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Abstract

We extend the work in our earlier paper (Bicak J et al 2010 Class. Quantum
Grav. 27 055007 ) to show that time-periodic, asymptotically flat solutions of
the Einstein equations analytic at Z, whose source is one of a range of scalar-
field models, are necessarily stationary. We also show that, for some of these
scalar-field sources, in stationary, asymptotically flat solutions analytic at Z,
the scalar field necessarily inherits the symmetry. To prove these results we
investigate miscellaneous properties of massless and conformal scalar fields
coupled to gravity, in particular Bondi mass and its loss.

PACS numbers: 04.20.—q, 04.20.Cv, 04.20.Ex, 04.20.Ha, 04.40.Nr

1. Introduction

In this paper, we continue the study begun in [4] (paper I) of asymptotically flat solutions of
Einstein’s equations that are periodic in time. In [4], we showed that such spacetimes, if either
vacuum or electrovacuum and analytic at Z, are necessarily stationary near Z. Here we extend
this result to spacetimes whose source is one of a range of scalar-field models.

In [4], we also considered the problem of inheritance of symmetry. This is the question
of whether, if a spacetime which is a solution of Einstein’s equations with some matter source
has a symmetry, the matter source necessarily has the same symmetry. For asymptotically
flat electrovacuum spacetimes which are analytic near 7 we showed that the symmetry is
necessarily inherited. For scalar-field sources, we now obtain the same result in some cases
but not in others.
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The scalar fields we consider fall into two broad classes. The first class includes the
complex, massless Klein—-Gordon (KG) field which satisfies wave equation (1) and has an
energy—momentum tensor as in (2). Here we prove

Theorem 5.2. A weakly asymptotically simple time-periodic solution of the Einstein-
massless-KG field equations which is analytic in a neighbourhood of I~ necessarily has a
Killing vector which is time-like in the interior and extends to a translation on ™.

It is also possible to include a potential for the scalar field, as in subsection (2.3), and
therefore to include a mass-term, and the above result will continue to hold subject to a weak
condition on the potential. Now one knows, for example from [5], that there exist boson-
star solutions of the Einstein-massive-KG system for which the metric is static, spherically
symmetric and asymptotically flat, while the complex scalar field takes the form f(r)el’:
these solutions are genuinely periodic in time but not stationary, and the source does not inherit
all the symmetries of the metric. However, it is easy to see that these solutions are not analytic
near Z, which is why they do not violate our result.

The other class of scalar fields contains what we shall call the conformal scalar field,
that is, it satisfies the conformally invariant wave equation (35). For simplicity, we shall take
the field to be real, though the formalism allows a complex field. In the real case, there is
a conserved energy—momentum tensor for such a source due originally to [14] (see also [7]
and [15]), given in (36). This leads to a form of the Einstein equations (37) studied in [11],
where it was shown that there is a well-posed initial-value problem. With suitable data on
hyperboloidal surfaces extending to Z, there exist asymptotically flat solutions even with a
regular point at i* [11]. Explicit static spherically symmetric solutions were earlier given
in [2, 3]. Starting from the assumption of an asymptotically flat solution of these Einstein
equations, we may proceed as before, with the corresponding result.

Theorem 5.3. A weakly asymptotically simple time-periodic solution of the Einstein-
conformal-scalar-field equations which is analytic in a neighbourhood of T~ necessarily has
a Killing vector which is time-like in the interior and extends to a translation on ™.

Turning to the question of inheritance, for the first class of fields we show (theorem 6.1)
that the only way a stationary symmetry can fail to be inherited in the class of spacetimes
under consideration is if the (necessarily complex) scalar field has the form f(x') ¢!’ in terms
of the comoving space-coordinates x and time ¢. This is periodic and the previous result can
be applied to deduce that the symmetry is in fact inherited. For a complex conformal scalar
field, the same argument can be used to show that there are no non-inheriting fields of this
form but this is only a partial result as we cannot characterize the non-inheriting fields in the
same way.

The plan of the paper is as follows: in section 2 we review the Einstein-massless-KG
equations and show how to formulate the conformal Einstein-massless-KG equations, by
which we mean the equations formulated for an unphysical, rescaled metric which correspond
to the physical Einstein-massless-KG equations. This enables the equations to be extended to
Z. In section 3, we do the same thing for the Einstein-conformal-scalar equations, using the
conserved energy—momentum tensor proposed in [14] (see also [7]). This energy—momentum
tensor does not satisfy the dominant energy condition, but we give some arguments why it
might nonetheless lead to positive total energy. In section 4, we give expressions for the Bondi
mass and Bondi mass-loss for both classes of scalar-field sources. The Bondi mass-loss for
the conformal scalar field is not manifestly positive (at Z*) but in the periodic case the average
over a period is. In section 5, we recall the coordinate and null-tetrad system used in [4]
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and prove theorems 5.2 and 5.3 to show that in this setting, periodic solutions are actually
stationary. The proof is much as in [4]: one shows inductively that all radial derivatives of all
metric components at 7~ are v-independent so K = d/dv is a Killing vector. In section 6, we
discuss inheritance and prove theorem 6.1 to show that stationarity is necessarily inherited in
an analytic, weakly asymptotically flat, Einstein-massless-KG solution.

In order to be able to follow clearly the arguments in the main text, in appendix A we
review all Newman—Penrose equations for a general source: that is, the commutation relations
of the NP operators, and the Ricci and Bianchi identities. In appendix B the conformally
rescaled scalar wave equations and conformal Bianchi identities for the massless scalar field
are written down in an unphysical space in manifestly regular form. The regular conformal
Bianchi identities for conformally invariant scalar fields follow in fact from the conformal
Bianchi identities for any matter field for which the Ricci spinor behaves as O(2) at Z. The
projections of the Bianchi identities are given in section B.4 of appendix B. The asymptotic
form of the solutions of the Einstein-massless-scalar-field equations at future null infinity Z*
is discussed in appendix C; this is used in section 4 in the derivation of the Bondi mass and
the mass-loss formula for both massless KG field and conformal-scalar field. Finally, in
appendix D we give some examples of exact solutions of the Einstein-conformal-scalar
equations and discuss the possible presence of singularities.

2. The massless KG field

2.1. Basic relations

First we investigate the complex scalar field which satisfies the massless KG equation in the
physical spacetime:

O¢ =0. (D
We shall consistently use the tilde to indicate quantities in the physical spacetime, untilded
quantities referring to the rescaled, unphysical spacetime. The energy—momentum tensor
whose conservation is implied by this equation is

~ 1 ~ ~ ~ = - - ~ o~ ~ =

Ty = EDW(M)(W)@ — 83 (Veh) (Va)]. 2

First we have to determine the conformal behaviour of the scalar field. Since wave

equation (1) is not conformally invariant, there is a priori no preferred choice. However, since
near Z~ (7 — 00) the radiative part of the field behaves as

|

¢~ 3)
and we wish to have a non-vanishing regular unphysical field on Z~, we define

¢=Q¢. “4)
In the following, we employ the notation

Pan = Vand, Yaa = Vaad, saar = Van L2, (5)

and using the NP formalism* we denote the components of the fields s, and ¢, by the special
symbols:
DS = so0 = So, 8 = sor = Sy, $Q=s10=S=39, AQ =511 =5,

- (6)
D¢ = goo = ¢o. 8¢ = gor = ¢, 8¢ = @10 = ¢1, Ap =g = @2,
and correspondingly with tildes in the physical spacetime.
4 The explicit expressions for the NP tetrad, the corresponding spin basis, the NP operators, etc. in the coordinate

system (v, 1, 6, ¢) used in the following are introduced in section 3 and appendix A of paper I and repeated in
section 5.
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In this notation, the spinor form of Einstein’s equations in the physical spacetime is

Dapan = 2P @pyp),

64 = . 5" 7
the components of the Ricci spinor with respect to the spin basis are

®o0 = 2P0 §o»

d)Ol = 2(0(0 él),

o2 =201 ¢4,

b = ®0 ‘7’2) +@q <7’T)v ®

D12 =201 @y,

2 =202,
and the scalar curvature is

A= %[— P P2y + Pa1 P1)1- )

2.2. The conformal Einstein-massless-KG equations

In this subsection, we find a system of equations regular at Z for all unphysical quantities.
This system, by analogy with Friedrich’s ‘conformal Einstein equations’ [9], we shall call the
‘conformal Einstein-massless-KG equations’.

In [4] we derived the physical Bianchi identities expressed in terms of the unphysical
quantities as

L VIVascp = QVE Papyap + 55 Cagyas + VE Vaw seys). (10)
where s 44 18 given by (5), ® 454 g is the Ricci spinor and Y 4pcp = QW pep is the rescaled
Weyl spinor (see equation (6) in paper I). Using the rule for the conformal transformation of
the Ricci spinor,

Vawseyp =QPapap — L Papas, (11)
we find

VY Yapep = Q72 S(Bc, Sapap +Q7! V(Bc/ D apyap- (12)
The right-hand side of this equation is not manifestly regular on Z, while the left-hand side is

regular by assumption of asymptotic flatness.
Next we express the physical Ricci spinor via the unphysical quantities,

Dapan =2 QanPryp) +20 S SByp) +2 2P Oa BB +2 D Paca SB)B)S
(13)

and insert this expression into (12).
In order to simplify the resulting equations, we introduce the following notation: let
X, Y, and Z, be the arbitrary vector fields and define

(XYZ) = X{& Ya Zp)s). (14)

The expression (XY Z) is obviously symmetric in YZ. It is straightforward to derive the
relation

(XYZ)+(ZXY)+(YZX) =0, (15)
with the special case (XX X) = 0.

4
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After inserting the Ricci spinor (13) into the Bianchi identities (12), we arrive at

Vavasen =297 Qp(s¢s) + 20 (s9s) + ¢ (@5 5) + Plps 5) + pP(Vs )

+6(50P) +2(P9s) +2(9Ps) +2¢ (Vos) +2¢ (Vos) +2Q (Ve p). (16)
This can be simplified using identity (15):
ViVasep = 20627 (Vs s) + 2Q2(Vep) +4(s¢p) +26(Vs) +2¢(Vs), 17
where, e.g., (Vos) = V(BC/ (@acaSByB)), S0 V acts on both ¢ and s. The last equation is still
formally singular on Z~ because of the factor !, but using (11) we finally obtain
Viovascp =20 ¢ sfPapup +4(s9@)+2¢ (Vs@)+26¢ (Vs p)

+4Q[3 (Vep) — 96’ (595) —d > 9] 429 d (59 9), (18)
which is manifestly smooth at 7.

Next we wish to derive equations for the conformal factor. The commutator of covariant
derivatives annihilates scalars, so contracting Vi, V;Q = 0 with e4'?" gives the relation

VAr(A Sé; =0. (19)
By decomposing V4/spp into its symmetric and antisymmetric parts and using the above
equation, we obtain

Vaa spe = Vi Sp)yp) + % €apexp LQ. (20)
The first term on the rhs is given by (11). We now define the quantity (cf equation (15) in
paper I)

F=1Q"¢"s,sp, (21)
which is regular on Z. The rule for the conformal transformation of the scalar curvature can
be written in the form (equation (16) in paper I)

OQ=4QA —4Q" ' A +4F. (22)
We thus have found an expression for the second derivatives of the conformal factor 2:

Vaaspy = QLPapap — QPapap +€apean (A — QA+ F). (23)

The last expression contains a term 2~ A which again seems to be singular on Z. This is
not the case, however, since by (7), (4) and (21) we have

A= Q0+ PP s +Poes +20 Fl. (24)
The physical scalar curvature is therefore manifestly at least O(Q?).

The projections of the last equation are written down explicitly in appendix B,

equations (B.6)—-(B.15). Now we wish to derive equations governing the quantity F. The
contracted Ricci identities read

vV, O0Q—-V,V,s" =Rs,. (25)
Using the spinor decomposition of the Ricci tensor
Rap = —2®pap +6A €spenp, (26)

and expression (23), we find after some arrangements
Vaa F = % QUVEE B upap + %SBB/ Sapap — B8 ®apap

+Asan — Q2 Asan + Q7 VauA. (27)
The first term on the rhs can be rewritten as

BB & 2 &BB & 1 BB
VPP ®ppap = QL 7V Pppap +2Q27 Oapap s

’

(28)
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Now we employ the contracted physical Bianchi identities VA4 ® s = —3Vzp A and
obtain

Vanr F =558 ®pap — 555 @upap + (A — Q2 A)san. (29)
The projections of this equation can be found in appendix B, equations (B.17)—(B.19).

Finally we derive conformal equations for the field p44.. The expression (J+4A)¢ is
conformally invariant with the conformal weight 3, so

O¢ = —4(A—Q2A) ¢, (30)

where we used wave equation (1) in the physical spacetime. The symmetric part of Vﬁ/(p BA'
is zero and we find

Vippa = —Leap Do (31)
Combining the last two equations we arrive at
Vigsw =2(A = QM) penp. (32)

To summarize, in the unphysical spacetime we have the following variables:
{2, 0,54, 0ar F, Vapcp, Papap, A}). The evolution of these quantities is given by
equations (18), (23), (29) and (32), together with the contracted Bianchi identities

VA D pap = —3VppA. (33)

2.3. Potentials

The massless KG equation (1) can be generalized to include self-interactions of the scalar field
by adding a potential term to the energy—momentum tensor (2),

~ 1 =
Tab = Tab + gabv(¢a ¢)»
47

so that the field equation acquires the form

~ . 0V
O ¢ + — = 0.
d¢
Since the potential term in the energy—momentum tensor is proportional to the metric, it
will contribute to the scalar curvature A, but not to the trace-free Ricci spinor. The new form
of Einstein’s equations (7) is therefore

Dasan =20 Ppyp)» 6A = —@. ¢° +2V. (34)

For our proof we require ¢ = Q~'¢ and Q73 A to be regular on Z~, cf (4), (29) and (24).
From (34) we can see that this will be satisfied, if 73V is regular on Z~. In this case the
proof works without change. An example is massless ¢*-theory, where V = (¢)> = O(Q*).

If there is a mass term m’¢¢ in V, the asymptotic behaviour of the unphysical field
changes to

¢ =06,
SO

Q’3m2¢~>5 ~ miFe
which is regular. The field ¢ is now not analytic at Z~, so our argument does not apply to this
case, which is the class including the boson stars of [5]. Note, however, that in general the

asymptotic behaviour of massive fields at Z is a subtle question which appears to be carefully
analysed only at the level of linearized theory [17].

6
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3. The conformal-scalar field

3.1. Basic relations

Consider now the conformal-scalar field, by which we mean a scalar field satisfying the
equation

O+ 1R)G = (A+44)d =0. (35)
This is conformally invariant if ¢ transforms as (4), i.e. = 2 ¢. For simplicity we assume the
field ¢ to be real, but the procedure is easily generalized to complex ¢. The energy—momentum
tensor conserved due to equation (35) is (see [7, 14] or [15], Volume II, p 125)

~ 1 o~ .

Top = E[Z Pa P88 — @ Vaw @ayp+ ¢ Papas]. (36)
Furthermore, this energy—momentum tensor also has good conformal behaviour rescaling as

7-‘ab = QZTabs

but it will not satisfy any of the usual energy conditions. We shall return to this point. We
take Einstein’s equations to be, as usual,

d)ab + 3Ihigab =4r Tab;
then we can solve to find
Dapan = (1 — &) 20w @8y8) — D Viaw O],

37
A=o. 37)

These equations are singular when ¢> = 1 but there are known solutions which avoid this
singularity [2, 3] (for explicit examples, see appendix D) and it is known that there is a well-
posed initial-value problem [11] which with suitable data extends to Z*. We shall therefore
assume that we have an asymptotically flat solution, periodic in time, with ¢ tending to zero
at infinity, so that ¢> < 1 everywhere.

In the absence of the dominant energy condition, it is not clear that any version of the
positive mass theorem holds but there is some reason to expect a positive global energy. To see
this, integrate the energy density over an asymptotically flat maximal space-like hypersurface
¥ (assuming for the moment that one exists) with normal N*. Note from (36) and (37) that

= _ 11
P g 1 -2

Then a measure of total energy at X is

[2@a @prp — & %A(A’ @pBl. (38)

E:= / T, NN’ dx

1 1 1 . N
= E 1— $2 |:(Na ~a)2 _ Egub{ba@b _ ¢Na Nh Va (bbil dz. (39)

Now,

NN*Na@p = (h* + §)Vaiy = h'1V,3; = h' Dip; + (N“G)K
where D; is the derivative operator associated with the three-dimensional metric A; induced
on X, K is the trace of the extrinsic curvature which vanishes for a maximal surface, and we

have used Ijﬁ =0.
Note also

8.0 = (N“@a)* — W' 3, ¢;,
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and integrate by parts in (39) to find

1 o [3, 0. 13+¢? T
E—4nfd2 1 —=9¢%) [Z(N @a) +21—¢§2h Wp,],
which is manifestly non-negative. Thus, on a maximal surface the global energy is positive
without local positivity. Positive energy also holds for hyperplanes in Minkowski space with
T.»asin (36) and we shall see something similar below, namely that, while the Bondi mass-loss
is not necessarily positive at any particular cut, nonetheless the mass-loss integrated over a
period in a periodic spacetime is non-negative.

The Ricci spinor written in terms of unphysical quantities reads

(1- Qz‘pz)d)ABA’B’ =207 Pl $B)B) — Q ¢ Vaw ¢8yB) — Q¢2 Via SB)B)- (40)
Let us define the ‘rescaled Ricci spinor’
basay =2 Dagap, 41)

which should be distinguished from the unphysical Ricci spinor. Substituting the rule for the
conformal transformation of the Ricci spinor (11) into (40) we arrive at the following simple
expression for the rescaled Ricci spinor:
dapas = 2Quu 9yB) — ¢ Vaues)s) + ¢2 GaBap- (42)

This spinor is regular on Z=. Note that we do not write the tilde over ¢spap (as we
wrote over ® 445 in (7)), since we expect that the physical Ricci spinor has already been
expressed in terms of the unphysical quantities and the following relations become simpler.
The components of ¢4 p a5 With respect to the spin basis are
P00 = 205 — $[Dgy — (€ + B + Repy + k7] + ¢ Do,
P01 = 20091 — 30[D@1 + 8¢9 — (@ + B + 7)o + k2 + (B — & +E)p1 +09i] +¢” or,
P02 = 207 — Pl¢1 — o + 0 @2 + (@ — Blg1] + ¢” Do,
$12 = 20192 — 30[Ap1 +302 — Do + (B+ T+ @2+ (7 — v — )91 — Agil +¢” o,
¢ =207 — BlAG: + (v + 7)p2 — vor — D] +¢* Doy,
P11 = Qo092 + 9191 — 3OLDYs + Ay + 81 +8p1 — (v + 7 + 11+ o]

— Pl +p+e+ D@+ T —a+p—mpi+ (T —a+p—D)gil+¢* 1. (43)

3.2. The conformal Einstein-conformal-scalar equations

Now, as in subsection 2.2, we obtain a system of conformal Einstein equations, regular in the
unphysical, rescaled spacetime and equivalent to the Einstein-conformal-scalar equations.

In order to derive the conformal Bianchi identities for the conformal-scalar field we return
to the general physical Bianchi identities (12). Using the rescaled Ricci spinor instead of
® 454 p the Bianchi identities become

Vo Vascp = 3s{e paan + LV ibasap . (44)
Projections of these equations on the spin basis can be found in appendix B, equations (B.51)—

(B.58).
Next we turn to the contracted Bianchi identities in the physical spacetime

VO S pap = —3Van A, (45)
where A = 0 by (37). Following the rules for the conformal transformation of the covariant
derivative we find that the left-hand side transforms like

VEE® g pag = QPVEE B upap — 20558 dupap (46)
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or, using (41),
VI S g ap = Q VEE pupap, (47)
and thus the contracted Bianchi identities have a simple form, just as in the physical spacetime:
VE papap =0. (48)

Projections of these equations on the spin basis can be obtained from the Bianchi identities
(A.8a)—(A.8¢) by deleting terms containing A and replacing ®,,,, = G-

4. Bondi mass

One of the necessary ingredients in this work is to find restrictions which the assumption
of periodicity imposes on the Bondi mass. As long as the Bondi mass Mg(u) on Z* is a
non-increasing function of the retarded time u, it can be periodic only if it is constant. In [4]
we used the well-known formula for the Bondi mass of an electrovacuum spacetime5,

Mp(u) = _% ds(¥9 +0°5"), (49)

when its time decrease is given by the ‘mass-loss’ formula
Mp(u) = —% ds(6%6° + ¢3 ¢9). (50)
This expression is manifestly non-positive. To achieve periodicity of the Bondi mass we thus
had to set 6% = 0 and ¢9 = 0. The loss of the Bondi mass due to the gravitational radiation is
described by the news function —5 and the electromagnetic contribution by the quantity ¢3.
Periodicity thus requires the absence of both gravitational and electromagnetic radiation.

In order to repeat this reasoning in the case of spacetimes with scalar fields, we need
the appropriate formula for Bondi mass-loss. The gravitational contribution will again be
expressed by the news function and there will be a contribution from the matter. The energy
flux due to the matter is described by the energy—momentum tensor 7, (omitting tildes for
clarity, in this subsection only). If we write, using the NP formalism,

Tab:Alalb+Bn(alb)+Cl’lanb+~-, (51)

then the component A = T,,nn” is the energy radiated out of Z* (recall that n is tangential to
Z*, and [ points into the spacetime towards Z~). In terms of the Ricci spinor NP component,
we get

Tab n¢ I’lh X @22. (52)

For the complex scalar field ¢, &y o ¢ (?), where dot means the derivative with respect to u.
For the scalar field we thus expect

Mp@u) = — % %[5050 +k¢°$°1ds, (53)

where k is a positive constant factor and ¢° is the radiative part of the scalar field, i.e.
¢ = ¢ r~' + O ~?). We shall now calculate the Bondi mass for the scalar field which will
imply the exact formula for the mass-loss.

5 1In fact, in [4] we constructed the proof—and the same will be done here—at 7~ where the Bondi mass is non-
decreasing but it is straightforward to get one from the other. Since it is more common to work at Z*, in this section
we discuss the Bondi mass there.
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4.1. Massless KG field

To compute the Bondi mass we use a method based on the asymptotic twistor equation as
described in [16]. More details can be found in [12] or [15]. In this approach we have to find
the asymptotic solution of the Einstein-massless-KG equations in the neighbourhood of Z* (in
the physical spacetime). We give enough of this for our present purposes in appendix C.

The Bondi mass is then given by the coefficient £, which is the O(?) term in the
expansion of the spin coefficient . This term is given by (C.5) and reads

u® = —g95© — g0 — 200 _ OO,
Since the term 396 © vanishes on integration, we find the Bondi mass to be (with the

normalization used in paper I)

Mp(u) = — dS[¥s” + 200 4+ 6© O] (54)

1
27
Using the expansion of A given by (C.6) leads to the final expression

1 1 - .
Mp(u) = “3 /e f ds [\yg‘” 3 3?0y + o<°>a<°>} ) (55)

To find the time derivative of the Bondi mass we use the leading term in the Bianchi
identity (A.7¢):

U +2A0 =ow + o) + @ W (56)
The term 3" vanishes on integration. By (C.6) we have W” = —5©. The leading term

of @y, is found from (8) to be d'2 = 2$©¢©, and the mass-loss formula thus acquires the
form

Mpu) = dS[e©6© +2¢© O, (57)

1
27
This expression is manifestly non-positive. If we demand the spacetime to be periodic, the
Bondi mass must be constant, i.e.

0 = O =0,

4.2. Conformal-scalar field

The same calculation can be repeated with minor changes in the case of the conformal-scalar
field. Now we obtain the following expressions for the Bondi mass and its ‘loss’:

Mp(u) = — ds[w)” +0© 507,

1
e

1 (58)
MB(u) = —m % dS[d(O)&(O) +2 ((2‘5(0))2 _ ¢(0) 515(0)]-

Now the formula for the rate of change of the Bondi mass is not manifestly non-positive,
so it can apparently increase as well as decrease. This seems to be a consequence of the fact
that the energy—momentum tensor (36) does not obey the energy condition 7,,/%n” > 0 for
the arbitrary future null vectors /“ and n“.

However, if the Bondi mass is supposed to be periodic, its overall change AMp during
the one period 7 is non-positive. Indeed,

1 u+T ) ) 1 )
AM. = — L du & dsie®@s© 4350 O %ds O GOT (59
P="0uw ), ”7§[00+¢¢]+2ﬁ BTN, 59

10
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where we have integrated the term containing ¢© by parts. The second term in (59) vanishes
because of periodicity and we arrive at a manifestly non-positive expression for the loss of
mass during one period. Such an expression can be periodic only if it is constant, so we again
obtain the condition

50 = O — 0,

5. Periodic solutions are necessarily stationary: proof of the theorems

5.1. The massless KG field

In this section we prove that all periodic, asymptotically flat Einstein-massless-KG spacetimes,
analytic near Z~ in the coordinates we shall introduce, are necessarily stationary. First we
set up a coordinate system, choose the null tetrad and fix the conformal gauge as in paper I,
and the justification for the assertions below is given there. The coordinates are denoted as
x* = (v, r, 0, ¢). Here v is the affine parameter along the generators of 7~ and has the meaning
of the advanced time. The coordinate r is an affine parameter along the null geodesics ingoing
from Z~ with the property Q = r + O(r?), and (0, ¢) are the standard spherical coordinates
on the unit sphere. The NP operators D, A and § representing derivatives in the directions of
the vectors [, n and m (constituting the null tetrad) can be expressed in the coordinates x* in
the following way:

D=293,— Hd +C'o,,
A =0, (60)
8= Ply,.

The metric functions H, C’ and P! are governed by the frame equations

AH = —(s+%), (61)
8H = —«, (62)
AC' = 27aP' —27 P!, (63)
P! — 8P = (a—pB) P! —(@—B)P!, (64)
AP = —(u—y+j)P" —iP!, (65)
sC!' —=DP' =—(p+e—&)P' —o P!, (66)

which can be understood as determining the nonzero spin coefficients. We choose

1 i
Pr=—, PP=— on 7°. (67)
\/5 ﬁ sin @
The metric functions H and C! vanish on Z~ by construction, so the operator D reduces to 3,
there, and we have

H=cC!=0, DP' =0 on I. (68)

As a consequence of the choice of the coordinates and the tetrad, we have

p—p=pu—p=v=mn—a—p=7—p—a=0, everywhere,

B —1 to 0 A 69
oa=—B=— coto, k=0, on .
272

11
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Exploiting the tetrad gauge freedom corresponding to the rotation of (m, /) we achieve

y =0 everywhere, e=0 on I . (70)
Using the conformal gauge freedom we set

u =0 everywhere. 71)

Recall from (24) that the physical scalar curvature is O(3). Equations (B.6)-(B.15) for
the conformal factor then reveal that on Z—

F=p=0o=n=17t=0,

(72)
ASy=AS; =AS, =DS, =0.
Equations (B.17) and (B.18) for derivatives of F imply
(b()() = CD()] =0 on 7. (73)

We saw in the previous section that the periodicity of the solution requires the constancy
of the Bondi mass. This is expressed by the relations

Yo = AW, =0,
9o = D¢ =0,
These equations also imply Dg; = D¢7 = 0 on Z~, as can be seen from (B.2) and (A.1).
First we prove that, assuming periodicity, all NP quantities are time-independent on Z—,

i.e. independent of v. This follows immediately from the choices made above for all spin
coefficients except for A. The Ricci identity (A.5g) and Bianchi identity (A.7a) show

D) = Py, D®yp =0 on I-, (75)

on 1. (74)

and therefore

D?*). =0. (76)
By the same argument as in [10] and [4], we conclude

DA =0 on I, ()

since equation (76) has a polynomial solution in v, but A can be periodic only if it is constant.
Equation (75) then gives

(bzo =0 on 7°. (78)
The conformal Bianchi identities (B.24), (B.26), (B.28) and (B.30) on Z~ simplify to
Dy =0,
Dwz - §W1 = —2ua 11”19 _ (79)
Dy — 89 = —21 91 + 1 (0 D@1 + $Doy), -
Dy — 8¢5 = =30 Y2 + 20(Y3 + dp1 + 9P1) — 491 @1 + P S¢1 + P 591
Applying D to these equations, we immediately see that

D>y, =0 on I~ (80)

for all n. By periodicity
Dy, =0 on 7, @81

so all components of the Weyl spinor are v-independent on Z~. Because ¥, = Q~'V,,, we
have

DAY, =0 on 7. (82)

12
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Finally, we investigate the behaviour of the remaining components of the Ricci tensor, i.e.
D1y, P, Oy and A. The Ricci identity (A.54) immediately shows

A=0 on 7. (83)

Since p is identically zero not only on Z~, but also in its neighbourhood, the Ricci identity
(A.5k) on Z~ reduces to

Dy =—Ak on I, (84)
and therefore

D®y» =0 on I~. (85)
Applying D on the Ricci identity (A.5r) leads to

D®, =0 on 7. (86)

The spin coefficients « and 8 on Z~ are given by (69). Inserting these into the Ricci identity
(A.5q) we find

(bl] = % on I, (87)

so @ is obviously v-independent on Z~.
We have already shown that ¢; and ¢7 are v-independent on Z~. Equation (B.3) implies

Doy — b1 = (B — @)¢i on I-. (88)
Applying D and assuming periodicity of the scalar field we conclude
Dg> =0 on . (39)

Projections (B.4) and (B.5) of the wave equation and commutator (A.3) applied to ¢ reveal,
after differentiating with D, that DAQ = 0on Z~, with

0 € {go, vi. ¢1}.
To show the same for A¢g, we apply DA to (B.3) and obtain
D*A@s +2¢0DAA = ¢ DA — ;DA (s + & — p). (90)

From Ricci identities (A.5 f), (A.5i), (A.51)-(A.50), we find that DAQ = 0 on Z~ for
Qelp,m w07 B}

Applying DA to (A.5h) shows
DAA =0 on 71,

and thus (90) implies D>A¢, = 0 on Z~, so by periodicity
DAg, =0 on ZI°. 1)

Thus, we have proved the lemma

Lemma 5.1. The following quantities vanish on 7~ :
H,C!', p,0,m 1,18 8,81, F, Vo, oo, Po1, Poz, A, @0,
DP!, Da, DB, DX, DS,, ASy, AS|, AS,,
Doy, Doi, Dga, DAgo, DAy, DAgi, DAg,,
Dyry, Dyra, D3, Dyg, D@1y, D®1p, Dy,

92)

Now we set up an induction, with inductive hypothesis.

13
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Suppose that DA/Q =0onZ~ for 0 < j < k with
Qe{H,C' P epormt i d B F pm Pun A,

andfor0 < j < k+ 1 with Q € {S,,, o}

This holds for k = 0 by lemma 5.1, so we need to deduce it for j = k+ 1 from its validity
for j < k. Here we closely follow the procedure we used in [4]. Applying DA* on (61) we
find

DAM'H = —DA*(e +8),

where the rhs vanishes on Z~ by the inductive hypothesis. By a similar argument we can
deduce DA¥'Q =0onZ:

e for H, C' and P! from (61), (63) and (65);

e forx, e, m, T, A, B, 0, pand @ from (A.5¢), (A.5f), (A.51)—(A.50);
e for F from (B.19), taking ®,,, from (8) and A from (9) and (24);

o for @y, Py, g and &, from (A.6b), (A.6d), (A.7b) and (A.7d);
e for A, 5, and @ from (A.5h), (A.5k) and (A.5¢g);

o for Y, ¥, ¥, and Y3 from (B.25), (B.27), (B.29) and (B.31).

Now, all quantities except for 14 are proved to satisfy DA¥'Q = 0 on Z~. Applying
DA*! on (B.7), (B.10), (B.14), (B.4), (B.5) and (A.3) shows DA*2Q = 0 on Z~ for

0 € {So, S1, 52, 9o, 91, 1}
Ricciidentities (A.5 f), (A.5i), (A.51)—(A.50) and (A.5h) in this order imply D A2 0=0

on Z~ for
Q€{87n’ﬁ7o’p’a’A}.
Applying DA**2 on (B.3) implies D>?A¥*2¢, = 0 on Z~ and using periodicity we obtain
DA*2p, =0onZ".
Finally, acting by DA*! on (B.30) we find D>?A*!'y, = 0 on Z~, and therefore, by
periodicity,
DAy, =0 on ZI-.
This completes the induction.
We have thus proved that all variables are v-independent on Z~ and, assuming analyticity
in r, in a finite neighbourhood. Since our set of variables also includes the functions H, C 1
and P’ constituting the components of the metric tensor, we can conclude that K = 9, is a
Killing vector of the unphysical metric. However, the conformal factor is v-independent as
well, so the Lie derivative of the physical metric is
Lxab = —2978upLx 2 =0,

i.e. K is also a Killing vector of the physical metric.
The norm of K is given by the component g,, in the coordinates x*. The full form of the
metric tensor g,, can be found in paper I, equation (34). The norm of K is then

g(K,K) =gy =2H - 200,
where @ = —C’ R; and R; are the O(1) functions (see (33) in paper I). Frame equations (61)
and (63) imply H, C! = O(r?), and the Ricci identity (A.5f) with (87) shows ¢ = —1/2 on
Z~. From these relations we find the norm of the Killing vector to be

g(K,K) =2r"+O(r).
We can see that K is null on Z~ and time-like in its neighbourhood. Our results are summarized
in the following theorem.

14
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Theorem 5.2. A weakly asymptotically simple time-periodic solution of the Einstein-
massless-KG field equations which is analytic in a neighbourhood of 7~ in the coordinates
introduced above necessarily has a Killing vector which is time-like in the interior and extends
to a translation on T~

5.2. The conformal-scalar field

The proof for the conformal-scalar field is essentially the same as in the case of massless KG
field, the only difference lying in the Bianchi identities. These are not so complicated as in the
previous case and we present them in their full form in appendix B, equations (B.51)-(B.58).
Our results are summarized in the following theorem.

Theorem 5.3. A weakly asymptotically simple time-periodic solution of the Einstein-
conformal-scalar equations which is analytic in a neighbourhood of 7~ in the coordinates
introduced above necessarily has a Killing vector which is time-like in the interior and extends
to a translation on 7.

We briefly outline the main steps of the proof. We use the same coordinate system and
tetrad, defined by (60) and (61)—(66), so all consequences of the choice of the gauge remain
unchanged. Projections of wave equation (B.2)—(B.5) and equations for the conformal factor
(B.6)—(B.19) differ only in the presence of the physical scalar curvature A, which in this case
is zero. The form of the Ricci identities does not depend on the type of the matter field. On
the whole, equations (60)—(78) hold without change.

Now it is straightforward to see from the conformal Bianchi identities (B.51)—(B.54) that
the Weyl scalars 1, are v-independent on Z~. Next we return to equations (83)—(91), which
are again valid. So lemma (5.1) holds.

To finalize the proof we need to repeat the induction. In the previous case, in the inductive
hypothesis we assumed that each quantity Q satisfies DA/Q = 0 on Z~, where 0 < j < &,
and in addition, DA**'Q = 0 onZ~ for Q € {S,, ¢,}. This was necessary, since the Bianchi
identities contained derivatives of these fields. In the inductive step we were able to prove
DA*'Q = 0onZ~ for v,’s and for all other quantities. Moreover, we proved DA2Q =0
onZ~ for Q € {S4, ¢a}-

In this case, the Bianchi identities actually contain the second derivatives of the fields
S, and ¢,, i.e. the third derivatives of Q2 and ¢. This is not a problem, however, as all third
derivatives are multiplied by . Therefore, terms with problematic D A**?-derivatives vanish
on Z~, and the induction can be repeated without change.

6. Inheritance

In the previous section, we proved that if both gravitational and scalar fields are periodic
near infinity, the spacetime is stationary there and the scalar field does not depend on time.
However, there are examples known in which the gravitational field and its matter source do
not share the same symmetries (see paper I for a longer discussion). The question therefore
is, whether a stationary gravitational field can be produced by a time-dependent source. In
paper I we showed that this is not the case with an electromagnetic field—once the spacetime
is stationary, the electromagnetic field must be too. Let us briefly recall the idea of the proof.

In the electromagnetic case, the components of the physical Ricci spinor have the simple
form @, = ¢, Itis clear thatif the Ricci spinor is to be stationary, the electromagnetic field
can depend on time only through the phase of ¢,,, i.e. ¢,, = @,, e, where x = x(v,r, x1),
but the modulus @ is time-independent. Now, by the Bondi mass-loss formula ¢9 = 0onZ~.
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Using Maxwell’s equations we deduced that ¢,, are time-independent on Z~, and by induction
also in its neighbourhood. Therefore, if an asymptotically flat electrovacuum spacetime is
stationary, the electromagnetic field has to inherit stationarity.

The situation is more complicated in the case of the massless KG field, for now it is not
obvious what kind of time dependence of the scalar field ¢ is compatible with the stationarity
of the spacetime. We first find this time dependence and then the result follows, using the
Bondi mass-loss formula and induction.

Theorem 6.1. In a stationary, analytic, weakly asymptotically simple solution of the
Einstein-massless-KG equations with the stationarity Killing vector K = d/0v, the physical
massless-KG field must take the form ¢ = e’ ¢y, where d,¢o = 0. If the metric is analytic in
a neighbourhood of I~ in the coordinates introduced above then  is in fact time-independent.

For the first part, we use the coordinate system introduced above and assume the
stationarity of the spacetime. Hence, K = 9, is a Killing vector of the metric and the
Lie derivative Lx reduces to a simple partial derivative with respect to v, which is also
denoted by a dot. Since A is stationary, Einstein’s equations (7) imply

3, (@cp°) = 0.
The Lie derivative of the energy—momentum tensor (2) is then

A7 Li Tap = VaPpy + Wy + BoWa + Voas
where J = ¢ and ¥, = V,¥. Let us decompose the fields ¢ and ¥ into real and imaginary
parts:

=X +iY, U =U+iW, 93)
with X, Y, U and W being the real functions. In this notation we have

27T ap = XaUp + Yo Wy + XpUy + Y, W, =0, (94)

where X, = V, X, etc.

We first consider the case when the gradient fields X, and Y, are proportional in some finite
region so that, by analyticity, they are proportional everywhere. Thus X and Y are functionally
dependent. If either were constant then that constant would be zero, since ¢ =0at infinity.
Thus we may suppose that Y is a function of X and then

Pa = (1 +1Y)X,, Of = (1+iYHOX +iY 3 X, X,
where the prime indicates derivative w.r.t. X.

IfY” = Othen Y = aX +b for constants @, b, but once again b must vanish by asymptotic
flatness so ¢ = (1 +ia)X and, after rescaling ¢ by a constant, we may assume ¥ = 0 whence
also W = 0. Now (94) becomes X ,U;y = 0 from which necessarily U, = 0 and gE = constant,

but then asymptotic flatness forces ¢ = 0.
If Y” # 0 then

Now

4T =21+ Y X, Xp, (95)
and one may impose on this expression the vanishing of £ 7. Introduce

h:=LkgX,
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then this is
Lx@rnTy) =4Y'Y'hXoXp +2(1+ Y (ho Xp + Xahyp) = 0.

For nonzero #, this is only possible if %, is proportional to X, so that £ is a function of X and
this condition becomes

4Y'Y'h+40(1+Y?) =0,
which can be integrated to give h2(1 +Y’?) = C, a constant. Now from (95)
Ar T, KKP = 20%*(1+Y?) =2C,
but this expression must vanish at infinity for asymptotic flatness, so C = 0 and so & = 0, and
the scalar field inherits the symmetry of the metric.
When X, and Y, are not proportional (except possibly on a set of measure zero), we return

to (94) and choose a vector field Z* with Z¢ X, = 0 but Z*Y, # 0. Contracting (94) with such
Z* we find that W), is a linear combination of X;, and Y}, from which we deduce

W= f(X,7Y).

Similarly, contracting (94) with a different Z* satisfying Z* X, # 0 and Z?Y, = O we arrive at
U=glX,7Y).

Inserting this back into (94) we obtain
8xXaXp +2(fx +8v)XwW¥Yp + frYa¥s =0,

where the subscript on f or g indicates the corresponding partial derivative. Since X, and Y,

are assumed to be linearly independent, all terms in the last equation must vanish separately.

We thus have three differential equations for f and g. The general solution is
W=f=wX+8, U=g=-wY+vy,

with constants @, 8 and y. Regarding (93), for the field ¥ we have

Y =iw(X +iY) + (y +i8).
Since 1} = d?, we can solve the last equation to find
& = ¢o e’ + const. (96)

However, the constant second term must be set to zero, as the field itself must vanish at infinity.
We have shown that the most general non-stationary scalar field compatible with
stationarity of the spacetime is of the form

v, r, x") = go(r, x") e, (97)

(It is not difficult to show that the same result is obtained with a potential term V (¢, ¢) added
as in subsection 2.3, with the extra condition that necessarily V must also have the form
V = F(¢¢).) We shall next show that nonzero w leads to the vanishing of ¢. The stationarity
of the spacetime implies the constancy of the Bondi mass, so ¢ is again zero on Z~. Now, if
o = 0, the field ¢ is v-independent everywhere and is therefore stationary. On the other hand,
if w # 0, then expanding ¢y in the variable r and using (96), we find

ia)qb(()o) =0 on 717,

so that ¢(()0) = 0. Continuing by induction, suppose that ¢(()j ) =0for0 < J < k. Acting with
A¥ on (B.3) leads to (recall that p and & vanish on Z7)

iwA* Dy =0 on I~
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and since the constant w is assumed to be nonzero, it follows immediately that
¢(k+l) — 0

Hence, by induction and analyticity, the field ¢ vanishes in a neighbourhood of Z~. This
completes the proof of theorem 6.1 and of inheritance for the massless KG field.

Let us now turn to the conformal-scalar field. Again, we demand the stationarity of
the metric, and therefore also the stationarity of the energy—momentum tensor, but not the
stationarity of the scalar field. Unfortunately, the complicated form of the energy—momentum
tensor (36) does not allow us to find the most general time dependence of ¢ compatible with
the stationarity of the metric, and thus we cannot proceed as before. In addition, we cannot
deduce any concrete condition on Z~, as we do not have a negative semi-definite mass-loss
formula. Because of these complications we will only show that the scalar field inherits
the symmetry in a simpler case. Let us consider a complex conformal-scalar field with the
energy—momentum tensor,

. 1 - L. e 1.0 lT=o o=
TS = e [2%1 Pr) — 5 8ab Pe @ — §¢Va§0h - §¢va§0h +¢¢¢ahi| . (98)
The Bondi mass-loss formula (59) now takes the form
. 1 . Loy = 1 - 1. -
My = — e ds |:(7(0) §© 1240 g0 _ 5 9 ¢ — 3 ¢ ¢(°)} : (99)

Although we cannot exclude the existence of some more general time dependence of ¢,
for the field of the form (97) the energy—momentum tensor (98) is stationary. In this case we
can integrate by parts in (99) to find as in (59)

2w /w .
AMp = — —— dv @ dS[6© 6@ +34© 1. 100
v=—5= fast o0 5] (100)
Since we assume the stationarity of the spacetime, &® = 0. The constancy of the Bondi mass
then implies @ = 0, i.e.

Dp=¢y=0 on 7. (101)

Now we can proceed as in the case of the massless scalar field. By (101) we have w = 0
or @ = 0. If ® = 0, the field is time-independent everywhere. If ¢® = 0, or equivalently,
¢ = 0 onZ~, we prove by induction that ¢ = 0 everywhere.
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Appendix A. The general Newman-Penrose equations
A.l. Commutation relations
The operators D, A, § and § satisfy the commutation relations

DS§—8D =R —a&—B)D—kA+(p—5+¢e)d+096, (A.1)

AD— DA = (y+7)D+(e+8)A — (T+7)8 — (t +7)4, (A.2)

AS—SA=DD+@+B—1)A+(y — 7 — u)d — A, (A.3)

8 =88 =(n—WD+(p—pA+@— P8~ (a—ps. (A4)
A.2. Ricci identities
Dp—3k =p°+(€+8p—kBa+p—m)— 1k +06 + Do, (A.5a)
Do -6k =(p+p+3c—8c—(t—7T+a+3B)k + ¥, (A.5D)
Dt — Ak =p(T+a)+0(F@T+m)+(—8)t — By +P)k + ¥ + Dy, (A.5¢)
Do —8e =(p+8 —2e)a+p6 —Be —kh—iky +(e+p)m+ Py, (A.5d)
DB—6e=(a+m)o+(P—8)B—(u+y)k —(@—m)e+ ¥y, (A.5¢)
Dy —Ae=T+m)a+T+m)B—(e+8)y —(y+p)e+tm —vk+ Wy — A+ Dy, (ASS)
DL—8nm=(p—3e+Dr+ou+ (T +a— B — vk + Dy, (A.52)
Dpu—doém=(p—e—8u+ori+@—a+p)mr —vk +W; +2A, (A.5h)
Dv—Ar=@m@+D)pu+@+0)r+(y —y)mr — Be+&)v + V3 + Oy, (A.50)
AN—8v=—(u+ia+3y —PA+CBa+B+m —T)v — Uy, (A.5))
App—8v=—(U+y+P)h — AL+ + (@ +38 — 1)v — Dy, (A.5k)
AB—8y =(@+B—1)y —ut+ov+ev+(y —7 — ) —ar — &, (A.50)
Ao —8t=—(u=3y+9)0 —kp— (T+B—a)T +kD — Dpo, (A.5m)
Ap =8t =W+7 —)p—0cr+(B—a—T)T+vk — W, — 2A, (A.5n)
Aa =8y =(p+e)v— (T+P)A+ ({7 — Mo+ (B — D)y — Vs, (A.50)
sp—do = (@+pB)p— Ba—Bo+(p—p)T+(n— )k — ¥+, (A5p)
S —8B=pup —ro+aa+pBB—2aB+(p—p)y+(u—j)e—Wr+A+d, (A.59)
SA =8 =(p—pv+(u— BT+ (@+p)u+(@—38)r — W3+ Dy (A.5r)
A.3. Bianchi identities
DV, —§Wy — DPy; +8Pgg = (7 — 4a) Wy +2(2p + &)W — 3 Wy + 2k Py

— (T —2a —2B)Poy —20D19 — 2(p + &) Dy + £ Doy, (A.6a)
Dy — Wy + Adgg — §Dg; +2DA = —AWy +2(r — o)W +3p¥; — 2k W3

+20P11 +6 P+ Ry +2y — ) Doo — 2(x + T)Po; — 27D, (A.6D)
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D\If:; — S\I—Iz — DCD21 + 5(1320 — 281\ = —2)\,\1’1 + 377,"1’2 +2(,0 — 8)‘1’3 — K‘-If4
+2ud0 — 27D — 2B+ 7T —20)DPyg — 2(p — &) Dy + ik Doy, (A.60)

D\I/4 — 3\1’3 + Aq)zo — Scbzl = —3)\‘112 + 2(0[ + 27[)\113 + (p — 48)‘114 + 2\)(1310
—20Py — Qy =27 + 1) P2 — 2T — o) P21 + 5 Do, (A.6d)

A\I’O — 8\1'] + DCD()Q — 8@01 = (4)/ — [,L)\IJO — 2(21’ + ﬂ)\pl + 30'\1’2

+(p+ 26 —28)Dpp + 20D — 26Dy — )_LCDOQ +2(7 — ,B)q)()l, (A.7a)
AW — Wy — ADg + 8Py — 26A = vWo +2(y — )W) — 3T, + 2005

— 1_)CI>0() + 2([1 — )/)CD()] + (20[ +7T— ZB)CDOQ + 2‘[@1] — 2,0@12, (A7b)
A\IJZ — 8‘113 + D(Dzz — (SCD21 +2AA = 2\1‘111 — 3M\L’2 + Z(ﬂ — ‘L')‘I/3 + O“~I’4

— 2,U,q)11 — )_»q)z() + 2]Tq>12 + 2(/3 + ﬁ)q)z] + (,(_) —2¢ — 25‘)@22, (A7C)
AWV — W, — Ady; + S(ng =3v\¥, — 2(]/ + 2#)‘1’3 + (4,3 — 1)V, — PAVORR

— DDy + 20D +2(y + ) Dy + (T — 2,8 —2a) Dy, (A.7d)

Do — 8@]0 + ACDOO — S(D()l +3DA = (2]/ + 2)7 —u— [_L)(DQO + (T[ —2a — 2‘L_’)CI>01

+ (T — 2a —21)D 9 + 2(,0 +0)P11+6DPyp +0Dyy — kD1 — KDy, (A8a)
D®y — 6D + Ay — Sq)()z +35A = (2)/ e 2[1)@01 + 0Dy — )_\(Dl()

+2(ﬁ — T)(Dll + (7'[ +2,B —2a — 7?)@02

+R2p+p—28)D 1 +0Dy — kD, (A.8b)
Doy — 5@21 +Ad — Sq)]z +3AA = l)@o] + l_)q)l() — 2(,(1, + ,El,)CD]] — )\.@02 — )\_.Cbzo

+Q2r —T+2B) P+ (2B — T+2T)DPo + (0 + p — 28 — 28)Doy. (A.8¢)

Appendix B. The conformal field equations

B.1. The conformally rescaled wave equation

The wave equation ﬁ(ﬁ = 0 in the physical spacetime is not conformally invariant. If ¢
is the solution of the physical wave equation, then the unphysical scalar field ¢ satisfies
equation (32),

Viesn =2(A—Q7A) peap. (B.1)

The projections of this equation are as follows:

Doy —8¢po= (T —a —Ploo+ (p+¢& — &)1 +0¢] — ko, (B.2)
Dy — 81 = —pgo + @1+ (F — @+ B)gi + (b — & — B)gr — 2¢(A — Q2A), (B.3)
Agy — g1 = (y +7 — o + (B — o — D)1 — 197 + pes — 2¢(A — Q77A), (B.4)
Agr —8¢r = vy — A1 + (7 —y — W1 + (@ + B — T)ey. (B.5)

Appropriate equations for the conformal-scalar field can be obtained from (B.2)—(B.5) by
setting A = 0.
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B.2. Equations for the conformal factor
The projections of equation (23),
Vaaspy = QPapany — QPagap +eapenn (QA — QA+ F),
are as follows®:
DSy — (e +8) So+i& S +kS; = Q Pgy — Q2 Do, (B.6)
ASo— (Y +7)So+TSi+185=QP,, —QP +QA—-—Q 'A+F, B.7)
5S0—(5l+,3)S0+,551+GS‘1ZQd)Ql—QCD()], (BS)
DS, —7So+(E—¢e)Si+k S =QDy — QD (B.9)
ASl—\_JS()+()_/—)/)S1+TSZZQ‘i]z—Qqﬁz (B.10)
881 —ASo+@—P)Si+0 8 =Dy — Q Dy, (B.11)
SS] —ﬁSo+(B —O[)Sl +pS2 ZQ&)” —Qq)]l —QA+971A—F, (BIZ)
DS, — 78 —781+(+8)$5H=0P, - QP 1 +QA-Q 'A+F, (B.13)
ASz—vSl—1‘)5’1+(y+)7)52=$2d~>22—9d>22, (B.14)
88 —uSi—ASi+@+p)SH =00, - Q. (B.15)
Equation (29) for the derivatives of F = (1/2)Q7's.s¢,
Vaa F =58 ®pap — 558 @upap + (A — Q72 A) san, (B.16)
has the following projections:
DF = S, ®gp — 1 D10+ So @11 — S1 Doy
—S2 (D00+S] @10—SQ CD[] +S] q>01 +(A—Q_IZ\)SQ, (B17)
8F =8, o1 — S1 &1y + Sy @12 — 51 P2
—S2 CI)()1+S] CD“ —S() CI)12+31 @02+(A—Q_1A)Sl, (Blg)
AF =S ®y — 8 Doy + So Do — S P12
— S @+ S Dy — Sg Py + 5 Do+ (A — Q71A)S,. (B.19)
B.3. Conformal Bianchi identities for the scalar field
Let us write the conformal Bianchi identities (18) for the scalar field in the form
Xapca = Yapcas (B.20)
where (for notation see (14))
Xapca = VfrlﬂABCD - 2¢‘5S(BC/CDAB)A’BH
Yapcan =490 +2¢(Vs@)+2¢ (Vse) (B.21)
+4Q[5(Vop) — dF (s 9s) — > (s 9 s)] (B.22)
— 4¢P (s9P). (B.23)

6 There is a misprint in paper I: in equation (B.2a) the sign of (¢ + £)Sy should be ‘minus’ as in (B.6). This does not

affect the results of paper I.
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Since both sides are totally symmetric in ABC, we denote their contractions with spinors
o and ¢ by the number of ¢’s in the first index and number of ’s in the second, e.g.

X20 = Xapca0o®Bi€0%, Xo1 = Xapcao?oPoCTh.

The components of X 4pc 4 read
Xoo = =Dy + 8% + (1 — 4a) Yo + 2(¢ +2p) Y1 — 3k
+ PP (=28 Poo + 280 Po1),

Xo1 = Ao — 8y + (u — 4y) o + 2(B +2T)Y1 — 30
+9P (289D — 2851 Poy),

X10= =Dy +8Y1 — Ao +2(m — )Yy +3pY — 2k Y3
+(2/3)9d(51®g1 — S2Poo +2S0P 11 — 251 P19),

X11 =AY — Y — viho + 2(0 — ¥) Y1 + 3TY2 — 2093
+(2/3)9d(51 P — S2 oy + 28y P12 — 251 P11),

X0 = =Dz + 8V — 209 + 31y + 2(p — ) Y3 — k4
+(2/3)pp(So®a1 — S1Pop + 251 P11 — $H2P10),

Xo1 = Ao — 83 — 20y + 3uyn + 2(t — B)Ys — oy
+(2/3)pP(SoP22 — S1 P21 + S1P12 — SHP11),

X30 = =Dy +8Y3 — 3AYn + 2(o0 + 27) Y3 + (0 — 4€) Yy
+9P (251 D2 — 25, Do),

X31 =AYz — 8%s — vy + 2(y + 23 + (T — 4B) Y4
+PP (251D — 25, Pyy).

(B.24)

(B.25)

(B.26)

(B.27)

(B.28)

(B.29)

(B.30)

(B.31)

We do not present the projections of Y4 gc 4+ in full detail since they are too long. However,
the structure of all the terms entering this spinor allows one to reconstruct its components from
knowledge of the components of spinors (s@@) and (Vsg), if appropriate interchanges of s, ¢

and @ are made. For expressions of type (sp@) we get

2(s o @)oo = 28190000 — So(@o®@1 + ©1%0),

2(s @ Plor = —28001P1 + S1(@o@1 + @190),

6(s  ®)10 = —So(@oP2 + Y280 + Y1971 + P191) + 281 (PoPi + 1 P0)

— S1(po®1 + @1%0) + 282000,

6(s 0 P)11 = —280(02@1 + @182) + S1(oP2 + 200 + V1P + YiP1)

= 2810191 + S2(@o@1 + ¢190),

6(s @ @)oo = —So(P201 + 0i®2) + 28190101

— S1(0o@2 + 20 + 1@7 + 91 @1) + 285 (9oP1 + ¥1P0).

6(s @ ®)a1 = —2S00292 + S1(0201 + 102)

—281(0201 + 9132) + S2(Po@2 + Y200 + 9107 + Qi P1),

2(s 9 )30 = —S1 (0201 + 9192) + 25,9101,
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(B.33)

(B.34)

(B.35)

(B.36)

(B.37)

(B.38)



Class. Quantum Grav. 27 (2010) 175011 J Bicak et al

2(s 9 @31 = =2810202 + S2(p192 + 291 (B.39)
The expressions of type (Vsg) (and their projections) can be slightly simplified by

observing that both s, and ¢, are the gradients of scalar functions, namely €2 and ¢. Since the
commutator V(4 Vg‘; annihilates any scalar quantity, we have

Vaush = Vaups =0, (B.40)
and thus

(Vsg) = 355 VE opa + 598V spa = —(sV9) — (9Vs).  (BAD
The components of (sVg) are

2(sV@)oo = Soldpo — (B+@)po + pe1 + o1l + S1[—Deo + (¢ + E)po — ko1 — kil
(B.42)

2(sV)or = Sold¢1 — hpo + 092 + (@ — B)@i] + Si[—De1 + Ty — k@r + (6 — B)gy],
(B.43)

6(sVo)io = SolAgy +3p1 — (v + 7 + o + pe2 + Tor + (B +T — @) il
+S1[—=Dgy — 8o+ (T +a + B)po — Ky — G591 + (8 — p — £)gi]
+81[8¢0 — (@ + B)go + pe1 + o ¢l + So— Do + (¢ + 8)py — K1 — kil
(B.44)

6(sV@)11 = SolAg1 +8¢p2 — Do+ (B+T+@) @2+ (7 — ¥ — W1 — Agil
+81[—Dgs — 81 + figo — (p+ &+ E)pr + (T +a — By + T @il
+81[18¢1 — Ao+ o@r + (@ — B)p1] + S2[—Der + ey — kep + (6 — B,
(B.45)

6(sV@)0 = SolApr — veo + T@a + (¥ — 7)eil + Si[—8¢i + Ay — G2 + (B — )i
+81[A@o + 391 — (¥ + 7 + o + P2 + T + (B + T — )il
+S8[—Dgi — 8o + (T +a + By — kpr — G5¢1 + (E — &€ — p)oil,
(B.46)
6(sV@)r = SolAgr + (¥ + V)2 — v — D]
+81[—8¢2 — (@ + B)ga + A1 + L]
+851[A@1 +8¢2 — Do+ (B+T+@)p2 + (7 — ¥ — o1 — Aeil
+S[—Dgy — 81 + igo — (p+ e+ 8o+ (T +a — By +Teil,  (B.4T)
2(sV)30 = SilAgi —v@o + Tex + (v — 7)@il + o[ =891 + Ago — 592 + (B — )il
(B.48)
2(sV)31 = Si[A@y + (¥ + 7)2 — vor — Vil + So[ =8¢ — (a0 + B)ea + At + il
(B.49)

B.4. Conformal Bianchi identities for the conformal-scalar field
The projections of the Bianchi identities (44)
V2 Vancn =35 Paman +QVE danan (B.50)
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are as follows:

Dy — 8y = (1 — da) Yo + 2( + 2p) Y1 — 3k P2 — 3S1¢hoo + 3SoPo1
+Q[Dor — oo + (2B — 2& — T)poo — 2(& + p)do1 — 20¢11 + Kdo2],
(B.51)

Dy, — 81 = —Ao + 2( — )Yy + 3pV — 263

+280¢11 + Sipo1 — S2h00 — Si10

+3QU2D¢11 — Ao + 2810 — S¢hor

+Qy +27 +2u — oo — 2(m +a + T)po1 — 2(T +T — 20) P10

+2(p —2p) 11 + 2k P12 + 2621 + G o2 — 20 P, (B.52)
D3 — 8y, = =221 + 210 + 2(p — &) Y3 — kY4

+Soa1 — S1p20 — 2826010 + 28111

+3Q[2A¢10 — Doy — 2811 + S¢hoo

+2véoo — 2A¢01 + 2(1 — L+ 27 ) P10 — 2( + 271

+26¢12+2(p — p+ &) + (24 — 2B — 2T — T)¢oo + K P2l (B.53)
Dy — 83 = —3Ayn + 2(o + 2) Y3 + (0 — 4e)Yu + 38121 — 352020 + QA2 — S¢21

+2v10 — 2AP11 +2(a — T)Po1 + 2y — 2y — )0 + T P2, (B.54)
Ao — 8y = (4y — o — 2(B +20)Y1 + 30 Y2 + 351901 — 38002 + Q=D + So

— oo + 2(7 — B)po1 +20¢11 — 2k P12 + (26 — 28 + o2l (B.55)

AY = 8Y2 = v+ 2(y — WY1 — 3tY2 + 203
+ 52001 + 281911 — 28012 — S1902
+ % QAP — 8¢ +28¢11 — 2Dy,
— Do + 2([a — . — ¥) o1 — 210 + 2(T + 27 )1
+2(p — p — 28)p12 +20¢1 + 27 + 20 — 2B + T)po2 — 26 o], (B.56)

Ay — Y3 =201 —3pYn +2(B —T)Y3+ oYy
+28,011 + Si¢21 — Sobaz — 281912
+1 Q2AB1 +8¢1 — 28¢12 — Do
— 201 — 2010 + 221 — ) P11 +2(T + T — 2B)1a

+2(B + T+ 7)1 + 2000 — Ao + (P — 2p — 26 — 38) ], (B.57)
AV — 8%y =30 — 2(y + 21 Y3 + (4B — T)Ya + 38201 — 38192 + QL[Ado — 8¢
— 2011 + 2AP12 + 2(Y + P21 — Do + (T — 200 — 2B) o] (B.58)

Appendix C.

C.1. The asymptotic solution of the Einstein-massless-scalar-field equations

Although we want the results at Z—, we follow the usual convention and find the asymptotic
solution of the field equations in the physical spacetime first in the neighbourhood of
Z*. The results can easily be translated to Z~. For the solution, we closely follow the
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procedure presented in [16] for the vacuum spacetimes. The coordinates, tetrad and conformal
transformations of the spin basis are identical to those used therein, and in this appendix, since
we do not consider unphysical quantities, we omit the tildes from physical quantities.

We define

90 = Do, 91 =8¢, g1 =59, ¢ = Ag. €D
The components of the Ricci spinor and the scalar curvature are given by (8) and (9). The
asymptotic behaviour of these quantities is as follows:

oo, o1, Doy = O(QY),

Dy, o, A = O(R2Y), (C.2)
@, = O(0Q2).
Assuming analyticity we can expand any quantity X = O(*) in a series of the form
X=> X0, ¢ Q. (C.3)
i=0

Using the field equations, i.e. the Ricci and Bianchi identities and the frame equations, we
arrive at the following asymptotic solution for the spin coefficients (setting ®,,, = 0 and
A = 0 we recover expansions valid for the vacuum case which can be found, e.g. in [16],
section 3.10):

o =00 Q% +0Q%,
p=—-Q+p? Q3 +0QY,
a=aQ+aV Q?+0(Q),
B=—-aQ—ac®Q®+0(Q%,
7 =050 Q*+0(Q%), (C.4)
r=560Q+12Q%+0(Q%,
y =y? Q@+ 0@,
p=-1Q+u? Q>+ 02,
v =0(Q),

where
p? = —[6@50 + oW],
a=— (2\/5)71 cotf,

aV =960 +a50,

- (C.5)
y@ = a6 — ado® — L (W + @) — A),
)\‘(2) — %0——(0) _ 365’(0),
1@ = — 5960 — W —2 A0 — 05O

For the relevant Weyl scalars and Ricci tensor components we have
W, = v @+ 0(QY,
v, =-50Q+0(?),
(C.6)

Py = =530 ¢O) Q° + 02",
A =10,9¢7)Q +0@".
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Appendix D. Selected solutions to the Einstein-conformal-scalar equations

We first briefly survey some explicit stationary solutions to the Einstein-conformal-scalar
equations which satisfy the requirements of our theorem. To explore the field equation (37)
further, we also present two families of time-dependent solutions. Some are singular when
¢* = 1, some are not and in some ¢ never takes the value 1.

D.1. Stationary solutions

Over 50 years ago Buchdahl [6] demonstrated how from any given static vacuum solution a
one-parameter family of pairs of solutions of Einstein’s equations with the massless scalar
field can be constructed. Later Bekenstein [2] showed how from any Einstein-scalar field
solution the corresponding Einstein-conformal-scalar field solution can be found. In particular,
considering any static vacuum solution in the form

ds? = W2dr* — W2 hy; dx’ dxd (D.1)
the two Einstein-conformal-scalar solutions are

1 o
ds* = — (WP £ WP (W d? — W—h;; dx’ dx/],
) ‘

\/T 1FwW?
PNz we
where @ = (1 —38%)!'/2, and B € (—\/%, \/%) is a free parameter. Upper and lower signs,
respectively, in (D.2) correspond to two types of solutions A and B. If the solution (D.1)
is asymptotically flat, so it is the type A solution. Hence, many solutions satisfying our
assumptions are available.

A special spherically symmetric solution—after choosing a suitable radial coordinate—
reads

D.2)

ds? = (1- %)2 a’ = (1-7) T 47— 72 (467 + sin® 0 dg?),
\/T m
¢= A F—m’
The geometry is identical to that of an extreme Reissner—Nordstrom black hole, so it can
be analytically continuated to 7 < m. However, ¢ and (V,¢)(V?¢®) diverge at the ‘horizon’
7 = m. Nevertheless, this infinite scalar field does not imply an infinite barrier for test scalar
charges and the solutions are often regarded as ‘black holes with scalar charge’ [3]. In any
case, both geometry and scalar fields are analytic at 7 — oo satisfying our requirements.
Bekenstein’s work inspired a number of more recent papers: for example, Einstein-
conformal-scalar-field solutions were analysed in arbitrary dimensions [18], self-interacting

scalar fields were considered [8] and transversable wormholes from massless conformally
coupled and other scalar fields non-minimally coupled to gravity were constructed [1].

(D.3)

D.2. FLRW metric

In this section, we present simple homogenous isotropic solutions of the Einstein-conformal-
scalar equations. We shall take the metric in the standard form

dr?

1 -k

ds® = dt* — &*(1) [ S +r7 (67 +5sin’ 6 d¢2)] , (D.4)
r
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where k € {—1, 0, 1}. The energy—momentum tensor is given by (38). Since this tensor is
traceless, the scalar curvature must vanish:

R= a%[k+éz2+da] = 0.

Solutions to this equation are
a(t) =ver —k(t+c)?  for k#0,
a(t) = cl\/m for k=0.

The conformally invariant scalar field in the physical spacetime satisfies d’ Alembert’s
equation [J¢ = 0. Because the spacetime is assumed to be homogeneous and isotropic, we
suppose that the field does not depend on the spatial coordinates. D’ Alembert’s equation then
reduces to

(D.5)

. 3ad
He) =¢+—
For given a(t), the solution can be found explicitly:
dr
a*(t)’
In the following short discussion we consider three cases for the three possible values of

k. We solve the wave equation, find the components of the energy—momentum tensor and see
that these components do not exhibit the singularity formally present in (38).

=0. (D.6)

o) = C3+C4/

(1) k = 0. Imposing the initial condition a(0) = 0 leads to
a(t) =v2Ct, (D.7)
where C is an arbitrary positive constant. The general solution of (D.4) is
B
o) =a+ E
Einstein’s equations then imply
o = =+1,
and B is nonzero but arbitrary. Note that ¢p> = 1 at t = 8%/4 if af/|B| = —1, but ¢? is
never 1 if «8/|B| = +1. The components of the energy—momentum tensor are
Tup = L diag (i E C_r2 M) . (D.8)
167 2¢27 7t t

Obviously, T, is regular unless + = 0. This is the expected initial curvature singularity

(for example, the Kretschmann invariant R,p.q R4 = 3/(2t*) diverges for t = 0). As

noted above, the term (1 — ¢?) may or may not vanish depending on the constants of

integration but even when it does there is no singularity in 7, despite the form of (38).
(2) k = —1. Again, we demand a(0) = 0, so a() is of the form

a(t) =/t +C).

The general solution of the wave equation is

¢(t)=a+ﬂﬂ, (D.9)
2a(t)
and Einstein’s equations give
o = cosh yx, B = sinh x, (D.10)
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where x is an arbitrary constant. Now (1 — ¢?) will vanish at some ¢ > 0 for x < 0 but
not for x > 0. The components of the energy—momentum tensor are
C? 3 1
T, = ———— diag | ——, ——,r%, r?sin’6 |, (D.11)
32ma?(t) a*(t)’ 1+r?
and they are again singular only for # = 0, and not at ¢> = 1.
(3) k = 1. Now we impose the conditions a(0) = 0 and a(T") = 0, so that

a(t) = /12T —1).

The solution of the wave equation is
T —1t
pt)=a+p——, (D.12)
a(t)
and Einstein’s equations imply
o = CoS ¥, B =sin . (D.13)

In this case, ¢” always takes the value 1 for some time, but the components of the
energy—momentum tensor are

T2 1

Ty = ———diag | ——, ——,
" 8 a2() g(aZ(t) -2
and are nonsingular at ¢> = 1.

In [2], cosmological solutions were also considered (both conformal scalar field and
incoherent radiation); however, singularities in 7, for scalar field were not discussed.

2 5?2 sin29> , (D.14)

D.3. pp-waves
We can find pp-wave solutions with this source: consider the pp-wave with the metric given
by

ds®> =2 H(u, x, y) du® + 2du dv — dx? — dy°. (D.15)

For simplicity, we assume that the scalar field ¢ = ¢ (u, x, y) does not depend on v. The wave
equation is then

Up=—¢ — ¢y, =0, (D.16)

with subscripts denoting corresponding derivatives. We can take the general real solution to
be

¢, x,y) = flu,x+iy)/2+ f(u,x —iy)/2, D.17)
where f is an arbitrary real function of two variables. Let us denote
Kup = Rap + 87 Ty, (D.18)
so that Einstein’s equation are K,;, = 0. One of these equations is
¢+ ¢y
Ko = > —0, (D.19)
1 — ¢?
from which we find
¢ = fu). (D.20)
Then the only remaining nonzero component of K, is
2
Koo = Hyx + Hyy + 1_—fz(f fuu —217)- (D.21)
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Solving the equation Koy = 0 with respect to H we atrive at

x2 + y2 (zfu2 - f fuu)
2 1—f2
Here, C and f are the arbitrary real functions. As we can now see, the metric function H is
singular if ever f = ¢ = %1 and this, if it occurs, will be a curvature singularity.
In [13], a large class of solutions of the Einstein-conformal-scalar equations for colliding
plane waves was found by employing the Bekenstein transformation [2].

H=C,x+iy)+Cu,x —iy) + (D.22)
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