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Abstract

A first-principles based multiscale modeling approach to heterogeneous catal-
ysis is presented, that integrates first-principles kinetic Monte Carlo simula-
tions of the surface reaction chemistry into a fluid dynamical treatment of the
macro-scale transport in the reactor. Using the CO oxidation at RuO2(110) as
representative example the relevance of first-principles kinetic Monte Carlo is
demonstrated by the comparison with the commonly employed, but less accurate
rate equation based approach to surface chemistry. Huge differences between
both approaches in the predicted reactivity and qualitatively wrong predictions
on the ongoing surface dynamics disqualify the latter approach for the use with
first principles input. An efficient general purpose methodology is developed,
which allows for simulations of macroscopic catalytic reactors with the same
speed as mentioned empirical approaches, but retains the sound electronic basis
and the accurate treatment of surface chemistry by kinetic Monte Carlo simu-
lations. As a simple showcase the developed method is applied to stagnation
flow fields in front of a RuO2(110) single crystal surface. The simulation results
show how heat and mass transfer effects can readily affect the observed catalytic
function at gas-phase conditions typical for modern in situ experiments. For a
range of gas-phase conditions we furthermore obtain multiple steady-states that
arise solely from the coupling of gas-phase transport and surface kinetics. This
additional complexity needs to be accounted for when aiming to use dedicated
in situ experiments to establish an atomic-scale understanding of the function
of heterogeneous catalysts at technologically relevant gas-phase conditions.
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Zusammenfassung

Ein Multiskalen-Modellierungs-Ansatz basierend auf ab-initio Berechnungen für
die heterogene Katalyse wird vorgestellt, der “first-principles” kinetische Monte-
Carlo-Simulationen für die Oberflächenchemie in eine fluiddynanische Behand-
lung des makroskopischen Transports im Reaktor integriert. Exemplarisch wird
die CO Oxidation an RuO2(110) betrachtet. Die Relevanz von “first-principles”
kinetische Monte-Carlo-Simulationen wird durch den Vergleich mit dem gemein-
hin verwendeten, allerdings weniger genauen, ratengleichungsbasierten Zugang
für die Oberflächenchemie demonstriert. Große Unterschiede bzgl. der berech-
neten Reaktivität und eine qualitativ falsche Vorhersage der tatsächlichen Ober-
flächendynamik machen den letzteren Ansatz untauglich für die Benutzung
mit Elektronenstrukturinput. Es wird eine effiziente, allgemein anwendbare
Methodik entwickelt, welche es erlaubt, makroskopische, katalytische Reaktoren
mit der gleichen Geschwindigkeit wie mit empirischen Ansätzen zu simulieren,
wobei allerdings die gut fundierte, elektronische Basis und die akkurate Behand-
lung der Oberflächenchemie durch kinetische Monte-Carlo-Verfahren beibehal-
ten wird. Als einfaches Beispiel wird die entwickelte Methode auf eine Staupunkt-
strömung gegen eine RuO2(110)-Einkristall-Oberfläche angewendet. Die Sim-
ulationsergebnisse zeigen, wie Wärme- und Massentransport die beobachtete
katalytische Funktion für Gasphasenbedingungen beeinflussen, die typisch sind
für moderne in situ Experimente. Desweiteren erhalten wir für einen Bereich
von Gasphasenbedingungen mehrere stationäre Zustände, die nur durch die
Kopplung von Gasphasentransport und Oberflächenchemie auftreten. Diese
zusätzliche Komplexität muss in Betracht gezogen werden, wenn versucht wird
durch dedizierte in situ Experimente ein atomares Verständnis der heterogenen
Katalyse bei technologisch relevanten Gasphasenbedingungen zu etablieren.
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Chapter 1

Introduction

Much of our atomic scale understanding of heterogeneous catalysis stems from
ultra high vacuum (UHV) studies of single crystal surfaces [53, 74]. In practice
catalysts must contrariwise operate at very different conditions with pressures
in the order of atmospheres and elevated temperatures. In order to bridge
this “pressure gap” in situ techniques have been developed, which are capable
to deliver the targeted atomic scale understanding of such model catalysts for
technologically relevant gas phase conditions [109]. The focus is on identifying
a possibly different surface chemistry, when crossing the “pressure gap”, and on
establishing a relation between structure, reactivity, and gas phase conditions.
This approach is in some sense half way between surface science, i.e. single
crystals in UHV, and the ’real’ catalysis with ambient pressures and elevated
temperatures, but also with the morphologically much more complex practi-
cal catalyst. Due to this complexity at the micro-structural level the targeted
structure/reactivity relation is hardly accessible. The concentration on single
crystals removes this complexity, thereby (hopefully) enabling a first atomic
scale understanding. Yet, other complexities remain; for instance the determi-
nation of the reaction mechanism and its kinetic parameters is still a demanding
task. Also different from low-conversion operation in UHV is, that in an in situ
experiment with much higher, achievable conversion rates macroscopic heat and
mass transfer effects become increasingly important. This concerns for instance
the transport of products away from the active surface or the dissipation of heat
generated by exothermic surface reactions. Especially for the often investigated
CO oxidation - being the fruit fly of surface science catalysis [31, 28, 30, 47] -
high conversions are reported, and mass and heat transfer effects as commonly
observed in applied catalysis [24] must also be expected for the single crystal
experiments. Being interested in the intrinsic properties of the catalyst we are
faced with the fact that mass, heat and momentum transport are strongly in-
fluenced by e.g. the reaction chamber geometry or the total throughput rate.
Thus most measured quantities in in situ experiments will reflect the proper-
ties of the combined catalyst-reactor system, not the actual properties of the
catalyst itself [78].
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16 CHAPTER 1. INTRODUCTION

Figure 1.1: The different scales in heterogenous catalysis: At the lowest length
and time scales, the electronic level (represented by a electron density plot for co-
adsorbed CO and oxygen on a Ru(0001) surface, taken from [108]), the evolution
of electrons and nuclei can be described with first-principles electronic structure
theories. The next higher scale will be called the microscopic level, where the
electronic degrees of freedom are only considered in their average effect on the
nuclei (represented by the potential energy plot for the oxygen dissociation on a
RuO2(110) surface, taken from [97]). The motion of the atoms is coarse grained
to rare events, i.e. chemical reactions, at the mesoscopic level of description.
Here the systems hops from one discrete state to another (represented by a
lattice; the balls represent a possible occupation of the (active) lattice site).
At the highest here considered length and time scales, in the continuum level,
the state of the considered system is described by three-dimensional fields like
density or temperature (represented by a sketch of a stagnation flow reactor).
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The traditional modeling approach to macroscopic mass, heat and momen-
tum transfer is phenomenological rather than atomistic. The gas phase is de-
scribed by the Navier-Stokes equations complemented with species and energy
balance equations [9]. The surface chemistry is modeled by rate equations1

[27, 17] based on a more or less guessed reaction mechanism and the kinetic pa-
rameters are then fitted to experimental reaction rates. With such a top-down
approach one can therefore very efficiently describe the macroscopic behavior of
the combined reactor catalyst system, but an atomic scale understanding can
not be established in general. Thus we are not much closer to the targeted
rational catalyst design than before. In the other extreme and at the lowest
relevant length and time scales, see fig. 1.1, we have first principles (1p) ap-
proaches, treating the electrons and nuclei explicitly. This kind of modeling
definitely allows to tackle the influence of the micro-structure, but mostly on
microscopic measures like spectra. Due to the limited size of the systems which
can be modeled with such 1p methods, there is no hope that 1p approaches will
be ever able to describe macroscopic problems.

Bridging this “theories gap” is highly desirable, promising to combine the
atomistic insight by 1p methods with the ability to treat macroscopic transport
by continuum mechanics. Such a Multiscale Modeling (MSM) approach is going
to be developed in this thesis. Multiscale problems involve a number of different
time and length scales, each equipped with their own theory, and the theories
are more accurate but also computationally more complex the smaller the scale.
Generally a method suitable for a certain scale is cheap compared to the next
smaller level, i.e. it allows for the simulation of larger systems compared to the
lower levels’ theories, but is very expensive on the next larger level. The idea
behind the so-called sequential or hand-shaking approaches in MSM is to obtain
the input for each theory from the underlying lower level by appropriate coarse
graining, thereby minimizing the necessary low level simulations. Heterogenous
(surface) catalysis has an immanent multiscale character, as it is depicted in
figure 1.1. At the lowest level, the level of bond making and bond breaking, the
motion of even the electrons is resolved. At this electronic level the equation
of motion, the quantum mechanical Schrödinger equation, is known and not a
single experimental parameter is needed in so-called first principles (ab-initio)
electronic structure methods[111]. With the existing first principles methods
system sizes up to a few hundred atoms can be tackled on modern parallel
computing architectures with sufficient accuracy to yield a predictive-quality
for the simulations. Typical time scales for electron dynamics are atto- to fem-
toseconds. At the next, the microscopic scale the problem is solely described by
the motion of the atoms, the electron motion is not considered here. Its effect
on the atomic motion is only via the interaction forces between the atoms. In
heterogeneous catalysis, especially for the here considered metals, there exist
no reliable interaction models, which are able to capture the crucial bond mak-
ing and bond breaking with sufficient accuracy. Therefore extensive dynamical
simulations are prohibitive, since the necessary input from the computationally

1also often termed phenomenological kinetics in this thesis
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much more expensive electronic structure methods needs to be provided ’on the
fly’. As this so-called ab-initio Molecular Dynamics [76] can only be applied
to relatively small systems, it is hard to access the statistical averages needed
as the input for the next larger, mesoscopic scale. In heterogeneous catalysis
one therefore needs to resort to approximative methods, which allow to obtain
the necessary statistics from just a minimum of information on the interaction
between the atoms. Because of this avoidance of detailed microscopic level sim-
ulations this approach is often considered as a direct coarse-graining from the
electronic to the mesoscopic level. In contrast the existing Force Fields [119]
provide a reasonable accuracy in the context of biochemical simulations and can
be parametrized beforehand, so that system sizes of millions of atoms can be
simulated with the typical time scale for atomic motion in the range of picosec-
onds to nanoseconds. This allows to obtain the necessary statistics from direct
simulations on the microscopic scale. This difference between heterogeneous
catalysis and bio-chemistry is one of the reasons why MSM is further developed
in the fields of bio- and macro-molecular simulations. Yet, there is another
reason for the avoidance of direct microscopic simulations for MSM in heteroge-
neous catalysis. The barriers between different metastable states are relatively
high, in the order of 1 eV. With an average thermal energy per degree of free-
dom in the order of 1/20 eV a process crossing such a barrier, i.e. a chemical
reaction, occurs very rarely and prohibitive long simulations times are needed to
obtain the necessary statistics for these rare events. Mostly because of the still
short time scales on the microscopic level the continuous atomic motion needs
to be further coarse-grained to the rare events. At the mesoscopic level all the
detailed motion of the atoms is only considered in its average effect on the rare
events. This restriction to rare events allows to account for much longer, often
macroscopic times scales. Yet, the typical system size, which can be approached
with mesoscopic simulation methods, is still quite limited. At the largest here
considered scale, the continuum scale, the atom-resolved description is therefore
given up and the state of the system is described by three dimensional contin-
uous fields like temperature and density [114, 126]. The mature computational
methods developed for this level allow for the simulation of a whole reaction
chamber (or even larger) with a complex geometry and the corresponding long
time spans.

In the last years a number of different approaches have been developed bridg-
ing the gap(s) between the electronic and the mesoscopic scale. These first prin-
ciples statistical mechanics techniques range from ab-initio thermodynamics [96]
to first-principles based mikrokinetic modeling [83]. Among these modeling ap-
proaches latest first-principles kinetic Monte Carlo (1p-kMC) simulations even
allow to accurately account for the spatial arrangement and interactions of the
adsorbed chemicals [94, 45, 100]. In order to achieve the same predictive-quality
description of the detailed surface reaction chemistry as for UHV experiments
[95, 99], a technique like 1p-kMC must then be complemented by an appro-
priate treatment of the macroscopic heat and mass transfer in the gas-surface
system. Relatively few approaches exist for such a coupling of the mesoscopic to
the continuum level beyond common empirical rate equations. Inderwildi [54]
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has obtained kinetic parameters from first principles and used them in the oth-
erwise unaltered rate equation approach. Vlachos [118] and Kissel-Osterrieder,
Behrendt et al. [62, 7, 61] have developed coupling schemes for the integration of
kinetic Monte Carlo and fluid flow simulations, but used empirical mechanisms
and kinetic parameters. Majumder and Broadbelt [73] extended the there em-
ployed direct coupling methods to two-dimensional problems, but for a generic
reaction mechanism2. There is not a single study really performing the coarse
graining all the way from the lowest electronic to the continuum level.

This is precisely the topic of this work and the focus of this thesis will specif-
ically be on the transition between the mesoscopic and the continuum scale, i.e.
to integrate a fully first principles based surface chemistry into a fluid flow sim-
ulation. A first-principles treatment of the gas-phase and the solid parts of a
reaction chamber is in principle possible, but also needless for the system at
hand, since all transport and thermophysical properties have been determined
experimentally long before. We will develop this general-purpose methodology
using the CO oxidation at a RuO2(110) surface as a showcase. This reaction is in
itself not interesting because of its technological importance; industrial catalysts
use different elements for CO oxidation. Still the (0001) face of a ruthenium
single crystal shows an interesting behavior, that has attracted a lot of interest
in the past. Being hardly active in UHV (compared to other transition metal
surfaces) its catalytic function supersedes that of other transition metal sur-
faces at ambient pressures and elevated temperatures. On explanation is that
a thin oxide film develops at the surface under operation conditions, namely a
few layers of RuO2(110). The CO oxidation at RuO2(110) has therefore been
investigated for many years, both experimentally [122, 85] and theoretically
[98]. These studies have led to a thorough understanding of the oxide, sur-
face structure and its active sites, as well as to a well established microkinetic
model. This makes this system particularly appealing for this project with its
focus on the integration of a 1p microkinetic description into a fluid dynamical
simulation. We stress that for simplicity we treat the RuO2(110) surface to be
unaffected by the reaction condition, except for the adsorption and desorption
of gas phase species and employ the microkinetic model by Reuter and Scheffler
for RuO2(110) throughout[97]. If this oxide can be assumed to be stable under
realistic reaction conditions or maybe a different surface termination forms is a
highly debated question [41, 86, 42]. Especially at high CO and low oxygen par-
tial pressures the oxide will be reduced, and different models for the structure
of the active state during in situ operation have been proposed, e.g. the pristine
metal surface [87] or a reduced surface oxide [85]. Addressing this stability and
the nature of the active surface is a formidable problem of its own, and we will
not address it here. Instead we couple the RuO2(110) surface model into the
fluid flow simulations. If future work leads to a new (refined) model, it could
equally be integrated into the here developed methodology.

We nevertheless note that in all debates on the active state of the surface
2The coupling of kMC and fluid flow simulations is maybe a little more spread in modeling

of crystal growth, also the extension to two-dimensional problems appeared earlier (see e.g.
[56, 117]).
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(oxide or not), the important aspect of macroscopic transport was not consid-
ered. With the high conversion rates observed in CO oxidation heat and mass
transport depend sensitively on reactor geometry and flow conditions. The sur-
face will probably see a very different gas phase in a different reaction chamber,
although the same nominal reaction conditions have been applied at the inlet of
the reactor. Thus the results obtained from different experimental setups can
not be directly compared for such high conversion reactions like CO oxidation
at late transition metals. This reactor dependence may possibly account for
some of the controversies in the present discussion.

From a theoretical point of view the RuO2(110) surface exhibits the in-
teresting property of only small lateral interactions, which means there is not
thermodynamical driving force for segregation and correlation. The classical
mean-field based phenomenological kinetics should work the best for such kind
of systems.

The study starts with chapter 2 describing the continuum mechanical foun-
dations for modeling a chemical reactor on a macroscopic scale. In chapter 3 the
first principles statistical mechanics approach to surface chemistry is introduced.
The mean-field based phenomenological kinetics and kinetic Monte Carlo sim-
ulations are compared in both predicted reactivity and rate determining steps.
Making use of the Degree of Rate Control [79] we correlate the observed failure
of the phenomenological kinetic to the description of certain reaction steps in
the rate equations. On basis of this knowledge a modified phenomenological
model is developed, that leads to an improved description for some gas phase
conditions, but still fails as a universal microkinetic model. In chapter 4 an effi-
cient approach is developed, which allows to integrate 1p-kMC into an existing
software environment for the treatment of heat, mass and momentum transfer
problems at the continuum level. Making use of the different time and length
scales on which mesoscopic surface chemistry and macroscopic gas flow evolve
this approach allows to perform flow simulations with nearly no computational
overhead compared to the rate equation based approaches while maintaining
the physically sound first-principles basis with correct account for the spatial
arrangement of adsorbates. In chapter 5 we apply the developed integrated
model to a stagnation flow geometry as a representative example for the dis-
cussion of transport effects in in situ experiments. The effects on the observed
catalytic function by the reactor geometry, flow conditions (e.g. the though-put
rate) and the degree of heat dissipation through sample and sample holder are
investigated in detail. The observed strong deviation from the ideal behavior
without transport effects and the dependence on the peculiarities of the reactor
geometry and flow conditions are explained in terms of a boundary layer. Based
on this boundary layer concept a simplified theory is developed for a rough first
estimation of the magnitude of mass and heat transfer effects. The observed
bi-stability clearly shows that if these effects are not appropriately accounted
for in both experiment and theory, even qualitatively wrong conclusions may
easily arise, which then block the envisioned route towards a rational design of
future improved catalysts.



Chapter 2

Continuum modeling of the
reactor scale

In this chapter we introduce the continuum mechanical model of a catalytic
reactor. For this purpose we draw a volume around the reactor (depicted as
dashed line in figure 2.1). We choose the volume such that we can provide
values for composition, density, temperature and velocity or the corresponding
fluxes at its boundaries. We then need a theory for the matter enclosed in this
volume. A reaction chamber contains usually a number of different materials.
These are the reactor walls, the sample, the sample holder and the gas mixture.
Continuum mechanics can generally handle only homogeneous materials, i.e. the
material response, e.g. the relation between heat flux and temperature gradient,

Figure 2.1: Schematic view of a
catalytic reactor: The modeled
volume (enclosed in the dashed
line) contains a number of dif-
ferent materials. These are the
gas mixture, the catalyst sam-
ple, the reactor walls and the
sample holder. Each part needs
its own continuum mechanical
model. These models need to be
complemented by appropriate
jump conditions for the investi-
gated fields at the interfaces be-
tween different materials.

21



22 CHAPTER 2. CONTINUUM SCALE

should not explicitly depend on the position[69]. Therefore the modeled volume
needs to be divided into different 3-dimensional spatial regions, each enclosing
only one type of material (depicted in figure 2.1 with different gray scales for
different solid materials and with white for the gas phase). Within these regions
all fields such as density ρ, velocity v, mass fractions Y α, and temperature T
are assumed to be continuous and differentiable. At the interfaces no fields
need to be continuous a priori and we must propose so-called jump conditions,
which determine the behavior of the fields at the interfaces[125]. For a reactor
we therefore need three different kinds of material models, one for the the gas
flow, one for the solid bulk materials and one for the reactive catalyst’s surface.
If more than catalyst bulk is to be modeled, e.g. the sample holder, these
parts generally require an independent treatment because they do not obey the
same macroscopic material law as the sample, e.g. due to a different thermal
conductivity. Note that in this case also a solid/solid interface has to be taken
into account in addition to the reactive surface.

We start with the model for the gas mixture and its foundations. The
solid phase model, which essentially needs only to allow for heat conduction,
is described next. We proceed with the continuum mechanical consideration
of a catalytic surface. Starting with suitable balance equations for surfaces
we outline the considerations and approximation which lead to practical jump
conditions. Finally we present the necessary parameters for the investigated CO
oxidation at RuO2(110).

2.1 Gas flow

In this section we introduce the gas phase model. We introduce the necessary
balance equations and motivate the commonly employed diffusion theories from
the (rational) theory of mixtures[113, 114]. The gas phase material laws are
presented next for a general gas mixture. Finally we introduce the Low-Mach-
Number approximation, which is a suitable simplification for the modeling of
low velocity reactive flow, and give a summary of the equations of motion for
the gas phase transport.

2.1.1 Balance Equations

Modeling on a continuum mechanical basis usually starts with appropriate bal-
ance equations, based on the requirement that a quantity Φ (e.g. mass or
momentum) is additive on macroscopic length scales. The basic idea in deriv-
ing local balance equation is to consider an arbitrary volume V and to express
its content and the flux through its boundary in terms of fields. Taking the
limit V → 0 and with some other presuppositions the local balance equation
reads[69]

∂

∂t
φ + ∇ · (φv + ΥΦ) = σΦ. (2.1)
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Here φ is the density of Φ. The divergence term represents the flux of Φ trough
the boundary of the considered infinitesimal volume V → 0, where φv is the
convective flux and ΥΦ is the non-convective flux. The source term σΦ rep-
resents the production and annihilation of Φ within V . Transferring this to
the conserved quantities in our context, total mass, total momentum and total
energy we arrive at the following balance equations.

Total mass:

∂

∂t
ρ + ∇ · ρv = 0, (2.2)

Momentum:

∂

∂t
ρv + ∇ · (ρvv − T ) = ρg, (2.3)

Total energy:

∂tρ(e +
1
2
v2) + ∇ · [ρ(e+ 1

2
v2)v − T · v + q] = ρg · v, (2.4)

where T is the stress tensor, g is the gravitational acceleration, e is the specific
internal energy, q is the heat flux. Note that the only external field we are
considering is gravity, else there must be extra source terms in the momentum
and energy balances accounting for this. Equations 2.2 to 2.4 are not sufficient
for modeling a mixture with Nspec constituents, if each species is allowed to
move differently. Only the motion of the mixture as a whole is described by
the above equations, i.e. we need to complement eq. 2.2 to 2.4 with so-called
partial balance equations for the mass, the momentum and the energy of each
constituent (for details see Truesdell [114]). For mass and momentum this is
straightforward, since the mass and the momentum of a single species are simply
the summed up masses and momenta of all molecules of that species. Partial
mass and momentum are therefore additive and must obey a separate balance
equation. For the partial energy this is not such an easy task, since there
might be interactions between different species and a decomposition of the total
energy into contributions of different species is not straightforward. However,
for gases we are on the safe side, since the interaction energy is negligible and the
partial energy is almost exactly given the sum over the energies of the different
molecules similar to the case of mass and momentum. We can therefore assign
to each species α a mass density ρα, a velocity vα and an internal energy eα.
Note that the velocity vα is distinct from the diffusion velocity uα defined by

uα = vα − v (2.5)

The partial balances for the constituent α read
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Partial mass:

∂tρ
α + ∇ · ραvα = τα , (2.6)

Partial momentum:

∂tρ
αvα + ∇ · [ραvαvα − Tα] = ραg + bα , (2.7)

Partial energy:

∂tρ
α(eα +

1
2
vα2) + ∇ · [ρα(eα +

1
2
vα2)vα − Tα · vα + qα] = ραg · vα + εα

(2.8)

where τα is the production of mass by chemical reactions, bα is the interaction
force or the production of momentum and εα is the production of energy of
the constituent α by interaction with other constituents. The partial stress is
denoted by Tα and the partial heat flux by qα. The partial mass balance is
often written in terms of

mass fraction: Y α =
ρα

ρ
and diffusive mass flux: jα = ραuα (2.9)

instead of partial mass density and diffusion velocity. Summing over all species
we must arrive at the equations 2.2-2.4, since total mass, total momentum and
total energy must be the sum of their constituent specific counterparts. Thus
total and partial balances are linear dependent. The fact, that the total mass,
the total momentum and the total energy are conserved, is reflected in the
following constraints for the source terms

Nspec∑
α

τα = 0,

Nspec∑
α

bα = 0,

Nspec∑
α

εα = 0. (2.10)

Further, it is found that partial and total quantities obey the relations

ρ =
Nspec∑

α

ρα, (2.11)

ρv =
Nspec∑

α

ραvα, (2.12)

ρe =
Nspec∑

α

ρα(eα +
1
2
uα2), (2.13)

T =
Nspec∑

α

Tα − ραuαuα, (2.14)

q =
Nspec∑

α

qα + ρα(eα +
1
2
uα2)uα − Tα · uα. (2.15)
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Mass density ρ and momentum density ρv obey the expected sum rules, but
internal energy e and stress contain extra terms which are quadratic in the
diffusion velocities. Partial mass balances are commonly considered in practice,
also termed species balances in chemical engineering[57, 9]. This is not the case
for partial momentum and energy balances, the use of which is mostly restricted
to theoretical continuum mechanics and non-equilibrium thermodynamics[124,
103, 104, 81]. Consequently the diffusion contributions to internal energy, stress
etc. are typically not discussed in standard textbooks[57, 9] on modeling reactive
flow.

For heterogeneous catalysis at ambient pressures neglecting the non-linear
contributions in the diffusion velocity introduces a negligible error with those
extra terms being much smaller than variations in partial internal energy and
partial stress. At ambient pressures we have stresses and densities of internal
energy in the range of atmospheres. Even with ridiculously high diffusion ve-
locities in the range of m/s these extra terms will not exceed an value of a few
Pascal. As a consequence we can use similar sum rules for the stress and the
internal energy as for the mass and momentum density. With the same argu-
ments as before we can also remove the non-linear terms in the heat flux in
eq. 2.15. For further discussion it is useful to introduce the intrinsic heat flux

q
intr

=
Nspec∑

α
qα [82].

Because of the afore mentioned lack of some partial balances one considers in
practice not the full set of partial balances but rather only mass, momentum and
energy balance for the whole mixture 2.2-2.4 plus Nspec−1 partial mass balances
[23]. The total mass balance can obviously replace one partial mass balance due
to the linear dependence. Due to the frequent collision between molecules at
ambient pressures different species will adapt fast to one common temperature
and partial energy balances describing multiple temperatures are simply not
necessary. However, why can we drop the partial momentum balances? First
we are not only interested in the concentrations of different species but also
in their motion. Further the partial momentum density ραvα is needed in the
partial mass balance. Obviously we must assume that the diffusion velocity is a
so-called constitutive quantity, that is it is a function of ρ, T , v and Y α and their
derivatives. More generally constitutive quantities are those fields for which we
do not want to establish an equation of motion, and therefore we must assume
that they depend on those fields for which we have equations of motion (the
so-called basic fields). In order to motivate this simplification we consider the
partial momentum balance. Obviously it can not be easily inverted with respect
to the diffusion velocities. We want to go a step back and regard the diffusion
velocities as basic fields. For a theory appropriate for the here investigated fluid
mixtures with such a choice of the basic fields, see Samohyl[102]. We rewrite
the partial momentum balance with help of the partial mass balance.

ρα dαvα

dt
−∇ · Tα = cα + ραg, (2.16)

where the operation dα

dt = ∂
∂t + vα · ∇ is the material time derivative of species
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α and so dαvα

dt is the acceleration of this species[125, 126]. cα = bα − ταvα was
introduced for convenience. If we now subtract the balance of total momentum
weighted with the appropriate mass fraction we obtain

ρα(
dαvα

dt
− dv

dt
) − (∇ · Tα − Y α∇ · T ) = cα (2.17)

where d
dt = ∂

∂t+v·∇ is the common material derivative of the mixture[69, 57]. At
ambient pressure and temperature any extra acceleration of one species relative
to the mixture’s motion will be strongly damped out and the difference between
species’ and mixture’s acceleration can be neglected compared to the other
terms in the above equation. Since the diffusion velocities are usually small we
want to assume that the dependence of Tα, T and cα on uα is linear. As a
consequence Tα and T can only depend on the gradients or higher derivatives
of uα[102], which we want to neglect here. By using the decomposition cα =

c̄α +
Nspec−1∑

β

Bαβuβ we arrive at

Nspec−1∑
β

Bαβuβ = (∇ · Tα − Y α∇ · T ) − c̄α (2.18)

where the right hand side does not depend on uβ . Thus the above equation
reduces to a linear set of equations for the diffusion velocities and these can
indeed be modeled as constitutive quantities. The typical linear relation between
diffusion velocities and the gradients of density, composition and temperature
arises, if we can assume that T and Tα are simple functions of ρ, Y α, and T ,
and a linear dependence of c̄α on the respective gradients. Due to this property
of uβ the balance equations

Total mass:

∂

∂t
ρ + ∇ · ρv = 0, (2.19)

Species mass:

∂

∂t
Y αρ + ∇ · (Y αρv + jα) = τα, (2.20)

Momentum:

∂

∂t
ρv + ∇ · (ρvv − T ) = ρg, (2.21)

Internal energy:

∂

∂t
ρe + ∇ · [ρev + q] = T · ·∇v, (2.22)
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will serve as basis for the equations of motion for the basic fields ρ, v, T and Y α

(α ∈ [1, Nspec−1]). Since the diffusion velocities can be modeled as constitutive
quantities, they do not need an independent equation of motion but can be
determined from the fields.

2.1.2 Constitutive Relations

As mentioned in the last section the balance equations (2.19-2.22) contain more
unknown fields than there are balance equations. We must assume that the
knowledge of the basic fields (in our case ρ, v, T and Y α) allows to completely
determine the constitutive quantities (e, T , q, jα, Tα, and τα). In principle this
can be a functional dependence, where the value of a constitutive quantity at
a certain point x depends on the values of the basic fields at all other spatial
points at the current and all former times. Of course, deriving such a functional
relation rigorously is completely hopeless. Rather one will make use of the
understanding that at macroscopic length and time scales only the close vicinity
of a point x and its very recent history will have an influence on the value of the
constitutive quantity at this point. Using a suitably truncated Taylor expansion
(in space and time) at the point x for the basic fields the problem of finding
the functional dependence reduces to finding a (constitutive) function with the
basic fields and their derivatives (at x) as arguments. The most applied theories
for fluid mixtures can be represented using the state space[23, 9]

Z = [ρ,∇ρ, v,∇v, T,∇T, Y α,∇Y α], (2.23)

that is all constitutive functions are allowed to depend Z. For the very most
cases it is sufficient to consider only a linear dependence on the non-scalar
quantities in Z. With this state space the requirement, that the constitutive
relation must be invariant under a transformation of the frame of reference,
the fact, that fluids are isotropic, and the entropy principle (loosely spoken the
second law of thermodynamics)[102, 103, 82] lead to the constitutive relations

e = e(ρ, T, Y α) (2.24)

T = −p1 + µ(∇v + (∇v)T ) − (
2
3
µ − ν)(∇ · v)1, (2.25)

Tα = −pα1 + µα
mix(∇v + (∇v)T ) − (

2
3
µα

mix − να
mix)(∇ · v)1, (2.26)

q
intr

= −κ∇T − κp∇p −
∑
α

κα∇Y α (2.27)

q = q
intr

+
∑
α

hαjα (2.28)

jα = −
∑

β

Dαβ∇Y β − Dα
T∇T − Dα

p ∇p, (2.29)

where we have eliminated all non-linear terms in uα in the internal energy, total
stress and heat flux. Note that the second law of thermodynamics is only needed
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only for eq. 2.24, where it removed the dependence on ∇ · v. Due to the linear
dependence on all non-scalar fields in Z the scalar coefficients

p, pα, hα, µ, µα
mix, ν, να

mix,−κ, κp, κ
α
Y , Dαβ , Dα

T , Dα
ρ (2.30)

solely depend on ρ, T, Y β . Here p is the total pressure and pα are the partial
pressures, hα are the specific partial enthalpies and defined by

ραhα = ραeα + pα. (2.31)

p, pα, hα, e, and eα are called thermophysical quantities. The transport coef-
ficients are the (shear) viscosity µ, the bulk viscosity ν, the thermal (or heat)
conductivity κ. We will call Dαβ diffusion coefficient. Since κα

Y is connected
with composition-gradient driven heat conduction (Dufour effect), it will be
called Dufour coefficient. Analogously we will call Dα

T Soret coefficient, because
it must be non-zero when we observe thermal-gradient driven diffusion (Ludwig-
Soret effect). Dα

p and κp will be called pressure diffusion coefficient and pressure
conduction coefficient, respectively1.

Having a closer look at equations 2.15 and 2.28 for the heat flux we can see
that the partial stress Tα in the more general equation 2.15 has been replaced
by its velocity independent part −pα1. Mathematically this is a consequence of
the assumed linear relations between heat flux and all derivatives in Z. Since
uα is already proportional to some gradients, the gradient dependent part of Tα

must be neglected. Physically this also makes some sense, since those velocity
dependent parts are usually much smaller than the partial pressure. Since the
partial stresses occur only in the heat flux, eq. 2.15, we do not need to determine
µα

mix and να
mix, but only the partial pressures.

We did not specify the results for the chemical source term τα yet. Since
we are not going to deal with gas phase chemical conversion in the context of
low temperature CO oxidation we can set τα = 0. The (continuum mechanical)
theory for such source terms is detailed in [102, 114] and the necessary further
refinement is discussed in the chemical engineering literature, e.g. [57, 23].

Up to now we have not made use of the fact that we are considering a mix-
ture of gases. The above considerations apply for a fairly large class of fluids
and microscopic input was not needed. However, for an equation of motion we
need specific formulas for the coefficients, eq. 2.30, describing their dependence
on density composition and temperature. This dependence can be measured
but already for mixtures with a moderate number of constituents the number of
necessary measurements can become tremendously large. In order to overcome
these limitations mesoscopic or microscopic theories need to be employed, ei-
ther to find further constraints complementary to those obtained by continuum
mechanics thereby reducing the number of necessary measurements or even to
calculate the coefficients, eq. 2.30. For not too dense gases the multi-component

1Depending on the field there might be different definitions for κα
Y , κp, Dα

T , and Dα
p and

Dαβ [9]. The choice made here simply leads to the shortest notation for the equations of
motion.
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Boltzmann equation (BE)[15, 29] provides an appropriate mesoscopic basis for
such a reduction. The BE originates from a coarse-graining of the microscopic
Liouville equation[127, 66] and is based on the assumption that the time in
which two molecules interact is much shorter than the average time a molecule
does not ’feel’ the other molecules. The continuous deterministic microscopic
motion is then mapped on a mesoscopic level with only free flights and collisions
of two molecules that have a zero duration. The collisions need to be modeled
stochastically, since we do not follow the microscopic trajectories anymore. As
one might expect the balance equations, eq. 2.2-2.4, and the partial balances,
e.g. 2.6-2.8, and their relation to each other can exactly be reproduced by ma-
nipulating the BE. This is not the case for the constitutive relations 2.24-2.29.
The BE describes the statistical behavior of arbitrarily dilute gases. In a very
dilute gas collisions will be so rare, that there is hardly any force which leads
to a fast decay of the relative motion of different constituents. Yet, this is one
of the prerequisites for the validity of the constitutive equations. Therefore the
constitutive relations can only be valid in the limit of only moderately diluted
gases. In this limit a Chapman-Enskog expansion can be applied[15, 34, 29].
The Chapman-Enskog expansion develops the solutions of the BE in powers of
the inverse collision frequency. Since the collision frequency is high for denser
gases and low for dilute gases, only the very first terms will be significant in the
targeted limit of only moderately diluted gases. For atmospheric pressures and
temperature of the order of a few hundred Kelvin only the first two terms are
considered[29, 49, 21]. The important general findings are:

• The constitutive quantities obey laws which are special cases of eq. 2.24-
2.29. Especially those terms do not appear, which are not linear in diffu-
sion velocities and gradients.

• The whole dependence of the quantities, eq. 2.30, on ρ, T , and Y α can be
determined for a general gas mixture up to a finite set of functions, which
solely depend on temperature.

• The interaction between molecules enters only in these functions, which
solely depend on temperature.

We will now discuss the more specific results. In the case of no gas-phase
chemical reactions partial and total pressure obey the ideal gas law2.

pα =
Y α

mα
ρkBT, p =

∑
α

pα, (2.32)

where mα is the mass of species α and kB is the Boltzmann constant. The
specific internal energy is given by

e =
∑

β

Y βeβ , (2.33)

2Also with gas chemical conversion the validity of the ideal gas law commonly assumed[23].
See [29] for a discussion of this general case in terms of kinetic gas theory and [102] for a
continuum mechanical treatment.
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where the partial specific internal energy eα is given by the usual formulas from
equilibrium statistical mechanics of gases and is a function of the temperature
only [57, 90]. We consider translational, rotational and vibrational degrees of
freedom where we treat the first two in the classical limit and latter in the
harmonic approximation. This leads to

eα =
1

mα
(Eα

0 +
3 + Nα

rot

2
T +

Nα
vib∑
i

xα
i /Te−xα

i

(1 − e−xα
i )2

), xα
i =

~ωα
i

kBT
(2.34)

where Eα
0 is the electronic ground state energy plus zero point energy correction.

Nα
rot and Nα

vib are the number of rotational and vibrational degrees of freedom
in a molecule of species α, respectively. ωα

i is the vibrational frequency of the
i-th vibrational mode. With the equations 2.13, 2.31, and 2.34 all remaining
thermophysical properties can be obtained

partial isochoric heat capacity

cα
v =

deα

dT
(2.35)

partial isobaric heat capacity

cα
p =

dhα

dT
(2.36)

mixture’s isochoric heat capacity

cv =
∑

β

Y βcβ
v (2.37)

mixture’s isobaric heat capacity

cp =
∑

β

Y βcβ
p (2.38)

mixture’s enthalpy

h =
∑

β

Y βhβ (2.39)

In general the transport coefficients, eq. 2.30, need to be determined by solv-
ing a linear system [15, 49, 29]. This most exact treatment can be found in
[29]. We will instead adapt an approach also used by the Computational Fluid
Dynamics program COYOTE[18]. We will apply the common approximate
mixture averaged formulas[57, 9] for the viscosity and the thermal conductivity,
and the Stefan-Maxwell equations for determining the transport coefficients for
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the mass fluxes, eq. 2.29. This provides a sufficiently accurate description for
the purposes we are interested in.

For the shear viscosity µ we make thus use of the semi-empirical Wilke’s law
[123, 9]

µ =
∑
α

Xαµα∑
β

XβΦαβ
, (2.40)

with

Φαβ =
(1 + (µα

µβ )1/2(Mβ

Mα )1/4)2

81/2(1 + Mα

Mβ )1/2
, (2.41)

where µα is the pure species’ viscosity, Xα is the mole fraction, and Mα is
the molar mass. Note that the pure species’ viscosity µα is different from the
viscosity µα

mix entering the partial stress. While the former is connected with
the total stress response of a pure gas with the only constituent α present, the
latter is oppositely connected with the partial stress response of the species α in
a general mixture of gases. Thus µα is independent of composition by definition,
while µα

mix will depend on composition in general. From kinetic theory the pure
species’ viscosity is given by

µα =
5kB

16
√

π

mαT

Ω(2,2)
αα (T )

, (2.42)

with a so-called collision integral Ω(2,2)
αα (T ), which depends solely on tempera-

ture. The interaction between gas phase molecules enters only here. The bulk
viscosity ν is commonly set to zero, which is exact in the case of mono-atomic
gases, but only approximate in the case of polyatomic molecules [23]. Although
the bulk viscosity is often even higher than the shear viscosity, this approxima-
tion can mostly be applied without introducing a intolerable error. The bulk
viscosity only contributes to the isotropic part of the stress (those terms which
are proportional to the unit tensor), this part is dominated by the total pres-
sure which is much larger than the term involving the bulk viscosity as long the
velocity gradient is not extremely large.

For the thermal conductivity κ we employ a law similar to Wilke’s law [9]

κ =
∑
α

Xακα∑
β

XβΦαβ
(2.43)

where Φαβ is the same as in Wilke’s law. The pure species conductivities κα

(6= κα
mix similar to the case of the viscosities) are obtained from the viscosities

and heat capacities via the Eucken correction[34, 9]

κα = (cα
p +

5
4

kB

mα
)µα. (2.44)
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The other coefficients in the equation for the intrinsic heat flux will be set to
zero. Dufour effect and pressure conduction are commonly regarded to have
a negligible influence in reactive flow calculations and therefore κp = 0 and
κα

Y = 0 is widely employed[23, 9].
We eliminate the diffusive mass fluxes with the help of the Stefan-Maxwell

equations∑
β

RT

Dαβ
bin

[
Xα

Mβ
jβ − Xβ

Mα
jα

]
= p∇Xα + (Xα − Y α)∇p +

χα

T
∇T, (2.45)

where R is the ideal gas constant, the Dαβ
bin are the binary diffusion coefficients

and χα the coefficient of thermal diffusion.

Dαβ
bin =

3
16

(
2k3

B

π

)1/2

[
T 3

(
mα+mβ

mαmβ

)]1/2

pΩ(1,1)
αβ (T )

, (2.46)

The Stefan-Maxwell equations are used to determine the diffusion, the pressure
diffusion and the Soret coefficients. Thermal diffusion is usually so small that
it needs only to be considered for very light species like hydrogen. Additionally
there exists no established formula for it, so that the full linear implicit problem
arising from the Chapman-Enskog theory needs to be solved. In the present
context we will neglect this effect and set χα = 0[9], which leads to Dα

T = 0.
For the pure species viscosities µα and binary diffusion coefficients Dαβ

bin we
employ the common semi-empirical approach[57] based on Lennard-Jones (LJ)
type interactions

V αβ(r) = 4εαβ

[(
σαβ

r

)12

−
(

σαβ

r

)6
]

, (2.47)

with the potential V αβ(r) for the interaction of two molecules of type α and
β, respectively. Here r is the intermolecular distance, and εαβ and σαβ are
the LJ parameters. The real interaction potential will be different, especially
since the investigated molecules are not spherical and have internal degrees of
freedom. Choosing a LJ model must therefore be seen as a convenient way of
representing the temperature dependence of the transport coefficients. For a LJ
gas the collision integrals reduce to

Ω(1,1)
αβ (T )
(σαβ)2

= Ω(1,1)∗(Tαβ) ≈ 0.0548(Tαβ)−0.15504 + (Tαβ + 0.55909)−2.1705,

Ω(2,2)
αα (T )
(σαα)2

= Ω(1,1)∗(Tαα) ≈ 1.147(Tαα)−0.145 + (Tαα + 0.5)2,

with: Tαβ =
kBT

εαβ
.

(2.48)



2.1. GAS FLOW 33

The LJ-parameters for pure substances are tabulated[18, 59, 25]. The lacking
interaction parameters for unlike molecules are approximated with the common
semi-empirical combination rules[57]

σαβ = (σα + σβ)/2, εαβ =
√

εαεβ (2.49)

for non-polar molecules.

2.1.3 Low-Mach-Number Approximation

In practice it is often useful to work in the so-called Low-Mach-Number approx-
imation (LMA)[72, 2]. It is a good working assumption, when the flow velocity
is small. In the case of a zero velocity in the whole domain the total pressure
will be constant in space. Therefore in the case of small velocities the spatial
variations of the total pressure p̃ - called dynamic pressure - will be much smaller
than its absolute value. We set

p(x, t) = pref(t) + p̃(x, t) (2.50)

where pref(t) is a reference pressure measured somewhere in the reaction cham-
ber, e.g. at the inlet. All spatial variations of the total pressure need to be
accounted for by the dynamic pressure. The order of magnitude of the dynamic
pressure can estimated using Bernoulli’s law. It turns out that for the pressure
and the velocity range considered in this study the dynamic pressure is orders
of magnitude smaller that the reference pressure. Thus we can determine the
density from the applied total pressure pref(t). Since the density is not deter-
mined by the continuity equation anymore the small dynamic pressure must be
introduced as a dynamic variable, i.e. it is not determined by the constitutive
relation eq. 2.32, but needs to be adapted so that mass and momentum balances
are fulfilled. The formal expansion in powers of the Mach-Number - the fraction
of the maximal flow velocity and the speed of sound - shows that the gradient of
the dynamic pressure can be neglected in all equations except the momentum
balance.

The advantage of the LMA is that acoustic, high frequency and small length
scale pressure modes are filtered out while still treating those aspects accurately
which are important for the time and length scales of flow and transport. This
eases the numerical simulation substantially, because the intrinsic stiffness of
the fully compressible formulation stemming from the different time and length
scales for acoustic waves and flow, respectively, has been removed.

Within the LMA the equations describing transient flow and transport in
the gas phase read

Mass

∂

∂t
ρ + ∇ · ρv = 0 (2.51)
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Partial mass

ρ
∂

∂t
Y α + ρv · ∇Y α −

∑
β

∇ · Dαβ∇Y β = 0, (2.52)

Momentum

ρ
∂

∂t
v + ρv∇ · v + ∇p̃ −∇ · µ(∇v + (∇v)T ) −∇2

3
µ∇ · v = ρg, (2.53)

Enthalpy

ρ
∂

∂t
h + ρv · ∇h −∇ · κ∇T −∇ ·

∑
βα

hαDαβ∇Y β ] =
∂

∂t
pref , (2.54)

LMA

∇pref = ∇
∑
α

Y α

mα
ρkBT = 0 (2.55)

where the dissipation function Φ = (T + pref) · ·∇v has been set to zero on
the right hand side of the enthalpy equation. This term represents the viscous
dissipation of kinetic energy into thermal energy. In a flow with moderate
streaming velocities we expect only a negligible heat up due to viscous forces
and neglecting this term is reasonable in this regime[57].

2.2 Heat Transport in the Solid

The continuum mechanical model for the solid parts of the reaction chamber
will in principle be posed in a similar way as for the gas phase. However here
this procedure is much simplified as we want to assume that the solid parts
of the reactor remain undeformed and in the same phase, so that only heat
conduction has to be modeled. With the help of Fourier’s law for the heat flux
q
solid

= −κsolid∇Tsolid the balance of energy then reads

ρcp,solid∂tTsolid −∇ · κsolid∇Tsolid = 0, (2.56)

where Tsolid is the temperature in the solid and cp,solid and κsolid are the corre-
sponding heat capacity and thermal conductivity, resp.. For the studied cases
we can safely assume a constant value for the heat conductivity. While sample
holder and reactor wall are probably polycrystalline and therefore isotropic, the
sample is a single crystal, which is anisotropic. For such a material the heat
conductivity is in general a tensor, not scalar as in 2.56 [69]. We will neverthe-
less stick to the isotropic model for simplicity, in particular as the details of the
model for the heat transport in the solid part do not affect the here considered
cases (as discussed in more detail in section 5.3.3).
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Figure 2.2: Macroscopically the catalytic surface can be considered as a two
dimensional manifold having zero volumetric extension. An infinitesimal surface
element can microscopically be represented by a small pill box. The height h
is much smaller that the diameter dA of the two parallel faces A+ (transparent
circle) and A− (dark gray), facing gas and solid phase, resp.. Thus the area of
the wall B is negligible compared to that of A+ and A−. The normal vector
n perpendicular to A+ and A− is pointing into the gas phase. It is oriented
in such a way that the phase boundary S (hatched area), the actual catalytic
surface, is never cutting the A+ and A−.

2.3 The Catalyst’s Surface

At the interface between the gas and the catalyst, the fields can a priori not be
considered continuous and differentiable. As example might serve the density of
gaseous species which is finite in the gas phase regime and zero in the solid. In
order to describe the change between the different regimes the interface region
between catalyst and gas phase needs to be considered as a two dimensional
manifold although it has a microscopically three dimensional character. In figure
2.2 a schematic view on the surface is shown. An infinitesimal surface element
is a small pillbox with the top A+ facing the gas phase and the bottom A− in
contact with the solid phase. Both are parallel to the actual phase boundary S.
The unit normal vector n is defined to point into the gas phase. The area of the
cylinder wall B is supposed to be much smaller than the area of A+ and A−.
In other words the height h of the cylinder is supposed to be much smaller than
the diameter dA of A+/−. Since A+/− are already infinitesimal small in the
continuum sense, the volume of such a pillbox effectively tends to zero on the
scale where the continuum models for the gas and the solid phase are applicable.
Nevertheless the continuum models for the gas and the solid need to be valid
approximations at A+ and A− where the interface region faces these two phases
and h must stay finite on a microscopic (or better mesoscopic) scale. When
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for instance a gaseous molecule approaches the surface the interaction with this
will dominate those interactions with other molecules. The continuum model
for the gas phase, solely based on intermolecular interactions, is therefore not
a sufficient description. The two dimensional treatment of the interface region
has the consequence that the balance equations formulated for such a singular
surface have the form of jump conditions for the fluxes, such as heat flux or
stress in the gas and the catalyst.

2.3.1 Balance equations

The general continuum mechanical theory of surfaces is extensively explained
in refs. [82, 126, 39]. Due to the finite extension h of the interface region we
must assume that both gaseous species and catalyst material are present there.
Additionally there will be species which exist only on the surface of the catalyst.
These are the adsorbed gas phase species, where we have the freedom of choice
to define a surface species appropriately for modeling purposes. So we can for
instance attribute all adsorbed CO molecules to one single surface species or
split this group so that not only the molecule but also the adsorption site it
sticks to defines a surface species. We want to assume that the macroscopic
motion of such adsorbed species can be neglected due to their binding to the
surface. We denote their number with Mspec, so that we have Nspec +Mspec +1
different species in the interface. We denote the partial mass density per surface
area by ρ̂α for all three kinds of species. We use the convention

• catalyst: α = 0

• gaseous species : α ∈ [1, Nspec]

• surface species: α ∈ [Nspec + 1, Nspec + Mspec]

• total: ρ̂ =
∑Nspec+Mspec

α=0 ρ̂α

All fields defined in the interface will carry a hat. Due to its small perpendicular
extension h tangential transport in the surface (through the wall B) is usually
negligible compared to what enters and leaves the surface region through its two
normal faces A+ and A−. That is we do not need to introduce surface diffusive
fluxes, surface heat fluxes etc.. When the surface is at rest the (partial) mass
balances at a point xs of the surface reduce to

∂

∂t
ρ̂α = 0, α = 0 (2.57)

∂

∂t
ρ̂α − τ̂α = −(ρY αv + jα) · n, α ∈ [1, Nspec] (2.58)

∂

∂t
ρ̂α − τ̂α = 0, α ∈ [Nspec + 1, Nspec + Mspec + 1] (2.59)

∂

∂t
ρ̂ = −ρv · n (2.60)
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with the chemical source terms τ̂α of the constituent α. The right hand side
of eqn. 2.57-2.60 represents the flux of the balanced matter (partial or total)
through the face A+. The requirement of mass conservation in every single
reaction leads to[114, 82]

τ̂α =
Nreac∑

K

mανα
KsK (2.61)

where να
K are the stoichiometric coefficients in the Kth reaction and sK is the

corresponding reaction rate given in number of reaction events per time and
surface area. Note that we define stoichiometric coefficients by writing the
reaction equation for the Kth reaction in the form

(−νA
K)A + (−νB

K)B . . . → νC
KC + νD

KD . . . (2.62)

so that stoichiometric coefficients for reactants are negative and positive for
products. With the mixture velocity v̂ in the interface the balance of total
momentum reads

∂

∂t
ρ̂v̂ − ρ̂g = (−ρvv + T ) · n − T

solid
· n. (2.63)

The right hand side represents the flux of momentum through the faces A+

and A−. Note that the interface momentum balance depends on the stress in
the catalyst at the interface T

solid
. Since we do not treat the deformation of

the catalyst we do not model momentum transport in the solid and thus we
have no means to determine the solid stress. We introduce it because it will
be used later for the manipulation of the energy balance in order to reduce its
complexity. Neglecting tangential transport the balance of total energy reads

∂

∂t
ρ̂(ê +

1
2
v̂2) − r̂ − ρ̂g · v̂ = −[ρ(e +

1
2
v2)v − T · v + q] · n + q

solid
· n (2.64)

with the mixtures’ internal energy ê. Similar as for mass and momentum bal-
ances the right hand side represents the flux of energy through the top and
the bottom face of the considered infinitesimal pillbox. Then the energy bal-
ance can be converted into a balance for the enthalpy by formally introducing
surface pressures

∂

∂t
ρ̂ĥ − ∂

∂t
p̂ − r̂ =

−[ρev − T · v + q] · n + q
solid

· n

−[
1
2
ρv2v +

1
2
ρv̂2v − ρvv · v̂] · n + v̂ · [T − T

solid
] · n

(2.65)

Again we can assume that the quadratic term in the diffusion velocities for the
internal energy is negligible. The partial and total enthalpy for the surface can
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then conveniently be defined

ρ̂αĥα = ρ̂αêα + p̂α (2.66)

ρ̂ĥ =
∑
α

ρ̂αĥα (2.67)

p̂ =
∑
α

p̂α (2.68)

where êα is the partial specific internal energy for a surface and p̂α is a surface
partial pressure3 We have assumed that the total energy can be decomposed into
single component contributions, as we did for the gas phase. For the gaseous
surface species this can be justified, since the interaction energy with the other
constituents - also in the surface area - is small. For the surface species this can
be done in a straightforward way if lateral interactions are negligible. If lateral
interaction are present such a decomposition might still be possible but the par-
tial internal energies will then also depend on the (microscopic) distribution of
the adsorbates and will thereby not be independent of composition. We want to
define the catalyst’s partial internal energy to be independent of the adsorbed
species. Thus all the interaction energy between adsorbed species and the cat-
alyst is assigned to the surfaces species’ energies. With these considerations we
can write the balance of enthalpy

Nspec+Mspec∑
α=0

[
ρ̂α ∂

∂t
ĥα + ĥατ̂α

]
− d

dt
p̂ − r̂ =

Nspec∑
α=1

ĥα(ρY αv + jα) · n

− [ρev − T · v + q] · n + q
solid

· n

− [
1
2
ρv2v +

1
2
ρv̂2v − ρvv · v̂] · n

+ v̂ · [T − T
solid

] · n

(2.69)

where we have made use of the partial mass balances. As already mentioned the
interface region is a thin shell with vanishing thickness and hardly any material
is in the surface. Thus all terms proportional to the partial mass densities tend
to zero. The time derivative for the gaseous species in the corresponding mass
balance 2.58 can also be dropped, it will be vanishing compared to the chemical
source term and the flux of species through the boundary A+. The mass balance
for the surface species can not be further simplified, since the time derivative
needs to balance the chemical source terms. Next we want to connect the fields
only defined on the surface like v̂ or ĥα with those in the two bulk phases.
Microscopically we have some freedom to define the thickness of the interface

3We have termed p̂α a pressure because of the analogy with the bulk gas phase, but p̂α

has not the physical dimension of a pressure. It should no be mixed up with pα
s , which is the

gas phase pressure at the surface used later in this study
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region and we can not really distinguish whether a gaseous particle must be
assigned to the surface or to the gas phase. We must assume that the statistical
properties of gaseous species are continuous when a gaseous particle enters the
interface region. Given a point xs on the singular surface used for modeling
the interface region we have that partial (specific) internal energy and species
velocity in the interface and in the gas phase at xs are identical. If we define
the surface pressures for gaseous species according to

p̂α

ρ̂α
(xs) =

pα

ρα
(xs), α ∈ [1, Nspec] (2.70)

this holds also for the enthalpies. From this definition we can see that the
surface pressure p̂α carries a factor ρ̂α similar as pα carries a factor ρα. If
we define the surface pressures of the other components of the surface to be
zero we can neglect the time derivative of the total pressure in the surface
enthalpy balance. For the same reasons we could neglect the time derivative
in the mass balances of gaseous species. The surface species can be regarded
to have a vanishing velocity, which is a rather good approximation due to the
binding between surface species and catalyst. Since the gas phase species have
a zero surface mass density compared to the catalyst and the surface species,
the mixture velocity of the surface is approximately zero and we can write down
for the point xs

v̂(xs) = 0 (2.71)

ĥα(xs) = hα(xs), α ∈ [1, Nspec] (2.72)

and the balance equations reduce to

τ̂α = (ρY αv + jα) · n, α ∈ [1, Nspec] (2.73)
∂

∂t
ρ̂α − τ̂α = 0, α ∈ [Nspec + 1, Nspec + Mspec + 1] (2.74)

Nspec∑
α=1

τ̂α = ρv · n (2.75)

0 = (T − T
solid

·)n (2.76)
Nspec∑
α=1

hατ̂α +
Nspec+Mspec∑
α=Nspec+1

ĥατ̂α − r̂ =
Nspec∑
α=1

hαjα · n − [q − q
solid

] · n, (2.77)

where we have made use of the constitutive relation for the stress 2.25 and
neglected the terms n · (T + p1) · v and 1

2ρv2v · n. These terms represent the
transport of energy into the interface by mechanical work due to viscous stress
and the flow of kinetic energy, resp.. Both are usually negligible compared to
the heat flux. Equations 2.73 to 2.77 are popular jump (boundary) conditions
employed in practical flow modeling[7, 20]. Note that the only surface fields we
are left to determine are the reaction rates sK , ĥα for the surface species and
the the radiative heat source r̂.
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A very important special case is a stationary interface, for which all time
derivatives in 2.73 to 2.74 vanish. As a consequence we do not need to consider
the enthalpies of the surface species, but only those of gas phase species.

τ̂α = −jα · n, α ∈ [1, Nspec] (2.78)

τ̂α = 0, α ∈ [Nspec + 1, Nspec + Mspec + 1] (2.79)
0 = v · n (2.80)

0 = (T − T
solid

·)n (2.81)

r̂ = [q − q
solid

] · n, (2.82)

Under stationary operating conditions the normal component of the velocity is
zero at the surface, else mass would accumulate in the interface. Having no
convective transport at the interface the only way of energy exchange between
gas phase and interface can only be due to heat conduction and diffusion and the
heat flux from the catalyst and the heat flux from the gas phase must balance
with the heat loss or gain due to radiation. There is no explicit term accounting
for the heat of reaction, since this is the balance of total energy and includes of
course the formation energy of the constituents. Total energy is conserved and
the effect of reaction heat is included in the diffusion dependence of the gaseous
heat flux. The jump conditions 2.78-2.82 can often also be applied to transient
problems, which is the so-called quasi (or pseudo)-stationary approximation[23].
This can be done when the time scales on which the bulk phases (gas and
catalyst) evolve are much longer than the time scale on which the surface relaxes
to a steady state. This approximation can be motivated with the small normal
spatial extension of the interface. The interface can be regarded as microscopic
(mesoscopic) and we can hope that the afore mentioned separation of time scales
prevails.

2.3.2 Closure

The balances provide jump conditions for the diffusive mass fluxes, the normal
component of the velocity and for the heat fluxes in the solid and the gas phase.
Since we model the heat conduction also in the catalyst, we need a second jump
condition, so that we have one jump condition for each phase. The common
assumption is that the temperature is continuous at the interface and we will
also employ this in the following

T (xs) = Tsolid(xs) (2.83)

This continuous temperature condition (CTC) should be rather well ensured due
to the frequent gas-surface collisions, which should lead to a rapid equilibration
of the two different temperatures of both phases. What remains is a boundary
condition (BC) for the tangential components of the gas phase mixture velocity.
The momentum balance can not serve for this purpose, since we do not consider
the momentum transport in the catalyst and we lack the solid stress. Even if we
would, we gain nothing, since then two jump conditions are needed similar to
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the case of heat conduction. The required extra condition is the so-called non-
slip boundary condition (NSBC) which assumes that the tangential velocities of
the two phase match at the interface

(vsolid − v) · (1 − nn) = 0 (2.84)

where vsolid is the velocity of the catalyst. Since the catalyst is at rest and does
not deform its velocity is zero. Thus we have a zero tangential velocity of the
gas phase at the interface. The normal component is only zero in the stationary
case and in the quasi-stationary approximation. Else it can be determined by
equation 2.75.

The CTC and NSBC are more or less ad hoc assumptions having a by far
weaker physical basis than the jump conditions based on balance equations.
When one of these conditions is violated it needs to be replaced by appropriate
partial balance equations. It is useful to consider solely the gaseous species
in the surface area and write down the balances for ’gaseous’ momentum and
’gaseous’ energy (enthalpy)

∂

∂t
ρ̂gv̂g − ρ̂gg − Ŝg = (−ρvv + T ) · n (2.85)

Nspec∑
α=1

hατ̂α − r̂g − Ŵg =

Nspec∑
α=1

hαjα − q

 · n, (2.86)

where both equations are obtained by summing over the partial balances of the
gaseous species in the surface. Since more than only gaseous species are present
in the surface the source terms associated with momentum and energy transfer
between the different constituents do not sum up to zero. The resulting Ŝg

and Ŵg are the rates for momentum and energy transfer from the solid and
surface to the gaseous species, respectively. Having a clear physical meaning
that arises directly from the underlying balance equation, these two quantities
have the drawback, that they are hardly accessible on microscopic scale and the
phenomenological approach can not reduce their complex dependence enough
so that these complex functions can be determined with a limited number of
measurements. Due to these limitation we will remain within the CTC and
NSBC in the rest of the manuscript.

What remains are the reaction rates and the radiation source. The former
will be considered in detail in the following chapters. The radiation source is
commonly modeled by a Stefan-Boltzmann type law [7]

r̂ = εσStefan(T 4
surf − T 4

ref). (2.87)

σStefan is the Stefan-Boltzmann constant and 0 < ε < 1 is the emissivity. We will
set the radiative source term to zero, since it is simply negligible compared to
the heat fluxes at the temperatures we are interested in. Assuming the surface
to be a black body (ε = 1) and setting Tref = 0 and Tsurf = 600K we find
that r̂ ≈ 6000 Js−1m−2, which is definitely an upper limit for the radiation
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Table 2.1: Material parameters for the gas-phase species: Characteristic di-
ameter σ and energy ε, as well as vibrational frequencies ω and zero Kelvin
component of the specific internal energy Eα

0 (which includes the zero-point
energy contribution). The latter is referenced as usual with respect to the stan-
dard state of the atomic species, i.e. gas-phase oxygen and solid graphite for O
and C, respectively.

O2 CO CO2

σ (Å) 3.458 3.652 3.769 [18]
ε/kB (K) 107.4 98.1 245.3 [18]
~ω (meV) 196 269 291, 167, 83 (2x) [68]
Eα

0 (eV) 0 -1.179 -4.074 [110]

source at this surface temperature. We compare this value with the heat flux
in Ruthenium when we have a temperature gradient of 1 K/mm. For such a
gradient one can usually skip the energy balance and set the surface temperature
to the value of the backside of the sample, which is usually not more than a
millimeter thick. Thus this choice for the temperature gradient means that
we have chosen a relatively small heat flux, leading to no severe temperature
difference between the two faces of the catalyst. Already with this choice we
find that q

solid
· n ≈ 105 Js−1m−2. Thus we expect, that the much smaller

radiation source will have no significant effect. But different from the heat flux,
which in principle can become arbitrarily large, the radiative source always stays
bounded. For the cases where the energy balance matters, i.e. large heat fluxes,
the radiation source is in relation even smaller. With the emissivity being in the
range of a few per cent for polished materials and single crystal facets being the
optimum of polishing, the radiative source becomes a further order of magnitude
smaller and the neglect of radiative emission becomes even better founded.

2.4 Stationary CO oxidation at RuO2(110)

For the application to the CO oxidation we want to model a gas mixture con-
sisting purely of O2, CO and CO2 in steady-state. For these three species we
need the effective LJ parameters σαα and εαα which can be found in data bases
for reactive flow simulations[18, 25, 59]. In addition we need their vibrational
frequencies and the zero Kelvin value for their partial internal energies, which
can be easily obtained from thermochemical and spectroscopic tables[110, 68].
The parameters employed in this thesis are compiled in table 2.1.

Note that the parameters for the internal energies can also easily be ob-
tained from first principles. Especially for the considered small molecules high
level quantum chemical methods can be applied and these deliver the required
parameters with a high accuracy[84]. Nevertheless for O2, CO, and CO2 zero
Kelvin energies and vibrational frequencies have been determined experimen-
tally before and resorting to ab initio calculations is not necessary. This might
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be different if highly reactive gas phase species exist and the experimental de-
termination is laborious or even impossible. Then first principles calculations
might offer a way to determine the lacking information.

In the case of stationary CO oxidation there is no net flux into or out of the
surface caused by pure ad/desorption processes. Therefore

CO +
1
2
O2 
 CO2 (2.88)

is the only overall reaction which leads to a net consumption of gas phase CO
and O2. We will call the reaction rate for this reaction the turnover frequency
(TOF) in the following. The above reaction scheme implies the stoichiometric
coefficients are

νCO = −1, νO2 = −1
2
, νCO2 = 1 (2.89)

For the stationary case we also need the heat conductivity of the sample.
An experimental value for bulk RuO2 is κsolid(RuO2)= 0.50 W cm−1 K−1[33].
However, almost all in situ work on RuO2(110) has in fact been performed
on ultra-thin films grown on Ru crystals, which would suggest that the value
κsolid(Ru)= 1.17 W cm−1 K−1[67] is more appropriate. Fortunately, for the
results reported below it makes no difference which value for this quantity is
used.





Chapter 3

Mesoscopic Surface Model

In this chapter the first principles statistical mechanics approach for the mod-
eling of the surface reactions is introduced. We start in section 3.1 with the
probabilistic lattice model of a stable single crystal surface. How to relate this
model to the underlying microscopic dynamics and the determination of the
necessary kinetic parameters from first principles is explained in section 3.2.
The employed microkinetic model1 for CO oxidation at RuO2(110) by Reuter
and Scheffler[97] is specified in section 3.2. We proceed with the two extremes
for the solution of the mesoscopic model, the approximate phenomenological
kinetics (PK) and the in principle exact kinetic Monte Carlo (kMC) method in
section 3.4. The findings of both methods are compared with respect to their
predictions for the steady-state total rate of CO conversion, i.e. the turnover
frequency (TOF), for the same microkinetic model. The success and failure of
the approximate PK is analyzed in terms of rate-determining steps. The in-
fluence of the rate-determining steps is thereby determined by calculating the
Degree of Rate Control. On the basis of our findings we modify the PK model
in order to incorporate the local arrangement of the adsorbates, and arrive at
a quantitative description for the regime of high oxygen coverage, where the
classical kinetics failed.

3.1 Probabilistic description of surface kinetics

For modeling the chemical kinetics the continuous molecular motion has to be
coarse-grained, i.e. we introduce discrete, rare chemical reactions that bring the
system from one metastable state to the other. In this mesoscopic description
the state - called meso-state in the following - of the modeled system is given
by the currently occupied local minimum of the potential energy surface (PES).
The object of modeling is thus to predict the evolution of meso-states visited by

1Here a microkinetic model means a reaction mechanism and the necessary kinetic pa-
rameters. The commonly employed rate equations are not included in a microkinetic model,
different from the common phrasing in chemical engineering.

45
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the system, i.e. a sequence of chemical reactions. Having this sequence we can
calculate the macroscopic reaction rates needed for the continuum mechanical
model. Within the basin around every minimum the (vibrational) motion is
only treated in a thermally averaged way. Every trajectory, which is assigned
to a certain meso-state at time t, will leave the assigned area of the phase space
at a different time and maybe to a different meso-state. Since this detailed
information is not available in the coarse-grained description we can not know
for sure which meso-state follows on the actual one and at which time the tran-
sition takes place. The equation representing the meso-scale must therefore
account for stochastic dynamics. Generally any kind of coarse-graining leads to
a non-deterministic time-evolution due to the restriction to a reduced amount
of information[43, 127], regardless if the underlying level can be described de-
terministic or not. A central point of coarse-graining is therefore to choose the
modeled amount of information, such that the mesoscopic stochastic dynamics
can be described by equations accessible to simulation and the needed input can
be obtained by a limited number of simulations on the microscopic scale. Thus
the desired information (in our case the reaction rates in eq. 2.61) sometimes
needs to be extended to extra observables (which local minima are visited).
The coarse graining to the local minima of the PES has the advantage that
the transitions from one meso-state to another, i.e. chemical reaction steps, are
rare events. For a rare event the time, in which the it takes place, is much
shorter than the time for which the meso-state stays unchanged. That is the
average thermal energy per degree of freedom must be low compared to the
energy needed to leave the currently occupied basin. Vibrational motion within
one local minimum takes place on a faster time scale as a chemical reaction or
rare event. Thus there are many oscillations before the next rare event. These
vibrations before the next reaction cause the system to forget its former meso-
states and the transition to a new meso-state depends only on the currently
occupied minimum. As a consequence the changing between the meso-states
can be regarded as Markov process[38].

In case of the strong chemisorption of relevance for CO oxidation adsor-
bates will not be in a random position but will only stick to certain adsorption
sites[116]. It is then more or less natural to define a meso-state by the adsor-
bate occupation of each site on the surface, i.e. which kind of surface species is
currently occupying a certain site. Hence the meso-state of the surface in this
model can be mapped on the vector

x = (x1, x2, . . .) (3.1)

where each component is assigned to one single site and the value of this com-
ponent denotes the adsorbate state of this site. Thus the the entry xi labels
if the site i is empty or which surface species is adsorbed. Also more complex
scenarios are possible, e.g. a molecule could possibly bind with its different ter-
minations to an adsorption site. A mesoscopic model could account for that by
introducing one or more adsorbate states for the same molecule, each assigned
to a different binding situation. The probability of finding the system in the
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meso-state x at the time t will be denoted with

P (x, t). (3.2)

Since we deal with Markov processes the probability P (x, t) obeys the Master
equation (ME) [38, 115]

∂

∂t
P (x, t) =

∑
y

W (x|y, t)P (y, t) −
∑
y

W (y|x, t)P (x, t), (3.3)

where W (x|y, t) is the rate constant (RC) for the transition from y to x. The
RC W (x|y, t) is also often termed transition probability [38] or rate [97], which
is easily mixed up with the macroscopic rate sK (see equation 2.61), which is the
number of chemical reactions actually taking place per unit time and surface
area. The latter quantity is an expectation value and depends therefore on
P (x), in contrast to a rate constant. Formally the rate constants are defined by
[38, 115]

W (x|y, t) = lim
∆t→0

p(x, t + ∆t|y, t)
∆t

. (3.4)

The conditional probability p(x, t′|y, t) describes how likely it is to find the
surface in state x at a time t′, when it was in the state y at a former time t.

3.1.1 Single and Two Site Reactions

On a surface a chemical reaction will only change the adsorbate state of a very
few sites. A process which changes the adsorbate state of N sites will be called
a N site process or a N site reaction. In this study we will restrict to single
and two site reactions. This reduces the number of nonzero RCs tremendously.
There are no two reactions taking place at the same time and eq. 3.4 therefore
gives W (x|y, t) = 0, when x and y differ in more than two entries. Furthermore,
in this work we will not consider lateral interactions. Since all energetics must
enter the ME by the RCs, this can only mean that the RC for a given process is
independent of those adsorbate states, which do not change during the reaction.
With these premises the RCs will have the structure

W (x|y, t) =
∑

i

Wi(xi|yi, t)
∏
l 6=i

δxlyl

+
1
2

∑
i 6=j

Wij(xi, xj |yi, yj , t)
∏

l 6=i,j

δxlyl
,

(3.5)

where the first term represents single site events and the second two site events.
If lateral interaction would come into play, Wi(xi|yi, t) and Wij(xi, xj |yi, yj , t)
would also depend on yl, l 6= i, j. We define the reduced probabilities

Πi(xi, t) =
∑

{xl|l 6=i}

P (x, t), (3.6)

Πij(xi, xj , t) =
∑

{xl|l 6=i,j}

P (x, t), (3.7)
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where the first is the probability of finding site i in the adsorbate state xi. In
a more chemical language this is the coverage of site i with the ’species’ xi. In
equation 3.7 Πij(xi, xj , t) is the joint probability of finding xi at site i and xj

at site j. We will call this two site or pair probability in the following.
From the master equation 3.3 and the structure of the RCs in eq. 3.5 we

find for the coverages

∂

∂t
Πk(xk, t) =∑
yk

Wk(xk|yk, t)Πk(yk, t) −
∑
yk

Wk(yk|xk, t)Πk(xk, t)

∑
j

∑
xjyjyk

Wkj(xk, xj |yk, yj , t)Πkj(yk, yj , t)

−
∑

j

∑
xjzjzk

Wkj(zk, zj |xk, xj , t)Πkj(xk, xj , t).

(3.8)

which easily obtained by summing over all xi except for xk. Leaving out a fur-
ther xl in the summation we arrive at an equation for the two site probabilities.

In the following we will consider only nearest neighbor reactions and presume
that all sites can be grouped by their type of site a. Further we restrict to
homogeneous problems, i.e. the system is translationally invariant. That is the
coverages Πk(xk, t) depend only on the type a of the site k not on its actual
position. Therefore all coverages for different sites are identical as long the
sites are of the same type. Correspondingly the RCs Wkj(xk, xj |yk, yj , t) will
also depend only on the relative position of sites i and j and on its arguments
of course. With a and b denoting the type of site for i resp. j we can set
Wkj(xk, xj |yk, yj , t) = wab(C,D|A,B, t), when i and j are nearest neighbors
and xk = C, xj = D, yk = A, and yj = B. All other Wkj(xk, xj |yk, yj , t) will
be zero due to the restriction to nearest neighbor processes. Since the number
of different types of sites should be small, independently of the total number of
sites, the number of independent RCs wab(C, D|A,B, t) is small and does not
depend on the system size. In the coverage Pa(A, t) the index a will denote the
type of site and A the adsorbate state.

Pa(A, t) = Πk(xk, t) (3.9)

when the site k has the type a and we can assign xk to A. Similarly to the
coverages for the pair probabilities the absolute position of the two involved sites
is not important anymore, only their relative position and their types. Since
we restrict to nearest neighbor reactions only nearest neighbor pair probabilities
will occur in the equation for the coverages. We denote the probability of finding
species A at site of type a and species B at a neighboring site of type b with
Pab(A,B, t). Similarly to the coverages

Pab(A,B, t) = Πkj(xk, xj , t) (3.10)
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when the sites i and k are nearest neighbors and we can assign xk to A and xj

to B. Equation 3.8 can then be reduced to

∂

∂t
Pa(A, t) =∑
B

wa(A|B, t)Pa(B, t) −
∑
B

wa(B|A, t)Pa(A, t)

+
∑

bBCD

Na
b wab(A,B|D,C, t)Pab(D, C, t)

−
∑

bBCD

Na
b wab(D, C|A, B, t)Pab(A, B, t),

(3.11)

where Na
b is the number of nearest neighbor sites of type b around an a-site.

Note if we define b not by the type of site, but by its relative position to the
site a, next nearest neighbor reactions and a directional dependence of the RCs
are easily included.

3.1.2 Reaction Rates

Up to now we have introduced coverages, pair probabilities and rate constants.
We did not show how these are related to the macroscopic reaction rates. For
that we consider the mass balance for surface species eq. 2.59 with the require-
ment of mass conservation in every reaction eq. 2.61

∂

∂t
ρ̂α =

Nreac∑
K

mα
s να

KsK (3.12)

If we define a surface species by the adsorbate type A and the site type a it
sticks to and if we denote this species with Aa, the relation

ρ̂Aa
s = mA

s Na,surfPa(A, t) (3.13)

can easily be established, where Na,surf is the number of a-sites per surface area.
Now consider the reaction rate sK with the reaction

Aa + Bb . . . → Da + Cb . . . (3.14)

where the dots imply that some gas phase species can also be involved in the
reaction. Rewriting the left hand side of eq. 3.12 in terms of the corresponding
coverage and comparing with eq. 3.11 we find

sK = −Na,surfN
a
b

νAa
s,K

wab(D, C|A,B)Pab(A,B, t). (3.15)

Note, that we have used the mass balance of a reactant for finding the expres-
sion for the reaction rate, therefore the minus sign in the beginning. Since
reactants have negative stoichiometric coefficients the reaction rates will always
be positive.
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Figure 3.1: The potential energy sur-
face is coarse-grained to its local min-
ima. In harmonic Transition State The-
ory the transition from a basin A to
another basin B is characterized by
the transition state TS separating both
minima. The corresponding RC is cal-
culated from the potential energy differ-
ence ∆E of A and TS and their vibra-
tional properties.

3.1.3 Sensitivity Analysis and Degree of Rate Control

A prevalent concept in chemical kinetics is the existence of rate determining
steps[116, 77]. That is which elementary steps need to be more likely for the
reaction to take place with a high rate and which elementary steps lower signifi-
cantly this rate, when we make them more likely (e.g. by modifying the catalysts
or reaction conditions). Knowing the rate-determining steps often allows to sig-
nificantly simplify a given complex mechanism. Another crucial point is that we
usually have an error in the rate constant. If this RC does belong to a step which
is not rate determining, we expect not much impact of this error and we can
hope to obtain the correct results when all other RCs are correct. Thus knowing
the rate-determining steps allows to restrict our attention to these steps and to
try to reduce only the error of the rate-determining steps. Campbell introduced
a measure for the rate-determining steps, the so-called Degree of Rate Control
(DRC)[14]. In the meanwhile the DRC has become a widely employed tool for
the analysis of complex reaction networks[71]. We employ a slightly modified
definition for the DRC[26, 79] for the sensitivity of the Kth stationary reaction
rate on the ith independent RC wi

Xi
rc,K =

wi

sK

(
∂sK

∂wi

)
wj 6=i

(3.16)

where wi = wab(D, C|A,B) if the ith reaction is given by eq. 3.15. We want to
call a reaction with a positive DRC rate-limiting, since increasing the number
of these reactions would increase the targeted reaction rate. This reaction is
in some sense a bottle-neck and limits therefore the reaction rate. We will
correspondingly call a reaction with negative DRC rate-enhancing, although
this wording is not intuitive.

3.2 First-Principles Rate Constants

Several different theories exist, that allow for the calculation of the RCs from
the underlying microscopic dynamics[44]. Because of the high temperatures a
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classical description of the microscopic scale is often sufficient. It is assumed that
the atoms obey Hamilton mechanics and their influence on each other is given
by the PES. The most employed and practical method for coarse graining from
microscopic to the mesoscopic scale is Transition State Theory in its harmonic
approximation (hTST)[77]. In hTST the reaction path connecting an initial
configuration A and a final configuration B is characterized by a transition
state (TS) (see figure 3.1). The TS is usually a saddle point separating the two
minima A and B. The modes perpendicular to the reaction path are assumed
to be harmonic and hTST reduces the necessary information of the PES to the
energy difference of A and TS and the vibrational modes at the TS and the
initial state A. Therefore only a few evaluations of the PES are needed and a
detailed simulation of the microscopic motion, e.g. molecular dynamics [37],
is not necessary. This makes the problem feasible to first principles methods
where a single evaluation of the potential energy E might last hours or longer
on modern parallel computers[97]. In hTST the rate constants have the general
form

wi =
kBTs

h

ZTS

ZA
exp

(
−∆Ei

kBTs

)
(3.17)

where ∆Ei is the activation barrier, the potential energy difference between
initial state A and the transition state TS. Ts is the temperature at the surface.
The (classical) harmonic vibrational partition function in the initial state ZA is
calculated with all modes, while only those modes perpendicular to the reaction
path contribute to the partition function ZTS in the transition state.

The surface area occupied by one unit cell will be denoted with Aunit. In
each unit cell there might be different adsorption sites, each defining one site
type. We want to consider adsorption, desorption and diffusion of adsorbed
species. Reactions like the formation of CO2 from adsorbed oxygen and CO
will be modeled as associative desorption reactions. The RCs for the adsorption
of species α can expressed by the partial pressure pα

s and the temperature at
the surface.

wα
ad(pα) = fα

ad(Ts) exp
(
−∆Eα

ad

kBTs

)
pα
s Aα

ad

2πmα
(3.18)

The local sticking coefficient fα
ad(Ts) exp

(
−∆Eα

ad
kBTs

)
was multiplied with the im-

pingement rate pα
s Aα

ad
2πmα from kinetic gas theory, i.e. number of gas phase molecules

impinging through the active area Aα
ad. The active area Aα

ad is characteristic
for the involved sites. Only gas molecules with an initial position in the active
area contribute to the adsorption rate. The desorption RCs are conveniently
obtained by detailed balance

wα
des = exp

(
−∆Gα

ad

kBTs

)
wα

ad (3.19)

=
Aα

ad

Aunit
fα
des

kBTs

h
exp

(
−∆Eα

des

kBTs

)
(3.20)
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The free reaction enthalpy ∆Gα
ad is approximated with

∆Gα
ad = δµα

Ch(pα
s , Ts) − Eα

ad − kBTs ln z,ad,vib (3.21)

where δµα
Ch is the gas phase chemical potential minus its zero Kelvin component,

which can be obtained on the same basis as the specific internal energy, eq.
2.34. Eα

ad is the binding energy on the surface (site specific) and z,ad,vib is the
vibrational partition function of the adsorbed species (only those which were
involved in the reaction). For diffusion events hTST gives

wdiff = fdiff(Ts)
kBTs

h
exp

(
−∆Ediff

kBTs

)
. (3.22)

The formulas for the RCs for the mesoscopic scale contain parameters which
are connected with the shape of the microscopic PES. The classical top-down
approach is to fit these parameters to experimental data. Since often many
different mechanism can fit a given data set equally well[70], one arrives at an
effective microkinetic model, which needs not to have any microscopic meaning.
Moreover, even for one and the same mechanism different parameter sets might
reproduce the experimental findings with the same accuracy. An example is the
here investigated CO oxidation at RuO2 which is invariant under an exchange
of site types. Exchanging in table 3.1 to 3.3 “br” against “cus” and vice versa
we arrive at a microkinetic model which gives the same overall reaction rates as
before.

Because of this invariance with respect to different mechanisms and parame-
ter sets a different approach has been developed, which uses parameters obtained
from the underlying electronic structure, i.e. a bottom-up approach[97]. This
allows to determine the mechanism and the kinetic parameters without fitting
to experimental data. The need of quantum mechanics[80, 36] is the price for
this very small scale we start with. The most known and applied approach to
quantum mechanics is via the Schrödinger equation (SE). Knowing the involved
nuclei and the number of electrons the SE for this problem can be written down
without a single parameter, that needs to be determined experimentally. As
long as we do not deal with nuclear reactions or relativistic effects this SE de-
scribes all natural phenomena and experimental findings can be predicted from
its solution, the wave function. Due to this universality the SE is regarded as a
first principle, i.e. a natural law free of adjustable parameters. Methods which
use the SE for electrons and nuclei as a basis are therefore called first principles
or ab-initio methods. The problem is that we can not solve this equation except
for the very simplest systems, even not numerically, since it is a partial differ-
ential equation on a 3(Nelec + Nnucl)-dimensional space, where Nnucl and Nelec

is the number of nuclei and electrons in the system, respectively. We therefore
need to introduce some approximations. The first is to separate the motion of
nuclei and electrons, the Born-Oppenheimer approximation[10, 111]. The time
scale of the nuclear motion is orders of magnitude larger than that for the mo-
tion of the electrons due to the much smaller mass of the latter. The nuclei
are then regarded as immobile on the timescale of electronic motion and the
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electrons move in an external Coulomb field determined by the positions and
charges of the nuclei. Doing so leads to the electronic SE, which now depends
only parametrically on the nuclei. On the larger time scale of nuclear motion the
electrons relax quasi instantaneously to their ground state. Assuming a quasi
infinite time scale separation the potential energy for the nuclei in space is given
by the electronic ground state energy plus the Coulomb interaction between the
nuclei.

Even though we have now introduced a rule for obtaining the PES this rule
is still not practical, since the electronic Schrödinger equation is still a very
high-dimensional partial differential equation. So further approximations are
needed. The quantum chemical (or wave function) methods provide a whole
hierarchy of approximations, among the most popular are the very approximate
Hartree-Fock, the more accurate Møller-Plesset perturbation theory, and the
very accurate coupled cluster approach (for an introduction to wave function
methods see e.g. [111, 65]). Unfortunately the computational complexity in-
creases rapidly with increasing accuracy. Due to their high computational costs
Coupled Cluster approaches are not feasible for surfaces and other periodic sys-
tems at all. Hartree-Fock and second order Møller-Plesset can be applied to
surfaces, where the latter is a formidable task [52, 75]. Unfortunately both
methods do not allow for an accurate description of metal oxide surfaces.

A different branch of electronic structure methods is Density Functional
Theory (DFT). It is based on the Hohenberg-Kohn theorem [50], which state
that the electronic energy Eelec of a system can be represented by

Eelec =
∫

dV n(r)V (r) + FHK[n(r)], (3.23)

where V (r) is the external potential, i.e. the Coulomb potential of the nuclei,
and n(r) is the electron density. The Hohenberg-Kohn functional FHK[n(r)]
depends solely on the electron density and not on the involved nuclei. It is
therefore universally applicable to any system to which the electronic SE can
be applied. The electronic ground state energy is found by minimizing Eelec

with respect to to n(r). The problem is thus reduced from 3Nelec to three
dimensions. However, there exists no explicit formula for the Hohenberg-Kohn
functional only a proof of its existence. Therefore an impressive number of
approximate functionals exits, unfortunately without a hierarchy in accuracy.
Almost all today employed density functional calculations make use of the Kohn-
Sham equations [63], which work with single particle wave functions instead
of the electron density. Thereby the number of unknown 3-dimensional fields
multiplies by a factor of at least Nelec, but this approach allows to formulate
more reliable kinetic energy functionals than on basis of the electron density
alone. In [97] the functional developed by Perdew, Burke and Ernzernhof (PBE)
for exchange and correlation was employed.

Due to the approximate character of the HK functionals one has to live with
a certain systematic error. Usually DFT performs reasonably well for determin-
ing local minima and transition state geometries and vibrational frequencies but
not so good for the energies. This error is often stated as ∼ 0.1−0.2 eV, leading
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to an inaccuracy of a few orders of magnitude in the rate constants. We can
thus a priori not expect quantitative agreement with experimental data. There-
fore the empirical top-down approach is still in favor when quantitative data
is required, as it is the case in engineering applications, where a quantitatively
correct representation of the macroscopic response in the boundary condition
eq. 2.73 is more important than microscopic understanding.
Being the most accurate of the feasible methods for obtaining the barriers DFT
is still computationally very demanding, so that its application to complex reac-
tion mechanism becomes soon intractable. The high computational complexity
forces us to make a selection of those rate constants, which should be treated
by DFT and which can be treated with less accurate but therefore very efficient
methods. Starting with a set of approximate RCs and employing the DRC we
can identify those RCs, where changes matter most for the reaction rates and
which we need to refined. The remaining inaccuracy of DFT for the rate con-
stants also makes it interesting to apply more accurate methods. For metallic
surfaces like the here investigated RuO2(110), there are not very many methods,
that improve accuracy over standard DFT. One such method is the Random-
Phase Approximation, which has recently attracted some interest and which
was able to resolve some drawbacks of of the known DFT functionals[46, 91].
The selection which numbers to improve on can be based on the DRC criterion
again. Making use of the DFT geometries for minima and transitions state the
number of energy evaluations with more accurate higher order methods can be
further decreased and an application of those methods to the here described
problems seems to be feasible in the nearer future.
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Figure 3.2: Left: Top view of of the RuO2 surface (red: oxygen, green: ruthe-
nium). The surface exhibits two dominant adsorption sites where CO and O
can bind: bridge between two ruthenium atoms and cus on top of a ruthenium
atom. The surface unit cell is (3.12 Å x 6.43 Å) u 20 Å2. Right: The employed
lattice model with the br and cus sites aligned in rows. Each site can have three
adsorbate states: CO covered (blue ball), oxygen covered (red), and empty (no
ball). The possible processes are adsorption and desorption of CO and oxygen,
surface diffusion and the formation of CO2 from adsorbed CO and oxygen.

Table 3.1: Parameters for the RCs for CO and O2 ad/desorption (from [97]).

∆Eα
ad ∆Eα

des Aα
ad/Aunit fα

ad

CO ↔ COcus 0 1.60 0.5 1.0
CO ↔ CObr 0 1.30 0.5 1.0
O2 ↔ Ocus + Ocus 0 2.00 0.5 1.0
O2 ↔ Obr + Obr 0 4.60 0.5 1.0
O2 ↔ Obr + Ocus 0 3.30 0.5 1.0

3.3 CO Oxidation at RuO2(110)

The CO oxidation at RuO2(110) has been studied extensively over the last years,
both experimentally and theoretically. The accepted picture is that the chemical
kinetics predominantly takes place at two different types of adsorption sites, the
so-called bridge (br) and coordinatively unsaturated (cus) sites, resp.[85, 97].

We use the DFT based microkinetic model developed by Reuter[97], which
has shown to be in good agreement with UHV experiments[95, 99]. The smallest
surface unit cell has a size of Aunit u 20Å2. The clean surface, i.e. without
adsorbates in shown in the left panel of figure 3.2. Oxygen is depicted as red
spheres, and ruthenium as green spheres. The surface structure implies to use
a lattice model, where br and cus sites are aligned in alternating rows (see right
panel in figure 3.2). In an atmosphere composed only of CO, O2, and CO2 the
only two surface species are atomic oxygen (red balls) and carbon monoxide
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Table 3.2: Parameters for the RCs for the diffusion of CO and O (from [97]).

∆Eforw ∆Eback fα
diff

COcus ↔ COcus 1.70 1.70 1.0
CObr ↔ CObr 0.60 0.60 1.0
COcus ↔ CObr 1.30 1.60 1.0
Ocus ↔ Ocus 1.60 1.60 1.0
Obr ↔ Obr 0.70 0.70 1.0
Ocus ↔ Obr 1.00 2.30 1.0

Table 3.3: Parameters for the RCs for formation of CO2 from adsorbed CO and
O2 (from [97]).

∆ECO2 Aα
CO2

/Aunit fα
ad

COcus + Ocus ↔ CO2 0.9 0.5 0.5
CObr + Obr ↔ CO2 1.5 0.5 0.5
COcus + Obr ↔ CO2 1.20 0.5 0.5
Ocus + CObr ↔ CO2 0.80 0.5 0.5

(blue balls), which both occupy only one site each. CO2 does not bind to the
surface and leaves it as soon as it is formed. The elementary processes included
in the kinetic model are adsorption and desorption of reactants (CO and O2),
where oxygen adsorbs dissociatively and CO molecularly, diffusion of adsorbed
species to a neighboring vacant site, and formation of CO2 from adsorbed oxygen
and CO, referred to as reaction steps in the following. These are in total 26
different elementary steps. The model includes no lateral interactions, which
is reflected by all ∆E being independent of the arrangement of the adsorbates
on the surface. The adsorption and desorption of CO and O2 is modeled with
the equations 3.18 and 3.19. The temperature dependent part of the chemical
potential ∆µα

Ch is taken from thermochemical tables [110], all other necessary
parameters can be found in table 3.1. Diffusion is modeled according to equation
3.22, the possible diffusion processes and the necessary parameters are given in
table 3.2. The reaction events are modeled according to equation 3.20. The
necessary kinetic parameters are shown in table 3.3. The re-adsorption of CO2

is very unlikely due to sizable barriers for these processes. These can be easily
calculated from the adsorption energetics of the reactants, the gas phase zero
Kelvin energy of CO2 in table 2.1 and the barrier for CO2 formation. Regardless
of the partial pressure of CO2 the adsorption of this species is so unlikely, that
these processes have no impact on the reactivity at all.
We will concentrate on steady-state operation, so the TOF is the only relevant
macroscopic reaction rate for the determination of the jump conditions for the
diffusive mass fluxes, eq. 2.78. The TOF is the sum of the reaction rates of the
four different possible CO2 reaction steps. Writing it in terms of probabilities
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eq. 3.15 we find

TOF/Nsite = wbr,br(∗, ∗|O,CO)Pbr,br(O,CO)
+ wcus,cus(∗, ∗|O,CO)Pcus,cus(CO,O)
+ wbr,cus(∗, ∗|O,CO)Pbr,cus(O,CO)
+ wbr,cus(∗, ∗|CO,O)Pbr,cus(CO,O)),

(3.24)

where Nsite is the number of sites (br and cus) per unit area and the asterisk
stands for a vacant site.

3.4 Solving the Master Equation

The ME can hardly be solved explicitly because of the exploding number Nstate

of possible states x with increasing number of sites Nsites. As an example we con-
sider a (10x10) lattice where each site can have two different adsorbate states, so
that Nstate = 2Nsites = 2100 ≈ 1030. The coupled differential equation system eq.
3.3 for the Nstate unknown probabilities becomes numerically unsolvable simply
by its size - even for this moderately sized problem. Yet, even if we could solve
the ME for what do we need all this information for? In the macroscopic catal-
ysis context we are only interested in reaction rates. Microscopically coverages,
two or three site probabilities are interesting quantities, or if islands form and
which shape they have. So we need much less information than what is con-
tained in P (x, t). Methods are therefore welcome, which only deliver a reduced
amount of information, but therefore are computationally less demanding (i.e.
feasible). We present two methods, which are both used in catalysis research
and represent the two extreme ends of solution techniques. The first - kinetic
Monte Carlo (kMC) - is a numerically exact method to obtain expectation val-
ues like reaction rates. That is the error is controllable and can in principle be
reduced to zero, if enough computing resources are provided. The second is the
so called phenomenological kinetics (PK). It only considers the coverages and
uses eq. 3.11 to derive rate equations. It is conceptually and computationally
much less demanding than kMC, which makes it the method of choice in most
of all kinetic studies in present day practical research[17]. This advantage comes
for the cost that a more or less physical assumption has to be made in order to
express the pair probabilities in terms of the coverages. A systematic error is
introduced, which can not be reduced regardless of the resources invested.

3.4.1 Kinetic Monte Carlo Simulation

As already mentioned kMC is a numerical method to obtain expectation value,
which differ only by a controllable numerical error from those obtained by a
direct solution of the ME[11, 40, 55, 120]. The idea behind kMC is based on
the fact that the ME describes the dynamics of jump processes. The desired
expectation values are obtained by generating a series of trajectories of such
jump processes, the statistics of which formally obey the ME, and finally by
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performing statistical averaging over these trajectories to obtain expectation
values. With an increasing number of trajectories the approximated statistical
average will tend to the probabilistic average obtained from the solution of the
ME for P (x, t).

Due to the stochastic nature of the process there exist an uncountable num-
ber of possible trajectories starting from the same initial configuration x. Ac-
cordingly many different rules for generating a trajectory exist and a number
of different kMC algorithms have been developed over the years. There are two
families of kMC algorithms, namely rejection-free and null event algorithms.
Generally a kMC algorithm consists of a sequentially generated number of time
steps, at which the lattice configuration x is updated. Null event algorithms
allow for time steps at which no event is executed. That is why they are often
considered to be not so efficient, and also the connection of a time step to real
time is not trivial. Rejection-free algorithms on the other hand adjust the time
step so that one event is executed per time step and they allow for a proper
connection to real time. A good review on different flavors of null-event and
rejection-free kMC algorithms is given by Chatterjee and Vlachos[16]. Here we
will employ a rejection-free kMC algorithm, the so-called direct kMC. The idea
is first to determine the (random) waiting time for which a given state x stays
unchanged. Then a process is selected with a probability on the basis of its RC
and the state is updated according to the selected process. It can be shown that
the waiting time obeys an exponential distribution[35, 51]. Thus the waiting
time can be obtained by

twait = − 1
W

ln(ξ1), (3.25)

with uniformly distributed random numbers ξ1 in [0, 1]. The total rate W is
given by sum over all rate constants of possible processes. The probability of
a certain process i to appear is wi/W , where wi is the RC of that process.
Having Np processes a certain process can be selected by dividing [0, 1] into
Np intervals, each assigned to a process i and with the width wi/W . Then a
second uniformly distributed random number ξ2 ∈ [0, 1] is drawn. The process
is executed in which interval ξ2 lies.
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Thus we can write the kMC algorithm as

1. initialize lattice x, process list {wi} and time t = 0

2. select two random numbers ξ1, ξ2

3. calculate total rate W =
∑Np

i wi

4. select process l by
l−1∑
i=1

wi ≤ ξ1W <

Np∑
i=l+1

wi (3.26)

5. execute process, update x and {wi}

6. update time t → t − ln(ξ2)/W

7. t < tend go to 2

8. end

Homogeneous systems are mimicked by employing periodic boundary condition,
i.e. lattice sites located at opposite boundaries of the lattice are treated as
neighbors. The size of the replicated periodic images is constrained by the
requirement, that a site should not ’feel’ its periodic image. In other words
the two sites i and j would be uncorrelated, i.e. Πij(xi, xj) = Πi(xi)Πj(xj),
if they were more than the lattice size away from each other. In the direct
method the process list is updated by going through the whole lattice and
counting all possible processes in each step. More elaborate update algorithms
exist achieving a better scaling with the number of sites[16], but for our case
we can stick to simple updating, since we only need to consider a moderate
number of sites. We employ a 20x20 lattice, which is sufficient for this system
[112], exhibiting no far range correlation. Stationary data is obtained by time
averaging, running the simulations until the steady-state is reached. In practice
we run the simulation for at least 108 steps starting with the final lattice from
a previous simulation with similar reaction conditions. Accurate steady-state
data is obtained by averaging over the last 3×107 steps, which ensures that the
numerical error is negligible for a non-vanishing TOF. The TOF is obtained by
counting the number of reaction events, not by equation 3.24.

3.4.2 Classical Phenomenological Kinetics

Phenomenological kinetics (PK) is the most widely employed tool to study chem-
ical kinetics in catalysis[27, 17]. To arrive at the PK description equation 3.11
needs to be closed, i.e. we need to express the pair probabilities in terms of
the coverages. We will term a theory relating the pair probabilities and the
coverages a correlation model. Nearly exclusively all work has been performed
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employing a mean-field approximation (MFA)[23, 17]. We assume that the ad-
sorbed species are equally distributed on the surface. In this situation species A
on a site a will always be observed with the same probability independently of
what is adsorbed at a neighboring site b. Therefore the conditional probability
Pab(A|B, t) = Pab(A, B, t)/Pb(B, t) does not depend on B and we find

Pab(A,B, t) = Pa(A, t)Pb(B, t). (3.27)

We insert this expression into equation 3.11 and compare this to the standard
formulation of PK

dPa(A, t)
dt

= . . .

Nreac∑
α

νAa
α kPK

α (Pb(B, t)Pc(C, t))α (3.28)

for the generic reactions Bb(α) + Cc(α) → Db(α) + Ec(α), where Nreac is the
number of different reactions and νAa

α is the stoichiometric coefficient of Aa in
reaction α. The dots imply that we have left out the single site processes, since
they have already the desired form. The index at the brackets imply that b, B,
c, and C depend on the reaction α. We find that the RC kPK

α for the reaction
Aa + Bb → Ca + Db used in the standard formulation of PK is usually by a
factor Na

b larger than the RC in the ME. The only exception is when site b has
the same adsorbate state as site a before and after the reaction and both are of
the same type. For these cases the PK RC is only Na

b /2 larger.
Notwithstanding its importance a derivation of the rate equation of PK from

the more accurate stochastic model eq. 3.3 lacks in almost all textbooks on sur-
face kinetics and catalysis2. This becomes even more astonishingly considering
that all textbooks treat the theory of RCs on a quite detailed level. Nota bene
for a set of parameters which will be fitted to experimental data in almost all
cases. In the meanwhile this common neglect of the statistical basis of PK has
led to some strange developments. For instance it is common to incorporate
lateral interactions into classical PK by coverage dependent reaction barriers.
This would lead to a coverage dependence of the rate constants [23]. However,
this is unphysical since a barrier is a microscopic quantity while coverages can
be regarded as macroscopic statistical averages. No microscopic quantity can
depend on the latter. Also from the structure of the general master equation 3.3
it is clear that the right hand site of the rate equations can only depend poly-
nomially on the coverages, actually with a low order of the polynomial since
lateral interactions are in general short ranged. Coverage dependent barriers
would contrariwise lead to an exponential dependence.

In this work simulation results for the phenomenological theories has been
obtained by numerical integration of the occurring differential equations with
the lsode solver[48]. The employed discretization scheme is the stiff backward
differentiation formula method and the tolerance is 10−12 for the relative and
absolute error of all six coverages.

2Actually we found none, where such a derivation was performed. Therefore the detailed
introduction into the stochastic description of surface reactions.
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Figure 3.3: Turnover frequency (TOF)
for Ts=600K, pO2

s =1atm, and vary-
ing pCO

s obtained with different meth-
ods: kMC (black squares), MFA (red
line). Depending on pCO the surface is
in different coverage states: fully oxy-
gen covered at low pCO

s (white back-
ground), fully CO covered at high pCO

s

(blue background), and an intermedi-
ate regime with both species on the sur-
face in appreciable amounts (gray back-
ground). The MFA gives good agree-
ment for high CO coverage, but deviates
strongly for high oxygen coverage.

3.5 Accurate and inefficient vs. efficient and in-
accurate

For the steady-state CO oxidation at RuO2(110) we want to compare the results
obtained by kMC, very accurate but also very expensive, with the findings of the
PK, very efficient but also equipped with a crude approximation. Employing the
same microkinetic model any deviation of the PK results from those obtained
with kMC must solely originate from the MFA. Such a comparison for the CO
oxidation at RuO2(110) had just been performed by Temel and co-workers[112],
when the present PhD thesis was started. They used the traditional textbook
approach starting from the rate equations 3.28 and identifying the PK-RC with
the 1p-RC. Further diffusion was not considered, as it is common in classical
PK. For the bridge to bridge or cus to cus diffusion this does not matter since
the reaction rates cancel out already in equation 3.11 before any approximation,
but the diffusion between different site types is not zero a priori. Here we keep
it and also use the proper prefactors.

The steady-state turnover frequency (TOF) obtained with different methods
is shown in fig 3.3. The operating conditions are 1 atm oxygen partial pressure
pO2
s , a temperature Ts of 600K and varying CO partial pressure pCO

s . This kind
of ’experiment’ was conducted in the studies of the employed 1p-microkinetic
model[97, 79, 112] and we stay with it, so that we can make use of the findings
stated there. The range of CO partial pressures pCO

s ∈ [10−4, 102] and the
oxygen partial pressures were chosen so, that the surface undergoes all relevant
surface states at ambient pressures from fully oxygen covered at lowest pCO

s to
fully CO covered at the highest pCO

s .
We first discuss the kMC results which are the black squares in fig 3.3. At

very low pCO
s the surface is fully oxygen covered and the reactivity is very low

(white background). Increasing pCO
s the TOF increases and the surface becomes

populated by both, CO and oxygen (gray background). We will call this range
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Figure 3.4: The different contributions to the total TOF for Ts=600K,
pO2
s =1atm, and varying pCO

s obtained with kMC (left panel) and MFA
(right). Shown are the reactions COcus + Ocus (red), COcus + Obr (blue) and
Ocus + CObr (green). At very high and very low CO partial pressures MFA and
kMC predict the same dominant reaction mechanism, albeit MFA overestimates
the TOF for the former regime by 3 orders of magnitude. In the intermediate
regime MFA fails to give the correct answer to this question. Anyhow the MFA
still agrees quantitatively with kMC for pCO

s = 10 atm.

of gas phase condition the intermediate regime. After the reactivity reaches a
maximum at about pCO

s = 7 atm the surface gets more and more CO poisoned,
leading to a completely CO covered surface for high pCO (blue background).
Under all reaction conditions the surface is fully covered with adsorbates and
the concentration of vacancies is low. If we now have a look at the MFA data (red
line) we see that we have a nearly perfect agreement for the last regime. Yet, the
more oxygen is on the surface the more the MFA deviates from the reference
kMC simulations, even showing high activity where the kMC determines the
catalyst to be nearly inactive. For the lowest pressures of CO the mismatch is
three orders of magnitude. The differences for the coverages are mainly a less
rapid change with partial pressure and therefore a wider transition regime.

Despite this tremendous quantitative difference most qualitative features of
the correct kMC results also appear in the MFA curve. This is a reaction
order (see appendix B) of one for the lowest CO partial pressures followed
by an increase of the reaction order at 10−2 < pCO

s < 10−1. The maximum
reactivity is reached for pCO

s ≈ 3atm. For higher CO partial pressures the
reaction order is minus two. Different from experiment we can resolve the TOF
data in more detail and compare the contributions to the total TOF from the
different reaction channels (see figure 3.4). Both theories give the same dominant
reaction paths for very high and very low pCO

s . At low pCO
s the dominant path is

the COcus + Ocus reaction (red line), at high pCO
s it is the CObr + Ocus reaction

(green line). Also the relative contribution to the total TOF of the second
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Figure 3.5: DRC for Ts=600K, pO2
s =1atm, and varying pCO

s obtained with
kMC (left panel) and MFA (right). The TOF is only sensitive to the adsorption
and desorption of CO on cus sites (green filled and empty circles, resp.), the
adsorption and desorption of oxygen on cus sites (red filled and empty circles,
resp.), and the COcus + Ocus reaction (blue squares). For high pCO

s MFA re-
produces the kMC sensitivity nearly perfectly. This agreement extends to lower
pCO
s until the kMC TOF changes its slope.

largest reaction rate is well described by the MFA for very low and very high
CO partial pressures. In the intermediate range the differences between both
approaches are more prominent. At the partial pressures where each theory
has its maximum we find that this highest reactivity is differently composed:
the MFA predicts same contributions to the TOF by the COcus + Ocus and
CObr + Ocus reactions, while with kMC the whole reactivity is due to the former
reaction channel. At a slightly higher pCO

s = 10atm both approaches give the
same total TOF value. But kMC still predicts the COcus + Ocus reaction to be
dominant, which is only of minor importance in the MFA. So the MFA can not
be valid anymore, although it agrees quantitatively with the exact kMC results.

To shine further light into into the reasons behind these discrepancies we
investigate the DRC obtained with kMC[79] (see left panel in figure 3.5). In
the whole range of studied gas phase conditions there are only a few elementary
steps, which are rate determining. These are the adsorption and desorption of
oxygen and CO on cus sites and the reaction involving only cus sites. At the
highest pCO

s the adsorption of O2 is found to be rate limiting as well as the
desorption of CO. Increasing the CO adsorption decreases the TOF (which we
call a rate enhancing step, see section 3.1.3). In the other limit of low pCO

s we find
that now the adsorption of CO and the desorption of oxygen are rate limiting and
the corresponding backward reactions are rate enhancing. Further the dominant
reaction (the COcus + Ocus reaction) is rate limiting. Both findings can be
explained in a unified manner. In both limits we have a majority species (MaS),
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which covers uniformly the whole surface. In order to enable the reactions
we have to bring the minority species (MiS) onto the surface. For that we
need vacant sites produced by the desorption of the MaS and therefore this
process is rate limiting. Since the vacant sites need to be filled with an MiS
the corresponding adsorption is also rate limiting. This adsorption of a MiS of
course only occurs, when the vacant site is not filled again by an adsorption of
the MaS. Thus the MaS adsorption is rate enhancing. The adsorbed MiS can
now desorb again or react. If the occurring reaction is very fast, i.e. it has a
low barrier, and the desorption of the MiS is slow (compared to the reaction)
the reaction will take place as soon as a MiS is adsorbed. In this case the MiS
desorption is not rate determining, since only a very few of the adsorbed MiS
desorb and doubling this number will lead only to a minor decrease of those MiS,
which leave the surface by reaction. This is the case for the highest pCO

s , where
the dominant CObr + Ocus reaction has a barrier of 0.8 eV which is much smaller
than the barrier for oxygen desorption (lowest: 2.0 eV). For the other extreme
pCO
s = 0.5 atm the br sites are blocked by oxygen due to the high barriers for

oxygen desorption involving a br site. Thus the COcus + Ocus reaction is the
dominant reaction channel. The barrier of this process (0.9 eV) is higher than
for the CObr + Ocus reaction and the reaction steps is rate limiting. Further the
barrier for CO desorption from a cus site is now in a comparable size (1.3 eV).
The DRC shows this elementary step to be rate enhancing: blocking this step
will increase the TOF.

Comparing the MFA data (right graph in fig. 3.5) with the kMC results we
have a quantitative agreement for high CO partial pressures. Similar to kMC all
none zero DRCs change their sign when crossing the intermediate region. But
differently the MFA DRCs show no peak structure in the intermediate regime.
At the lowest pCO

s = 0.5 atm the MFA agrees quite well with the reference kMC
results with one exception: the TOF is completely insensitive to the oxygen
desorption. This is in contradiction to the before considered properties of a
surface fully covered with one species. On such a surface the desorption of the
MaS must be rate determining. With the larger extent to lower pCO

s of the
intermediate regime for MFA we expect the limit of a oxygen covered surface to
be shifted to comparatively lower pCO

s . So we have to consider even lower CO
partial pressures to reach this regime. Now we observe similar results as with
kMC for pCO

s = 0.5 atm especially the oxygen desorption is rate enhancing (not
displayed).

The question arises what is the origin of the good agreement between MFA
and kMC for the total TOF at pCO

s = 10 atm, although both give different
values for the partial TOFs. At the highest pCO

s the MFA is valid and both
agree quantitatively for the total TOF as well as for the different contributions.
Also the DRCs obtained with MFA and kMC, resp., agree quantitatively at
these pressures. At the lower pCO

s = 10 atm both kMC and MFA still show the
same DRC, which explains the good agreement. Since we can always write the
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pressure dependence of the TOF as

TOF (pCO
s = 10) = TOF (pCO

s = 100) +

pCO
s =10∫

pCO
s =100

(
∂TOF

∂pCO
s

)
∂pCO

s =p∗
dp∗ (3.29)

both MFA and kMC agree if they provide the same derivative with respect to
pCO
s for pCO

s ∈ [10, 100]atm. In other words they agree because they show the
same sensitivity for the CO adsorption, since the TOF depends only on the par-
tial pressures by the corresponding adsorption rate constants. This finding can
be brought into a stronger statement: Suppose the correlation model (e.g. the
MFA) of a phenomenological theory is fulfilled at certain reactions conditions
and it is violated in a neighborhood of these reaction conditions. This model
still gives the correct answer in the whole neighborhood as long the rate deter-
mining steps and their importance (aka DRC) are reproduced correctly. The
requirement of reproducing the rate determining steps is much weaker than the
requirement of a proper correlation model. This might serve as an explana-
tion why phenomenological models work so well although the assumptions they
are based on are not appropriate. This insensitivity of the macroscopic reac-
tion rates also shows that findings from phenomenological models should not
be over-interpreted: Suppose we have a correlation model which reproduces the
reaction rate quantitatively for a range of reaction conditions. Further we val-
idate this model by experiments, which allow for a direct microscopic access.
Now usually this detailed microscopic data is much more difficult to obtain
than macroscopic reaction rates and we therefore restrict to one set of reaction
conditions. Of course one would like to use the model now to gain insight on
the microscopic behavior at different reaction conditions. But by doing so we
overstress the correlation between microscopic and macroscopic behavior; just
because the model represents the microscopic behavior at some certain reaction
conditions and reproduces the macroscopic rates also at different conditions, it
is not said that it also represents the microscopic behavior at these different
conditions!
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Figure 3.6: Turnover frequency (TOF) for Ts=600K, pO2
s =1atm, and varying

pCO
s obtained with different methods: kMC (black squares), MFA (red line),

MPK (green line), and analytical results for the limits (purple: based on MFA;
blue: based on MPK). The insets show typical surface states, where oxygen
is displayed red, CO blue. The rows of bridge sites are marked gray and cus
rows white. The modified PK behaves opposite to the MFA. It agrees well for
high oxygen coverage, but for high CO coverage its assumptions are not valid
anymore and it fails.

3.5.1 Modified Phenomenological Kinetics

Why does the MFA work well in the CO covered regime and fails so tremen-
dously for the oxygen covered surface? In both cases we have no lateral inter-
actions and the surface is uniformly covered with one single species. In order
to arrive at a better description of the oxygen covered regime we have to iden-
tify those terms in equation 3.11 which are not well approximated by a MFA
and have an impact on the simulation results. Since each term in 3.11 can
be associated to a certain reaction, it seems reasonable to start with the rate-
determining steps. This does not mean that other terms are well described,
but an error in these will have less impact on the overall reactivity. From the
previous comparison we know that in the considered regime only five reactions
are rate-determining. These are the adsorption and desorption of CO on cus
sites, adsorption and desorption of oxygen on two cus sites and the reaction
to CO2 where both reactants are adsorbed on cus sites. Since ad/desorption
of CO is a single site process the terms associated with these reactions are
exactly described because no MFA is necessary (see eqn. 3.11). For the desorp-
tion of oxygen we need Pcus,cus(O,O). Since the surface is fully oxygen covered
Pcus,cus(O,O) u 1 which also holds for the coverages and therefore for their
product. Hence the MFA for this term can not be responsible for the large



3.5. KMC VS. PK 67

deviation. Thus the major source of error must lie in the MFA for Pcus,cus(∗, ∗)
(oxygen adsorption into vacancies) and Pcus,cus(CO,O) (formation of CO2). At
an oxygen covered surface vacancies are mostly created by the desorption of
oxygen. For RuO2(110) we have three different types of oxygen desorption and
the desorption from two cus sites occurs most often in the kMC, since it has
the lowest barrier. The desorption is associative and empty cus sites are formed
in pairs. Under the investigated conditions the RCs for diffusion of oxygen are
much lower than the adsorption RC for oxygen. As a consequence the formed
vacancies can be regarded as immobile and the vacancy pair is stable until the
an oxygen molecule is adsorbed again. This is confirmed by kMC simulations,
where we only observed vacancies occurring in pairs (as displayed by the inset
for the oxygen covered regime). This concerted appearance of vacancies next
to each other is definitely not well described by a MFA. If we find a vacancy
on a cus site one of the neighboring cus sites will also be empty in almost all
cases, not with a probability proportional to the coverage of vacancies as the
MFA implies. Now also a CO molecule can adsorb on one of the vacancies.
Since oxygen needs two adjacent sites for the adsorption the other site will stay
empty or adsorb a further CO molecule. Thus when one finds a CO adsorbed on
a cus site only one of the neighboring cus sites will carry an oxygen. The other
cus site will be empty or covered with CO. The above considerations imply for
the pair probabilities

Pcus,cus(∗, ∗, t) =
Pcus(∗, t)

2
,

Pcus,cus(CO,O, t) =
Pcus(CO, t)

2
.

(3.30)

Replacing the corresponding MFA expressions by the above we arrive at the
green line in figure 3.6. We see that the modified phenomenological kinetic
(MPK) model matches the true solution for high oxygen coverage and deviates
from it for higher CO pressures. The above analysis now also allows an explana-
tion why the MFA overestimates the TOF in this regime. The limiting factor for
the formation of CO2 at a high oxygen coverage is to get CO on the surface. If
we place vacancies randomly on the surface, it is rather unlikely that an oxygen
molecule finds a pair of neighboring vacancies. Thus much more vacancies are
available for CO adsorption and the TOF will be higher.

For the CO covered regime we can now also explain why the MFA works so
well there. In this regime there are only three rate determining steps. These
are the ad/desorption of CO on cus sites and the adsorption of oxygen on cus
sites. This means that occurrence of vacancy pairs is the important point in
the phenomenological modeling similar as before. However, now the situation
is different: on a fully CO covered surface the main process of vacancy creation
is the CO desorption. Since this frees always only a single site, vacancies will
be formed at a random position and the MFA is a valid assumption.

The results obtained by the MPK agree too well with the kMC data. Not
for very low CO partial pressures. Here we have a fully oxygen covered surface
and we expect the MPK to work well, since it was derived especially for this
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Figure 3.7: Same as 3.4 but MPK results are displayed in the right panel instead
of MFA. For the extreme conditions it was derived MPK predicts correctly the
dominant reaction mechanism. But already at 0.1 atm it favors the CObr + Ocus

reaction, while the COcus + Ocus is still by far the most occurring reaction at
these conditions.

regime. However, near the maximum the assumptions, which led to eq. 3.30,
are not fulfilled and the MPK still matches the kMC results. This agreement is
not because the MPK correlation model correctly reflects the microscopy for the
intermediate reaction conditions. In some sense this is not so surprising, the cor-
relation model is constructed so that it agrees with the MFA for Pcus(O) = 0.5.
With MPK having a much lower activity than MFA for high oxygen coverage a
more or less steep increase was expected since both must match at some point.
Looking at the contributions from different reaction channels we observe that
both kMC and MPK give very different answers to this problem, see fig. 3.7.
At very low pressures MPK identifies the COcus + Ocus reaction to contribute
the far most in agreement with kMC. Also the importance of the other reaction
channels is reproduced more or less correctly. Increasing the CO partial pres-
sure to pCO

s > 10−1atm we still have a quantitative agreement, but while kMC
still assigns nearly all reactivity to the COcus + Ocus reaction, MPK yields the
CObr + Ocus reaction as dominant. Similar as for the MFA at pCO

s = 10atm
we have the situation that the total TOF is reproduced correctly although the
different reaction channels are not properly described.

The reasons for the good agreement can be clarified by considering the DRC
again. In the left panel of figure 3.8 the DRCs for oxygen ad- and desorption are
shown. For ad/desorption on two adjacent cus sites we find a nearly quantitative
agreement between kMC (dark green) and MPK (red). The adsorption of oxygen
on a bridge and an adjacent cus site occurs only in the MPK, but also only near
the point of highest activity of the kMC data where we have a transition from
the regime where MPK works well to the regime where the MFA works well.
So we can say that the MPK reproduces the sensitivity for oxygen adsorption
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Figure 3.8: DRC obtained by kMC and MPK. Left: DRC for the oxygen adsorp-
tion (filled) and desorption (empty) on cus sites (red: MPK, green: kMC). MPK
reproduces the sensitivity up to the point of highest activity. Middle (reactions):
In MPK only the COcus + Obr reaction (black squares) has a non-zero DRC,
in contrast to the kMC where the COcus + Ocus reaction is rate determining.
Right (CO adsorption (filled) and desorption (empty)): MPK reproduces the
kMC peaks (brown) for CO ad/desorption on cus sites (green), but not quanti-
tatively. The lower sensitivity compared to kMC is compensated by a sensitivity
on the CO ad/desorption on br sites (orange). Adding both adsorption DRCs
to the total sensitivity on CO adsorption, we arrive at the same results both
in kMC (brown filled) and MPK (gray filled). In kMC this is identical with
the DRC for the cus adsorption. The gray empty circles represent CO cus des-
orption + Oxygen diffusion from cus to bridge site obtained with MPK which
reproduces the kMC sensitivity for the CO cus desorption (brown).

and desorption in the considered regime. Especially the divergence of the DRC
for adsorption on two cus sites is present and the DRC for the corresponding
desorption stays constant for low pCO

s and drops to zero near the transition.
This picture changes when considering the reaction events (middle panel in
3.8). kMC shows a peak structure for the COcus + Ocus reaction (light blue)
and no sensitivity to all other reactions. The MPK on the other hand shows no
sensitivity to this reaction (dark blue), but instead for the CObr + Ocus reaction
(black). The DRCs for the CO ad- and desorption are shown in the right panel
of fig. 3.8. MPK reproduces the peak structure for the cus ad/desorption
(kMC: brown, MPK: green) but a quantitative agreement can not be established.
Comparing to the MFA at pCO

s = 10atm we also have a quantitative agreement
for the total TOF, but in contrast the DRCs are not reproduced. The origin
for the reproduced total TOF can be found, when looking at the DRC for the
CO adsorption on br sites. In MPK this step is rate determining (orange),
while kMC predicts no sensitivity at all. The same holds for the corresponding
desorption. If we now add the DRCs for both adsorption processes, we find this
sum to agree in both approaches. For MPK this is the gray line with the filled
dots in the right panel of fig. 3.8. In kMC this equals the DRC for CO cus
adsorption, since the other is not rate determining. Since both adsorption RCs
depend in the same way on pCO

s , the derivative with respect to pCO
s of the total
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TOF agrees for both methods kMC and MPK, respectively. For completeness we
want to mention that the kMC DRC for the CO desorption can be reproduced
when adding the MPK DRCs for oxygen diffusion from a cus to a br site to the
DRC for CO desorption on a cus site.

3.5.2 Analytical Results

Both MFA and MPK allow for an analytical expansion in the two limits of small
and high CO coverage. Again we make use of the information provided by the
DRC. In the low CO pressure regime nearly all CO2 is formed by the Ocus/COcus

reaction. Therefore TOF = Nsitek
rPcus(CO)/2 is a good approximation, where

kr is the rate constant for the Ocus/COcus reaction. We keep only those reactions
with a high DRC. That is we need only to consider ad/desorption and reaction
on cus sites. The MPK rate equations for the coverages of COcus and Ocus

reduce to

0 = ka
COPcus(∗) − kd

COPcus(CO) − krPcus(CO)

0 = ka
OPcus(∗) − 2kd

O − krPcus(CO),
(3.31)

with the RC for ad/desorption ka
CO/kd

CO for CO and ka
O/kd

O for O2. In the above
equation we have set the coverage of oxygen to one. Solving this linear system
we find for the TOF

TOF =
Nsitek

rkd
O

ka
O/ka

CO(kr + kd
CO) − kr

u
Nsitek

rkd
Oka

CO

ka
O(kr + kd

CO)
(3.32)

where we have used that pO2
s � pCO

s and therefore ka
O � ka

CO. Since RCs for
adsorption depend linearly on the partial pressures we have a reaction order of
one with respect to the CO partial pressure and minus one with respect to the
oxygen partial pressure. Equation 3.32 (the blue line in fig 3.3) agrees very well
with the kMC result but deviates earlier than the full MPK.

In the limit of high pCO
s the dominant reaction is the Ocus/CObr reaction and

thus TOF = Nsitek
RPcus(O) with the rate constant for the Ocus/CObr reaction

kR. As in the low pCO
s limit we can restrict to the cus sites, since only the

ad/desorption on these sites are rate determining. The rate equations in the
MFA read

0 = ka
COPcus(∗) − kd

CO − 2kRPcus(O)

0 = ka
OPcus(∗)2 − 2kd

OPcus(O)2 − 2kRPcus(O),
(3.33)

We subtract the second from the first equation and linearize with respect to
Pcus(∗) and Pcus(O), since both are very small and pCO

s � pO2
s . We find that

Pcus(∗) = kd
CO/ka

CO. Inserting into the second equation and linearization with
respect to Pcus(O) gives

TOF = 2Nsitek
a
O

(
kd
CO

ka
CO

)2

. (3.34)
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Here we have a reaction order of one with respect to pO2
s and the minus two

with respect to pCO
s . Equation 3.34 agrees very well with the reference kMC

simulations in the CO covered regime (purple line in fig 3.6). Surprisingly it has
the same range of applicability as the underlying MFA model, although some
of its premises are violated in the intermediate regime.

The analytical solutions show that at least in the considered limits the dy-
namics on the cus sites is most important, while the br sites either do not
contribute at all to the reactivity or simply serve as a bath of CO. In fact no
reaction involving a br site is rate-limiting and the analytical solutions would be
identical, if we would have replaced the Ocus/CObr by the Ocus/COcus reaction
in the derivation of eq. 3.34. Thus only looking at those conditions with con-
stant reaction orders will not help to discriminate between the complex reaction
mechanism used in this study and a simpler one with only one type of site.

3.6 Summary

We have introduced the first principles statistical mechanics approach for sur-
face kinetics. Two different methods for obtaining approximate solutions to
the ME are common among researchers, the very accurate kMC and the very
approximate PK. Both methods have been compared with respect to their pre-
dictions concerning total reaction rates, contributions from different reaction
channels and rate determining steps. The mean-field based PK shows good
agreement with the kMC data for high CO coverages of the surface but deviates
more from the correct behavior the more oxygen is present at the surface. Using
the DRC to identify the most critical terms in the rate equations we have been
able develop a modified PK, which is reliable for the mentioned oxygen covered
surface. It was shown that the formation of stable vacancy pairs was wrongly
described in the standard PK. Both phenomenological approaches showed the
strange behavior of being quantitatively accurate, but failing qualitatively at
the same time, i.e. reproducing the total TOF correctly but predicting the
shares of the different reaction channels falsely for certain reaction conditions
in the intermediate regime. For the MFA this could be explained by a similar
sensitivity to certain reaction steps in MFA and kMC. For the MPK it originates
in an effective sensitivity pattern leading to the same pressure dependence as
the correct data. This findings emphasis the limited use of phenomenological
models for the targeted understanding on an atomic scale. Notwithstanding
the derived accurate analytical and DRC results for the two extremes clearly
indicate that catalytic activity can be assigned mostly to the cus sites.

An integration of the two phenomenological theories is straightforward. The
time discretization of the (partial) differential equations describing macroscopic
transport can in principle also be applied to the ordinary differential equations
arising from the phenomenological theories for surface reactions. However, due
to the limited range of their applicability neither PK nor MPK can be used
in fluid dynamical simulations, since it is not possible to say which regime of
reaction condition will prevail at the surface beforehand (compare section 5.3).
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Additionally PK and MPK are only valid under very restrictive conditions on
the arrangement of adsorbates. Even for the investigated simple CO oxidation
problem the latter could also only be developed because of a deep and very
time consuming analysis of the kMC simulations. From a modeling point of
view this is undesired, since it is not clear, how to develop a computationally
cheaper phenomenological model, or even if such a model exists at all. Thus
these approaches can not be generalized to other reactions, even not to other CO
oxidation catalysts like palladium [100]. With the methodological focus of this
thesis a general purpose, model independent approach for coupling fluid flow
and kMC simulations will therefore be developed in the next chapter, which is
valid for a large class surface reaction and which is as efficient as the classical,
rate equation based surface flow coupling.



Chapter 4

Coupling of 1p-kMC with
Continuum Level
Simulations

In chapter 2 we have assembled the continuum mechanical basis for reactor mod-
eling. This was not complete in the sense that there is no explicit or implicit
expression for the functional dependence of the surface reaction rates on the
basic fields like composition or temperature. In chapter 3 we have dealt with
the chemical kinetics of surfaces. This allows to determine reaction rates, but
needs the gas phase conditions, i.e. partial pressure and temperature, at the
surface as input. Since these are usually only accessible at some distance from
the surface, e.g. at the inlet, we are faced with a coupled problem which needs
to be solved self-consistently: in order to calculate the reaction rates we need
the gas-phase conditions at the surface and the reaction rates are needed to
determine these gas-phase conditions. Subject of this chapter is to propose an
effective coupling scheme between the computationally expensive 1p-kMC and
an existing simulation environment solving the macroscopic transport equations,
e.g. a Computational Fluid Dynamics (CFD) package. This allows for an inte-
grated modeling of first principles detailed reaction chemistry and macroscopic
transport both affecting each other. We start with some physical consideration
in order to relate the non-local stochastic description to the local continuum
mechanical model.

4.1 Physical Model

One of the key assumptions in chapter 3 was that we deal with homogeneous
systems, i.e. the surface sees everywhere the same temperature and partial pres-
sures. In general these will vary spatially at the surface at non-equilibrium and
consequently all rate constants must be considered as different although they
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are assigned to the same type of process. For instance the rate constant for
the CO adsorption on a cus site will be different depending where the site is
on the surface, due to the different partial pressures and temperatures at these
places. As a consequence the solution of the Master equation (ME) and there-
fore all reaction rates depend on the history of uncountably many different rate
constants. For homogeneous systems the number of independent RCs reduce
tremendously, leading to 26 RCs for the CO oxidation at RuO2(110). Making
use of the relations for the RCs (section 3.2) the history of the partial pressures
and the temperature at the surface determines the current meso-state of the
systems completely. Yet, the general stochastic model is non-local, since the
behavior of very distant sites is coupled by the ME 3.3. Therefore the reaction
rates sK(xs) at a certain continuum point xs may also depend on the history
of the reaction conditions at a distant surface point y

s
. Now a point in con-

tinuum mechanics must still be considered as a macroscopic volume, which is
only vanishingly small on the length scale of pressure, temperature etc. vari-
ations. Within such a “point” we can safely assume the macroscopic fields to
be spatially constant. The size of such a point is determined by the mean free
path of gas phase molecules, which is of the order of 0.1 µm for near ambient
pressures[5], and the employed continuum model is only valid for variations on
scales much larger than this. On the other hand the lattice spacings are in the
nanometer scale (≈ 3Å for RuO2(110)), which is smaller than the mean free
path of gas phase molecules. If the influence of the rate constants some hun-
dred lattice spacings away is negligible for the site specific coverages Πk and pair
probabilities Πkj , the spatially inhomogeneous pressure and temperature field
can be regarded as homogeneous on the mesoscopic level. Thus only the history
of the temperature and the partial pressures at the point xs has an influence on
the reaction rates at this point. We can therefore employ the methods described
in chapter 3 to describe a surface point also for inhomogeneous gas phase con-
ditions. The physical model consists of the equation for transport in the gas
and the solid phase and the jump conditions at the interface. This continuum
mechanical basis is complemented by one independent master equation for each
point at the surface. Thus we have at the surface

Species balance:

τ̂α(xs) = (ρ(xs)Y
α(xs)v(xs) + jα(xs)) · n(xs) (4.1)

Mass conservation in a reaction

τ̂α(xs) =
Nreac∑

K

mανα
KsK(xs) (4.2)

Reaction rates

sK(xs) = −Na,surfN
a
b

να
s,K

wab(D, C|A,B, t, xs)Pab(A,B, t, xs) (4.3)
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Master equation

∂

∂t
P (x, t, xs) =

∑
y

W (x|y, t, xs)P (y, t, xs) −
∑
y

W (y|x, t, xs)P (x, t, xs)

(4.4)

where the extra argument xs in the master equation, denotes that the rate
constants are evaluated with the gas phase temperature and partial pressures
at xs. This means that the surface chemistry is only coupled to the gas phase at
the macroscopic surface point. Coupling with other surface points is only due
to macroscopic transport in the gas or solid phase.

4.2 Coupling Idea

As already stated in the previous chapter the direct solution of the ME in
terms of differential equation integration is essentially impossible. If it would
be possible, no explicit method for coupling would be necessary since the time
discretization for the gas and solid phase partial differential equations could
also be applied to the master equation allowing for an integrated simulation
on the same basis for both levels, mesoscopic and macroscopic. This kind of
approach can be used when the MFA or other rate equation (RE) models work.
For the problem at hand we have to stick to kMC to treat the surface kinetics.
A straightforward idea is to divide the time into small intervals and to solve
both problems independently within each time interval. After every time inter-
val information between the two different solution procedures is interchanged.
In the next time interval the kMC is solved with the temperature and partial
pressures calculated in the previous time interval by the solver for the trans-
port problem. Vice versa the flow problem is solved with those reaction rates
obtained by kMC at the end of the last time interval. Such a direct integration
of the stochastic kMC into a fluid simulation is possible[118, 62] but can expe-
rience severe problems. kMC allows already the simulation of much longer time
intervals compared to microscopic level simulation techniques like molecular dy-
namics simulations, which integrate Newton’s equations of motion. However,
it is still computationally very expensive, much more than the solution of the
rate equations, since it is a mesoscopic simulation method generating a series of
elementary steps. For instance, the CPU time spent for simulating the steady
state in chapter 3 was at least 4 orders of magnitude larger for kMC than for the
numerical solution of the RE. With the transport problem describing the macro-
scopic time evolution the necessary time step for the discretization of the flow
problem will be several orders of magnitude larger than the kMC step. Further
the kMC is a stochastic method and all results will have a certain amount of
fluctuations, while the macroscopic equations of motion describe the evolution
of probabilistic averages. These show by definition no microscopic fluctuations.
So the CPU time spent is not only determined by the real time, which shall
be simulated, but can further increase because the statistical error of the kMC
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averages needs to be reduced[88]. From a practical point of view this reduction
becomes even more important, since derivatives of the jump (boundary) condi-
tions are often required for the numerical integration of the transport problem.
The error of numerical derivatives can easily explode, when the averages have
a too large statistical error. In consequence this can lead to a non-convergence
of the flow solver even though the problem would be numerically undemanding,
if accurate derivatives would be available. This high complexity of the direct
approach makes it necessary to restrict to one-dimensional problems or to par-
allelize the computer code, so that the ME for every grid point at the catalyst
surface is solved independently by kMC on an own processor. There have been
different attempts to increase the efficiency of the direct approaches, for instance
by on the fly adaptive tabulation[117], and to overcome the numerical stability
problems of the direct approaches [101].
We circumvent all the mentioned problems by employing a divide-and-conquer
strategy. For stationary simulations and in the quasi-stationary approximation
only steady-state reaction rates are needed. Eventually, the surface reaches a
unique steady state for fixed reaction conditions at the surface regardless of its
initial meso-state. In other words in a steady state the functional dependence on
the history of partial pressures and temperature will reduce to the dependence
on the current temperature and current partial pressures at the surface

sK(xs) = sK(pα
s (xs), Ts(xs)). (4.5)

This finding thus dictates to run the kMC simulations and to obtain the reaction
rate function sK(pα

s , Ts) before the actual flow simulation. This function is
then used for the jump conditions instead of the expensive kMC simulations.
Generating this data before the actual flow simulation allows for a trivial parallel
processing and to run the kMC simulation until the statistical error is negligible.

The only problem is how to convert a finite number of kMC results into a
continuous representation for the sK . Considering the kMC just as some kind
of (computer) experiment one could fit a rate equation model to the kMC data.
This approach allows to reduce the CPU time spent for the jump conditions
to the value of the commonly employed rate equations. Nevertheless it also
requires the solution of a nonlinear set of equations, at least. It is therefore still
quite expensive and it will never reproduce the kMC data to its fully accuracy,
i.e. there will always be an finite error produced by the RE model regardless
how many kMC simulations one performs as input. Also such models can hardly
be refined since improving the fit for a certain set of reaction conditions leads in
general to a worse representation for other reaction conditions. Another draw-
back is that a RE model has to be proposed, which is capable to reproduce
the effects of the stochastic model underlying the kMC data. Due to the high
dimensionality of the latter model it is in general much more flexible than any
low-dimensional RE model, that is a RE model might not be able to reproduce
even just the phenomenology of the kMC data. We conclude, that this approach
can be become very time-consuming. With these drawbacks in mind we decide
to apply another approach, which is much less demanding in the sense that it



4.2. COUPLING IDEA 77

requires much less human endeavor. We will simply use an interpolation tech-
nique instead. Doing so allows for a numerically exact representation of the
reaction rates, i.e. it is possible to come arbitrarily close to the real reaction
rate function, enough data points provided. Thus despite the made precondi-
tions this is a model free approach, very different from the common RE based
approach. Such an interpolation is usually fast to evaluate and can be easily
coupled to any kind of flow solver. In the end the CPU time for calculating
reaction rates in the flow simulation is of the order of the value for the RE
based approach. Actually we expect an interpolation to be even faster for this
purpose[121].

4.2.1 Interpolating 1p-kMC Data

Interpolation techniques can be divided into two groups: grid based and grid-
less methods. Grid based methods like Splines[22] can usually only be applied
to problems with a very moderate number (≤ 4) of independent variables. For
higher dimensions either the amount of necessary grids points explodes or the
storage requirement for the data structure defining the grid becomes intractable.
For the here treated CO oxidation with at maximum 4 independent arguments1

using grid based methods is still feasible, but the problem becomes too high-
dimensional as soon as other constituents are added to the gas phase, that can
adsorb on the surface. Aiming rather on developing a coupling method applica-
ble also to more general cases we will therefore employ a grid-less method, where
the kMC data for the interpolation can be obtained at any reaction conditions,
which are not necessary located on a grid. This makes the method applica-
ble to higher dimensions than three, where grid based methods suffer from a
bad scaling. An overview about such “Scattered Data Interpolation”2 methods
can be found in [1]. We will employ a local modified Shepard interpolation for
its representation properties, i.e. the capacity to reproduce certain classes of
functions exactly. Another advantage is its efficiency, scaling linearly with the
number of interpolation points for the initial construction of the interpolation
and constant for every subsequent evaluation of the interpolation3.

Before the actual construction of the interpolant it is useful to transform
the independent and dependent variables. The choice of a logarithmic scale for
the reaction rates and the partial pressures and an inverse representation of
the temperature combines many advantages. First a logarithmic scale flattens
peaked structures of the reaction rate function making the interpolation easier.
Remember that only the adsorption rate constants depend linear on the partial

1These are the the partial pressures of CO, O2 and CO2 and the temperature.
2Although there also exist grid based methods which can interpolate scattered data. Nev-

ertheless these methods require a data structure defining the grid, which storage requirement
explodes for higher dimensions

3For the here employed code this strictly holds only for equally distributed data
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pressure, so that

∂ ln sK

∂ ln pα
s

=
Nα

ad.∑
i

∂ ln sK

∂ lnwi

∂ lnwi

∂ ln pα
s

=
Nα

ad.∑
i

Xi
rc,K (4.6)

where Nα
ad. is the number of different adsorption reaction of the species α and

Xi
rc,K is the DRC of such an adsorption. The (negative) derivative of the reac-

tion rate with respect to the inverse temperature (multiplied by the Boltzmann
constant) is the apparent activation barrier Eapp. It can be well approximated
with[79]

Eapp = −∂ ln sK

∂1/kT
u

Nreac∑
i

Xi
rc,K∆Ei (4.7)

From the above equations we immediately see that in this representation the
reaction rates behave linear in regions with constant sensitivity. For the problem
at hand we observe such a behavior in most of the considered reaction conditions
(compare with chapter 3). With the typical large differences in the activation
barriers for different processes we also expect this behavior to be rather generic
for heterogeneous catalysis.

We specifically use the QSHEP3 code for the interpolation. It implements a
modified quadratic Shepard interpolation developed by R. Renka[93, 92]. Sup-
pose we have Ndata function values fj at the points Xj ∈ RD of a function
f(X), which is going to be interpolated. The basic idea of the modified Shepard
interpolation[128] is to construct an approximate Taylor expansion Qi(X) at
each interpolation point Xj

Qj(X) = fj +
D∑
a

(
∂f

∂Xa

)
Xj

(∆Xj)a +
D∑
ab

(
∂2f

∂Xa∂Xb

)
Xj

(∆Xj)a(∆Xj)b.

(4.8)
with ∆Xj = X−Xj . The index Xj at the derivatives means that they are eval-
uated at at this value of the independent variable X. These Taylor expansions
are then superposed to the representation S(X) of the original function f(X)

S(X) =
∑

i

Qi(X)Wi(X), (4.9)

where the weights Wi(X) are a so-called Shepard partition of unity, i.e.∑
i Wi(X) = 1 and Wi(Xj) = δij . This ensures the necessary interpolation

property S(Xj) = f(Xj). When the weighting function Wi(X) is only nonzero
within a small (hyper-)sphere with center Xi (a so called cloud), the method is
local, i.e. given X only data points nearby will have an influence on the outcome
of the interpolation. In the local formulations the weights have the form

Wi(X) =
υi(X)∑
j υj(X)

, with υi(X) =
ςi(|X − Xi|)
|X − Xi|n

, (4.10)
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Figure 4.1: Comparison of
MFA (blue line) and interpo-
lation (red line) with raw kMC
data (black squares). Shown
is the TOF for varying pCO

s

and constant Ts=600 K and
pO2
s =1atm. The MFA devi-

ates largely from the accu-
rate kMC results. The em-
ployed interpolation shows a
small deviation, where the
TOF shows a rapid change,
but else it agrees very well
with the raw kMC data.

where ςi(|X − Xi|) is finite and monotonically decreasing until it becomes zero
for |X − Xi| ≥ Ri, where Ri is the radius of the cloud around Xi. Renka’s
method is obtained with n = 2 and ςi(X) = (Ri − |X − Xi|)2+, where the +
indicates that the content of the brackets is to be replaced by zero if nega-
tive. The radius Ri is determined such that Nq nearest neighbors are in the
sphere. The approximate Taylor polynomial Qi(X) is determined by fitting the
derivatives at Xi to the data of the Nf nearest neighbors of Xi in a weighted
least squares sense[128]. From its construction this quadratic modified Shepard
method interpolates second order polynomials exactly. Due to the local struc-
ture a (sub)domain Ω with such a polynomial dependence should also be exactly
interpolated away from its boundaries. Only a boundary shell is affected by data
points outside the domain, either by their clouds overlapping with Ω or because
they are included in the fitting for points inside Ω. Together with the above
discussed choice for the internal representation of the data this interpolation
property implies that reactivity data can be represented with a minimum num-
ber of points. Especially for higher dimensions we expect this to be necessary.
For the here discussed CO oxidation problem with suppressed CO2 adsorption
we can easily afford a dense enough grid.

4.3 Settings for the CO Oxidation at RuO2

In practice we use a grid with 25 K spacings for the temperature range 400 K <
Ts < 850 K and logarithmic spacing for the partial pressures with 30 spacing for
10−6 atm < pO2

s < 102 atm and 42 spacings for 10−5 atm < pCO
s < 102 atm. The

actual interpolation is performed with the recommended default settings for the
logarithm of the TOF as a function of the logarithm of the partial pressures and
the inverse temperature. The independent variables {log pCO

s , log pO2
s , 1/Ts} are

scaled such that the distance between neighboring points is in the size of one.
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In figure 4.1 the interpolation is compared with raw kMC data not used for the
interpolation for varying pCO

s and constant Ts = 600K and pO2
s = 1atm. The

employed interpolation (red line) shows only small deviations in the pressure
range where the TOF changes most rapidly. Note that this rapid change occurs
in an interval of partial pressures, which is in the range of the employed grid
spacing and we can not expect that this nonlinear behavior will be resolved with
only a negligible error. At the expected error in the rate constants due to the
first principles input this relatively small and localized mismatch is tolerable.

4.4 Strengths and Limitations

The presented very efficient approach is easy to implement and can in principle
be applied to arbitrary reactor geometries. Very different from the direct ap-
proach it has no additional computational overhead for higher dimensions, i.e.
the number of necessary 1p-kMC simulations is independent of the number of
surface grid points in a simulation. For one-dimensional flow simulations as will
be presented in chapter 5 the approach offers the possibility to search a wide
parameter space of flow conditions. This efficiency comes of course not at no
cost. A unique steady state must exist for all reaction conditions and if applied
to transient problems the approach relies on the quasi-stationary approxima-
tion. For unique steady states the results differ from the most accurate direct
method only by the numerical error in the interpolation, but models the same
physics. Given the possibility to refine the interpolation with additional data
this approach lies in between the direct and the rate equation approach. One
might argue that for transient problems rate equations might serve better since
they in principle also apply for this case. When the MFA is working one thus
should switch to rate equations, of course. For the here presented reaction and
many other this is not the case. We note however, that in practice RE models
are often fitted to stationary data and we can not expect a proper time depen-
dent behavior for an effective model obtained in this way. Even when fitting to
time dependent data it is not ensured, that the RE model is able to reproduce
a time series correctly, even if partial pressures and temperature have not left
the range of reaction conditions, the RE model was fitted to. Thus RE models
must in all cases be considered as the least accurate approach and should only
be used, when either the MFA reflects the mesoscopic level properly - not just
the macroscopic accessible reaction rates - or when there exists no appropriate
mesoscopic model due to the high complexity of the catalyst, e.g. a complex
industrial catalyst.



Chapter 5

A Simple Reactor Setup:
Stagnation Flows

We will apply the methodology developed in the previous chapters to a simple
reactor geometry suitable to discuss mass and heat transfer effects in in situ
experiments. This very important class of reactor setups is the so-called stag-
nation flows. The flow geometry is depicted in figure 5.1. A gas mixture of CO,
O2, and CO2 streams from a shower-head-like inlet towards the flat-faced model
catalyst. The catalyst is a disk parallel to the inlet with a thickness d. We want
to assume that at the bottom side of the catalyst either the temperature Tcat

or the (normal) heat flux qcat can be controlled. Composition, temperature,
pressure and velocity are known at the inlet, which is at a distance L away
from the catalyst’s surface. The shower head-like inlet ensures that there ve-
locity, partial pressures, and temperature do no vary perpendicular to the flow

Figure 5.1: Schematic view of a stag-
nation point configuration: The gas
streams from the inlet (dashed line) to-
wards the flat-faced catalyst of thickness
d. Inlet-surface distance is L. At the
inlet partial pressure, temperature and
velocity are controlled. At the backside
of the catalyst temperature or heat flux
are controlled.

81
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direction. For simplicity we will restrict to stationary stagnation flows. The im-
portance of stagnation reactors in heterogeneous catalysis originates not from
the application in industrial reactors but from the simplicity of their analysis.
Due to the flow geometry they enable highly homogeneous reaction conditions
at the surface, which is absolutely necessary to gain insight into the targeted
intrinsic reactivity in near-ambient environments, e.g as a function of partial
pressures and temperature at the surface. If one considers e.g. a flow geom-
etry where the stream of reactants would approach the surface from the side
– thus in some sense an opposite scenario to the here discussed perpendicular
stagnation flow – then this is clearly not the case. Due to the on-going conver-
sion of reactants into products the gas-phase composition close to the surface
would gradually change across the lateral extension of the single crystal. If
there are non-negligible heat transfer limitations, this goes hand in hand with
a non-uniform temperature profile parallel to the surface. Under such condi-
tions, making a defined assignment of observed turnovers to specific pressures
and temperatures becomes essentially intractable. In contrast, in the stagnation
flow geometry at least the entire center part of the active surface sees the same
gas phase, thereby facilitating the analysis. From a theoretical perspective the
cylindrical symmetry problem reduces the computational complexity. And for
flat-faced singly crystal surfaces it is indeed one of the few highly symmetric
flow geometries. Other flow geometries showing high symmetry differ mostly
in the shape of their inlet, e.g. the impinging jet geometry[60] has a point like
inlet rather than a sieve. Neglecting edge effects, i.e. the finite lateral extension
of the model catalyst, the stagnation flow profile can effectively be described by
a one-dimensional boundary-value problem[32, 19, 58]. This eases the discus-
sion of the influence of the reactor setup significantly and allows to extract the
relevant physics without being riddled by algebra and numerics.

5.1 The Stationary Stagnation Flow Equations

In the following we use an axial coordinate system with z being the axial co-
ordinate perpendicular to the catalyst’s surface. The radial coordinate will be
denoted with r. We put the origin at the inlet and the z-axis points towards
the catalyst. We restrict to the flow situations with no circumferential motion.
In the derivation the key assumption is that variations in radial direction of
partial pressure, temperature and axial velocity are much smaller than in axial
direction at least near the symmetry axis. Starting with the gas phase equations
in the LMA eqs. 2.51 - 2.54 a lowest order expansion in the radial dependence
of ρ, the axial velocity component u, Y α and T leads to[57]

Mass

V =
1
2

1
ρ

d

dz
ρu, (5.1)
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Axial momentum:

ρu
du

dz
= −dp̃

dz
+

4
3

d

dz

[
µ

du

dz
− µV

]
+ 2µ

dV

dz
(5.2)

Radial momentum:

ρu
dV

dz
+ ρV 2 = −Λr +

d

dz
µ

dV

dz
(5.3)

Energy (gas phase):

ρcpu
dT

dz
=

d

dz
κ

dT

dz
−

∑
α

cα
p jα

z

dT

dz
(5.4)

Species:

ρu
dY α

dz
= −djα

z

dz
, (5.5)

LMA:

∑
α

ρY α

Mα
RT = pref = pinl = const. (5.6)

where jα
z is the axial component of the mass flux. The radial velocity component

v enters the equations only via the scaled velocity V = v/r, which depends only
on the axial coordinate z as all other occurring fields in equations 5.1-5.6. Within
the stagnation flow approximation the radial pressure curvature Λr = 1

r ∂rp̃ is
constant but unknown. The above equations therefore represent an eigenvalue
problem, which solution fulfills the three-dimensional gas phase equations in
the LMA but in general not the BC at the reactor walls. It can therefore only
be considered as a good approximation near the symmetry axis. Due to the
LMA the axial momentum balance 5.2 is decoupled from the other equations.
We can determine all fields without considering it except for the the dynamic
pressure p̃. It can be obtained after calculating fields ρ, Y α, T , u, and V . A
more detailed discussion on stagnation flows can be found in the book of Kee,
Coltrin and Glarborg [57].

The above set of differential equations needs to be closed by appropriate
boundary conditions. We need two boundary conditions each for the second
order differential equations, which are the radial momentum, the partial mass
and the energy balances. Further we need one boundary condition each for the
first order balance of total mass and an additional one in order to determine
the unknown pressure curvature. Further the total pressure at the inlet must
be determined. At the inlet we control composition, temperature and density
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as well as the inlet velocity and we have the boundary conditions

ρ(z = 0) = ρinl, (5.7)
u(z = 0) = uinl, (5.8)
T (z = 0) = Tinl, (5.9)
Y α(z = 0) = Y α

inl, (5.10)
V (z = 0) = 0 (5.11)

where the last condition is implied by the sieve-like inlet, which does not allow
for radial flow. The first condition serves for determining pinl, the second as the
boundary condition for the mass balance, while the other three provide the first
of two boundary conditions for the radial momentum, the partial mass and the
energy balances, respectively. For the other boundary conditions defined at the
surface we employ the non-slip boundary condition and continuous temperature
condition (see section 2.3.2) and the surface balances for partial and total mass
and energy. Thus we have the additional boundary conditions for the gas phase
equations

u(z = L) = 0, (5.12)
V (z = L) = 0, (5.13)

qz(z = L) = qz,solid(z = L) (5.14)
jα
z (z = L) = −τ̂α = −mαναTOF, (5.15)

where qz(z = L) and qz,solid(z = L) are the axial components of the heat
fluxes in the gas and the solid phase at the surface, respectively . The first
boundary condition serves for the determination of the eigenvalue and the other
as remaining boundary conditions for radial momentum, the partial mass and
the energy balances, respectively. In order to determine the solid heat flux we
need to solve the heat transport problem in the sample. Since in the stagnation
flow setup the temperature is uniform at the catalyst’s surface, we do not expect
radial variation of the temperature within the catalyst. This leads to the one
dimensional Laplace equation

d

dz
κsolid

dTsolid

dz
= 0 (5.16)

which shows that in the sample the temperature varies linearly between surface
(z = L + d) and sample backside (z = L).

In this study we consider two extreme conditions at the backside of the
sample, the completely thermally isolated sample allowing no heat flux through
the backside of the sample (adiabatic limit, qcat = 0) and the thermally well
connected sample ensuring the same temperature at the backside of the sample
as at the inlet (isothermal limit, Tcat = Tinl). We have the two boundary
conditions
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Isolated sample

qz,solid(z) = 0, (5.17)

Connected sample

qz,solid(z) =
κsolid

d
(T (z = L) − Tcat), (5.18)

where we have made use of the solid heat flux being constant in z for the consid-
ered one dimensional heat conduction. With experimental setups never being
perfectly heat isolated or allowing for an ideal heat dissipation these two ideal-
ized boundary conditions form the two limits between which the real experiment
will take place. We note that for the isolated sample there could be a small in-
fluence of the radiative heat loss, since we now suppress the heat conduction
in the solid (see section 2.3.2). We nevertheless skip the corresponding terms,
because we want to study the limiting case with as many dissipation channels
turned off as possible.

5.2 Numerical Solution

The stagnation flow equations can be transformed into a semi-explicit system
of differential-algebraic equations (DAE)

Gradients:

d

dz
V =

A

µ
, (5.19)

d

dz
ρ = C, (5.20)

d

dz
T =

F

κ
, (5.21)

d

dz
Y α = Gα, (5.22)

Continuity:

d

dz
u = −2V − uC

ρ
, (5.23)

Eigenvalue:

d

dz
Λr = 0, (5.24)
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Radial Momentum:

d

dz
A = ρu

A

µ
+ ρV 2 + Λr, (5.25)

Species:

d

dz
jα
z = −ρuGα, (5.26)

Energy:

d

dz
F = ρucp

F

κ
+

N∑
α

cα
p jα

z

F

κ
, (5.27)

LMA (dpref
dz = 0):

0 =
∂p

∂ρ
C +

∂p

∂T

F

κ
+

∑
α

∂p

∂Y α
Gα, (5.28)

where the concentration gradient Gα is determined from the mass fluxes using
the Stefan-Maxwell equations 2.45. Making use of

∑
α Y α = 1 these are 2Nspec+

5 differential equations and one algebraic equation. ρ, V , u, T , Λr, A, F , Y α and
jα
z are called the differential components and C the algebraic component. The

DAE has the index one[4], since the algebraic constraint eq. 5.28 can be inverted
with respect to the density gradient C. Although we can easily eliminate the
algebraic constraint we stay with this formulation mainly for historic reasons.
The 2Nspec + 5 needed boundary conditions are given by eqs. 5.7-5.15.

We numerically solve the DAE boundary value problem using the COLDAE
package by U. Ascher and R. Spiteri [4]. It uses piecewise orthogonal colloca-
tion at Gaussian points and has an adaptive mesh strategy allowing for an
error-controlled solution of the DAE. We have selected the default option con-
trolling the number of intermediate points and an initial equidistant mesh with
10 spacings. In all simulations we have used a tolerance of 10−4 for each differ-
ential component. In order to improve the stability and have full error control,
appropriate units for all variables, dependent or independent, are employed in-
ternally. The employed units are the inlet-surface distance L for length, and for
the velocity, density, and mass fractions their values at the inlet. The employed
temperature scale Tscale is Kelvins. We use the representation (T −Tinl) for the
temperature, so that this re-normalized temperature is always zero at the inlet.
The mass fluxes, heat flux, and density gradient are expressed in multiples of
Dα

eff,inlY
α
inl

L , κinlTscale
L , and ρinl

L , respectively, where Dα
eff,inl is the mixture averaged

diffusion coefficient[57]. Finally, the radial pressure curvature Λr and µdV
dz are

scaled with 100µinl
uinl
L3 and µinl

uinl
L2 , respectively.

The software uses a (damped) Newton strategy to find a solution starting
from an initial guess. The initial guess for first simulation was a third order
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Figure 5.2: Comparison of intrinsic catalytic activity (TOF,black dashed line)
with observable TOFs (red solid line) when accounting for macroscopic trans-
port effects in the prescribed stagnation flow reactor for CO oxidation at
RuO2(110) with L = 1 cm, pO2

inl = 0.3 atm, uinl = 1 cm/s and varying pCO
inl

at the inlet. Left: Tinl = 500K, and suppressed heat flux at the backside of the
d = 1mm thin single-crystal. This allows the system to sustain a high-activity
branch for more CO-rich conditions than the nominal most active state. For
this branch the surface temperature, Ts shown in the lower panel, is significantly
increased. Right: Same as left, but for an ideal heat coupling at the backside of
the crystal (Tcat = Tinl = 600K). Now the partial pressures change significantly
between inlet and surface, while there is hardly any heat up of the surface. The
lower panel shows the corresponding partial pressure ratio directly at the sur-
face and illustrates that in the high-activity branch the surface effectively sees
a more CO-rich gas phase compared to the nominal inlet composition.

polynomial for u, which fulfills the boundary conditions, and constant ρ, T and
Y α. The remaining unknowns are approximated according to these assumptions.
For subsequent simulations we use the result of the previous simulation, when
appropriate. In this case we make use of the adapted mesh from the previous
simulation, which has been coarsened to contain only half as many grid points
as initially.

5.3 Results

In order to assess the effect of the heat connection of the catalyst sample we
consider the afore mentioned two reactor setups, the perfectly heat isolated
sample allowing no heat flux at the backside of the sample and the perfectly
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heat connected sample, where it is ensured that the catalyst has always the
same temperature at its backside as the inlet. These two setups form more or
less the limiting cases for real experiments, where none of both cases are ever
realized. There will always be some some heat flux through the backside and
a heat up of the backside above the nominal inlet temperature can also hardly
be suppressed. We will consider more or less the same type of computational
experiments as in chapter 3, i.e. fixed temperature and oxygen partial pressure
in conjunction with varying CO partial pressures. Differently we can now display
all results depending on the applied reaction conditions at the inlet and need
not to know the partial pressures and the temperature at the surface. Therefore
our simulation results reflect rather what is measured in an experiment than the
pure kMC simulations presented in chapter 3, which deliver only the intrinsic
activity. In all our simulations we set pCO2

inl = 10−5atm in order to mimic a
highly pure mixture of CO and O2 entering the reactor. As default setting we
choose L = 1cm, uinl = 1cm/s and d = 1mm, which are representative for real
reactors. Nevertheless we will later on vary these values in order to study their
influence on the observed effects.

5.3.1 Limit 1: The Thermally Isolated Sample

First we consider a thermally well isolated sample allowing no heat flux at the
its backside. The observed catalytic activity for pO2

inl = 0.3atm, Tinl = 500K
and varying pCO

inl is depicted in the upper left panel in figure 5.2 as solid red
line. It coincides with the intrinsic catalytic activity (dashed black line) for low
TOFs, but deviates more and more for higher TOFs. With a deviation of up to
two orders of magnitude the observed TOF also shows a complex behavior with
two stationary solutions. We have an active branch where the observed activity
increases monotonically with pCO

inl . At 1.5 atm a second, low active branch sets
in following the intrinsic activity with decreasing TOF for increasing partial
pressure. The two branches coexist until 2.5 atm are reached. For higher partial
pressures the low active branch is the only stationary solution found. This bi-
stability is completely absent in the intrinsic catalytic activity and is therefore
a qualitatively new feature arising due to the coupling of macroscopic transport
and surface chemistry. With the partial pressures staying unchanged between
inlet and surface these effects are solely driven by an increase of the surface
temperature Ts of up to 120 K above the nominal inlet temperature as shown in
the lower left panel in figure 5.2. This temperature increase allows the coupled
reactor-surface system to reach a higher reactivity than the intrinsic one.

5.3.2 Limit 2: The Thermally Well Connected Sample

Changing to the well heat connected sample with a thickness of 1mm and in-
creasing the applied temperature to 600 K the observed catalytic activity is very
different from the intrinsic as in the previous case, again showing bi-stability
(see upper right panel in figure 5.2), in this case in a range from a nearly stoi-
chiometric composition up to a CO partial pressure of 1.8 atm. The deviation
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Figure 5.3: Same as fig. 5.2, but for different inlet-surface distance L. Shown
are the results for L = 1 mm (dotted blue line), L = 1 cm (solid red line), and
L = 10 cm (solid blue line). It shows that deviation from the ideal behavior
sets in earlier for larger inlet-surface distance, both for the TOF and the surface
temperature (isolated sample, left) or partial pressure ration (isothermal limit,
right).

of the observed catalytic function from the intrinsic one is up to three orders
of magnitude for the active branch. Now the highly active branch is stable for
higher CO partial pressures and the TOF decreases for increasing pCO

inl , i.e. the
opposite behavior as for the thermally isolated sample. Analogously the low
active branch is only stable for low pressures and the TOF increases with pCO

inl .
Also now the highest observed reactivity is lower than the intrinsic maximum.
Different from the thermally isolated sample there is nearly no heat up of the
surface in this case, although now orders of magnitude higher TOFs are reached.
Here the observed effect is driven by mass transfer leading to very different par-
tial pressures pα

s at the surface from those applied. This can easily be seen from
the ratio of CO and O2 partial pressures displayed in the lower right panel in
figure in 5.2. For the high activity branch this ratio deviates largely from ideal
case (dashed black line), where the partial pressures do not change between
inlet and surface. The gas phase at the surface is much more CO-rich than at
the inlet. At such conditions the catalyst is generally more active than at the
nominal inlet composition, where the catalyst is essentially dead.
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Figure 5.4: Same as fig. 5.2, but with different inlet velocities. Shown are the
results for uinl = 1 mm/s (dotted blue line), uinl = 1 cm/s (solid red line), and
uinl = 10 cm/s (solid blue line). A larger inlet velocity leads to later deviation
from the ideal behavior.

5.3.3 Dependence on the Inlet Surface Distance and Inlet
Velocity

Next we examine the effect of the inlet surface distance on the observed catalytic
activity. We perform the same computer experiments as before but for different
L. The results are displayed in figure 5.3, where the solid and the dashed blue
lines correspond to L = 1cm and L = 10cm. The results change quantitatively,
but the qualitative picture stays unchanged. In both cases a smaller L has
generally a larger observed TOF as result, but also the deviation from the
ideal behavior does not set in until higher TOFs. Correspondingly the surface
temperature and the partial pressure ratio are closer to the ideal case for the
same inlet partial pressure.

Changing the inlet velocity by an order of magnitude has also only a quan-
titative effect, as can be seen in figure 5.4. The solid and the dashed blue lines
correspond to uinl = 1mm/s and uinl = 10cm/s, respectively. The dependence
on the inlet velocity is very similar to that on the inlet surface distance only
with opposite sign. A smaller uinl leads to a stronger heat up of the surface
and also the deviation of the partial pressure ratio from the ideal case is more
pronounced.

Additionally to the dependence on L and uin there is a dependence on the
sample thickness d in the isothermal case. Changing d to 0.1mm and 1cm
respectively, the temperature difference between inlet and surface changes pro-
portionally. Still, in all cases it stays so small that the change of D has virtually
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Figure 5.5: Illustration of the temperature and pressure variations. Diffusion
and heat conduction take place only in a boundary layer above the surface. This
boundary layer expands when the inlet velocity is decreased, filling the whole
gap between inlet and surface for the limit uinl → 0. Opposite it shrinks when
the inlet-surface distance L is decreased.

no effect on the observed catalytic activity.

5.4 Discussion

5.4.1 Formation of a Boundary Layer

In order to discuss the overall results presented in the previous section we need
to have a closer look on what is going on in the reactor, i.e. how do the fields of
partial pressure, temperature etc. behave between inlet and catalyst. In figure
5.5 prototypical variations of the partial pressures and temperature are shown.
It is seen that heat conduction and diffusion only take place in a boundary layer
(BL) of thickness LB above the surface (below the dashed line). That is only
within this region we find non-vanishing gradients of temperature and partial
pressures. This is due to the convective nature of the transport; the gas streams
towards the surface and the chemical reactions at the surface have no influence
on the fields far away, since the heat and species move with flow which overcomes
any non-convective transport. When the axial velocity approaches zero near the
surface, diffusion and heat conduction set in, since they are now of similar size
as the convective transport. With this knowledge the behavior for varying L
and uinl is easily explained. A higher inlet velocity compresses the boundary
layer stronger thereby enabling higher gradients for the same difference between
inlet and surface partial pressures and temperature, respectively. Since the TOF
is proportional to these gradients at the surface, the deviation from the ideal
behavior is smaller for higher velocities, i.e. we observe a smaller difference
between inlet and surface partial pressures respectively temperature for the
same value of the TOF. Similarly a smaller inlet surface distance leads to a
smaller boundary layer and the analogous effect is observed. The bi-stability
can be explained with the volcano shape of the TOF function. Because the TOF
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Figure 5.6: Comparison of the exact simulation results with the approximate
theory for the estimated TOF and the drop of the O2 partial pressure at the
surface. Left: adiabatic case for Tinl = 500K, pO2

inl = 0.3 atm, uinl = 1 cm/s and
varying pCO

inl Right: Same as left, but the isothermal limit (Tinl = Tcat =600K)

decays for higher partial pressures, we have a steady state solution with a small
pressure drop, i.e. higher surface pressure, and smaller TOF, and a another
one with a larger pressure drop and larger TOF. Similar arguments hold for the
isolated case, when we have no pressure effects but only a temperature effect.

5.4.2 A Very Simple Model

The results in the previous sections show that it is not possible to give a value
of the TOF below which mass and heat transfer effects are negligible. The
problem depends too sensitively on the applied reaction and flow conditions,
geometry and heat dissipation through the sample. Nevertheless an experimen-
talist wants to know, whether his results are masked by macroscopic transport
effects or not. We therefore develop a simple approximate model, which allows
to estimate the difference between applied reactions conditions at the inlet and
the actual reactions conditions at the surface. Utilizing only easily accessible
experimental data measured outside the reaction chamber the model leads to
simple explicit formulas, which allow to estimate what is going on inside the
reaction chamber. This ease of the analysis serves as another argument, why
stagnation flow reactors are optimal for catalyst characterization.
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We assume no diffusion and heat conduction outside the boundary layer1,
that is temperature and partial pressures do not vary between inlet and the
onset of the boundary layer. Within the BL we want to assume that we have
no convection, i.e. u, V = 0 and the heat and the diffusion fluxes are therefore
constant within the BL. With equations 2.27, 2.28, 2.45 and the boundary
conditions we find

−κ
d

dz
T −

∑
α

hαmαναTOF = qz,solid (5.29)

d

dz
pα = TOFRT

∑
β

(Xανβ − Xβνα)/Dαβ
bin = AαTOF (5.30)

holds within the mentioned limitations for L − LB < z < L. We now want to
additionally assume that κ, hα and Aα are constant in space. With this we can
write simple formulas for estimating the TOF and the importance of mass and
heat transfer effects from the applied reaction conditions measured at the inlet
and temperature and the heat flux at the backside of the sample. We require
two boundary conditions at the backside of the sample, temperature and heat
flux, different from the previous section where we needed only one. One of the
boundary conditions obviously serves to replace the intrinsic TOF, which is not
known in an experiment a priori. From these two boundary conditions at the
backside we can determine the temperature Ts at the surface. The TOF can
then be estimated with eq. 5.29 since with no convection and constant κ and
hα temperature will behave linear between the onset of the BL and the surface.
The derivative in eq. 5.29 can then be replaced with the temperature difference
between surface and inlet divided by the BL thickness. Under the made as-
sumptions the partial pressures also have this linear behavior and the derivative
in eq. 5.30 can eliminated in the same way as the temperature derivative. This
leads to the equations

Ts =
d

κsolid
qz,solid + Tcat (5.31)

TOF = −qz,solid + κinl(Ts − Tinl)/LB∑
α

hα
inlm

ανα
, (5.32)

pα
inl − pα

s = −LBAα
inlTOF, (5.33)

where the index inl denotes that the indexed functions are evaluated with the
inlet temperature, composition etc2. Note that for the first equation no ap-
proximations need to be made and the second becomes exact in the case of an
isothermal flow. So it can be expected that for the well heat connected sample

1Actually this was our definition of a BL.
2Physically it makes more sense to evaluate the enthalpies with the surface temperature,

since equation 5.29 is the balance of energy at the surface. Since the temperature dependent
part is very small compared to the zero Kelvin component, this introduces only a small error,
which only a negligible impact on the targeted rough estimates for the TOF
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the TOF is reproduced accurately. What is left is the value for the boundary
layer thickness LB. Similarly to the other quantities on the right hand side
we want to estimate it on the basis of measurements, which can be performed
outside the reaction chamber. First we want to point out that we have pure
convective transport outside the BL. No information can travel up stream by
diffusion, heat conduction or viscous momentum transport. Consequently the
information on the surface reactivity should only be present in the BL. Thus we
can expect that the flow field outside the BL and therefore LB is hardly effected
by what is going on in the BL. We can hence estimate the value of LB from
non-reactive isothermal stagnation flows. This special case can be transformed
so that the whole problem depends only on one single parameter, the Reynolds
number Re = ρinluinlL/µinl (see appendix C.1). This means that we can tab-
ulate LB as a function of Re. As mentioned the BL starts when the viscous
momentum transport sets in. For non-viscous stagnation flows the scaled ve-
locity V has a linear dependence on z[57]. Thus the deviation from the linear
behavior is a good marker for the BL. In a viscous stagnation flow V is zero at
the inlet and at the surface and has a maximum somewhere in between. From
the previous considerations it is clear that this maximum must lie within the
BL. We choose LB = 2(L−zmax), where zmax is the position of the maximum of
V . This ensures LB approaching L for uinl → 0, as we expect for a convection
free transport problem, where the BL fills the full reactor. We have calculated
LB for different Reynolds numbers and found that

log10

LB

L
= −sig(a1(log10(Re) − a2))(a3 + a4 log10(Re)),

with: a1 = 0.75, a2 = 1.91, a3 = 0.168, a4 = 0.365,
(5.34)

fits these data very well. Here sig(t) = (1 + exp(−t))−1 is the sigmoid function,
which tends to zero for t → −∞ and to one for the t → ∞. Thus for large
enough Reynolds numbers we have

LB

L
= 10−a3Re−a4 (5.35)

We apply the developed method to the simulation results for the two limits of
isothermal and adiabatic boundary conditions. The estimations for the TOF
and the drop of the O2 pressure are shown in figures 5.6. We find a surprisingly
good agreement with the exact simulation, thereby supporting the assumptions
made in the derivation of the approximate equations. The small deviations grow
with increasing pressure. This can be rationalized by our choice of LB being the
best for low velocities and therefore low Reynolds numbers. Since the Reynolds
number is proportional to the density, it increases with the total pressure and
we are further away from the ideal case of no convection. The direction of the
deviations is easily explained. Generally the linear approximation delivers a
lower bound for the gradients at the surface, since the slope is zero at the onset
of the BL and increases monotonically. To reach the same surface temperature
or pressure the real gradient must therefore be larger than the linear estimate.
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Figure 5.7: Left: intrinsic TOF (in gray scale) as a function of the surface
temperature and the partial pressure of CO at the surface pCO

s for pO2
s =0.3 atm.

The red line is the high activity branch as in fig. 5.2. High steady-state activity
can only be sustained until the TOF increases in all physically allowed directions.
Proceeding after this point would lead to an infinite cycle of heat up and TOF
increase. Right: intrinsic TOF as function of 1/T and CO chemical potential
and fixed oxygen chemical potential (µO2

Ch = µO2
Ch(pO2

s = 0.3atm, Ts = 550K)).
In this representation the TOF increases monotonically with the temperature
and the rim of highest activity is nearly vertical.

Therefore the gas phase heat flux is underestimated in eq. 5.32 and thereby the
TOF. For the same reasons the partial pressure difference is overestimated in
eq. 5.33 if we know the exact TOF. This is the case for the isothermal limit,
where we expect a good agreement for the TOF. Consequently the drop of the
partial pressure is larger than assumed. For the limit of an isolated sample, an
underestimation of the TOF is visible. This underestimation compensates with
the overestimation of the partial pressure difference, so that this is accurately
reproduced. Of course, this method can also be used directly with observed
TOFs. Yet, these are measured at some outlet and therefore always contain
edge effects. The heat flux can be measured in the middle of the backside of
the sample thereby reducing the influence of the edge effects.

5.4.3 Breakdown of the Highly Active Branches

But why do the high activity branches suddenly break down? Different from the
above discussion this can not be answered with one argument for both cases,
the thermally well connected and the thermally isolated sample, respectively.
For the isolated sample it is useful to inspect the surface temperature and the
partial pressure of CO at the surface, as well as the corresponding TOF, as
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displayed in the left panel of figure 5.7. The axes are the CO partial pressure
directly at the surface and the surface temperature. The TOF as a function
of both is displayed as gray-scale contours. The oxygen partial pressure at the
surface is 0.3 atm, because there is hardly any drop of partial pressures. In red
we see the high activity branch. It ends at the point, when ∂TOF

∂T changes its
sign from negative to positive (which means that the blue isoline is parallel to
the Ts-axis). If we increase the partial pressure of CO at the inlet, the pressure
at the surface will also increase. Since the TOF increases with pCO

s and the
CO oxidation is exothermic, the surface temperature should also increase at the
point of the breakdown. Nevertheless, opposite to the cases with lower surface
pressures, i.e. left of the point of breakdown in the displayed figure, from this
point on this increase leads to an even higher TOF and the temperature would
need to increase even further, which again leads to a higher TOF and so on. As a
consequence no highly active steady state can be established. The change of the
slope at the point of break down can be attributed to the reaction mechanism
requiring both adsorbates to be present at the surface for high activity. The
most active state is therefore characterized by the coexistence of O and CO at
the surface, which follows more a constant ratio of chemical potentials than the
ratio of partial pressures. Thus the rim of highest activity is not a vertical line
in the left panel of figure 5.7, but tilted towards higher CO pressures for higher
temperatures. Plotting the TOF instead as a function CO chemical potential
and temperatures the rim becomes almost vertical and the reactivity increases
with temperature (right panel in fig 5.7). Also we observe that the rim broadens
with temperature (entropic broadening). Translating back to partial pressures
this broadening causes the observed change in the slope.

We analyze this break down in a more detailed way. Fixing the inlet bound-
ary conditions as well as L and d the stagnation flow problem allows for a unique
solution when the turnover frequency is explicitly given and not by the intrin-
sic catalytic function TOFintr.(pβ

s , Ts). For the case at hand with varying CO
partial pressure the values of all fields at the surface are functions of pCO

inl and
the value of the TOF. We expect the temperature to monotonically increase
with increasing TOF for fixed pCO

inl as consequence of the exothermic surface
reactions. Thus there exists a one to one mapping between surface temperature
and TOF, i.e. we can write

TOF = TOFStag.(pCO
inl , Ts) (5.36)

where the function TOFStag.(pCO
inl , Ts) is solely determined by the flow proper-

ties and independent of the employed catalyst. The surface temperature must
be determined by the requirement that this reactor TOF must agree with the
intrinsic TOF. We can write the stagnation flow problem for the TOF given by
the intrinsic catalytic function

TOFStag.(pCO
inl , Ts) = TOFintr.(pβ

s (pCO
inl , Ts), Ts)

⇓
TOFStag.(pCO

inl , Ts) = TOFintr.(pCO
inl , Ts)

(5.37)
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where we have made use of pβ
s u pβ

inl and therefore we do not need to consider
oxygen partial pressure. Thus we have for varying surface temperature and CO
inlet pressure

∂TOFStag.

∂pCO
inl

dpCO
inl +

∂TOFStag.

∂Ts
dTs =

∂TOFintr.

∂pCO
inl

dpCO
inl +

∂TOFintr.

∂Ts
dTs (5.38)

Now we follow the highly active branch in figure 5.7. Here dpCO
inl > 0 holds.

Recall that the intrinsic TOF must increase proceeding on this branch also
after its break down. Due to exothermic reactions we have dTs > 0 and

∂TOFStag.

∂pCO
inl

− ∂TOFintr.

∂pCO
inl

∂TOFintr.

∂Ts
− ∂TOFStag.

∂Ts

=
dpCO

inl

dTs
> 0 (5.39)

must hold for an active steady-state solution. For the active branch near the
point of break down we have ∂TOFintr.

∂Ts
< 0 and so the denominator is negative

since the reactor TOF increases with Ts. Since the whole left hand side must be
positive the nominator must be negative too for a point on the active branch.
Now we examine if the nominator changes sign when crossing the point of break-
down. If this is not the case eqn. 5.39 gives constraints on the derivatives with
respect to temperature of both reactor and intrinsic reactivity. The derivative of
the reactor TOF function with respect to the partial pressure is positive (fixed
Ts). This is because increasing the inlet pressure increases the density, which
leads to a higher Reynolds number. For higher Reynolds numbers the boundary
layer thickness decreases, enabling higher temperature gradients for the same
temperature difference (Ts−Tinl), and therefore higher TOFs. Due to the nature
of the problem we expect that the TOF increases more or less linearly with the
inverse of the boundary layer thickness LB (eqn. 5.32). This inverse has now
a weaker than linear dependence on the Reynolds number and therefore on the
density and total pressure (see eqn. 5.35).

L−1
B ∝ Rea4 ∝ ρa4

inl ∝ pa4
inl with a4 = 0.365 (5.40)

where we have neglected the (weak) dependence of the viscosity on composition
for the first proportionality and assumed the same for total pressure. Since total
pressure depends linear on the CO partial pressure we have a sub-linear behavior
of the reactor TOF with respect to CO partial pressure. Thus, the derivative
with respect to CO partial pressure of the reactor TOF decreases for higher pCO

inl .
∂TOFStag.

∂pCO
inl

taken at a low CO partial pressures serves then as an upper bound
for this derivative for higher partial pressures. The intrinsic TOF on the other
hand increases faster than linear with respect to pCO

inl everywhere left of the
rim. Since we have at some point on the active branch ∂TOFintr.

∂pCO
inl

>
∂TOFStag.

∂pCO
inl

it
follows immediately from the afore detailed behavior that the nominator is not
only negative on the active branch, but also everywhere left of the rim, especially
when crossing the point of break down. Therefore we have a necessary condition



98 CHAPTER 5. STAGNATION FLOWS

Figure 5.8: Left: Same as 5.2 right panel, now with mass transfer limits (dashed
lines, green for CO transport limited and blue for O2 transport limited). Right:
TOF as function of pCO

s and pO2
s . In red the surface partial pressures obtained

in the isothermal case. The highly active branch is clearly O2 transport limited
(left). It sustains high catalytic activity to the point, where the transport of CO
is the limiting factor. Proceeding on the highly active branch needs an inversion
of the partial pressure ratio as can be seen in the lower panel in the left graph.
However, for high O2 and low CO partial pressures the catalyst is not active
and the branch breaks down (right graph).

for a stationary solution

∂TOFintr.

∂Ts
<

∂TOFStag.

∂Ts
, (5.41)

which is always fulfilled when the intrinsic TOF decreases with temperature.
Thus the breakdown occurs not because ∂TOFintr.

∂Ts
changes its sign, but rather

when it becomes larger than the same derivative for the reactor TOF. This
explains why we do not get a failing behavior on the active branch at lower pCO

inl

although we have ∂TOFintr.

∂Ts
> 0. The corresponding derivative of the reactor

TOF is there still larger.
For the isothermal case it is useful to consider mass transfer limitations, i.e.

there exists an upper limit for the TOF, which is independent of the employed
catalyst. This limit originates from the fact that no partial pressure can drop
below zero at the surface. In practice it can be obtained by replacing the
boundary conditions for the mass flux eq. 5.15 for one species by the requirement
pα
s = 0. The TOF needed for the remaining jump conditions is then obtained

from the mass flux of species α at the surface. Successively performed for all
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species the maximum TOF is simply the lowest one of all found. The species for
which pα

s = 0 is reached first will be called minority species. The results together
with the previous results for the well heat connected sample are shown in the left
panel of figure 5.8. The green dotted line is the mass transfer limit, when the CO
diffusion is the limiting factor. Correspondingly, the blue dotted line represents
the mass transfer limit when the transport of O2 is limiting. The highly active
branch is clearly mass transfer limited. It breaks off at the transition between
both regimes. This transition is at approximately stoichiometric ratio of the
inlet partial pressures, due to the similar transport parameters and mass of both
diatomic reactants, cf. Table 2.1. As long as the nominal inlet composition is
different from stoichiometric feed, a corresponding roughly equal reduction of
both reactant partial pressures close to the surface will then effectively change
the psurf

CO /psurf
O2

ratio. When now crossing the point with stoichiometric feed the
ratio of partial pressures must invert as seen in the lower panel, where we have
displayed the solution for the BC Y α(z = L) = 10−4 of the minority species.
In the right panel of figure 5.8 we display the intrinsic TOF as a function of
surface partial pressures. The solutions for the surface partial pressures of the
combined reaction–reactor system are displayed in red. On the active branch
the surface partial pressures deviate more from their nominal inlet value the
closer the inlet composition is to stoichiometric ratio. This goes hand in hand
with the surface partial pressures being closer to the rim of highest activity.
When the CO inlet pressure is further lowered so that there is an excess of
oxygen at the inlet, a highly active solution would then require high oxygen
partial pressures (compared to those of of CO). The surface partial pressures
would need to cross the rim, but left from the rim the activity decreases fast
and no highly active solution can be found.

5.4.4 Phenomenological Surface Modeling

In section 3.5 we have compared the findings of kMC and MFA based phe-
nomenological kinetics. Although it fails by three orders of magnitude, espe-
cially in the oxygen covered regime, most of the qualitative features present in
kMC are also present in the MFA modeling. One might thus argue that the
conceptually simpler MFA modeling is sufficient for the use in flow modeling,
since with the intrinsic error of the 1p-RCs in mind we can only draw qualitative
conclusion also for 1p-kMC anyway. That this view does not work for the CO
oxidation at RuO2 can easily be seen in figure 5.9. The flow conditions and
heat connectivity of the sample are the same as for the considered isothermal
case 5.3.2 only the data points for the interpolation are exchanged from kMC
based to MFA based (displayed red and blue in the left panel, respectively),
all other setting are identical. At high CO partial pressures both theories give
identical results. This is expected for these conditions. There we have a CO
rich atmosphere at the surface, which therefore is fully CO covered, and the
MFA should do a proper job. For lower CO partial pressures the MFA based
modeling still agrees with the highly active branch, but it does not show the
low active branch and completely misses the bi-stability. For even lower CO
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Figure 5.9: Left: PK vs. kMC based observed TOF and partial pressure ratio.
PK reproduces the active branch, but not the bi-stability, and shows high ac-
tivity for low pCO

inl different from kMC. Right: PK-TOF as function of surface
partial pressures. The rim is broader than in kMC, therefore the low active
branch is absent and replaced by a second highly active branch.

partial pressures, when the highly active branch in the kMC based modeling
breaks down, the MFA based flow modeling continues with another highly ac-
tive branch, which looks like the continuation of the high activity in the region
where the oxygen transport was limiting. This continuation is spurious, as the
ratio of partial pressures is discontinuous just like in kMC based modeling. Hav-
ing a look at the surface partial pressure (right panel in figure 5.9) we have a
very similar picture as for the kMC based case. The solution for the surface
partial pressures is displayed in blue. Starting at high pressures both surface
partial pressures drop below their inlet values, where the deviation increases as
the CO partial pressure decreases. This behavior proceeds until the rim of high-
est activity is reached, and this branch stops here. This is the point where the
flow regime must change from oxygen transport limited to CO transport limited.
Differently, now the region of highest activity is more smeared, so that there is
activity for a partial pressure ratio pCO

s /pO2
s > 2. Although this branch - solely

present in the MFA - reaches high activity, we see that it is not mass transfer
limited, since the partial pressures at the surface are relatively fast approaching
their nominal inlet values for decreasing pCO

inl . On the other hand the smearing
prevents now the formation of a low active branch, since it leads to a significant
increase in reactivity already at low CO partial pressures, thereby transforming
the low active branch in figure 5.8 into the new active branch. From the MFA
data we would therefore conclude that it is worth to perform an experiment at
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the partial pressures of this branch: it is active but not mass transfer limited,
so there is hope to extract information from such an experiment. On contrary,
looking at the kMC data we would advice an experimentalist to perform the
experiment at different conditions. The kMC based data namely show only two
extremes: either the catalyst is inactive or we are faced with mass transfer lim-
itations. Extracting information about the chemistry is very difficult in both
cases. On the one hand low reaction rates are difficult to measure and will carry
large uncertainties. When the reactivity is mass transfer limited at least one
partial pressure at the surface is not accessible, because little changes in the
TOF cause large relative changes for a partial pressure at the surface, which is
already nearly zero.

In conclusion, using 1p-RCs in a phenomenological framework misses some
qualitative important features and - even more severe - leads to opposite con-
clusions on how to proceed with experiments. If one wants to use 1p-RCs in
conjunction with a MFA, the MFA needs to be tested to give a good quantita-
tive agreement with kMC in order to avoid a qualitative failure at the reactor
level.

5.5 Summary

The afore developed methodology for coupling first principles statistical me-
chanics to reactive flow simulations was applied to stationary stagnation flows
as suitable, albeit idealized model in order to discuss qualitative features arising
in in situ experiments with single crystals due to macroscopic heat and mass
transfer. The observed activity in such reactors might deviate tremendously
from the targeted intrinsic catalytic function. Not taking macroscopic transport
phenomena into account, the catalyst and its surface chemistry might look more
complex than it actually is. In the here discussed example the combined gas
flow/surface chemistry system shows a bistable behavior, while for the intrinsic
activity this effect is absent. The question arises whether the two branches are
stable and what happens in real experiments when the combined flow–surface
system needs to change from one branch to the other. Only corresponding time-
resolved simulations can answer these questions and give access to the wealth of
phenomena that are now only suggested by the observed bi-stability. Notably
this is the possibility of oscillations between the two modes. In contrast to e.g.
purely surface reaction–surface diffusion driven oscillations on single-crystals in
UHV [53] the mechanistic details behind corresponding reactor–reaction oscil-
lations in the ambient pressure regime are only poorly understood [107].

Our findings can be easily explained in terms of a boundary layer, where
all non-convective transport takes place. Making use of the boundary layer
concept we have developed a very approximate theory, which needs only the
temperature and the heat flux at the backside of the sample as an input. This
method agrees surprisingly well with the correct simulation results. The devel-
oped explicit simple formulas might serve for experimentalists as a measure for
the order of magnitude of mass and heat transfer effects in their experiment.
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The real thermal coupling of the sample is investigated at two extreme cases:
a thermally isolated sample where all the reaction heat must be transported
away by the gas phase, and a thermally well connected sample ensuring nearly
isothermal operating conditions. In the former, adiabatic limit the deviation
from the ideal behavior was driven by a significant surface heating. For the
isothermal limit this was due to mass transfer effects, that led to the build-up
of a significant concentration of products in the boundary layer above the ac-
tive surface. With the single-crystals in real experimental setups being neither
perfectly heat-coupled nor isolated, these two effects discussed here separately
will obviously be intricately intermingled and need to be disentangled from the
desired intrinsic activity by dedicated experiments. One of such setups are the
here discussed stagnation flows. Due to their quasi one-dimensional nature, their
analysis is extremely simple, even allowing for an inversion of experimental data
to obtain the intrinsic catalytic function. Also because of the limitation of the
employed 1p-kMC RuO2(110) model with respect to a reduction of the oxide
catalyst we have refrained from comparing our simulations to already published
experimental data. Nevertheless, we note that the gas-phase conditions and
TOFs discussed here are of the order of magnitude presented in a manifold of in
situ studies of CO oxidation at late transition metal catalysts. In this respect
it is important to recognize that the CO oxidation reaction – that has been
a fruit-fly reaction in UHV surface science due to its alleged ”simplicity” and
model character – requires particular attention. The high turnovers that can
be reached precisely because of this ”simplicity” make this reaction much more
prone to transport effects than other more complex, selective ones.



Chapter 6

Conclusion

Future materials’ design will eventually rely on a microscopic understanding
on the molecular or even electronic level. An important field, where such un-
derstanding is commonly regarded as invaluable, is heterogeneous catalysis. In
order to bridge the gap between this understanding of the elementary processes,
e.g bond breaking and bond making, and the targeted macroscopic response of
materials multi-scale methodologies need to be developed. Such an approach
has been introduced in this work allowing for an integrated modeling from the
smallest, i.e. electronic, to the largest, i.e. continuum, scales. Thereby it en-
ables the simulation of a macroscopic chemical reactor on a first principles basis.
Existing modeling approaches in contrast have either started on[118, 62] or left
out[54] a level between these two extreme scales, thereby introducing a rather
uncontrollable error. While we could build on the existing methodology of 1p
statistical mechanics bridging between the electronic and mesoscopic level[94],
the focus of this study was to make the last step, i.e. bridging between the
mesoscopic and the continuum scale. The approach was applied to the CO
oxidation at RuO2(110) as a representative example for currently investigated
model catalysts.

After introducing the established continuum mechanical models for gas flow,
heat transport in the solid and the interface of both phases the basis for a
stochastic modeling of the surface kinetics was explained. Making use of the
established first principles based micro-kinetic model for the afore mentioned re-
action system[97] the performance of two extreme methods used for extracting
information from the high-dimensional mesoscopic model was investigated. The
approximate classical phenomenological kinetics was compared to the accurate
but also computationally expensive kinetic Monte Carlo simulations. Large dif-
ferences between both approaches were observed for the investigated microki-
netic model[112] with deviations of orders of magnitude for the turnover fre-
quency for a surface fully covered with oxygen. Oppositely for a CO covered
surface the agreement for the TOF was almost exact. The success and failures
of the classical approach were analyzed with the help of the Degree of Rate
Control as a measure for rate-limiting steps. An improper account for the oc-
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currence of vacancy pairs was identified as the reason for the mismatch at high
oxygen partial pressures. The obtained insight was used to develop a modified
version of the phenomenological kinetics able to describe the response of a oxy-
gen covered surface. In the analysis of both models it turned out that such a
model can give quantitative agreement for the macroscopic accessible reaction
rates, although it might not reflect the real mesoscopic behavior, e.g. which
reaction channels are dominant. Even more severe the model can be tested at
some reaction conditions to reproduce the mesoscopic behavior, and while still
agreeing with the accurate kMC results for the macroscopic reaction rates, it
already misses the details of exactly that mesoscopic behavior at slightly dif-
ferent reaction conditions. Concluding it must be said that phenomenological
models are a good tool for effectively representing macroscopic reactivity data,
especially when they are fitted to the data they shall reproduce, but the infor-
mation about the mesoscopic surface chemistry needs to be treated with some
skepticism.

In order to maintain the accuracy of the 1p-kMC simulations an alternative
efficient approach was therefore developed for coupling first principles based
detailed reaction chemistry with continuum level simulations. The developed
methodology based on an interpolation of the reactivity data allows for macro-
scopic heat and mass transport simulations with computational costs compara-
ble to phenomenological models. In its construction the methodology can easily
be applied with any kind of flow solver. For the considered CO oxidation exam-
ple the interpolation could have been based on gridded data. Yet, interpolation
on a grid becomes prohibitive for complex reaction mechanism with more than
two gas phase species that can adsorb. The here employed modified Sheppard
interpolation can instead deal with more or less arbitrarily distributed data
thereby allowing to interpolate data in higher dimensions. Nevertheless there
exist multiple ways of scattered data interpolation, e.g. the very popular ra-
dial basis function methods[105], and since every method has its strengths and
weaknesses future work needs to investigate the performance of the different
available methods. Regardless which methods turns out to be the best for a
certain problem choosing the data points for a high-dimensional interpolation
is a crucial point, especially when the generation of the necessary data is costly.
Thus methods are needed capable to construct optimal point sets, so that the
interpolation error is minimal for a fixed number of points. The problem of good
quality data sets exists in many fields of physics and engineering e.g. for the
representation of potential energy surfaces[6], and such a method would have a
high impact not only in the here investigated field.

Even though developed to be used also for complex geometries, the approach
was applied to the CO oxidation at RuO2(110) in a stationary stagnation flow
reactor as suitable example to discuss transport effects in modern in situ exper-
iments. The intrinsic catalytic function was found to be masked by macroscopic
transport effects with the observed activity deviating by up to three orders of
magnitude from the intrinsic one. The outcome of an experiment depends thus
sensitively on the employed reactor geometry (mimicked in this study by varying
the inlet-surface distance) and the applied throughput rate (i.e. the streaming
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velocity at the inlet). For the thin, well heat conducting single-crystal the degree
of heat dissipation possible at the back of the sample (e.g. through radiative
loss or contact to the sample holder) is a further crucial factor. Not aiming,
nor being able to address specific experimental realizations this was considered
through two opposite extremes: The isothermal limit mimicking a highly ef-
ficient heat coupling of the crystal to the system, and the adiabatic limit to
represent a well insulated sample. In real experimental setups none of both
cases will be achieved and the effects discussed here separately will probably oc-
cur at the same time. If such peculiarities are not appropriately accounted for,
qualitatively wrong conclusions can be made, preventing a qualified discussion
of the effect of the pressure gap. This becomes most perspicuous considering
the partial pressure ranges where the coupled system of flow and surface shows
bi-stability, while the surface chemistry alone does not show this effect. This
bi-stability elucidates, why mass transfer effects need to be considered not only
for theory/experiment comparisons but also in the comparison of different ex-
periments even when drawing only qualitative conclusions. Here we can have a
difference of up to three orders of magnitude between the possible outcomes for
one and the same experimental setup. Thus one could conclude that the catalyst
is very active as well as that the catalyst is hardly active, depending in which
stationary solution the combined reactor surface system runs. When comparing
experimental results from different reaction chambers this effect can be even
enhanced, disqualifying any discussion even on the very qualitative level. Thus,
eliminating mass and heat transfer effects from both experimental results and
thereby arriving at the intrinsic catalytic function is a crucial task. Reaction
chambers operating in the stagnation flow regime are especially suitable for this
purpose, due to their quasi-one-dimensional nature. For the CO oxidation in
these reactors the dependence on the applied inlet velocity and the size of the
reaction chamber can conveniently be explained in terms of the formation of a
boundary layer above the catalyst’s surface. The origin of the deviation from
the intrinsic behavior is different in both examined cases of heat coupling at the
sample’s backside. In the adiabatic limit it is a pure temperature effect, while in
the isothermal limit this is solely driven by mass transfer effects. Consequently,
the reasons for the breakdown of the highly active branches observed in both
cases have a different origin. For the isolated sample this breakdown is related
to a qualitative change in the intrinsic catalytic function. In the other case the
breakdown can nearly exclusively be attributed to a property of the reaction
chamber, since the mass transfer limit shown in fig. 5.8 is completely indepen-
dent of the employed catalyst. In this study we have restricted our attention to
stationary stagnation flows. However the observed bi-stability clearly suggests
that transient behavior is important, and the system might oscillate between
both stationary solutions, possible even in-homogeneously showing pattern for-
mation at the surface in this case mediated by gas phase transport. Clearly next
steps will be the investigation of the time dependent stagnation flow problem[7]
and the extension to two and three dimensional problems by coupling the in-
terpolation to existing CFD software, e.g. [12, 8]. Even without oscillating
behavior and pattern formation such CFD simulations might be necessary for
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analyzing in situ experiments. Many experimental techniques like in situ Scan-
ning Tunneling Microscopes[89] need to put a tip near to the surface, thereby
making the depicted stagnation flow geometry impossible. In order to establish
a relation between reactivity, reaction conditions and micro-structure, partial
pressures and temperature near the tip are required and there is no way around
a full CFD simulation.
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Appendix A

Notation

In this appendix the notation, which is used in the text is going to be explained.

A.1 Scalars, Vectors, Tensors

In this section the notation of the mathematical objects used for the continuum
mechanical modeling is explained. These are tensors of different order. An
introduction to tensor calculus using a similar notation can be found in books
by Lebedev and Cloud [64] and by Schade [106]. For Latin indices Einstein’s sum
convention is used (it is summed over twice appearing indices or superscripts).
This use restricts to this appendix, in the text we will use exclusively to the
symbolic representation. A tensor is marked with several underlines. If a tensor
has the order m, it is m times underlined. Therefore a scalar (0. order tensor)
has no underline, a vector (1. order tensor) has one underline and all other
tensors have at least two underlines. Examples

a scalar: s
a vector: v
a second order tensor: T

(A.1)

A dot ’·’ denotes a scalar product. Two dots ’··’ is the double scalar product
(symmetric). No symbol between two tensors of different or same order denotes
the dyadic (tensor) product. Examples ({ei} is a Cartesian basis)

a scalar product between a vector v and a tensor T :

T · v = T ijeiej · vkek = T ijvkei(ej · ek) = T ijvkδjkei = T ijvjei. (A.2)

a double scalar product between two tensors T and S:

T · ·S = T ijeiej · ·Sklekel = T ijSkl(ej · ek)(ei · el) = T ijSklδjkδil = T ijSji.

(A.3)
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a dyadic product between two vectors v and w:

vw = vieiw
jej = viwjeiej . (A.4)

The second order unit tensor 1 is defined by

1 · v = v · 1 = v, ∀v. (A.5)

In the text the differential (nabla) operator ∇(·) is often used. This can be used
to define gradient and divergence. Definition ( {ei} is a Cartesian basis and qi

are the corresponding coordinates ):

The Nabla operator:

∇(·) = ei

∂

∂qi
(·) (A.6)

Gradient of a vector field:

∇v = eiej

∂

∂qi
vj (A.7)

Divergence of a tensor field:

∇ · T = ei ·
∂

∂qi
(Tjkejek) = ek

∂

∂qj
Tjk (A.8)

A.2 Matrices

All matrices of arbitrary dimensions (this includes row- and line-matrices) are
bold printed

M. (A.9)

The normal matrix multiplication has no operation symbol. Hence we have for
n × m matrix A m × p matrix B

AB = C , (A.10)

where C is a n × p matrix. An element of a matrix C with the column index i
and the row index j is referenced by

Cij . (A.11)

When there is set of matrices {Cl} we will denote a matrix element by

(Cl)ij (A.12)

so that the index l denoting the matrix is not confounded with the column and
row indices i, j, resp.. The transposed of a matrix will be denoted with the
usual T as superscript.



Appendix B

Some Theory on Reaction
Rates

We consider the master equation for surface kinetics 3.3. We use a symbolic
notation

∂tp = Γp, (B.1)

where entries in p are the probabilities for finding a certain adsorbate configu-
ration. The linear operator Γ depends linearly on the rate constants wi (RC)
(compare section 3.1). Now we want to find out how the stationary probability
pstat changes when the vector of RCs w is multiplied by an arbitrary number
λ 6= 0. We have

0 = Γ(w)pstat, (B.2)

0 = Γ(λw)pstat(λ) = λΓ(w)pstat(λ). (B.3)

We can see, that pstat(λ) does not depend on λ. Thus pstat is a homogeneous
function of degree zero of the rate constants[13]. The stationary reaction rates
sK can be expressed as

sK = KT pstat (B.4)

where K depends linearly on w (compare equation 3.15). It thus follows imme-
diately that the reaction rate is homogeneous of grade one and

sK =
∑

i

∂sK

∂wi
wi (B.5)

holds as long the turn-over frequency is differentiable. Thus∑
i

Xi
rc,K = 1 (B.6)

holds for the Degree of Rate Control (DRC) defined by eq. 3.16.
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A widely used concept in empirical chemical kinetics is that of reaction
orders. A stationary reaction rate is expressed as

sK = k̃K

Nspec∏
α

(pα
s )rα

K (B.7)

for a range of reaction conditions, where rα
K is the reaction order of sK with

respect to pα
s . The empirical rate constant k̃K is supposed to be independent of

the partial pressures. Using the chain rule and eq. 3.18 it follows

rα
K =

(
∂ ln sK

∂ ln pα
s

)
T,pβ(β 6=α)

=
∑
K

Xi,α
rc,K (B.8)

where the sum runs over all elementary reactions which are an adsorption of
species α and Xi,α

rc,K are the corresponding DRCs. A constant sensitivity pattern
leads obviously automatically to constant reaction orders.



Appendix C

Tests for Stagnation Flow
solver

C.1 Isothermal non-reactive stagnation flow

In the case of an isothermal flow with no chemical reactions (i.e. there will be no
diffusion) the low Mach number equations reduce to the incompressible Navier-
Stokes equations. Of course this translates for the stagnation flow equations,
since they are just special cases of the LMA. The stagnation flow problem arising

Figure C.1: Left: Scaled axial velocity u∗ as a function of the scaled spatial
coordinate z∗. Obtained by solving the full stagnation flow problem (chap. 5,
circles) and the incompressible stagnation flow equations (eq. C.1,lines). The
colors correspond to different Reynolds numbers: Re = 0.1 (red), Re = 1
(green), Re = 10 (blue), Re = 100 (purple), Re = 1000 (cyan). Middle: same
as left but the reduced radial Velocity V ∗ is displayed. Right: same as left but
the scaled pressure curvature Λ∗

r is displayed.
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from the incompressible Navier-Stokes equations can be reduced

d

dz∗
u∗ = −2V ∗,

d

dz∗
V ∗ = A∗,

d

dz∗
A∗ =

1
Re

(u∗A∗ + (V ∗)2 + Λ∗
r),

d

dz∗
Λ∗

r = 0,

with the boundary conditions
u∗(0) = 1, V ∗(0) = 0, u∗(1) = 0, V ∗(1) = 0,

(C.1)

with z∗ = z/L, u∗ = u/uinl, V ∗ = V L/uinl, Λ∗
r = ΛrL

2/uinl2/ρ. Obviously the
Reynolds number Re = ρuinlL/µ is the only free parameter and the diversity
of flow problems (i.e. different inlet velocities, viscosities, densities) can be
represented in terms of Re. Thus a certain flow configuration can be tackled by
calculating Re and solving eqn. C.1. In the end the desired fields are obtained
by inverting the the definitions of u∗, V ∗ etc.. The boundary value problem
C.1 is solved with the COLNEW software[3]. Variables and equation were
not scaled in the actual calculation and all numerical settings were identical
to those employed in the solution of the general stagnation flow equations (see
5.2) except that we do not supply an initial guess and use the default option
instead. In figure C.1 results obtained by solving C.1 are compared to the
solutions obtained by solving the full stagnation flow equations (see chapter 5)
with TOF = 0. For the later case the inlet boundary conditions were fixed
pCO
inl =2atm, pO2

inl =1atm, pCO2
inl = 10−5atm, and Tinl =600K and varying uinl ∈

1.57[10−4, 10−3, 10−2, 10−1, 100, 101]. In conjunction with L = 1cm this results
in flows with Re ∈ [0.1, 1, 10, 100, 1000]. Both solutions - incompressible and
full stagnation flows - agree within the numerical accuracy as it should be case.
Since both equation were independently implemented this serves as a test for
the proper implementation and numerical solution of the general stagnation flow
equations 5.1-2.32.

C.2 Non-Convective Stagnation Flow

In the limit uinl → 0 we expect that the velocity vanishes everywhere. The
species and the energy balance reduce to the mere requirement of constant heat
and mass fluxes

jα
z (z) = −mαναTOF(pβ(z = L), T (z = L)),

qz(z) =
κsolid

d
(T (z = L) − Tcat)

(C.2)

where we have used the boundary conditions 5.15 and 5.18. Note that in the
above equation only the knowledge of the TOF is required to obtain all three
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Figure C.2: Isothermal boundary conditions and no convection: displayed are
both solutions of the transport problem obtained by the reduced theory (lines)
and the full stagnation flow problem (chap. 5, circles) Left: CO partial pressure.
Right: O2 partial pressure.

Figure C.3: Same as C.2 but temperature is displayed left and the diffusive
mass flux of CO is displayed in the right panel.
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Figure C.4: Adiabatic boundary conditions: displayed are both solutions of the
transport problem obtained by the reduced theory (lines) and the full stagnation
flow problem (chap. 5, circles) Left: CO partial pressure. Right: O2 partial
pressure.

Figure C.5: Same as C.4but temperature is displayed left and the diffusive mass
flux of CO is displayed in the right panel.
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mass fluxes. Together with the Stephan-Maxwell equations 2.45 and the relation
for the heat flux 2.28 the the stagnation flow equations reduces to the boundary
value problem

d

dz
sCO2 = 0, (C.3)

d

dz
qz = 0, (C.4)

d

dz
T =

1
κ

(−q +
∑
α

hαmαναrCO2 , (C.5)

d

dz
pα = sCO2RT

∑
β

(Xανβ − Xβνα)/Dαβ
bin, (C.6)

with the BC (C.7)
pα(z = 0) = pα

rminl, T (z = 0) = Tinl, (C.8)

sCO2(z = L) = TOF(pβ(z = L), T (z = L)), (C.9)

qz(z = L) =
κsolid

d
(T (z = L) − Tcat) , (C.10)

which is numerically solved with the solver COLNEW[3]. The partial pres-
sures are scaled with their values at the inlet. Temperature is represented as
for the stagnation flows. The reaction rate sCO2 is expressed in multiples of
sscal = − Deff,inlY inl

α

LνrmCOmrmCO and q in multiples of κinlTscale/L −
∑
α

hαsscalm
αnuα.

All settings have been chosen identical to those used to solve the stagnation flow
equations.

The tests are performed for L = 1cm, pO2
inl = 0.3atm, pCO2

inl = 10−5atm. As
in chapter 5 we consider the isothermal case Tinl = Tcat = 600K with D =
1mm, we set the CO partial pressure to pCO

inl =1.67 atm. Here the coupled
transport-surface reaction problem has two solutions, which are both displayed
in the figures C.2 and C.3. We mimic the isolated case (Tinl = 500K, qcat = 0)
by setting Tcat = 500K and D = 100m in the above equations. We choose
pCO
inl =1.67 atm. The results are shown in the figures C.4 and C.5. In all cases

the deviation between both employed theories (full stagnation flow and reduced
theory) is within the numerical accuracy.
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