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KeV Sterile Neutrino Warm Dark Matter in Gauge Extensions of the
Standard Model

Abstract: A sterile (right-handed) neutrino with mass of keV scale is known to be a
good Warm Dark Matter candidate. It is the main objective of this thesis to study how
this possibility could be realized in the context of extensions of the Standard Model gauge
group.

Having such a setup with an additional symmetry breaking scale between the electroweak
and Planck scales, the naive expectation leads to large thermal overproduction of ster-
ile neutrinos. However, we show that sufficient entropy release due to out-of-equilibrium
decay of other long-lived right-handed neutrinos is capable to dilute the density of the
keV scale sterile neutrinos so that the observed Dark Matter abundance is achieved. The
universal requirements that should be satisfied by such gauge extensions of the Standard
Model, containing right-handed neutrinos, to be viable models of Warm Dark Matter, are
presented.

Within this scenario, we discuss the possibility of the type I see-saw mechanism and pro-
vide a simple example in the context of a left-right symmetric model.

Keywords: keV scale sterile (right-handed) neutrinos, Warm Dark Matter, gauge ex-
tensions of the Standard Model, thermal production, out-of-equilibrium decay, see-saw
mechanism, left-right symmetric model

Sterile keV Neutrinos als Kandidaten fiir Warme Dunkle Materie in
Erweiterungen der Standard Modell Eichgruppe

Kurzfassung: Es ist bekannt, dass ein steriles (rechts-héndiges) Neutrino mit einer Mas-
se im keV Bereich ein guter Kandidat fiir Warme Dunkle Materie ist. Das Hauptziel dieser
Arbeit ist das Untersuchen einer solchen Realisierung im Rahmen von Theorien, die Er-
weiterungen der Standard Modell Eichgruppe darstellen.

Betrachtet man ein solches Modell mit einer zusétzlichen Symmetriebrechungsskala, die
sich zwischen denen der elektroschwachen Wechselwirkung und der Planck Masse ansie-
delt, so fiihrt die naive Betrachtung zu einer grofen thermalen Uberproduktion von steri-
len Neutrinos. Wir zeigen, dass durch ausreichende Entropiefreisetzung—verursacht durch
ein anderes langlebiges rechts-héndiges Neutrino, das zu einem Zeitpunkt zerféllt wihrend
dem es sich aufserhalb des thermodynamischen Gleichgewichts befindet—die Moglichkeit
besteht, die Teilchendichte der keV sterilen Neutrinos effektiv zu reduzieren und der be-
obachteten Menge von Dunkler Materie anzugleichen.

Die allgemeinen Erfordernisse und Bedingungen, die von solchen Eicherweiterungen er-
fiillt werden miissen um geeignete Theorien fiir Warme Dunkle Materie darzustellen, wer-
den diskutiert. Desweiteren wird in einem solchen Szenarium die Mdoglichkeit eines Typ I
See-saw Mechanismus untersucht und ein einfaches Beispiel im Rahmen eines links-rechts-
symmetrischen Modells vorgestellt.

Stichworter: Sterile (rechts-hiindige) Neutrinos, Warme Dunkle Materie, Eichgruppen-
erweiterungen des Standard Modells, thermale Produktion, Zerfall aufserhalb des thermo-
dynamischen Gleichgewichts, See-saw Mechanismus, links-rechts-symmetrisches Modell
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CHAPTER 1

Introduction

Dark Matter (DM) is one of the experimentally observed indications of physics beyond
the Standard Model (SM). A wide variety of astrophysical and cosmological observations
confirm that Qpy ~ 0.2 part of the total energy density of the Universe is composed of
some unknown form of non-baryonic matter, which interacts very weakly [1]. Evidence
for DM come from the study of dynamics of stellar objects spanning the range from
the dwarf galaxies to galaxy clusters [2], from the analysis of the Cosmic Microwave
Background (CMB) [3], from observations of non-coinciding distributions of luminous and
non-luminous matter in galaxy clusters [4], etc.

Most common particle physics explanations point towards Weakly Interacting Mas-
sive Particles (WIMPs), which are heavy, non-relativistic and weakly interacting thermal
relics, leading to Cold Dark Matter (CDM).! The other extreme, referred to as Hot Dark
Matter (HDM) has ultra-relativistic velocities. As a consequence of its large free streaming
length, it prevents the formation of the observed small scale structures in the Universe and
thus contradicts experiment. The intermediate situation, Warm Dark Matter (WDM), is,
however, less explored. It may even provide a solution to some of the problems of the
CDM simulations, reducing the number of Dwarf satellite galaxies, or smoothing the cusps
in the DM halos [6].

Besides the identity of DM, another unsolved mystery in particle physics, presenting a
further hint of physics beyond the SM, are the astonishing small masses of the usual left-
handed neutrinos. Experiments over the past decade have shown that neutrinos oscillate
from one flavour to another, which is only possible if they are massive particles [7]. Because
the SM, predicting massless neutrinos, cannot explain such observations, there is no doubt
that it must be extended. Perhaps the simplest and most aesthetic way to incorporate
these phenomena—restoring at the same time the symmetry between the quark and lepton
sectors—is to introduce right-handed neutrinos. These hypothetical neutral particles are,
like all other right-handed chiral lepton fields, uncharged under weak interactions and thus
represent total singlets of the SM symmetry group. Physicists characterise these neutrinos
as sterile to emphasise that their only interaction with ordinary matter is gravitational or
due to weak currents via very small mixing with ordinary SM neutrinos.

Given such weakly interacting and useful particles, which arise naturally in most ex-
tensions of the SM, we are motivated to ask whether there is a connection between the
existence of DM and that of right-handed neutrinos:

Can sterile neutrinos represent Warm Dark Matter?

In fact it was pointed out in 1993 by Dodelson and Widrow [8] that sterile neutrinos can
be either hot, warm, or cold dark matter candidates.

!Note that another common candidate for CDM is the axion, which is light, but due to a specific
generation mechanism it has extremely small temperature (see Ref. [5]).

1



2 Chapter 1. Introduction

A simple model which predicts WDM as light sterile neutrinos [9]? is the ¥MSM
[12, 13|, where only three singlet fermions with Majorana masses and Dirac mixing with
ordinary (active) neutrinos are added to the SM. Then, the mass of one sterile neutrino can
be chosen in the range of several keV, and with very small mixing with active neutrinos
it will provide a particle with the lifetime exceeding the age of the Universe. This is
the WDM candidate. The virtue and at the same time the problem of this model is
that the sterile neutrino with such a small mixing (the only interaction of this particle
is via the Yukawa couplings) never enters into thermal equilibrium, and can be produced
only by some non-thermal mechanism. If this was not true, and the neutrino reached
thermal equilibrium at some moment in the early Universe, then without any additional
mechanism, the thermal relics with mass of over about 90 eV would overclose the Universe.
Below or equal to this mass bound a HDM scenario would result, which is excluded
by structure formation arguments as we mentioned above. Furthermore note that in
order to calculate unambiguously the abundance of sterile neutrino DM in the vMSM, its
initial amount is required, which consequently needs knowledge of the physics before the
beginning of thermal evolution of the Universe (see Refs. [14, 15, 16]).

The possibility analysed in this work is opposite to the YMSM. We assume that there
is some additional (gauge) scale between the electroweak and Planck scales, and that the
sterile neutrinos are charged under these additional gauge transformations. Then, for
general not too high intermediate scale, these particles have the chance to enter thermal
equilibrium at some moment in the Universe’s evolution. We find that in such a scenario,
it is possible to reconcile the thermal overproduction of WDM with the observations. To
do this, the abundance of the sterile neutrino should be diluted after it drops out of the
thermal bath. This happens if some non-relativistic long-lived particle decays after the
freeze-out of the DM sterile neutrino while being out of equilibrium and dominating the
total energy density of the Universe. Thereby considerable entropy is released such that
the amount of DM sterile neutrinos relative to the overall energy balance of the Universe
is effectively reduced. The most natural candidate for this long-lived heavy particle is
assumed to be another (heavier) sterile neutrino. Analysing this possibility, we are led to
various constraints and bounds on the parameters in the model required by cosmological
considerations and various experimental results. This set of requirements can serve as a
basis for model builders whose intention is to implement WDM as right-handed neutrinos
in, for example, a Grand Unified Theory.

The work starts by introducing the basic formalism of massive fermions—especially
neutrinos—in gauge theories (see Chap. 2 and 3) where our main concern lies in the
discussion of the see-saw mechanism (cf. Sec. 3.1 and Sec. 3.2) and the motivation of the
introduction of right-handed neutrinos (see, e.g., Sec. 3.3). Section 3.4 gives an important
parametrization of the Dirac Yukawa in the context of see-saw mechanisms, and Sec. 3.5
covers neutrino masses in a LR symmetric model. Then, before we dive into the main
part, we present a review of fundamentals of cosmology in Chap. 4. In particular we
will discuss the dynamics of important cosmological scenarios (Sec. 4.1 and 4.2); outline
basic equilibrium thermodynamics (Sec. 4.3.1 and 4.3.2); and describe in Sec. 4.3.3 the
production mechanism of thermal relics in the early Universe. We will conclude this
chapter with Sec. 4.3.4, where our study will focus on the description of the entropy
generating out-of-equilibrium decay.

2Note that WDM can also be many other particles, like a gravitino or even heavy particles, see, e.g.,
Refs. [10, 11].



In Chap. 5 we formulate the requirements on the properties of the DM sterile neutrino
and the out-of-equilibrium decaying particle to make our model counsistent with existing
observations and bounds. This generic analysis, important for all possible models of this
type, is made in the Sec. 5.1 and summarised in the end of it. In Sec. 5.2 and 5.3 we analyse
the possibility to realise these constraints in the simplest models. Thereby we make use of
the other (heavy) right-handed neutrinos to dilute the density of the DM sterile neutrino.
Especially, in Sec. 5.2 we show that it is impossible for the same right-handed neutrinos to
be involved in the dilution of the DM abundance and at the same time to give the masses
to the active neutrinos via a type I see-saw like mechanism. Finally, in Sec. 5.3 a working
example is provided, where the active neutrino masses are generated by a type II see-saw
mechanism resulting from the scalar sector of a left-right (LR) symmetric model.

The appendices are devoted to the calculation of the total decay width of the sterile
neutrinos in the models (App. A), to the derivation of the radiative decay width (App. B),
and to the Higgs potential of the left-right symmetric model (App. C).






CHAPTER 2

Fermion Masses in Gauge Theories

Contents
2.1 DiracMass Term. . . . . . . ¢ v i i v i v v v v v v e e e e e e 5
2.2 Majorana Mass Term . . . . . . vt v vt v v vt vt v v v v v oo 6
2.3 Masses in the Standard Model . ... ... ... ... .. ..., 7

In particle physics the Lagrangian . plays the fundamental role. This quantity has to
be a scalar of space-time symmetry (the Lorentz group) to be consistent with relativity.
Furthermore, from gauge theory we know that . must be invariant under some internal
symmetry transformations whose groups underlie the considered system [17, 18, 19].} This
is guaranteed if every term in the Lagrangian represents a total symmetry group singlet.

For uncharged spin % fermions, the space-time symmetry allows two types of mass
terms in the Lagrangian: The Dirac and the Majorana mass terms.

2.1 Dirac Mass Term

A generic spinor ¥ can always be decomposed into its chiral left- and right-handed com-

ponents:

_ AP 5
1/1=”¢L+¢Rzl27¢+1+27¢. (2.1)

For this reason it is convenient to define the following chirality projection matrices

1+
2 )

1_

P = 27 : (2.3)

Pr

which satisfy Pg + P, = I, P? = Pp,, P4 = Pg and P, Pr = PrPp, = 0.
A free Dirac field with mass m is described by the Dirac Lagrangian [18|

L =i —mi (24)

where the first term on the right-hand side specifies the kinetic term, and the one propor-
tional to m is referred to as the Dirac mass term. By using the decomposition (2.1) in
chiral fields, the latter can be written as follows

LB = —mnp = —m (Yrbr + VrvR) - (2.5)

'To be accurate, we want to mention that .# has to be invariant only up to a total divergence. The
theorem by Emmy Noether then implies that in an anomaly free quantum theory the current is conserved
(up to contact terms), see, e.g., Ref. [18].
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This expression describes transitions between left- and right-handed fields and is a singlet
of the Lorentz group SL(2,C). Furthermore, because barred fields are in the conjugate
representation, the bilinears in Eq. (2.5) would be invariant under gauge transformations
if both, the right- and the left-handed chiral components would be in the same represen-
tation. In such a case the Dirac mass term is a total singlet.

2.2 Majorana Mass Term

The chiral fermion fields, described in the previous section, are the building blocks of
the Standard Model (SM) |20, 21, 22| as well as of modern gauge theories. They are
the smallest irreducible representations (irrep) of the Lorentz group, from which all other
representations can be constructed. In particular, if parity is not a symmetry of the
theory, an irrep can represent a massless fermion. Working in the chiral representation
of the y-matrices, this becomes manifest because the left- and right-handed parts of the
Dirac equation decouple if the particle mass vanishes.

Now, one can ask if a 4-component spinor is required for the description of a massive
fermion. The answer is no! E. Majorana discovered in 1937 [23] that there could be a
connection between g and ¢, [24]:

bR =05 = ()¢ = iV} = Cor (2.6)

where C = 724" defines the charge conjugation matrix. Fields satisfying this relation are
called Majorana fields. Indeed, Eq. (2.6) makes sense since 9§ is right-handed. By using
the well-known commutation properties of the y-matrices [18, 19], we get

Pry§ = iPy*y; = i Prp =0, (2.7)

which confirms this statement.
Applying the Majorana condition (2.6) on the field ¢ in Eq. (2.1),

=1, + g =P+ COL =+, (2.8)

we arrive at
=Y. (2.9)

This relation implies that Majorana particles are their own antiparticles and thus must
be neutral.

The possibility to construct a mass term out of only one chiral spinor component,
which forms a singlet of SL(2, C), leads to the Majorana mass term

1 __
Ly = — 5 ML¥iyr +he.. (2.10)

Because of the anticommuting fermionic spinors (mathematically they are treated as
Grassmann variables), and the antisymmetry property of the charge conjugation matrix
CT =Cf =C7! = —C (see, e.g., Ref. [18]), the Majorana mass matrix M is symmetric,
i.e. Mg = Mjy,.

What can we say about gauge invariance? A charge conjugate field is in the conjugate
representation of the gauge group such that a barred charge conjugate field is in the same
irrep as the field itself. Thus, a Majorana mass term is only possible if there is a gauge
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group singlet in the product of these spinors. For example, such a term is not invariant
under the global U(1) transformation (whereas the Dirac mass term is!)

W — ey, (2.11)

leading to a total lepton number violation by two units.

Furthermore, in the SM of particle physics, where the lepton number conservation is
an accidental symmetry, such terms are not allowed since this theory includes no fermions
with zero hypercharge Y corresponding to the U(1)y generator in the gauge group of
electroweak interactions (see the following section).

2.3 Masses in the Standard Model

The Standard Model is a renormalizable [25] gauge theory [17] based on the symmetry
group (see, e.g., Refs. [18, 19, 26])

GSM = SU(3)C X SU(2)L X U(l)y s (2.12)

where SU(3)c describes strong interactions i.e. quantum chromodynamics (QCD), and
SU(2)r, x U(1)y the Glashow-Weinberg-Salam model of electroweak interactions.

The fermions in the SM appear in three families, each with the same quantum num-
bers under Ggy. Because the right- and left-handed chiral fields are treated differently
under Gsy—Tleft-handed fields are doublets whereas right-handed ones are singlets un-
der SU(2)r—the SM forbids bare mass terms for fermions. Therefore, all fermions of
the Standard Model would be massless were it not for the mechanism of spontaneous
symmetry breaking (SSB), also referred to as Higgs mechanism [27, 28, 29].

This process is based on the introduction of the famous but still hypothetical Higgs
boson ¢. Being a doublet of SU(2)r, it can couple with fermion bilinears to form renor-
malizable terms of the following type:

Lk = —yabf%¢e% + h.c.. (2.13)

Ly, is the left-handed lepton doublet of SU(2)r, er the right-handed lepton singlet of
SU(2) 1, and ygp is the coupling constant with generation indices. Such so-called Yukawa in-
teractions represent total singlets of Ggy. However, because the ground state of the Higgs
potential is not invariant under this symmetry group, the neutral component of the Higgs
doublet acquires a non-zero vacuum expectation value v (VEV). Thus, SU(2)r x U(1)y
spontaneously breaks down to U(1)g, the gauge group of electromagnetic interactions, and
the VEV v, substituted into Eq. (2.13), leads to Dirac masses for the charged fermions:
LD = —vyapetel +he. . (2.14)
However, we want to mention that in the SM, mass terms for neutrinos are not allowed.
First of all, it contains no right-handed neutrino fields so that Yukawa terms such as
in Eq. (2.13) can not be formed. Secondly, Majorana mass terms for the left-handed
field vy, are forbidden because on the one hand, such a term in bare form would violate
electroweak gauge symmetry (see the discussion at the end of Sec. 2.2), and on the other
hand, there is no way to produce it via SSB since there are no further scalar bosons in the
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SM, which have appropriate quantum numbers, to form a renormalizable? gauge group
singlet together with the bilinear v{v;. Hence, to predict massive neutrinos, one has to
go beyond the SM.

2From power counting of divergent diagrams, Lagrangian terms which contain products of fields with
mass dimension larger than four are nonrenormalizable (see, for example, Refs. [18, 25]).
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Nowadays we know that the SM cannot be a complete theory of everything. One of the
shortcomings is that neutrinos oscillate and therefore must be massive particles. There
exist several extensions of the SM which predict neutrino masses (see, e.g., Ref. [30]).

In this chapter we want to go beyond. We shall consider a general situation, where
we assume that both, Dirac as well as Majorana mass terms for the neutrinos are present.
This will lead to a special case—known as the see-saw scenario—which can explain the
astonishing small active neutrino masses. Then we will show how such Dirac or Majorana
mass terms can be realised in some specific extensions of the SM, discuss the see-saw
mechanism in the context of effective field theories and conclude the chapter with a short
review of a left-right symmetric model.

3.1 The Dirac-Majorana Mass Term

As mentioned in the end of the previous Sec. 2.3, the hypothetical right-handed neutrino
is not present in the SM. Nevertheless, in order to have the possibility to form Dirac mass
terms for the neutrinos, we will assume that it is there. Furthermore, we will allow for
Majorana masses which are forbidden in the SM but could be present in some extended
theories. The question as to what models and what scalar sectors could give rise to such
terms will be postponed to Secs. 3.3 and 3.5.

9



10 Chapter 3. Massive Neutrinos

Given the left- and right-handed neutrino fields, v;, and Np respectively,! one obtains
the general mass Lagrangian by writing down all possible Dirac and Majorana mass terms.
For one generation, one has

1 — 1 —
LM — o pULNR — g Movivs — S MRNRNR +hee. . (3.1)
By defining the vector
_ (VL
Ny = (Nﬁ) , (3.2
the expression (3.1) can be written in a convenient matrix form
1.
DM —SNEMNL +hee. (3.3)
with the symmetric complex matrix
(M mp
M = <mD MR> : (3.4)

Note that in this derivation we have considered a real Mpg. This is always possible by an
appropriately chosen phase of the field Ng. Then, once the phase of Ng is fixed, we can
choose that of vy, in such a way that mp becomes real. However, if there is a phase left
in M7, it is no more possible to get rid of it because we can not change the phases of the
chiral fields anymore. Thus, in general we can consider a complex M with real mp and
Mg but complex M.

From the expression in Eq. (3.3), it is clear that the chiral fields v;, and Ng are in
general not the mass eigenstates. In order to find the fields of massive neutrinos, one has
to diagonalise the matrix in Eq. (3.4). This can be done by a unitary transformation W

NL = WnL s (3.5)
with the fields in mass basis
ng = <V1L> : (3.6)
var
Then, the mass matrix transforms as
T ma 0
W MW = . (3.7)
0 mo

To simplify the formulas, we consider real mass matrices. In such a case the eigenvalues
of M are

1
ma1 =5 [ML+MRj:\/(ML—MR)2+4m2D] , (3.8)
and the angle of the rotation which diagonalises M can be derived out of
2mD
20 = —— . .
tan 21 Mo M, (3.9)

!We take the name Ng instead of vr because in case of Majorana neutrinos, we have the relation
(ve)® = vr. However, the right-handed field describes a totally different particle. In the SM it is, for
example, a total singlet of Gsy whereas the usual active neutrino vz, is not (see the discussion at the end
of Sec. 3.2.1). Thus, we should not identify it with (vz)°.
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3.2 The See-Saw Mechanism

In this part we describe a scenario which is able to explain, why the neutrino masses
are so small compared to that of charged leptons. We speak about the famous see-saw
mechanism. This process can be realised in different ways in various extensions of the
Standard Model (see, e.g., Ref. [30]). Here we want to describe the most common types.

3.2.1 Type I See-Saw

Assume that for some reason we have the scenario

mp < Mg, M;,=0. (310)
From Eq. (3.8), we obtain?
m?
~ = ~ Mp . 3.11
m My mo R ( )

The Eqgs. (3.11) show that v is as heavy as Mg and vy is very light. This is because mp
is suppressed by the small factor mp/Mpg, i.e. the heavier the mass of the neutrino vs,
the lighter the mass of v1. This is the reason why physicists call it “see-saw” mechanism.

In the considered “type 1”7 scenario [31, 32, 33] the mixing angle (see Eq. (3.9)), which
describes the transformation from flavour to mass basis, is very small:

mp
= — 1 .
V=<1 (3.12)

This implies that 1 is composed mainly of vr, whereas v is composed mainly of Ngr. In

particular, we have
W— 1costd  sin® (3.13)
~ \—isind cos?) ’ '

such that the mass eigenstates are given by

Vi ~ —ivr + i D Np ~ —ivp,, (3.14a)
Mp
vor, = 2Py 4 NE ~ N, . (3.14b)
Mpg

At this point let us do a little excursion. We want to show, how important the see-saw
mechanism is.

One of the unsolved questions of neutrino physics is the explanation of the tiny neutrino
masses compared to that of charged leptons. This problem can be solved by the type I
see-saw mechanism in a very beautiful way if we do a minimal eztension of the SM—we
add the right-handed neutrino. Note, that it is one of the peculiarities of the SM that it
contains left- and right-handed chiral projections of all fundamental fermions except for
neutrinos. However, in the epoch when the SM has been invented, neutrinos were thought
to be massless, and therefore, right-handed neutrino fields have not been introduced. Like
all the other right-handed fields of the SM, the Ng is assumed to be a SU(2)y, singlet.
The definition of electric charge, @ = T5 + Y/2, then implies that this electrical neutral

2The minus sign in the formula for m; can be absorbed by a redefinition of the field v; in mass basis
(see Eq. (3.14)).
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neutrino has in addition zero hypercharge (Y = 0). This means that the right-handed
neutrino is a total singlet of the entire SM symmetry group Ggm. In other words, this
neutrino is uncharged under all SM interactions. Therefore, people call it sterile. On
the contrary, the usual left-handed neutrinos, which participate in weak interactions, are
usually called active.

Let us show how the scenario from above (see Eq. (3.10)) is realised in such a simple
SM extension. The Majorana mass term for vy, which contains My, is not allowed in
the SM because this field is contained in the (1,2,-1) representation® of Gsy, and the
Kronecker product

(1,2,-1) ® (1,2,-1) = (1,1,-2) & (1,3,-2) (3.15)

contains no singlet. Thus, this term is forbidden by renormalizability and the symmetries
so that we have My = 0. The Dirac mass term, which contains mp, is produced by the
Higgs mechanism in the same way like it was described in the case of charged fermions
in Sec. 2.3. Therefore, mp is like all other charged fermion masses proportional to the
VEV of the Higgs boson. This is the reason why it cannot be much larger than the
electroweak scale ~ O(10%) GeV—one says it is protected by the symmetries of the SM.
On the contrary, since the Majorana mass term of the right-handed sterile neutrino Np is
a total singlet of Gy, the mass My is not protected by the SM symmetries. Instead, it
will be determined by some scale corresponding to new physics beyond the SM, where the
chiral field Nr will belong to some non-trivial multiplet of the high-energy gauge group.
The mass Mg is then protected by high energy symmetries, and its order of magnitude
will be determined by their breaking scale, which may, for example, be at the grand
unification scale ~ O(10* = 10'6) GeV. Hence, the type I see-saw mechanism predicts a
light active neutrino mass m; for neutrino v; (cf. Eq. (3.11)), which is suppressed with
respect to the electroweak or charged lepton mass scale (~ mp) by the very small ratio
mp/Mp ~ 10714 + 10712,

3.2.2 Type II See-Saw

The type II see-saw scenario [34, 35, 33| is realised when the left-handed Majorana mass
M, is small but non-zero, and if the relation

My, < mp <€ Mg, (3.16)

holds. A non-zero My, can, for example, be induced by extending the scalar sector of the
SM by an Higgs triplet (see Eq. (3.15) and Sec. 3.3.2). There are models which predict a
suppression of the mass My, by a new scale of physics beyond the SM. A very important
example will be given in Sec. 3.5, where we describe the left-right (LR) symmetric model
based on the gauge group SU(2)r, x SU(2)r x U(1)p—7.

Motivated by such theories, let us consider Eq. (3.16) with

2
mp

3The representation of a particle in the SM is a combination of an irrep of SU(3)c, an irrep of SU(2)r,
and an irrep of U(1)y. The values of the dimensions of these irreps are usually collected in parentheses
(cf. Eq. (3.15)).
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Here a is a numerical coefficient and A denotes the high-energy scale. By applying
Eq. (3.8), we obtain
mp _ mh _mp

mq L MR a A MR, mo R (3 18)

Conventionally one speaks of a type Il see-saw if |M| > m2,/Mpg, whereas the type I
see-saw refers to the case in which |ML| < m%/Mpg.

3.2.3 See-Saw with three Generations

So far, the discussion was for simplicity and illustration focussed on the case of one gen-
eration. However, as we know from measurements of the Z boson decay width [36], there
are three flavours of active neutrinos in nature. This motivates us to introduce three?
right-handed neutrino fields, one for each generation. The general neutrino mass matrix
which corresponds to the Dirac-Majorana mass term is now a 6 X 6 complex symmetric
matrix:

(Mg, mp
e (M Y 19

where My, and Mg are complex symmetric 3 X 3 blocks, and mp is an arbitrary complex
3 x 3 matrix. The vector of left-handed fields N, defined in Eq. (3.2), has the form

VL
N = <N10~2> , (3.20)
with
v, = Wer, Vur, vrr) Ng = (Ner, Nur, Nor)T . (3.21)

It is obvious that due to the matrix character of its entries, the diagonalization of the
matrix in Eq. (3.19) is more complicated than in the case of one generation.

If all the eigenvalues of Mp are much larger than all the elements of mp and M,
M can be diagonalised by blocks following Ref. [39]. Up to corrections of the order of
Mglmp, we have

with
we (1T Med) ) 6
—-Mp mh 1—35Mp mlijE(Ml*z)_l

whereas the in general non-diagonal 3 x 3 matrices, m, and My, are given by
m, = My —mpMp*m},, My~ Mpg. (3.24)

These are the type Il see-saw formulas in the case of three left- and three right-handed
neutrinos.

Tt is important to note, that the presence of sterile neutrinos is irrelevant for anomaly cancellations
[37, 38].
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3.3 Neutrino Mass in SU(2); x U(1)y Gauge Theories

As often mentioned before, to explain observed evidences for neutrino masses, one must
go beyond the SM. However, this does not necessarily mean that one has to consider
high-energy extensions of the gauge group SU(2)r x U(1)y. Even with the same gauge
group as the SM, one can conjecture modifications in the scalar or fermionic sectors of
the new model so that neutrino mass terms like in Eq. (3.1) are possible.

We already discussed such an extension in the fermionic sector (see Sec. 3.2.1): the
adding of the right-handed neutrino to the matter content of the SM.

3.3.1 Introduction of right-handed Neutrinos

The right-handed neutrino Np is assumed to be sterile, i.e. it is a total singlet of the
SM gauge group SU(3)c x SU(2)r, x U(1)y such that its only interaction is gravitational.
Nobody knows if it exists, but the introduction of this particle is a very aesthetic extension
of the SM. Adding three of them—one for each generation—would remove the asymmetry
between the lepton and quark sectors so that there is a right-handed chiral partner for
every left-handed fundamental fermion field. Due to SSB the right-handed neutrinos
provide the possibility of Dirac mass terms and in addition, Majorana masses for Ny are
possible if lepton number conservation is violated. In such a case the scenario of the type I
see-saw, discussed in Sec. 3.2.1, could be a possible explanation of the small active neutrino
masses. At the same time, the heavy right-handed neutrinos would be non-observable if
the mass scale of new physics beyond the SM would be at GUT scale. We want to mention
that with right-handed neutrinos present, U(1)p—_r, is anomaly free. Thus, it would be
possible to forbid Majorana mass terms by imposing a gauged B — L symmetry so that
models with massive Dirac neutrinos would result. However, such models are considered
to be rather unnatural because very small Dirac Yukawas are required to predict the small
active neutrino masses.

In the end of Sec. 3.2.1 we showed that a bare Majorana mass term for the left-handed
neutrino field vy, is forbidden by the SM symmetry group (cf. Eq. (3.15)). Does this mean
that without introducing the right-handed neutrinos or extending the gauge group Gg,
neutrino masses are impossible? No! One can add new Higgs particles to the scalar sector
of the model which can lead to Majorana masses for the left-handed neutrino. In the next
section we shall present some well-studied examples.

3.3.2 Enlargement in the Scalar Sector

In the SM, the lepton fields and Higgs scalars have the following SU(2); x U(1)y trans-
formation properties (see, e.g., Ref. [18]):

lon ~ (1,-2), (3.25)

bi = (qgc:) ~ (2,1),

where the first and second entries in the parentheses are the SU(2)z, and U(1)y quantum
numbers, respectively. We adopt the convention of taking the hypercharges Y to be
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2(Q — I3), where @ is the charge of the fermion and I3 its third weak isospin component.
a denotes the flavour and i the SU(2) index. Let us consider the Kronecker products of
the lepton representations:

Liptly, ~ (2,1)®(1,-2)=(2,-1),
(Lir)Lirn, ~ (2,-1)®(2,-1) =(1,-2) ® (3,-2), (3.26)
(Rl ~ (1,-2)®(1,-2) = (1,-4) .

The first term in Eq. (3.26), which conserves lepton number, is well known. The coupling
with the SM Higgs doublet (cf. Eq. (3.25)) leads to massive charged Dirac fermions due
to SSB, like it was discussed in Sec. 2.3. Because the Higgs particle carries no lepton
number, the mechanism of SSB will not spoil this global symmetry.

The other two bilinears in Eq. (3.26) violate lepton number by two units. Furthermore,
there is no scalar particle in the SM which could join these expressions to a gauge invariant
Yukawa coupling. Thus, to obtain mass terms out of these bilinears, we have to enlarge
the scalar sector of the SM. The study of the Kronecker products in Eq. (3.26) gives us
the following types of additional Higgs particles:

e triplet: A ~ (3,2),
e singlet with charge +1: ht ~ (1,2),
e singlet with charge +2: k™1 ~ (1,4) .

Note that although the last two terms in Eq. (3.26) have a net B — L number one can
restore this symmetry by assigning appropriate lepton numbers to the new Higgs particles.
How is it then possible to obtain lepton number violating Majorana mass terms in such
theories?

Adding a Higgs triplet Let us consider the case of the Higgs triplet. It joins the
second term in Eq. (3.26) to form a gauge invariant Yukawa term as follows

LA = —yab(LaLL)CeZkAi Lbj,L + h.c., (3.27)
where % = i(02) is the total antisymmetric 2-dimensional Levi-Civita tensor, which
can be used to raise and lower SU(2) indices.” Note that the term e*Aj is symmetric
under ¢ < j. Hence, it follows from Grassmann nature of the fermion fields and the
antisymmetry property of the charge conjugation matrix C = i727° (see Sec. 2.2) that the
Yukawa coupling ¥, is symmetric. The triplet scalar A in matrix form is given by

<5+§0\/§ _;:/*\/Q) ~(3,2), (3.28)

where the charge assignments of the fields § are easily determined by applying the Gell-
Mann-Nishijima charge operator @ = Is +1/2Y on A:
1

QA= glos, Al + A (3.29)

*With o;, we denote the usual Pauli matrices. Furthermore, we use the convention that the funda-
mental representation 2 has a lower index, and its conjugate 2 has an upper index.
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Now let us assume that the parameters in the scalar potential of the theory are such that
at the minimum the Higgs particle A acquires the VEVS

(A) = (S 8) . (3.30)

Then, after SSB, the expression (3.27) produces a Majorana mass term for the left-handed
neutrinos

1 N
grly\l/[ = —§Mab V:;Lyb,L + h.c., (3.31)
with the symmetric mass matrix
Mab = 2vyab . (332)

Thus, even if A carries lepton number 2 so that the expression in Eq. (3.27) is B — L
invariant, this symmetry will be broken as the Higgs particle develops a VEV. Note that
by enforcing U(1)p_r, to be a symmetry of the entire classical Lagrangian, this break-
down happens spontaneously implying the existence of a massless Nambu-Goldstone boson
called Majoron. However, such interesting models, proposed by Gelmini and Roncadelli
[40], are ruled out by now because the Z-boson decay into such massless scalars gives a
significant contribution to its width and therefore contradicts measurement results. On
the contrary, if we do not insist in having B — L invariance, and write down the full
gauge-invariant scalar potential involving the SM Higgs doublet ¢ and the triplet A, there
will be a term

£ D ApTe* Al g+ hec. (3.33)

that breaks B — L explicitly. Allowing for this term, there would be no spontaneous B — L
breakdown and the Majoron would be absent.

Adding Higgs singlets The Higgs singlet h™ can have the following gauge invariant
Yukawa term -
S+ = —Yab(Lai )€ Lyj .h™ + hec. . (3.34)

with an antisymmetric coupling y,, = —yq. Here the scalar h cannot develop a VEV
because otherwise the vacuum would be charged and electromagnetic gauge symmetry
would be spontaneously broken. Thus, we need another source of B — L violation in order
to generate Majorana masses for v7. Anthony Zee found [41] that if one introduces besides
the singlet h another scalar doublet ¢ (in addition to the SM Higgs boson ¢), it will be
possible to form a lepton number violating scalar coupling of the form e¢¢’h™. In such a
case Majorana mass terms are produced through loop diagrams such as Fig. 3.1(a).

Another model is from Babu [42]. Instead of adding a second scalar doublet, he takes
the doubly charged singlet k™ from above. Again it is possible to form a B — L violating
trilinear coupling of scalar particles, k*h~h~, so that Majorana masses are produced by 2
loop diagrams as shown in Fig. 3.1(b). Note that such radiatively produced mass terms are
small because of the factor # resulting from the loop integrals, and the proportionality
to powers of small coupling constants. Hence, such mechanisms are besides the see-saw
scenario another aesthetic explanation of the smallness of neutrino masses.

Finally, let us emphasise that the p parameter, defined by

2
My
M2 cos? by

p (3.35)

%Note that because of conservation of charge, only the neutral component §° can acquire a VEV.
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Figure 3.1: Processes generating the active neutrino mass radiatively.

is sensitive to such scalar sector modifications and could deviate from the SM value, p = 1,
at tree level if the additional Higgs bosons acquire VEVs that contribute to electroweak
symmetry breakdown. To show this explicitly, we give a more general expression. Using
as usual the scalar kinetic terms with the VEVs inserted, for determining the gauge boson
masses, we obtain in case of an arbitrary number of Higgs multiplets ®, including the
SM doublet, the following relation [43]:

)= Sk IR (IR +1) = (I5)*] g e (3.36)

= 3 : :
237k (I5)2 v

Here I* is the weak isospin of the Higgs multiplet ®;, and Igf is the third component
of the weak isospin of the component of ®;, which has the VEV vg. The quantity cy
equals 1/2 (1) for real (complex) representations. Because experiments strongly restrict
this parameter to p = 1.0004f8:888§1 [36], one has strong bounds on the VEVs of additional
Higgs bosons.

3.4 Effective Majorana Mass

In some of the previous sections we demonstrated that without extending the SM it is
impossible to have a Majorana mass term for the left-handed chiral neutrino field v, (see
Sections 2.3, 3.2.1 and 3.3.2).

Then, at first sight, it seems to be curious why there exist a non-renormalizable ex-
pression, composed of SM fields, which respects Ggy at high energies and reduces to a
Majorana mass term for vy, at low energies. We speak about the lepton number violating
Weinberg operator [44]

s = —k(LTep)Cl(¢Telr) + hec. , (3.37)

being the lowest dimensional unique term satisfying this property. Indeed due to elec-
troweak symmetry breakdown, i.e.

b= (q(;) 5B, (g) = (0) , (3.39)

this term leads to

1 _
M — —im,/LVEI/L +h.c. . (3.39)
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with the Majorana mass
my, = 2K0° . (3.40)

Of course, the Lagrangian from above, Eq. (3.37), is non-renormalizable. Representing
a dimension-5 operator,” this term would produce non-renormalizable divergences and,
therefore, is not acceptable in the SM. Nevertheless, as we will demonstrate, it plays an
important role in the framework of an effective field theory (EFT).

Over the past several decades it has become clear that the SM fails to explain a
number of observed phenomena in particle physics, astrophysics and cosmology. Besides
the neutrino oscillations (suggesting massive neutrinos) this model cannot explain the
nature of Dark Matter, that of Dark Energy, the processes of baryon asymmetry and of
inflation. These drawbacks indicate that the SM cannot be complete. It is rather the
low energy manifestation of a deeper structure, some unknown ultimate theory (see, e.g.,
Ref. [45]).

The concept of EFT allows us to make predictions at low energies (or equally long
distances) even if we don’t know anything about the ultimate theory. More precisely it
describes the low energy limit of a full theory by a series expansion of its Lagrangian [46]:

L =204 20 L 2@ (3.41)

In our case .29 = Z\ corresponds to the renormalizable SM Lagrangian. The following
ZW’s are effective non-renormalizable dimension-(4 + i) terms, which are low energy
residues of the high energy theory. The latter must include the gauge symmetries of the
SM in order to be effectively reduced to the SM at low energies, so that the operators
L1, 2, ... are singlets of the gauge symmetry Gsy. However, since any Lagrangian
term must have a total mass dimension of 4 the coupling constants of dimension-(4 + )
operators are proportional to A=, where A is a heavy mass, characteristic of the symmetry-
breaking scale of the high energy “full” theory. This is the reason why the operators in
Eq. (3.41) with ¢ > 0 are highly suppressed compared to the SM Lagrangian such that
the observability of the low-energy effects of the new physics beyond the SM is limited.

The unique candidate for .2, i.e. the effective low energy non-renormalizable op-
erator with lowest dimensionality, compatible with the symmetries of the SM, is the
dimension-5 operator .45 introduced in Eq. (3.37). In this formalism it is obvious, why
the neutrino masses are small. The coupling constant of % is proportional to A~! so that
the mass term in Eq. (3.39) has the form

Kv? = a— (3.42)

with a, a dimensionless numerical coefficient. Note that this relation is of the same
structure as that obtained with the see-saw mechanism described in Sec. 3.2.1 and 3.2.2.
In the following we shall show that the see-saw mechanism can indeed be the source of
the dimension-5 operator at low energies.

3.4.1 The See-Saw Mechanism and the Dimension-5 Operator

In this section we will reveal a connection between the see-saw mechanism and the effective
dimension-5 operator ..

TA Lagrangian term which contains a product of fields with energy or mass dimension d is called a
dimension-d operator
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The type I see-saw scenario is characterised by condition (3.10) and the presence of
right-handed neutrinos Np with mass Mpg. To calculate the active neutrino masses, we
will now present a new method proposed in Ref. [47]. Let us consider the Lagrangian

. 1 - .
LM = —mp(Ngvr, +7LNR) — 5 Mr(NENR + NpNp) . (3.43)
Above the scale of electroweak symmetry breaking, one can write this term in the form
. —~ 1 N
Ly ™M = ~y(Nro' Ly, + LLoNR) — 5 Mp(NECNR + NLCTNG) (3.44)
where ¢ = £¢* is the charge conjugate SM Higgs field. Now comes the point. If the mass
M, is very heavy, the right-handed chiral field Ny can be integrated out. This is because

at SM energies, it can be considered in the static limit in which the kinetic term in the
equation of motion is neglected. Thus, we obtain with Eq. (3.44)

0.7 (z) 0L (x) 9L

0=-9 ~ = —MpNEC —yL1o 3.45
FO@,Nr(x))  ONg(x) ~ ONp(x) RNRC —yleo, (3.45)
so that Np in its static approximation is given by
Y sr,7-T
Np~ -V arer; T 4
R MR¢ CLp (3.46)
Substituting this back into Eq. (3.44), we obtain
pam L y2 T to.T
LoV~ ———(L1ep)C'(¢p" eLr) + hec. . (3.47)
2 Mg
If we define the massive field vy, as in Eq. (3.14)
mr = —’il/L N (348)

the operator in Eq. (3.47) generates after SSB (¢ — (¢), cf. Eq. (3.38)) the Majorana
mass term

D+M 1y*0? c
LT~ ~3 i, vipviL + hee. . (3.49)
which gives us because of
mp = vy, (3.50)

the same results as in the scenario of the type I see-saw (cf. Sec. 3.2.1).
The expression in Eq. (3.47) coincides with the dimension-5 operator in Eq. (3.37) if
we identify
2
A=Mp, a= —%. (3.51)

This procedure demonstrates that at low energies the type I see-saw mechanism effectively
reduces to %5 so that A determines the scale of the right-handed neutrino mass Mpg.
However, we want to mention that there are other .5 contributions possible. The pure
type II see-saw—induced by a very heavy Higgs triplet, which couples to the left-handed
chiral neutrino fields, as described in Sec. 3.3.2—is, for example, another candidate. This
can be illustrated impressively by Feynman diagrams and their corresponding amplitudes.
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Figure 3.2: At energies far below the masses of the heavy intermediate particles, both the
type I (left-hand side) and the type II (right-hand side) seesaw mechanisms effectively
lead to the dimension-5 operator (centre).

In Fig. 3.2 we consider this procedure in the case of a type I and a pure type II see-
saw. The intermediate particles in the diagram on the left are the right-handed neutrinos,
whereas in the diagram on the right, we have the Higgs triplet propagating on the internal
line. Because of their heavy mass, these particles cannot get on-shell at SM energies
and thus are integrated away. In the language of Feynman diagrams this means that
at low energies the propagator of these particles becomes effectively independent of the
transferred four-momentum ¢? so that it contracts to an effective four particle vertex®
where the 2 Higgs bosons of the SM meet the left-handed chiral neutrino fields. The
resulting Feynman diagram corresponds to the effective dimension-5 operator, making it
impossible to distinguish between these two scenarios at low energies.

To conclude Sec. 3.4, we present a very useful parametrization, which is based on the
effective character of the see-saw mechanism.

3.4.2 The Casas-Ibarra Parametrization

Let us consider a Majorana mass matrix with the pattern

(M mp
M= (m% MR) . (3.52)

If the scenario of the type II see-saw is realized, we obtained out of this matrix the relation
(cf. Sec. 3.2.3)
my = My, —mpMp'm} , (3.53)

where m,, denotes the active neutrino mass matrix. In the previous section we have seen
that at low energies the heavy degrees of freedom are integrated away so that the number
of high energy parameters, i.e. of those contained in My, mp and Mp, exceeds the number
of low energy parameters contained in m,. The idea is now to parametrize these unknown
high energy quantities to obtain all possible Dirac mass matrices mp which lead to the
considered m,, if Mp is known. Within the type I see-saw, such a parametrization of
our ignorance was suggested by Casas and Ibarra [48]. We will give an extended version,
following Ref. [49], which is also applicable to the scenario of the type II see-saw.
By defining the symmetric and in general complex matrix

X, =m, — My, (3.54)
we can rewrite Eq. (3.53) in the form

X, = —mpMgp'm},, (3.55)

8Note that this is well-known from Fermi’s theory of weak interactions.
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The matrices X, and Mg can be diagonalised by unitary transformations:
. . . T
X, =V Xdespt = [V:(Xglag)%] [V;(Xsmg)%] , (3.56a)
Mp = VM2V (3.56b)

Multiplying Eq. (3.55) by [V;(Xf,ﬁag)ﬂ o from the left and by { [V;‘(Xf,ﬁag)ﬂ T}_l from
the right and using Egs. (3.56), we find
I=RRT, (3.57)
with ) .
R = +i (X;“ag)_E VImpVi (Mgiag)‘i . (3.58)

Egs. (3.57) and (3.58) mean that the type II see-saw relation requires R to be a complex
orthogonal matrix, but otherwise does not constrain it. In this way we obtain for the
Dirac mass term in the basis where Mp is diagonal

mp = +i Vi X3 R/ MGy (3.59)
R is an arbitrary complex orthogonal matrix and can be parametrized as
R =+ Ry2 R13 Ros (3.60)

where R;; is the matrix of rotation by a complex angle w;; in the ij-plane.

The formula for the type I see-saw can easily derived out of (3.59). Because of My, = 0,
X, simply corresponds to the active neutrino mass matrix m, and the transformation
matrix V,, to the PMNS matrix U. We arrive at

mp = i U\ my*8 R/ MGV} . (3.61)

This is the so called Casas-Ibarra parametrization of the Dirac mass matrix.

3.5 Neutrino Mass in a left-right symmetric Model

Section 3.3 was devoted to the explanation of neutrino masses in models based on the SM
electroweak symmetry SU(2)r x U(1)y. Here the aim is to give masses to the neutrinos in
the context of a model with a bigger gauge group. Our choice is to focus on the left-right
(LR) symmetric model, which seems to be one of the most straightforward extensions of
the SM. As the name says, in this model, the left- and right-handed chiralities of fermions
are treated identically at high energies above all symmetry breaking scales. This implies
that in the symmetric phase the weak interactions must conserve parity, i.e. the Lagrangian
of this model involves both V' — A as well as V + A charged-currents. The dominance of
V — A at low energies is then caused by the fact that there is a non-symmetric vacuum
under space reflections. Moreover, in this model right-handed neutrinos are naturally
included, because the LR symmetric treatment of weak interactions at high energies has
the consequence that every left-handed fundamental fermion must have a right-handed
partner. The minimal gauge group that implements such a symmetry is

GLR = SU(3)C X SU(?)L X SU(Q)R X U(l)B,L s (3.62)
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where SU(3)¢ is the usual QCD and SU(2)1, x SU(2)g x U(1)p_r, the high energy elec-
troweak symmetry with gauged? U(1)p_r. In the symmetric phase, besides B — L, the
baryon and lepton numbers are conserved separately, since there are no couplings between
leptons and quarks. Moreover, the term B — L appears in the electric charge formula,
which in the LR symmetric model has the attractive form [50, 51|

B-L

Q=13 +I3r + 5

(3.63)

I3;, and I3k are the third components of the weak isospins of SU(2)r and SU(2)g, re-
spectively. People think that B — L makes more physical sense than the hypercharge Y
contained in the Gell-Mann Nishijima formula of the SM.

Equation (3.63) has important consequences. For instance, at an energy scale beyond
the electroweak one (~ O(100—200) GeV), Alsr, = 0 holds and since charge is conserved,
one obtains from Eq. (3.63)

1
Alig = —5AB - L). (3.64)

This relation connects the breakdown of parity with that of local B—L symmetry. If SSB of
SU(2)g is chosen so as to give I3sg = 1, we have in the case of neutrinos (AB = 0) a lepton
number violation of AL = 2. This leads to Majorana mass terms and neutrinoless double
beta decay. Indeed, we will see in what follows that the neutrino masses are implemented
by a type II see-saw mechanism and that there is a connection to the symmetry breaking
scale of the gauge group SU(2)g.

Such left-right symmetric models were first proposed around 1973-1974 by Pati and
Salam [52] but also Rabindra N. Mohapatra and Goran Senjanovic are very active in this
field [53, 54, 55].

Below, we will give a short review where our main attention will focus on the realisation
of massive neutrinos. The general Lagrangian of such a model consists of three parts:

AR =Lin+ L - V. (3.65)

Zin contains the kinetic terms dictated by the gauge group and the assignment of fermions
and Higgs bosons to this model, V is the Higgs potential, and 2% the part which contains
the Yukawa couplings. We start with specifying %y .

3.5.1 Yukawa Couplings

Quarks and Leptons As mentioned before, the fermions in LR symmetric models are
treated symmetrically. They include the right-handed neutrino N and are assigned to
the following irreducible representations |56]

L = (Zi) ~(2,1,1/3), ar = (Zg) ~(1,2,1/3), (3.66a)
Uy = (Zf) ~(2,1,-1), Tp = <]Xf> ~(1,2,-1), (3.66b)

where the parentheses following the matrix expressions indicate the SU(2)r,, SU(2)g, and
U(1)p—r quantum numbers.

9As already mentioned in Sec. 3.3.1, the group U(1)p_r, is free from anomaly because of the presence
of right-handed neutrinos.
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Higgs particles What kind of scalar fields do we need to form gauge invariant Yukawa
terms leading to Dirac or Majorana mass terms after SSB? To produce a Dirac mass term,
the bidoublet
o of
= ("1 ~ (2,2*,0), 3.67
(% ) o
is the obvious choice because the Kronecker product of the bilinears grqr and V7 Vg is
(2*,2,0). Thus we have the Yukawa Lagrangian

LR = [0 ¢ + g0 L $Wh + hec.
+ FiTE daly + GiGr dqjy + hec. (3.68)

where we included the terms with the charge conjugate bidoublet defined by (;3 = 09¢*09 ~
(2,2%,0), which transforms in the same way as ¢. The coefficients f, g, F and G are the
Yukawa couplings.

What about Majorana mass terms? The Kronecker products of the bilinears Ti@ L
and U3 ¥R contain (3,0,-2) and (0, 3,-2), respectively, so that the scalar triplets

SN st

Ap=|(L L ~ :
L ( 5% _52—/\/5 (37 07 2) ) (3 69)

SN st

Arp=(1 I ~ :

R ( (59% _5E/ﬂ (07 37 2) ) (3 70)
can join these bilinears to form gauge invariant Yukawa terms

LM = (h)i U5 ALY + (hg)y 0% eApWl, + he. (3.71)

with hy = h}f and hp = h%.w The entire Yukawa Lagrangian which leads, as we will see,
to a type Il see-saw mechanism is thus given by

Ly =D+ M (3.72)

Discrete Left-Right Symmetry In addition to the LR gauge symmetry, models of
this kind are usually assumed to possess a discrete LR symmetry, which is broken at
a scale that may or may not coincide with the SU(2)g breaking scale (see the following
discussion). It can be introduced in different ways. One possibility is the parity symmetry
defined by [56]

Lo VR ar, ¢, Ao Ag. (3.73)

This leads to some restrictions on the parameters contained in the Lagrangian. The most
obvious consequence is that the gauge couplings of the left- and the right-handed SU(2)
groups are equal, i.e. g, = gr = g. Considering Eq. (3.68) and (3.71), we furthermore
have

hL = hR = hM y (3.74)

and hermiticity of the Dirac-type Yukawa couplings: f, g, F and G.

ONote that we have already discussed such a coupling in Sec. 3.3.2.
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3.5.2 The Pattern of Symmetry Breaking and the Higgs Potential

Here we shall show that with the two scalar triplets and the bidoublet defined in the
previous section it is possible to break the gauge group of the LR symmetric model spon-
taneously down to that of the SM. There are in fact two scales of symmetry breakdown,
in contrast with just one in the SM [57]. In the first stage, the neutral component 6% of
Ap acquires a VEV vg. This breaks the gauge symmetry Gpr down to the electroweak
symmetry'! SU(2); x U(1)y, where Y is the usual SM hypercharge determined by

Y B—-L

R
5 — Rt

(3.75)

In the second stage the VEVs x and &’ of the bidoublet and vy, of the scalar triplet Ap
break the electroweak gauge group down to U(1)g. Explicitly, we have

(@) = (f; ,3) (ALg) = <UER 8) : (3.76)

We shall assume for simplicity in what follows that all the vacuum expectation values are
real.'? Furthermore note that we are not considering the case where the breaking scale of
the discrete parity symmetry is separated from that of SU(2)gr x U(1)p_r. In our case it
breaks at the first stage when 6% acquires a VEV.!3

There exist an important relation between the VEVs in Eq. (3.76) resulting from the
minimisation conditions of the Higgs potential.

Minimising the Higgs Potential The most general renormalizable expression for the
Higgs potential V satisfying the gauge symmetry G1r and the discrete parity transforma-
tion defined in Eq. (3.73), which one can write down, is given in App. C. The minimisation
procedure, as described in more detail in Ref. [56], is as follows. We insert the VEVs of
the Higgs particles (cf. Eq. (3.76)) into Eq. (C.2) and obtain

V(k, K vp,vR) = — 13 (/12 + /@’2) — 4pdkK — 1k (UL + ’UR)
+ A\ (/<;2 + /1’2)2 (8X\g + 43) k2K + AgkK (/@2 + /@'2)
+ 1 (vi + vR) + pngvR
+ [aq (K + K?) + 2 (a2 + a3) kK + azk”] (v + vE)
+ 2 [Birk + Bor? + 63/42] VLUR . (3.77)

Then, using the extremising conditions 0V/dv, = 0V/0vgr = 0, the following relation
between the VEVs result:

oV oV
0= vRa—UL - ’L}L% = -2 (v% — v%) [ﬁgl‘i2 + Birk + B3 + (p3 — 2p1)vaR] . (3.78)

The two possible solutions to this equation are

""'We are not interested in strong interactions and therefore ignore the QCD gauge group SU(3)c in
our formula.

12This can always made true for a proper range of free parameters of the potential V (cf. App. C).

13The other case, however, can be achieved by introducing a parity odd neutral scalar field with a
non-zero VEV (see, e.g., Ref. [57]).
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.UL#URa
o 0}l

We will focus on the first possibility because, under a choice of parameters of the La-
grangian, this solution will give a minimum of V [56]. By defining the parameter

Bok? + Bikk + B3k’
(201 — p3)rL

with &% =K% + K2, (3.79)

v

we get out of Eq. (3.78) the VEV see-saw constraint [56]:

2
v = y— . (3.80)
VR
This expression relates the widely varying VEV scales. In fact, because k4 contains the
VEVs which break the SM symmetry group down to U(1)g, one expects that it is of
electroweak scale (~ O(200) GeV). Furthermore, the parameters of the Higgs potential,
Bi and p;, are naturally'* assumed to be of order unity so that by definition v ~ O(1).
The VEV vpg breaks parity and thus should be of high scale beyond the electroweak one.
As a consequence, Eq. (3.80) enforces v, < k4.
This VEV see-saw will play an important role in the following section, where the type
IT see-saw, generating the neutrino masses in the LR symmetric model is described.

3.5.3 Neutrino Masses

In the presented LR symmetric model, the type II see-saw is realised in a fairly natural
way. To find the mass terms for the neutrinos that arise due to SSB, we need to consider
the Yukawa terms that couple the lepton fields ¥ to the Higgs particles Az g and ¢. We
already know these expressions from Sec. 3.5.1. Let us see what happens when the gauge
symmetry is broken the two steps (cf. Sec. 3.5.2) down to U(1)g. For convenience, we
will work in what follows with one lepton generation. To identify the mass contributions,
we insert the VEVs for the Higgs fields (cf. Eq. (3.76)). At the first stage the neutral

component of Ag acquires a VEV vpg so that the relevant term hyV3,eAr¥ g + h.c. in
Eq. (3.71) reduces to (cf. procedure for the Higgs triplet in Sec. 3.3.2)

LME = hyopNENR + hee. (3.81)

At the second stage the VEVs (@) and (Ap) break the SM gauge group down to the
electromagnetic one so that the residual expression hyVieAp ¥y, + h.c. in Eq. (3.71)
passes with (Ar) into a Majorana mass term for the left-handed chiral neutrino field

371,\{[’[/ = ]’LM’ULﬁI/L + h.c. . (382)
SSB

Due to ¢ — (¢), also Dirac mass terms result below the electroweak scale. The first

line in Eq. (3.68) leads to the charged lepton mass term Zn' and the neutrino mass term
Zn;

IOV — (fK 4+ gr)iglg +he., L2 = (fk+ g ) ULNR +h.c., (3.83)

4Smaller values are possible but require fine-tuning and much bigger values would violate unitarity
and lead to a non-perturbative theory [56].



26 Chapter 3. Massive Neutrinos

whereas the second line produces Dirac masses for the quarks. To summarize, we have
the following neutrino mass terms after two stages of SSB:

— DM = MR ML oD

1 — 1.
= §MRN}%NR + §MLVEVL +mpUr,Nr + h.c. . (384)

with
My r=2hyvrr, and mp=hpry = fr+ gk . (3.85)

This Lagrangian, already covered in Sec. 3.1, can be written in the convenient matrix form
1
DM —SNEMNL +hee. (3.86)

with N7, defined in Eq. (3.2), and

_ (Mr mp\ _ (2hmvr  hpky
M= (mD MR> o (hD/<6+ QhMUR> ’ (387)

From previous discussions, we know that vy < k4t < vg, which implies that the type II
see-saw scenario, i.e. Eq. (3.16), is realised. Thus, from Eq. (3.18), we get the masses

mp (th_)2
m L Mg MOL = o or
mo = Mg = 2hpvg , (3.88)

where m; corresponds to the light active neutrino v1;, ~ —ivy and mg to the heavy
right-handed neutrino v5; ~ Ng.

Note that this model is an example where My, is suppressed by a new scale A ~ vp
beyond the SM (see discussion in Sec. 3.2.2)—the scale of parity breakdown. In fact,
because of the VEV see-saw relation (3.80), we have

k% (hpky)? h% \ K2 1
= 2hpyy—F — 2 (opyy — 2 ) B x — _
m hMPyUR QhMUR < hM’Y 2h]\/[> VR X VR ’ (3 89)

creating the pleasant situation that if vg — oo the left-handed neutrino mass vanishes.
As a consequence, a massless neutrino and a maximally parity-violating weak Lagrangian
seem to go hand in hand in the LR symmetric model [58].

In the next section we outline the derivation of the boson masses. We will discover
that the mass of a new right-handed SU(2)r gauge boson, denoted by Wg goes with vg,
so that its (V + A) charged-current interaction disappears in the limit vgp — oo. This
confirms the latter statement.

3.5.4 Boson Masses

The gauge group SU(2)r, x SU(2)r x U(1)p_r, has 3 generators of each SU(2) and one
generator of U(1), so that there must be in total 7 gauge bosons in the LR symmetric
theory. As in the SM, these bosons get their masses through the Higgs mechanism from
the kinetic terms of the scalars. Remember that our scalar sector consists of one bidoublet
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and one set of left-right symmetric lepton-number carrying triplets. The relevant kinetic
part of the Lagrangian is given by

Fiin D LEEE? = Te(D, AL (D*AL) + Te(D,AR) (DFAR) + Te(D,8) (D 9) , (3.90)

with the covariant derivatives

1 - 1
D,Apr = 0,ALR+ 51'9 [WLR -0, AL,R} + iig/BAL,R , (3.91)
L. /= I
Dyt = 0,6 + 5ig <WL L Gh— ¢ - WR) (3.92)
The charged gauge bosons are WLI,R and Wg,Ra and the three uncharged are WE,R and B.

Expanding the scalar fields about the vacuum (see Eq. (3.76)), one obtains out of
Eq. (3.90) the mass terms

| Wy
o
-2 > (W, wi)m? (WL_> +5 (W, Wi B)M; | Wy | (3.93)
R B
where W* are defined by W+ = %(VV1 + W?) and
2 2 2 /
9° ((2v3 + K7) —2KK >
M2=2 ( LTy ’ 3.94
) —2kK (2v% + K2) (3.94)
2 2
. [FE D) -5 299'v}
M, = - K% (K3 + 03) 2g9'v%, : (3.95)
299'v7 299'v%  9*(vh +v7)

Taking into account the phenomenological requirement vy < k4 < vg, the eigenvalues
of matrix (3.94) lead to the following charged gauge boson masses

1
2 122 2 2 2,2
myy, = 59 Ky, and myy, = igmr + g7 vR -

(3.96)
The corresponding physical eigenstates (i.e. the mass eigenstates)
Wfr [ cos¢  sin( W]-j
() = (S50 220) (%) 59D
are mixtures of the flavour states Wy and Wg, with mixing angle (:
/
tan2¢ = —U%f“_’iv% . (3.98)

From the experimental values [59] of g ~ 0.65 (at the Z pole) and my, = my =~ 80.4 GeV,
we find with Eq. (3.96)

Ky = 174 GeV |

(3.99)
which confirms our previous assumption: x4 ~ O(100—200) GeV. Furthermore note that
in our framework ¢ < 1 so that W7 ~ Wy, and Wy ~ Wg.
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To obtain the neutral eigenstates of the mass matrix (3.95), it is convenient to work
in the basis (gsinfy = e) [57]:

A =sin Oy (W} + W3) + /cos 20w B , (3.100)

Z1, = cos OWWE — sin Oy tan QWWI:)% — tan By +/cos 20w B, (3.101)
V/cos 20

Zp =Y EWys ooy B . (3.102)
cos Oy

Here A is the massless photon which corresponds to the unbroken U(1)g. The two massive
neutral gauge bosons denoted by Z; and Z3 are mixtures of the fields Z and Zg:

Z1\ [ cos&  siné\ (Zp
<Z2> B <—sin§ Cos§> <ZR> , (3.103)

(cos 20y )>/2 K2

where

tan 2§ ~ —_ . 3.104
an 2 2cosd Oy v% ( )
2
2 g 2 7) 2
MZL ~ m(/‘i + K + 4UL) s (3105)
Mz, ~2(g* + ¢*)v% . (3.106)

These equations are valid if v;, < k4 < vg. In this limit £ is small, and we have Z; ~ Zp,
as well as Zy ~ Zpg.

Note that if vg — 00, only the SM gauge bosons (W, and Z,) are detectable. This is
also the case in the scalar sector. Without fine-tuned parameters in the Higgs potential
all massive Higgs bosons besides the one which corresponds to the SM doublet will have
a mass of order vg [56].

Let us conclude this section with specifying the charged-current Lagrangian in the
LR symmetric model. As in the SM the coupling of the gauge bosons to quarks and
leptons can be obtained out of the fermion kinetic energy Lagrangian. Prior to symmetry
breakdown, we have the following charged-current interaction term

— Lo = % Z [Wf (@'ﬁtuaL + laiL'V,uVaL) + WE (@Wuual? =+ E’YMNG,R)] +h.c..

(3.107)
Because My, > My, , all low-energy weak processes appear the same as in the SU(2), x
U(1)y model, with small corrections proportional to M‘%VL /M‘%VR, undetectable in exper-
iments performed to date. These contributions of the right-handed boson Wg vanish if
My, ~ My x vg — oo such that weak interactions become pure (V — A) type and, in
addition, zero active neutrino masses result (m; oc O(1/Myy,), cf. Eq. (3.89)).
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4.1 Fundamentals of Standard Cosmology

4.1.1 Homogenity and Isotropy—The Robertson-Walker Metric

Our Universe appears to be homogeneous and isotropic around us on scales of more than
100 megaparsecs, so that on this scale the density of galaxies is very smooth, and all
directions from us appear to be equivalent. From these observations, one is led to the
cornerstone of cosmology—the “Cosmological Principle”, which states that the Universe
looks the same from all positions in space, i.e. there is no privileged point in the Uni-
verse playing a particular role. One of the best indications which supports this principle
comes from the astonishing uniform temperature corresponding to the perfect black-body
spectrum of the cosmic microwave background (CMB) radiation arriving us from different
parts of the sky [60, 61].

We may therefore approximate the Universe as a spatially homogeneous and isotropic
three-dimensional space, which may expand or contract as a function of time. The metric,
which describes a Universe of this type, is necessarily of the Robertson-Walker (RW) form
with a space-time interval given by [62]

dr?
1 — kr?

ds* = dt* — R*(t) { + r%(df? + sin® 9d¢2)} . (4.1)

29
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The variables (t,7,0,¢) are comoving coordinates, which are carried along with the ex-
pansion or contraction of the Universe. The coordinate ¢ in Eq. (4.1) is the time measured
by an observer at rest in the comoving frame, i.e. (r,0,¢) = const. The cosmic scale
factor is denoted by R(t) and the constant k describes the curvature. There are three
possibilities—mnegative, zero or positive k—which correspond to the three possible spatial
geometries—hyperbolic, flat and spherical, respectively.

A particular useful quantity, which can be obtained from the cosmic scale factor, is
the Hubble parameter '

_ R@)
H= R (4.2)

It relates the velocity v with which the most distant galaxies are receding from us to their
distance d from us via

v=Hd. (4.3)

This law was discovered by Edwin Hubble in 1929 (cf. Ref. [63]) and has been verified to
high accuracy by modern experimental methods. The present value of H is measured to
be positive so that the Universe must be in an expanding phase. Usually it is written as

km M
Hy=100h — P (4.4)
S

with the normalized dimensionless Hubble constant h, which is, for example, known with
about 10% precision from the Hubble Space Telescope Key Project [64]:

h=0.72+0.08 . (4.5)

This value is consistent with results from independent methods such as the global fitting
of CMB data by the Wilkinson Microwave Anisotropy Probe (WMAP) collaboration (see,
e.g., Ref. |3]).

4.1.2 The Einstein Equations

The RW metric is a purely kinematic consequence of requiring an isotropic and homoge-
neous Universe. In this section we shall study the dynamics in the form of differential
equations governing the evolution of the scale factor R(t). These equations follow from
the fundamental equations of general relativity—the Einstein field equations (see, e.g.,
Ref. [62])

1
Guw =R — 5739,“, =8nGT + Aguw (4.6)

where G, is the Einstein tensor, G Newton’s gravitational constant, T}, the stress-energy
tensor and A is the cosmological constant. To determine the Ricci tensor!

RMV = F,L/\w,)\ - P,L/\L)\,V + F;);u Ko‘ - FZ)\FI)/\U = RVM ’ (47)

and the Ricci scalar
R=9¢"Ru , (4.8)

we have to use the components of the RW metric g, and the Christoffel symbols Fl);y.

Lwith ¢” we denote the partial derivative with respect to the following component, and with “” we
will denote the covariant derivative with respect to the following component.
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Comparing Eq. (4.1) with ds? = g dzrtdz” and identifying (20, 2%, 22, 23) = (¢, 7,0, ¢),
we obtain

goo =1, g11 = —R*/(1 — kr?),
goo = —R*r? | g33 = —R?r?sin?6 . (4.9)

Furthermore, out of ga,g"? = (5@ , it follows g"” = 1/g,,,. The non-zero Christoffel symbols
are then related through I'g = 1/29“°(9:8,y + Gar.,8 — 9Bv.e) = ny‘ﬁ. Substituting the
derived expressions back into that of the Ricci tensor, Eq. (4.7), leads to R,, = 0 if
u# v, and

i
Roo = =3+ 4.1
00 R ; ( 0)
RR —2R? + 2k
Ri1 = 72 : (4.11)
Rao = r?(RR + 2R* + 2k) , (4.12)
Rz = r2sin® O(RR + 2R? + 2k) . (4.13)

Thus, the Ricci scalar in the RW metric is

. L\ 2
R (R k
R=-6|4+ <R> AR (4.14)

4.1.3 Stress-Energy Tensor and the Fluid Equation

The stress-energy (or energy-momentum) tensor 7}, in the Einstein equations (4.6), de-
scribes the density and flows of the 4-momentum (FE,—pi, —p2, —p3). To be consistent
with the symmetry of the RW metric, this tensor must be diagonal, and by isotropy the
spatial components must be equal. The simplest realisation of such a tensor is that of a
perfect fluid, i.e. a fluid that has no heat conduction or viscosity. It is fully parametrized
by its mass density p, the 4-velocity u* and the pressure p (see, e.g., Ref. [65]):

T = (p+ p)u"u” — pg"” . (4.15)

For a comoving observer, the 4-velocity is given by u = (1,0, 0,0), so that the stress-energy
tensor reduces with Eq. (4.9) to

1 — kr?
TOOZP, Tllzp( =3 ) ’
722 _ _P T3 - P 4.1
RE (rRsin0)? (4.16)

The conservation of energy and momentum in a general metric is simply incorporated by
™ , =0. (4.17)

In special relativity, for example, the flat space-time is described by the Minkowski metric
which leads together with Eq. (4.17) to the well-known law
oTH
ox¥

=0. (4.18)
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Equation (4.17) can be used to determine how the components of the energy-momentum
tensor evolve with time. The covariant derivative of the tensor T*" is

T, =TH , + Th T + TY,TH =0 . (4.19)

Inserting the Christoffel symbols and using the expressions (4.16), the only non-trivial
expression we obtain is that with p = 0:

R
p—|—3(p+p)§ =0. (4.20)

This relation, called fluid equation, allows to determine the energy (mass) density evo-
lution of some material. As we see, there are contributions from two terms. The first
one in the bracket describes the dilution in case of increasing volume, whereas the second
one corresponds to the loss of energy due to work done by the pressure of some material
during the expansion of the Universe.

4.1.4 The Friedmann Equation

What can we learn from the Einstein equations? The 0 — 0 component of Eq. (4.6) gives
precisely the famous Friedmann equation, which governs the time evolution of the scale
factor R(t):

N\ 2
R k 8tG A
- =7 - 4.21
(R) RT3 73 (4.21)
The ¢ — ¢ component gives
.. N\ 2
R R k
2— = — = -81Gp+A. 4.22
I + ( R) + 2 mGp + ( )
Subtracting the Friedmann equation from it leads to the acceleration equation
R 4G A
—-—=—— 3 —. 4.2
7 3 (p+3p)+ 5 (4.23)

Out of the first term on the right-hand side, we can learn that if material has any pressure,
this will increase the gravitational force, and thus decelerate the expansion. Furthermore,
we want to mention that the fluid equation derived previously (cf. Eq. (4.20)) is a con-
sequence of Eq. (4.21) and (4.22). It can be obtained by solving for p in Eq. (4.21) and
eliminating R with the help of Eq. (4.22). This is because general relativity automatically
encodes the energy conservation, namely 7", = 0 (cf. Eq. (4.17)), since the Einstein
tensor in Eq. (4.6) satisfies the Bianchi identities [65]:

G, =0, (4.24)

4.2 The History of the Universe

4.2.1 Cosmological Scenarios

In order to solve Eqgs. (4.20) and (4.21), we need to classify the various types of matter
that could give a possible contribution to the dynamics of the Universe according to
their pressure-to-density ratio (also called equation of state). There are three classes
distinguished in cosmology:
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MATTER
It refers to any type of material in the Universe which is pressureless and has non-
relativistic velocity, i.e.
vy <Lce, pu=0. (4.25)

By applying the fluid equation (4.20), we derive

R |
PM——3EPM = PM X 3 -

Examples are stars, planets, clouds of gas or galaxies seen as a whole.

(4.26)

RADIATION
It refers to ultra-relativistic particles. This includes photons, and other light particles
like for example neutrinos travelling nearly at the speed of light. A calculation based
on statistical mechanics gives the interesting result that the pressure of a relativistic
gas is related to its energy density. We have the characteristics

vR~c, pRzg. (4.27)

For this type of particles the evolution of the energy density is (use Eq. (4.20))

R 1 R 1
e — —3 14+ = — 4= = — . 4.28
OR i < + 3) PR RPR PR T (4.28)

COSMOLOGICAL CONSTANT A
This quantity appears in the last term of the Einstein equations (cf. Eq. (4.6)) and
corresponds to the observed huge “ Dark Energy” fraction in the Universe. Physically
it is equivalent to vacuum energy in quantum field theories even though its nature
is still a mystery to physicists. Proposals are based on a constant energy density

filling space homogeneously, or quantum fields, such as quintessence or moduli, being
dynamic quantities [66].

Describing A as if it were a fluid with constant density pp and pressure pp, we obtain

pA =const. = py = —pp . (4.29)

To study the dynamics of the Universe in the presence of these types of matter, it is
convenient to split the density p = pr + pas into its radiation and matter part and write
the Friedmann equation in the form

L\ 2
R 8rG 8rG E A

Note that we chose the right-hand side in the order: radiation, matter, spatial curvature,
cosmological constant. This is because of its scaling with R(¢). In fact, the terms evolve
with respect to the scale factor as R™*, R™3, R=2 and R". If R keeps growing, and if we
assume that all terms on the right-hand side are present, there is a chance that they all
dominate the Universe expansion one after each other. In the following we study these
four possible stages. For each scenario we provide a solution of the Friedmann equation,
using Eqs. (4.26), (4.28) and (4.29)
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Domination of radiation:

L\ 2
1
prx R = (g) x R4 R(t) xtY?;, H(t)= 5 (4.31)

In this scenario, the Universe expands forever, but the rate of expansion, described
by H(t), decreases with time.

Domination of matter:

.\ 2
R 2
py x R73 = (R) « R73;, R(t) < t*3; H(t) = 3 (4.32)

Here the expansion is faster than in the radiation dominated scenario, because the
pressure is missing, which would supply an extra deceleration (see Eq. (4.23)).

Domination of curvature: In the case of negative curvature (k < 0), we obtain
N 2
R _9 1
k<0 = = x R™% R(t) o< t; H(t)z;. (4.33)

Such an open Universe, dominated by its curvature expands linearly.

In the case of positive curvature (k > 0), and for absent cosmological constant A,
the right-hand side of the Friedmann equation goes to zero so that the expansion of
such a closed Universe stops. Afterwards, H decreases and the Universe collapses.

Domination of the cosmological constant:

-\ 2
A =const. = <_—Z> x R%; R(t)ocexp(\/A/3t); H=+\/A/3. (4.34)

If the cosmological term never decays into matter or radiation, the Universe will end
up in an exponentially accelerated expansion.

4.2.2 The Matter Composition—Evolution of the Universe

To determine the past and the future evolution of our Universe, we have to measure
besides the present Hubble parameter the current density of radiation, matter and A. For
this purpose let us consider another convenient form of the Friedmann equation. If we
evaluate Eq. (4.30) today and denote the values corresponding to this moment with a
subscript “0”, we arrive at

A
rG 81 k L (4.35)

1= ST o — ——
5H, "R T 3E, MM T rem, T3,

By using the definitions

81G k
OQp=—— O =
R 3H() PRO, k R2H0 )
81G A

Oy = — , Qp = — 4.36
M= g PMO A (4.36)



4.2. The History of the Universe 35

Description Symbol Value
Hubble constant h 0.705 £ 0.013
Total density Qo 1.005010 9050
Dark Energy density Qa 0.726 + 0.015
Matter density Quh®  0.1358T) 008
Baryon density Qph?  0.0226715-00058

Dark Matter density Qpyh?  0.1131 4 0.0034

Table 4.1: Cosmological parameters of combined fit WMAP+SN+BAO (with 68% CL
uncertainties) [3, 67].

it follows
1=Qr+ Qp — Q.+ Qp . (4.37)

We deduce that the Universe is flat provided that
QW=Qr+Qu+Qr=1. (4.38)

In such a case the sum of the densities of radiation, matter and A is equal at any time to
the critical density
pe(t) = 3;’@) .
G

Note that €, with x € {R, M, A} is usually defined by the ratio of the present (or observed)
density pzo to the critical density p.o of the Friedmann Universe, where ppg = par =
A/(87G). These density parameters represent, together with the Hubble constant H(t),
the four cosmological parameters, which entirely describe the evolution of the Universe.

One of the main tasks of cosmology was to measure these quantities. Table 4.1 sum-
marizes the recent experimental results obtained by using WMAP data combined with
measurements of Type Ia supernovae (SN) and Baryon Acoustic Oscillations (BAO) in
the galaxy distribution (see Ref. [3, 67] and references therein). They astonishingly satisfy
relation (4.38) leading to a zero or negligible small curvature parameter k£ and thus to a
flat Universe. Furthermore, the data shows, that our present Universe is composed out
of two components—nearly 30% matter and 70% Dark Energy. Therefore, according to
the previous discussion, we can expect that its evolution will end up in an accelerated
expansion driven by the non-zero cosmological constant. In fact, one can easily show
(see, e.g., Ref. [65]) that if our approach is correct we would be at the very beginning
of the Dark Energy dominated epoch, leaving behind a matter dominated and eventually
an early radiation dominated era such that the expansion history of the Universe would
follow:

(4.39)

Radiation dom. --» Matter dom. --» Dark Energy dom. (today and future).  (4.40)

To conclude, note that the results in Tab. 4.1 reveal a clear discrepancy between the two
density parameters 2y and 2, being evidence that most of the matter in our Universe is
non-baryonic. The huge fraction given by s — 0 must be some kind of so-far unknown
non-luminous and non-baryonic material, referred to as Dark Matter (DM). In chapter
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5 we will propose the sterile neutrino as a viable DM candidate. To be able to analyse
its cosmological properties, especially its production mechanism in the early Universe, we
will outline in what follows some important facts of thermodynamics.

4.3 Thermodynamics in the early Universe

If we follow the sequence in Eq. (4.40) backwards, we will cross a point where the scale
factor R(t) becomes so small that due to the large density and rapid interactions the
particles of matter and radiation are in local thermal equilibrium. As we will see, this
can be maintained as long as the interaction rate I' dominates H, the expansion rate of
the Universe. Roughly speaking, a particle species in the early Universe has to interact
sufficiently or it decouples from the thermal bath.

In this section we quickly review some basic equilibrium thermodynamics, describe,
using the Boltzmann equation, a departure from thermal equilibriumm—the freeze-out from
thermal bath, and finally present a further non-equilibrium process, which can generate
entropy during the expansion of the Universe.

4.3.1 Equilibrium Thermodynamics

Let us consider a particle species x with number density n,, energy density p, and pressure
Dy- We are interested in the early hot Universe where these particles are assumed to be
in thermal equilibrium. Statistical mechanics [68] then predicts

Ny = (297_‘)_()3 /fx(ﬁ)d3p7 (4.41&)

px = (QQTX);a / Ex [ (0)dp (4.41b)
2

Px = (2?;()3 / SEi(ﬁ)fx(md?)p . (4.41C)

The quantity g, is the number of internal degrees of freedom (spin states of particle ),
and E,(p) = (p* + mi)l/ 2 with p = |p] is the energy. The statistical distribution function
fx(P) is given by the familiar Fermi-Dirac or Bose-Einstein distribution,

1
- e(Ex_Nx)/Tx +1 ’

Fx ()

(4.42)

where + accounts for fermions and — for bosons. This equilibrium distribution has two
parameters, the temperature 7, and the chemical potential s,.

We evaluate the integrals in Eqs. (4.41) in the following useful limits:

Relativistic Limit For T\ > m, and m, > pu,, we have

1
T e/ 417

fx (@) (4.43)
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so that

SG )T?’ = fermion
Ny 19x . (x ) (4.44a)

9y 752)T3 (x = boson) ,

T4 (x = fermion) ,

gx
PSR ﬂ?’o ) (4.44b)
x50 L (x = boson) ,
p
Py gx : (4.44c)

where ((3) ~ 1.202 is the Riemann zeta function of 3. The average energy is given by

Tt .
s T = fermion) ,
(By) = %X ~ q 1R X ) (4.45)
X WTX (X = bOSOH) .

Note that we already encountered Eq. (4.44c) in the definition of radiation in Sec. 4.2.1.

Non-Relativistic Limit For m, > T, and m, > pu, the Bose-Einstein as well as
the Fermi-Dirac function can be approximated by a Boltzmann distribution function. We

have
fx(m ~ e(ﬂx*mx)/Txepr/(meTx) , (4_46)

for both bosons and fermions. The equations (4.41) lead to

T 3/2 Ly —m
ny = gy (m;TX) e | (4.47a)
Py = MyMy , (4.47b)
Py = ny Ty, (4.47c)

valid for non-relativistic bosons and fermions. In this case the average energy is given by

3
(Ey) >~ my + iTX : (4.48)
Out of Eqgs. (4.47), we see that p is negligible small compared to the energy density p, so
that the definition of matter in Sec. 4.2.1 is well-defined.
Since the early Universe was radiation dominated, it is convenient to express its total
energy density in terms of the photon temperature 7' (cf. Eq. (4.44b)):

7[.2

= —gT*, 44
P= 359 (4.49)

The parameter g, is then given by (use Eq. (4.41b))
15 T N\* [ (u? — 22)Y2u’du
_ sy (x) / ( x) . (4.50)
™ T s, exp(u—yy) £1

with z, = m, /Ty and y, = p,/Ty. Because of the exponential suppression factor in
Eq. (4.47b), the energy density contribution of non-relativistic particles is small compared
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to that of radiation. In the early radiation dominated Universe it is therefore a good
approximation to consider only the relativistic degrees of freedom with m, < T so that
Eq. (4.50) simplifies to (cf. Eq. (4.44Db))

TN\ 7 7 \*
o= X ool(F) 5 Z alF) (51
X=Dbosons x=fermions

Then, using the Friedmann equation and Eq. (4.49), we can write the Hubble parameter
in the form

813G 1/2 23/2
H= Vi T? = —— /. T?, 4.52
< 90 > g 3vbmp) g (4.52)

with the Planck mass mp; = G1/2.

4.3.2 Entropy

Assuming a sufficiently slow Universe expansion, so that the interaction rates of particles
dominated the Hubble expansion rate H (in particular in the early epoch), thermal equilib-
rium should have been maintained in any local comoving volume element dV. Because, in
such a case, there is no net inflow or outflow of energy, the second law of thermodynamics
implies the conservation of entropy and thus an adiabatic evolution of the Universe:

TdS=6Q=0 = dS=0, (4.53)

In order to derive the energy density and pressure dependence of the entropy .S, we make
use of the first law of thermodynamics (energy conservation):

0Q =TdS =d(pV) +pdV =d[(p+p)V] - Vdp. (4.54)

The quantities p and p are the equilibrium energy density and pressure calculated in the
previous section. Applying the integrability condition [68]

%S 0%S

— 4.
oTovV — ovVoT’ (4.55)
on Eq. (4.54), we obtain after a trivial integration
dp _ptp
TdT—p+p & dp= T dT . (4.56)
With this relation, Eq (4.54) transforms into
14
ds =d [W} , (4.57)
T
so that the constant entropy per comoving volume V = R3 is given by
§—PtPps (4.58)

T

Because the entropy density s = S/R? is dominated by the contribution of the relativistic
particles, it is also convenient to express this quantity in terms of the photon temperature
T. Using Eq. (4.58) together with Eqgs. (4.44), we get

272

== g.sT%, 4.59
57 g5 IS (459)
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where

Ges ™ Y 0y <€i‘>3+; S (?)3 : (4.60)

x=Dbosons x=fermions

Here, like in Eq. (4.51), the sum goes over all relativistic species x.

Note that s is proportional to the number density (4.44a) of relativistic particles, and
that g« equals g.g if T\, = T'. Furthermore, the conservation of S implies that GxsT3R3
remains constant as the Universe expands, such that

Tocgg"R7T. (4.61)

4.3.3 Freeze-Out—Decoupling from Thermal Bath

Consider a stable particle xy which interacts with some other particle ¥ through some
process XX < WW. In the early Universe, when the temperature was much higher than My,
the creation and annihilation processes of xx were equally efficient. Hence, we expect the
abundance of x to be comparable with that of other species in the hot plasma. However,
if we assume these particles to remain in thermal equilibrium indefinitely, this would
change dramatically as the Universe expands and its temperature drops below m,. The
reason is that for 7" < m, only a small fraction of UV pairs has sufficient kinetic energy
to create x particles so that the processes UW¥ — yy become inefficient, whereas the
annihilations yY — YWV continue unhindered. In fact, from Sec. 4.3.1, we know that in
thermal equilibrium the density of non-relativistic particles is Boltzmann suppressed,

3/2 L,
mXTX) ? (4.62)

leading quickly to cosmologically irrelevant values as the Universe cools down. However,
there are a number of notable departures from thermal equilibrium, which circumvent this
situation. For example, one speculates that baryons (we) are present nowadays because
of a baryon to antibaryon number asymmetry in the very early Universe [62]. Due to
this asymmetry not every baryon found an antibaryon to annihilate with so that a small
amount survived until today. Further known departures are the decoupling of the CMB
[62], the primordial nucleosynthesis [69] and also on the more speculative side the process
of inflation [70, 62].

In this section we will focus on a simple mechanism called freeze-out or decoupling
from thermal bath which is capable to explain the survival of a sizeable relic density of
weakly interacting massive particles (WIMPs). Because there is strong evidence that DM
must be of this kind, this mechanism could explain why this type of matter is representing
Opm ~ 0.2 part of the total energy density of the present Universe. It takes into account
that the self-annihilation of the x’s, dominating their creation process at low temperatures,
can be contained by the competing effect of the Hubble expansion. This is because the
interaction rate I' varies as the number density times an thermally averaged annihilation
cross section, which both are quantities, decreasing with temperature 7". Then eventually
at some moment of the Universe’s expansion, T will be sufficiently low and the x’s are
that much diluted that they cease to interact with each other and survive to the present
day. This moment of freeze-out is characterised by I' ~ H.



40 Chapter 4. Cosmology and Dark Matter

Quantitatively, one describes these competing effects of self-annihilation and Hubble
expansion by the Boltzmann equation, given in the form (see, e.g., Ref. [62, 71]):

% +3Hn, = —(oyyx|v]) (ni - niEQ) =cC. (4.63)
The quantity n, is the number density of WIMPs and (oyy|v|) is the thermally averaged
x X annihilation cross section multiplied by the relative velocity between the particles. The
significance of the terms is manifest: The second term on the left-hand side of this relation
describes the dilution of the particle density due to the expansion of the Universe, whereas
the collision term € on the right-hand side accounts for annihilation and creation processes
that change the number of x’s present. Note that in the absence of these interactions, we
have the solution n, o R3.

It is useful to scale out the effect of the Hubble expansion by considering the number
of particles in a comoving volume. Therefore, we define the variable

Yy

Ty

4.64
X (4.64)
with s, the entropy density of the Universe. Using Eq. (4.53)

sR*=S =const. < $R®+3R?Rs=0
& §=-—-3Hs, (4.65)
we obtain n
sYy =y — —*§ =N, — 3Hn, . (4.66)
S
Thus, the Boltzmann equation can be written as

sV, =¢C. (4.67)

Furthermore, we want to change from time to temperature dependence and introduce

2

= adr=-2dT , (4.68)

m
7= —
T T3

where m is any convenient mass scale (usually the mass of the particle of interest). During
the radiation dominated epoch the temperature T is related to the time ¢ through (cf.
Eq. (4.31) & (4.52))

L 3v5mp) ~1/2

—1/2Mp]
= 51 = s = 03015 (409

T2
so that the total differential of ¢ leads together with Eq. (4.68) to

dx 1 dx
dt =2t— = —— . 4,
x H z (4.70)

By using this relation in Eq. (4.67), we can write the Boltzmann equation in the form
(H(m) = 2°H)
dY, ¢ x(oyx|v])s

dr stH(m) - H(m) (Yx2 - Y)ZEQ) ) (4.71)
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(Y:;;Q>2 - 1] , (4.72)

'y = nyeq (oxxlv]) - (4.73)
The equilibrium values Y, gq in the relativistic and non-relativistic regimes are (use
Egs. (4.44a), (4.47a) together with Eq. (4.59))

or equivalently
x dYy,
Yy Eq dz a

Iy
H

with the interaction rate

45 1/2

Yy eqQ(z) = 3 <g) i—éxgﬂe_z (non-relativistic : x> 3), (4.74a)
45¢(3

Yy, mq(z) = 2§r(4 ) % (relativistic : = < 3), (4.74b)

where g, e equals g, for bosons, and (3/4g,) for fermions.

The Boltzmann equation in the form of Eq. (4.72) is very informative. It shows that the
relative change of x’s per comoving volume is controlled by the effectiveness of annihila-
tions, the ratio I'y /H, times a measure of the deviation from thermal equilibrium. Indeed,
after decoupling where the annihilation rate drops below the expansion rate (I'y /H < 1),
the relative change in particles is

dY,
_AY wmr T (4.75)
Y, ~ Yimq H™

so that annihilations become ineffective, and the number of x’s in a comoving volume
“freezes in”.

In what follows we want to give approximate solutions of the Boltzmann equation for
particles that are either relativistic or non-relativistic when they freeze-out (decouple)
from thermal bath. For this purpose let us assume that I'y ~ H roughly occurs for
x = x ¢y = m, /Tt where T} is called freeze-out temperature.

Hot Relics: xy <3 In this case the freeze-out happens when the species is still relativis-
tic. We know from Eq. (4.74b) that in this regime Y, pq(x) has only a weak temperature
dependence through g.g. Thus, its asymptotic value Yoo = Y (z — o0) is insensitive to the
precise value of z; and can simply be approximated by the equilibrium value at freeze-out:

45((3) Gy eff
21t ges(xy)

Yoo = Yypqlzy) = (4.76)
Assuming that the expansion of the Universe remains adiabatic, the present number den-
sity of such hot relics is just given by (s is the present entropy density)

Ny0 = YooS0 - (4.77)

On the contrary, if the entropy should increase, say by a factor &, the present number
density would be reduced exactly by &. We will discuss a possible mechanism of entropy
production in Sec. 4.3.4.

By using pyo = nyom, together with sy and pqo from Ref. [36], we derive the present
density parameter of the hot relic x

Quoh? = T7.61 x 1072 (1) _Ixell 4,
x0 76 x O (1 eV) g*g(xf) ( 78)
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Through ©,0 < Q¢ ~ 1 (cf. Sec. 4.2.2), this formula gives an upper bound to its mass

x
my < 13.1 9:5(81) o (4.79)

Gxeff
As an example, let us calculate the cosmological bound on the mass of the usual light SM
neutrinos (x = v). To determine g.s(x ), we have to calculate the freeze-out temperature
Tt. For this purpose we consider the ratio of interaction rate to expansion rate, which is

b G (LY (4.80)
H _Tz/mpl o 1 MeV ' .

Here we used Eq. (4.52) and the fact that the cross section of weakly interacting neutrinos
is of the form o,; ~ G%E2 ~ G%TQ. The number density of hot relativistic relics goes
with T3 (cf. Eq. (4.44a)) so that I', = no,s|v| ~ GET5. Thus, at temperatures below
1 MeV the neutrinos are decoupled from thermal bath.

It is now easy to calculate g.g. For T' >~ 1 MeV, the thermalized relativistic parti-
cles are the photons, electrons, positrons, and neutrinos, all with the same temperature,
yielding (cf. Eq. (4.60))

given by

7 7
gus(T~ 1 MeV) = 24222 4 62 = 10.75. (4.81)
Thus, with g, . = 2 x (3/4) we obtain out of Eq. (4.78) and Eq. (4.79)
Qn = 4.82
94 eV’ (482)
such that
my S 94 eV . (4.83)

This implies that the SM neutrinos must be lighter than 94 eV, otherwise they would
overclose the Universe.

Cold Relics: zy 2 3 This case is more subtle since cold relics decouple when they are
non-relativistic. By considering the equilibrium value Y, gq(x) in this regime, we identify
a strong exponential dependence on x, so that the precise details of the freeze-out process
are important.

Because this case will be of no further interest in this work, we will only sketch the
derivation of the result and refer to [5] for more details. One starts with the Boltzmann
equation in the form of Eq. (4.71) and parametrizes the annihilation cross section as

(oxxlvl) = ou(T/m)" = o™, (4.84)

where n = 0 accounts for s-wave annihilation, n = 1 for p-wave annihilation, etc. Then
the Boltzmann equation becomes

dyY, o
with
Yy EQ = 0.145(g/gvg)x/ e~ | (4.86)
z{oyx|v])s 1/2
A= Xl e = 0.264(g+5/gx . 4.
H(m) it 0.26 (g S/g )mleU* ( 87)
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As shown in [5], Eq. (4.85) can be solved approximately to a very good accuracy. The
results are

3.79(n+1) (gi/2/g*s> :L"?Jrl 3.79(n+1) <g,,1</2/g*3) Tf

Yo = : (4.88)
mmp) oo mmp (oxx|v])
Ny0 = S0Yoo , (4.89)
n -+ 1 xTL+1
Qyoh* = 1.07 x 10° ( )7y GevVl. (4.90)

(g*s/ g/ ) mp10

From Eq. (4.88), we see that the smaller the annihilation cross section (oyy|v|), the larger
the abundance of cold relics. Thus, WIMPs, which are viable candidates for DM, are
generally expected to be a by-product of our Universe’s hot youth.

4.3.4 Out-Of-Equilibrium Decay—Entropy Production

Let us consider an unstable particle ¢» which is decoupled from thermal bath (i.e. Y, >
Y, rq) and sufficiently long lived so that it becomes non-relativistic before decay. Then,
because the matter density grows relative to that of radiation as R (cf. Sec. 4.2.1), there
is the chance that 1 decays while dominating the energy density of the Universe. We will
show that under these circumstances such a mechanism of out-of-equilibrium decay can
release a considerable amount of entropy during the expansion of our Universe [72].

For a rough estimate, assume that the decoupled species v has a pre-decay abundance
of Y; = ny/s. The decay should occur at a time ¢ ~ H™' ~ 7 = T7! when the
temperature of the Universe is T' = T'p and the energy density is dominated by p ~ py, =
Yismy, ~ }/,-g*T%m¢. Then, just before 7, the Friedmann equation gives:

H}) = H*(t =7) ~ p/mp; ~ Yig Tpmy /mp ~ 772 (4.91)

Suppose that ¥ decays into relativistic particles that rapidly thermalize, yielding a post-
decay energy density of (cf. Eq. (4.44b))

PR ~ g*TT4 . (4-92)

Because of energy conservation this must correspond to py = Hl%m%l so that the ratio of
the final to initial entropy per comoving volume is
Sy Iy o Yimy

— Y - 4.

Furthermore, it appears that due to this entropy release the Universe has been heated up:
T T (Saﬁer )”3 _ g (imy)! /2
T, Tp Shefore " (mp)1/6

—1/4
= T =g "/ mp/7. (4.95)
As we will now see, the more careful analysis will confirm, that the estimates (4.93) and
(4.95) are quite accurate. However, it will turn out that the temperature of the Universe

never increases. What happens instead is that it just falls more slowly than it would in
the absence of entropy release.

(4.94)



44 Chapter 4. Cosmology and Dark Matter

First let us take into account the fact that the decays are not simultaneous, but instead
follow the usual exponential law, d(R3n,)/dt = —7~1(R3n,), which gives

iy +3Hny = -7 'ny . (4.96)
In the non-relativistic regime, we have p, = mny (cf. Eq. (4.47b)), and
py +3Hpy = —7"1py . (4.97)

This equation is integrated trivially:

\3
o) = polR) () esplt/7). (498)

where the subscript i denotes the value of the quantity at the initial epoch (¢ = ¢;). The
energy released from such v decays converts into relativistic particles which then rapidly
thermalize. To determine the energy density pr in these relativistic particles, we make
use of its relation to S (compare Eq. (4.49) and (4.59)):

3

PR = ZTS

1/3
= Z (2;15’9) R™154/3 (4.99)

The evolution of entropy per comoving volume (S in formula (4.99)) is derived from the
second law of thermodynamics, dS = 0Q/T. With 0Q), the heat added per comoving
volume (see Eq. (4.97))

6Q = —d(R%py) = 7' Rpydt (4.100)
and
S = (27 /45) g, T3R? | (4.101)
we obtain 1/
—1p3 2 4
13 _ T Rpy (277 R py
S1/38 - ( 5 g (4.102)
A simple (but formal) integration gives, using Eq. (4.98)
4 t 92 2 1/3 t
S48 = i3 Spu(R)RIT / <47T59> R](%)exp(—t’/T)dt’ . (4.103)
t; )

Before we provide a solution to this equation let us analyse the illustrative limit, where
gx is assumed to be constant (see Ref. [62]). In this case the first law of thermodynamics
(energy conservation) leads to the following energy balance:

d(R’pr) = —prd(R*) — d(R’py) (4.104)
Using pr = pr/3, valid for constant g., we can write

d(R3pR) = —%Rd(R?’) +r R pydt (4.105)

pr+4Hpr =1 1py . (4.106)
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The significance of Eq. (4.106) is manifest: it is exactly the fluid equation (see Eq. (4.20))
applied to radiation (cf. Eq. (4.28)), with 77 !p, as a source term which accounts for
energy transfer from py to pr. Note that in the limit g, = const. Eq. (4.106) and (4.102)
are equivalent. For non-constant g., however, the former is not valid and we have to solve
Eq. (4.102).

The Friedmann equation gives the evolution of the cosmic scale factor R(t)

N2
R &1
H? = (R) = W(pzp + PR) (4.107)
PI

and forms together with Eqs. (4.98), (4.106) (or (4.102)) and (4.107) a closed set of
differential equations. Let us discuss the qualitative behaviour of their solutions [62].

Assume that the non-relativistic particles ¢ start to dominate the energy density of
the Universe at some moment ¢ = t,. To produce a significant amount of entropy, we
necessarily need t;, < 7. Then, in between of these values, ty and 7, the Universe is
matter dominated and R(t) oc t2/3 (see Eq. (4.32)). Furthermore, we have approximately
pw = py(Ri)(R3/R3) ox t72 (cf. Eq. (4.98)) so that Eq. (4.106) can simply be solved:

R\"* 3 12
o= pa(R) () + 2pulr)iE (4.108)

with p(R;), the energy density at some initial moment ¢; < 7. The first term solves
the homogeneous fluid equation and represents the original radiation. The second term,
i.e. the particulate solution to Eq. (4.106), gives the energy density component produced
by 1 decays. For convenience let us take t; ~ t; so that pr(R;) ~ py(R;). Then, by
comparison of the two terms in Eq. (4.108), we can determine the moment when the
y-produced component starts to be the dominant component: te = t,(57/3t,)3/°. This
means that the behaviour of pp is the following: Until the time ¢4 the radiation behaves
as usual, pp o< R™*, whereas afterwards, during the time interval t, <t < 7, we have
pr < t71 o« R™3/2. For t 2 T the source term py /7 goes to zero due to the decays of
Y’s, and pr once again falls as o« R~*. Thus, we have found that the energy density in
radiation and, hence, the temperature of the Universe (1" p}{4) always decrease, even
though at a much slower rate during the epoch of ¢ decays. This is due to the facts
that, on the one hand, we have no sudden and simultaneous decay at ¢ = 7, which was
spuriously assumed in the rough estimates above, and, on the other hand, the Universe
expands and red-shifts the decay-produced energy density in radiation.

Notice that during the period te <t < 7, where the 1-produced radiation component
is dominant, the entropy is growing. Out of Eq. (4.99), we obtain

S x R3p:]3%/4 oc R1/8 oc 9/ (4.109)

To determine the exact amount of entropy, produced as a result of such out-of-equilibrium
decays, we will solve Eq. (4.103). Using Y = n/s = nR?/S together with py = myny
and Eq. (4.101), it follows from Eq. (4.103) that the ratio of the final (¢ > 7) to initial
(t < 7) entropy per comoving volume can be written as [72]

3/4
L 45 IBn%EI /
3\ 2n20.(T) T

: (4.110)
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Figure 4.1: The evolution of pr and S as a function of z = R/ Ry in the scenario where the
1) particles dominate the energy density of the Universe during the decay period. The “old”-
line shows the energy density pr oc R~* in the original radiation component, whereas the
“new”-line gives the energy density component of the decay products of ¢. From z = z—
(or equally ¢t = t,), when the decay products start to dominate radiation, until ¢ ~ 7
denoted by x = t/7 ~ 1, the density goes like pgp R—3/2, implying T' R~3/8. For
t > 7, we have the usual behaviour pgr oc R~*. The entropy S is in good approximation
constant before t,o, then, during t, < ¢ < 7 increases proportional to R'®/8 and afterwards
adopts the constant value Sy. Figure taken from Ref. [72].

with (771 =T)

45 R;

The entropy production is significant if the energy density of x particles and their decay
products dominate the total energy density during the decay epoch. In this case one can
show that

0 2 1/3 /
I= r/ <27T g*> RW) ot /rapr (4.111)
0

I=1.00 (W) r—2/3 (“’) , (4.112)
3mi, 45
where the number 1.09 is the result of a numerical integration |72| and gi/ % is the weighted

average of gi/?’ in the interval near ¢ = 7. By substituting this back into Eq. (4.110), we
find ;
3/4
S 2723, 1/3 y:)4/3
°f (14295 (1Y (m ¥i) . (4.113)
Si 45 (mplF)2/3

Comparing with our rough estimate (Eq. (4.93)), we see that there is only a small difference
by a numerical factor of order unity.
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Finally let us calculate the “reheating” temperature which is defined as the temperature
of the Universe at the end of the decay epoch where radiation dominates. Out of the
Friedmann equation, it follows directly

1 2 ] 92_
) ~ T e (4.114)

2r ) 3m1231 30 77

H*(t=7) ~ (

1 (2n2g,\ /4
T~ ( T > VI'mpy . (4.115)

which again differs from Eq. (4.95) only by a numerical factor of order unity .

4.4 Dark Matter in the Universe

As mentioned in the introduction, a wide variety of cosmological and astrophysical obser-
vations provide evidence for the existence of Dark Matter. While we know that it interacts
gravitationally but must be non-luminous and non-baryonic, the nature of DM is still a
mystery to physicists and cosmologists. It is probably made of new kind of particles, but
even though there are many ideas about what those could be, we have not yet succeeded
in actually detecting and identifying a DM candidate in laboratory.

Evidence emerge at different scales. Without attempting to be complete, let us cite
a few among them. At the galactic and sub-galactic scales hints come from weak grav-
itational lensing of distant galaxies with foreground structure [73|, the incompatibility
of the radial velocity-distribution of a galaxy with its mass distribution [74], from strong
gravitational lensing of galaxies [75] etc. At the scale of galaxy clusters the famous “Bullet
Cluster” with non-coinciding distributions of luminous and non-luminous matter repre-
sents evidence for DM and at the same time illustrates in a very beautiful way that DM
must be some form of very weakly interacting material (thus, non-baryonic) [4]. Further-
more, measurements of the mass-to-light ratio of galaxy clusters via the application of
the virial theorem, the method of weak gravitational lensing or the analysis of the X-ray
profile lead to values which exceed that of the solar neighbourhood. This was first ob-
served in 1933 by Fritz Zwicky who studied the velocity dispersion in the Coma Cluster
and predicted for the first time in history that a large amount of non-luminous matter is
required to be present [76]. On the cosmological scale the WMAP analysis of the small
temperature-anisotropies of the Cosmic Microwave Background Radiation (CMBR), dis-
covered in 1965 by Penzias and Wilson [60, 61|, provided the possibility to determine
with very good accuracy the total amount of DM in the present Universe. A combined
WMAP-+SN-+BAO fit gives the following results (see Sec. 4.2.2 and Tab. 4.1):

Qph? = 0.02267T5:90058  Qprh? = 0.135870905T (4.116)
so that the DM fraction is
Qpmh? = Qurh? — Qh% = 0.1131 £ 0.0034 . (4.117)

We would like to point out that the value of Q,h? is in good agreement with the predictions
from Big Bang Nucleosynthesis (BBN) (see, e.g., Ref. [77]):

0.018 < Qh* < 0.023 . (4.118)
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This is really striking, since these two measurements are done with completely different
techniques: BBN uses nuclear physics and the CMB theory follows out of relativistic fluid
mechanics. Taken together, all these observations lead to the conclusion that approxi-
mately 80% of matter in the Universe is composed out of DM.

Cosmologists consider several different types of this unidentified weakly interacting
material, which they classify according to how fast the individual DM particles travel
around us. Heavy and non-relativistic candidates are called Cold Dark Matter (CDM)
while very light particles moving with ultra-relativistic velocities are referred to as Hot
Dark Matter (HDM). Concerning structure formation in the Universe, these DM species
behave totally different. Due to their large free streaming length, rapidly moving HDM
particles prevent clumps of matter from accumulating such that formation of small scale
structures is suppressed. Thus, in a HDM-dominated Universe, structures form in a top-
down fashion: first, the large scale structures are born which afterwards fragment and
form the small scale inhomogeneities like galaxy clusters or galaxies. In the case of slowly
moving CDM, however, the particles have a negligible free streaming length leading to
a bottom-up formation of structures: small scale structures of galactic size form first
and then merge to larger structures like superclusters. A comparison of observations
with structure formation simulations favours domination of CDM in the Universe. We
already know a possible production mechanism for these heavy but weakly interacting
particles (WIMPs). They satisfy the requirements of cold relics discussed in Sec. 4.3.3
and can possess a large relic abundance due to their small cross section which enters
inversely in formula (4.88). Nevertheless, CDM has some problems. In particular, it
implies the cuspy halo problem predicting rotation curves which are peaked too strongly.
Furthermore, out of CDM simulations it follows that galaxies such as the Milky Way
should have a large number of Dwarf satellites, which are, however, not observed. It is
the intermediate situation between cold and hot—the Warm Dark Matter (WDM), which
is able to ameliorate these problems. Contrary to CDM it causes structure formation to
occur bottom-up from above its finite but not too large free-streaming scale, and top-down
from below this scale such that densities of halo cores are lowered, large halos have fewer
subhalos, and density fluctuations at the satellite scale or smaller are suppressed |78, 6].

In the following chapter we suggest thermally produced light sterile neutrinos as WDM
candidates and show which properties these particles must possess for not to be in conflict
with experimental bounds or cosmological predictions.
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Dark matter has been recognized as an essential part of matter for over 70 years now, and
many suggestions have been made, what it could be. Most of these ideas have focused on
CDM, particles that are predicted in extensions of the SM, such as supersymmetry. Since
these concepts recently led to problems of structure formation simulations (see previous
discussion), we want to consider another, less explored but maybe more viable one, that
of WDM.

Natural candidates commonly considered for WDM are light sterile (right-handed)
neutrinos. These hypothetical massive fermions, which arise in most extensions of the
SM, are very weakly interacting singlets of the electroweak gauge group SU(2)r, x U(1)y,
and, in fact, their very useful properties (cf. Chap. 3) as well as the provided possibility
to solve the mystery of DM are quite good reasons for these particles to exist.

Probably one of the simplest models which realizes sterile neutrino WDM is the vMSM
[12, 13]. It is essentially the SM with no further scale between the electroweak and Planck
scales, but with three sterile neutrinos, having Majorana masses and Dirac mixing with
ordinary (active) neutrinos, added. Then, for a specific choice of parameters, this simple
SM extension is very predictive. Besides having a WDM candidate, represented by the
lightest added singlet fermion, it can explain the tiny masses of active neutrinos via the
see-saw mechanism, and at the same time, the apparent matter-antimatter asymmetry in
the Universe |13]. However, due to their weak interactions (they can only interact via the
small Dirac mixing with active neutrinos), the sterile neutrinos never enter into thermal
equilibrium (i.e. I' < H), such that thermal production mechanisms (cf. Sec. 4.3.3), are
not viable in this model. Instead, it is a non-thermal process [8] which produces the WDM
in the ¥YMSM, and it was argued in [14, 15, 16] that in order to calculate unambiguously its
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Figure 5.1: Schematic illustration of the direction we pursue. The tree should be read from
top to bottom. Starting on the green left-hand side and taking the YES path corresponds
to our analysis. The NO branch, which points to the blue right-hand side, would lead to
a situation similar to the ¥MSM, which we don’t further examine.
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present abundance, the initial WDM amount is required. This, however, needs knowledge
of physics before the beginning of the thermal evolution of the Universe.

Here we will analyse a possibility opposite to the YMSM. We postulate an additional
(gauge) scale between the electroweak and Planck scales, and that the sterile neutrinos
are charged under the associated gauge transformations. Then, for general not too high
intermediate scale, it will be possible for these particles to reach thermal equilibrium at
some moment in the early Universe. Assuming a relativistic decoupling (the hot relic
case in Sec. 4.3.3), the thermal production mechanism predicts a viable DM abundance
for sterile neutrinos with masses of about ~ 90 eV. This, however, would correspond to
HDM and is forbidden by structure formation arguments like the Lyman-a bound, which
excludes masses below ~ 1 keV.

Thus, in order to reconcile the thermal overproduction of a keV scale DM sterile
neutrino with the observations, its abundance has to be diluted after it drops out of
the thermal bath. A suitable mechanism, which can handle this is already known—the
entropy production due to a long-lived particle which decays while dominating the total
energy density of the Universe and being out of equilibrium (cf. Sec. 4.3.4). We will show
that if sufficient large entropy is released after the decoupling of our DM sterile neutrino,
its abundance can be sufficiently diluted to be in accordance with experimental results.
The natural candidate for this long-lived particle is another (heavy) sterile neutrino.

For completeness, we will also mention other ways to avoid the WDM overproduction
in the analysed class of models. One possibility is realised if all the new gauge interactions
are at the GUT scale, while the reheating after inflation leads to temperatures below this
scale. This situation is similar to the vMSM, because in this case the sterile neutrinos
do not reach thermal equilibrium. Another possibility requires large (of the order of
thousand) number of degrees of freedom at the moment of the sterile neutrino freeze-out,
and does not seem natural.

The chart, Fig. 5.1, gives an overview of these possibilities and illustrates in which
direction our discussion goes.

5.1 Cosmological Requirements and Constraints from Ex-
periments

In this section, we introduce the generic framework we will work with, and discuss the
various constraints and bounds resulting from cosmological considerations and various
experimental results. Note that these constraints are rather general and apply to most
variations of the specified model.

5.1.1 Assumptions and Definitions

In the following we will assume the existence of three right-handed (sterile) neutrinos, Ny
(I =1,2,3). As mentioned in Sec. 3.3.1 and 3.2.1 these sterile neutrinos are not charged
under the SM gauge group, however, could be charged under the gauge transformations
of an extended model (ultimately, emerging in the breaking chain of some GUT model).
Though for most of the statements in this work the precise details of this gauge interaction
are not important, we will use a specific LR symmetric extension of the SM, and stick to it
to obtain definite numbers. This specific model (for a review see, e.g., Ref. [56] or Sec. 3.5)



52 Chapter 5. KeV Sterile Neutrino Warm Dark Matter

with the gauge group SU(3)c x SU(2)r, x SU(2)r x U(1)p—_1, appears as a subgroup of
many GUT theories.

In this framework the neutrinos interact with the charged gauge bosons through the
interaction Lagrangian (cf. Eq. (3.107))

- gcléN = % Z (Wf H’Y,u%zL + Wg m’y,uNaR) + h.c. ) (51)

where W7, is the SM W-boson, Wr, is the corresponding right-handed boson from SU(2)g,
and [, are the charged SM leptons. The neutrino masses arise due to spontaneous sym-
metry breakdown as discussed in detail in Sec. 3.5.2 and 3.5.3. Up to Sec. 5.3, however,

we will not be interested in these details, and thus just write the general mass matrix as
(cf. Eq. (3.19))

1 = M m 1
D+M = L D alL ]
Z’Iﬂ == ) ( Vcl7l‘all > < m] 7‘1 > ( Ng > -C., (52)

where the tilde over the neutrino fields indicate that they are written in flavour basis. We
assume that the block matrices in Eq. (5.2) obey in some sense the relations My < mp <
MFp, such that we can use the see-saw type formulas from Sec. 3.2.3. The transformation
into to the mass basis is then given by (use Eq. (3.23) and neglect terms of order Mg2)

<qaL>N 1 (MpmE) (U 0><L> 53)
Ner) — \=Mg'm], 1 0 Vr) \Nig/) "’ '

where U is the standard PMNS matrix and the unitary matrix Vg describes the mixing
in the right-handed sector:

ML—mDMélm% :U*-diag(ml,mg,mg)-UT s (54)

Mg = Vi - diag(My, My, M3) - Vi . (5.5)

with m; being the active neutrino masses and M7 the sterile neutrino masses. Note that
if My, =0, then Eq. (5.4) is the usual see-saw formula.

For the analysis of the sterile neutrino decay, when the oscillations of the active neu-
trinos are not important, while the masses of the charged leptons are, it is helpful to make
the described rotation only partially—without the PMNS rotation by the matrix U. Then
we get the mixing angles between the mass states of the sterile neutrinos and SM flavours

(mpVR)ar

0, = WD R)al .
I M, (5.6)

and also
7= > bl (5.7)
a=e,u,T
As we will see, these squared mixing angles describe the overall strength of interaction
(decay) of sterile neutrinos with the SM particles.
Before moving on to the analysis of the cosmological properties of sterile neutrinos,
let us note an additional possible complication. Specifically, as discussed in Sec. 3.5.4, the
W, and Wg bosons in Eq. (5.1) do not have to coincide with the mass eigenstates, W;
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and Wy (with masses My = my, and M = myy, ), respectively, but be slightly mixed (cf.
Egs. (3.97) and (3.98)):

Wi =cos¢ Wy —sin( Ws ,
Wpr =sin( W1 4+ cos( W5 . (5.8)

Normally this can be neglected, but it may give significant contribution to the radiative
decay of the DM sterile neutrinos, analysed in Sec. 5.1.6.

5.1.2 Temperature of Freeze-Out

Let us now calculate the moment of decoupling of the neutrinos Ny in the early Universe.
We will denote values corresponding to this moment by the subscript “f”. As far as the
sterile neutrino is relatively light and the freeze-out happens while it is still relativistic,
the calculation is analogous to those for the usual active neutrinos (see the “Hot Relic®
case in Sec. 4.3.3). The only difference is that the annihilation cross section is suppressed
by the larger mass M of the right-handed gauge boson Wr ~ Ws, compared to the SM
W boson mass My,

My \* My \*
ONiNy =~ Oup (M) ~ G%EQ <M> . (5.9)

Here, 0,5 is the SM neutrino annihilation cross section, Gy = 1.166 x 107° GeV~2 is the
Fermi constant and E is the energy of the colliding sterile neutrinos. These are light and
ultra-relativistic, so that according to Sec. 4.3.1, v ~c=1 = n ~ T3, and the energy in
Eq. (5.9) scales as E ~ T. Thus, the interaction rate (per neutrino) is

MW>4

o (5.10)

I'ny =nonn, ”U’ ~ G%TE’ <

Requiring the equality of the width I'y, and the Hubble parameter (4.52)
27T3/2

B 3v5mp)

we obtain, with the Planck mass mp; = VG = 1.22x10' GeV, the freeze-out temperature

VI T? (5.11)

4/3

Ti ~ gif° <M> (1+2) MeV . (5.12)
Mw

The quantity g.; counts the effective number of relativistic degrees of freedom (d.o.f.)

immediately after freeze-out. If freeze-out happens below 100 MeV, we have at least

gxt = 10.75, (cf. Eq. (4.81)).

We recognize that for the not very large scale M, the sterile neutrino N; decouples at
rather low temperature. Thus, it normally is in thermal equilibrium at the early stages
of the Universe evolution, making it a thermal relic. This will be the possibility which
we peruse in the current study. In this case calculation of the present day density of the
sterile neutrinos is insensitive to the history of the Universe before 7.

Note, however, that if the reheating temperature after inflation is lower than Eq. (5.12),
the neutrinos never enter the thermal equilibrium. In this case additional assumptions
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about the initial abundance of the sterile neutrinos are necessary to predict their current
density, and the generation mechanism is very different form the case analysed here (see,
e.g., Refs. [79, 80, 8, 81]). Such a scenario can, for example, be realised for a very low
reheating temperature (see, e.g., Ref. [82]), or naturally if the right-handed scale is the
GUT scale, M ~ Mgur, leading to Tt ~ MguyT, and the reheating after inflation reached
slightly lower temperatures. Another way to implement this situation is perused in the
vMSM [12, 13|, where no new physics is present up to Planck scale, leading to N1 never
entering the thermal bath.

5.1.3 Abundance of Sterile Neutrino Dark Matter

The number to entropy density ratio of our relic sterile neutrino N7 (two fermionic degrees
of freedom) after freeze-out is given by (cf. Eq. (4.44a) and Eq. (4.59) or use Eq. (4.76))

nny | _ n(ty) 1 135¢(3)

Y = = =
f s It s(ty) gxt At

(5.13)

While the Universe expands slowly with all the processes approaching thermal equilib-
rium (= S constant), both the number density and entropy density scale inversely pro-
portional to the volume of the Universe, and their ratio remains constant. If, however,
non-equilibrium processes happen during the expansion, like, for example, an intermediate
matter dominated stage caused by out-of-equilibrium decay of a heavy species, additional
entropy release is possible, which we will take into account by the factor &

_ So _ s(to) (R(to)\’
=5 " sy (R(tf)> ' (5.14)

This leads to the relation

nn, (to) <R(tf)>3 _s(to) 1

n, (te) R(to)) ~ st & (5.15)

Let us calculate the contribution of Nj to the present energy density. Rescaling the
number to entropy density ratio at present moment by this factor, as compared to the
freeze-out moment, we get for the sterile neutrino contribution to the energy density of
the Universe {1y,

QNl B (’I’LN1 ) 1 M S0
-~ — Vi1
Qpm s 1t/ & Qpmpe

1 /10.75 M,
~ — 100 1
G} ( Jsf ) <1 keV) % ’ (5.16)

where Qpy = 0.113h72 is the DM density, sp = 2889.2 cm ™ the present day entropy
density and p. = 1.05368 x 107°h? GeV cm 3 is the critical density of the Universe (see
Tab. 4.1 and Ref. [36]). The observational requirement is Qy, /Qpm < 1 with equality
being the nicest choice (all DM is made out of N7), and inequality opting for multispecies
DM.

Let us analyse Eq. (5.16) further. Without entropy release (& = 1) the Universe is
overclosed, unless the neutrino is very light (see also the weaker bound in Eq. (4.79)),
which corresponds to the Hot Dark Matter case, excluded by the structure formation in
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the Universe. Models with the number of degrees of freedom at freeze-out g.s of order
1000 seem rather unnatural and will not be considered. The only opportunity is thus the
entropy release after the freeze-out of Ny,

10.75\ ( M
~ 100 : 1
© < gst ) (1 keV) 547

Having this entropy release will lead to the observed DM abundance today. In the follow-
ing, we will analyse possibilities of generation of this large amount in the model.!

5.1.4 Mass Bounds

The mass of the DM particle N1 can not be too light, or the observed structure in the
Universe would have been erased by a too hot DM. The simplest and most robust bound
can be obtained from the phase space density arguments. The phase space density of a
collision-less DM can only become smaller during the evolution of the Universe, as an effect
of coarse-graining. Comparison of the primordial phase space density, which is calculated
using the initial DM particle distribution function and the maximal modern one, derived
from the observation of the Dwarf spheroidal galaxies [10, 83] gives the lower bound

M; >1+2keV . (5.18)

Another important bound is the Ly-o bound [84, 85]. This bound constrains the
velocity distribution of the DM particles, from the effect of their free-streaming on the
formation of the structure on the scales, probed by the Ly-« forest. It should be noted,
that to convert this constraint into a bound for the mass of the DM particle, one needs
to take into account the initial velocity distribution of the particles. In our case it takes
the form of a usual thermal distribution, but with the temperature (7' oc R~!) lowered by
the dilution factor &~ /3. This corresponds to the thermal relic case in Ref. [84], and not
to the case of the non-resonantly produced sterile neutrinos, denoted mygrp in Ref. [84].
Thus, the result of Ref. [84] should be rescaled as

T
M1 > ?mNRp , (5.19)

where T is the present temperature of the DM neutrino diluted with the entropy factor
(5.17), T, is the temperature of the usual relic neutrinos, and myrp = 8 keV [84]. The
ratio of the temperatures is obtained from the requirement of the observed Qpy;. With

Eq. (5.17) we have:

T 0.01 keV ) 1/

B CARARSY (Rt 5.20

T, My ’ ( )
Equivalently, we can use Eq. (4.44a) and calculate Qpypeo = Qn, peo = Miny, o< T3. Di-
viding by the current active neutrino temperature T,o = (4/11)1/3T.¢ (see, e.g., Ref. [62]),
we obtain (T/T,) = Qpamh?(94 €V /M1) which is equal to Eq. (5.20). By substituting one
of these expressions back into Eq. (5.19), we obtain the lower bound on our thermally
produced WDM sterile neutrino Ni:

M, > 1.6 keV . (5.21)

'The exact value of the required entropy release & may be slightly different, if, for example, some
amount of DM sterile neutrino was generated non-thermally after the decoupling from thermal bath.
However, in the examples, analysed in this work, this effect is negligible.
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5.1.5 Generation of Entropy and BBN Bound

As discussed in Sec. 4.3.4, the entropy (5.17) can be generated by some heavy long-lived
particle which goes out of thermal equilibrium at some moment after DM neutrino freeze-
out, t¢, and decays after becoming non-relativistic and dominating the energy density of
the Universe. The obvious candidates for such particles are the two remaining heavier
neutrinos (though other candidates are possible, and can be analysed in a similar way).
Let us assume for simplicity that only one of these two neutrinos is responsible for entropy
generation, and denote it by Na. Then, according to Sec. 4.3.4, the entropy release is (cf.

Eq. (4.113))
3/4
27T2§* 1/3 (MQY;)AL/S
S~ (1 +2.95 ( ) 7| (5.22)

where My is the mass of Na, Yi = np,(ti)/s(ti) is the initial abundance of the Ny par-
ticles after decoupling (or, probably more precise, before they start to drive the matter
dominated intermediate stage of the Universe expansion), and g is the properly averaged
effective number of d.o.f. during the Ny decay. The ratio Y; is maximal if the particle
decouples when it is still relativistic, and is equal to

v, _ 9N 135¢(3)
T o )
2 4rmig,

where gy = 2 is the number of d.o.f. for Ns, and g, is taken at the Ny freeze-out. If the
entropy generation is large, we can neglect the 1 in Eq. (5.22) and get

(5.23)

_1/4
gN Gx M2
& ~0762 Y 2 (5.24)
2 go/mpiIn,
By combining Egs. (5.17) and (5.24), we obtain
2 2 2 2
Iy, ~050x 1070 2dg /222 (2 22 ) 5.25
Nz . 4 gzg mPl< M, (5.25)

Note that in our case the freeze-out temperatures of the DM sterile neutrino (N7) and of
the entropy generating one (N2) coincide, such that g, = g«. If Eq. (5.25) is satisfied, then
we have proper DM abundance in the present Universe. Schematically this is illustrated
in Fig. 5.2.

However, Eq. (5.25) is not the only requirement for the lifetime of the heavier sterile
neutrino in a realistic model. Entropy generation should finish before the Big Bang Nu-
cleosynthesis (BBN), i.e. the Ny’s should decay before it. According to Refs. [86, 87, 88|
the temperature after the decay of the sterile neutrino No—the so-called "reheating® tem-
perature T,—should be greater than 0.7 -4 MeV in order not to spoil BBN predictions.
This temperature is approximately equal to (see Eq. (4.115))

1 /2r2g.\ 4
T, ~ 3 < 1 > v Inympr, (5.26)

leading to a bound on the Ny lifetime which should be shorter than approximately 0.1+2 s.
The sterile neutrino with such a lifetime can produce enough entropy, satisfying Eq. (5.25)
only if it is sufficiently heavy,

M, _
My > (1 kev> (1.7 + 10) GeV . (5.27)
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Figure 5.2: Schematic evolution of the light relic abundance in the Universe. The dashed
line is a thermal relic decoupled while being relativistic (hot thermal relic), leading to
the overclosure of the Universe. The blue line is the same hot thermal relic, but with
the abundance diluted by rapid expansion of the Universe (entropy production), leading
to correct DM abundance. The lowest magenta line depicts the evolution of the non-
thermally produced particle with zero primordial abundance.

Finally, as far as we were assuming that the sterile neutrino Ny decoupled while still
relativistic (otherwise the entropy generation is much less efficient), we should require
Tt > M. This, using Eq. (5.12) is translated into a bound for the scale of the right-
handed bosons,

1 ]\4-2 3/4 .

Thus, on the one hand the sufficient entropy generation requires a long-lived neutrino,
but on the other hand, the requirement of successful BBN limits its lifetime from above,
leading to the lower bounds on its mass and on the mass scale of the additional gauge
interactions.

5.1.6 Constraints from X-ray Observations

A sterile neutrino in the considered class of models is unstable, so it provides a decaying
DM particle. Through its mixing it dominantly decays via the neutral current into three
active neutrinos. To lead to a successful DM scenario, the lifetime of the unstable neutrino
Ni should be greater than the age of the Universe 7y ~ 10'7 sec, which constraints its
total decay width. However, one obtains significantly stronger restrictions resulting from a
subdominant decay channel—the radiative decay N1 — v+, induced at the one loop level
(see Fig. 5.3). This process produces a narrow line in the X-ray spectrum of astrophysical
objects [9, 89]. In the context of the YMSM the only source of this decay is via the active
sterile neutrino mixing 6% (cf. Eq. (5.7)), and the recent X-ray observations bound it from
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Figure 5.3: Unitary-gauge diagrams contributing to the radiative neutrino decay with
charged leptons propagating in the loop.

above. A very rough bound, which will be enough for our purposes, is given in Ref. [79]?

1 keV)5

N (5.29)

1~

07 <1.8x107° <
This restriction corresponds to the following upper bound on the radiative decay width
1
Tny o S 9.9 x 10727 < (5.30)

We also want to mention that there are bounds resulting from supernova cooling. How-
ever, they are also much weaker than the diffuse X-ray background limits (5.29) for all
possible neutrino masses M; (see Ref. [9]).

In the LR symmetric model the X-ray bound (5.30) leads not only to the bound on
the mixing angle (5.29), but also bounds the properties of the bosonic sector of the theory.
The reason is the possible mixing of the right Wr gauge bosons with the SM W, ones.
Without mixing, the contribution of the Wx bosons to the process N1 — v is additionally
suppressed by the ratio of the left and right gauge boson masses (Myy/M)?*, and can be
safely neglected. With the mixing, however, the chiral structure of the diagram changes,
and the contribution can be enhanced by a factor oc (my, /M7)?, where m;, is the mass of
the charged lepton propagating in the loop.

We calculate the total decay width for N; — v, summed over the active neutrino
flavours, following Refs. [97, 98] (for details see App. B). Supposing from the very begin-
ning, that the right-handed scale is much larger, than the left one, M > My, neglecting
the active neutrino masses and assuming small gauge boson mixing, we get

GLalM;
Pimow = g 2

3 2
4my, (VR)a1 - ¢ — §9a1M1 . (5.31)

a=e,u,T

with a denoting the fine-structure constant. The second term in the amplitude is propor-
tional to the mass of the sterile neutrino M, while the first term to the mass m;, of the
charged intermediate lepton /,. This can be understood from the following consideration.
Because the photon has spin one, there must be a chirality flip on the fermionic line. If, in
flavour basis, there is a W7-Wpx mixing, we have the chirality flip? on the internal line of

We must note, that careful analysis gives a stronger (in some regions of masses by an order of
magnitude) bound. See detailed discussion in Sec. 5.1.2 of [79] and [90, 91, 92, 93, 94, 95, 96]. For our
purposes this approximate (weak) bound is sufficient.

3As discussed in Sec. 2 a chirality flip is equivalent to mass insertion.



5.1. Cosmological Requirements and Constraints from Experiments 59

the charged fermion, which produces a term proportional to m;,. Otherwise, the chirality
flip happens on one of the outer lines of the diagram, resulting in a term proportional to
the Majorana mass of the sterile neutrino.

If the gauge boson mixing is absent (¢ = 0), only the second term contributes, and we
obtain, using Eq. (5.7), the usual result

NQG%aMf 9

~ 2PN g 32
=0 25644 1 (5.32)

FNl —yv
If it is present, then, barring the unlikely cancellation between the two terms in Eq. (5.31),
we can constrain ¢ using the X-ray bound (5.30)

2 3
2 <9% 107 iz ~ <1 kev) . (5.33)
Za:e,,u,q— ‘mla (VR)(Il’ My

Thus, the mixing angle of the W-bosons must be vanishingly small.
Finally, we would like to note, that in a LR symmetric model with the Higgs sector as
described in Sec. 3.5.1, the W-Wg mixing angle ¢ is determined by Eq. (3.98):

/

Vp — VL
where x and ' are bidoublet VEVs and vy and vg correspond to the left- and right-

handed Higgs triplet VEVs, respectively. Thus, Eq. (5.33) strongly restricts the ratio
ki [ (vh — v).

5.1.7 Summary of Constraints

Let us summarise this section. A theory where the DM sterile neutrino was in thermal
equilibrium at some moment during the evolution of the Universe, should satisfy the
following set of constraints:

e From X/7-ray observations, we have the model independent upper limit on the
radiative decay width of the DM sterile neutrino Ny (see Eq. (5.30))

Ty S 9.9 x 1072 sec™! . (5.35)

Note that this is a conservative value, c.f. the footnote on page 58.

This constraint translates to the limit on the sterile-active neutrino mixing angle
(cf. Eq. (5.29))

1 keV')®
7<1.8x107° :
07 S 1.8x 10 <M1> , (5.36)
and to the bound on the mixing between the left and right gauge bosons (cf.
Eq. (5.33))
2<9x10719 E . < eV) . (5.37)
Za:e,u,r |mla (VR)al‘ My

e From the structure formation requirements (Ly-a bound), the mass of the sterile
neutrino is constrained in the same way as the mass of a thermal relic, i.e.

M; > 1.6 keV . (5.38)
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e The right abundance of the sterile neutrino can be achieved by an out-of-equilibrium
decay of a long-lived heavy particle. We will use another sterile neutrino of the
model, Ny, for this purpose, but most considerations here can be also applied to
another long-lived particle present in the theory.

To provide the proper entropy release (5.17), N2 should decouple while relativistic
and its total decay width should be

Ty, =~ 0.50 x 107°

2 42 M2 [1keV\?
gzvg*f—wz( e) . (5.39)

4 ¢27" mp \ M

e At the same time, this heavy neutrino No should decay before BBN, which bounds
its lifetime to be shorter than approximately 0.1 <+ 2 s. Then, the proper entropy
can be generated only if its mass is larger than

M,
1 keV

My > < > (1.7 +10) GeV . (5.40)

e The entropy is effectively generated by out-of-equilibrium decay 5.1.5, when the
particle decoupled while still relativistic. If this particle is Na, i.e. one of the sterile
neutrinos, then its decoupling happens at temperature (5.12), and T¢ > My requires
the bound on the right-handed gauge boson mass

M>— 10+ 1 . .
> T <1 GeV) (10 + 16) TeV (5.41)

Note, that this is the only requirement which changes in the case of entropy generated
by some other particle instead of the heavy sterile neutrino.

5.2 Models with Low Scale Type I See-Saw

Let us start from the analysis of models where the active neutrino masses are generated by
a “type I” see-saw formula. This means that in the neutrino mass matrix (5.2), My, van-
ishes. The values for the mixing angles 67 (cf. Eq. (5.7)) are restricted by the requirements
on the decay widths of the sterile neutrinos. As discussed in the previous chapter, 0 is
bounded from above by X-ray observations (see Eq. (5.29)), whereas 603, regulating the
decay width of the entropy generating neutrino,? is bounded by requiring a long enough
life-time.

A convenient way to parametrize the Dirac mass matrix mp, separating high- and
low-energy parameters, is provided by the Casas & Ibarra parametrization 48] reviewed
in Sec. 3.4.2. By using Eq. (3.61):°

mp = i U*\/my®® R/ Ma*® | (5.42)

4Note that additional generation of the entropy by the third neutrino does not change conclusions.
% As far as we are using in this section the basis with diagonal Mg = M;lag, the right handed mixing
matrix is trivial, Vg = 1.
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we get, with Eq. (5.7),

07 = I (5.43)

where
mde8 = diag(mi, ma,m3), and My = diag(M,, Mo, M3) . (5.44)

Here R is a complex orthogonal matrix parametrized by three complex angles wis, wis,
and wog (cf. Eq. (3.60)).

Let us check, whether we can satisfy the bounds on the mixing angles if the active
masses m; are consistent with the observed neutrino oscillation mass differences, sum-
marised below. The current best-fit and 30 ranges are (see Ref. [99]):

AmZ; = (7.651059) x 1075 eV?, (5.45a)
AmZy, = (2.47035) x 1073 eV . (5.45b)

In the following analysis we will for convenience order the active neutrino masses as
m; <mgog < ms. (5.46)

From Eq. (5.43), we get, using the parametrization in Eq. (3.60), for the first two sterile
neutrinos
M163 = my |sinwis|® 4 ma|cos wiz|*|sin wia|®
+ my|cos wis|?[cos wig|? (5.47a)
M303 = ma|cos wis|?|sin was)?
+ ma|cos was cos wiz — sin was sin w3 sin w12\2
+ mq|cos wag sin wig + Sin wag sin wy3 cos c¢112|2 . (5.47b)
Note that as far as we ordered the active neutrino masses, if we change mj to zero,
and replace mg by ma, the right hand sides of Eqs. (5.47) can only become smaller.
We can also confine ourselves to the real values of the mixing angles, as far as the sine
and cosine absolute values only become larger for complex angles, and the inequality
|z —w| > ||z| — |w]|| is used to transform the square of the difference of the angles in
Eq. (5.47b). Thus, the following inequalities should be satisfied
M16% > my {Sin2 wig + cos® w3 sin? wlg} , (5.484a)

Mo03 > mg{ cos® wis sin® wo3 + (|Coqu23Hcos w12
_ |sinw23||sinw13||sinw12|)2} : (5.48h)

The minimum of the sum of the right hand sides is mg, and therefore the following very
simple inequality always holds

M160? + Mob3 > my > Amg, - (5.49)

The second inequality is trivially fulfilled, since in all possible mass hierarchies the mass of
the second (in mass) active neutrino is larger than Amyg,. The meaning of the inequality
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(5.49) is very simple—one can not generate active neutrino masses with the “type I” see-
saw formula without sufficient mixing between the active and sterile neutrino sectors.
Note in passing, that the cancellation is possible in another direction—one can have very
small active neutrino masses and large active-sterile mixing.

Now, we are ready to compare the requirement from the observed active neutrino
masses, Eq. (5.49), with the DM bounds on the mixing angles. The angle 65 can be bound
from the width (5.25) required to generate sufficient entropy. Estimating the width of the
heavy neutrino as (cf. App. A)

G2 M3
Ty, > 15“%5 .03, (5.50)
we have
M2 < 1.8 x 10-351/2 LGV T (Lkev® (5.51)
2V2 S 4 Ggx M, M, . :

It can be clearly seen that for all allowed masses M; and My this is much smaller than
A'rnsol-

The contribution of the DM sterile neutrino itself can be larger than Ms03. From
Eq. (5.29), we have

M67 < 1.8 x 1072 < (5.52)

1keV)*
Together with the Ly-a bound on the WDM mass, Eq. (5.21), this contribution again
violates Eq. (5.49). Thus, we conclude that the small mixing angles, required by the
proper DM abundance and good DM properties in the model, prevent generation of the
observed active neutrino masses by the “type I” see-saw formula.

Note, however, that without the Ly-a bound it would have been possible for very light
WDM, with

My <1.2keV . (5.53)

5.3 Type II See-Saw—working Example

In the previous section we have seen that if one of the not DM-like sterile neutrinos is
responsible for entropy production, it is impossible to get the observed active neutrino
masses with a “type I” like see-saw. Here we will present a working example of the sterile
neutrino DM in the framework of a LR symmetric model, where the active neutrino masses
are generated by the contribution of the type II see-saw.

We will continue to work in the framework of the SU(3)ox SU(2) L, xSU(2)rxU(1)p—1,
model, sketched in pieces in Sec. 5.1.1 and reviewed in more detail in Sec. 3.5. Let
us do a short repetition of important facts. As already discussed, in a properly LR
symmetric model, the left- and right-handed leptons are treated symmetrically. One has
the usual SM doublets ¥} with generation index i € {1,2,3}, and three additional right-
handed neutrinos which form together with the three charged right-handed lepton fields
the SU(2) g doublets ¥, (cf. Eq. (3.66)). The Higgs sector consists of one SU(2), triplet
Arp, one SU(2)g triplet Ar and one bidoublet ¢. If their neutral components acquire
a non-zero VEV the gauge symmetry from above will be spontaneously broken and a
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neutrino mass matrix of the following pattern will result, (cf. Sec. 3.5.3):

My, mp \ _ ([ fovr yks >
( m%, Mg > < y' ks frRUg (5:54)

The Majorana blocks on the diagonal come from the coupling of the bilinears wi’TRCz/JL, R’
to the triplets Az g, respectively, and the Dirac-type ones from the coupling of YR to the
bidoublet ¢ and its complex conjugate qg = 09¢*0y. The VEVs of the neutral components
in Az r are denoted by vy g, whereas the SM scale ky = Vk?+ k2 = 174 GeV is a
combination of the bidoublet VEVs k and " (see Sec. 3.5.2). These quantities are related

by Eq. (3.80), rom

2
K3

: (5.55)

where 7 is a function of parameters in the Higgs potential, and naturally of order one (for
more details see Sec. 3.5.2).

In the following we will postulate the ezact discrete LR symmetry (3.73), and assume
for convenience real Yukawa couplings. This requires

fo="rfe, y=y". (5.56)

As we will now show, with such a model, it is possible to satisfy all the requirements
form Sec. 5.1. Let us consider the type 1l see-saw formula, following from block diagonal-
ization of Eq. (5.54) with the assumption O(Mg) > O(mp) > O(Myr):

2
K _
m, = vrfL — iyleyT : (5.57)

After applying the conditions of discrete left-right symmetry, Eq. (5.56), we find
AE—
my, =vrf——yf "y, (5.58)
UR

To simplify the calculations, we further assume for illustration, proportionality of the
Dirac-Yukawa y to the triplet Yukawa f, i.e. y = Bf, where P is a numerical number.

Equation (5.58) then goes into
2 M2
my = (m _ B )f. (5.59)
VR

In this case all Yukawas are diagonalised by the same transformation—the transformation
which brings m,, into diagonal form, i.e. the PMNS matrix U. The ratios of the eigenvalues
of the matrices on both sides of the equality are then the same
m M
mo_h My (5.60)
me  fa M
Thus, the mass spectrum of the sterile neutrinos (or, specifically, the BBN requirement
(5.27)) leads to the same hierarchical active neutrino spectrum

™ <59%x1077. (5.61)
ma
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This implies that the lightest active neutrino should be very light, and we can have either
normal or inverse hierarchy. For definiteness, we will use the normal hierarchy in our
example, though the inverse one works equally well (one should only take into account that
in the latter case My ~ M3, and thus—because of equal mixing angles (cf. Eq. (5.63))—
I'n, >~ I'ny, such that both N7 and Ny generate the same amount of entropy (5.24)). As
far as the active neutrino mass hierarchy is fixed, we have mo ~ Amg, and m3 >~ Amagm.
We then obtain for the mass of the third sterile neutrino

My =3 0, (5.62)
Furthermore, since the following relation holds (use Def. (5.7) together with (5.6))

o

al
| M, | M, v,

: (5.63)

a

the active-sterile mixing angles in the case of proportional Yukawa constants are all the
same, while the mixing angles for individual flavours are proportional to the PMNS matrix
U:

KeP

9(1[ - (U*)af - (U*)al 0% ' (564)
UR

Thus, the total decay width T'y, is proportional to 635 (see App. A). The value of 63
is then defined from the requirement of sufficient entropy production, Eq. (5.25), and
depends only on M; and Mo.

At this moment the only free parameter left is the VEV ratio «, and everything can
be expressed via v, My, Ma and mg ~ Amge, m3 >~ Amagy. From Eqgs. (5.59) and (5.55),

we get
2
KLY
VR = 4| 55 - 5.65
TN 63 (5.65)

The VEV of the left-handed triplet Ay, is then given by

ma

Together with Eq. (5.65), Eq. (5.63) determines the proportionality constant 3

P =/030%/k% . (5.67)

The full mass matrix (5.54) is as follows

Ut 0 Mdiag mdiag Ut o
mD MR
where
m(li)iag — %&Mgiag — {ﬂpﬂiM}d;ag , (569&)
VI, UR
di UL 4 di
MLlag — 7MR13‘8 , (569b)

VR
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and illustrates that processes mediated by Wgr-

bosons can be neglected in the decay rate of N>.

Figure 5.4: LR symmetric model with keV scale sterile neutrino WDM and an entropy
generating heavy sterile neutrino of mass Mj.

and .
My = diag (My, My, M3) . (5.70)

Let us fix the input values. It was mentioned before, that v ~ O(1) is natural in the LR
symmetric model, therefore we simply choose 7 = 1. For the masses of the DM and the
entropy producing sterile neutrinos, we choose the smallest possible ones (see Sec. 5.1):

M, = 1.6 keV , My = 2.7 GeV . (5.71)

With such an input, we obtain:

mp=52x1077 eV, vy, = 313 keV |

mo ~ \/Am2, =8.7x 1073 &V, vp = 9.67 x 10* TeV

mg ~ \/Am2Z, =49 x107% eV, B =0.027 ,

Ms; = 15.1 GeV 67 =03 =62 =23x 10715, (5.72)

The Figures 5.4(a) and 5.4(b), respectively show the values of 62 and v for several M; and
My 2 2.7 GeV. Because of the smallness of 65 compared to ms/Ms and its suppression
with M2 and My ? (see Eq. (5.51)), vg given by Eq. (5.65) is effectively independent of
63. Therefore, the curve of vg has a very weak M; dependence (invisible in Fig. 5.4(b)).
For larger M it is accounted for the BBN bound (5.27) on M.

One can check that none of the constraints, summarized in Sec. 5.1.7, is violated. Even
the mixing angle 67, corresponding to our DM neutrino, is much smaller than its upper
bound (5.29). Furthermore because of the large vg scale, the additional non-SM gauge
and Higgs bosons are not observable (they all have masses «x vg [56]). However, we should
choose the Higgs potential to have very small mixing between the left and right gauge
bosons (see Egs. (5.33) and (5.34)).
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To conclude, we demonstrate that the obtained VEV scales are in no conflict with
the p parameter, introduced at the end of Sec. 3.3.2. Equation (3.36) applied on the LR
symmetric model gives

K +2|v o2

: 5.73
K2 +4 || (5.73)

For vy, of the order of MeV the deviations are well below the current experimentally allowed
ones, which have O(107%) [36].



CHAPTER 6

Conclusions

Introducing some basics of the theory of massive neutrinos has been the starting point
of this work. In particular we have explained the difference between Dirac and Ma-
jorana mass terms, motivated the introduction of sterile (right-handed) neutrinos and
demonstrated that the see-saw mechanism in its type I or II form could be an aesthetic
explanation of the small active neutrino masses. Then, after a short review of a useful
parametrization, proposed by Casas and Ibarra, we have closed Chap. 3 by describing a
Left-Right symmetric model, which in a very natural way implements the see-saw mech-
anism of type II.

In chapter 4 we have given an introduction of some fundamentals of cosmology, which
are of essential relevance for this work. We have outlined the derivation of the fundamental
Friedmann and fluid equations and determined their solutions in specific cosmological
scenarios. In Sec. 4.3 we have sketched early Universe thermodynamics and discussed
the freeze-out process of thermal relics as well as the entropy release due to an out-of-
equilibrium decaying particle. With Sec. 4.4, providing basic facts of Dark Matter in
cosmology, we have concluded this Chapter and passed on to our main goal—the analysis
of the possibility of thermally produced keV scale sterile neutrino Warm Dark Matter in
gauge extensions of the Standard Model.

During the analysis of such a realisation in Chap. 5, we have found three ways capable
to circumvent the naive expectation of significant overproduction of Dark Matter in case
of a keV scale sterile neutrino, decoupling from the thermal bath while still relativistic.
They include a low reheating temperature so that the thermal equilibrium is never reached
by the would be Dark Matter sterile neutrino, (very) large number of degrees of freedom
in the early Universe at the Dark Matter neutrino freezeout, or sufficient dilution of its
density by out-of-equilibrium decay of a massive particle like another heavy sterile neutrino
(cf. Fig. 5.1). The last possibility, assumed to be the most natural one, has been further
analysed' and a set of requirements for this scenario has been formulated. Summarized in
short, these requirements bound the mass of the Dark Matter sterile neutrino from below
from structure formation considerations; limit its mixing angle with active neutrinos and
constrain mixing between the ordinary Standard Model (left) and additional (right) gauge
bosons from the radiative decay of the Dark Matter sterile neutrino; fix the lifetime of the
heavier sterile neutrino from the requirement to have sufficient entropy release, diluting
the Dark Matter abundance down to the observed value; and finally constrain the mass
of these heavier sterile neutrinos from considerations of Big Bang Nucleosynthesis.

We have demonstrated in this framework, that the type I low scale see-saw mechanism
of generating masses for the active neutrinos can not lead to sufficient dilution of the Dark
Matter abundance due to the very small mixings between the active and sterile neutrino
sectors. At the same time, we have provided a working example, where the active neutrinos

'Note that another natural possibility is achieved in the ¥MSM model [12, 13], where the introduction
of sterile neutrinos is the only extension of the Standard Model, and the keV sterile neutrino does not
enter thermal equilibrium up to Planck scale temperatures.

67
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are generated by a type II style see-saw in the context of an exactly Left-Right symmetric
theory. The obtained general constraints and observations can serve as a basis for the
search of a Grand Unified Theory with Warm Dark Matter sterile neutrinos.



APPENDIX A

Decay Widths of sterile Neutrinos

In the mass range 2.7 GeV < My < My, a sterile neutrino N2 dominantly decays into
leptons and spectator quarks. The corresponding partial widths can be calculated in the
vMSM because additional boson-interactions, which usually appear in more complicated
models, are of high scale—of order O(M )—compared to that of electroweak scale. To make
use of the ¥MSM results, we have, for being on the safe side, to compare the suppression
factors in the vMSM ~ O(|6;]?) with that of additional interactions ~ O(Myy/M)*,
appearing in the models we are interested in. Furthermore, the mixing of the new bosons
should be small compared to O(|6;]), otherwise there could be significant contributions
from processes where new bosons mix with the SM ones (see, for example, App. B). These
effects are neglected in the following calculations. One can see, that for most practical
purposes it is the case, as far as the bound on the gauge boson mixings (5.33) is much
stronger than those for the active-sterile neutrino mixings.

Moreover, such additional contributions do not affect the conclusions in the main part
of this work. Indeed, in Sec. 5.2 additional interactions can only result in a stronger bound
and therefore the conclusion remains the same. In the type II see-saw model discussed
in Sec. 5.3, we need the exact value of the width. However, if we assume no mixing of
the W-bosons (¢ = 0), the contributions from Wgr-boson mediated processes are in the
considered mass range negligible small (cf. Fig. 5.4(a)).

In what follows we give all relevant decay rate formulae (at tree-level) of a sterile
neutrino N, with a mass Mj located above the BBN bound 2.7 GeV (cf. Eq. (5.27)) and
below the SM W-boson mass My ~ 80 GeV [100].

Iy | N Z _ GrM3 020 A
1 2HZI/Q1/5V/@ = T92.3 Z\ 2]’y (A.1a)

e
GrM;
1927

max | M., M
-\92(1\2 (1—8x?+8xl6—a:?—121:?10gx12) , xl:M,

Mo
(A.1b)

-\ GEM;
T (N2 — valfly) = 15275 1020 {(01(1 —ap) + C3045) ((1 — 14a] — 2] — 1227) /1 — 427

Tz (N2 = Lol ve) =

+12a) (2 — 1) L) +4(C2(1 = dap) + Cadap) (x? (2 + 1027 — 1227) /1 — da?

+ 6z (1 — 277 + 2;5?) L) , (A.lc)

with

L1 1—3z7 — (1 —x7) \/1—4a? M,
= log , =
? (1+ VI —4ml2)
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: q q
fermions g, IR
_ 1 0
q = Ve, Vy, Vr 3
_ 1 2.2 2.2
q=u,c,t 5~ 55w IS
_ 1, 1.2 1.2
q=d,s,b 5 T 38w 387y

Table A.1: Coupling constants; sy = sin Oy, cyr = cos Oy .

and
Ci = (1 — 4sin? 0., + 8sin? Hw) , Cy = %sin2 0w (251n2 0w — 1) ,

Cs =

NN IS

(1 + 4 sin? 0w + 8sin? 9w) , Cy = %sin2 Ow (2 sin? 0w + 1) .

The formulae for the decay modes into quarks are presented below. In the range
2.7 GeV < My < Myy it is sufficient to use the free quark approach for the decay prod-
ucts. We give these formulae in the approximation where Ms is much heavier than the
decay product masses (unlike above, Eqs. (A.1), for the lepton decays). The corrections
are important at the threshold, when new decay channels open. However, at high mass
Ms> this introduces a rather small relative error, because the number of open channels into
light particles is significant, and provide the main part of the decay width. The exact
analysis would smooth the discontinuities of the decay width at the mass thresholds (see
Fig. A.1). We have

F(NHZ’UD)—GQFMS-S-V I - 162a]? A2

1 (N2 = I5UD) = S5-2-3- [Vup|* - [02a]” , (A.2a)
. GEM3 =g 2

s (N2 — vaqq) = 1023 3-57|024]7, (A.2Db)

with
20 =gr* (987 +8%) -

The factor 3 is the colour factor and Vyp are the CKM-matrix elements. The coupling
constants g7, and ggr correspond to the coupling of the Z-boson to left- or right-handed
particles, respectively. For a fermion f, with weak isospin component I:{ and charge gy,
one has:

gl =1 — g5 sin® 0w, (A.3a)

f

L

s L2

gr = —qr sin” Ow . (A.3Db)

Table A.1 gives the required values of the charges. In the mass range of My mentioned
above, the Majorana neutrino total decay rate I'y, is a sum of all rates presented above

multiplied by a factor of 2, which accounts for charge-conjugated decay modes.

When M>s exceeds the SM Z-boson mass Mz = 91 GeV, and if contributions of new
interactions are negligible the sterile neutrino predominantly decays into a SM gauge boson
and a lepton. Then its total decay width is given by

B 2GFM§’

2M3V) ( M&,)z
In, = 1+ 1-—
2 8v/2m ( M3 M3

1 2M2 MZ\? )
+5 (1+ i ) (1 i1 > 1620l (A.4)

@

In between, where My, < My < Mz, one can approximate the width by the first term in
Eq. (A4).
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Figure A.1: The ratio I'y, /21 calculated in the specific LR model of Sec. 5.3. We used
Egs. (A.1) together with the formulas for the two-body decays into mesons [100] for the
red curve and Eqs. (A.1) together with Eqgs. (A.2) for the blue curve. The dotted curves
correspond to the region, where both approximations are not entirely reliable.

Below M; ~ 2 GeV it is important to consider mesons instead of quarks as final
states for the sterile neutrino decay. Therefore, instead of the three-body decay modes
into spectator quarks, Eqs. (A.2), one has to use the corresponding two-body ones into
mesons (see [100] for the decay width formulas). In our case this mass range of My is
forbidden by the BBN-bound (5.27) and therefore we do not list them here. Nevertheless,
to get a feeling of the behaviour of the total width I'y,, we show in Fig. A.1 the ratio
I'n, /2T calculated in the specific LR model described in Sec. 5.3, using both the free
quark and chiral meson approximations. It is clearly seen, that the transition between
two approximations happen around My ~ O(1) GeV. In this region (dotted in Fig. A.1)
decays into spectator quarks more and more replace decays into mesons and therefore
one has to carefully reanalyse the given formulas, if one is interested in this mass range.
Furthermore note that because of Eq. (5.64), the total decay width is proportional to 62
and therefore the plotted ratio is independent of this quantity. In more general models,
Eq. (5.64) will no longer be valid. However, as one recognizes by considering the formulas
together with the definition of 2 (cf. Eq. (5.7)), there will be no significant difference,
especially for heavy masses Ms, so that Fig. A.1 can be used as a good estimate in such
models.






APPENDIX B

Radiative Decay Width

Here we will provide some details of calculation of the width for the radiative decay
Nj — vv; shown in Fig. B.1. We will follow Ref. [97], where general formulae for this type
of process are given. In our case N7 denotes a heavy sterile neutrino with mass My, v;
one of the active neutrinos with mass m; and v a photon. The neutrinos are considered
as Majorana particles.

The amplitude for such a decay is ee},(¢)M*, where e is the electric charge of the
positron and EZ(q) the polarisation vector of the outgoing photon. The Ward identity for
the electromagnetic current implies that g, M* must be zero; therefore M* must have
the form

MH = U; [iaquy (O'LPL -+ O'RPR)] uy , (B.l)
where " = (i/2)[v*,+"] and Pr, = (1 —75)/2 and Pgr = (1 + 3)/2 are the projectors of

chirality, introduced in Sec. 2.1. o1 and op are numerical coefficients with dimension of
inverse mass. The partial decay width for Ny — ~v; is then given by

(M2 - m2)3 2 2
I'ny—y = W (’UL\ + [or| > . (B.2)

By comparing the Lagrange-term for the charged current (5.1) combined with Egs. (5.8)
and the transformation rule which diagonalizes the neutrino mass matrix in Eq. (5.2)

(@;) - < é g ) (]@2) ’ (B.3)

with that given in chapter 5 of [97], we can easily calculate the coefficients o7, and op.
Supposing from the very beginning, that the right-handed scale is much larger, than the

Figure B.1: Unitary-gauge diagrams contributing to the radiative neutrino decay with
charged leptons propagating in the loop.

73



74 Appendix B. Radiative Decay Width

left one, M >> My, ~ 80.4 GeV, and neglecting the active neutrino masses, we get!

2
iop = g 26 5 Z {cos¢sin¢ A% Dy my, Fra) + COSQCAZiBMMlF(Ta)} ;
32My,m amenr
(B.4a)
2
) g’e -
o] = —2—— X { cos (sin( Cy; Ba1 mla]:(ra)} , (B.4b)
32M§V7r2 a%;ﬁ

where F(r,) and F(r,) are functions of r, = mj 2 /MZ,. In our case, we have in good
approximation F(r,) ~ —3/2 and F(r,) ~ 4. The exact expressions for these functions
were calculated by us and do agree with that given in Ref. [101].

Because of the Majorana nature of our in- and outgoing neutrinos, we also have to
add the contribution of the complex conjugated process to our amplitude. This is easily
obtained out of Eqs. (B.4) by putting in the substitutions

A B— A*B* and C,D— C* D*,

¥%—-% = LR—RL, (B.5)

and an overall negative sign coming from the photon vertex. After adding the derived op,
and og, it is easy to see that |oz|? = |og|*, where

2
o |? = gl %
32M3, m?

4 cos(sinC Z (AqiDa1 — CoiBa1) my,

a:eV/'LVT
2
_ fcos C( Z A ) (B.6)
a=e I’L7
Using this expression in Eq. (B.2) we obtain
G aM3
FNl—WVi = 6477[_ 4 cos( sin( Z Aaz Da1 — Cyi Bal) mi,
a—E»M
2
—fcos C( Z Aui B, > My (B.7)
a=e M7

Here G is the Fermi constant, a the fine-structure constant, and m;, is the mass of the
charged lepton propagating in the loop.

The total width of the radiative decay is then given by the sum over the outgoing
states

3
TNy = 3 Ty, - (B.8)
i=1
In a model where a see-saw mechanism of type I or II is responsible for the small active
neutrino masses, the transformation (B.3) corresponds to Eq. (5.3). Putting this into our
formulas, we get out of Eq. (B.7) the expression (5.31).

'Note, that our results do not coincide with the formulas in [101]. This is because of a mistake in
the second term of the third line of equation (10) in [101]. The correct labelling of the transformation
matrices should be P,pQqa instead of P,aQap. In our notations, where a sterile neutrino (with mass
eigenstate index 1) decays through the radiative process into an active neutrino (with mass eigenstate
index i) the expression P,pQq4 translates into Ba1Cq; which is contained in Eq. (B.4b).



APPENDIX C

The Higgs Potential in the LR
symmetric Model

The most general renormalizable expression for the Higgs potential satisfying the gauge
symmetry GLr = SU(3)c x SU(2)r, x SU(2)r x U(1)p—r, of the left-right symmetric
model and in addition the discrete parity transformation defined by (cf. Eq. (3.73))

Uy, qp < Vg, g, do ¢, AL Ag, (C.1)
is given by [56]
V(g AL, AR) = — 12 :Tr ((quSﬂ _y [Tr (&w)} ol [Tr (ALNL) Ty (ARA}LH
e [ (00| { e (301) ]+ [ (570) ]
+2a [Tr (G01) T (616) | + M (007 [Tr (d07) + 7w (60
r+ T (apA})] }
+ ps [Tr (A2) Tr (AT ) +Tr (A%) Tr (N )]

o 1 (8201) 1 (800

+ { T (as4],

( _
[ (¢>A rotAL ) +Tr (¢TAL¢AT
Ty [Tr <¢A rotAL ) +Tr <¢TAL¢N

¥ 65 [Tr (¢A réTAL ) +Tr (¢TAL¢N ) . (C.2)

This potential is a possible source of CP violation. First of all, every term in expression
(C.2) is self-conjugate ezxcept that of ay. This parameter is therefore the only one in the
Higgs potential which may be complex, leading to explicit CP violation. Secondly, the CP
symmetry can be broken spontaneously if the Higgs particles in the LR symmetric model
acquire complex VEVs. In Ref. [56] it is demonstrated, that if we remove explicit CP

75



76 Appendix C. The Higgs Potential in the LR symmetric Model

violation from the potential (C.2) by taking s to be real, then, in the absence of extreme
fine-tuning, spontaneous CP violation is excluded, meaning that in this case the vacuum
expectation values vy g and the x’s can be chosen real.
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