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We present a general model for the oxidation of CO on low-index platinum single crystal surfaces.
In order to take fluctuations into account, it is first formulated in terms of stochastic birth–death
processes. A corresponding deterministic limit for large particle numbers can be derived rigorously.
The dynamical behavior of the reaction kinetics is investigated by means of a numerical bifurcation
analysis of the deterministic limit and stochastic simulations. The computed bifurcation diagrams
for Pt~110! and Pt~100! are in qualitative and reasonable quantitative agreement with experimental
results. For Pt~110!, several types of noise-induced oscillations are obtained. ©2001 American
Institute of Physics.@DOI: 10.1063/1.1391255#

I. INTRODUCTION

The temporal and spatiotemporal dynamics of heteroge-
neously catalyzed reactions has been investigated for a few
decades.1–3 Experimental studies on well-defined single
crystal surfaces using surface science techniques allowed to
elucidate the mechanisms of a number of surface reactions
by clarification of the underlying elementary steps and direct
measurement of relevant kinetic parameters.

A system that has been studied extensively is the CO
oxidation on low-index plane platinum surfaces which exhib-
its a large variety of spatiotemporal patterns.4 This reaction
was found to follow a Langmuir–Hinshelwood mechanism
with asymmetric inhibition of adsorption; on Pt~100! and
Pt~110!, in addition, an adsorbate-induced phase transition
turned out to be crucial for the dynamical behavior.

At low pressures (&1024 mbar! and typical tempera-
tures ('500 K! there are about 106 site changes due to dif-
fusive hopping of an adsorbed CO molecule per adsorption
event, so that the dynamics is reaction- rather than diffusion-
controlled. Therefore the surface can be regarded as being
locally well-mixed ~i.e., on the order of the diffusion length
which amounts to&1 mm!.4 Simple mean-field models in
the form of reaction-diffusion equations should thus be ap-
plicable and have indeed been very successful in reproducing
a large number of experimental findings, such as bistability,
oscillations, fronts, pulses, spirals, solitary waves, or turbu-
lence, while internal~thermal! fluctuations were not found to
play an important role for the description of these phenom-
ena.

However, when looking at very small length scales, and
hence at very few adsorption sites, e.g., when studying the

reaction on a field emitter tip,5 fluctuations become crucial
and stochastic models are required. Moreover, since the ad-
sorption rates grow proportionally to the partial pressures,
while surface diffusion remains unchanged, a description
with standard reaction-diffusion equations is expected to be-
come less accurate when pressures are increased. The diffu-
sion length may, at higher pressures, decrease until it reaches
a scale on which fluctuations become important, so that
again stochastic models should be more appropriate.

Our aim in the present study is to develop a stochastic
model which, in its deterministic limit, reproduces or even
improves the behavior of the well-established reaction-
diffusion models for Pt~110! and Pt~100!, while it remains
applicable up to atmospheric pressures as well as at small
length scales. To this end, the model should be rescalable,
which means the system size and the length scale on which
diffusion is an efficient mixing mechanism should enter as
parameters. This is achieved by dividing the surface into
cells of variable size which are assumed to be well-mixed.
The behavior inside each cell as well as the exchange of
particles with neighboring ones is stochastic. For large
enough cells, fluctuations are averaged out, while their effect
can be studied by reducing the number of sites per cell.

Throughout the present paper we consider only the be-
havior inside one single cell, i.e., the spatially homogenous
case. The inclusion of diffusional exchange between cells
will be the subject of future work.

In Sec. II the implementation of the model is presented
and its deterministic limit derived. In Sec. III we analyze the
bifurcation behavior of the deterministic limit, before giving
some stochastic simulations in Sec. IV which reveal certain
types of noise-induced oscillations not present in determin-
istic models. Finally, the results are discussed and compared
to earlier models.a!Electronic mail: starke@iwr.uni-heidelberg.de
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II. MODELING

In the following we develop a stochastic model for the
oxidation of CO on low-index platinum single crystal sur-
faces. It was found in UHV experiments that the reaction
follows a Langmuir–Hinshelwood mechanism,

CO1!�COad,

O212!→2Oad,

COad1Oad→CO212!,

where ! is a vacant adsorption site. In addition, the
adsorbate-induced phase transition 132�131 for Pt~110!
and hex�131 for Pt~100! has to be taken into account be-
cause the surface structure influences the reactivity. We adopt
a mesoscopic point of view; instead of distinguishing every
single adsorption site, as one would do in microscopic Monte
Carlo simulations or in a lattice gas approach, the surface is,
in general, divided into several cells of mesoscopic size
which are assumed to be well-mixed.~For an application of
this approach to the kinetic theory of adsorbates, see Ref. 6.!
However, we focus here on one single cell. Changes in the
respective numbers of adsorbed CO molecules, oxygen at-
oms, and adsorption sites in a nonreconstructed~131! sur-
face structure in these cells are described by stochastic birth–
death processes.7,8 The deterministic version of the model
then results as limit of the stochastic dynamics for large par-
ticle numbers.

A. Stochastic model

The state of a cell containingN adsorption sites at time
t>0 is described by

XN~ t !5S NCO~ t !

NO~ t !

N131~ t !
D PSN5$0, . . . ,N%3, ~1!

whereNCO, NO, andN131 denote the numbers of CO mol-
ecules, oxygen atoms, and adsorption sites in a nonrecon-
structed~131! surface structure. In order to characterize a
stochastic process corresponding to the reaction mechanisms,
transition probabilities to other statesP@XN(t1h)5XN(t)
1dXNuXN(t)# for smallh have to be specified. We introduce
the concentrationsuNªNCO/N , vNªNO/N, and wN

ªN131 /N; in the limit N→` they are denoted byu, v,
andw.

The terms appearing below in the transition probabilities
concerningNCO andNO essentially correspond to those used
for the ~deterministic! reconstruction model for Pt~110! in
Ref. 9. However, the dynamics of the phase transition is
modelled in a different way. The parameters and rate con-
stants are defined in Tables II and III. For further discussions
see Refs. 9–11.

1. Adsorption

• Birth of a CO molecule on the surface.
NCO→NCO11.

P@XN~ t1h!5XN~ t !1~1,0,0!uXN~ t !#

5NpCOkCOsCO„12uN
j~ t !…h1o~h!. ~2!

• Birth of two oxygen atoms.
NO→NO12.

P@XN~ t1h!5XN~ t !1~0,2,0!uXN~ t !#

5NpO2

1
2kO~sO

rec
„12wN~ t !…1sO

131wN~ t !!

3~~12uN~ t !!„12vN~ t !…!2h1o~h!.

~3!

A slight change, as compared to Ref. 9, has been applied to
the term describing the adsorption of oxygen. By assuming
the adsorption rate of CO to be proportional to 12uj inde-
pendent of the oxygen coverage as in Ref. 9, one implicitly
drops the conservation constraint imposed onNO, NCO, and
the number of vacant sites by the pure Langmuir–
Hinshelwood mechanism. On the other hand, it has been
observed experimentally that the presence of oxygen on the
surface does not noticeably influence the adsorption of
CO.3,12Consequently, we assume that CO molecules can also
be adsorbed at O-covered sites, whereas the dissociative ad-
sorption of an oxygen molecule can only take place at two
neighboring free sites. The probability that a particular site is
occupied neither by CO nor by O is then (12u)(12v) in-
stead of 12u2v. Since the first term is larger only byuv,
the difference is negligible ifu or v is small. The effect of
this alternation of the inhibition factor on the dynamics will
be discussed in Sec. III.

The exponentj is introduced formally to model a pre-
cursor effect in the adsorption of CO as in Ref. 9, but it was
always set equal to 1 in the present computations. Note that
the sticking coefficient of oxygen on the 131 phase is
higher than on the reconstructed phase which can lead to
oscillatory, doubly metastable, and excitable behavior of the
reaction kinetics.

2. Desorption

• Death of a CO molecule through desorption.
NCO→NCO21.

P@XN~ t1h!5XN~ t !1~21,0,0!uXN~ t !#

5N~kdes
rec
„12wN~ t !…1kdes

131wN~ t !!

3uN~ t !h1o~h!. ~4!

The desorption of CO molecules from the reconstructed and
the 131 phase has been distinguished here because the dif-
ference in the binding energies cannot be neglected in the
case of Pt~100!.

3. Reaction

• Death of a CO molecule and an oxygen atom through
reaction.
NCO→NCO21, NO→NO21.

P@XN~ t1h!5XN~ t !1~21,21,0!uXN~ t !#

5NkreuN~ t !vN~ t !h1o~h!. ~5!
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For a well-mixed patch the reaction probability is propor-
tional to the product of the concentrations~mass action ki-
netics!.

4. Phase transition

• Death of an adsorption site in a 131 patch and birth of
a site in a reconstructed patch.
N131→N13121.

P@XN~ t1h!5XN~ t !1~0,0,21!uXN~ t !#

5Nkrecf rec„uN~ t !,wN~ t !…wN~ t !h1o~h!.

~6!

• Death of a site in a reconstructed patch and birth of a
site in a 131 patch.
N131→N13111.

P@XN~ t1h!5XN~ t !1~0,0,1!uXN~ t !#

5Nk131f 131„uN~ t !,vN~ t !…

3~12wN~ t !!h1o~h!, ~7!
where

frec~uN ,wN!5~12e!~12uN!l1e~12wN!l, ~8!

and

f131~uN ,wN!5~12e! uN
l1e wN

l , l>1, eP@0, 1#.
~9!

A major change, as compared to previous work, concerns the
treatment of the phase transition. In Ref. 9 it was assumed
that, in the absence of oxygen in the gas phase, the equilib-
rium fraction of nonreconstructed surface can be expressed
as a function of the CO coverage,weq5 f (ueq). In the non-
equilibrium case, the dynamics ofw was described byẇ

}f(u)2w. However, the ansatz cannot be carried over to
Pt~100! because hysteresis in the phase transition is observed
experimentally, and thusweq is not expressible as a function
of ueq. This can be remedied by assumingueq5g(weq) and
taking ẇ}u2g(w) as in Ref. 13, but such an approach is
hard to justify in physical terms.

Our model is motivated by the fact that the phase tran-
sition proceeds via nucleation and growth. The probability
for nucleation is determined solely by the CO coverage, but
the growth of a phase can to some extent be autocatalytic
which leads to a dependence of the rate of growth on the
concentration of the phase itself. Therefore we choose, e.g.,
for the growth rate of the 131 phase on a reconstructed
surface, a weighted sum ofu andw to some powerl, respec-
tively @cf. Eq. ~9!#. A highly nonlinear dependence of this
rate onu has been obtained experimentally by Hopkinson
et al.14 They measured the growth rate of the 131 phase on
a hex-R reconstructed Pt~100! surface to depend on the CO
coverage on the hex-R phase to a power of about 4.5. It is
plausible that the exponent forw should be of the same order
of magnitude. The reverse transition is modeled in an analo-
gous way. In order not to introduce too many parameters, the
samee and l are used, however, the rate constants are al-
lowed to be different.

The effect of the weighte is shown in Fig. 1. Fore50.1,
the equilibrium portion of the 131 phase can be expressed as
a function ofueq, as expected. At higher values ofe both
phases are stable within a certain range ofueq, for e50.9
even at arbitrarily small values ofueq.

Transition probabilities to other states behave likeo(h).
~It is also assumed that the probability for a transition is zero
if it would lead out of the state space.! Given an initial dis-
tribution for XN(0), there is a Markov jump process in con-

FIG. 1. Equilibria of the kinetics forv[0, krec/k131

50.2, l54, kdes
rec5kdes

131 , at different values ofe. ~a!
e50.1, ~b! e50.3, ~c! e50.6, ~d! e50.9. Introducing
different binding energies for CO on 131- and the re-
constructed phase as in Sec. III B, and thus a coupling
betweenu andw, had almost no effect on the curves.
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tinuous time with state spaceSN whose transition probabili-
ties satisfy the above equations. Its paths can be chosen
right-continuous with left limits. Because the state spaceSN

is bounded, explosions of particle numbers cannot occur, and
the process is well-defined fortP@0,̀ ).15 The time evolu-
tion of P@XN(t)5YuXN(0)5X0#, Y,X0PSN , is governed
by a master equation.7,16

B. Deterministic limit

We denote the stochastic processes describing the dy-
namics of the densities by

xN~ t !5
1

N
XN~ t !5S uN~ t !

vN~ t !

wN~ t !
D . ~10!

Note that all transition intensities@cf. Eqs.~2!–~7!# are pro-
portional to a product of the system sizeN and a function of
the concentrations only. Because of this scaling property it
can be proved rigorously that, if limN→`xN(0)5x0P@0,1#3

holds with probability one, the paths of the stochastic pro-
cessesxN(t) approximate the solutionx(t) of the initial
value problem given by the system of ODEs,

u̇5pCOkCOsCO~12uj!2~kdes
rec~12w!1kdes

131w!u2kreuv,

v̇5pO2
kO~sO

rec~12w!1sO
131w!~~12u!~12v !!22kreuv,

~11!

ẇ5k131f 131~u,w!~12w!2krec f rec~u,w!w,

and the initial conditionx(0)5x0 at large particle numbers
in the following sense:

For arbitraryt>0: lim
N→`

sup
0<s<t

uxN~s!2x~s!u

50, with probability one.

In addition, a central limit theorem can be shown which
states that fluctuations of the concentrations vanish like
O(1/AN). The proofs follow directly from theorems by
Kurtz.17,18A nonrigorous approach to these results is known
in the physical literature as van Kampen’s system size
expansion.7

III. NUMERICAL BIFURCATION ANALYSIS

In this section we present the results of a numerical bi-
furcation analysis of system~11! with parameters appropriate
for Pt~110! and Pt~100!. The computations were performed
using algorithms contained in theAUTO 97 package by
Doedel et al.19 Abbreviations of the bifurcations found are
listed in Table I, for details see Refs. 20–22. By a degenerate
Hopf bifurcation we mean the one described in Ref. 22.

A. Pt „110…

For Pt~110!, bifurcation diagrams inpCO and pO2
have

been computed for fixed sample temperatures varying from
480 K to 560 K in steps of 20 K. The kinetic parameters used
are listed in Table II, and quantitative results as well as quali-
tative sketches are displayed in Figs. 2–4.

At higher temperatures~500 K–560 K! the bifurcation
diagram is mainly organized by a cusp and two Takens–
Bogdanov points. In total there are 12 parameter regions
with different dynamical behavior~cf. Fig. 2!, but only re-
gions 1–5 are physically relevant because the remaining re-
gions are too small to be detected in typical experiments. In
areas 1, 2, and 3 there is only one attractor: a stable node and
an asymptotically stable periodic orbit, respectively. The
maximal width of the oscillatory region 2 at 540 K amounts
to '10% of the value ofpCO at the supercritical Hopf bifur-
cation. It decreases towards higher as well as lower tempera-
tures. In regions 4 and 5 two attractors coexist; in region 5
there are two stable nodes, while in region 4 the system
reaches either a stable node or a small asymptotically stable

TABLE I. Commonly used denotations of bifurcations and their abbrevia-
tions.

Bifurcation Codimension Abbreviation

Hopf bifurcation~supercritical! 1 h
Hopf bifurcation~subcritical! 1 h8
Saddle-node 1 sn
Saddle loop 1 sl
Homoclinic bifurcation
Saddle-node/infinite period 1 sniper
Saddle-node on a loop
Saddle-node of periodic orbits 1 snp
Cusp 2 C
Takens–Bogdanov bifurcation 2 TB
Degenerate Hopf bifurcation 2 DH
Saddle-node loop 2 SNL
Neutral saddle loop 2 NSL
Trace 0 saddle loop
Takens–Bogdanov-cusp 3 TBC

TABLE II. Kinetic parameters for Pt~110!.

CO adsorption

Impingement rate kCO 3.1353105 mbar21 s21

Sticking coefficient sCO 1
Saturation coverageus 1
Precursor exponent j 1

O2 adsorption

Impingement rate kO 5.8583105 mbar21 s21

Sticking coefficient sO
132 0.3

sO
131 0.6

Saturation coveragevs 1

Arrhenius ratesn exp(2E/kBT)

CO desorption kdes ndes5531013 s21 Edes532.3 kcal/mol
or 1.4 eV/molecule

Reaction kre n re553105 s21 Ere58.1 kcal/mol
or 0.35 eV/molecule

Phase transition k131 n1315103 s21 E13156.9 kcal/mol
or 0.30 eV/molecule

krec n rec50.23103 s21 Erec56.9 kcal/mol
or 0.30 eV/molecule

Phase transition

Exponent l 4
Weight e 0.1

4832 J. Chem. Phys., Vol. 115, No. 10, 8 September 2001 Reichert, Starke, and Eiswirth



periodic orbit. The width of region 4 is&1% of pCO at 540
K, so it could possibly be detected experimentally. The areas
with nontrivial dynamics, such as bistability or oscillations,
move towards higher partial pressures as temperature is in-
creased~cf. Fig. 3!.

Phase portraits of the dynamics in the different param-
eter regions are sketched in Fig. 2. In the pictures containing
three fixed points the lower one can always be identified with
a reactive, only partially nonreconstructed surface with a
relatively high oxygen coverage~reactive state!, the upper
one with a mainly CO-covered 131 surface~poisoned state!.

At 480 K the bifurcation diagram changes also qualita-
tively. The Takens–Bogdanov point TB1 is now located on
the opposite curve of saddle-node bifurcations, and the Hopf
bifurcation in its vicinity has changed from sub- to super-
critical ~cf. Fig. 4! which indicates a Takens–Bogdanov-cusp

~TBC! singularity. Indeed, it seems that the bifurcation dia-
gram at higher temperatures can, at least partly, be under-
stood as a section through a three-dimensional bifurcation
diagram corresponding to a TBC. The derivation of such a
diagram or tableau is discussed in Ref. 22. The lower part of
Fig. 2 ~regions 1–10! is contained in the intersection of this
three-dimensional tableau with a sphere around the origin in
parameter space, whereas regions 11 and 12 are not present
there~see also Ref. 23!.

Furthermore, the line of Hopf bifurcations is split by two
new curves of saddle-node bifurcations, and two additional
cusps and Takens–Bogdanov points have appeared. This
leads to negligibly small regions with yet different dynamics
involving 5 fixed points, while the areas with large periodic
orbits have disappeared. Note that the additional sn bifurca-
tions also appear in Ref. 9 at 525 K.

FIG. 2. Sketches of the complete bi-
furcation diagram at 500–560 K~top!
and phase portraits in different param-
eter regions~bottom! for Pt~110!. Hopf
bifurcations, and saddle-node bifurca-
tions involving a stable node and a
saddle with a one-dimensional un-
stable manifold, are drawn with solid
lines, saddle-node bifurcations involv-
ing a saddle with a one-dimensional,
and another with a two-dimensional
unstable manifold are drawn with
dash–dotted lines. The dashed curves
indicate global bifurcations; cf. Table
I. In the phase portraits stable nodes
are represented by filled circles, saddle
points with a two-dimensional un-
stable manifold by empty circles, and
saddle points with a one-dimensional
unstable manifold by half-filled
circles. Asymptotically stable periodic
orbits are indicated by solid lines, un-
stable ones by dashed lines.
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From a physical point of view the model presented here
yields, apart from quantitative deviations, almost the same
results as the one proposed in Ref. 9. In the model analyzed
there the point labeled TB1 always lies on the lower curve of
saddle-node bifurcations; it approaches the cusp with in-
creasing temperature, but does not cross it. However, this
leads only to differences concerning the narrow regions with
large periodic orbits. The most important distinction is that
here the two curves of saddle-node bifurcations do not merge
in a second cusp whenpCO and pO2

are increased, rather
bistability persists even at atmospheric pressures. In fact, this
is due to the alternation of the adsorption kinetics of oxygen,
as was checked by repeating the computation of the saddle-
node curves with the term that was used formerly. As in Ref.
9, the dynamics seems to be essentially two-dimensional. A
period doubling transition to chaos which was observed ex-
perimentally, e.g., could not be found.

B. Pt „100…

In the case of Pt~100!, the difference in the binding en-
ergies of CO on 131 and hex phase must be taken into
account. Moreover, some kinetic parameters have to be
changed, most importantly, the sticking coefficient of oxygen
on the hex phase is much smaller than on the 132 phase of
Pt~110!. The weight e is increased toe50.3, in order to
model hysteresis in the phase transition; the influence of ad-
sorbed oxygen on the restructuring processes has been ne-
glected.

The kinetic parameters used have been adapted from an
older model;11 they are listed in Table III. A bifurcation dia-
gram was computed at 480 K which is reproduced in Fig. 5.

Note that the oscillatory region is much broader than in
the case of Pt~110!. It compares favorably with experiments
@cf. Figs. 5~d! and 5~e!#. In contrast to earlier models,11,24no

FIG. 3. Quantitative results of the
computation of saddle-node and Hopf
bifurcations for Pt~110! from 500 K
~a! to 560 K ~d! in steps of 20 K~cf.
Fig. 2!.

FIG. 4. Bifurcation diagram for
Pt~110! at 480 K, quantitative results
~a!, and sketch~b! ~cf. Fig. 2!. The
dashed lines indicate the existence of a
homoclinic orbit. Curves of snp bifur-
cations have been omitted.
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arbitrary parameters have to be introduced through so-called
defect terms to get the required behavior. In opposition to
Pt~110!, Pt~100! exhibits two distinct bistable regions. The
one at low pressures is due to the hysteresis in the phase
transition and extends to zero oxygen pressure, while the one
at high pressures is controlled by the reaction dynamics and
again does not close. The bifurcation fine structure is some-
what simpler than with Pt~110!, since the lines of Hopf- and
sl bifurcations extend from one TB point to the other without
the occurrence of any SNL points.

The additional regions with more complicated dynamics
are again too narrow to be observed experimentally.

IV. STOCHASTIC SIMULATIONS

According to the central limit theorem relative fluctua-
tions vanish likeO(1/AN), so that the reaction kinetics is
well described by the system of ODEs~11! for large enough
N. Dependent on the values ofpCO, pO2

, the sample tem-
perature and the initial condition, either a stable node or a
limit cycle is approached. However, simulations for Pt~110!
show that the dynamics of the stochastic model may be
qualitatively different to that of the deterministic one for cer-
tain choices of parameter values and sufficiently smallN.

Trajectories of the stochastic processes~10! in continu-
ous time were simulated using an approximating process in
discrete time. In order to save computation time, at the ex-
pense of accuracy, we did not use one of the standard meth-
ods~see, e.g., Ref. 16! which allow only one event per time
step. Rather, at each time stepnh→(n11)h transitions to all
physically accessible states were admitted. These transitions
were determined by simulating 6 random variables describ-
ing the numbers of adsorption events, desorption events, re-
actions, and restructuring transitions during the respective
time step. The distributions of these random variables were

chosen such that the asymptotic behavior of the transition
probabilities forh→0 proposed in Sec. II A was ensured.
The advantage of this method is that the computation time
remains essentially independent of the system sizeN. In case
of doubt, a simulation can be repeated with smallerh; for
h&1/N the method is practically the same as the standard
method with fixed time step.

Four cases were found in which the stochastic dynamics
varies from the deterministic one. In parameter regions
where the system is excitable, it does not only fluctuate
around a steady state, e.g., in region 1 of Fig. 2, near the
supercritical Hopf bifurcation, the process undertakes spon-
taneous excursions which anticipate the periodic orbit
emerging from the stable node@Fig. 6~a!#. Similarly, in the
parameter range where the CO-covered surface is excitable
excursions can be triggered@Fig. 6~b!#. If the duration of an
excursion is long compared to the average time the process
fluctuates around the steady state before a new excursion
starts, such noise-induced oscillations can appear quite regu-
lar. Rectangularly shaped oscillations can be observed in pa-
rameter regions with two coexisting attractors. In region 5
the presence of noise leads to transitions between the reac-
tive and the poisoned state@Fig. 6~c!#. In region 4 one of the
attractors is a small asymptotically stable periodic orbit
which yields mixed-mode oscillations@Fig. 6~d!#.

In the case of Pt~100!, simulations revealed that noise
can also lead to strong variations in the amplitude of oscil-
lations, making them look irregular.

It must be pointed out that the stochastic model intro-
duced in Sec. II A describes internal~thermal! fluctuations
due to the finiteness of the number of adsorption sites. Since
for the pressures and temperature used in the simulations the
number of sites in a well-mixed cell on surfaces studied in
typical experiments should be about 106, whereas noise-
induced oscillations could only be obtained forN&104, we
conclude that internal fluctuations on large surfaces are neg-
ligible for the parameters chosen, as expected. At low pres-
sures such surfaces are described properly by reaction-
diffusion equations and internal fluctuations become
significant only in small systems which can be considered as
a single cell like, e.g., the 203200 Å area on a Pt field
emitter tip investigated by Suchorskiet al.,5 who indeed ob-
served fluctuation-driven transitions between the reactive
and the poisoned state in the bistable parameter range.

At higher pressures, as discussed in the Introduction, the
size of the cells which can be regarded as well-mixed on
large surfaces has to be chosen smaller; since the model pro-
posed in Sec. II predicts bistability also at high pressures,
fluctuation-induced transitions may then occur in single
cells. If such transitions happen to occur simultaneously in
several neighboring cells, a critical nucleus may form and a
front may be triggered.

It is interesting to note that some irregular mixed-mode
oscillations of the global coverages which were observed in
experiments with a large Pt~110! surface10 at low pressures
look quite similar to noise-induced oscillations obtained in
the simulations@cf. Figs. 6~d! and 6~e!#. This suggests that
some of these oscillations are of stochastic origin. However,
mixed-mode oscillations of the global coverages on large

TABLE III. Kinetic parameters for Pt~100! at 480 K.

CO adsorption

Impingement rate kCO 2.2053105 mbar21 s21

Sticking coefficient sCO 1
Saturation coverage us 1
Precursor exponent j 1

O2 adsorption

Impingement rate kO 3.753105 mbar21 s21

Sticking coefficient sO
hex 0.001

sO
131 0.3

Saturation coverage vs 1

Arrhenius rates

CO desorption kdes
131 0.1 s21

kdes
hex 1.0 s21

Reaction kre 500 s21

Phase transition k131 1.0 s21

krec 0.231.0 s21

Phase transition

Exponent l 4
Weight e 0.3
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surfaces most likely cannot be traced back to internal noise,
and hence the model presented here is not quite appropriate
for their description. Nevertheless, if noise of a strength
comparable to that used in the simulations is added to exter-
nal parameters, the whole surface is affected by fluctuations
simultaneously, and the effect of such external noise on the
dynamics of the global coverages on large surfaces might
resemble that of internal noise in small systems described
above.

V. DISCUSSION

On the preceding pages we presented a stochastic model
for the CO oxidation on low-index platinum single crystal
surfaces. A new approach to the phase transition kinetics

allowed a unified description of surfaces of different orien-
tation. A parameter was introduced which weights the re-
spective importance of nucleation and~autocatalytic! growth
for the formation of a new phase. For Pt~110! this parameter
was chosen small, which means that nucleation is predomi-
nant, whereas for Pt~100! it was chosen larger which leads to
hysteresis effects. A deterministic limit was derived and ana-
lyzed for Pt~110! and Pt~100!. Although no explicit compu-
tations were performed, it is expected that the model is also
valid for Pt~111! which does not exhibit an adsorbate-
induced phase transition.

For Pt~110!, the model yields at low pressures practically
the same results as the one proposed in Ref. 9. A slightly
different inhibition factor for the adsorption of oxygen was

FIG. 5. Bifurcation diagram for
Pt~100! at 480 K. Quantitative results
of the computation of sn, Hopf, and sl
bifurcations~a!, ~c!, and sketch~b! ~cf.
Fig. 2!. Lines of snp bifurcations have
been omitted. In~d! the curves of
Hopf and sl bifurcations are plotted
using a logarithmic scale. The line on
the right is the curve of saddle-node
bifurcations corresponding to the loss
of stability of the reactive state for
Pt~110!. In ~e! the corresponding ex-
perimental diagram is shown~Ref.
10!.
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used here which had the effect that bistability persists at
higher pressures, in accordance with experimental findings.
The ansatz is based on the assumption that CO and oxygen
can, on a short time scale before a reaction takes place, be so
close together that they effectively block only one site. For
Pt~100!, the measured shape of the oscillatory region is re-
produced by the model. Furthermore, it predicts two bistable
regions: one at low pressures due to the hysteresis in the
phase transition and one at high pressures governed by the
reaction kinetics. Both regions have been observed experi-
mentally; the first one most easily at finite CO and vanishing
O2 pressure, excluding the influence of the reaction.

Deterministic mixed-mode oscillations do certainly exist
on Pt~110!, as is clear from the observation of the hour-glass
effect,25 but stochastic simulations~Sec. IV! suggest that
some of the rectangularly shaped and mixed-mode oscilla-
tions observed in experiments10 are of stochastic origin, al-
though the source of the fluctuations is most likely different.
The dominant source of noise in the experimental system, as
discussed in detail in Ref. 26, presumably stems from surface
inhomogeneities; because of steps or impurities small
patches of the surface may exhibit slightly different kinetic
parameters. In some experiments also pressure fluctuations
due to noise in the gas inlet system may have played a role.
Nevertheless the effect of such fluctuations is expected to be
quite similar to that of the internal fluctuations described
here; further investigations based upon stochastic differential
equations with noise added to certain parameters would be
necessary to clarify this point.

Internal noise during CO oxidation has recently been
observed by Imbihl and co-workers5,27 on a Pt field emitter
tip in the vicinity of a ~110! facet, the observed range thus
consisting only of a few hundred sites. The authors observed
probability distributions of the coverages quite in agreement
with a stochastic model. Note that for the typical time and
length scales involved in the pattern formation on single
crystal surfaces at low pressures such fluctuations are unim-
portant. However, with increasing pressures the diffusion
length decreases, so that genuinely stochastic behavior can
be expected as soon as the pressures are sufficiently high.
The inclusion of diffusion, the simulation of spatiotemporal
patterns and, in particular, the influence of fluctuations on
these phenomena will be the subject of future work.
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