16)
u’Vyug =0, (2.17)
Vo (pu?) =0, (2.18)

in order to prove that the equations are hyperbolic in the Leray sense. Then by the
Leray-Dionne theory [3, 6], this implies existence and uniqueness of the solution to
the Cauchy problem for Einstein-dust equations. For more details, see also [2].

We can apply this general result to the case with symmetry. Consider a plane
symmetric compact C* initial data for the Cauchy problem. Then the symmetry
is inherited by the corresponding solutions. (See [4, Sec. 5.6] for a discussion of
this.) Next areal coordinates can be introduced in the spacetime. The conclusion
is a local existence and uniqueness theorem for the plane symmetric Einstein-dust
system. The solution, like the initial data, is C**°.
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3. Global Existence to the Future and Asymptotics

This section is concerned with the main result of this paper. We first prove two
lemmas dealing with bounds on the unknowns as well as all their derivatives.

In what follows, C' will denote a positive constant estimating functions that are
uniformly bounded, and it may change from line to line.

Let P (t) == (|07 A(t)lloo + 1107 ()l + (|05 w(t)] oo

Lemma 3.1. Consider a C* plane symmetric solution of Finstein-dust system on

a time interval [0,T) such that the following estimates hold, where w := e uy:

e —t <Ot A2 =3 < Ct73, Al <Ot (3.1)
Ine| < Ct3, nee| <Ct3, p<Ct™? (3.2)
(3.3)

If all derivatives with respect to x of order up to n of the quantities \, u, w, n and
u are bounded then all derivatives with respect to x of order up to n+1 of the same
quantities are bounded.

lu| < Ot |ue| S Ct3, |ug| <Ct1, 0 |w| < Ct2.

Proof. Note that from the hypotheses of the lemma, it follows that the quantities
A, 1, w, n and u, as well as all their first order derivatives are bounded on [0, T).
By definition w = e~ *u,, which implies

Upy = € Wy + Aplly, (3.4)
and from (2.5),
Nex = —47Tt€n+/\jw + 7793(7790 + )\w) (35)

Differentiating ., and 71,, n— 1 times with respect to x, the boundedness of 971
and 971y follows immediately from the hypotheses of the lemma.
The expression for \;, is

p nweQW(At + 8wtp) + 471'th€27]. (3.6)

Differentiating this n times with respect to  gives a linear equation for 9;(971)\)
with coefficients which are known to be bounded, except for terms involving 97+ p.
But the latter can be estimated in terms of 3771 so that the following holds

00N < C(L+ |07 p). (3.7)
Integrating this in time implies that
t
105 Xl < 07T AE0)lloc +C [ (1 + Paga(s)) ds. (3.8)
to

Now recall that
Dty = —pz[(1 —u?) Ny — 2t 4 2e" My, + u(ng — )\gg)e”’/\]
— p[—2uu A + (1 — ug))\m + (e — )\w)e”*/\ux + 67’7’\um]7 (3.9)
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and
D(wy) = —Atu(l — u?)(Nes + 202 — ATl ) €272 — 2, we” [w + tA(1 — 3u?)e"]
+ 3t fuugw(At? e — 1) — uw[nes + e (e — )\m)]e”_)‘ — Az W

t=1(1 — 3u?)

— [\t + [2up 4+ u(2n, — A2)]e" A + 5

(At?e*" — 1) | w,.
(3.10)

Differentiating (3.9) n times with respect to x and using (3.5) and (3.6) shows that
D(97! 1) depends linearly on 971\ 97+ and 972w with bounded coefficients.
But 9”"2u can be estimated in terms of 97w and 97T \. It then follows that

D@ )] < CA+ 07 pl + 107N + |op ), (3.11)

and integrating this along the characteristic v implies that

t

105 1) oo < 05 1(to)loo + C [ (14 Paga(s)) ds. (3.12)
to

Likewise taking the z-derivative n times in (3.10) leads to
[D(0;  w)| < C(L+ |07 ] + |07 + |07 aw)), (3.13)

and integration along v implies
t

10 w(t) oo < 105 w(to)lloo +C [ (14 Posa(s)) ds. (3.14)
to
Putting (3.8), (3.12) and (3.14) together implies

t

Pn_;,_l(t) < Pn+1(t()) +C (1 + Pn+1(8))d8. (315)

By Gronwall’s inequality, it follows that P,; is bounded and thus so are 971\,
Ont1y and 97w, This completes the proof of the lemma. O

Lemma 3.2. If the hypotheses of Lemma 3.1 are satisfied and if all derivatives
of the quantities \, 1, p and u of the form OFOT with n arbitrary and k < m are

bounded then the derivatives of the form 8;"“8;} of the same quantities are bounded.

Proof. From the evolution equations we have

1
A = §(At62" —t7Y) 4 drte?p, (3.16)
1
N = §(t*1 — Ate® M) + 4drte® S, (3.17)
e = —ue Mgy — p[(1—ub)Np — 2671 + e g (3.18)

up = —ue" Mug + (1 —u?) [—uly — " i, . (3.19)
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Differentiating (3.16)—(3.19) n times with respect to = and m times with respect to
t allows 9;" 1o\, 9" T1omy, ;"o and 9" 107w to be bounded. m|

We can now prove the main result of the present investigation.

Theorem 3.3. Consider any C°° solution of Finstein-dust system with positive
cosmological constant in plane symmetry written in areal coordinates with C* initial
data. Let § be a positive constant and suppose the following inequalities hold:

Ae(to) —t5 '] <6, [Atge®™®) =31 <6, |na(to)] <6, |Aw(to) <6,  (3.20)
|na:a:(t0)| S 67 /J,(to) S 57 |u(t0)| S 67 |Nw(t0)| S 67
lug(to)] < 6, |ws(to)| < 6. (3.21)

Then if ¢ is sufficiently small, the corresponding solution exists on [to, 00). Moreover,
for this solution the following properties hold at late times:

N —t7H=001""), |A2* 3| =0(t"3), |n.|=0@1"?), (3.22)
Meal = O™),  [Na| =0, n=0("?), (3.23)
el = O7?),  Jul =007, |ue| =007, |we| =O0(?). (3.24)

Proof. The proof proceeds by a bootstrap argument.
By continuity it follows from the hypothesis (3.20)—(3.21) that

() —t71 <26, [At2e21® — 31 <26, |ne(t)] <26, |nea(t)] < 26,
A ()] <20,  p(t) <20, |u(t)] <26, |pe| <26, |ug| <20, |wa| <29,

for ¢ close to tg.

Let C7 and € be constants for 0 < C; < 1 and 0 < € < 1/2. We can reduce ¢ if
necessary so that 28 < Cjty*T=. Then there exists some time interval on which the
solution of the Einstein-dust system exists and the following bootstrap assumption

is satisfied
N —t7H < CutmAE, A2 — 3] < Cit 3T, [ Ae| < OrtAE, (3.25)
el <O, [nea| < Crt™375, p < Crt73Fe, (3.26)
lu| < Ot e e < C1ETPTE Jug| < C1tTHE) |we| < CitTEEL (3.27)

Consider the maximal interval [to, ¢,) on which the solution of the full system (2.3)—
(2.6), (2.14)—(2.15) exists and (3.25)—(3.27) hold. Suppose ¢, is finite.

Putting inequalities (3.25)—(3.27) into equations coming from the system (2.3)—
(2.6), (2.14)—(2.15) allows new estimates to be derived. We first derive an estimate
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for w. For this purpose an evolution equation for tu can be obtained from (2.15),

using the field Eqgs. (2.3)-(2.4) involving A; and 7,. The result is
D(tu) = u® — g(l — u2)(Ae?M2 — 3). (3.28)

Using the bootstrap assumption on |u| and |At?e?7 — 3|, integrating the resulting
inequality along the integral curve « and keeping the worst powers, it follows from
(3.28) that

lu(t)] < [tolu(to)| + CF + CHt™" =: Cot ™. (3.29)
Next we derive an estimate for . Using (2.14), an evolution equation for 3y follows:
D(t3p) = 3put™'u® — (1 —u®) (A —t71) — e Puy). (3.30)
An estimate for €2, e~ and e"t* will be also required.
e = A1 (A% e
< A2 [(AR2e®T — 3) + 3]
<BATHTE L Oy AT TOTE, (3.31)

On the other hand, by assumption |\; —¢t~1| < C1¢t7*¢ and integrating this in
time implies that e™* < e“17A(t0)¢51=1 and e < €112 ()¢ 1t Thus

TN < ATV2(VB + 011/2)2506017,\(750%727 and
e < ATV2(VB 4 OF )t teCrAto) (3.32)

Using this, the bootstrap assumption, integration along + and keeping the worst
powers it follows from (3.30) that

1< [+ C1Cy + C2 + CLATY2(VB 4 C )tger 200173 = Cyt™3. (3.33)

Now estimates for [At2e27 — 3| and |t\; — 1| will be derived. Estimates for the matter
quantities S and p are needed for this purpose. From the definition of S and p and
the estimates for p and u obtained above, we obtain

P _C%Qt,37 S < %t? (3.34)
From (2.4), we have
O {—%te‘Q”(AthQ” - 3)} = —87t?S,
so that using (3.31), (3.34), integration and keeping the worst powers gives
|At2e?" — 3| < [3BA' + 1A {t0|At3 — e~ 21to)| 4 2??‘2% 3
= Oyt ™2, (3.35)

From (2.3), we have

1
thy — 1= §(A62’7t2 —3) +drt?e?p,
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and using (3.31), (3.34), (3.35) and keeping the worst powers yields

C
[th — 1] < |Cy + 47A~ (3 + Ci)y _302 3 = Ot (3.36)
An estimate for 7, will be derived. Recalling that
e = —4mte™j and j =
1—wu?

it follows from (3.29) and (3.32)—(3.33) that

nz| < 47rA71/2(Cll/2+\/§)ecl+x(to)%t,3
— L2

Gt (3.37)

The following are estimates for w, and p, which will be needed in order to get
better estimates for Ay, and 7.
An evolution equation for tu, can be derived by taking the a-derivative in (3.28):

D(tuy) = (3u? — Dug(ths — 1) + 3ugu® + t(n, + Ao )uuge? > — tue’™*
—t(1 — u?)[udiz + (e — Ao )€’ + nme"_A], (3.38)

and using the bootstrap assumption, some estimates obtained above as well as
integration along ~ leads to

[to|ua(to)] + AC? + 4toCL A2 (V3 + CL/2)eCr=210) (20, + Ay ()]t "
= C7t_1. (339)

IN

||

Now taking the z-derivative in (2.14) allows us to obtain an evolution equation
for 31,

D(t3p,) = —t2(thy — D[(1 — u?) e — 2puu,] — 263 e’
— 3 (0 = Aa)uppe N + 82 (WP g + 2pung) — (1 — w?)pdsy
- t3(77$ - /\f),uufen_)\ - tgﬂummen_)\~ (340)

So far we know how to estimate all the terms on the right-hand side in (3.40) except
the last one in u,, which needs to be worked out carefully. We can obtain an evo-
lution equation for w,, by taking the z-derivative of Du,. This does not give a
satisfactory result because terms containing A, occur, and we do not know how to
estimate them. This difficulty can be overcome if we rather take the z-derivative
of D(e *u,), which will lead to an estimate for w, (where w = e *u,). An esti-
mate for u,, will then be deduced from the following relation which is obtained by

differentiating the equality w = e~ u, in z:

Upw = € Mg + Aply. (3.41)

Note that the factor e~ allows us to eliminate bad terms such as \,,. This device
has been used in another context [13].
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The term w, will now be estimated. An evolution equation for w is
Dw = —\w — w?e" — ungwe’* — t~Lw(1 — 3u?)
t~tw(1 — 3u?)

— f(AthQ" —3) — Atneu(l — u?)e? =,

so that differentiating this in z implies
D(tPw,) = —APu(l — u?) (e + 202 — Xote) 2™ — 26%nwe" [w + tA(1 — 3u?)e”]
+ 6tuu,w + 3tuuww(At2627’ -3)— tguw(nm + N (N — )\$))e’7*/\

S {t(t/\t —1) — 3tu® + t2[2um + u(2n, — )\m)]e”_)‘

t(1 — 3u?)
2

We use the bootstrap assumption, some estimates obtained above and integration
along v to get

(At?e? — 3)] Wy (3.42)

|wy| < [tglwe (to)] + 4C7Crtoe™ ) (1 4 A (t0)])
HACT(L+ A1+ Da(to) )]
=: Cst 2. (3.43)
It then follows from (3.41) that
uga| < [Csty te@rTA0) 4 Co(C + [Na(to) )]t =: C

Uz

th (3.44)
This together with (3.40) imply that
|te| < 13l (to)| + 7CF
+(3C1 +3Cu,, + (b)) (V3 + C1P)AT 240y 1A (0] =3
= Cot 3. (3.45)
Estimates for p, and j, are required in order to derive estimates for Ay, and 7.

We have
o Ut )
Pe =1 2 (1 —wu2)?2’
using estimates established above gives
Co +2C5C3Cs  _4

< -
|p$| — (1 _ 01)2 t Y

and recalling that
e = n€2 (At + 87tp) + drtp,e®,
it follows that

|)‘tw|

IN

1 87wy Cy + 2C5C5Cy _4
[A Cﬁ(3+01)<A+1_01+47T (1_01)2 t

= Clot74. (346)
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Now

MUt U 2u2um,u
R T (1 —u2)2’

so that using estimates obtained above gives
CyCy + 0308(2022 + 1)

o] < =yt 3.47
Taking the spatial derivative of (2.5) gives
Now = —4mte™ o + 0o (12 + Ao).- (3.48)

It then follows that
ee| < [AnATY2(C? 4 V3)eCHNOIC; 1 Cy(Cs + Cr + [a(to)])]E 3
= Clltig. (3'49)

The constants Cy — C; appearing along the proof are all less than or equal to
C x (g(8)+C?%), with C a positive constant and ¢(§) a positive function of § tending
to 0 as § tends to 0. Therefore it is always possible to choose C7 and § small enough
in such a way that CCy < 1/2 and Cg¢(d) < C1/2, and so the constants Cy —Cy; are
all less than C. This together with Lemmas 3.1-3.2 show that all derivatives of A,
7, p and u are bounded on [0, ¢.). This means that the solution can be extended to a
time interval [tg,¢1) on which (3.25)—(3.27) hold, with ¢; > t.. This contradicts the
maximality of the interval [to,t.). Therefore, t, = oo and the proof of the theorem
is complete. O
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