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Asymmetric Target Patterns in One-Dimensional Oscillatory Media
with Genuine Nonlocal Coupling
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We report the observation of a self-organized asymmetric wave source in a one-dimensional (1D)
electrochemical system, namely, the hydrogen oxidation reaction on Pt in the presence of poisons.
Numerical simulations reveal that the nonlocal migration coupling is crucial for the endogenous
persistence of the perturbation that causes the asymmetry. Experiments and simulations agree perfectly
for the regular and irregular variant of these asymmetric waves, manifesting the existence of nonlocal
coupling induced patterns also in physical systems.
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The study of pattern formation in extended nonequilib-
rium systems has led to a basic understanding of how
coherent, spatiotemporal structures form in systems from
widely different fields, such as physics, chemistry, or biol-
ogy. The type of pattern which may arise in a certain
medium crucially depends on the way in which different
sites of the medium are spatially coupled. So far, the
overwhelming part of studies focused on the two limiting
cases of spatial coupling, namely, local or nearest neighbor
coupling, and global all-to-all coupling with infinite cou-
pling range. Lately, also the dynamics of systems in which
both local and global coupling coexist has been investi-
gated (see, e.g., [1–6]).

However, just recently it has been recognized that also
the study of intermediate coupling ranges is of central
importance: on the one hand, this nonlocal spatial coupling
is realized in many natural systems, most notably neural
tissues [7]. On the other hand, it was realized that nonlocal
coupling may lead to peculiar, novel dynamics, not found
in locally or globally coupled systems. Up to date, there are
only a few, mainly theoretical, studies that shed some light
on the impact of nonlocal coupling on pattern formation
[8–13], but we are still far from a broad understanding.
Moreover, experimental validations of theoretically pre-
dicted new dynamical states are missing.

A class of systems with intrinsic nonlocal coupling are
electrochemical systems [14,15]. In a previous paper [16],
some of us reported novel types of experimentally ob-
served patterns arising during an electrochemical reaction,
however, without being able to explain the origin of the
unusual dynamics. In this Letter, employing a realistic
model, we demonstrate that some of the patterns are indeed
unique to systems with nonlocal coupling, thus bridging, to
our knowledge for the first time, the gap between experi-
mental observations and theoretical predictions of dynami-
cal states in nonlocally coupled systems.

The decisive variable for the dynamics of electrochem-
ical systems is the voltage drop over the solid-liquid inter-
face, the so-called double layer potential, �DL. �DL is
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linked to the electric potential within the electrolyte, �,
by the voltage, which is externally applied between the
working electrode (WE) and the counterelectrode (CE).
Since the electrolyte is an electroneutral medium, the
electric potential distribution in the electrolyte obeys the
Laplace equation, �DL, being a boundary condition to it.
Hence, local perturbations in �DL prompt a redistribution
of the electric potential in the entire electrolyte.
Consequently, also the normal components of the electric
potential at the working electrode change along the entire
interface, which, in turn, leads to a position-dependent
charging of the double layer, or, equivalently, change in
�DL [see below last term of Eq. (1)]. Thus, spatial inho-
mogeneities in �DL are felt by a whole range of neighbor-
ing sites with different strength, which makes the coupling
nonlocal. Furthermore, depending on the operation mode
and the arrangement of the electrodes, an additional global
coupling is present in the system [17–19].

The above mentioned experiments [16] were carried out
with the oscillatory hydrogen oxidation reaction (HOR) in
the presence of poisons on a Pt ring. The dimensions of the
ring were chosen such that pattern formation occurs only
along the angular direction. Among the novel patterns a
pattern termed asymmetric target pattern (A-TP) was
found. Here, two waves originate from a source point and
start to travel around the ring, but one of them stops
traveling at a fixed location close to the source point and
waits there until it is annihilated through a collision with
the other one that has been surrounding the ring. This
process continued in a stable, oscillatory manner with
intervals of constant length in which the potential distribu-
tion stayed seemingly homogeneous separating the emis-
sion of pulses. Up to now, the origin of this behavior has
remained unknown. We show in this Letter that the sym-
metry breaking of the oscillatory state giving rise to this
peculiar pattern originates from the interplay of global and
nonlocal coupling.

The mechanism leading to oscillations during the HOR
is well understood and involves two species that adsorb on
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TABLE I. Values of the nondimensional parameters used in
the simulations if not stated otherwise

� � 0:8 � � 2:8 �u � 8:38� 10�4

�v � 21 pu � 498 pv � 3:14� 10�15

� � 1:74� 104 c1 � 4:9 c2 � 39:6
aCu � 38=3 U � 13
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the Pt surface and poison the electrode for hydrogen oxi-
dation [20]. An opposite potential dependence of the re-
spective adsorption and separated time scales are crucial
for the oscillation mechanism. To obtain a quantitative
picture, also the concentration of the inhibiting species in
the reaction plane has to be included.

In this Letter spatiotemporal simulations are presented
that yield insight into the origin of experimentally ob-
served patterns during the HOR in the presence of poisons
and thus clarify the dynamic features necessary to obtain
A-TPs. The local dynamics is modeled by a reduced four
variable model presented in [20]. The spatial coupling
mediated by the electric field is by far more effective
than diffusion of the other species. In fact, only the spatial
coupling on �DL has to be considered, i.e., the global and
the migration coupling [21].

Simulations are carried out in 1D and periodic boundary
conditions are imposed. In the following, a dimensionless
form of the reduced model equations is used. The trans-
formations of time, space, potential, and concentrations, as
well as the definitions of the dimensionless parameters, are
given in [22]. The resulting dynamical system is
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; (1)

�u _u � �1� �v��1� v� u�e�DL � puue
��DL ; (2)

�v _v � kav � kdv (3)

_c � 1� c� ���1
v �kav � kdv�; (4)

with

kav � kdv � c�1� v� u�e�a�DL � pvve
a�DL ;

ir � c1�1� v� u��1� 2�1� ec2�DL��1	: (5)

The variables included in the model are the double layer
potential, �DL, and the coverage of the electrode by the
activatory poison u and the inhibitor v. Additionally, the
concentration of the inhibitory poison in the reaction plane,
c, is taken into account. �=� essentially denotes the di-
mensionless resistivity of the electrolyte. � is the global
coupling strength. �u=v denote the dimensionless relaxa-
tion times of the activatory and inhibitory coverage, re-
spectively. � is the only free parameter introduced to
model the reported enhanced adsorption rate of u in the
presence of v [23]. � defines the relative speed of v
adsorption/desorption with respect to diffusion from the
bulk electrolyte to the reaction plane. a governs the poten-
tial dependence of v adsorption/desorption and pu=v de-
termine the adsorption/desorption equilibrium potential of
u and v, respectively. The reaction current is fitted to
theoretically derived data using a more extensive model.
19830
The form of the fit function is given in Eq. (5); the fit
parameters c1 and c2 are given in Table I. It is important to
note that the model predictions are obtained using a large
number of physical constants which are almost exclusively
taken out of the literature and are thus obtained indepen-
dently and not fitted to the experiment. The meaning and
the values of the original parameters are given in [20]. The
resulting nondimensional parameters are compiled in
Table I. The given values are used throughout this Letter
if not mentioned otherwise.

The spatial coupling acting on �DL is composed of a
global and a nonlocal coupling [the second last and last
term in Eq. (1), respectively]. The nonlocal coupling term
describes the difference between the migration currents
entering the interface at a position x (which is proportional
to the normal derivative of � at the interface) and the ones
that would flow in a homogeneous situation (which with
our nondimensional variables and the boundary condition
used is simply proportional to �). � and �DL are linked to
each other through the potentiostatic control condition
(U � �DL � h�jREi), and at the CE there is an equipoten-
tial plane (�j1 � 0). Since Laplace’s equation is valid in
the entire electrolyte (	� � 0), �DL is the only time
dependent boundary condition of �, and thus Eq. (1) is a
closed expression. Expanding �DL and � in a Fourier
series, evolution equations for the Fourier components of
�DL are obtained assuming a two-dimensional cell geome-
try [15].

Figure 1 displays the calculated spatiotemporal evolu-
tion of �DL for a typical so-called ‘‘regular’’ A-TP. We
term the point of the origin of the two waves source point
and the point at which one of the waves stops and awaits its
annihilation cone point. It has to be stressed that no artifi-
cial inhomogeneities have been added in the simulations.
The cone point can also behave in the opposite way than
presented in Fig. 1. Instead of staying passive after the first
wave is stopped, it turns active and waits until the second
wave arrives and turns passive again upon collision with it
(not shown). The source as well as the cone point travel
along the ring with equal and constant speed for all regular
A-TPs found. The typical speed of the source point is of the
order 10�4.

The pulse emitted in one direction undergoes shape
modulations on its way around the ring resembling aperi-
odic pulse modulations. Indeed, regular A-TPs coexist with
chaotically modulated pulses. On the other hand, regular
A-TPs also coexist with target patterns in different regions
in parameter space. Because of the presence of a strong
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FIG. 1 (color online). Space-time plot of �DL of a regular A-
TP. Red (medium gray) denotes high (passive) and blue (dark
gray) low (active) �DL throughout this Letter (cf. color map with
maximal and minimal values of �DL, respectively).
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spatial perturbation in the A-TP motion, A-TPs are favored
for initial conditions also exhibiting such an inhomogene-
ity. Nevertheless, regular A-TPs can also be observed
starting from homogeneous initial conditions. A-TPs are
generally favored for initial conditions exhibiting a spatial
asymmetry and a region in space in which a significant
phase mismatch in the individual variables exists. Note
also that the so-termed regular A-TPs display apparently
aperiodic time series [not visible in Fig. 1 but verified with
long time integrations (104 periods)].

Apart from regular A-TPs, also irregular A-TPs are
found. During irregular A-TP dynamics the source as
well as cone points travel in irregular motions along the
ring. Additionally, the pulse modulations are strong
enough to promote the formation and extinction of a sec-
ond source point that also leads to a second cone point. The
resulting dynamics is displayed in Fig. 2. Short periods of
clusterlike behavior interrupt the A-TP motion. After such
a clusterlike phase the direction of the pulse traveling
around the ring might be interchanged; cf. Figure 2.

The crucial influence of the nonlocal coupling on the
formation of the A-TP can be investigated by comparing
the above results with the dynamics obtained with a diffu-
sional coupling acting on �DL while the global coupling is
kept constant. The diffusion constant is chosen such that
the dynamics of the first inhomogeneous mode is equiva-
lent in the nonlocal and diffusional case [i.e., D �
FIG. 2 (color online). Space-time plot of �DL of a irregular A-
TP. Parameters: U � 4, pv � 3:14� 10�13; others as given in
Table I.
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�� coth ��� � 1=��]. A-TPs could not be observed using
this diffusional coupling. Starting the simulations with an
A-TP solution yielded target patterns within one oscilla-
tory period. This behavior can be understood by comparing
the contributions of the spatial coupling terms on the right-
hand side of Eq. (1) for nonlocal and diffusional coupling
at the leading front of the cone region, as can be seen in
Fig. 3 at an instant in time at which the leading front of the
cone point stops moving. Several features hint at the sup-
pression of the A-TP. First, the amplitude of the diffusional
coupling is approximately 10 times the one of the nonlocal
coupling. However, even if the maximum amplitude of the
diffusional coupling is matched to the nonlocal one (thus
losing the match in the dynamics of the first mode), A-TPs
are not retained. Second, the diffusional coupling function
displays a negative region at the cone point, whereas the
nonlocal coupling function is positive in the vicinity of the
cone point. Hence, even the absolute values of �DL are
shifted towards the extinction of the cone point as a result
of the nearest neighbor diffusional coupling. Thus, A-TPs
can be classified as a true nonlocal coupling phenomenon.

The first experimental observation of an A-TP was
reported in [16] and is reprinted in Fig. 4(a) for a conve-
nient comparison with the theoretical data given in
Figure 1. The model presented here reproduced the spatio-
temporal behavior and the global current for the first time.
(See [24] for 3D animations and current time series of the
experimental and theoretical data.) Furthermore, these
theoretical results suggest that A-TPs and target patterns
observed for different applied voltages are no global at-
tractors but coexist, the mixed state reported in [16] result-
ing from a glueing bifurcation of these two attractors. This
hypothesis is supported by recent experiments.

In [16] the question was raised if the asymmetric behav-
ior observed in experiment is due to nonuniformities on the
electrode surface. The observation of an irregular A-TP
[Fig. 4(b)], which perfectly resembles the simulated pat-
tern presented in Fig. 2, enables us now to negate this
question. In the irregular A-TP the cone point occurs at
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FIG. 3. Comparison of the total spatial coupling terms at the
leading front of the cone region of the regular A-TP at t � 5100,
i.e., at an instant in time at which the leading front of the cone
point stops moving; solid line: nonlocal and global coupling;
dashed line: diffusional and global coupling.
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(a)

(b)

FIG. 4 (color online). Experimental manifestations of
(a) regular A-TP and (b) irregular A-TP. In (b) the difference
of the signal corresponding to the double layer potential from its
mean value at every time step is plotted. For experimental details
see [16,27], respectively.
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random positions along the entire ring; surface nonuni-
formities, in contrast, would cause its preferred occurrence
at particular positions.

On the first sight similar but structurally different phe-
nomena where a pulse is emitted from a source in just one
direction in 1D media were reported by Perraud et al. (1D
spirals) [25] and Stich [26]. The first one was attributed to
the interaction between Turing and Hopf modes; the latter
involves interaction between self-organized pacemakers
and pulses.

The theoretical results reproduce the novel experimen-
tally observed patterns with outstanding consilience. Thus,
it was shown not only that the homogeneous dynamics is
captured by the model Eqs. (1)–(4), but also that the
reduced model is sufficient to describe the previously
uncaptured peculiar A-TP dynamics. The only spatial cou-
pling mechanisms taken into account are the nonlocal
coupling and the global coupling acting on �DL, A-TPs
being a genuine nonlocal coupling pattern observed both in
experiment and theory. It should be noted that the global
coupling strength used in the simulations exceeded those in
the experiments.

To gain further insight into the interaction of the local
dynamics and the nonlocal and global spatial couplings,
the introduction of a ‘‘toy model’’ that preserves the phe-
nomenological spatiotemporal behavior, but is reduced to
the minimal number of nonlinearities and variables neces-
sary to capture the described behavior, would be desirable.
Furthermore, it can be expected that many more examples
of unusual patterns that arise due to a nonlocal interaction
between different sites in nonlinear media are to be
discovered.
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