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Abstract

The tree-level amplitude of six massless open strings is computed using the pure spinor formalism.
The OPE poles among integrated and unintegrated vertices can be efficiently organized according to the
cohomology of pure spinor superspace. The identification and use of these BRST structures and their
interplay with the system of equations fulfilled by the generalized Euler integrals allow the full super-
symmetric six-point amplitude to be written in compact form. Furthermore, the complete set of extended
Bern—Carrasco—Johansson relations are derived from the monodromy properties of the disk world-sheet and
explicitly verified for the supersymmetric numerator factors.
© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Elementary particle physics relies on scattering experiments. The physical cross sections, de-
termined by the scattering amplitudes, reflect the properties of underlying interactions. Already
at the tree-level, such computations can be quite complicated, especially when a large number
of external particles is involved, like in the scattering processes describing multi-jet produc-
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tion at hadron colliders. During the last years remarkable progress has been accumulated in our
understanding and in our ability to compute scattering amplitudes, both for theoretical and phe-
nomenological purposes, cf. Ref. [1] for a recent account.

Scattering amplitudes in gauge and gravity theories have a remarkably rich yet simple struc-
ture, allowing to develop even more powerful tools to understand their behavior. Various relations
within or between gravity and gauge theory scattering amplitudes suggest a unification within or
between these theories of the sort inherent to string theory, cf. Ref. [2] for a recent review. Some
field-theory properties of scattering amplitudes can be easily derived and proven by string the-
ory. One notorious example are the Kawai, Lewellen and Tye (KLT) relations, which express a
graviton amplitude as a sum of squares of partial color ordered gluon amplitudes [3]. Another
example are the so-called Bern, Carrasco and Johansson (BCJ) relations, which relate various
partial color-ordered subamplitudes [4]. These relations have a natural explanation in string the-
ory: they simply are consequences of monodromy properties on the string world-sheet [5,6].
Hence, world-sheet symmetries of string amplitudes turn out to have profound impact on the
structure of field-theory amplitudes itself. Therefore, the hidden structures and symmetries of
superstring disk scattering amplitudes prove to be useful in revealing properties and symmetries
of field-theory amplitudes.

Scattering amplitudes are also of considerable theoretical interest in the framework of a full
fledged superstring theory. The pure spinor formalism [7,8] has been useful for quantizing the
superstring in Ramond—Ramond backgrounds, and has considerably simplified the computation
of multi-loop superstring scattering amplitudes [9-18]. Four- and five-point tree-level [19] am-
plitudes have been computed in pure spinor superspace and cast into compact form?> in Refs. [15,
25].

The pure spinor formalism might also be used to describe D = 11 supergravity and M-theory.
The BRST cohomology properties of the pure spinor superspace [26] are useful not only to sim-
plify the string amplitudes [15,25] but also has recently been suggested of allowing field-theory
amplitudes to be obtained directly [27,28]. Furthermore, the BRST cohomology sheds light on
the structure and organization of the terms in higher-point open superstring amplitudes. Hence,
it is of fundamental importance to pursue multi-leg amplitude computations in pure spinor su-
perspace and anticipate their underlying symmetries, e.g. by exploiting their BRST cohomology
properties.

In this work we show that the color-ordered open superstring six-point disk amplitude com-
puted with the pure spinor formalism is given by

A(1,2,3,4,5,6) = (TsaT32T16) F1 + (T52Ta3T16) F2 + (T53T42T16) F3
+ (T123 E4s6) Fa + (T324 Es61) F5 + (Tu3s E216) Fo + (T325 E416) F7
+ (T124 E356) Fg + (T350 E416) Fo + (T241 E356) F10 + (1 < 5,2 <> 4).
(1.1)

The pure spinor bracket (...) was defined in [7] and selects the terms proportional to
(Ay™&)(Ay"0)(Ay*P8)(OYmnp®), which is the unique element in the cohomology of the BRST
charge at ghost number three. The factors of F; (and their image Fl.’ under 1 < 5, 2 <> 4) de-
note certain combinations of generalized Euler integrals whose momentum expansions obtained

2 In the RNS formalism the five-gluon amplitude has been computed in Refs. [20,21], while the six-gluon amplitude
has been computed in Refs. [21-24].
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Fig. 1. The five field-theory diagrams and their corresponding pure spinor superspace expressions.

with the methods of [21] are listed in Appendix B. The factors of [T};, T;jx, E;ji] are pure spinor
BRST building blocks whose definitions and properties will be explained in Section 2. The result
(1.1) simplifies and extends the RNS computations of [21] to the full supermultiplet. A compact
expression for the full six-point superstring amplitude in the D = 4 helicity basis can be found in
[22-24]. Using the FORM [29] program described in [30], the six-gluon component expansion
of (1.1) can be extracted. In fact, up to the order o3, which is available from the authors upon
request, we have explicitly verified that the latter agrees with the result of [21]. Furthermore, the
field-theory limit o’ — 0 of (1.1) is:

(T12T34T6) +1<(T123 T3

—— |E lic(1.
35153585 2 S1h S$211 ) 456> teye ic( 6)

_ (T2T34756) n (T54T32The) n (T123 E456) n (T543E216)
a 515385 §285456 S1h S413

T E TssE TanE T E
+( 321 E456) +( 345 E216) n (Ty32Es61) +( 234 561)_ (1.2)

$20 §313 §302 $202

Asym(1,2,3,4,5,6) =

The expression (1.2) agrees with the superspace expression recently proposed based on BRST
cohomology [27]. The superspace expressions in (1.2) can be interpreted [27] in terms of Feyn-
man diagrams which use only cubic vertices as discussed in [4]. The diagrams associated with
the three terms in the first line of (1.2) — which generate the full amplitude upon cyclic sym-
metrization — are depicted in Fig. 1.

2. Pure spinor preliminaries

The prescription to compute the massless open superstring six-point tree-level amplitude is
given by [7]

A(1,2,3,4,5,6)
:<V1(Z1)V5(15)V6(z6)/dzz Uz(zz)/dzg U3(Z3)/dZ4 U4(Z4)>, 2.1)

where V(z;) and U (z;) are the vertex operators with conformal weight zero and one,

Vi) =2%@)AL(X1,0),  Ul(zi) =00% Al + " Al + dy W + S F ™. (22)
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and the positions of the unintegrated vertices are fixed by SL(2, R) invariance to arbitrary
locations, which in this paper are chosen as (z1, 25, z6) = (0, 1, 00). The amplitude (2.1) repre-
sents the color ordered subamplitude, given by A(1,2,3,4,5,6) = Tr(TUTRTBTUTIT%) x
A(1,2,3,4,5, 6), with the Chan—Paton factors in the adjoint representation.

The operators [dy, IT™, N™*, 960%, A*, w, ] satisfy the OPEs?

da(Z)V(w)_> M’ Hm(Z)V(w)%_m,
Z—w Z—w
m90) 4y Yo n
o (w) — L0 Ddgwy - T
Z—w I—w
mn ﬁ
m n _ 77 ﬂ o
()" (w) — e do(2)87 (W) — )’
st st
dy(2)30F (W) > ——,  w@ar’ (W) > ———,
(z—w) Z—w
1 mnyo
Nmn(z))\‘a(w) N ()\"}/ ) ,
Z—w
mn 4 [m on] 6 n em
N QN pg (W) = "Ny O = (z— w)za[pfsq

where V(w) is an arbitrary conformal weight-zero superfield, N = %(Ay’"”w) are the pure
spinor Lorentz currents and the antisymmetrization bracket [...] encompassing N indices is de-
fined to contain an overall 1/N!. The super-Yang-Mills superfields [Ay, A, W*, Fun] satisfy
the equations of motion [33,31]

DaAﬂ_’_DﬁAOl:yo:’;]Amv DotAm:(VmW)oc'kaAou
1
Do Finn = 2kpn () Was Dy wh = Z(an)g]:mn, (2.3)

and have the following 6-expansions in the gauge 6% A, = 0 [34,35],
1 m 1 m 1 mnp
Ag(x,0) = am( e)a - g(EVmQ)(V 9)(1 - ﬁan(Vpe)a(GV 9)"‘"’7

1
= (OVmyP10) 05 yy0) + -+,

1
An(x,0) =am — (Eymb) — §(9Vm)/p"9)qu 5

1 «
We(x,0) =£% — ( mng) an+Z(ym”9) (OmE yn)

1
+ R (ymﬂ@)a (eynypqg)am Fpg+-.

1
Fnn(x,0) = Fyun — 2@m&yn10) + — (ey[myp‘fe)an]qu + (2.4)
where @, (x) = ene’* ™, £%(x) = x%elk*
20| ap) is the field strength.

are the bosonic and fermionic polarizations and Fj,,, =

3" For reviews of the pure spinor formalism, see [31,32].
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2.1. Six-point kinematic invariants

By using momentum conservation an N-point amplitude can be written in terms of
N(N — 3)/3 kinematic invariants. It is convenient to define [22]

/ / 2
sij = 2a'ki - kj, si =o' (ki +kit1)”, Sijk = Sij + Sik + Sjks

n=d &k +kp +ko)? i jk=1,...,6,1=1,273 (2.5)
such that all six-point kinematic invariants can be written” in terms of s, . . ., s¢ and 11, b, 13,

S13=—851 — 82 +1, Si4=952+55 =1 —12, S15 = —55 — S¢ + 12,

8§24 = —82 — 83 + 12, 825 =853+ 56 — 2 — 13, §26 = —S1 — S + 13,

8§35 = —83 — 84 + 13, 536 =S1+ 54— 1] — 13, S46 = —S4 — S5 + 11. (2.6)

The s; and ¢#; variables have well-defined transformations under cyclic transformations; s;+¢ = s;
and t; 13 = t;. Furthermore, under the worldsheet parity transformation 1 <> 5, 2 <> 4 (also known
as twist) the kinematic invariants s; and ¢; transform as

S1 <S4, §7 <> 83, 55 <> 56, n <13, h <. 2.7

The six-point amplitude can be shown to be invariant under worldsheet parity, i.e.:
A(1,2,3,4,5,6) = A(6,5,4,3,2,1).

2.2. BRST building blocks

The simple form of the BRST charge in the pure spinor formalism when acting on superfields,
0 = A% Dy, turns out to allow an efficient method to organize the computations. Inspired by the
explicit superspace computations of the four- and five-point amplitudes in [15,25], this method
to handle the computations efficiently consists in identifying the so-called BRST building blocks
which transform covariantly under the pure spinor BRST charge.

Using this BRST-covariant organization together with the kinematic pole expansion of the
tree-level amplitudes discussed in [4], Ansitze for the six- and seven-point super- Yang—Mills
amplitudes were presented in [27]. In this section more BRST building blocks which appear
naturally in the full superstring six-point amplitude will be identified, expanding and improving
the set used in [27].

The OPEs can be used to define L;;, L j;x; and L jikj; as

. . L:: Liiki
Vi@ U @) > =+, Lij@)U @) - —=,
Zij Zik
I L jikisi
Ljiri(zi))U' (z1) — T (2.8)
1
Their explicit expressions are written in Appendix A. It is also convenient to define
Dij=(A"- A7),  Rijx=D;(A*- (K +&%)), 2.9
1 .
Oijk = EDU (k- Ak) + antisymmetrization in i, j, k, (2.10)

which are motivated by the residues of U (z;)U/(z;) and U (z;)U7 (z;)U*(zx) double poles.

4 From now on we set o/ = 1/2 unless otherwise stated.
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Computing the BRST variations of (2.8) one gets [27],
OLi; = —s;jViV;, @.11)
OLjiki =sij[LjxVi — LikVj + Lij Vil = sijk Lij Vk, (2.12)
OL jiriti = (ki - kj)(Vi Lijij + Liiti Vi) + [(ki +k;) - ke | L jiti Vi
+ [ki + kj + ki) - ki )L jiri Vi + (ki - k)[LikLjs + Lis L ji]
+ [ (ki +kj) - ki) Lij Ly (2.13)

Using the SYM equations of motion it is easy to see that the symmetric piece of L;; is BRST-
exact,

ODjj=L;j+Lj; (2.14)
which suggests defining the antisymmetric part to be the first composite BRST building block
Tij,

1
Tij=Lij — 5QDij, QTij = —sijViVj. (2.15)

Removing the BRST-exact part of L;; in the RHS of (2.12) leads to the definition

Tt = Lisks = ZHDjxVs = DitVs + DigVid + =25 Dy V. (2.16)
Its BRST variation Qi}jk = 5;j11ij Viy — sijx Tij Vi is written in terms of T;; ~instead of L;j, where
{...} denotes the cyclic symmetrization of the enclosed indices. Note that 7; j); is BRST-exact

ORiji = Tiji + Tk, 2.17)
and therefore we extract the antisymmetric [ij] part of f} ik as

1
Tiijw = Tijk — 5 QRijk- (2.18)

Finally, using the definitions (2.10) and (2.18) it is possible to show that O;;; obeys

QO0ijx = —Tiiji — Tiwirj — Tijuii (2.19)
which finally suggests the definition of the next building block T; j,
~ 1 2 - 1- 1~
Tiji = Tiiji + 3 QO0ijk = gT[ij]k - gT[ki]j — gT[jk]i, (2.20)

which satisfies
OTiji = sijTiij Viy — sijkTij Vi 2.21)
Note from (2.20) that T;;; has the symmetries of a (2, 1)-hook,
Tijk = Tiijk, Tiijxy =0. (2.22)
It is also convenient to define
ViTx n Tij Vk

Sjk S,'j

Eiji= (2.23)
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which is BRST-exact,

ijk Tkji

E,jk———Q( > QE;jr=0. (2.24)

Sijk Sij Skj

Following the same BRST reasoning, the next building block 7; ikl is defined by
Tijai = L jititi
- 1[(Sijk —5ij)(TuDij — Tij Do) + sij(Tjx Dis + TjiDix — T Dji — Tu D ji) |
[Slj (Dix(L ji + Lij) + Djs(L jx + Lij)) — (sij — siji) Dij(Lit + Lix) |
— = [siju Rijc Vi + sijk (RijiVk — Rijk Vi) — sij(Rju Vi — RixiVj + RijiVio) |
+3l

sijki Oijk Vi + 5ijk (01 Vi — Oijk Vi) — 51 (0 jx Vi — Oita Vi + 01 Vi) ],
(2.25)

Wl'—‘NIH-h

which satisfies

OTjk = sijuaTijk Vi + siji(TijiVie — Tije Vi + Tij Tid) + 5ij (Vi Tir — Tij Tig)-— (2.26)

The corrections containing D;; in the second and third lines of (2.25) are required to make
the BRST transformation Q7;;; be written in terms of 7;; and f", ik Tather than L;; and L ;.
Analogously, the R;j; corrections in the fourth line are needed to further rewrite T; jk in terms
of f’[i 1% and finally, the O corrections in the fifth line of (2.25) allow T[,- i1k to be rewritten in
terms of the building block 7;ji of (2.20). Therefore the RHS of the BRST variation (2.26) is
composed only out of building blocks.

Using (2.26) one can show that

0T = QTiijky = Q(Tijueay + Thatijy) = O (2.27)
and we expect that all these combinations are in fact BRST-exact. For example,
Tijt + Tjikt = ORijul (2.28)
where
; 1
Riju = —Riji [(K" + &/ +kF) - A'] - Zsij(Diijl + DjiDjp). (2.29)

Appropriate redefinitions T;jx = f} ik + Q(...) lead to a building block with four legs which
obeys the symmetry properties (2.27) by itself without Q action:
T jyki = Tijkn = Tijkny + Tragij) = 0. (2.30)

Since T, ki enters the six-point amplitude in the combination (T, ikt Vin V) = ( ; ]leTmn)

only, the BRST exact parts decouple and we can replace Tl ikl <> Tijr inall 1nstances throughout
this work.
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3. The six-point amplitude in pure spinor superspace

With the conventions of the previous section, the following open-string six-point subamplitude
will be computed

A(1,2,3,4,5,6)
=<V1(z1)V5(zs)V6(z6)fdzz U2(Z2)/dZ3 U3(Z3)/d24 U4(Z4)>. (3.1

It would be reasonable to expect that the full explicit computation of this correlator becomes a
rather big and tedious expression to work with. However, we will show there are some simplify-
ing features of the pure spinor formalism which allow for an efficient evaluation of (3.1) leading
to a simple and compact result written in pure spinor superspace.

To achieve this simplification, we exploit the interplay between kinematic factors in pure
spinor superspace and their associated integrals. They both obey different sets of identities which,
when considered together, lead to many cancellations at the superspace level.

Identities among the kinematic factors arise from amplitude’s independence on the order in
which the conformal weight-one variables are integrated out [25]. As will become apparent be-
low, an early application of this method reduces the amount of explicit superfield manipulations
considerably. Furthermore, the pure spinor computations are best organized using the BRST
building-blocks of the previous section, which has the additional benefit of reusing elements
from amplitudes with a lower number of legs.

It is convenient to organize the six-point subamplitude in terms of all possible OPE contrac-
tions of the integrated vertex operators. Each OPE contribution is associated with its specific
kinematic factor and z;; dependent denominator for the worldsheet integration, as in the five-
point amplitude of [25]. Using the OPE’s to eliminate the conformal weight-one variables with
positions (234) and setting &’ = 1/2, the subamplitude A(1, 2, 3,4, 5, 6) is written as the sum of
24 single- and ten double-pole integrals’

A(1,2,3,4,5,6)
6
:fdzz/dmfdu l—[lzijrsfj
i<j
y {(L213141V5V6> " (L213145 Ve) n (L213541 Ve) . (L213545 Ve) 4 (L253141 Ve)
221231241 221231245 221235241 221235245 225231241
+ (L253145Ve) " (L253541 Ve) n (L253545 V1 V) + (L213441V5Ve) . (L213445V6)
225231245 225235241 205235245 221234241 221234245
+ (L253441 V6) n (L253445V1 V) n (L243141 V5 V6) + (L243145V6) + (L243541 V6)
205234241 725234245 204231241 204231245 224235241
n (L243545 V1 V) n (L233141 V5 V6) n (L233541 Ve) n (L233145Ve)
224235245 723231241 223235241 223231245
+ (L233545 V1 V) + (L233441 V5 Ve) " (L233445V1 Ve) n (L243431 V5 Ve)
223235245 223234241 203234245 204234231

5 Single- or double-pole integral denote the origin of the z; dependence, whether they come from the single or double
poles in the OPE’s. It is easy to see that the naive number of single-pole integrals in an N-point open-string amplitude is
(N =2)L.
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n (L243435V1 Ve) + (L213434 V5 Ve) . (L253434 V1 Ve) " (L242431V5V6)
224234235 2123, 22523, 25,231
(L242435V1 Vi) + (L232341 V5 Ve) + (L232345 V1 V6) " (L233434 V1 V5 V)
22,235 233241 255245 22323,
+(L243434V1 Vs Ve) + (L242434 V1 V5 V) + (L232334 V1 V5 V) }
22423, 234234 255234

(3.2)

The last ten double-pole integrals and their kinematic factors will be considered separately below.
Regarding the twenty four single-pole kinematic factors, fifteen can be obtained by 1 <> 5,2 < 4
relabellings of

(L213141V5Ve),  (L213145V6), (L213441V5Ve), (L213445Ve),  (L213541V6),
(L213545Ve), (L233141V5Ve), (L233145V6),  (L233441V5Ve) (3.3)

and it will now be shown that BCJ-like kinematic identities reduce the number of independent
kinematics to only four.

3.1. Single-pole integrands and BCJ-inspired technique

The Bern—Carrasco—Johansson (BCJ) kinematic identities are relations among the kinematic
factors associated to different kinematic poles in the field-theory scattering amplitudes [4]. In
string theory, exploiting the independence of the CFT correlator on the order in which the OPE
expansions are used one obtains BCJ-like relations for the kinematic factors associated to differ-
ent hypergeometric integrals [25].

For example, one might start the CFT calculation using the OPE’s of U?(z5) to integrate out
the conformal weight-one variables with z, dependence. Then the OPE’s of U 3 (z3) and U 4 (z4)
can be used in different order to get the z3 and z4 dependencies. The kinematic factors and
integrands obtained with the two different orderings of OPE elimination are simply related by
relabeling 3 <> 4 in their analogous expressions for (3.2).

While relabeling the kinematic factors is straightforward, relabeling the z;; dependencies may
introduce different single-pole integrals which are not part of the original set of twenty-four
obtained with the first ordering. The end result of the CFT correlator being the same, there must
be relations which allow them to be expressed in terms of the original integrands.® In fact, the
partial fraction identities listed in (B.5) provide such relations. For example, the integrand /13 =
1/(z25234241) 1is relabeled to 1/(z25243231) = —I52, which is not in the original set. But using
(B.5) it can be rewritten as

Isp = I3 — Is, (3.4)

and both /13 and I5 = 1/(z25231241) are present in (3.2). By considering an augmented set of 63
integrands in Appendix B, all new integrands obtained via relabeling in this BCJ-inspired tech-
nique can be rewritten in terms of linear combinations of the original twenty-four’ integrands

6 The relations must hold for the (zi jZklZmn)_l before doing the z5, z3, z4 integration because they refer to the prop-
erties of the CFT correlator. In particular, the total derivative equations of Appendix B are not necessary to get BCJ-like
relations for the kinematic factors.

7 This augmented set method can be used to find the (N — 3)! basis of integrals for N-point amplitude computations
[36].
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appearing in (3.2). Therefore, subtracting the amplitudes computed with different orderings for
the OPE’s gives relations among kinematic factors; where some are originally present in (3.2)
while others are simple relabellings of those. It turns out that this method allows the more in-
volved kinematic factors of (3.2) to be expressed in terms of simpler ones through the following
BClJ-like kinematic identities

L313441 = L214131 — L213141, L713445 = L214535 — L213545,
Ly33141 = L312141 — L213141, L233145 = L312145 — L213145,
L233441 = L213141 — L312141 + L413121 — L412131- (3.5)

This method is particularly efficient in reducing the amount of work. For example, the explicit
computation of L333441 is rather tedious because it involves OPE’s between three integrated
vertices U' (z;) among themselves, as opposed to the simpler cases such as L213141 and L213545
where U’ (z;) collides with V7 (z i)

Therefore the basis from which all 24 single-pole kinematic factors can be obtained by simple
relabeling is given by,

L713141V5Vs),
L13145Ve) = (Ls4L2131Vs),
L313545 V) = (L3545L12V6),

(
(
(
(L213541 V) = (L53L2141V6), (3.6)

where the equalities for the last three lines can be show by explicit computations.

3.2. Double-pole integrands and total derivative techniques

Similarly as in the five-point computation, using the SYM equations of motion the kinematic
factors of double-pole integrals can be rewritten in such a way as to contain overall factors of (1 +
sij). These are precisely the factors which cancel the tachyon poles (1 + s; j)_l in double-pole
integrals and allow them to be rewritten as linear combinations of single-pole integrals using total
derivative relations of Appendix B. However, the six-point amplitude additionally involves inte-
grals with tachyon poles (1 +s; jk)_l in the #; variables which are slightly more difficult to cancel.

It will be convenient to separate the double-pole contributions in (3.2) in two distinct sets.
Each of the last four terms of (3.2)

1

1 1 6

—s;i | (L233434V1 V5V L243434 V1 V5V,

/dZ2/dZ3/dZ4HZ,-jS] {( 23343421 5 Vo) +( 24343421 5 V)
123Z34 ZZ4Z34

0 22 z3

i<j

L V1 V5V, L V1 V5V,
+( 242434 V1 Vs Vo) +( 232334 V1 Vs 6)} 37

23,234 23,234
for itself is proportional to the tachyon pole (1 + ;)~!' due to the double-pole integrals

Tr7,778,I29 and Z36. After some manipulations which are explained in Appendix B.3, the
double-pole contributions of (3.7) become
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1 1 1
6
—sii [ (L Vi1 Vs Vi L Vi1 Vs Vi
/dzzfdm/dmnz--”{( 233434 V1 V5 6)+< 243434 V1 V5 Ve)
0

ij 2 2
L 032 2242
S . i< 34 34
n (L242434V1V5Vs) n (L232334V1 Vs V6>}
254234 233234

= (Ra43V1 V5 Vo) (—s12Z32 — s12Z16 + s12Z10 — s25233 — 525T20 + 525Z14)
+ (R234V1V5Ve) (—s12Z30 + 512222 + s12Z10 — s1271
— 825231 + $25206 + 52514 — $2513)
+([D3a(k* - A%) + D3 (k* - A*) — Dag(k* - A%) V1 Vs Ve)(s14T30 + 5asZ31)
- <[D34(k4 . Az) - Dz3(k2 . A4) + D24(k2 . A3)]V1 VsVe)(s13T32 + s35733).  (3.8)

These are simply corrections to the kinematics of the single-pole integrals with R;;; and Ok
building blocks.
The other set of double-pole integral contribution from (3.2) is given by

1 1 1 p
/'dzzfdz3/dz4HZ;S,-/'{(L213434V5V6> + (L253434 V1 Ve) + (L242431V5 Ve)
22 73

2 2 2
i<j 22123y 32523 174731

0

n <L242;135 ViVe) n <L232§41 Vs5Ve) n (L2322345 Vi Ve) } 3.9)
754735 233241 753245
By doing the explicit OPE computations with the conventions of Section 2 one arrives at
L213434 = (1 + 534) L12 D34, L253434 = —(1 + 534) L52 D34,
L232341 = (1 4 523) L14 D23, L232345 = — (1 + 523) Lsa D23,
Lyaz431 = (1 +524) L13 D24, Ly42435 = —(1 + 524) L53D24. (3.10)

The factors of (1 + s;;) in (3.10) cancel all the tachyon poles and allow the application of total
derivative relations from Appendix B to rewrite (3.9) using only single-pole integrals.

3.3. The six-point amplitude with BRST building blocks

As explained in the previous subsection, the relations from Appendix B between generalized
Euler integrals allow to rewrite the ten double-pole integrals as corrections to the 24 single poles
integrals. After going through a long computation one checks that these double-pole corrections
are precisely of the form which replace the superfields L;;, L jix; and L j;;; by their correspond-
ing BRST building blocks T;;, T;jx and T;jx defined in Section 2.2. Furthermore, the resulting
integrals accompanying these BRST kinematic factors can be rewritten using the partial fraction
solutions (B.5), e.g. (T1234V5Ve)(Z30 — Zo2 — Z10 + Z1) = (T1234V5 V) Z61, leading to a surpris-
ingly simple answer,

A(1,2,3,4,5,6)
= (T1234V5V6)Ze1 — (T1243V5 V) Lso — (T1324 V5 V) Lss — (T1342 V5 V) I32
— (T1423V5Ve)Zs1 + (T1432V5 V) Z30 — (T5234 V1 Ve)Za3 + (T5243V1 Vo) Zao
+ (T5324 V1 V) Zas5 + (T5342 V1 V) 133 + (T5423 V1 Vo) Zag — (T5432V1 V) L31
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— (T123T45 V) Leo — (T124T35 V) Lsg + (T132T45 V) Los — (T134To5Ve)Lso
+ (T142T35Ve) L19 + (T143T25 V) 113 + (T253T14 V) Lag + (1254113 V) 153
— (T350T14 V) 123 + (T354T12 V) Ls7 — (TasnT13Ve)I17 — (Tas3T12Ve)Z11.  (3.11)

Writing (T jxi Vi Vi) = —(Tijri QTimn) /sSmn and integrating the BRST charge by parts us-
ing (2.26), many terms cancel due to the total derivative relations obeyed by the integrals and
one arrives at the expression (1.1) presented in Section 1,
A(1,2,3,4,5,6) = (T12T34Ts6) F| + (T54T52T16) Fi
+ (T14T23Ts6) F3 + (T52T43T16) Fa + (T13T24Ts56) F3 + (T53Tua Tie) F3
+ (T123E4s6) Fa + (T543 E216) F + (T324 Es61) F5 + (T340 Es61) F
+ (Tu35E216) F6 + (T231 E4s6) Fg + (T325 E416) F7 + (T341 E256) F;
+ (T124E356) F3 + (Tsa2E316) Fy + (T352 E416) Fo 4 (T314E256) Fo
+ (241 E356) Fio + (Tuas E316) Fi, (3.12)

where the integrals F; and F; are defined by

513225 + 51260 _ 535Ts57 + 54713

F] = — Fl/ - ]
56 55
514213 + 513152 p §25Z49 + 535123
Pp=——77— == Fy= =2 T
56 85
514219 + 51758 , 525753 + 54717
= AR TIES gy ZO DT
56 55
/ 4
F4 =541, Fy=—s114, Fs = 51157, Feg = 54175,
F7 = 514749, F; =s557h3, Fg = 53513, Fg = —s1376,
/ !
Fy =s1417, Fy = —s2515, Fio = s35Z19, Fio = 513153,
Fs =s1Z¢2 + 513255 + 514251, Fi=s51T59 + 513232 + s14743. (3.13)

The explicit a’-expansions of the integrals F; obtained using the methods explained in [21] are
written down in Appendix B.

3.4. Field theory limit

Plugging in the momenta expansions for the F;, F; integrals appearing in (1.1) and taking
their limit as o’ — 0 gives the field-theory super-Yang—Mills six-point tree amplitude

(T12T34Ts6) + (T54T32T16)
515385 525456
Ti3E Ts43E T30 E TsasE Tap E T34 E
+( 123 E456) +( 543E216) +( 321 E456) +( 345 E216) +( 432E561) +( 234E561)
S111 S413 5211 §313 §31 s
(3.14)

Asym(1,2,3,4,5,6) =

which agrees with the Ansatz proposed in [27], and therefore proves it. To see this first rewrite
the six-point expression of [27] using the E;j; building blocks to obtain
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(T12T34T56) . (T54T32T16)

515355 $25456
1 (TinE Ty E TsusE Tus E Tse1 E Teo1o E3
_< 123kase | TosaBsor | Taaskerr | TaseBias | TserBase | Tor2Baas
2 S111 s §313 S411 S5 S613
1 (Ti126E34 To31E4 T Eser TaszEe1n  TseaEnn Te15E234
__< 6E3as | TosiBase | Tankser | TassBerr | Tse 3, TosEa )
2 S113 s$211 $312 S413 851 S6l2

A1 2 345 6) =

(3.15)

To relate the last two lines of (3.15) with the last line of (3.14) it is sufficient to consider the
identities

Tz Ts21 )\ ([ Tase  Tosa Tz T3
o={(o|l—+—)|—+—)|) 0| —+ —|=—-s123E123, (3.16)
S1 52 S4 S5 S12 $23

and relabellings of it. Using (3.16) and the momentum conservation relation s123 = s456 one
obtains, for example

T456 T564 T123 To31
(22222
S4 S5 N §2

which together with its relabellings allow one to prove that (3.15) and (3.14) are equal; Ag‘?ﬁz =

Asym. Each term of the field-theory limit expression (3.14) can be associated to Feynman di-
agrams which use only three-point vertices as in the arguments of [4]. The explicit mapping is
shown in Fig. 4 of the Appendix D.

4. BC] identities in superspace

In field theory the kinematic factors of an N-point tree-level gluon amplitude can be re-
arranged such that the form of any partial amplitude becomes rather simple. More precisely,
kinematic factors corresponding to diagrams with purely cubic interactions can be chosen and
any subamplitude is organized as a sum over terms describing these diagrams [4]. The latter
are specified by some numerator factors and their corresponding propagator structure. The total
number of such numerator factors or channels is given by (2N — 5)!!, while the number of inde-
pendent factors is (N — 2)! [4]. Any contact term may be absorbed into the numerator factors of
the diagrams. Moreover, it has been argued in [4], that kinematic numerator identities impose ad-
ditional constraints. As a consequence in field-theory the number of independent color-ordered
N-point amplitudes at tree-level is (N — 3)! [4]. As demonstrated in [5,6] this result may be
easily anticipated from string theory.

4.1. Extended BCJ relations from monodromy relations

After imposing cyclic symmetry, reflection and parity symmetries there are %(N — D! dif-
ferent color ordered subamplitudes. Furthermore, after applying Kleiss—Kuijf relations we end
up at (N — 2)! independent subamplitudes. As a basis we may choose the following (N — 2)!
elements A(1, 24, ..., (N —1),, N) with the permutation o € Sy_» [37,38]. Hence, for the case
of interest with N = 6 we need to specify 24 subamplitudes and parametrize the latter according
to their pole structure, which arises from diagrams with only three-vertices contributing. To each
amplitude 14 terms or diagrams contribute. The topological structure of the latter is depicted in
the following two figures. For the first amplitude we make the Ansatz
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b c d e b c e
e > % e
\
a fa d f
b e b d e
ey >_‘_v/ st
\ \
a c d ! a c !

Fig. 2. Diagrams giving rise to the numerator factor n;.

c d

T'r a,b,c,de, f : : : : Tr Tr(a,b,e,f,d,c)
SabScdSef Sab ScdSef
Fig. 3. Diagrams giving rise to the numerator factor ;.
n1(2345 n2(2345 n3(2345 n4(2345 ns5(2345
A(1.2.3.4.5.6) = 1( )+ 2(2345) n 3(2345) n 4(2345) n 5(2345)
512534556 $238455123 51285458123 $125565123 $238565123
ne(2345 n7(2345 n’(2345)  n,(2345) n4(2345)
+ 6( ) + 7( ) + 1 + 2 + 3
$238565156  §345565156 $16523545 5125345126 125455126
n,(2345)  nk(2345) 0. (2345)  n.(2345)
+ - + 2 + -0 + : “.1)
5165455126 5165345126  S165345156 5165235156

with the numerator factors 7;. In the remaining 23 subamplitudes we have to take into account,
that a numerator factor n; may contribute to various other subamplitudes. In Figs. 2 and 3 we
display diagrams, which give rise to the same numerator factors n; and n ;, respectively. Taking
this fact into account yields:

2354 2345 2345 2354 2354
A(1,2,3,5,4,6)=n1( ) na(2345)  n3(2345) +n4( ) +n5( )
$12535546  S235455123  S125455123 5125465123 S235465123
| ne(2354) | m(2354) n(2345) . nb(2354)  n4(2345)
5235465146 $355465146 516523545  S125355126 125455126
n;(2345) L n5(2354) n ng(2354) n n5(2354)
S165455126  S165355126  S165355146  S165235146
5342 4523 5423 5432 4532
A(1,5,4,3,2,6)=—n1( )_I_nz( ) n3(5423) +n4( ) ns5(4532)
515526534 S235455145  S155235145  $155265145  S265455145
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L ns(452)  m(3452) 1} (2345) N n}(5234) N n(5234)

$265345126 $265455126 $16523545 §158235156 $155345156
ny(2345)  n5(2345)  ng(2345)  n5(2345)
$165455126 5165345126 5165345156 3165235156.
The parametrization of the remaining 21 subamplitudes is given in Appendix C. In total we need
7! = 105 numerator factors n; to parametrize the 24 subamplitudes.
Now we shall make use of the monodromy relations, which give rise to non-trivial relations
between various different subamplitudes [5,6]. One of these relations reads [6]:

4.2)

A(1,2,3,4,5,6) + € ™12A(2,1,3,4,5,6) + TE2TI A3, 1,4,5,6)
e TEnR S A 34, 1,5,6) 4 £ T2 A(2,3,4,5,1,6)=0.  (4.3)

A complete set can be obtained by permuting all open string labels. In the field-theory limit the
real part of all these relations gives rise to the Kleiss—Kuijf relations. Hence, these relations allow
to determine all 60 partial subamplitudes from the set of 24 given in (4.1) and (4.2). On the other
hand, it has been argued in [39,40], that the imaginary part of all relations gives rise to a set
of equations, the so-called extended BCJ relations, which relate the numerator factors. In these
equations three numerator factors n; constitute the triplets X ;. In the following we define the
hundred triplets:

X1 = n1(2345) — n4(2345) + n4(2435), X2 = n2(2345) — n5(2345) + n5(2354),

Xog = n4(4532) — n4(5432) — n5(4532), X100 = —n1(5342) + n5(3452) — ne(3452).
(4.4)

The remaining 96 triplets can be found in Appendix C. From the imaginary part of the mon-
odromy relations an independent set of 3! -3 = 18 equations each containing 15 triplets (4.4) can
be derived:

X1 X2 X3 X4 X5 X6 X7 X3
§12556 §238123 §128123 $23556 §565156 $23561 $125126 5615126
X9 X10 X11 X2 X13 X4 Xis5
+ + + + + + - =0,

5615156 §12835 $35561 $358124 §565124 $355146 $235146

X4 n Xoo X6 X7 Xy Xgs Xs2  Xes
523556 $235145  S455123  S565123 455126 S3485126 834556  $23545
X70 X3g9 X2 Xo3 Xog Xo9 X100
—~ + —~ + + + - =0. (4.5)

526545 5265134 S565134  S2385156 8345156 S265145 8526534
The remaining 16 equations are listed in Appendix C. In relations (4.5) each triplet X; is the
numerator of a product of N —4 =2 poles sy, 5. Eqs. (4.5) imply that the residue of each pole
term must vanish, i.e.:

X; |residue =0. (4'6)

However, the regular part of the triplets X;, which is proportional to s;s;, may be non-vanishing.
The choice X; = 0 would also be a solution of Egs. (4.5), but it corresponds to a specific gauge
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choice. Eqgs. (4.6) correspond to the set of color identities [4]. In fact, these identities give rise
to 81 independent kinematic equations relating the 105 numerators n;. Hence, in total there are
24 independent numerators n;. On the other hand, the set of 18 extended BCJ relations (4.5)
describes the general constraint on the numerator factors.

As will be demonstrated below, using the field-theory parametrization following from (3.11)
together with the hook properties of the pure spinor building blocks 7;;x and T;jy; it is possible
to easily identify the explicit (N — 2)! basis numerators. The explicit form of the supersymmetric
numerator factors n; in (4.1) can be read off by comparing it with (3.14).

4.2. Basis numerators for N =5

The tree-level amplitude prescription (3.1) from string theory naturally suggests using the
(N — 3)! subamplitudes generated by the different orderings of the integrated vertices as a basis,
ie. A(1,24,...,(N —2)s, N — 1, N) with ¢ € Sy_3 and positions (1, N — 1, N) fixed. For
example, using the field-theory limit of the five-point amplitudes computed with the pure spinor
formalism in [27,25], the (N — 3)! = 2 basis amplitudes can be written in terms of ten kinematic
factors as®:

Asym(1,2,3,4,5)
(TisVAV3)  (TsaVIV)  (L1aL3aV3)  (TsnVAV3)  (TunV!'V3)

$12545 §23551 512534 §23545 534551
Asym(1,3,2,4,5)
_TnVAVE)  (TsaVIVY) | (LislaaV?) (T VAV?)  (TaasVIVE) @
C O s13sss 523851 513524 523845 susst
However, the number of independent kinematic factors is (N — 2)! = 6 because of the hook
symmetries (2.22) of Tjji,

(T324V'V?) = ~(T22aV'V?), (731 VAV = (T VAV,
(T132 V4V5) = <T123 V4V5> - (T321 v VS),
(Ta3 V'V = Ty V' V) — (To3a V! V7). (4.8)

4.3. Basis numerators for N =6

The six-point subamplitude in the field-theory limit (3.15) is expanded in terms of 14 poles,
so the full (N — 3)! = 6 basis amplitudes would naively correspond to 84 kinematic factors.
However, the pure spinor BRST building block form of the kinematic factors allows one to
easily find the basis with (N — 2)! = 24 elements, in accord with the monodromy analysis of
Section 4.1.

To see this it is convenient to use the field-theory limit of (3.11),

Asym(1,2,3,4,5,6)
((T1234 — T1243) V5 V) n ((T5432 — T5423) V1 V)
515385 25486

8 With the notation of [40] one can show that this parametrization leads to the vanishing of four triplets: X3 = X5 =
X7 =n14 —ny2 +n13 =0 and the extended BCJ identities are satisfied.
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n ((Th32 — T123)Tas Vi) n ((T534 — T543)T21 V) (T123LasVe)  (Tus3Li12Ve)
$25411 $15313 15411 515413
n (T1234V5Ve) n (T5432V1 Ve) n ((T1234 — T1324) V5 Ve) n ((T5432 — T5342) V1 Ve)
S15511 545613 $28511 535613
n ((Th234 — T1324 — T1423 + T1432) V5 V)
$28512
n ((Ts432 — Ts342 — T5243 + T5234) V1 V)
§38612
n ((T1234 — T1243 — Th342 + T1432) V5 V)
§38512
n ((Ts5432 — Ts5423 — T5324 + T5234) V1 V) ' 4.9)
$285612

The field-theory amplitude (4.9) is more conveniently written as

234)  nj(234 234)  nh(234 234)  n4(234
m@34)  mE3H  m@3) 3D | na234) 3239

A(1,2,3,4,5,6) =

515355 525456 $25411 515313 S15411 15413
nq(234 n,(234)  ns(234 n-(234) ne(234 nl(234)
4( )+4 +5( )+5 +6( )+6
S15571 545613 $285511 $35613 $28512 535612
n7(234)  n,(234)

@D | mEH (4.10)
535512 525612

where n; (jkl) = n; (jkI5) such that the labels (jk/) denote the ordering of the integrated vertices
in the (N — 3)! = 6 basis of partial amplitudes. Their explicit form in terms of pure spinor BRST
building blocks read

n1(234) = ((T1234 — T1243) V5 V), n2(234) = ((Ti32 — T123) Tus Vo),

n3(234) = —(T123Tus5 V), n4(234) = (T1234 V5 Ve),

n5(234) = ((T1234 — T1324) V5 V),

n6(234) = ((T1234 — T1324 — T1a23 + T1432) V5 V),

n7(234) = ((T1234 — T1243 — T1342 + T1432) V5 V), (4.11)
while n; (ijk) is obtained from n; (i jk) by the parity transformation 1 <> 5,2 <> 4.

It is now straightforward to check that the set of 12 @ 12’ kinematic factors

{n3(@ijk), naijk), ns(ijk), ny(ijk)/(ijk) € perm(234)} (4.12)
is a basis from which all 84 kinematic numerators can be obtained. In fact, the explicit BCJ-like
solution reads

n1(234) = n4(234) — n4(243), n2(234) = n3(234) — n3(243),

ns(234) = n4(234) — n4(324), n6(234) = n4(234) — n4(324) — n4(423) + n4(432),

n7(234) = n4(234) — n4(243) — n4(342) + n4(432). (4.13)

Together with the permutations of (234) (with corresponding equations for n(ijk)), the solution
(4.13) generates 30 @ 30" equations which allow reducing the 84 kinematic factors down to 24.
One can also show that using the parametrization given by (4.9) together with the hook properties
of Tijx and Tjjs, 59 triplets defined in (4.4) trivially vanish
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X;=0, i=1,4-9,11-13,16-18,20, 21, 24,26-28, 30, 31, 35-39, 42, 52-56, 62,
63,70-75,717,78, 80-82, 84-92, 95-97, 99, 100. (4.14)

By applying [30] the 18 extended BCJ’s (4.5) have explicitly been checked to be satisfied using
the pure spinor representation (4.11) for the amplitudes in (4.2). In Appendix C it is explic-
itly shown that using the symmetry properties of T;j; and T;jx, the solution to X; = 0 for
i =1,...,100 implies that all 105 numerators 7 in the Kleiss—Kuijf basis can be expressed
in terms of the basis (4.12).
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Appendix A. The superfields L2;, L2131 and L233141

Using the OPE’s of Section 2 and a few BRST manipulations together with the SYM equations
of motion it follows that’

L L
lim V!(z)U%z) — =2, lim V'(@)U(2)U(z3) > —2L, (A1)
2221 712

22,2321 221231

where [15,25]

Liz= A, (A" W?) + V(K" A?),

Loz = Lio((k' + &%) - %) + (ay™ W3)[A), (k' - A%) + AV FL — (Wy, W], (A2)
Finally, a long computation leads to

. L
lim  VE)UX(2)U3 (23)U*(z4) — 213141 (A3)
22,23,24—721 221231341

where

Lo13ia1 = —Lo131[As - (k1 + k2 + k3)] + (A3 - (k1 + k2))
x [(A1- k)AL = (A1~ AD)ky, — Ay, (Az - K1) + (Wiym W) | (Ay™ Wa)

+ (A" Wa) [(Al ko) (A2 - Ak — (Ay - ko) (Way™ Ws)
— (A1 - A))(ka - A3)ky, + (A1 - A2) (k2 - k3) A}, — (A1 - ko) (A2 - k3) Ay,
9 1t was pointed out in [15,25] that extracting L;; and L j;k; from the ViUJ and VIUJU* OPE’s additionally in-

volve Q integration by parts. The same happens for L j;x;;;, but the arising extra terms of schematic form s;; (Akwly,
5ij (AKyPa W) and Sij (Wk/(l W) turn out to cancel in the overall 6 pt amplitude.
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+ (A1 - k3) (ki - A2)AS — (A1 - A3) (k1 - ADk], + (W1V"W2)]:3m

1 1
+ 5 Waypg v W) F = L W1ypg v W) F77 + (Wi W3) (ki - Az)}- (A.4)

Appendix B. Six-point integrals

A direct computation of the six-point amplitude with the pure spinor formalism requires 34
triple integrals of the form

6
Ik:/dzz/dz3/dZ4 HZ;W'/II(»

i<j

(B.1)

where Iy, k =1,...,34 will be written below. However, it is convenient to consider an aug-
mented set of 63 integrals by including I;, k =35, ..., 63 which allow the definition of a system
of equations which can be used to simplify the amplitude considerably. This convenient set of
{Ix} is given by

1 1 1 1
h=—, h=——, h=——, ly= ——,
221231241 221231245 221235241 221235245
1 1 1 1
15_75 16_7’ 17:77 18:77
225231241 225231245 225235241 225235245
1 1 1 1
lg=——>-, ho=—"", hi=—", Iy =——-,
22133 221234241 221234245 225234
1 1 1 1
Ih3=——, hy= ——, Iis =——>-, he=——,
225234241 225234245 231254 231224241
1 1 1 1
h1=—, hg=——>-, hy=——, hy=——"—,
231224245 23525 235224241 235224245
1 1 1 1
by =——>-, Ip=—"—, Iy = —"", Iy =——-,
Z4]Z23 7413223231 741223235 Z45123
1 1 1 1
hs = ———, he=——, I = 7 Iy = 7
245723231 3453223235 Z23ZS4 Z24Z34
1 1 1 1
Iy =——>-, o= —""—, Bi=—""—, Ip=—-"7,
2342, 223234241 223234245 224234231
1 1 1 1
3= —"7-—, B4=—5—, I35 = ; e =——,
724334235 Z23Z24 124223 Z23Z34
1 1 1 1
Iy =—, Ig=—"—, g = ——"—, Ly = ——,
725234235 224234245 224225235 224225234
1 1 1 1
Iyp = ———, lyp = ——-, lyy=—-, Iyp = ———,
223234235 223225245 223225234 223224245
1 1 1 1
lLis = ———, lig = ——, lyg = ———, lig = ———,
223224235 223224234 223224225 241224234
1 1 1 1
lyg = ——F0, Isp = ———, Isj = ———, Isp = ———,
741223225 221231224 741223224 231225234
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1 1 1 1

Is3 = ———, Isg = ———, Iss = ———, Is¢ = ————,
731224225 231223234 731223224 221231234
1 1 1 1
Is7 = ———, Isg = ———, Isg = ———, lep = ——,
221234235 221224235 221224234 221223245
1 1 1
leg = ———, ley = ————, le3 = ——. (B.2)
221223234 221223224 221241223

B.1. Partial fraction identities

It is possible to express I3s, ..., I3z in terms of I, ..., I34. To see this one uses the partial
fraction relations
1 1 1
_ (B.3)

+ - 9
ZjiZki - ZjkZji 2 jkZki
. . 1 .
and multiply each one of them by appropriate factors of o to generate the following system of
equations:

Iy —La+ 13 =0, —I33 + 133+ I =0, I39 — I + 1§ =0,
Iy — I3g + 114 =0, Iy1 — I31 + 16 =0, lyp — e+ I3 =0,
Iy — 141 + 137 =0, Iyg + I3g — 131 =0, Iys — 141 + 133 =0,
Iy + Iy — 7 =0, Ing — I36 + 134 =0, —ly6 + I35 + 19 =0,
Ly7 — 143 + 110 =0, Iy7 — 145 + 139 =0, Iy7 — Igg + 142 =0,
—lyg + 132+ 116 =0, lyg — I3+ 17 =0, Isp — e+ 11 =0,
Is) + Isg — I3 =0, Isy — I13 + 15 =0, Is3 — 117+ 16 =0,
Is4 — 30 + 122 =0, Iss — Isa + I3 =0, Is¢ — Iio+ 11 =0,
Is7 —I11 + 14 =0, Iss — 1o + I3 =0, Isg — I4g + 110 =0,
leo — s + 1, =0, Is1 + Is¢ — Is4 =0, Igr — Is1 + 159 =0,
Isy — Iss + Isp =0, I3 + Ie2 — 151 =0, Iz — I+ 11 =0. (B.4)

The solution is given by

Izs = Ip7 — Iy — I, T3¢ = I34 + Iy7 — Ipg, Iz = ha — Iy,

Izg = I3 + I, Izg =1 — I, Iy = I3 + o — 14,

Ly =131 — D, Ly =De — Iy, Iiy=1051—he —ha+ Iy,

Ly = 131 — I33 — Iy, Iys = I31 — I — 133, lyg = Iy7 — Dog,

Iy =131 — Is3 — o — e + I, Lig = I3 + Lis, Iyo = I3 — I,
Iso =Ie — 11, Is1 = I30 — I32 — 116, Is; = I3 — I,

Is3 =17 — I, Is4 = 30 — I, Iss = I3 — Inn — I3,

Is¢ = o — 11, Is7 =111 — I, Isg =119 — I3,

Isg = I — I10 + I32, Iep = s — I, Iey =130 — Ipp — 1o + 14,
Iep =11 — 16 — In2 + 130 — 132, Isz =1 — 1. (B.5)
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B.2. Total derivative relations

With the SL(2, R) fixing choice of (z1, z5, z6) = (0, 1, 00), all the integrals Z; share the com-
mon factor of

M(z2.23.24) =2, 723 Pz, (23 — 22) P (24 — 23) T
X (24 —22) (1 = 22) 7B (1 = 23) 75 (1 — z4) 7. (B.6)

One can obtain additional relations among the integrals using the vanishing of

/dzz/dZ3/dZ4—< ):o, kLA =234, (B.7)

811 ZijZkl

/dZQ/dZ3/dZ4—< ):0, GI£T 1=2,3,4. (B.8)
0z1 \ 2152kl

Eq. (B.7) leads to 27 equations like

s1221 + 523220 + 524116 + 52515 =0,
81222 + 523225 + 524117 + 525Z6 = 0,

etc. Likewise, Eq. (B.8) gives rise to 18 relations,

(1 +534)Zg = (513 + 523)Z1 + 53524 — (513 + 523)L10 — $35Z11 — 523122 + 523130,
(1 + 534)T12 = 51325 + (523 + 535)Lg — 513213 — (523 + 535)Z14 — 523126 + 523131,

etc. It is straightforward to show that this system of equations allows all the integrals to be
rewritten in terms of a basis containing six elements in agreement with the findings of [21].

B.3. Canceling the tachyon poles

Section 3.2 discusses the double-pole integrals which by themselves introduce spurious
tachyon poles. In particular, the four integrals in (3.7) are proportional to ~ (1 4 £2)~! which
is not at all obvious to cancel. This appendix explains the mechanisms leading to their cancella-
tion.

Let us first of all plug in the explicit superspace expressions for the kinematic the factors
in (3.7):
(L233434 V1 V5 V) 127 + (L 243434 V1 V5 V) 108 + (L242434 V1 V5 V) 129
+ (L232334 V1V5V6) 136
— ([(D3s(8 - 42) = Doy (k2 A%))(1 -+ 524+ 530

+ Doz (k* - A*) (1 + 523 + 530) | V1 V5 V)T
+{[(D24 (k4 . A3) - D34(k4 . Az))523 — Dy3 (k3 . A4)Sz4]V1 Vs Vs)Ia7
+([(D34(k* - A%) — Doz (k? - A*)) (1 + 523 + 534)
+ Do (k2 - A%) (1 + 524+ 534) V1 Vs Vi g
+([(D23 (K - A*) — D3a (k> - A?))s24 — Daa(k* - A)523] V1 Vs Vi Tos
+(Doa[ A% - (K2 + k*)] Vi V5 Ve)(1 + 524)Tao
—(Dos[A*- (K + 1) ]Vi Vs Ve)(1 + 523) Tse. (B.9)
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By virtue of the total derivative equations

(1 + 523)136 = 524(Z28 — 127) + R1, (1 + 524)I29 = 523(Z2g — 127) + R2

where R and R, denote integrals free of tachyonic poles

Ri1 = —s12130 + 512122 + s12Z10 — s12Z1 — 525231 + s25L26 + 525L14 — 52518,
Ro = —s12132 — 512116 + 512210 — 825233 — $25L20 + 525114, (B.10)
the RHS of (B.9) becomes

= ([D23(k* - A*) — Daa(k* - A%)|Vi Vs Ve)(1 + 523 + 524 + 534)(T27 — Tag)
+ (D34 (k3 . Az) Vi Vs Vo) (1 + 524 + 534)T27 — 524728 ]
+ (R234V1V5Ve)R1 + (R243V1 V5 V) Ro
+ (D34 (k4 . Az) Vi Vs Ve)[ (14 523 + s34) T2 — 523727 ). (B.11)

Furthermore, using

(1 + 524 + 530)L27 — 524728 = 514130 + S45131,
(14 523 + 534) 128 — 523227 = —513132 — 535133 (B.12)

and in particular their difference, which manifestly cancels the (1 +2)~! tachyon pole

(1 + 523 + 524 + 534) (27 — I28) = 514230 + 545131 + 513Z32 + 535133 (B.13)

allows (B.11) to be rewritten in terms of unproblematic single-pole integrals:

(R234V1V5V6)R1 + (Raaz V1 V5 V) Ra
+ ([D34(k3 . Az) + Dy3 (k2 . A4) — D24(k2 . A3)] ViVs V6>(314I30 + s45731)
- ([D34(k4 . Az) — D3 (k2 . A4) + D24(k2 . A3)] V1 Vs Ve )(s13T32 + s3533).

B.4. Momentum expansion of the F; integrals

Here we list the momentum expansion of the F; integrals in our end result (1.1) for the six-
point amplitude. The first three integrals Fj >3 (and their parity images) multiply superfield
kinematics of type (7;;Ti;T,un). Their field-theory contribution is of order O(sl.f) = Ok,
then the first superstring corrections O(si;l) = Ok ?) and O(s?j) = O(k%) are multiplied by
the transcendental numbers ¢ (2) and ¢ (3) respectively.10 More precisely, only Fi has a non-zero
field-theory limit, and the superstring corrections ~ £(2), £(3) have no more than two poles at
the same time reflecting the fact that they represent contact interactions. F3 is even limited to
single poles.

The remaining integrals Fy to Fyo associated with (7;jx Ejm,) kinematics have an additional
power of Mandelstam invariants in their field-theory, ¢(2)- and ¢ (3)-terms, in order to compen-
sate the si; ! within the definition of Ej,,,. Once again, we find a hierarchy in their pole structure:

10 The field-theory and ¢ (2) parts of the Z; are odd in the s;, #; whereas the ¢ (3) correction is even. That is why one has
to be careful about the sign convention of the Mandelstam variables. The s;, #; in the present paper as well as Refs. [25,
27] have to be replaced by —s;, —t; for comparison with [21-23].
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The first three integrals F4, F5, Fg have two kinematic poles in their field-theory limit and mostly
single poles in their ¢ (2), ¢(3) corrections. The few exceptional double poles in these higher or-
der contributions — say 9‘”51 @) in Fy — are decorated by numerators which cancel both poles in
the associated Ejj, €.g. s455E456 = 55T45 V6 + 54V4T56. The integrals F7, Fg have single poles
only from the beginning, and Fy, F( are even completely regular and start at £ (3).

There is an infinite tower of higher order corrections in the momenta, i.e. higher orders in «

along with multi-zeta values (MZVs) which we do not display here:

6 .
|zij |5 512 513
—/dzzfdm/dml_[ / +
Ll s 721223245 223231245

1<j
4] 51 55 13 4] 1 52 51
= +§2)<———————+—+—————
525456 $286  S284  S28¢  S48¢  S45¢  S4  S45¢  S456
2 2 2 2
t set1  2tt t s S4t1  S455 t
+§-(3)(__1__ b f S5 s sss 03
$284  $284 5256 52856  $2856 286 2856 8456

2
nt3 t I3l S6 2ty 2t 253 2513
o T S S_ B 54
6 6 456

259 s2 S113 | 81 25152 52
2 o= )+
S6 5456 5456 S4 5456 5456

|zij| ™% 514 513
/dzz/dz_%/dml_[ / +
225234241 225234231

i<j

S1 i3 15 15 513 S5
—;(2)<——+— - —) +;<3>(—— L2438
$38 5356 8356 5356 83 S35 83
2 2
s 15 I3 S5 52 S113 251t S1 251 N
S o222 TRk S At L P ik N ) IR
$35¢ 56 S6  S¢ S35  S35¢ 83 56 $356
|zij| ™% 514 12
/dzzfdm/dul_[ ! +
224741235 2242721235
i<j
(2 13 2t2 3ty ss  s4  s3 282 28y
=== +0) oSS :
S6 s6 S¢ S¢ S6 S6 56

6
g §45
F4=/d12/d23/dZ4 l_[|zij| Sijf — —
i<j 221331345

1 13 5485 Y
= — i@ (T - -2 = =)+ ®)
S1h s1s1 s1h n S1 sit
2 2 2
K SyS5 25384 S 5182
4 T T s tbse—t3 ) e,
s1 S S1 I 151

12 S13 S14
+ >

N
Fs= /dzz/dZ3/d14 l_[lz,,l S — ( +=+=
223224 \ 221 231 241

i<j

1 K 558
=——+§(2)(2+——1————5 2542 —4)
ot 52 2 52 S$212 15 2
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2 2 2 2 2 2
t 211y t s Sel1 s58¢  S586 S 558
+¢@3) e
52 52 2 82 $2 §2 S22 s2 s
52 2
253 S4t1 2541 455 N
s 25 sy sy b B WL TUB BB M) L
153 5] 52 52 82 52
F6—/d22/d23/dZ4 |z |~ ——
l_[ 221234235
i<j
2
1 5186 sst3 S 251t
=——+§(2)(———+—+——1 +¢3) Sl R e
§313 §3 83 8313 I3 §3 53 53
2 20 2
S113 S1S s $786 $384
——+—6——1+1——2t1—l3+2S1—S3+—+ >+
53 33 8§53 8303 13 13

F /dm/dm/dm |zij ™"
T H 9 sl

i<j

= —;(2)1“ = ;(3>S—<n 1o+ 54+ 55+ 56) + L) S1a e

Fg = /dzz/d&/dm lzii|~*
l_[ L —

l<]

=;<2>sﬁ+;<3>sﬁ(n 1353t ssboss) e

F dz /dz /dz |zii]~° 7—§(3)514+
- / 2 : 41_[ g 225235241

i<j

Flo—/dzzfdm/du HIZUI T ——— =2 ¢(3) 535+ -
224735241

i<j
Appendix C. Six-point subamplitudes and extended BCJ relations

In this appendix we display the parametrization of the remaining 21 partial subamplitudes:

m@345) | m(435) | ny(2435) | na2435) | ns(2435)
812534556 $245355124 8125355124 5125565124 8§245565124
L me@435)  m(345) n{(2435)  nh(2345)  ny(2354)
8245565156 $345565156 516524535 §125345126 5125355126
| n(2345)  nf(2354)  ng(2345) N n/7(2435)’
5165345126 5165355126 §165345156 5165245156
m@453)  m435)  na(435) | na2453) | ns(2453)
§$12536545 §245355124 §$125355124 §125365124 §245365124
L me(2453) | m(2453) 1 (2435) N ny(2354)  n}(2345)
85245365136 5365455136 516524535 85125355126 5125455126
 nj(2345) . ny(2354) . n,(2453) . n’,(2453) |
§165455126 §$165355126 $165455136 §$165245136

A(1,2,4,3,5,6) =—

A(1,2,4,5,3,6) =
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A(1,2,5,3,4,6) =

A(1,2,5,4,3,6) =

A(1,3,2,4,5,6) =

A(1,3,2,5,4,6) =

A(1,3,4,2,5,6) =

A(1,3,4,5,2,6) =

A(1,3,5,2,4,6) =

m@354) | ma@534) | m(2534) | m(@534) | ns534)
§12835846 §255345125 §125345125 5125465125 §258465125

L 62534 m(2354)  mj534)  mb(2345)  my(2354)
§258465146 $355465146 $16525534 5128345126 $125355126

| nl(2345)  nf(2354)  ng(2354) | (2534

5165345126 5165355126 5165355146 5165255146 '

m@453)  m@53)  ma(534) | na@543) | ns(2543)

$12836545 $255345125 §128345125 $125365125 §258365125

L 16(2543)  np(2453)  mj(2534) | mb(2345) | ni(2345)

§255365136 5365455136 516525534 §125345126 85125455126
. n},(2345) . n§(2345)  ng(2453) N n/7(2543)’

$165455126 5$165345126 $165455136 5§165255136
m(G245)  ma@345) | ma(3245) | ma(3245)  ns(2345)
513524556 §2385455123 5135455123 5135565123 5235565123
ne(2345)  ne(2435)  n(2345) . n},(3245) N ny(3245)

8235565156 §245565156 §16523545 5135245136 §135455136
| ng(2453)  ny(2345)  mh(2435)  nh(2453)
$165455136 5165235156 5165245156 5165245136
m@G254) | mQ345)  n3(245) | na(3254)  ns(2354)
813525546 §238455123 5135455123 5135465123 5235465123
6354 ne(2534) 1 (2345) . ny(3254)  n}(3245)
§235465146 §255465146 516523545 §135255136 §$135455136
N ng(2453)  nj(2354)  nj(2534) n/7(2543)’
$165455136 5165235146 $165255146 5165255136
_mGMS) | m(GA25) | n3(A25) | na3425) | ns(3425)
8513524556 §255345134 §135255134 §135565134 §345565134
L 162435)  n7(2345) n|(2534)  nj(3245)  ny(3254)
8§245565156 §345565156 §16525534 5135245136 §135255136
| ng(2345) . n’,(2435) . n’,(2453) N n’7(2543)7
5165345156 5165245156 5165245136 5165255136
MG452)  ma(BA25)  m3(3A25) | na(3452) | ns(3452)
513526545 §258345134 5135255134 5135265134 5265345134
L me(3452) | m(3452) 1, (2534) . nj(3254)  n}(3245)
5§265345126 §265455126 §16525534 §135255136 5135455136
| nj(2345)  nf(2345) N ng(24s3) n/7(2543)’
§165455126 5165345126 $165455136 5165255136
_mG254) | mG524) | na(G524) | na(524) | ns(3524)
§138525846 $245355135 §135245135 §$135465135 §355465135

n ng(2534) _ n7(2354) B n’ (2435) B n’,(3245) B n}(3254)

$255465146 $355465146 516524535 $135245136 5135255136

383
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ny (2354 n5(2453 n% (2534 n5 (2543
| @354 | mp(453) | nh(534) | n(2543)

5165355146 5165245136 5165255146 5165255136’
A(1.3.5.4.2.6) __n1(3452) B n(3524) _ n3(3524) n n4(3542) n ns5(3542)
T S13526545  S245355135  S135248135  SI35265135  $265355135
n ne(3542) _ n7(3452) n n/1 (2435) n n/2(3245) n n’3(3245)
8§265355126 $265455126 $16524535 85135245136 $135455136
n(2345)  ni(2354)  ng(2453)  n)(2453)
5165455126 5165355126 85165455136 516524S136’
A(1.4.2.3.5.6) = n1(4235) B n,(2435) n n3(4235) n n4(4235) _ ns(2435)
T S14523856  S245355124  S145355124  S145565124  $245565124
_ ne(2345) _ ne(2435) B n’1 (2435) n n/2(4235) L n/3(4235)
8235565156 §245565156 §16524535 85145235146 5145355146
| ng(@354)  nh(2345)  nj(2354)  nj(2435)
5§165355146 5165235156 5165235146 5$165245156 ’
A(1.4.2.5.3.6) = n1(4253) n n,(2435) _ n3(4235) . n4(4253) _ ns(2453)
oo §$14525536 8§245355124 §$1453585124 85145365124 8§245365124
_ ne(2453) _ ne(2543) n n’l (2435) n n'2(4253) B n’3(4235)
§245365136 $255365136 516524535 §145255146 $145355146
n n%(2354) _ n/7(2453) B n’7(2534) _ n/7(2543)
5165355146 5165245136 5165255146 5165255136,
A(1.4.3.2.5.6) __n1(4235) _ n(3425) n n3(4325) n n4(4325) _ ns5(3425)
T S14523556  S255345134  S148255134  S14S565134  S345565134
L n6(2345) | m(345) n|(2534)  ny(4235)  nh(4253)
5235565156 §$345565156 §$16525534 §145235146 §$145255146
n. (2345 n. (2345 n. (2354 n. (2534
n 6( ) n 7( ) N 7( ) n 7( ) ’
5165345156 5165235156 8$165235146 5165255146
A(1.4.3.5.2.6) = n1(4352) n n,(3425) _ n3(4325) L n4(4352) _ ns(3452)
T S14526535 5255345134 5145255134 5145265134 5265345134
 ne(452)  ne(3542)  mj@534) | my4253)  my(4235)
5265345126 5265355126 516525534 8§145255146 §$145355146
n n/5(2345) n n/5(2354) n n/6(2354) n/7(2534)
5165345126 5165355126 85165355146 3165255146,
4253 4523 4523 4523 4523
A(1,4,5,2,3,6)=—n1( )+n2( ) +n3( ) +n4( ) +n5( )
§14525536 $235458145 §145235145 $145365145 §365455145
ne(2543) _ n7(2453) B n’1 (2345) B n’2(4235) B n’2(4253)
5255365136 365455136 516523545  S145235146  S145255146
ng(2453) n n/7(2354) n n’7(2534) n n/7(2543)
5165455136 5165235146 5165255146  S165255136
4352 4523 4523 4532 4532
A(1,4,5,3,2,6)=—n1( ) n2(4523)  n3(4523) +n4( ) +n5( )

514526535

$2385455145

5148235145

$148265145 5265455145
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L 16(3542)  m(3452) n| (2345) . n} (4235) . n},(4235)
$265355126 $265455126 $16523545 §148235146 $145355146
n,(2345)  nf(2354)  nj(2354)  nb(2354)
* 5165455126  $165355126 5165355146  $165235146 ’
A(1.5.2.3.4.6) = n1(5234) B ny(2534) n n3(5234) . n4(5234) _ ns5(2534)
$15523546 §255345125 $155345125 $155465125 §258465125
_ ne(2354) _ ne(2534) _ n/1 (2534) . n’2(5234) n ng(5234)
$235465146 255465146 $16525534 $158235156  $155345156
n,(2345)  nb(2345)  nh(2354)  n}(2534)
5165345156  $165235156 5165235146  $165255146 ’
A(1.5.2.4.3.6) = n1(5243) n ny(2534) _ n3(5234) . n4(5243) _ ns5(2543)
§15524536 §255345125 $155345125 $1585365125 $258365125
_ ne(2453) _ ne(2543) n n/1 (2534) N n’2(5243) _ n’3(5234)
$248365136  $255365136 516525534 $158245156  $155345156
n’6(2345) n’(2435) n5(2453)  n%(2543)
* 5165345156 5165245156 5165245136  $165255136 ’
ALS.3.2.4.6) _ mG234)  mG524) | n3(5324) | na(5324)  ns(3524)
§15523546 $248358135  §158245135 5155465135 §355465135
ne(2354)  n7(2354)  nf(2435)  nh(5234)  ny(5243)
* $235465146 * $355465146 * 516524535 §158235156  §155245156
L6235 | np(2345) | nj2354) | m5(2435)
5165355146  $165235156 5165235146 51652451567
A(L5.3.4.2.6) = n1(5342) n n»(3524) _ n3(5324) L n4(5342) _ ns(3542)
$15526534 $2458355135 $155245135 $155265135 $265355135
| ng(3452)  ne(3542)  n)(2435) . ny(5243)  ny(5234)
$265345126 265355126 516524535 §158245156  S155345156
. n},(2345) . n},(2354) . ng(2345) 0y (2435)
5165345126  $165355126 5165345156  $165245156 ’
A(1.5.4.2.3.6) :_n1(5243) _ n,(4523) n n3(5423) n n4(5423) B ns(4523)
§15524536 $235458145 5158235145 S158365145 8365455145
n6(2453)  n7(2453)  n[(2345)  n,(5234)  n,(5243)
* $245365136 * 5365455136 * $16523545 $155235156 $155245156
L6453 | np(2345) | nj(2435) | mh(2453) )

5165455136 5165235156 5165245156

5165245136

Some aspects of the Ansatz, given in Egs. (4.1), (4.2) and (C.1), have also been discussed in

[39,42]. The remaining 16 extended BCIJ relations (4.5) read:

X, X X3 Xy X5 X
X X s X X X

X16 X17

$12556 $2358123 $125123 §23556 §565156 §565124

+
515836 512836

Xis X9 X» X0 Xo X3 X4

_ =0,

5365124 $128125 515823 $235145 5365145 $158125 5155156
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X1 Xs X7 X3 X9 X5 X X

+ +
$125856 §565156 $125126 5615126 5615156 $12545 5455123 §565123

X X29 X30 X31 X3 X33 X34
- + -~ + + + + =0,
545561 51285124 S24556  S24861 5245124 S245136 8455136

X7 X3 X19 X2s X26 Xog X34 X3s
— + + + + + — +
5125126 S6185126 8125125  S12545  $455123  S45561 5455136 S12546

X36 X37 X318 X39 X0 X4 X
— — + - - + — =0,
S465123 5465146 S165146 25561  $255125 8255136 $25546

X3 X19 X5 X34 X0 Xa1 X3 X4

— — + —~ -~ —~ -
5128123 S125125  S12545  S455136  $255125 8255136 S12534  S455126
X4s X46 X7 X4s X49 Xs0 Xs1

— + + — — +
$345126 5258534 S13825 138123 S135134 345134 513545
Xs X9 X26 X7 X128 X4 Xas X49

— -~ - + + + - -~
$565156  S615156  $455123  S565123  S45561  S455126  S345126  S135134
_ Xs0 n Xs1 Xso  Xs3  Xu n Xss _ Xso

5345134 S13545 534556 S61S136 34561 513556 S135136

X3 X0 X2s X29 X3 X33 X34 X4

S125123  S12835 512545 S125124 5245124 5245136 S455136  $455126
_ Xas X5 n Xs7  Xsg N Xso _ Xeo _ Xet _
135123 S13845  $355126  $24535  S13524  S135135  $355135

X1 X26 X8 X36 X37 X338 X4 Xs1

$35561  S455123  S45561  S465123  S465146  S615146  S455126  S13545
Xs53 Xs6 Xs7 Xe0 Xe1 Xe2 Xe3

+ + — — - + =0,

S615136  S135136  S355126  S135135  S355135 835846 S13546

X7 X3 X0 X1 X1 X4 X7 X3

+
$125126  S615126 12535 535861  S$355124  $355146  S12836  S365124
X19 X39 X40 Xs53 X77 X78 X79

+ + + - —~ -~
5128125 525861 S255125 8615136 $25536  S365136 5255146
X n X9 X7 X9 X3s X36 X37 X40

=0,

=0,

+ - —~ - -+
512556 S125125  S565123  S1285124 12546 S465123  S465146  S255125
X Xe6 X3g0 X31 X Xg3 Xg4
—~ —~ + - - + + =0,
525546 S145124  S255134  S14556 565134 S14525  S14S5146

X3 X7 X29 X3 X35 X4 X6 X59

+
$125123  S128536  S125124  $2485124 812546 S135123  S135136  S13524
Xe3 X7 X78 X3gs Xs6 Xg7 Xsgs

_ _ _ _ _ _ _ =0,
S13546  S465135  S365136 245135  S465125 365125 $24836
X3 X1 Xi4 X39 X47 Xs3 Xs6 Xe0
- - + + + + -~
S615126 535861  S355146 825561  S13525  S615136  S135136  S135135
Xe1 X71 X79 X0 Xg9 X90 Xo1
—~ + — — + - - =0,
5355135 52685126 S255146 8255134 S265134 826535 S13826
X5 Xe X3 X37 X3g X438 Xs3 Xs6

+ +
§235123 $23561 $24561 5465146 $615146 5135123 5615136 $135136
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n Xso  Xes = Xm X5 Xoo Xz X4
S13524 513846 S465135 245135 523846 S235156 85245156

X1 X1 Xi8 X8 X33 X4 Xs3 Xs7
- —~ + + + - -~

$35561 8358124 S365124 45561  S6185146  S455126 8615136 S355126
Xe7 Xes Xe9 X78 Xg4 Xos Xo6

- - - + —~ - - =0,
514535 5145145  S455145 8365136 S145146 14536 536545

X2 X3 X10 X14 Xis X5 n X29 X4

- — — —~ -
§235123  S125123  S12835  $355146 235146 512545  S125124  S455126
Xs57 Xea Xes Xe6 Xe7 Xes X69
— + + — + + + =0,

§355126 523845  S14523 5145124 S14535 5145145 S455145
X7 X9 X3 X2s X26 X3s X36 Xe9

125126  S125125  S15S125  S12845  S455123  S12546  S465123  S455145
X0 X7 n X X3 Xnu n Xis X
526545 S265126 5465135 S265135  S1sS46 515826 SIsS145

X2 X3 X6 X7 X3 X35 X37 X38

- + +
§235123  S125123 823561 S125126  S615126  S12546  S465146 5615146
X3 Xs4 Xs6 Xo Xo3 Xo7 Xog
- + + - -~ + - —0. (C.2)
512534 S34561  S465125 523546 S235156  S345125  $345234

Above, the one hundred numerator triplets X; are defined as follows:

X1 =n1(2345) — n4(2345) + n4(2435),
X5 = n2(2345) — n5(2345) + n5(2354),
X3 = n3(2345) — n4(2345) + n4(2354),
X4 = —n1(4235) + n5(2345) — ne(2345),
X5 = —ng(2345) + ne(2435) + n7(2345),
Xo = n)(2345) — ny(2345) + n}(2354),
X7 = n)(2345) — ny(2354) — n};(2345),
Xg = n,(2345) — n5(2345) + n}y(2354),
Xo = ns(2345) — ny(2345) + ny (2435),
X10 = —n1(2354) + n3(2435) 4 n}(2354),
X 11 =n,(2435) + n5(2354) — nj(2354),

X 12 = n2(2435) — n3(2435) + n3(4235),
X13 = —n4(2435) + n4(4235) + n5(2435),
X14 = —n7(2354) + ny (4235) + ns(2354),
X1s5 = ne(2354) — ny(4235) — n}(2354),
X16 = n1(5243) — n4(5243) + n4(5423),
X17 = n1(2453) — n4(2453) + n4(2543),
X1g = —n4(2453) + n4(4253) + n5(2453),
X 10 = n3(2534) — n4(2534) + n4(2543),
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X20 = 12(4523) — n3(4523) + n3(5423),
Xa1 = —n4(4523) + n4(5423) + ns5(4523),
X2 = n1(5234) — n3(5423) — ny(5234),
Xo3 = n3(5234) — n4(5234) + n4(5243),
Xa4 = —ny(5234) + 15 (5243) + n}(5234),
Xos5 = —n1(2453) + n3(2345) — ny(2345),
Xa6 = n2(2345) — n3(2345) + n3(3245),
Xo7 = —n4(2345) + n4(3245) + n5(2345),
Xog = | (2345) — ny(2345) — n},(2453),
X20 = n3(2435) — n4(2435) + n4(2453),
X30 = n11(3245) — n5(2435) + ne(2435),
X31 = n|(2435) — ny(2435) + n},(2453),
X130 = n2(2435) — n5(2435) + n5(2453),
X33 = n(2453) — ny(3245) — n},(2453),
X34 = n7(2453) — ny(3245) — nj;(2453),
X35 = n11(2354) — n4(2354) + n4(2534),
X36 = —n4(2354) + n4(3254) + ns5(2354),
X37 = n6(2354) — n6(2534) — n7(2354),
X33 = nj(2354) — ny(2354) + n’,(2534),
X390 =1, (2534) — ny(2534) + n4(2543),
X0 = n2(2534) — n5(2534) + n5(2543),
X41 = ne(2543) — ny(3254) — n},(2543),
Xap = n1(3254) — n5(2534) + ne(2534),
X43 = n1(2345) — n3(2534) — n}y(2345),
Xy4 = n7(3452) — ny(2345) + n},(2345),
Xys = n(3452) — ny(2345) + ns(2345),
Xu6 = —n2(2534) + n2(3425) + n (2534),
X47 =1 (3254) — n3(3425) — ny(3254),
Xag = n3(3245) — n4(3245) + n4(3254),
Xuo = —n3(3425) + n4(3425) — n4(3452),
Xs0 = —n2(3425) + n5(3425) — ns(3452),
Xs1 = n1(3452) — n3(3245) + ny(3245),
Xsp = n1(2345) — n5(3425) — n7(2345),
Xs3 = —njy(2453) + n} (2453) — ny(2543),
Xs4 = 1/, (2534) + n5(2345) — ns(2345),
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Xss = n1(3245) — n4(3245) + n4(3425),
Xs6 = —ny(3245) + 15 (3254) + n}(3245),
Xs57 = n(3542) — ny(2354) + ns(2354),
Xsg = —n2(2435) + n2(3524) + n; (2435),
Xs9 = n1(3245) — n3(3524) — n,(3245),
X0 = —n3(3524) + n4(3524) — ns(3542),
X1 = —n2(3524) + n5(3524) — ns(3542),
X2 = n1(2354) — n5(3524) — n7(2354),
X3 = n1(3254) — n4(3254) + n4(3524),
Xoa = —n2(2345) + na(4523) 4 n (2345),
Xes5 = —n1(4235) + n3(4523) + n) (4235),
X6 = —n3(4235) + n4(4235) — n4(4253),
Xe7 = n1(4352) — n3(4235) + ny(4235),
Xeg = —n3(4523) + n4(4523) — n4(4532),
Xgo = —n2(4523) + n5(4523) — ns5(4532),
X70 = n1(3452) — ns5(4532) — n7(3452),
X71 = ne(3452) — n(3542) — n7(3452),
X720 = —n4(3524) + n4(5324) + ns5(3524),
X73 = n4(3542) — n4(5342) — n5(3542),
X74 = n1(5234) — n4(5234) + n4(5324),
X75 = n1(5342) — n4(5342) + n4(5432),
X76 = n3(5423) — n4(5423) + n4(5432),
X77 = n1(4253) — n5(2543) + ne(2543),
X178 = —ng(2453) + ne(2543) + n7(2453),
X79 = ne(2534) — ny(4253) — n}(2534),
Xgo = n2(3425) — n3(3425) + n3(4325),
Xg1 = n1(4235) — n4(4235) + n4(4325),
Xgo = n4(3425) — n4(4325) — n5(3425),
Xg3 = n(4253) — n3(4325) — ny(4253),
Xg4 = —n)(4235) + ) (4253) + ny (4235),
Xgs = n2(3524) — n3(3524) + n3(5324),
Xgo = —14(2534) + n4(5234) + ns5(2534),
Xg7 = —n4(2543) + n4(5243) + ns5(2543),
Xgg = n1(5243) — n5(2453) + ne(2453),
Xgo = —14(3452) + n4(4352) + ns(3452),

389
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Xoo = n1(4352) — n5(3542) + n6(3542),
Xo1 = n1(3452) — n4(3452) + n4(3542),
Xop = —n1(5234) + n5(2354) — ne(2354),
Xo3 = n(2345) — ny(5234) — n}(2345),
Xo4 = ne(2435) — ny(5243) — n}(2435),
Xos = n1(4253) — n4(4253) + n4(4523),
Xog = n1(2453) — n5(4523) — n7(2453),
Xo7 = n2(2534) — n3(2534) + n3(5234),
Xog = n7(2345) — ny(5234) — n};(2345),
Xoo = n4(4532) — n4(5432) — ns(4532),

X100 = —n1(5342) + n5(3452) — ne(3452).

Finally, one can check that the solution to the equations X; = 0 gives rise to 81 independent rela-
tions between the 105 numerators n; such that they can be written in terms of the 24 independent

numerators (4.12):

m1 = n3(2345), my = n3(2435), m3 = n3(3245), my = n3(3425),

ms = n3(4235), me = n3(4325), m7 = n4(2345), mg = n4(2435),

mg = n4(3245), mio = n4(3425), m11 = n4(4235),

mi3 =n5(2354) = —n(2435), mis = n5(3254) = —n5(3425),

miz = n4(4325),

mis =nh(4253) = —nj(4325),  myg=n5(2345),  mi7 =n5(3245),

mig =n5(4235),  mig=n}(2345),  myg=n}(2354) = —n/,(2435),

my1 = nj(2354) = —ny(4235),  may = nj(2453) = —n/y(3245),

mys =n4(2435) =ny(3425),  may = ny(2534) =, (4325).

The equalities in (C.4) relating two different kinematic factors n; and n’j follow from the sym-
metry properties of the BRST building blocks T and T;j;. For example, to prove the identity
n’,(2354) = —n’(2435) one applies the parity transformation 1 <> 5,2 <> 4 in the kinematic
factors of (4.11) to get n/,(2345) = ((Ts34 — T543)T21 Vo) and n%(2345) = —(T543T21 V). There-
fore n}(2354) = ((Tuzs — Tus53)T21Ve) = (T534T21Ve) = —n’5(2435), where the second equal-
ity follows from Ty;jxy = T(;jx = 0. To prove n/6(2354) = —n£(4235) first use the properties

Tijki = Tiijwas Tiijiy = Tijeny + Tragij) = 0 to rewrite



C.R. Mafra et al. / Nuclear Physics B 846 (2011) 359-393 391

n6(2345) = ((T1234 — T1324 — T1423 + T1432) V5 V) = —(T2341 V5 Vo) (C.5)

which implies under parity that ny (2345) = —(T4325V Ve). Furthermore, the parity transforma-
tion of n4(2345) in (4.11) results in ng (2345) = (T5432V1 Vi) and therefore one finally obtains
ng(2354) = —(T5324V1 V) = —n}y(4235). The other identities in (C.4) are easily shown using
similar manipulations.

Appendix D. The three-vertex field-theory diagrams

Finally in this appendix we draw all 14 diagrams involving only three vertices and their cor-
responding pure spinor superspace expressions.

3 4 2 3
2 / 5 1 4
(T12T34T56) (T16T30T54)
515355 525456
1 6 6 5
2 3 4 5 2 3 4
(T193E456)
51t +
1 6 1 6 5
5 6 5 6 1
(T543E916)
sql3 +
4 3 2 1 4 3 2
3 4 3 4 5
(Tr31E456)
5oty +
2 1 6 5 2 1 6
4 5 6 1 4 5 6
(Ty35E216)
533 +
3 2 3 2 1

Fig. 4. The 14 field-theory diagrams and their corresponding pure spinor superspace expressions.
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4 5 4 5 6
(T519E561)
s3lo +
3 2 1 6 3 2 1
3 4 5 6 3 4 5
(T304F561)
soto +
2 1 2 1 6

Fig. 4. Continued.
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