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1 Introduction

1.1 High-intensity laser-matter interactions

After the invention of the laser almost 50 years ago, further technological break-
throughs have paved the way to the extremely short and powerful pulses of coher-
ent electromagnetic radiation available today. By using optical or near-infrared
laser pulses of femtosecond duration, peak intensities of the order of I ∼ 1018–
1022 W/cm2 can nowadays be generated in the laboratory. The corresponding laser
field strengths are by far larger than the electric field experienced by outer-shell
electrons in atoms. Large photon densities of n ∼ 1030 cm−3 allow for highly non-
linear multiphoton processes where many laser photons simultaneously interact
with atomic electrons. Free electrons exposed to such a super-intense laser wave
may acquire relativistic kinetic energies in the MeV or even GeV domain. More-
over, novel light sources of high-frequency are presently being developed, with
the aim to provide coherent X-ray pulses of several keV photon energy. Thus,
the energy scales of the most powerful present and near-future laser sources lie
far beyond the typical energetic range of atomic physics but rather reach into
nuclear and particle physics. This opens up prospects to extend the important
role traditionally played by lasers in atomic physics or quantum optics also to
these areas. Against this background, ultrafast processes in strong laser fields at
the borderlines between atomic, nuclear, and particle physics are studied in this
thesis by theoretical means. Well-established strong-field phenomena such as mul-
tiphoton ionization (being the nonlinear generalization of Einstein’s photoelectric
effect, where an atomic electron absorbs multiple photons at once to overcome the
binding potential) or laser-driven recollisions will find their counterparts in other
fields of physics.

A laser wave is mainly characterized by its peak electric field strength E and
frequency ω. While the former may be considered representing the classical nature
of the field, the latter is characteristic for its quantum aspect in terms of photons.
Depending on how the typical time scale of a process compares with the laser
cycle duration, one or the other aspect dominates: When the process is fast on
the time scale of the field oscillation, the laser wave essentially appears as a static
field; otherwise the photon nature becomes important. Let us suppose that a laser
field interacts with a quantized matter system having a typical level spacing of
∆ε. There are essentially two possibilities for the electromagnetic wave to have
an appreciable influence on the system’s quantum dynamics. On the one hand,
even a rather weak laser field will certainly exert a substantial impact when the
resonance condition

~ω ∼ ∆ε (1)

holds, with ~ the reduced Planck constant. On the other hand, in a quasi-static
nonresonant situation where ~ω ≪ ∆ε, an efficient direct coupling of the particles
to the coherent radiation field is guaranteed if the condition

∆ε ∼ eE∆r (2)

is fulfilled. Here, e is the electric charge of the particles, and ∆r the characteristic
length of the system along which the laser field may perform electric work. We
consider a few examples, comprising the systems of interest in this thesis. For
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outer electrons in atoms, ∆r ∼ a0 ∼ 10−8 cm is the Bohr radius; for tightly
bound systems like highly charged ions or muonic hydrogen, the atomic dimension
is reduced to ∆r ∼ 10−10 cm; for nuclei, ∆r ∼ Rn ∼ 10−12 cm is the nuclear
size; and for the quantum electrodynamic (QED) vacuum, ∆r ∼ λC ∼ 10−10 cm
is the Compton wavelength of the electron. The respective transition energies
are of the order of ∆ε ∼ 1 eV, 1 keV, 100 keV, and 1 MeV. With optical and
X-ray laser facilities, a resonant coupling to atoms and ions can therefore be
achieved. In principle, the resonance condition (1) may also be met for certain
nuclei and the QED vacuum when pre-accelerated particles are employed, this
way exploiting the relativistic Doppler shift of the laser frequency. In the regime
of nonresonant interaction, according to Eq. (2), an efficient direct coupling of the
electromagnetic wave to ordinary or muonic atoms requires intensities of the order
of I ∼ 1016 W/cm2 or 1024 W/cm2, respectively. For direct interactions with nuclei
or the QED vacuum, intensities approaching the critical Schwinger value Ic =
2.3×1029 W/cm2 are needed, which sets the natural scale for spontaneous vacuum
breakdown into real electron-positron pairs. The corresponding laboratory-frame
intensities can be reduced to about I & 1022–1023 W/cm2, when pre-accelerated
particles of high energy are utilized in the initial state.

1.2 Experimental facilities

A comparison of the above numbers with the parameters of the most advanced
laser sources is instructive (see Table 1). During the last two decades the develop-
ment of the chirped-pulse amplification (CPA) technique [Str85] has boosted the
level of accessible laser intensities from about I ∼ 1015 W/cm2, which was available
before by mode-locked laser systems, by several orders of magnitude. Based on
the CPA, a record intensity of I ≈ 2× 1022 W/cm2 has recently been produced by
the HERCULES laser at the University of Michigan (Ann Arbor, USA) [Yan08].
Besides, several other petawatt-class laser systems exist around the globe such
as the VULCAN laser at Rutherford Appleton Lab (Didcot, UK) [VUL] or the
PHELIX laser at GSI (Darmstadt, Germany) [Hof05], reaching peak intensities
of I ∼ 1021 W/cm2. The next generation of high-power lasers in the near-optical
frequency range (~ω ∼ 1 eV) aims at an intensity level of 1023 W/cm2 and beyond
within the framework of the Extreme-Light Infrastructure (ELI) [Mou06, ELI].

At VUV frequencies (~ω ∼ 10–100 eV), intensities of ∼ 1016 W/cm2 are gen-
erated by the FLASH facility with a free-electron laser at DESY (Hamburg, Ger-
many) [Sor07]. Similar frequencies are obtained from attosecond pulse trains
(APTs) which are produced by high-harmonic generation from atoms in the gas

Facility Frequency Maximum Starting year
domain [eV] intensity [W/cm2]

High-power CPA 1 1022 operational
ELI 1 1026 ∼ 2025

FLASH-FEL 10-100 1016 operational
XFEL 103-104 1020 2014

gas HHG (APT) 10-100 1014 operational
surface HHG 10-1000 > 1020 medium future

Table 1: Parameters of present and near-future intense laser sources.
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phase [Ago04, Dre05, Scr06], or from solid surfaces [Tsa06] where higher conver-
sion efficiencies can be exploited. For the near future, coherent photon sources
with frequencies in the keV domain are envisaged. At DESY (as an upgrade
of the FLASH beamline) and SLAC (Stanford, USA), X-ray free electron lasers
(XFELs) are currently under development which aim at maximum frequencies of
10 keV at intensities close to 1020 W/cm2 [Alt06, DiM07]. Apart from these large-
scale XFEL facilities, efforts are made to build table-top XFEL devices at MPQ
(Garching, Germany) [Grü07]. These might be able to reach comparable opera-
tion parameters due to very high quality of the laser-generated driving electron
beam. Ultrashort keV pulses can also be produced via plasma surface harmonics
when an intense laser pulse impinges on a solid target [Puk06, Dro09]. Based on
the so-called relativistic flying mirror formed by oscillating electron sheets in the
plasma, extremely high intensities might be attainable by this technique, possibly
approaching the critical Schwinger value [Bul03].

With these sources of high-intensity and/or high-frequency laser radiation it
will become possible for experimentalists to substantially influence the quantum
dynamics of strongly bound systems like highly charged ions or muonic atoms,
of bare nuclei, and of virtual electron-positron pairs in the QED vacuum, while
real electrons and positrons are accelerated to highly relativistic energies where
particle reactions can be triggered.

1.3 Theoretical methods

In certain regimes of laser-matter coupling, multiphoton processes can in princi-
ple be treated in higher orders of perturbation theory. This way, Goeppert-Mayer
performed the first calculation of a quantum mechanical two-photon process al-
ready in 1931 [Goe31]. At high photon orders the evaluation of the corresponding
perturbation theory becomes tedious, though. When the laser intensity grows
too large, the perturbative approach even breaks down completely and nonper-
turbative methods are required. To this end, analytical as well as fully numerical
methods have been developed. Moreover, very powerful laser fields are able to
accelerate electrons to velocities close to the speed of light, so that a relativis-
tic treatment of the electron motion is necessary. The borderline between the
nonrelativistic and relativistic regimes is marked by the dimensionless parameter

ξ =
e|A|
mc2

. (3)

Here, −e andm are the electron charge and mass, respectively, |A| is the amplitude
of the laser vector potential, and c is the velocity of light. For ξ ≪ 1, the laser-
induced dynamics stays nonrelativistic, while the relativistic domain is entered at
ξ ∼ 1, where the kinetic energy supply to a free electron by the laser field is on
the order of its rest energy.

Analytical calculations mostly rely on the strong-field approximation (SFA)
which was introduced by Keldysh [Kel64] to describe atomic ionization by intense
laser fields and generalized by Reiss [Rei80, Rei92] to the relativistic domain.
The relativistic SFA utilizes the fact that the time-dependent Dirac (as well as
Klein-Gordon) equation of a free electron in a plane-wave laser field can be solved
analytically. The wave does not need to be monochromatic, but characterized
by a uniform propagation direction. The laser field is included as a classical
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external potential via the minimal coupling scheme; the classical field description
is justified by the large number of photons contained therein, so that depletion
effects may be ignored. After their discoverer, these exact analytical solutions
are named Volkov states [Vol35]. Similarly, in the nonrelativistic domain Volkov
solutions to the Schrödinger equation exist when the laser field is treated as a
purely time dependent electric field (dipole approximation). The main properties
of the relativistic Volkov states can be inferred from the scalar Klein-Gordon case
where the positive-energy wave function reads

Ψ(V)
p (x) = Np e

i
~
S(x) , (4)

with a normalization factor Np and the phase

S(x) = p · r − εpt−
c

ωεp − c2k · p

∫ η [

ep ·A(η̃) +
e2

2c
A2(η̃)

]

dη̃ , (5)

which coincides with the classical action of the electron in the field. Here, xµ =
(ct, r) denotes the time-space four-vector, p is the particle momentum outside the
field, εp =

√

p2c2 +m2c4 is the corresponding energy, k and ω are the wave vector
and frequency of the plane-wave laser field, and η = ωt − k · r is the laser phase.
The immaterial lower bound of the η̃ integration has been omitted here, giving
merely rise to a constant phase factor. For a vanishing field, A = 0, the Volkov
state reduces to a free solution. Due to the oscillating nature of the external field,
a periodic part can be isolated from the Volkov state (4) and expanded into a
Fourier series according to

Ψ(V)
p (x) = Np e

i
~
(q·r−εqt)

∞
∑

n=−∞

Jn ein(k·r−ωt). (6)

As usual, the mode expansion introduces photons into the picture: each Fourier
component describes the emission (n < 0) or absorption (n > 0) of a certain
number of laser photons with momentum ~k and energy ~ω. The Fourier coeffi-
cients Jn measure the probability amplitude for each multiphoton mode. The Jn

are typically some kind of Bessel functions, with the concrete functional relation
being determined by the polarization state of the laser field. In the nonperiodic
part in Eq. (6), an averaged four-momentum qµ = (εq/c,q) of the particle appears,
which reads

qµ = pµ +
e2A2

2(ωεp − c2k · p)
kµ. (7)

The average is taken over a full laser cycle. The additional energy of a par-
ticle in a laser field Up = εq − εp is called “ponderomotive” energy, from the
Latin word “pondus” for weight. It represents the mean kinetic energy con-
tained in the field-induced oscillatory motion of the particle. In the nonrela-
tivistic limit, the ponderomotive energy becomes Up = 1

4mc
2ξ2 for a linearly po-

larized wave. The quasi-momentum (7) corresponds to an effective particle mass

of m∗ = 1
c

√
qµqµ = m

√

1 + 1
2ξ

2 ≈ m + 1
c2
Up, assuming ξ ≪ 1 in the last step.

The particle is said to be dressed by the field. The decomposition of a Volkov
wave function into periodic and nonperiodic parts in the space-time dependence is
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analogous to the quantum mechanical Floquet picture in the time domain and the
Bloch theorem in the spatial domain. From the latter case, the appearance of an
effective electron mass due to the motion in the periodic potential of a crystal is
known, as well. The properties of the Klein-Gordon-Volkov states (4) are shared
by the corresponding solutions to the Dirac equation, which correctly account for
the electron spin; they are slightly more complicated due to the spinor character of
the wave function. In relativistic problems where the electron spin plays a minor
role only, the Klein-Gordon-Volkov state may be utilized instead. For example,
spin effects are inconsequential for the laser-driven electron dynamics as long as
the laser field strength is far below critical, E ≪ Ec [Wal02].

With the Volkov states at hand, the basic idea of the SFA is to divide the inter-
action space into suitable regions and to account in each region for the strongest
field only while disregarding any other. For the example of an ionization process in
the presence of a laser field this means that bound atomic electrons are described
by Coulomb wave functions, whereas ionized electrons are treated as Volkov states.
Although appearing simple and rather approximate at first sight, this method nev-
ertheless has proven to be a very useful and reliable tool by showing an overall
good agreement with elaborate numerical computations and experimental data.
Application of the SFA in a field-theoretic framework results in the theory of
laser-dressed QED [Mit75, Nik85, Rit85]. The Volkov states are used here as
basis states in a perturbative treatment of the interaction with the quantum vac-
uum, representing a special realization of the Furry picture. The rules familiar
from field-free QED thus carry over to laser-dressed QED when the free-particle
states are replaced by Volkov states in the corresponding Feynman graphs.

In field configurations which deviate substantially from a plane wave, analytical
approaches are in general very difficult to pursue. Typical examples are tightly
focused laser beams, or fields consisting of several waves travelling in different
directions. Under such circumstances, numerical ab-initio solutions of the corre-
sponding wave equation represent a more feasible approach which is flexible with
respect to the field structure. For relativistic problems, numerical computations
are very demanding, though, since the appearance of the electron rest mass in the
Dirac Hamiltonian calls for a very fine time resolution [Moc08]: for instance, the
temporal step size has to be smaller than an optical laser period by more than six
orders of magnitude (since mc2 ∼ 1 MeV, while ~ω ∼ 1 eV). Numerical treatments
therefore often assume laser frequencies high above the optical range and very
short pulse durations.

The theoretical investigations of laser-matter interactions during the last decade
have rendered increasingly clear that main features of strong-field processes can
often be described in terms of the classical electron motion. The basic reason
is that the Volkov states, though representing exact wave functions, exhibit the
quasi-classical form Ψ ∼ exp

(

i
~
S
)

which is familiar from the WKB approxima-
tion. Atomic recollision phenomena such as high-harmonic generation allow for an
intuitive explanation by so-called simple-man’s models which rely on the classical
electron trajectory in the laser field between the ionization and recollision instants
of time [Bec02]. The quantum mechanical nature of these processes can partially
be accounted for by means of Monte-Carlo simulations, where the quantum wave-
function is mimicked by a statistical ensemble of point particles moving along their
classical trajectories. This way, certain quantum effects like wave-packet spreading
can be described.
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In this thesis, essentially all theoretical methods outlined above are applied.
Most of the problems are treated within the relativistic SFA, which allows to
advance by analytical means to an appreciable extent. In two studies, results of
ab-initio numerical computations of the time-dependent Schrödinger and Dirac
equations are presented, respectively. We point out that these simulations have
been performed in cooperation with two Ph.D. students and a postdoc, rather
than by the present author himself.

1.4 Structure of this thesis

In the following, we consider highly energetic, mostly relativistic collision processes
in strong laser fields, which belong to the areas of atomic, nuclear, and particle
physics. The scattering particles involve electrons, positrons, muons, protons,
and heavy ions. Being concerned with the interaction of simple quantum systems
such as single atoms with intense laser radiation, we refrain from the investigation
of collective many-particle phenomena occurring in laser-induced plasmas (see,
e.g., [Mar06]). The laser intensities assumed range from I ∼ 1017 W/cm2 to
1028 W/cm2 in the laboratory frame, with frequencies from the near-infrared to
the X-ray regime. The various processes under consideration are discussed in
ascending order of their energy scale, ranging from the keV to the 100 MeV domain.

Section 2 treats the photoemission of atoms and electrons in weakly relativistic
laser fields. The preliminary Section 2.1 illustrates the quantum dynamics of a
free-electron wave packet evolving in a strong laser field. It is demonstrated in
particular that the magnetic component of the laser field leads to a drift motion
of the electron into the wave propagation direction at high intensities. Section
2.2 shows a way how to partially compensate for the electron drift by assisting
the driving infrared laser field with a weak attosecond pulse train. In this way,
coherent hard X-ray pulses can be produced via the atomic ionization-recollision
mechanism. A fundamental problem of quantum mechanics is addressed in Section
2.3, namely the radiation pattern emitted by a strongly laser-driven single-electron
wave packet. It represents an example where the often trustworthy semiclassical
approach indeed fails.

Section 3 is devoted to laser-driven muonic atoms and their application in
nuclear physics. Because of the small Bohr radius of these exotic atoms, the
harmonic response to an applied laser field is sensitive to nuclear structure features,
as shown in Section 3.1. Moreover, high-harmonic cutoff energies in the hard
X-ray and even γ-ray domain can be obtained. Apart from being a dynamic
nuclear probe, the laser-driven muon can also lead to nuclear excitation through
the periodically time-dependent Coulomb interaction between the nucleus and the
oscillating muonic charge cloud. Corresponding probabilities of nuclear electric
multipole transitions in suitable light muonic ions are presented in Section 3.2.

Decay of the QED vacuum into electron-positron (e+e−) pairs in the presence
of very strong electromagnetic fields is considered in Section 4. Nonlinear pair pro-
duction in the superposition of a laser wave with a nuclear Coulomb field is treated
in Section 4.1. In addition to the standard SFA approach to this problem, an alter-
native field-theoretic treatment based on the laser-dressed polarization operator
is introduced (Section 4.1.1). A detailed discussion follows of e+e− pair creation
in the multiphoton (Section 4.1.2) and tunneling (Section 4.1.3) regimes of inter-
action, which by analogy are known from strong-field photoionization. Promising
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prospects for an experimental observation of this process are revealed. Bound-free
pair production with capture of the electron into a low-lying atomic shell of the
nucleus is also analyzed (Section 4.1.4). In Section 4.2, pair creation in two coun-
terpropagating laser pulses of high frequency is studied, with a focus on the impact
of the laser magnetic-field component. Interestingly, this QED process exhibits
characteristic similarities with quantum optical few-level systems in external laser
fields.

Section 5 represents a first step towards laser-particle physics. The combina-
tion of ultrastrong laser fields with positronium atoms offers particularly promising
prospects in this regard, as elaborated in Section 5.1. First, the fundamental high-
energy process e+e− → µ+µ− driven by a superintense laser wave is considered
within the framework of laser-dressed QED (Section 5.1.1). In order to obtain not
only high collision energies but also high luminosities, the electron and positron
are assumed to form a bound state initially, which allows for microscopically small
impact parameters. A semiclassical simple-man’s model for this QED process can
be given which demonstrates that reaction rates in laser fields can be obtained
from field-free cross sections combined with the particles’ wave packet size at the
moment of collision. More suitable field configurations such as two counterprop-
agating laser waves impinging on the positronium target are discussed, leading
to laser-driven e+e− collider schemes (Section 5.1.2). An alternative setup for
laser-induced muon pair creation is presented in Section 5.2, which is based on
collisions of ultrarelativistic nuclei with XFEL radiation pulses. The laser inten-
sities assumed in this section are on the order of I & 1022 W/cm2.

We finish with a short conclusion and outlook in Section 6.

The following notational conventions are used: ~ denotes Planck’s constant
divided by 2π, c is the speed of light, e is the (positive) elementary charge, ǫ0
denotes the vacuum permittivity, α = e2/(4πǫ0~c) ≈ 1/137 is the QED fine-
structure constant, m is the electron mass, mµ is the muon mass, ρ = m/mµ is
the electron-to-muon mass ratio; ω denotes the laser frequency and k the laser
wave vector, A is the laser vector potential, with the corresponding electric and
magnetic field strengths E and B, and I stands for laser intensity. Particle energies
are denoted by ε (in order not to confuse them with electric field strengths) and
momenta by p or q; nuclear charge numbers are denoted by Z.

2 Photoemission by electrons and atoms in weakly rel-

ativistic laser fields

The emission of photons by electrons in external fields represents one of the most
fundamental processes in physics. While photoemission or absorption by a free
electron is kinematically forbidden, atomic electrons can radiate, of course, due to
the presence of the nucleus which is capable of absorbing recoil momentum. Also
electrons subject to external laser fields can emit non-laser photons. This process
may be viewed as (multiphoton) Thomson scattering of one (or several) laser pho-
tons into a single outgoing photon; it is addressed in Section 2.3. Similarly, atoms
exposed to a laser field show a nonlinear radiative response, emitting harmonics
of the fundamental laser frequency (Section 2.2). The basic properties of the un-
derlying frequency upconversion mechanism can be explained by the laser-driven
dynamics of ionized electrons, which are reviewed in Section 2.1.
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2.1 Quantum dynamics of an electron wave packet in a strong

laser field

First, we consider the classical nonrelativistic motion of a free electron in an
external laser field E = E(t) = E0 sin(ωt + η0)ex which is treated in the dipole
approximation. The corresponding Newton equation of motion reads

mẍ(t) = −eE0 sin(ωt + η0) . (8)

The y and z directions remain unaffected by the external force and are omitted
here. Assuming the initial conditions x(0) = 0 and ẋ(0) = 0, the electron velocity
and trajectory read

ẋ(t) =
eE0

mω
[cos(ωt+ η0) − cos η0] , (9)

x(t) =
eE0

mω2
[sin(ωt+ η0) − ωt cos η0 − sin η0] . (10)

A weak laser field of linear polarization thus leads to a one-dimensional electron
motion along the electric-field axis. The magnitude of the electron velocity is ẋ ∼
cξ and its kinetic energy amounts to εkin ∼ Up. When the value of ξ approaches
unity, a relativistic treatment is therefore required [see Eq. (3)].

In the relativistic case, the electron motion becomes more involved. Explicit ex-
pressions for the classical electron trajectory can be found, for example, in [Itz80].
The main differences as compared to Eqs. (8)–(10) can be seen as follows. First,
the spatial dependence of the laser field must be taken into account since, during
a field cycle, the electron covers a distance which is comparable with the laser
wavelength. Moreover, the magnetic field component of the laser wave becomes
important for electron velocities close to the speed of light. The full Lorentz force
F = −e[E(r, t) + ṙ

c × B(r, t)] is thus responsible for the dynamics. The magnetic
field induces a drift motion of the electron in the wave propagation direction.
Hence, a relativistically strong laser field of linear polarization leads to a two-
dimensional electron motion in the E,k plane, resembling the form of a numeral
eight (“figure-8 motion”). During each laser cycle, the electron moves distances
of ∆xpol = 2eE0/(mω

2) and ∆xprop = πe2E2
0/(2m

2cω3) in laser polarization and
propagation direction, respectively, which are of similar size at ξ ∼ 1.

In principle, we have already met this dynamical behavior when we introduced
the Volkov states in Eq. (4). The phase S(x) contained therein coincides with the
classical action of the electron in a plane laser wave. By taking the gradient, we
obtain the classical canonical electron momentum in the field, so that its kinetic
momentum reads

pkin(η) = ∇S(x) +
e

c
A(η)

= p +
e

c
A(η) +

[

e

c
p ·A(η) +

e2

2c2
A2(η)

]

c2k

ωεp − c2k · p . (11)

As before, p is the asymptotic electron momentum outside the field. In accor-
dance with the above, Eq. (11) exhibits an oscillatory motion along the laser po-
larization direction plus a forward-drift component along the laser wave vector.
It is important to note that the longitudinal component into forward direction
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pprop ∼ mcξ2 predominates over the transversal component ppol ∼ mcξ in super-
intense laser fields with ξ ≫ 1. Phase averaging of Eq. (11) gives the laser-dressed
quasi-momentum of Eq. (7) since A = 0.

In addition to the signatures of the classical motion, typical quantum fea-
tures become apparent when the time evolution of a quantum mechanical electron
wave packet is considered. This is illustrated in Fig. 1 for an initially spherical-
symmetric Gaussian wave packet in a strong plane-wave laser pulse of linear po-
larization. Figure 1 is the result of a numerical propagation of the initial wave
packet on a 2+1 dimensional space-time grid employing an advanced computer
code [Moc08]. For computational reasons, a high laser frequency and short pulse
length have been chosen. In accordance with the classical equations of motion, the
electron oscillates by a distance ∆xpol along the laser polarization direction and is
continuously pushed into the forward direction by the amount ∆xprop each cycle.
By virtue of Ehrenfest’s theorem, the center of the wave packet follows exactly the
classical trajectory. Moreover, the wave packet substantially spreads as time goes
by due to quantum mechanical dispersion. During its evolution, the wave packet
is periodically tilted and twisted by the laser field.
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Figure 1: Characteristic time evolution of an electron wave packet in a relativis-
tically strong plane-wave laser pulse of linear polarization (ξ = 1). The electron
probability distribution is shown at six different times as indicated. Note that the
atomic units (a.u.) of length and time are 5.29×10−9 cm and 2.42×10−17 s, respec-
tively. The laser pulse has a peak intensity of 2×1022 W/cm2 and a photon energy
of 150 eV. The laser electric field comprises a total of five cosine-oscillations with
sin2-shaped turn-on and turn-off phases of two cycles each. The dashed trajectory
indicates the motion of the wave packet center. (from [22])

For longer propagation times, more complicated wave-packet features arise.
They are displayed in Fig. 2 which has been calculated analytically via a wave

packet ψi(x) =
∫

d3p a(p)ψ
(V )
p (x) formed of Klein-Gordon-Volkov solutions [see

Eq. (4)], with a Gaussian distribution of momenta a(p). It is an advantage of
analytical approaches to be able to deal with long laser pulses of low-frequency in
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Figure 2: An electron wave packet after natural spreading from an initially
Gaussian-shaped size of 1Å. The spreading takes places during 190 cycles in a
plane wave of intensity 2 × 1018 W/cm2 and wavelength λ = 800 nm. (from [20])

full spatial dimensionality. The wave packet has an initial spatial size on the scale
of an atom. Under certain approximations, a closed-form analytical expression can
be derived for its time evolution in the field [20]. The figure shows that a wave
packet in a long laser pulse can grow to a size on the scale of a wavelength, leading
to so-called wave-packet shearing and the formation of multiple peaks [Rom00].

The laser-driven electron dynamics is crucial for the understanding of recolli-
sion phenomena which we will discuss repeatedly in different physical contexts.

2.2 Laser-driven recollisions and coherent hard X-rays from high-

harmonic generation

In the nonrelativistic domain of laser-atom interaction, the oscillatory motion of a
free electron along the field direction [see Eq. (10)] gives rise to manifold nonlinear
phenomena via laser-driven recollisions. The recollision concept can be under-
stood within an intuitive semiclassical picture which is called the “simple-man’s
three-step model” [Kuc87, Cor93, Kul93]. (1) An atom subject to a strong laser
field can be ionized via tunneling ionization so that the electron enters the con-
tinuum with zero velocity, ẋ(0) = 0. (2) After having been set free, the electron is
first driven away from the atomic core by the laser field but when the laser electric
field has changed its direction after a while, the electron will be driven back to
its parent ion located at x = 0. (3) The electron recollides with the ion. As can
be seen from Eq. (10), electron-ion recollisions occur for certain ionization phases
only, otherwise the electron is driven away. We further note that recollisions re-
quire the laser field to be linearly polarized since otherwise an electron set free
at any time during the optical cycle with velocity zero will never return to the
point where it was released. The maximum recollison energy available is propor-
tional to the laser intensity and given by 3.17Up. It is reached for the ionization
phase η ≈ 1.9 rad which occurs shortly after the electric field has attained its peak
value. During the electron-ion collision, several secondary processes can occur.
The electron can be scattered, thereby gaining additional energy; this leads to the
plateau in above-threshold ionization (ATI) spectra. Or it may set free another
electron causing nonsequential double ionization, or radiatively recombine with the
atomic core. The last process is called high-harmonic generation (HHG) since the
emitted photon frequency ωn is an (odd) multiple of the driving field frequency,
ωn = nω. The spectrum of harmonics is characterized by an extended plateau
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region of approximately constant spectral intensity, which terminates at a rather
sharp cutoff. The latter is located at the photon energy ~ωmax

n = εb +3.17Up, with
the atomic binding energy εb which naturally arises in the recombination step,
together with the maximum kinetic energy of the returning electron. Moreover,
superposition of selected harmonics near the cutoff allows for the production of
ultrashort VUV pulses below 1 fs duration. This has opened the field of attosecond
science, involving perspectives for time-resolved spectroscopy of atomic electron
transitions [Ago04, Dre05, Scr06]. In the nonrelativistic regime, the various non-
linear processes based on electron recollisions have intensively been studied, both
in theory and experiment [Fed97, Bec02, Mil06]. Especially HHG is also of practi-
cal interest, for instance to material science and structural biology, where coherent
high-frequency light pulses can be utilized for imaging purposes [Kap07].

For certain applications it is of particular interest to reach high recollison en-
ergies. For example, time-resolved studies in nuclear physics would require photon
energies in the MeV regime. Those, however, are difficult to produce since the
HHG mechanism is suppressed at high laser intensities. Due to the relativistic drift
motion, the center of the electron wave packet is considerably displaced from its
initial position each cycle (see Fig. 1). If the wave packet was created by tunneling
ionization of an atom, then the returning electron would miss the ionic core when
the drift distance exceeds the wave packet size, i.e., when

√
2mεb(ξ

3/16)(c/~ω) > 1
[Sal06]. As a consequence, the highest recollision energy achieved so far is limited
to about 1 keV. It has been attained from helium atoms under a driving laser field
of I ∼ 1016 W/cm2 [Ser05]. Various methods for counteracting the relativistic
drift have been proposed. To this end, either the properties of the atomic system
or of the driving field can be modified. For example, highly charged ions [Kei02]
which move relativistically against the laser propagation direction [Chi04], or an-
tisymmetric molecular orbitals [Fis06] could be used. In the first case, the drift
of the ionized electron is reduced by the increase of the laser frequency in the co-
moving frame; in the second, the drift is partially compensated for by the initial
momentum of the tunneling electron from the antisymmetric state. With regard
to modification of the field, the theoretical proposals comprise the application of
tightly focused laser pulses [Lin06], specially tailored pulse shapes [Kla06], two
counter-propagating laser beams of equal intensity [Tar00, Mil04, Ver07] or time-
delayed crossed beams of different intensity [Chi02] instead of a single laser wave.
An additional electromagnetic force appears in these cases which counteracts the
drift. In spite of the many suggestions concerning the relativistic drift problem,
no universal solution has been found. Some of the proposed setups have a limited
scope of applicability, whereas others are challenging to realize.

Exploiting the recent availability of attosecond pulse trains (APTs), we have
introduced a novel scheme which enables HHG in the weakly relativistic regime
[24]. The process is driven by a strong infrared laser field which is crossed with
an APT of XUV radiation. The setup is shown in Fig. 3(a). The impact of the
APT, being parallel to the propagation direction of the laser field, is fewfold. First
and most importantly, it ionizes the atom upon photoabsorption and induces an
initial electron momentum which can compensate the subsequent relativistic drift
in the infrared laser field when the central frequency ωa of the APT is sufficiently
large as compared to the atomic binding potential, i.e., ~ωa − εb ≈ p2

prop/(2m).
For a hydrogen-like ion in an s-state, ionization by a large XUV photon takes
place predominantly in the XUV field direction. Therefore, the electron emission
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probability in the direction along or opposite the laser propagation is the largest
here and, in the second case, the compensation of the relativistic drift is most
efficient. Hence, in contrast to the earlier proposals, the supplementary field does
not exert an additional force during the electron propagation but it changes the
initial electron velocity. Another effect of the APT arises from its ultrashort dura-
tion as compared to the infrared field, which leads to a practically fixed ionization
time allowing to optimize a certain range of harmonics [Sch04]. At very high XUV
intensities, the APT may also enhance the ionization probability as compared to
tunneling.
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Figure 3: (a) Scheme of the HHG process in the relativistic regime driven by
crossed beams of an infrared laser field and an APT; E, k and ka are the laser
polarization, laser propagation, and APT propagation directions. (b) HHG spec-
tra in an infrared laser field with intensity I = 1.5 × 1017 W/cm2 and frequency
~ω = 1.4 eV for εb = 144 eV (Ar7+ ions). Shown are results in the dipole approx-
imation, neglecting the drift (gray curve); employing the Klein-Gordon equation
(red curve); and additionally assisted by an APT with Ia = 1.4 × 1013 W/cm2,
~ωa = 230 eV, pulse length τ = 100 as, and a phase delay of -1.2 rad with respect
to the laser wave (black curve). (from [24])

The HHG amplitude in our setup is given, within the SFA, by

Mn = −i
∫

d4x′
∫

d4x′′Φ(x′)∗VH(x′)G
(V )
L (x′, x′′)x′′ · Ea(x′′)Φ(x′′). (12)

Starting from the atomic ground state Φ(x′′), the electron is ionized by the APT
field Ea and propagates in the continuum until it recombines again into the ground
state Φ(x′) by emission of the harmonic photon; VH(x′) describes the correspond-
ing interaction between the electron and the quantized harmonic field. Taking into
account the shortness of the pulses in the APT (τ = 100 as), we assume that the
dynamics of the electron wave-packet after the ionization is governed by the laser
field only. Therefore, in the spirit of the SFA, the full Klein-Gordon Green function
in the total field has been replaced by the Volkov-Klein-Gordon Green function

G
(V )
L (x′, x′′) in the laser field. Equation (12) determines the differential HHG rate

for emission of the nth harmonic by virtue of dwn/dΩ = nω3/(2πc)3|Mn|2, where
Ω is the solid angle of emission. Figure 3(b) demonstrates that the superposition of
an APT can largely increase the HHG yield as compared to the conventional case
of a driving laser field only, shown by the red curve. For comparison, the gray
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curve displays the result within the nonrelativistic dipole approximation which
ignores the relativistic drift motion; it serves as an indicator for ideal HHG via
the tunneling-recombination mechanism. The APT assistance enhances the HHG
yield in the cutoff region almost to the optimum level. Efficient HHG in the mod-
erately relativistic regime (ξ ≈ 0.3) is rendered feasible this way with maximum
photon energies of about 40 keV. Furthermore, by superposing suitable parts of
the spectrum, ultra-short pulses with durations of ∼ 10 as can be generated in this
energy range [24, 28].

2.3 Thomson scattering off a single-electron wave-packet

As we have seen in the previous section, the coherent photoemission of elec-
trons and atoms in intense laser fields enables manifold applications such as high-
harmonic generation and the production of attosecond laser pulses. However, also
fundamental questions of quantum mechanics are connected with this process.
For example, how does a single-electron wave-packet in a strong laser field radi-
ate? Under which circumstances is quantum interference present in the emission
pattern? Theoretical attempts to answer these questions have been undertaken
recently [27].

A free-electron wave packet with an initial spatial size on the scale of an atom
undergoes natural quantum spreading, which eventually reaches the scale of an
optical wavelength [20], as illustrated in Fig. 2. Besides, when born through field
ionization, the wave packet is pulled from its parent atom at a finite rate, emerging
over multiple laser cycles. This, combined with the Lorentz drift and sharp pon-
deromotive gradients in a relativistic laser focus, can cause a single-electron wave
packet to be dispersed throughout a volume several laser wavelengths across. It is
not obvious how the electron radiates when it undergoes such highly non-dipole
dynamics, where different parts of the electron wave packet experience entirely
different phases of a stimulating laser field. It is tempting to treat the problem
within an intuitively appealing model where the quantum probability current is
multiplied by the electron charge to produce an extended current distribution
used as a source in Maxwell’s equations. The intensity computed classically from
the extended current distribution is then associated with the probability of mea-
suring a photon. Due to interference, this semiclassical approach leads to large
suppression of radiation for many directions [Kre02, Cho05].

A proper description of the process within the framework of quantum elec-
trodynamics leads to a different picture, though. In order to demonstrate the
main point let us consider a simple example: an initial electron wave packet
ψi(x) =

∫

d3p a(p)ψp(x) in a plane-wave driving laser field of uniform wave vector
k. Here, ψp are the Volkov states and a(p) describes the momentum distribution
in the wave packet. In the low-intensity case (i.e., one-photon Thomson scatter-
ing), one can easily show that the emitted intensity adopts the structure

dεk′

dΩ′dω′
=

∫

d3p |a(p)|2 dεk′(p)

dΩ′dω′
. (13)

The photon is scattered with wave vector k′ and frequency ω′ into the solid angle
dΩ′, and dεk′(p) denotes the contribution emitted from a specific initial p state.
Equation (13) represents an incoherent sum over the wave-packet distribution,
and thus no interference occurs. The underlying reason is that, for given final
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electron and photon momenta p′ and k′, a particular initial electron momentum
p = p′ + ~(k′ − k) is required by energy-momentum conservation (i.e., there is
a unique quantum path). Hence, independent of wave-packet size and shape,
individual electrons radiate with the strength of point emitters. This argument
also holds in the case of multiphoton Thomson scattering in a plane-wave field.

The situation is more complicated in a focused laser beam when the driving
field contains a distribution of initial photon momenta k. In this case, interference
in the emitted radiation in principle is possible. If, for example, the initial electron
is in a superposition of two momentum states |p1〉 and |p2〉, then the final electron
state |p′〉 with emission of a photon of certain momentum k′ can be reached by
two indistinguishable paths: either from the state |p1〉 or from |p2〉 by absorp-
tion of different photons k1,2 = k′ + (p′ − p1,2)/~ from the external field, giving
rise to quantum interference. It is important to note, though, that the latter is
qualitatively distinct from the classical interference in the coherent radiation of
an extended charge distribution, which was mentioned above.

Equation (13) can be generalized with the help of the Wigner function of the

electron wave packet ρw(r,p) =
∫

d3q a(p + q/2) a∗(p − q/2)e
i
~
qr. This way a

relation between the quantum formulation and its classical counterpart can be
established. When the Wigner function is non-negative (e.g., for a Gaussian wave
packet), it may be interpreted as the initial electron distribution in phase space
and the total photoemission probability becomes again an incoherent sum over the
contributions of each local phase-space element of the electron distribution, which
can be modelled by a classical ensemble of point emitters, taken individually. A
different situation arises when the Wigner function is negative in some phase-
space region, indicating intrinsic quantum behavior. This happens, for instance,
when the initial electron is in a superposition of two momentum states, leading to
interference in the emitted radiation. Here it might be possible to reconstruct the
electron wave-packet structure by analyzing the radiation pattern emitted.

Our predictions can be tested by modern experimental methods combining
high-field science with sensitive single-photon detection techniques known from
quantum optics. A corresponding collaboration with Prof. Justin Peatross from
the Brigham-Young University (Provo, USA) has been established.

3 Nuclear physics with muonic atoms in superintense

laser fields

At the borderline between atomic and nuclear physics, muonic systems play a
prominent role. Because of the small Bohr radius of the bound muon, there is an
appreciable influence of the nuclear structure on the atomic states and vice versa.
Muonic atoms therefore have represented powerful tools for nuclear spectroscopy
for more than 50 years. Precision measurements of muonic transitions to deeply
bound states reveal nuclear structure information such as finite size, deformation,
surface thickness, and polarization. The first X-ray spectroscopy of muonic atoms
was performed in 1953 using a 4-m cyclotron [Fit53]. Today, large-scale facilities
like TRIUMF (Vancouver, Canada) or PSI (Villingen, Switzerland) exist which are
specialized in the efficient generation of muons and muonic atoms [Mul06]. New
developments aim at the production of radioactive muonic atoms for conducting
spectroscopic studies on unstable nuclear species [Nil04]. Furthermore, muonic
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atoms play a prominent role as potential catalysts for nuclear fusion [Bre89].

On a different front, the field of laser-nuclear physics is emerging. While lasers
have always represented important tools for nuclear spectroscopy, in recent years
their role is changing qualitatively and growing because of the tremendous progress
in high-power laser technology. Pioneering experiments on intense laser-plasma
interactions have observed incoherent nuclear reactions through laser-generated
electrons and bremsstrahlung, such as laser-induced nuclear fusion, photofission,
and neutron production [Led03, Sch06a]. High-precision experiments have more-
over been able to monitor ultrafast vibrations of the nuclei in diatomic molecules
via pump-probe spectroscopy [Erg06] or a comparative HHG study [Bak06]. Ad-
vanced laser sources might also pave the way to coherent nuclear excitation and
nuclear quantum optics [Bür06].

In light of this, the combination of muonic atoms with intense laser fields
opens promising perspectives. Contrary to the traditional spectroscopy of muon
transitions between stationary bound states, the exposure of a muonic atom to
a strong laser field renders the problem explicitly time-dependent and the muon,
thus, a dynamic nuclear probe. In this setup, the muon is coherently driven across
the nucleus, which may give rise to the emission of radiation, for example, and
allow for time-resolved studies on a femtosecond scale. The information on the
nucleus gained by laser-assistance can in principle complement the knowledge ob-
tained from the usual field-free spectroscopy of muonic atoms. Superintense laser
beams can influence the dynamics of bound muons because they are comparable
in strength with the Coulomb fields in light muonic atoms. In the ground state of
muonic hydrogen the muon is bound by 2.5 keV at a Bohr radius of 280 fm and ex-
periences an electric field intensity of 4.2× 1025 W/cm2, which raises like Z6 with
atomic number. It is important to note that light muonic atoms are practically
stable on the ultrashort time scales of strong laser pulses (τ ∼ fs−ns) since the
free muon life time amounts to 2.2µs. In heavy muonic atoms, muon absorption
by the nucleus reduces the lifetime of deeply bound states significantly.

Against this background, we have considered the HHG process from strongly
laser-driven muonic hydrogen and deuterium atoms [21]. In the corresponding
radiation spectra, characteristic nuclear signatures arise (Section 3.1). The oscil-
lating muonic charge cloud may also excite the nucleus via the time-dependent
Coulomb interaction [36], which is analyzed in Section 3.2. We restrict ourselves
to nuclear charges Z . 10 since otherwise the required laser intensities become
unrealistically large. An advantage of these systems as compared to heavier ones
is that the relative differences among isotopes in mass and size are larger for low-Z
atoms in the nuclear chart. It is worth mentioning that the combination of muonic
deuterium molecules with superintense laser fields represents another interesting
example, where field-induced modifications of muon-catalyzed fusion have been
investigated recently [Che04].

3.1 Dynamic nuclear probing via high-harmonic generation

We consider the interaction of hydrogen-like muonic atoms with superstrong laser
fields of intensity I & 1022 W/cm2. Despite these ultrahigh laser intensities, the
muon motion stays nonrelativistical because of the large muon mass and can be
described by the time-dependent Schrödinger equation. For the same reason,
the magnetic-field induced drift is suppressed. As usual for muonic atoms, the
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nucleus cannot be considered as infinitely heavy, so that the motion of both binding
partners must be taken into account. The calculation is facilitated by the fact
that the two-body problem separates into relative and center-of-mass coordinates
when the laser field is treated in dipole approximation. The higher harmonics are
generated by the relative motion which is nonlinear and governed by

i~
∂

∂t
ψ(r, t) =

[

p̂2

2mr
− er ·E(t) + V (r)

]

ψ(r, t) (14)

in the case of muonic hydrogen with Z = 1. Here, E(t) = E0 sin(ωt)ex is the laser
field, V (r) the nuclear Coulomb potential, p̂ = −i~∂/∂r the relative momentum,
and mr = mµmn/(mµ + mn) the reduced mass, with the nuclear mass mn. We
point out that for higher Z values the muon would couple to the laser field via an
effective charge qeff = mr(Z/mn + 1/mµ)e [38] (see also [Rei79]). In the special
case Z = 1 considered here, the effective charge reduces to qeff = e.

By applying a standard scaling transformation: t = ρt′ and x = ρx′, with
the mass ratio ρ = m/mµ, one can recast Eq. (14) into a form that essentially
describes an ordinary hydrogen atom in a laser field of the scaled parameters
ω′ = ρω, E′

0 = ρ2E0. This means that a muonic hydrogen atom in a laser field
with parameters E0 and ω behaves like an electronic hydrogen atom in a field with
E′

0 and ω′, provided that the binding potential V (r) arises from a pointlike nucleus.
To give an example, the typical parameters of an intense Ti:Sapphire laser ~ω′ =
1.5 eV, E′

0 = 2.7 × 108 V/cm (I ′ = 1014 W/cm2) translate to muonic hydrogen
as ~ω = 280 eV, E0 = 9.3 × 1012 V/cm (I = 1.2 × 1023 W/cm2). We emphasize,
though, that the scaling procedure does not account for nuclear parameters like
the finite nuclear size or the nuclear shape. Evidently, when the transition from
a muonic hydrogen atom to a normal hydrogen atom is performed, the proton
radius is not to be length-scaled but remains fixed. As a consequence, for atomic
systems where nuclear properties play a role, not all physical information can be
obtained via scaling.

The main influence of the nuclear mass on the spectrum can be inferred directly
from Eq. (14). The harmonic cutoff position is determined by the formula ~ωmax =
εb + 3.17Up, with the binding potential εb and the ponderomotive energy Up (see
Section 1.3). In the present case, the latter amounts to

Up =
e2E2

0

4ω2mr
=
e2E2

0

4ω2

(

1

mµ
+

1

mn

)

(15)

and is, thus, the larger the smaller the reduced mass is. Consequently, in an
intense laser field with Up ≫ εb, muonic hydrogen (H) gives rise to a larger cutoff
energy than muonic deuterium (D); the relative difference is about 5% according

to ω
(H)
max/ω

(D)
max ≈ m

(D)
r /m

(H)
r ≈ 1.05. The nuclear mass effect can also be explained

by the separate motion of the atomic binding partners. The muon and nucleus
are driven by the laser field into opposite directions along the polarization axis.
Upon recombination their kinetic energies sum up as indicated on the right-hand
side of Eq. (15). Within this picture, the larger cutoff energy for muonic hydrogen
results from the fact that, due to its smaller mass, the proton is more strongly
accelerated by the laser field than the deuteron.

In order to reveal the effects arising from the finite nuclear size, the Schrödinger
equation (14) has been solved numerically for a suitably chosen nuclear potential.
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Figure 4: Finite nuclear size effects in the high-harmonic response from different
muonic hydrogen isotopes. The black line shows the spectrum for muonic hydrogen
at the laser parameters I(H) = 8.5× 1022 W/cm2 and ~ω(H) = 59 eV. The red line
gives the spectrum for muonic deuterium at the scaled laser parameters I(D) =
1.05× 1023 W/cm2 and ~ω(D) = 62 eV (see text for explanation). The inset shows
an enlargement of the cutoff region on a linear scale. (from [21])

From the numerical solution the dipole acceleration can be obtained, which yields
the harmonic spectrum via a Fourier transformation. We employ the nuclear drop
model and consider the nucleus as a sphere of uniform charge density within the
nuclear radius R. The corresponding potential reads

V (x) =







− e2

4πǫ0R

(

3
2 − x2

2R2

)

for |x| ≤ R,

− e2

4πǫ0|x|
for |x| > R

(16)

where we restrict the consideration to the dimension along the laser polarization
direction. The proton and deuteron charge radii amount to Rp ≈ 0.875 fm and
Rd ≈ 2.139 fm, respectively. Figure 4 shows the resulting harmonic spectra for
muonic hydrogen versus muonic deuterium. The nuclear mass effect mentioned
above was compensated for by applying properly scaled frequencies and intensities
with ω ∝ mr and E0 ∝ m2

r , so that the cutoff positions Nmax = ωmax/ω of both
spectra coincide. We see that the harmonic signal from muonic hydrogen is larger
(by about 50 % in the cutoff region) than that from muonic deuterium. The reason
is that a smaller nuclear radius steepens the potential near the origin, which leads
to more violent acceleration and enhanced harmonic emission. The finite nuclear
size has therefore an impact on the plateau height of high-harmonic spectra from
muonic atoms.

Finite nuclear size effects are also visible in high-precision spectroscopy of
electron transitions in (ordinary) highly charged ions (see, e.g., [Bru07, Bra08] for
recent experiments). In the harmonic response from such systems when exposed
to a superintense laser field [Cas02], nuclear signatures can also be present. We
compare the expected effects in the HHG spectra between highly charged ions
and muonic atoms via a simple analysis. We assume a hydrogenlike system of
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nuclear charge number Z and employ the mass scaling parameter ρ, with ρ ≈
1/200 for a muonic atom and ρ = 1 for an electronic ion. The K-shell Bohr
radius, binding energy, and electric field strength amount to aK(Z, ρ) = aHρ/Z,
εb(Z, ρ) = εHZ

2/ρ, and EK(Z, ρ) = EHZ
3/ρ2, respectively, where aH , εH and EH

denote the corresponding quantities for electronic hydrogen. The nuclear radius
can be approximated as R(Z) = 1.2A1/3 fm ≈ 1.2(2Z)1/3 fm. Similar finite nuclear
size effects in the HHG spectra may be expected when the ratio R(Z)/aK(Z, ρ) ∝
Z4/3/ρ has a similar value for two atomic systems that are compared. This is
the case, e.g., for electronic U91+ (where Z = 92, ρ = 1) and muonic He+ (where
Z = 2, ρ ≈ 1/200). The above relations imply, however, that the binding energy
and electric field strength in the electronic ion are substantially larger than in the
muonic atom when both have the same ratio of Z4/3/ρ = const. As a consequence,
the laser frequency and intensity that must be applied to the electronic highly
charged ion in order to reveal finite nuclear size effects in the harmonic response,
need to be larger than in the muonic atom case. From this point of view, muonic
atoms are more favorable systems than ordinary heavy ions to study the influence
of the nuclear size on the HHG process.

Finally, we comment on the maximum harmonic cutoff energies which can be
achieved with muonic atoms. Since the conversion efficiency into high harmonics
from gas targets is rather low (∼ 10−6), it is generally desirable to maximize
the radiative signal strength. In our situation, the optimization is of particular
importance as the density of muonic atom samples is low. A sizeable HHG signal
requires efficient ionization on the one hand, as well as efficient recombination on
the other hand. The former is guaranteed if the laser peak field strength lies just
below the border of over-barrier ionization (OBI) where the Coulomb barrier is
suppressed all the way to the bound energy level by the laser field [Sal06]. From
the generalized version of Eq. (14) for Z ≥ 1, we obtain

E0 . EOBI =
m2

rc
3

qe~

(αZ)3

16
. (17)

Efficient recollision is guaranteed if the magnetic drift along the laser propagation
direction can be neglected, which limits the relativistic parameter to (see Section
2.2)

ξ =
qeE0

mrcω
<

(

16~ω
√

2mrc2εb

)1/3

. (18)

The latter condition also confirms the applicability of the dipole approximation in
Eq. (14). The Eqs. (17) and (18) define a maximum laser intensity and a minimum
laser frequency which are still in accordance with the conditions imposed. At
these laser parameters, the maximum harmonic cutoff energies are attained and
an efficient ionization-recollision process is taking place. For muonic hydrogen
the corresponding lowest frequency lies in the VUV range (~ω ≈ 27 eV), and
the maximum field intensity amounts to 1.6 × 1023 W/cm2. At these values, the
harmonic spectrum extends to a maximum energy of ~ωmax ≈ 0.55 MeV. For light
muonic atoms with nuclear charge number Z > 1, the achievable cutoff energies
are even higher, reaching several MeVs. A summary is given in Table 2.

Our results demonstrate that muonic atoms in high-intensity, high-frequency
laser fields can in principle be utilized to dynamically gain structure information on
nuclear ground states via their high-harmonic response. Maximum cutoff energies
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Z ~ωmin ξmin ξmax ~ωmax

1 27 eV 0.007 0.085 0.55 MeV
2 170 eV 0.015 0.12 1.1 MeV
4 960 eV 0.03 0.17 2.2 MeV
10 9.5 keV 0.07 0.27 5.7 MeV

Table 2: Maximum HHG cutoff energies ~ωmax achievable with hydrogenlike
muonic atoms of nuclear charge number Z. The applied laser frequency ωmin

and intensity parameter ξmax are chosen in accordance with Eqs. (17) and (18)
to allow for an efficient ionization-recollision process. ξmin denotes the minimum
intensity parameter leading to tunneling ionization. (from [38])

in the MeV domain can be achieved, rendering muonic atoms promising candi-
dates for the generation of (weak) ultrashort coherent γ-ray pulses which might be
employed to trigger photo-nuclear reactions. The considered setup moreover offers
prospects for pump-probe experiments on excited nuclear levels: the periodically
driven muon may first excite the nucleus and subsequently probe the excited state
and its deexcitation mechanism. This nuclear excitation process is investigated in
the following.

3.2 Laser-induced nuclear excitation in muonic atoms

When a muonic atom is exposed to a very strong laser field, the periodically os-
cillating muonic charge density can also lead to nuclear excitation. The process
may be called nuclear excitation by coherent muon motion, NECµM, and is shown
schematically in Fig. 5. It belongs to a class of excitation mechanisms which rely
on the coupling of the nucleus with atomic states. For example, when the ener-
getic difference between two atomic states matches a low-lying nuclear transition
energy (~ωN . 100 keV), the energy released during the atomic deexcitation can
be transferred resonantly to the nucleus leading to its excitation (nuclear exci-
tation by electron transition, NEET [Mor73]). Similar mechanisms proceed via
electron capture or scattering [Gol76, Pal08]. While NEET has been measured
for the first time in the mid 1970s [Oto78], with conclusive evidence even only
recently [Kis00], in muonic atoms the equivalent process was already observed in
1960 [Bal60]. Despite their rather small probabilities, these kind of processes are
of both fundamental and practical interest since potential applications comprise
the efficient triggering of isomeric nuclear states [Car04, Pal07] and especially the
development of a nuclear γ-ray laser [Bal97].

We have studied electric multipole transitions in nuclei via the NECµM process
in light muonic atoms, focusing on a regime where the laser-driven muon is not ion-
ized but rather remains bound [36]. Nuclear excitation by rescattering of ionized
electrons in laser fields has been discussed elsewhere [Mil04, Moc04, Kor07]. In
contrast to NEET, the NECµM effect does not rely on a resonance condition. The
corresponding process in electronic atoms has been studied before [Sol88, Ber91],
with a focus on the transition to the very low-lying isomeric level in 235U at 76 eV.
The predicted excitation probabilities are small, though, and could not yet be ver-
ified in experiment [Bou92, Cla04]. From the experimental data an upper bound
for the excitation probability of ∼ 10−5 was extracted. We point out that contrary
to laser-generated plasma experiments [Sch06a], the nucleus is excited solely by
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Figure 5: Schematic diagram of the NECµM process. (a) Initially, in the absence
of an external field, the muon and nucleus of the hydrogenlike muonic atom are
in their respective ground states. (b) When exposed to a strong laser field, the
muonic charge cloud is driven into oscillation which leads to nuclear excitation
|0〉 → |1〉 via the resulting time-dependent Coulomb interaction. (from [36])

its own electron or muon.1 Muonic atoms are in principle favorable candidates to
observe the effect as the muon produces a much higher charge density within the
nuclear volume. Below we will show that the excitation probabilities nevertheless
are very small, because the driving laser frequency is far off resonance with the
nuclear level spacing. Observation of NECµM therefore represents a challenging
task, but it might come into experimental reach by powerful XFEL facilities in
the near future.

The combined influence of the nuclear Coulomb field and the laser field on
the muon produces a time-dependent charge density ρ(r, t) = e|ψ(r, t)|2, with the
muon wave function ψ, which may cause nuclear excitation. The Hamiltonian for
the interaction between the muonic and nuclear charge densities is given by

Hint(t) =

∫

d3r

∫

d3rN
ρ(r, t)ρN (rN )

4πǫ0|r− rN | , (19)

within the nuclear long-wavelength limit [Eis76]. Being interested in electric mul-
tipole transitions here, we neglect the current-current part which would give rise
to magnetic transitions. After a multipole expansion of the Coulomb interaction
in Eq. (19), the probability for an electric Eℓ-transition between the nuclear states
|0〉 and |1〉 becomes within the first order of perturbation theory

P0→1(Eℓ) =

(

e

ǫ0~

)2 B(Eℓ)

(2ℓ+ 1)3

∣

∣

∣

∣

∫ T

0
dt eiωN t

∫

d3r
ρ(r, t)

rℓ+1
Y 0

ℓ (Ω)

∣

∣

∣

∣

2

(20)

with the duration T = 2πN/ω of an N -cycle laser pulse, the nuclear transition
energy ~ωN , and the multipolarity ℓ. Cylindrical symmetry along the laser field
E(t) = E0 sin(ωt)ez is employed. The reduced transition probability B(Eℓ) in
Eq. (20) results from the integral of the nuclear transition density ρN over nuclear
coordinates in the usual way.

In order to proceed analytically, we apply a simplified model for the muon
dynamics. This allows us to derive an order-of-magnitude estimate for the nuclear

1The analogous, purely atomic effect of inner-shell excitation by coherent motion of outer-shell
electrons in a strong driving laser field has been proposed in [Boy85].
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transition probability in closed form. Since the nuclear Coulomb and laser field
strengths experienced by the muon are of similar magnitude, an SFA approach
based on Volkov states is not applicable here. Instead, the muon interaction with
both fields must be accounted for in a nonperturbative manner. This is achieved
by modelling the atomic binding of the muon to the nucleus by an harmonic
oscillator potential of frequency ωb; the oscillator length

√

~/mµωb is chosen to
coincide with the atomic Bohr radius. The corresponding Schrödinger equation
for the muon motion in the combined fields can be solved analytically. While
the model appears rather crude, it carries the main features of the muonic time
evolution in a qualitative fashion. Moreover, we consider only the nonresonant case
where ωb is significantly different from ωN . In this situation the correct atomic
level structure is of minor importance. (Note that for ωb ≈ ωN the NEET process
may occur anyway.) Within the model, the muon wave function reads [Ber91]

ψ(r, t) = φ(r − u(t)) (21)

where φ(r) is the ground-state wave function in the harmonic oscillator potential
and u(t) is the periodic displacement caused by the laser field. In the limit ω ≪ ωb

of interest here, u(t) ≈ u0 sin(ωt)ez looks similar to the classical trajectory of a free
muon in the laser field [see Eq. (10) in Section 2.1], but the excursion amplitude
u0 ≈ eE0/(mω

2
b ) is reduced by a factor (ω/ωb)

2 due to the harmonic binding force.
Equation (21) has an intuitive interpretation of the muon time evolution: the wave
packet keeps its shape but is periodically shifted across the nucleus by the driving
laser field. With the corresponding charge density ρ(r − u(t)), the space-time
integrals in Eq. (20) can be solved analytically. Per cycle, we obtain the NECµM
probability

P0→1(Eℓ) ∼ α2B(Eℓ)

e2a2ℓ
0

λ2
N

a2
0

(

u0ω

a0ωN

)2ℓ

, (22)

with λN = c/ωN . The nuclear excitation probability in Eq. (22) essentially scales

like P0→1(Eℓ) ∝ a
−2(ℓ+1)
0 with the Bohr radius a0, which clearly demonstrates the

expected result that compact atomic states are advantageous. Apart from this
scaling, the atomic size enters through the factor (u0/a0)

2ℓ which depends on the
applied laser intensity. The appearance of the ratio u0/a0 is intuitive since the
larger its value the closer the muon comes to the nucleus, this way increasing the
mutual Coulomb interaction. By choosing appropriately large laser fields with
E0 . EOBI, the ratio u0/a0 can be optimized to values of several percent. Via
the displacement u0, the excitation probability depends like P0→1(Eℓ) ∝ E2ℓ

0 on
the laser field strength. This behavior is reminiscent of multiphoton processes in
atoms or molecules, which scale as E2n

0 when n laser photons are involved and
perturbation theory applies [Sal06]. The photon order n formally corresponds to
the multipolarity ℓ of the transition here. Within this analogy, the excitation
mechanism might be interpreted as “multiphonon” absorption from the period-
ically oscillating muon charge density. The main factor, however, determining
the absolute value of the probability is the frequency ratio (ω/ωN )2ℓ. In optical
or infrared laser fields, the large frequency mismatch suppresses the nonresonant
process by many orders of magnitude since the lowest transition energies in light
nuclei are ~ωN ∼ 100 keV so that ω/ωN ∼ 10−5. High laser frequencies are there-
fore desirable in order to reduce this detrimental mismatch. We note that for the
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Figure 6: NECµM probabilities in laser-driven muonic 19F (solid curve) and 16N
(dashed curve), as function of the laser frequency. The curves refer to a sin-
gle atom, initially in the 1s ground-state. The laser intensity is 1026 W/cm2.
(from [36])

case of magnetic Mℓ transitions, Eq. (22) is modified approximately by a factor of
(αZ)2(~/mpcRN )2 ≪ 1, with the proton mass mp, which results from the gradient
operators in the current-current interaction.

We illustrate Eq. (22) by the examples of the NECµM probability in hydrogen-
like muonic 19F and 16N. These nuclei possess the lowest-energy electric transitions
among isotopes with Z . 10. There is an E1 transition at ~ωN ≈ 110 keV in 19F,
and an E2 transition at ~ωN ≈ 120 keV in 16N. Figure 6 shows the dependence of
the corresponding NECµM probabilities as a function of laser frequency from the
infrared to the envisaged XFEL domain [Alt06]. The laser intensity amounts to
1026 W/cm2. With increasing laser frequency the excitation probability is substan-
tially enhanced, in particular for the non-dipole transition in 16N. The absolute
values of the nuclear excitation probability are always very small, though. The
maximum probability of about 10−14 is obtained from the E1 transition in 19F
when 10 keV XFEL radiation is applied.2

Despite the very small nuclear transition probabilities shown in Fig. 6, the
muon still leads to a substantial enhancement of the laser-nucleus interaction. This
is clearly demonstrated by a comparison with the corresponding probability for
direct nuclear excitation by the laser field. When the intensity is extremely high,
nuclei can be excited directly by an off-resonant laser field [Mat98]. In the present
situation, however, this direct excitation channel is still of negligible importance.
Applying n-th order perturbation theory, the latter can be estimated as P ∼ Γ2n,
with Γ ≈ eE0RN/~ωN and n ≈ ωN/ω. For the light muonic isotopes at the laser

2An alternative way of obtaining high laser frequencies is to employ (instead of fixed target
nuclei) an ion beam which counterpropagates the laser pulse at relativistic speed. The laser
frequency appears Doppler-blueshifted in the nuclear rest frame. In this geometry, even a resonant
laser-nucleus coupling [Bür06] could be achieved when a bare 235U beam collides at a Lorentz
factor γ ≈ 30 with a near-infrared laser beam (~ω ≈ 1.2 eV). The Doppler-shifted laser frequency
ω′ ≈ 2γω can be tuned into resonance with the nuclear transition frequency of 76 eV. In fact,
such an experiment would be tailormade for the future GSI facility where a beam of hydrogenlike
or fully stripped U ions of the required energy will be available, along with the intense PHELIX
laser [Hof05].
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parameters I = 1026 W/cm2 and ~ω = 10 keV (where the maximum NECµM
probabilities are reached), we obtain Γ∼10−2 and n ≈ 10, so that P ∼ 10−40.

Regarding the experimental measurability of the NECµM process, we note that
the probability in Eq. (22) refers to a single atom. When more than one atom
interacts with the laser field, the total yield could be increased proportionally.
However, intense laser pulses possess a small focal volume only (Vf ∼ 10−10 cm3,
to give a typical number), while on the other side it is difficult to produce exotic
atoms at very high densities. An achievable number density of trapped muonic
atoms is n ∼ 1010 cm−3 which is comparable with the densities available for other
exotic species such as positronium (where n ∼ 1015 cm−3 [Cas05]) or antihydrogen
(where n ∼ 106 cm−3 [Amo02]). According to these numbers, only a few muonic
atoms are contained in the interaction volume, which prevents a substantial yield
enhancement, unfortunately. Instead of using a fixed target of muonic atoms in
a trap, it might therefore be more promising to employ a nonrelativistic beam of
muonic atoms. Such beam experiments are in principle feasible [Mul06], based
on the availability of beams of 105 muons per second. The atomic beam could
be synchronized with a bunch of laser pulses: at the upcoming XFEL facilities,
pulse repetition rates of 40 kHz∼105 s−1 are envisaged [Alt06]. In this setup, one
muonic atom would interact with one laser pulse at a time. By assuming the
highest nuclear excitation probability of about 10−14 shown in Fig. 6, we obtain
a total yield estimate of roughly one excitation event per week. This clearly indi-
cates that an experimental observation of the NECµM process is not completely
impossible, but certainly an extremely challenging task. The signature for excit-
ing a nucleus would be its delayed γ-emission. It could be discriminated from the
photon background of atomic high-harmonic generation (see Section 3.1) by its
characteristic energy and angular distribution.

4 Laser-induced electron-positron pair creation

The creation of electron-positron (e+e−) pairs in intense laser fields is encoun-
tering a growing interest in recent years. It has been stimulated by a pioneering
experiment in the late 1990s at SLAC (Stanford, USA) where e+e− pair creation
via multiphoton absorption was observed for the first time [Bur97]. According to
Eqs. (1) and (2), pair creation by laser radiation requires ~ω ∼ mc2 or E ∼ Ec.
The critical field strength Ec = m2c3/e~ (also called Schwinger field [Sch51]) was
introduced already in 1931 by Sauter who studied the Klein paradox in a linearly
increasing potential, corresponding to a constant field [Sau31, Itz80, Kre04]. A
constant electric field with strength Ec supplies an energy of mc2 to an electron
along a Compton wave length λC = ~/mc. A virtual electron can therefore be ex-
tracted from the vacuum, leaving behind – in the Dirac-sea picture – a positively
charged hole state: an e+e− pair has been created. A plane-wave laser field cannot
produce pairs, though, no matter how strong it is. In fact, because of the Lorentz
invariant shape of a plane wave, one can always perform a transformation to a
frame of reference where E ≪ Ec and ~ω ≪ mc2 and pair creation is excluded.
The production probability is a function of the field invariants FµνFµν = E2 −B2

and Fµν F̃µν = E ·B, with the field strength tensor Fµν and its dual F̃µν , which
vanish identically for a plane wave. Therefore an additional perturbation is re-
quired for pair creation in a laser field. Possible candidates are the Coulomb field
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of a charged particle [Yak65, Rit72], an additional non-laser photon [Rei62], or a
second laser beam with different propagation direction [Bre70, Pop71].

The conversion of high-energy photons with ~ω > mc2 into e+e− pairs is a
well-known phenomenon. For example, in the Breit-Wheeler process

γ1 + γ2 → e+e− (23)

two colliding high-energy photons combine their energies to produce the particles
[Bre34]. In accordance with Eq. (1), the energy of each photon in the center-
of-mass frame needs to exceed the electron rest mass mc2. In the Bethe-Heitler
process a pair is generated by γ-photon absorption in the Coulomb field of an
atomic nucleus [Bet34]. Here, ~ωγ ≥ 2mc2 is required, since a Coulomb field
cannot exchange energy but only momentum. The Bethe-Heitler process is similar
to the Breit-Wheeler process (23), but with the second photon being virtual:

γ + γ∗ → e+e− . (24)

It was first observed 60 years ago by employing synchrotron radiation or nuclear
γ-rays (see, e.g., [Ada48]). In the Bethe-Heitler process, due to the presence of
the nucleus, the electron can also be created in a bound atomic state [Agg97].

The Breit-Wheeler and Bethe-Heitler mechanisms of pair production allow for
nonlinear generalizations when the photon source is an intense laser beam. Then,
multiphoton processes are possible where more than one photon of the same sort
(i.e., with the same four-momentum and polarization) participate in the pair pro-
duction. Different regimes of laser-induced pair creation can be distinguished with
the help of the invariant adiabaticity parameter ξ = eE0/mωc [cf. Eq. (3)]. For
ξ ≪ 1, pair creation occurs via multiphoton absorption and the probability follows
a perturbative power law: W ∼ ξ2n0, where n0 is the minimal number of laser
photons to be absorbed, as required by energy conservation. Significant produc-
tion probabilities in the multiphoton regime are reached for ~ω ∼ mc2. For ξ ≫ 1,
the process evolves quasi-statical and its probability shows a tunneling behavior
similar to W ∼ exp(−πEc/E). In this case, the adiabaticity parameter has an
intuitive interpretation via the tunneling time τtun as ξ = ωτtun. Efficient pair
creation in the tunneling regime requires E ∼ Ec in agreement with Eq. (2). A
close analogy exists with the strong-field ionization of atoms where the tunneling
and multiphoton regimes are well known and distinguished by the value of the
Keldysh parameter [Kel64, Rei92, Fed97]. The formal similarity between ioniza-
tion and pair creation processes is illustrated in Fig. 7. Recently, the analogy has
been extended to include also the recollision mechanism [Kuc07]. In the SLAC
experiment mentioned above, the nonlinear Breit-Wheeler effect

γ + nω → e+e− (25)

was observed in the multiphoton regime (ξ ≈ 0.3), with a high-energy Compton
photon of ~ωγ ≈ 30 GeV and n = 5 optical laser photons of ~ω ≈ 2 eV. The
high-energy photon was first produced by Compton backscattering of the same
laser beam off a 46 GeV electron beam. In the center-of-mass frame this implies
~ω′

γ = 5~ω′ ≈ mc2. Recently, an all-optical setup for realization of the nonlin-
ear Breit-Wheeler process through laser-accelerated electrons has been proposed
theoretically [Bel08]. In contrast, nonlinear Bethe-Heitler pair creation

γ∗ + nω → e+e− (26)
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has not been observed in experiment yet.3 It is important to note that the energy-
conservation condition for this process reads n~ω ≥ 2m∗c

2, with the laser-dressed

mass m∗ = m
√

1 + 1
2ξ

2. The latter appears since the leptons are to be created not

in free space, but rather inside the field where their mass is effectively enhanced
due to the ponderomotive energy.
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Figure 7: Schematic sketch of the processes of (a) free-free pair creation, (b)
bound-free pair creation, and (c) ionization.

In this section we discuss various nonlinear schemes of pair production in in-
tense laser fields. The focus lies on pair creation in combined laser and nuclear
Coulomb fields via the nonlinear Bethe-Heitler process (26) which is elaborated
in detail in Section 4.1. Both free and bound-free pair creation are treated and
different interaction regimes considered. In Section 4.2, pair creation in two coun-
terpropagating laser beams of equal intensity and frequency is briefly discussed.
In this situation the pair is created by “doubly nonlinear” variants

n1ω1 + n2ω2 → e+e− (27)

of the Breit-Wheeler reaction (23), where n1 photons are absorbed from the first
beam and n2 photons from the second.

It is noteworthy that in laser-ion and laser-laser collisions also other nonlinear
QED processes than pair creation can occur. Recent theoretical studies have con-
sidered elastic photon-photon scattering and harmonic generation from vacuum,
photon-splitting, photon-fusion, changes in the refractive index, and Delbrück
scattering (see [Mar06, DiP08a, DiP08b], and references therein). These pro-
cesses arise from the nonlinear response of the quantum vacuum due to virtual
e+e− pairs which are polarized by the external laser field and mediate the interac-

3In recent studies on relativistic laser-plasma interactions, e+e− pair production via the ordi-
nary Bethe-Heitler effect has been observed [Gah00, Che09]. In these experiments, a solid target
is irradiated by an intense laser pulse which creates a hot plasma and accelerates electrons to
high energies. The fast electrons emit bremsstrahlung which is converted into e+e− pairs in the
field of the ions through the linear reaction (24). The laser field plays an indirect role only in the
pair production here, by serving as a particle accelerator. In contrast to that, the Bethe-Heitler
processes discussed in this section proceed nonlinearly via multiphoton absorption, with direct
participation of the laser field in the pair creation step (26).
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tion between electromagnetic fields. Also laser-induced quantum vacuum effects
beyond QED and even the standard model are being considered [Gie08].

4.1 Pair creation in combined laser and Coulomb fields

The nonlinear Bethe-Heitler process (26) was first studied by Yakovlev [Yak65] and
Mittleman [Mit87]. Both assumed a laser wave impinging on a nucleus at rest.
Because of the large discrepancy between the laser peak field strengths available
at that time and the critical field, the predicted production probabilities were very
small. In his article, Mittleman even made the statement:

The cross section for this process at optical frequencies or below is so
small at any laser intensity as to make it completely negligible. It may
be the smallest (nonzero) cross section on record.

Later on, however, enormous technological progress has been made, and the
SLAC experiment has shown a way how to effectively extent the available laser
parameters into the required domain. In a head-on collision geometry, the labo-
ratory values of both the laser field strength EL and frequency ωL are enhanced
by a factor (1 + β)γ in the projectile frame due to the relativistic Doppler shift,
leading to E ≈ 2γEL and ω ≈ 2γωL in this frame. Here, γ denotes the projectile
Lorentz factor and β its reduced velocity. The most powerful ion accelerator is
the Large Hadron Collider (LHC) at CERN (Geneva, Switzerland) which is cur-
rently starting operation [Yao06]. It will reach ion energies up to 7 TeV/nucleon
corresponding to proton beams with a Lorentz factor of γ ≈ 7000 and Pb nuclei
with γ ≈ 3300. When brought into collision with either an intense XUV beam of
~ωL ∼ 100 eV or a superstrong optical laser pulse of IL ∼ 1022 W/cm2, the pair
creation conditions (1) and (2) can be met, respectively. Against this background
we present in the following results on pair creation by relativistic ion impact on
laser radiation in the multiphoton (Sections 4.1.2 and 4.1.4) and tunneling regimes
(Section 4.1.3). To begin with, we describe two alternative theoretical approaches
to the problem. All formulas refer to the projectile frame, unless explicitly stated
otherwise.

4.1.1 Volkov-state versus polarization-operator approach

When considering pair creation in a laser-nucleus collision, one has to treat the
lepton motion in the combined electromagnetic fields of the nucleus and the laser
wave. The corresponding Hamiltonian reads

H = −i~c α̂ · ∇ + β̂mc2 − eVion + eα̂ · A . (28)

Here, α̂ and β̂ denote Dirac matrices, Vion = Ze/(4πǫ0|r|) is the ionic Coulomb
potential in the rest frame of the nucleus, and A the laser vector-potential taken in
the radiation gauge. In general, the transition amplitude for a quantum mechanical
process can be expressed in two equivalent ways, either in the post form (see, e.g.,
[Rei92])

(S − 1)fi = − i

~c

∫

[(H − i~∂t)Φf ]† Ψi d
4x (29)
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or in the prior form

(S − 1)fi = − i

~c

∫

Ψ†
f (H − i~∂t) Φi d

4x, (30)

where Ψi (Ψf ) is an eigenstate of the full Hamiltonian H, while Φf (Φi) is an exact
asymptotic final (initial) state lacking only the potential which causes the transi-
tion. For the fully interacting states Ψi,f no analytical expressions are known. In
order to advance analytically, suitable approximations are therefore required.

The standard approach to pair creation in combined laser and Coulomb fields
applies the SFA [Yak65, Mit87] (see also [9, 12, 33]). It is based on the fact that
very high laser field strengths E ∼ Ec are necessary to extract pairs from vacuum,
which exceed the typical Coulomb field (taken at a distance of λC) by orders of
magnitude. Moreover, if the electron velocity v− with respect to the nucleus is
not too small (i.e., if αZc/v− ≪ 1) then the influence of the laser field on the
electron should be dominant in comparison with the nuclear Coulomb field. In
light of this, it is a reasonable approximation to describe the final-state particle
in Eq. (30) by a Volkov state, this way taking its interaction with the laser field
fully into account. The remaining interaction with the nucleus is considered as
the perturbation which is treated in lowest order. It causes the transition from
an electron in the negative continuum Φi = Ψ(+)

p+,s+ to a positive-energy state
Ψf ≈ Ψ(−)

p−,s− . Within the SFA, the amplitude for free-free (ff) pair creation thus
reads

SSFA
ff =

ie

~c

∫

[Ψ(−)
p−,s− ]†Vion Ψ(+)

p+,s+
d4x . (31)

The labels “(±)” refer to the sign of charge of the created particles, p± are their
momenta, and s± their spin states. We would have found the same expression, if
we had started from the post-form amplitude (29) instead.

With the help of Eq. (31), all regimes of laser-induced pair creation can be
described. It allows, in particular, to derive the fully differential process rate
from which energy and angular particle spectra and, by integration over all final
momenta, the total pair production rate can be obtained. Due to its complexity,
the latter is usually performed numerically. In the case of small ξ ≪ 1, the
transition amplitude can be expanded into a perturbation series in powers of
ξ by decomposing the product of Volkov states as in Eq. (6), where Jn ∼ ξn

and n denotes the photon order. In this regime of laser-matter coupling, the
leading-order rate for nonlinear Bethe-Heitler pair creation by absorption of n
laser photons scales like R(n) ∼ ξ2n. Accordingly, the SLAC experiment found
a reaction rate ∼ ξ10, which agrees with the absorption of five laser photons as
mentioned earlier. We note that in multiphoton physics total probabilities are
preferably given as reaction rates since the cross section for a multiphoton process
σ(n) = R(n)/j, with the photon flux j = ωξ2/(8παλ2

C), still involves powers of
ξ2 and thus depends on the incoming photon intensity, which is an undesirable
feature for a cross section in the usual sense. (The notion of a nonlinear process
is, in fact, motivated by its nonlinear dependence on the photon field intensity,
R(n) ∼ In.) Higher-order corrections to the leading term stem from additional
photon exchange which goes beyond the minimum photon number required from
energy conservation. For example, when pair creation is energetically possible by
two-photon absorption, there will be small additional contributions where more
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Figure 8: Graphical equation in terms of Feynman diagrams describing free e+e−

pair production in combined laser and Coulomb fields. The interaction of the
leptons with the latter is treated within the first order of perturbation theory here
and indicated by the dashed lines. The interaction with the laser wave is accounted
for to all orders within the framework of laser-dressed QED, as expressed by
the first Feynman graph where the double lines represent the exact lepton wave-
functions in the laser field (Volkov states). Expanding the Volkov states with
respect to the lepton-laser coupling results in a perturbation series, some typical
low-order terms of which are shown by diagrams a)-d). The laser photons are
symbolized by the wavy lines and the arrows indicate whether the respective laser
photon is emitted or absorbed during the process. (from [33])

than two photons have been absorbed. These corrections are suppressed by an
additional ξ2 factor. The perturbation series is visualized in terms of Feynman
diagrams in Fig. 8. For larger values ξ & 1, the nonperturbative domain of pair
creation is entered.

For calculations of total pair production rates, an alternative approach based
on the optical theorem may be used. It has been developed in [16] and employs the
explicit form of the polarization operator of a photon in a laser field [Bai75, Bec75].
Similarly to the SFA approach, the interaction of the leptons with the laser field
is taken into account to all orders, while the effect of the Coulomb field is treated
in first order. The main advantage of this method is that the asymptotic behavior
of the total process probability can be evaluated by analytical means for various
limits of interest.

The polarization operator Πµν(κ) generally describes the propagation of a
photon of four-momentum κµ in a background field (e.g., the QED vacuum),
including self-energy corrections. It is related to the corresponding exact photon
propagator Dµν(κ) via Dyson’s equation [Ber71]

Dµν(κ) = Dµν(κ) +Dµσ(κ)
Πσλ(κ)

4π
Dλν(κ) (32)

where Dµν(κ) denotes the free photon propagator. Apart from its theoretical
significance, the knowledge of the polarization operator allows for a number of
applications. For example, the total probability for e+e− pair production by a
photon of momentum κµ in an external field (e.g., a plane laser wave) is related
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to the imaginary part of the corresponding polarization operator via [Ber71]

W =
ǫµǫ

∗
ν

κ0
ImΠµν(κ) (33)

where ǫµ denotes the photon’s polarization four-vector. Equation (33) follows from
an application of the optical theorem to the elastic forward scattering amplitude
of the photon through an intermediate laser-dressed e+e− state, including a sum
over all these states.

The calculation of the polarization operator in Ref. [Bai75] was performed
for an arbitrary photon momentum κµ, including the case κ2 6= 0, and there-
fore not only applies to the combination “photon + laser wave”. Instead, the

photon may be replaced by any additional external field A
(ext)
µ (κ) such as a nu-

clear Coulomb field. Since a Coulomb field can transfer momentum but not en-
ergy, here one has κµ = (0,q) and needs to replace the photon wave-function

A
(ph)
µ (κ) =

√

4π/2κ0ǫµ in Eq. (33) by the Fourier transform of the Coulomb field

A
(ion)
µ (q) = (4πZe/q2)δµ0. The total production rate then is found by integration

over all possible momenta:

R = Ẇ =
(4πZe)2

4π

∫

d3q

(2π~)3
ImΠ00

q4
. (34)

By inserting the explicit form of the polarization operator into Eq. (34), it is possi-
ble to derive, independent of the laser’s polarization state, in an analytical manner
compact formulas for the total production rate which only involve low-dimensional
integrals and no additional summations. Based on these representations one can
rather easily find all different kinds of asymptotics, which will be presented in Sec-
tions 4.1.2 and 4.1.3. Since Π00 already contains a summation over the electron
and positron momenta, it is however not possible to obtain differential rates in
this way. From this point of view, the SFA and polarization operator approaches
complement each other.

4.1.2 Multiphoton pair production in XUV and X-ray laser fields

In relativistic collisions of protons or heavy ions with high-frequency laser beams
nonlinear Bethe-Heitler pair creation in the multiphoton regime can be realized.
The highest laser frequencies presently available amount to ~ωL ∼ 100 eV and are
produced by attosecond pulse trains (APTs) from gas harmonics or the DESY-
FLASH facility. Near-future XFEL facilities will even provide coherent radiation
of ~ωL ∼ 10 keV. When such an X-ray pulse collides with a relativistic ion beam
of γ ∼ 50, the photon energy in the ion frame approaches the MeV range and
pair creation becomes feasible. This would require, however, the combination
of two large-scale XFEL and ion accelerator facilities.4 Similarly, the condition
~ω ∼ mc2 can be met when an XUV pulse of 100 eV photon energy collides
with an ultrarelativistic ion beam of γ ∼ 5000. Such nuclear Lorentz factors
lie in the range of the LHC at CERN . While the main physics objectives of
this new machine are the search for the Higgs boson and for physics beyond the

4Relativistic protons with γ ≈ 50 might also be attainable through laser wakefield acceleration
in the so-called piston regime [Esi04]. So far, laser-based acceleration devices have been able to
generate ion energies in the MeV range, which still lies in the nonrelativistic regime (γ ∼ 1)
[Heg06, Sch06a, Ton06].
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standard model [Yao06], the research domain of nonlinear QED processes might
become interesting for the LHC once its major tasks have been accomplished. For
realization of multiphoton Bethe-Heitler pair creation the combination of LHC
with a source of attosecond pulses appears most practical, in fact, since these are
generated by table-top devices which are conceivable to install at CERN-LHC [33].

In view of the experimental prospects, it is interesting to consider laser-induced
pair creation at low intensities (ξ ≪ 1) in a situation where the required energy
can only be supplied by the simultaneous absorption of (at least) two photons in-
stead of a single one [see Fig. 8(b)]. Two-photon absorption represents a nonlinear
process of lowest order. The corresponding production rate has been derived in
Ref. [16]. Close to the energetic threshold, it reads

R(2) =
(αZ)2

64
ξ4ω

(

~ω

mc2
− 1

)2

(35)

in the nuclear rest frame, assuming a linearly polarized laser wave. The corre-
sponding rate in the laboratory frame is reduced by a factor γ−1 due to time
dilation. It is interesting that the frequency scaling changes for circular laser
polarization to

R
(2)
circ =

(αZ)2

4
ξ4ω

(

~ω

mc2
− 1

)4

. (36)

Polarization dependence of total probabilities is a characteristic feature of non-
linear processes, in general. One can compare Eqs. (35) and (36) with the well-
known Bethe-Heitler formula for pair creation by a single photon of energy ~ω >
2mc2 [see Fig. 8(a)]. In the nonrelativistic limit close to the energetic threshold
(~ω − 2mc2 ≪ mc2), the latter possesses a rather similar structure [Ber71]

R(1) =
(αZ)2

96
ξ2ω

(

~ω

mc2
− 2

)3

. (37)

In the opposite high-energy limit, ~ω ≫ 2mc2, the linear Bethe-Heitler rate can
be written in closed form as

R(1) =
7

18π
(αZ)2ξ2ω

[

ln

(

2~ω

mc2

)

− 109

42

]

. (38)

The next-to-leading order correction term to Eq. (38) is found to be [16]

∆R = − 13

90π
(αZ)2ξ4ω

[

ln

(

2~ω

mc2

)

− 22

13
ln 2 − 124

195

]

. (39)

It contains the process of two-photon pair production as well as ξ2-corrections to
one-photon pair creation [arising, e.g., from the interference between the diagrams
in Fig. 8(a) and 8(d)]. The correction (39) would have an appreciable effect in
stronger laser fields with ξ & 0.1 where it reaches the percent level. Corresponding
XUV intensities are likely to be attainable from plasma harmonics (see Section
1.2). Signatures of the additional photon involved would also arise in the energy
spectra of the created particles.

Let us consider the collision of an intense, linearly polarized APT (~ωL =
100 eV, ξ = 1.4 × 10−4) with the LHC ion beams. For proton impact with
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γ = 7000, an e+e− pair is produced by one-photon absorption since ~ω = 1.4 MeV.
Numerically evaluating Eq. (31), we obtain a corresponding lab-frame rate of

R
(1)
lab ≈ 5.79 × 102 s−1, which is in reasonable agreement with the appropriately

Lorentz-transformed threshold formula (37). The latter slightly overestimates the
rate by a factor of 2 since the frequency value lies above its range of applicability.
When Pb projectiles with γ = 3300 are used instead, two photons are needed to
overcome the energy barrier. The higher-order in ξ2 leads to a smaller total rate of

R
(2)
lab ≈ 2.53×10−2 s−1. Coulomb corrections to the first-order treatment of the nu-

clear field in Eq. (31) could slightly modify this value (αZ ≈ 0.6). For comparison

we note that a proton at the same speed leads to a rate of R
(2)
lab ≈ 3.76× 10−6 s−1.

These numbers agree with Eq. (35), again within a factor of 2. The rates can be
transformed into total yields by taking the laser pulse length and repetition rate
as well as the projectile beam density into account. We assume that in the exper-
iment a single LHC ion bunch containing Nion ≈ 1011 particles is used. It has a
transverse radius of about ̺ion ≈ 16µm and circulates with a revolution frequency
of fion ≈ 11 kHz [Yao06]. An APT of 30 fs total duration is supposed, consisting
of 25 single attosecond pulses with a duration of 300 as each. The effective time
when the field is present in the APT thus amounts to τ = 7.5 fs. Note here that
the individual attosecond bursts are separated by half a period of the driving op-
tical laser. The train repetition rate can be synchronized with the circulating ion
beam, i.e., fAPT = fion. The typical diameter of an APT is on the order of 10µm
so that we may assume perfect overlap with the ion beam. The number of pair
creation events per unit of time is determined by Ṅev = RlabNionfionτ/2, with
the factor of 1/2 arising from the relative beam velocity. We obtain 0.1 nonlinear
Bethe-Heitler pair creation events per second via two-photon absorption from the
APT colliding with the LHC Pb beam. This event rate seems to render experi-
mental observation feasible. For comparison, we note that about 2400 e+e− pairs
per second are produced through the ordinary Bethe-Heitler process (24) when
the 7 TeV proton beam is used instead.

When the value of the intensity parameter ξ approaches unity, the perturbative
multiphoton character of pair creation is changing. At ξ ∼ 1 not only the smallest
possible photon number n0, but several photon orders make significant contribu-
tions to the total rate. This behavior is generally called an above-threshold phe-
nomenon since the excess photons absorbed lead to particle energies substantially
above the energetic threshold of the process. The transition from the multiphoton
to the above-threshold regime is illustrated in Fig. 9, where the collision of a rela-
tivistic proton (γ = 50) with an intense XFEL beam (~ωL = 9 keV) is considered.
The contributions of different photon orders n ≥ n0 = 2 are shown for various
laser intensities. While for the smallest intensity the pairs are produced exclusively
by two-photon absorption, higher photon orders become non-negligible when the
intensity is raised and eventually exceed the leading-order contribution. At even
higher laser intensities (not shown in Fig. 9), a channel-closing effect appears:
Since the laser-dressed electron mass m∗ grows with increasing field intensity, the
energy gap for pair creation is growing and, at a certain point, cannot be overcome
by only two photons anymore.

Analogous phenomena are known from extensive theoretical and experimental
studies of the above-threshold ionization (ATI) of atoms in strong laser fields
[Fed97, Bec02]. Similarly as for the ATI, the above-threshold pair creation at ξ & 1
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Figure 9: Above-threshold pair production in relativistic XFEL-proton collisions
(γ = 50, ~ωL = 9 keV, circular polarization), for various values of the laser inten-
sity. Shown are the contributions of different photon orders to the process. When
ξ ≈ 1 is reached at IL ∼ 1026 W/cm2, photon numbers beyond the leading order
become appreciable and eventually dominant. (from [12])

forms a bridge between the multiphoton pair creation (ξ ≪ 1) and the tunneling
pair creation (ξ ≫ 1) considered in the next section. Since above-threshold pair
production represents an intermediate regime, it is difficult to derive closed-form
expressions for the total pair creation rate by analytical means here. We have
therefore performed numerical SFA calculations for ξ = 1 and fitted an analytical
curve to our data. This way, we obtain the approximate scaling relation

R(AT) ∼ exp

(

−3.49
mc2

~ω

)

(40)

for the total rate of above-threshold pair production. The exponential behavior
closely resembles the pair production rate in the tunneling regime which scales
as ∼ exp

(

2
√

3Ec/E
)

[see Eqs. (41) and (42) below]; note that Ec/E = mc2/~ωξ.
Above-threshold pair production at low laser frequencies ~ω ≪ mc2 is therefore
heavily suppressed.

4.1.3 Tunneling pair production in low-frequency laser fields

When CERN-LHC is combined with a superintense Petawatt-class laser system,
e+e− pair creation could be realized in the tunneling regime [7, 9]. The most
powerful present lasers reach field amplitudes on the order of EL ∼ 1012 V/cm in
the infrared range (ξ ∼ 100) so that the field strength in the ion frame E ≈ 2γEL

would approach the critical value Ec = 1.3 × 1016 V/cm. Corresponding devices
are large-scale facilities, though, such as HERCULES [Yan08], VULCAN [VUL]
or PHELIX [Hof05], rendering their conjunction with LHC a rather hypothetical
scenario. However, there are also efforts to develop a table-top Petawatt laser
system [MPQ], which is going to be commissioned this year. Such a device, when
combined with LHC, would render the first observation of tunneling pair creation
feasible.
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Pair creation occurs via tunneling when ξ ≫ 1 and η ≪ 1, where η ≡ E/Ec.
The corresponding total rate in a circularly polarized laser wave reads [16]

R
(tun)
circ =

(αZ)2

2
√
π

mc2

~

(

η

2
√

3

)5/2

exp

(

−2
√

3

η

)

, (41)

referring to the rest frame of the projectile nucleus. The exponential dependence is
characteristic for a quantum tunneling process. Equation (41) agrees with the cor-
responding results for a constant homogeneous or a constant crossed field [Rit72],
indicating the quasi-static nature of the process. In comparison with the result
for circular polarization, the production rate in a linearly polarized laser wave

R
(tun)
lin =

(αZ)2√
2π

mc2

~

(

η

2
√

3

)3

exp

(

−2
√

3

η

)

(42)

is suppressed by an additional factor of
√
η ≪ 1. The reason for the suppression is

that the modulus of the field strength has a constant value in a circularly polarized
wave, whereas it is truly oscillating in a linearly polarized field. We also give a
formula in the overcritical-field domain (ξ ≫ 1, η ≫ 1) which corresponds to the
over-barrier regime of ionization. Here the exponential increase of the tunneling
rates goes over into a logarithmic dependence on the field, and we obtain for
circular polarization

R
(OB)
circ =

13

6
√

3π
(αZ)2

mc2

~
η

[

ln

(

η

2
√

3

)

− C − 58
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]

, (43)

with the Euler constant C ≈ 0.577. In this regime, the laser polarization is of
minor importance so that a very similar rate expression results for the linear
polarization case.

While Eqs. (41)-(43) have been derived by the polarization operator approach,
in the intermediate regime with ξ ≫ 1 and η ∼ 1 it is difficult to obtain analytical
rate expressions. It is, however, exactly this intermediate regime which is most
interesting from an experimental point of view, as it corresponds to the parame-
ters outlined above. We have therefore performed SFA calculations in this regime,
yielding information on the total pair production probability and the particle spec-
tra [7, 9]. Figure 10 shows energy distributions of one of the created leptons in the
laboratory frame. Since Eq. (31) treats the nuclear field in first order, the spectra
of the electron and positron are identical within our approach. The particles pos-
sess highly relativistic energies in the GeV range. On the one hand, this is due to
the high Lorentz factors γ which mediate the transformation between the nuclear
rest frame (where the pairs are produced) and the laboratory system. On the
other hand, the leptons are characterized by high energies also in the ion frame
because the typical number of absorbed photons n ∼ ξn0 ∼ 106 lies far above
the energy threshold. By energy-momentum conservation, the absorption of such
a large number of laser photons, each with the same four-momentum, leads to
“photon-like” kinematical features of the leptons: They are not only highly rela-
tivistic, so that their dispersion relation εp± ≈ |p±|c resembles massless particles,
but also emitted under small angles along the wave propagation direction. We
note that the Lorentz transformation leads to a reversed emission direction in the
laboratory system. A consideration of the linear-polarization case can be found
in [Kam06].
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Based on our numerical data, we performed again a fitting procedure and found
for the total process rate the approximate relation

R ∼ exp

{

−µ
(

Ec

E

)κ}

, (44)

with µ ≈ 5.918 and κ ≈ 0.8825. For proton impact at γ = 3500, our calculated
production rate amounts to 6×109 s−1 in the laboratory frame. Assuming a laser
pulse duration in the picosecond range, an effective production rate of about 3 ×
10−3 pairs per collision results. This amount seems to be accessible to experimental
observation. The corresponding rate for a proton moving at the maximum LHC
Lorentz factor of γ = 7000 is 8 × 1010 s−1. The Z2 scaling of the production rate
implies, however, that an ion of charge Z ≥ 4 moving at γ = 3500 is more efficient
for pair creation than such a 7 TeV proton.
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Figure 10: Laboratory-frame rates for pair production by an ultrarelativistic
proton colliding with a powerful near-infrared laser beam (IL = 1022 W/cm2,
~ωL = 1.5 eV, ξ = 50) of circular polarization, differential in the energy of one of
the created leptons. The dashed, solid, and dotted lines assume a proton Lorentz
factor of γ = 7000, 3500, and 1000, respectively. (from [9])

4.1.4 Multiphoton bound-free pair creation

In collisions of relativistic ion beams with intense laser pulses also bound-free pair
production may occur. Here the electron is created in a bound atomic state of
the projectile while the positron is free (see Fig. 7). The corresponding process
is known from relativistic heavy-ion collisions and has been observed at CERN
and Fermilab in the energy range ∼ 1–100GeV/nucleon [Bau07]. For small nu-
clear charge numbers Z, bound-free pair creation is suppressed, but it becomes
competitive with the free-free channel at intermediate and high Z values.

Bound-free pair creation by a single high-energy photon in a nuclear field was,
in principle, already calculated in the early 1930s by Sauter (see [Ber71]), whose
results on photoionization can be transformed into bound-free pair creation rates
by the usual crossing symmetry. The multiphoton generalization can be obtained
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within the SFA in a way similar to Eq. (31). We point out that the polarization
operator approach of Section 4.1.1 cannot be applied here, since the electron is
produced in a discrete state. The SFA amplitude for nonlinear bound-free (bf)
pair creation can be written in the post-form as [10]

SSFA
bf = − ie

~c

∫

d4x Φ† (α·A)Ψ(V)
p+

. (45)

The bound-state electron wave function Φ is assumed to be free from the inter-
action for t → ∞ while the free (i.e. unbound) positron wave function Ψp+ feels
both the laser and the Coulomb field. The laser vector-potential A is considered
as the interaction and assumed to be turned off asymptotically at t→ ∞. Within

the SFA, the exact positron state Ψp+ is approximated by a Volkov state Ψ
(V)
p+ .

The SFA can be applied, when the laser field is sufficiently strong and the influ-
ence of the Coulomb potential on the positron negligible. On the other hand, the
laser field strength must not be too strong, so that the existence of bound states
is assured. This sets limits on the nuclear charge number Z which should be of
intermediate value to give reasonable results. Bound-free pair creation is particu-
larly similar to strong-field ionization [Bec02] from a theoretical point of view. In
ionization, an electron is lifted from a bound state to a state in the positive-energy
continuum via the absorption of photons. Similarly, in pair production an electron
in the negative-energy continuum is lifted into a bound state. Hence, initial and
final states are essentially interchanged. While for pair production we describe
the process in the post form, in ionization it is more appropriate to use the prior
form [Rei92]. Due to the presence of a bound state in Eq. (45), the evaluation of
the pair production rate can be carried out by analytical means to a large extent.
The calculation was first performed for circular laser polarization [10] with elec-
tron capture to the K-shell, and recently generalized to a linearly polarized beam,
including electron capture to excited states in the L-shell [32]. Bound-free pair
creation in the combined fields of a nucleus and an ultrashort, single-cycle laser
pulse has been treated within the sudden approximation in [Mat05].

We have considered bound-free pair creation at high laser frequencies in the
multiphoton regime. In principle, also the tunneling and above-threshold regimes
exist, but then the laser field strength considerably exceeds the atomic binding
field, so that the notion of a “bound state” becomes questionable. Rather, we
imagine the collision of a highly relativistic nucleus with an XUV or X-ray laser
beam, where the energy gap for bound-free pair creation, ∆ε = 2m∗c

2−εb, can be
overcome by few-photon absorption. The collision parameters coincide with those
assumed in Section 4.1.2. When bound-free pair creation occurs by two-photon
absorption and the electron is born in the K-shell, the total process rate in the
ion frame scales approximately like

R
(2)
bf ∼ Z5ξ4 (ω − ωmin)

κ . (46)

Here, ωmin denotes the minimal frequency required to bridge the energy gap,
i.e., 2~ωmin = ∆ε. Equation (46) shows the typical Z5 dependence of an atomic
capture process. It originates from the fact that the spatial integral in Eq. (45)
resembles a Fourier transformation of the bound state; the Fourier transform
Φ̃(p) of an s-state scales like Z5/2 for large momentum values. The exponent
of the frequency scaling depends on the laser polarization and amounts to κ ≈
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1/2 for linear polarization and κ ≈ 1 for circular polarization. We have met a
similar polarization dependence of free pair creation in Eqs. (35) and (36) where the
exponent for circular polarization also was twice as large as for linear polarization.
The different frequency scalings of the free versus the bound-free channel can be
attributed to the different phase spaces which are occupied by the particles. We
point out that both the laser and the nuclear field enter into Eq. (46) beyond
first order. For the collision of a relativistic Sn nucleus (Z = 50, γ = 50) with
an intense XFEL beam (~ωL = 9keV, IL = 8 × 1019 W/cm2), we obtain total
rates in the laboratory frame of Rlin

bf = 8.5 × 103 s−1 and Rcirc
bf = 6.5 × 103 s−1

for linear and circular laser polarization, respectively. At a given laser intensity,
linear polarization leads to slightly larger production rates since the peak electric
field is by a factor of

√
2 larger than for an equally intense circular-polarized

wave. (Note that the opposite holds true, Rlin
bf < Rcirc

bf , when equal peak field
strengths are assumed instead so that the circularly polarized beam would be more
intense.) The corresponding rates for free pair creation are Rlin

ff = 1.2 × 104 s−1

and Rcirc
ff = 9.6 × 103 s−1. We see that the bound-free channel is comparable in

size at high nuclear charge states, due to the much steeper increase with Z5 which
arises from the bound s-state involved. The free pair creation rate grows with Z2

only, hence the portion of bound-free pair creation becomes increasingly important
for higher Z values. The bound-free channel is also favored by the smaller energy
gap which is reduced by the atomic binding energy. In the multiphoton regime,
however, this difference is not as crucial as it would be in the tunneling regime.

In an experiment, the competing channels of free and bound-free pair pro-
duction can be distinguished by positron detection solely [10]. This is important
because the bound electron state can decay via photoionization in the laser field.
Figure 11 shows the polar angle distributions of the positrons from the free and
bound-free channel, respectively. The laboratory-frame spectra exhibit charac-
teristic differences: While the positrons from free pair creation smoothly cover a
narrow angular range between, say, 177.5◦ and 179.8◦, practically all positrons
from bound-free pair creation are emitted into the angle 177.25◦, thereby forming
an almost discrete spectrum located slightly below the continuous free spectrum.
The (integrable) singularity is of kinematical origin and arises from the Lorentz
transformation into the laboratory frame, because the positron velocity v+ in the
nucleus frame has a fixed value which is smaller than the relative velocity between
the two frames of reference. Under such circumstances, a singularity appears at
the polar angle given by

sin θmin =
γ+β+

γβ
, (47)

with β+ = v+/c and γ+ = (1 − β2
+)−1/2. To the positrons from the free pair pro-

duction channel this argument does not apply since their energy in the nuclear rest
frame is not fixed but varies over a broad range. The angular positron spectra are
therefore a sensitive observable to discriminate bound-free from free pair creation
in these collisions.

The contribution to the bound-free pair production rate from the L-shell is
rather small, since the K-shell has a larger width in momentum space [32]. Cap-
ture processes occur preferentially into s-states which obey a Z5 scaling law, in
accordance with Eq. (46). For the 2s : 1s ratio we find an approximately constant
value of 1/8. This is in agreement with a general rule which is known, for example,
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Figure 11: Lab-frame rates for free-free and bound-free pair creation by two-
photon absorption from an intense XFEL (~ωL = 9 keV, IL = 8 × 1019 W/cm2)
colliding with a relativistic heavy nucleus (Z = 50, γ = 50). The rate is differential
in the polar emission angle θq of the positron which is measured with respect to
the laser propagation direction. (from [10])

from one-photon pair production in the high-energy limit [Agg97]: the contribu-
tion from the s-state with principal quantum number np is reduced by the factor
n−3

p as compared to the 1s contribution. For Z = 50 and linear laser polarization,
the rate amounts to R2s = 1.1 × 103 s−1. The 2p1/2 state contributes by three
orders of magnitude less than the 2s state at low projectile charges. At high Z
values, however, its contribution becomes appreciable as the scaling with Z7 is
steeper here. The reason is that the lower components of the bound Coulomb-
Dirac state exhibit s-wave character and become comparable in size with the upper
components for high nuclear charges. Accordingly, the total contribution from the
L-shell to nonlinear bound-free pair creation amounts to about 15–20%.

It might be interesting to note that antihydrogen atoms could be produced
through the bound-free pair creation channel in collisions of high-frequency laser
pulses with antiprotons. The corresponding process in relativistic antiproton-ion
collisions was realized a decade ago at the CERN-LEAR facility (see [Bau07]) and
more recently with slow antiprotons at CERN-AD [Amo02].

4.2 Pair creation in counterpropagating laser beams

Purely light-induced pair production can occur when two laser waves are super-
imposed. The most simple field configuration consists of two counterpropagating
laser pulses of equal frequency and intensity; the resulting field is a standing wave
which is inhomogeneous both in space and time. While in the laser-ion collisions
considered in Section 4.1 the Doppler boost of the laser parameters due to a highly
relativistic Lorentz factor could be exploited, in laser-laser collisions this is not
possible so that high laser field strengths E or frequencies ω are required to exist
in the laboratory frame. In view of the envisaged progress in laser technology
[ELI, Alt06] an experimental observation of pair creation in pure laser fields still
seems to be coming into reach in the foreseeable future [Alk01, Rin01, Bul06]. Pair
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production in a standing wave has been considered by many theoreticians (for a
comprehensive list of references, see Sec. 7.1.3 in [Sal06]), starting with the seminal
work of Brezin and Itzykson [Bre70] and Popov [Pop71]. All theoretical investiga-
tions so far have approximated the standing laser wave by a spatially homogeneous
electric field oscillating in time, which allows for an analytical treatment of the
problem. This dipole approximation is expected to be justified at low laser fre-
quencies ~ω ≪ mc2, since the spatial scale of the field variation ∼ λ = 2πc/ω is
much larger than the pair formation length, which is proportional to the Compton
wave length λC and amounts to ℓ = λCEc/E in the tunneling regime. The relation
λ≫ ℓ corresponds to ξ ≫ 1 in terms of the relativistic laser parameter.

Nowadays the experimental realization of laser-induced pair production is also
extensively discussed in connection with upcoming XFEL facilities [Alk01, Rin01].
In this case, however, the laser frequency is high, and ξ . 1. The XFEL prospect
necessitates calculations involving the spatial field dependence and, thus, the laser
magnetic field. A corresponding calculation is very difficult to perform by ana-
lytical means since the SFA is not applicable: Volkov states can only describe
the interaction with one of the waves, but the other wave cannot be considered
a perturbation. Rather, both laser waves have to be treated on the same foot-
ing because they are equally strong. Analytical wave functions in the combined
field are not known, though. Problems in external fields with spatiotemporal
dependence, in general, represent a challenge for nonperturbative quantum field
theory [Gie05]. We have therefore calculated pair creation in counterpropagating
high-frequency laser pulses by ab-initio numerical methods [34], employing the
computer code which has been introduced in Section 2.1. We consider the above-
threshold regime with ξ = 1 for both beams taken together. An initially free wave
packet of zero momentum and negative energy, representing an electron in the
Dirac sea, is propagated numerically in the presence of the fields and the pair cre-

ation amplitude is determined by projection onto positive-energy free states Φ
(+)
p′

after the external fields have been turned off. The computational procedure is
equivalent to the field-theoretical approach to pair creation in external fields with
unstable vacuum, which is based on a Bogoliubov transformation [Fra91]. The
numerical ansatz allows us to reveal the influence of the spatial field dependence
and the laser magnetic field component on the pair production dynamics.

First, we summarize the main results which have been found within the dipole
approximation. Neglecting the spatial field variation by considering the standing
laser wave as purely time dependent implies that momentum is conserved, in
accordance with Noether’s theorem. The problem is therefore effectively reduced
to a two-level system since the field couples negative and positive-energy states
of same momentum only (i.e., the total momentum of the electron and positron
is zero). The production process exhibits a resonant nature when the energy gap
is an integral multiple of the laser frequency. The laser frequencies where the
resonances occur, are located at

ωn =
2q0(p)

n~
. (48)

Here, n denotes the number of absorbed photons and the quasi-energy of the

field-dressed state is given by q0(p) = (c/T )
∫ T
0 dt

√

(

p + e
cA(t)

)2
+m2c2, with

the vector potential A(t), the pulse duration T , and the canonical momentum
p. For p = 0 and ξ = 1, the value of the quasi-energy is q0(0) = 1.21mc2.
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Figure 12: (a) Resonant probability spectrum of above-threshold pair production
in two counterpropagating laser pulses, with the laser magnetic field included
(black triangles) and excluded (red crosses). In the first case, the labeling (n+–n−)
signifies the number of absorbed photons from the right-left propagating waves; in
the second case, the peak labels (n) denote the total photon number. A vanishing
initial momentum (i.e. positron momentum) p = 0 and a laser parameter of ξ = 1
have been assumed. (b) Level diagram in the nondipole case. (from [34])

On resonance, a characteristic Rabi flopping between the negative-energy and
the positive-energy Dirac continua takes place. This dynamics is analogous to
the oscillating population of an atomic two-level system coupled resonantly to an
external field [Scu97]. The positions of the resonance frequencies are shown by the
red line in Fig. 12(a), which displays the value of the pair production probability
at the maximum of the Rabi oscillation.

Inclusion of the magnetic field strongly modifies the pair production process
at the high laser frequencies under consideration [see the black line in Fig. 12(a)]:
The height of the probability spectrum is reduced by approximately one order
of magnitude, the resonances are shifted, several new resonances occur, and the
resonance lines are split. The underlying reason for these effects is that, in contrast
to a space-independent oscillating field, the photons in the counterpropagating
laser pulses carry momentum along the beam axis, which is transferred to the
electron wave-packet upon absorption. The energy-momentum conservation is
given by 5

q0+ + q0− = (n+ + n−)~ω ,

q+ + q− = (n+ − n−)~k (49)

where qµ
± = (q0±,q±) are the laser-dressed momentum four-vectors of the created

particles. The integers n+ and n− denote the number of photons absorbed from
the right and left travelling laser pulse, respectively. According to Eq. (49), the

5We note that the situation is different for pair creation in combined laser and Coulomb
fields, as considered in Section 4.1. There, the nuclear field introduces a spatial dependence and
is able to absorb recoil momentum. As a consequence, the electron and positron momenta vary
continuously and do not satisfy a quantization condition like in Eq. (49). The energy conservation
law reads q0

+ + q0
− = n~ω. No resonances occur in this process.
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resonance condition in Eq. (48) is modified to

ωn+,n−
=
m∗c

2

2~

n+ + n−
n+n−

, (50)

for the present case of a vanishing initial momentum of the negative-energy state.
The value of the laser-dressed mass (satisfying qµq

µ = m2
∗c

2) was numerically de-
termined as m∗ = 1.11m. The resonance peaks in Fig. 12(a) are labelled by the
tupel (n+, n−) of laser photons absorbed. For a certain multiphoton order there
exist multiple resonance frequencies now, e.g., for an n = n++n− = 5 photon tran-
sition there are two different resonance frequencies ω3,2 and ω4,1. The number of
resonance lines is enhanced correspondingly. One might expect that the resonance
frequency ωn+,n−

in Eq. (50) coincides for n+ = n− with the frequency ωn=2n+ in
Eq. (48) since no momentum is transferred in this case. However, in the purely
time-dependent field only odd-n resonances occur for p = 0 because of a charge
conjugation-related selection rule; the even-n peaks in Fig. 12(a), arising from the
finite wave-packet width, thus are strongly suppressed. The figure demonstrates
moreover that the resonance peaks for n+ 6= n− are split into doublets, leading to
a further enhancement of the resonance lines. This effect is not covered by Eq. (50)
which rather predicts the center of the split lines. The splitting finds its natural
explanation by the Autler-Townes effect known from atomic physics [Aut55]. Due
to the non-zero photon momentum, the former two-level scheme is broken into
a V -type three-level scheme: the initial negative-energy level and two positive-
energy levels, having the same energy but opposite momenta [see Fig. 12(b)]. The
upper two states are coupled via Compton scattering, which leads to a splitting
of these levels and thus to a splitting of the resonant transition frequency.

In conclusion, the QED process of electron-positron pair creation from vacuum
by counterpropagating laser beams exhibits manifold similarities with quantum
optical systems under weak driving forces. In view of phenomena such as Rabi
oscillations between the positive and negative Dirac continua, Autler-Townes level
splitting, and also electron-positron entanglement [Fed06, Che08] one might speak
of “vacuum quantum optics”. Upcoming X-ray laser sources [Rin01, Alt06, Tsa06]
offer prospects to enter the parameter regime of interest for above-threshold pair
production in counterpropagating laser pulses. The anticipated XFEL bandwidth
[Alt06] would be sufficient to resolve the increased number of resonance lines
resulting from the influence of the laser magnetic-field component.

5 Towards laser-particle physics

In the previous section we have seen that the creation of an e+e− pair from vacuum
in a laser field of low-frequency requires enormous intensities on the order of I ∼
1029 W/cm2. The reason is that the field has to supply the necessary rest energy
to a virtual electron along its path of existence given by the Compton wavelength.
Since the critical field strength scales with the square of the particle mass, the
creation of even heavier particles such as muon-antimuon (µ+µ−) pairs by laser
fields seems rather hopeless at first sight. The critical intensity for muon pair
creation from vacuum in the tunneling regime is of the order of I ∼ 1038 W/cm2.

However, the situation is very different when real particles exist already in the
initial state. They can gain substantial kinetic energies during acceleration along
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the laser wavelength which is larger than the Compton wavelength by orders of
magnitude in an optical field. Therefore, in accordance with Eq. (2), an electron
is accelerated to εkin = mc2 already at near-infrared field intensities on the order
of I ∼ 1018 W/cm2, where the relativistic parameter ξ ∼ 1 is of order unity.
With the energy gain being proportional to the field intensity, electrons (and
positrons) can acquire ponderomotive energies in the GeV range inside the most
powerful laser fields of intensity I ∼ 1022 W/cm2 available today. The GeV energy
domain has also been demonstrated accessible via laser-wakefield acceleration of
electrons in plasmas [Lee06]. In principle, such high energies can be exploited to
induce elementary particle reactions in laser-accelerated e+e− collisions [McD99,
Nak04]. Apart from the high energies achievable, lasers can be utilized to generate
well-controlled particle collisions at microscopically small impact parameters via
the ionization-recollision mechanism (see Section 2.2), which can lead to high
luminosities. Protons and ions can also be accelerated by lasers [Sch06a], which
may be used for triggering hadronic processes, such as pion production [Kar99].
Consequently, intense laser fields offer alternative and supplementary ways towards
high-energy physics [Kur99, Mar06, Mou06, Sal06]. Similar efforts to merge laser
physics with nuclear physics are being undertaken successfully (see Section 3).

In Section 5.1 we discuss particle reactions arising from e+e− collisions which
are driven by superintense near-infrared laser fields. Our focus lies on the process
e+e− → µ+µ− which represents one of the most elementary reactions in particle
physics (Section 5.1.1). Apart from a QED calculation, a semi-classical model
is presented which allows to interpret the typical muon momenta and the total
process probability in a simple and intuitive manner. The experimental feasibility
of laser-induced muon production is discussed in Section 5.1.2. It is shown that
an observation of the process will be rendered possible in a crossed-beam setup,
employing high-power laser sources of the next generation combined with anti-
cipated high-density positronium samples. An alternative way for laser-induced
muon creation in high-frequency fields is briefly described in Section 5.2.

5.1 Particle physics with a laser-driven positronium atom

Motivated by the sustained progress in laser technology and the remarkable devel-
opments in preparing cold positron samples [Cas05, Jør05], we have addressed the
question whether particle reactions such as e+e− → µ+µ− are feasible with low-
energy electrons and positrons in the presence of an intense laser field [17, 23, 31].
The electrons and positrons are assumed to form initially a nonrelativistic e+e−

plasma or a gas of positronium (Ps) atoms. Since the initial energy of the particles
is far below 2mµc

2 ≈ 200 MeV, their annihilation into a muon pair cannot occur
without the influence of the external field.

Positronium atoms in the initial state are particularly interesting since they al-
lows for coherent e+e− collisions which are characterized by microscopically small
impact parameters ̺coh, leading to high particle current densities. In conven-
tional colliders such as the Large Electron-Positron (LEP) Collider at CERN,
bunches of electrons and positrons collide head-on-head, with the particles in the
bunch being randomly distributed. Each single e+e− collision therefore is not
head-on-head but has a mean impact parameter ̺incoh ∼ rb determined by the
macroscopic beam radius rb ∼ 10−2 cm, characterizing the collision as incoherent.
In contrast to that, in the case of laser-driven positronium atoms, e+e− collisions
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at microscopically small impact parameters of the order of the atomic Bohr ra-
dius, ̺coh ∼ a0 ∼ 10−8 cm, can be generated. This is due to the fact that the
electron and positron are initially confined to the atomic size of the bound Ps
state. After instantaneous field ionization, they are coherently accelerated by the
strong laser field which drives the particles into opposite directions along the laser
electric-field component [see Fig. 13(a)]. This leads to periodic e+e− (re)collisions
whose luminosity contains a coherent component [18]:

L =

[

N(N − 1)

π̺2
incoh

+
N

̺2
coh

]

frep , (51)

with the number of Ps atoms N and the repetition frequency of the collisions frep.
While the usual incoherent component of the luminosity [Pov06] increases with the
square of the particle number, the coherent component is proportional to N . The
latter can still lead to a luminosity enhancement when the corresponding impact
parameter is very small: ̺coh . ̺incoh/

√
N . The combination of Ps atoms with

intense laser fields might therefore be considered as an “e+e− micro-collider” (see
Section 5.1.2). We emphasize that the magnetic field-induced ponderomotive drift
motion into the forward direction is identical for the electron and positron due to
the equal magnitude of their charge-to-mass ratios. In this respect the Ps system
is distinguished from ordinary atoms where the heavy nucleus (or ionic core) stays
behind, so that laser-driven collisions are suppressed at high field intensity (see
Section 2.2). This rather unique dynamical response of Ps renders it also inter-
esting as a HHG source [Hen04]. Similarly as the muonic atoms of Section 3, a
free Ps atom may be considered stable on the typical time scale of strong laser
pulses (τ ∼ fs−ps), since its lifetime is ∼ 10−7 s (ortho-Ps) or ∼ 10−10 s (para-Ps),
respectively. In a statistical mixture of Ps atoms, the longer-lived ortho-triplet
has a relative abundance of 75%.

PSfrag replaements HE kL
p pp ee e �γ(q)

e−(p−, q−)

µ−(P−, Q−)

e+(p+, q+)

µ+(P+, Q+)

(a) (b)

Figure 13: (a) Dynamics of a positronium atom in a strong laser field. After
ionization, the electron and positron oscillate in opposite directions along the
laser electric field and experience an identical magnetic drift motion, which leads
to periodic e+e− collisions (from [Hen04]). (b) Feynman diagram for the process
e+e− → µ+µ− in a background laser field. Driven into recollision by the laser field,
the electron and positron annihilate into a virtual photon γ which afterwards
decays into a muon-antimuon pair. The arrows representing Volkov states are
labelled by the particle’s free momenta (p±, P±) outside and the dressed momenta
(q±, Q±) inside the laser field.
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In the setup described, the e+e− collision energy is basically determined by
the kinetic energy ∼ mc2ξ contained in the transversal motion of the particles,
which is considerably smaller than the ponderomotive energy ∼ mc2ξ2 mentioned
above [see Eq. (11)]. For the highest intensities attainable at present, ξ is of the
order of 102. In this regard, the underlying laser acceleration of the particles is
considerably different from the usual laser acceleration techniques, since the latter
try to extract the ponderomotive energy gain along the laser propagation direction.
As an advantage, the principal difficulties of laser acceleration in vacuum implied
by the Lawson-Woodward theorem (see, e.g., Ref. [Esa95]) are completely absent
here since the electron and positron collide inside the laser wave. The threshold
laser intensity to render muon production with significant probability6 from Ps or
a low-energy e+e− plasma corresponds to

ξmin =
mµ

m
≈ 200. (52)

For a near-infrared laser wavelength of λ = 1µm, the threshold intensity amounts
to I = 5.5 × 1022 W/cm2, which is almost reached by the most powerful present
laser systems. The e+e− collision energy in their center-of-mass frame amounts to
2mµc

2 then. For later use we point out that this frame moves with a Lorentz factor
of γcm ∼ ξ into the laser propagation direction, because of the large longitudinal
electron and positron momenta.

It is noteworthy that the process e+e− → µ+µ− in a laser field can in principle
also occur via a two-step mechanism, when first an e+e− pair is created in the
collision of a laser pulse with a relativistic ion beam (see Section 4.1), while the
muons are subsequently produced in a laser-driven e+e− collision inside the field
[Kuc07]. This way, the well-established analogy between atomic ionization and
e+e− pair creation in strong laser fields has been extended to include also the
recollision step. In a broader sense, the investigation of lepton-lepton interactions
in laser fields has a long history, comprising laser-assisted e−e− (Møller), e+e−

(Bhabha), and e−µ− scattering [Ole67, Den99, Ned07]. In contrast to the process
under consideration here, these lepton-lepton scattering events can also take place
without a background laser field, while the presence of the latter merely modifies
the field-free cross-section.

5.1.1 Positronium decay into a muon-antimuon pair

The laser-induced process Ps → µ+µ− can be calculated within the framework of
laser-dressed QED employing the relativistic Volkov solutions as basis states. The
Ps atom is supposed to be at rest and in its ground state initially. The µ+µ− pair
then is created in the laser-driven e+e− collisions described above. Within the
SFA, the corresponding amplitude can be expressed as a superposition integral,

SPs =

∫

d3p

(2π~)3
Φ̃(p)Se+e−(p). (53)

6In a background laser field the decay Ps → µ+µ− is energetically possible at any laser
intensity in principle, since the external field represents a practically infinite energy reservoir.
However, only for laser intensities satisfying ξ ≥ ξmin the probability of this reaction can be
significant, as it guarantees a sufficiently efficient photon absorption.
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Here, Φ̃(p) is the Fourier transform of the positronium ground-state wave-function
which depends on the relative momentum p, and

Se+e−(p) = −iα

∫

d4x

∫

d4yΨp+,s+(x)γµΨp−,s−(x)

×Dµν(x− y)ΨP−,S−
(y)γνΨP+,S+(y) (54)

denotes the QED amplitude for the process e+e− → µ+µ− in a laser wave, ac-
cording to the Feynman graph in Fig. 13(b). In Eq. (54), Ψp±,s± (ΨP±,S±

) are the
Volkov states of the e± (µ±), depending on the free four-momenta p± (P±) and
spin states s± (S±) of the particles, andDµν is the coordinate-space representation
of the free photon propagator. The free (instead of the laser-dressed) propaga-
tor may be used here since the laser field strength is far below critical and the
contribution of so-called resonances (where the intermediate photon reaches the
mass shell, q2 = 0) is insignificant [Ole67]. In the spirit of the SFA, the Coulomb
interaction between the electron and positron only determines the initial state in
Eq. (53) but is ignored during their time-evolution in the laser wave. The inter-
action with the QED vacuum is taken into account to lowest order in the usual
perturbation series expansion.

While the evaluation of Se+e− is straightforward, the integration over the rel-
ative momentum in SPs is rather involved due to the occurrence of sums of (gen-
eralized) Bessel functions of very high order n & 1010. By employing suitable
approximations, it is still possible to obtain a compact expression for the total
reaction rate RPs. In the case of linear laser polarization it reads [23, 31]

RPs ≈
211

π2
α2 (~c)2

(mc2ξ)2

√

1 − ξ2min

ξ2
c

ξ(αξλ)3

(

mc2

~ωξ4

)1/3

, (55)

where λ denotes the laser wave length and the last factor has an approximately
constant value of ∼ 0.1 for the laser parameters of interest. The rate includes
an average over the e± spin states and thus applies to a statistical ensemble of
Ps atoms. We further note that the collision energy εcm ≈ 2mc2ξ appears in
the denominator here. It is remarkable that Eq. (55) has a simple and intuitive
explanation in terms of the cross section σ for the field-free process e+e− → µ+µ−

on the one hand [Pes95],

σ ≈ 4π

3
α2 (~c)2

ε2cm

√

1 −
4m 2

µc
4

ε2cm
, (56)

and the spreading of the rapidly evolving electron and positron wave packets on
the other hand. Due to quantum mechanical dispersion, the wave-packet size is
growing during the evolution in the field, as schematically indicated in Fig. 13(a).
Based on the initial wave-packet momentum width and the recollision time one
can estimate that, starting from the atomic volume Vi ∼ a3

0, with the Bohr radius
a0, the electron and positron wave packets have spread to a largely enhanced
size of Vf ∼ (αξλ)3 ≫ Vi at the moment of their collision. The wave-packet
size determines the particle current density (i.e., the luminosity) which relates the
cross section to the reaction rate. This leads us to the expression

RPs ∼
σc

ξ(αξλ)3
(57)
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which agrees remarkably well with Eq. (55). Note that in Eq. (57) an additional
factor of ξ in the denominator results from relativistic time dilation between the
electron-positron center-of-mass frame and the laboratory frame. From a mathe-
matical point of view, the origin of the wave-packet spreading can be attributed
to the integration over the Ps ground-state distribution in Eq. (53). In this su-
perposition integral each value of p corresponds to a certain partial wave (Fourier
component) of the ground-state wave-function, which are coherently summed up.
The resulting interference of the partial waves is highly destructive, leading to
the observed wave-packet dispersion and rate suppression. The maximum muon
production rate from a single Ps atom is on the order of 10−10 s−1, as shown in
Fig. 14. The corresponding process probability in a short laser pulse with a typical
duration τ in the fs–ps domain is very small: RPsτ . 10−20.

Figure 14: Total rates for laser-driven positronium decay into a muon-antimuon
pair, as a function of the laser intensity parameter [see Eq. (55)]. The laser photon
energy is ~ω = 1eV. (from [31])

In a circularly polarized laser field [17], the average over the Ps ground state
leads to an even heavier suppression of the process probability (see Fig. 14). The
physical reason is that the e+e− recollison occurs at macroscopically large im-
pact parameters here. They are determined mainly by the classical motion of
the electron and positron which co-rotate in the polarization plane at a distance
̺circ ∼ λξ. Contrary to that, in linearly polarized laser fields the classical electron-
positron trajectories periodically meet and the rate damping results from quantum
mechanical dispersion which leads to ̺lin ∼ αλξ ≪ ̺circ. The phenomenon, that
in a circularly polarized light wave a recollision process is suppressed due to the
classical electron motion, is also known from high-harmonic generation by atoms
or molecules [Bec02].

Since the probability of the coherent process scales linearly with the number
of Ps atoms involved, high Ps densities are desirable. In recent years, a noticeable
progress has been made in the efficient production, accumulation, and trapping of
Ps atoms. The highest Ps density achieved so far is of the order of nPs = 1015 cm−3

and has been produced in porous silica [Cas05]. Assuming a free gaseous Ps target
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of this density, a typical laser focal volume of V = (10λ)3 ≈ 10−9 cm3 contains a
million atoms. The total coherent reaction rate could accordingly be increased by

this number to R
(N)
Ps ∼ 10−4 s−1 in a linearly polarized laser field, which, however,

still seems too small to be measured. The process efficiency is mainly limited by
the quantum mechanical wave-packet spreading which dilutes the particle density
at the collision. Feasible ways to overcome this obstacle will be discussed in
Section 5.1.2.

For comparison, we note that the rate for muon creation in a hypothetical
large-scale e+e− collider experiment, which employs a single electron and a single
positron only, would be of the order of 10−20 s−1 [Pov06]. The rate resulting
from the e+e− micro-collider based on Ps is orders of magnitude larger, due to
the small impact parameters and the correspondingly large luminosities. A real
collider experiment, however, employs beams of ∼ 1010 particles, corresponding to
luminosities L ∼ 1030–1034 cm−2s−1. At typical reaction cross sections σ ∼ 10−33–
10−30 cm2, event rates R = σL of about 1 s−1 are obtained this way. This number,
in turn, is orders of magnitude larger than the coherent rate from a single Ps atom.

It is also instructive to compare the process Ps → µ+µ− with muon pair cre-
ation from an initially nonrelativistic e+e− plasma which is strongly driven by a
laser field. The latter process can be calculated directly via the amplitude (54),
refraining from the coherent average over the relative momentum. For the corre-
sponding incoherent production rate we obtain the approximate expression [31]

Re+e− ≈ c

23π2

α2
~

2

m2c2ξ4

√

1 − ξ2min

ξ2
N+N−

V
, (58)

with N− (N+) the number of electrons (positrons), and V the interaction volume
which is determined by the laser focal spot size. Formula (58) has been derived
assuming a linearly polarized laser wave, but since quantum wave-packet spread-
ing and classical motion are not crucial here, the incoherent rate is of the same
order of magnitude for circular laser polarization. Similar as with Eq. (55) above,
Eq. (58) can be equipped with an intuitive meaning. In fact, since the quan-
tity Re+e−/V is Lorentz invariant, Eq. (58) implies that in the (primed) electron-
positron center-of-mass frame the number of events per volume and time is related
to the corresponding cross section (56) in the usual way: R ′

e+e−/V
′ ∼ σn′+n

′
−/V

′,
with the particle number densities n′± = N±/V

′ and V ′ ∼ ξV . We point out
that the coherent channel of muon production from Ps atoms evolves into the
incoherent channel in the limit of large wave packet size. Namely, with increasing
wave packet size the coherent rate is more and more suppressed and, moreover,
electrons (positrons) stemming from different Ps atoms start to overlap so that
the gas of Ps atoms transforms into an e+e− plasma. Therefore, the incoherent
reaction rate (58) will eventually dominate the muon production process.

The muons produced in laser-driven Ps annihilation exhibit peculiar kinematic
features. From the conservation law for the effective momenta one finds that, close
to threshold, the muons have typical free momenta of

Px ≈ mµc , Py ≈ 0 , Pz ≈ mµcξmin (59)

in the laboratory frame. The laser wave is polarized along the x axis and propa-
gates in z direction. Even at threshold, the muons are highly relativistic and move
within a narrow cone along the laser propagation direction. Hence, similarly as
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in Section 4.1.3, the muon kinematics may be called “photon-like”, which results
from the fact that the particles are effectively produced by a huge number of laser
photons whose total energy exceeds the initial nonrelativistic energy of the elec-
tron and positron by orders of magnitude. The muon life time in the lab frame
is accordingly increased from 2.2µs to ∼ 0.2ms due to time dilation. The typical
number of laser photons absorbed during the process amounts to n ∼ mµc

2ξ/~ω
which is on the order of 1010 at ~ω = 1 eV. In the electron-positron center-of-mass
frame, these photons provide a total energy of n~ω′ ∼ mµc

2, with the red-shifted
photon frequency ω′ ∼ ω/ξ. This additional energy is required because the muons

have to be produced with their effective mass mµ,∗ = mµ

√

1 + 1
2(ξ/ξmin)2 in the

laser field.

The typical muon momenta in Eq. (59) can also be deduced from a classical
simple-man’s model [31]. To this end we assume that, at the reaction threshold
(ξ = ξmin), the muons are created with zero momentum in the electron-positron
center-of-mass frame: P′(η0) = 0, where η0 denotes the laser phase when the
muons are being born. The solution of the classical equations of motion with this
initial condition reads [see Eq. (11)]

P ′
x(η) =

e

c
[A(η) −A(η0)] , P ′

y(η) = 0 , P ′
z(η) =

e2

2mµc3
[A(η) −A(η0)]

2. (60)

After having left the laser field, these become P ′
x = mµc, P

′
y = 0, P ′

z = mµc/2.
Note here that the vector potential at the moment of creation attains its maximum
value A(η0) = A0, since the laser’s electric field is zero at the recollision time. The
Lorentz transformation to the lab frame [with the reduced velocity βcm = ξ2/(2+
ξ2) and the Lorentz factor γcm = ξ/2] then yields the momentum components
of Eq. (59). The assumptions that our simple-man’s model is based upon can be
proven by considering the saddle points of the oscillating integrand in Eq. (54).
From the positions of the saddle points one can infer that, at the threshold intensity
ξ = ξmin, the muons are preferably created at rest in the center-of-mass frame
whenever the laser vector potential attains a maximum. A similar procedure is
known from the famous simple-man’s model of HHG and ATI, which can also be
derived within a saddle-point approach by relating the saddle points with the most
relevant classical electron trajectories [Bec02].

5.1.2 Laser-driven electron-positron colliders

In the previous section we have seen that particle reactions by a positronium
atom exposed to a single laser wave are possible but not very efficient. The
large spreading of the electron and positron wave packets before their recollision
substantially decreases the reaction rate. We show below that the spreading can be
reduced and even controlled by virtue of more complex field geometries. A suitable
configuration is formed by two counterpropagating laser waves, for instance, as
is realized by the Astra Gemini system at the Rutherford Appleton Laboratory
[RAL] or the JETI “photon collider” at the University of Jena [Sch06b]. In this
situation no analytical solutions of the Dirac equation like the Volkov states are at
hand, though, which excludes an analytical SFA treatment (see also Section 4.2).
We have learned, however, that the reaction rate can reliably be estimated by
means of the field-free cross section and the size of the colliding wave packets [see
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Eq. (57)]. The latter can be determined via a classical Monte-Carlo calculation
which accounts for the spreading phenomenon.

The setup consists of a gas of positronium atoms subject to two counterprop-
agating laser beams of the same intensity and frequency, that are equal-handed
circularly polarized. The corresponding classical equations of motion for the elec-
tron (or positron) momentum p(t) and position r(t) are given by

dpx(t)

dt
= eE0f(η−) sin(η−)

[

1 − cpz(t)

ε(t)

]

+ eE0f(η+) sin(η+)

[

1 +
cpz(t)

ε(t)

]

,

dpy(t)

dt
= −eE0f(η−) cos(η−)

[

1 − cpz(t)

ε(t)

]

+ eE0f(η+) cos(η+)

[

1 +
cpz(t)

ε(t)

]

,

dpz(t)

dt
= eE0

cpx(t)

ε(t)
[f(η−) sin(η−) − f(η+) sin(η+)]

−eE0
cpy(t)

ε(t)
[f(η−) cos(η−) + f(η+) cos(η+)] , (61)

and dr(t)/dt = c2p(t)/ε(t). Here, E0 is the peak electric field strength, η± =
ωt± kz are the respective laser phases, and ε(t) = c

√

p(t)2 +m2c2 is the electron
energy. Furthermore, the pulses are cos2-shaped which is described by the envelope
function f(η±), and propagate along the z axis. The circular polarization of the
superimposed lasers generates a magnetic field which is directed along the electric
field, so that a focussing force results [Mil04]. A three-dimensional treatment of
the electron dynamics is required here, which renders a fully quantum mechanical
simulation by numerical solution of the Dirac equation exceedingly challenging
[Moc08].

We have solved the Eqs. (61) for a large microcanonical ensemble of test par-
ticles with an initial phase-space distribution corresponding to the Ps ground
state. The laser fields have a photon energy of ~ω = 1.5 eV and an intensity of
I = 2 × 1024 W/cm2 each (ξ = 103). The contour plots in Fig. 15 display snap-
shots of the resulting distributions in coordinate and momentum space, taken at
the moment when the electron and positron wave-packets recollide for the first
time. Apparently, the spreading in the counterpropagating laser pulses is under
control. In the xy-plane there is practically no spreading as the wave-packet extent
of about 8 a.u. coincides with its initial value (see Figs. 15a, d). In z-direction the
magnetic field leads to a compression of the wave packet (see Figs. 15b, e). The
momentum distributions show that the particles have a quite well-defined collision
momentum that is almost parallel to the x-axis (see Figs. 15c, f), corresponding
to a collision energy of 3 GeV.

As a result, the counterpropagating-beam geometry allows for coherent e+e−

collisions at impact parameters ̺coh ≈ 10−7 cm which is smaller by three orders
of magnitude than in the case of a single driving wave and enhances the reaction
rates by almost 10 orders of magnitude [see Eq. (57)]. The reason for the reduced
dispersion is that the recollisions occur on a much shorter time scale, given by the
laser period T ∼ 1 fs. For a single laser wave, the recollision time was determined
instead by the laser period T ′ ∼ Tξ ≫ T in the electron-positron center-of-mass
frame, which was moving at high velocity. In contrast to that, the laboratory
and center-of-mass frames coincide in the present symmetric setup. This implies
moreover that the time dilation factor 1/ξ of Eq. (57) is absent here, which further
enhances the rate by 2-3 orders of magnitude. A total coherent rate for muon
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Figure 15: Monte-Carlo simulation of the e+e− wave-packet dynamics in counter-
propagating laser pulses, based on 30,000 classical trajectories. The equal-handed,
circularly polarized laser beams have an intensity of I = 2 × 1024 W/cm2 and a
wavelength of λ = 800 nm. (a)-(c): Coordinate- and momentum-space distribu-
tions of one of the particles at the moment of recollision for a positronium atom
initially located at the origin: x0 = y0 = z0 = 0. The wave-packet spreading is
narrowly confined; the average impact parameter is ̺ ≈ a0 = 2 a.u. (d)-(f): Same
as (a)-(c) but for an initial offset along the beam axis of kz0 = 0.05. (from [18])

pair production of R
(N)
Ps ∼ 108 s−1 could thus be achieved, rendering the process

observable at the high Ps densities [Cas05] and laser repetition rates ∼kHz [ELI]
envisaged. The resulting number of events may approach 1 s−1 (assuming laser
pulses of ∼ 100 fs duration) which, in fact, is comparable to the event rates at
large-scale accelerators. The coherent luminosity of the e+e− micro-collider might
reach L ∼ 1028 cm−2s−1 [18]. This value is significantly higher than the luminosity
of the most advanced wake-field laser accelerators [Lee06], which can be estimated
as ∼ 1023 cm−2s−1 at the same laser repetition rate.7

Higher collision energies than in the counterpropagating-beam setup can be
reached when a single laser wave is combined with a static magnetic field, directed
along the laser magnetic field. At an intensity of 1025 W/cm2 and a high magnetic
field strength of 104 T, a collision energy of 100 GeV would be achieved [18]. The
high collision energies in this scheme are attained, though, at the expense of larger
wave-packet spreading which diminishes the advantage of coherent collisions. The

7In order to relate the coherent rate R
(N)
Ps ∼ Nσc/̺3

coh with the coherent component of the
luminosity in Eq. (51), one has to note that the wave-packet extent along the particle collision axis
is immaterial for the total reaction yield. Rather it determines the time duration τcoh ∼ ̺coh/c
of the microscopic e+e− collision during which the wave packets penetrate each other, leading
to a production probability of RPsτcoh ∼ σ/̺2

coh per single collision. The repetition rate frep of
these collisions is given by the number of half-cycles in the laser pulse and the pulse repetition
rate, frep = 2Ncyclefpulse. For the parameters assumed, one obtains Lcoh = (NPs/̺2

coh)frep ∼

1028 cm−2s−1.
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use of incoherent collisions in a laser-driven e+e− plasma instead of Ps atoms
might be more appropriate here. It should be noted that the forefront of particle
physics today is aiming at e+e− collision energies of about 1 TeV [Mur96].

We conclude that the combination of positronium atoms with superintense
laser fields in suitable configuration may establish a laser-driven high-energy e+e−

collider with competitive performance parameters. The field-induced process
Ps → µ+µ− offers the challenging prospect for a proof-of-principle experiment
by employing anticipated high-density Ps targets and counterpropagating laser
beams from the next-generation of powerful laser devices.

5.2 Muon pair creation in XFEL-ion collisions

In this section we pursue another mechanism of muon pair creation by laser
fields. It is based on the collision of an X-ray laser beam (~ωL = 12 keV)
with an ultrarelativistic ion beam (γ = 7000). The setup is similar to the one
of Section 4.1. This parameter combination would be achieved in a supposed
combination of the upcoming XFEL sources with the nuclear beam from the re-
cently commissioned CERN-LHC. In the ion frame the photon energy amounts
to ~ω ≈ 2γ~ωL = 168 MeV. The energy gap of 2mµc

2 for muon pair production
can thus be overcome by two-photon absorption. We note that because of pro-
nounced recoil effects, the γ-factor which would be required for two-photon µ+µ−

production by a projectile electron is much larger: γ & 106, corresponding to a
yet unavailable electron energy in the TeV range.

At first sight, e+e− and µ+µ− pair production in combined laser and Coulomb
fields seem to be very similar processes since the electron and muon only differ by
their mass (and lifetime). In this picture, the corresponding production probabili-
ties would coincide when the laser field strength and frequency are scaled in accor-
dance with the mass ratio ρ = me/mµ, i.e., Wµ+µ−(E(µ), ω(µ)) = We+e−(E(e), ω(e))

for E(µ) = E(e)/ρ2 and ω(µ) = ω(e)/ρ (see Section 3.1). This simple scaling argu-
ment does not apply, however, as the large muon mass is connected with a cor-

respondingly small Compton wavelength λ
(µ)
C = ρλ

(e)
C ≈ 1.86 fm, which is smaller

than the radius of most nuclei. As a result, the nucleus does not look pointlike to
the muon and its finite extension must be taken into account. Pronounced nuclear
size effects have also been found for µ+µ− production by single γ-photon impact
on nuclei [Tsa74] and in relativistic heavy-ion collisions [Bau07].

Muon pair creation in XFEL-ion collisions can be calculated via the amplitude
in Eq. (31), with the nuclear field Vion(r) arising from an extended nucleus. We
assume a spherically symmetric nucleus with a Gaussian charge distribution

̺(r) =
Ze

(
√
πa)3

e−r2/a2
, (62)

where Z is the atomic number and the parameter a is related to the nuclear
root-mean-square charge radius by rrms =

√

3/2a. This leads in Eq. (31) to the
appearance of the corresponding elastic nuclear form factor

F (q2) = e−(qa/2~)2 , (63)

with the momentum transfer to the nucleus q = q+ + q− − 2~k. The form
factor F (q2) leads to substantial reduction of the production rate when the recoil
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q ∼ mµc exceeds ~/a. The fully differential elastic rate for two-photon muon pair
creation is obtained by summing the square of the amplitude (31) over the muon
spin states:

dRel =
∑

spins

|SSFA
ff |2 d3p+

(2π~)3
d3p−

(2π~)3
= dR0Z

2F 2(q2) , (64)

where dR0 denotes the differential production rate for a pointlike proton. Equa-
tion (64) is called the elastic production rate since the nucleus is assumed to
remain in its ground state. An additional contribution dRinel ≈ dR0Z[1−F 2(q2)]
to the process stems from the inelastic channel [Tsa74], where the recoil leads to
nuclear excitation. The total rate is Rtot = Rel + Rinel. Below we show angular
muon spectra as well as elastic and total production rates; all results refer to the
rest frame of the projectile. The specific choice of the nuclear model has only
minor influence on the results [35]. For e+e− creation, the nuclear size does not

play a role since the electron Compton wavelength λ
(e)
C is larger by two orders of

magnitude than the nuclear radius. The inelastic channel is thus negligible in this
case since q ∼ mec≪ ~/rrms, so that F 2 ≈ 1 and Rtot ≈ R0Z

2.

Figure 16 demonstrates the influence of the nuclear extension by showing the
angular distribution of the muons in the elastic production channel. Various nuclei
are considered; in each case the isotope of largest abundance has been chosen. The
respective root-mean-square charge radii amount to 0.875 fm (proton), 2.470 fm
(12C), 4.188 fm (84Kr), and 5.851 fm (238U). The result for a pointlike nucleus is
also shown for comparison. The rates are strongly reduced with increasing nuclear

size because the muons are created typically at distances r ∼ λ
(µ)
C inside the nucleus

where they experience a reduced nuclear field. Moreover, the maximum of the
angular distributions is shifted towards smaller angles because the nuclear form
factor cuts the contributions from large momentum transfers, which otherwise
would give rise to large emission angles.

Figure 16: Angular spectra of one of the muons produced by two-photon ab-
sorption from an intense XFEL beam (~ωL = 12 keV, IL = 2.5 × 1022 W/cm2)
colliding with various ultrarelativistic nuclei (γ = 7000). The angle is measured
with respect to the laser beam axis and the rates are scaled by the nuclear charge.
(from [30])
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Figure 17 shows integrated rates of µ+µ− production for several projectiles.
For a pointlike proton, the total rate coincides with the elastic rate in our approx-
imation and amounts to R0 ≈ 0.58 s−1 [see Eq. (35)]. For an extended projectile,
the elastic rate increases with its charge as Z2 but decreases with its size. This
interplay leads to the emergence of maximum elastic rates for medium-heavy ions
(Z ≈ 60). We note that a maximum also arises for elastic muon production by a
single photon of twice the energy. The total rate Rtot does not exhibit a maximum
but saturates at high Z values since the inelastic contribution increases with nu-
clear charge. The total rates are still considerably smaller than the point-nucleus
results. For heavy ions the main contribution stems from the inelastic channel
where the protons inside the nucleus act incoherently (Rinel ∝ Z). This implies
that despite the high charges, Coulomb corrections to the SFA treatment are of
minor importance.

Figure 17: Integrated rates for muon pair creation in XFEL-ion collisions as in
Fig. 16. The triangles show elastic rates, whereas the squares indicate total (’elastic
+ inelastic’) rates. The numerical data are connected by fit curves. The dotted
line holds for a pointlike nucleus. (from [30])

According to our results, muon pair creation in XFEL-nucleus collisions will
be experimentally feasible by merging near-future technologies. In the laboratory
frame, the production rates of Fig. 17 are reduced by a factor γ−1 due to relativistic
time dilation and, accordingly, reach values of about Rlab ≈ 10−2 s−1. In the
collision of an ion beam containing N = 1011 particles [Yao06] with an XFEL
pulse of τ = 100 fs duration [Alt06], the probability for production of one muon
pair isWµ+µ− ≈ RlabτN/2 ≈ 10−4. At the envisaged average XFEL repetition rate
of 40 kHz, one muon production event per second would be obtained. The typical
lab-frame energy of the muons ∼ 500 GeV is highly relativistic; the muonic lifetime
is accordingly increased to ∼ 10 ms. As a background process, also e+e− pairs are
produced by single-photon absorption in the nuclear field. The rate is given by
Eq. (38) and amounts to ∼ Z2 × 1011 s−1 in the lab frame. We emphasize that
this rather strong background process does not deplete the X-ray beam: assuming
a pulse duration of 100 fs and a focal radius of 100 nm, the latter contains about
1015 photons, whereas only ∼ Z2 × 10−2 e+e− pairs are generated per ion.
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6 Conclusion and Outlook

With the recent availability of superintense laser sources and the ongoing techno-
logical advances in this field, during the next decade yet another chapter is likely
to be added to the 50-years success story of laser-matter interactions. Substan-
tially increased laser field strengths and frequencies will allow for experimental
studies on the coupling of coherent electromagnetic radiation with an enhanced
variety of targets, involving highly charged ions (see [Epp07]) and exotic atoms,
bare atomic nuclei, and even the quantum vacuum. In this thesis we have pre-
sented several theoretical proposals along these envisaged lines for laser-induced
highly energetic reactions in atomic, nuclear, and particle physics. While some
of them can be tested in the laboratory with current devices already today (such
as the APT-assisted production of hard X-ray harmonics), most processes under
consideration have assumed laser parameters of near-future facilities which are
currently in the design or development phase. For certain applications the combi-
nation of advanced laser sources with other cutting-edge technologies, like dense
positron target generation or powerful ion acceleration, appears promising. This
way, further research fields can be opened up to laser science and to the concepts
developed in intense laser-atom physics during the last decades.

The multiphoton, above-threshold, and tunneling regimes of interaction, fa-
miliar from strong-field atomic ionization, exist as well for e+e− pair production
in ultrastrong laser fields. Laser-induced pair creation processes enable investiga-
tions of the QED vacuum structure, which can supplement corresponding studies
in heavy-ion collisions as the external fields exhibit a very different space-time
dependence. The first observation of nonlinear Bethe-Heitler pair creation in com-
bined laser and nuclear fields is in principle coming into reach when an (attosecond)
XUV laser source is operated in conjunction with CERN-LHC. This experimental
prospect calls for refined theoretical treatments which, for example, involve the
polarization properties of the leptons and nuclear recoil effects. Corresponding
calculations are on the way [39]. Signatures of the nuclear size and shape arise in
the muon pair production through the multiphoton Bethe-Heitler process in X-ray
laser fields.

Interesting quantum optical features are apparent in the spectra of electrons
and positrons generated in two counterpropagating high-frequency laser pulses,
such as Rabi oscillations and Autler-Townes splitting. Methods from the quantum
optics of coherently driven bound atomic states may also be applied fruitfully to
free single-electron wave-packets interacting with a relativistically strong laser
wave. The wave-packet structure is implicitly imprinted on the Thomson photo-
emission via the electron Wigner function, which might be revealed via higher-
order photon correlation functions. Similar efforts are currently undertaken with
respect to tomographic imaging of molecular orbitals based on HHG by several
research groups [Lei07].

Exotic systems such as muonic atoms or positronium possess favorable dy-
namical properties in the presence of ultrastrong laser fields, allowing for a nat-
ural extension of the ionization-recollision scheme towards nuclear and particle
physics. Laser-driven muons can dynamically probe nuclear structure features via
the harmonic radiation they emit. Corresponding studies on hadronic (e.g., pionic)
atoms are also conceivable but rendered more difficult by the very short lifetimes of
these systems [37]. Electrons and positrons from a bound positronium state can be
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laser-guided into microscopic high-energy collisions producing, for instance, pairs
of muons. An obstacle, which needs to be overcome in view of the small focal
spot sizes of intense laser pulses, is formed by the low densities of exotic-atom
samples available, so that future experimental studies require improved prepara-
tion and accumulation methods. It is encouraging that corresponding efforts are
already being made with respect to other scientific cases, ranging from muon-
spectroscopy on unstable nuclear isotopes [Nil04] to Bose-Einstein condensation
of Ps atoms [Cas05] and laboratory astrophysics of hot positron plasmas [Che09].

Most probably, the future of high-power laser science will witness even further
fruitful mergings with other novel techniques, which are unexpected as yet. We
may be curious to see which range of new research areas the strongly amplified
stimulated emission of electromagnetic radiation will lead physicists eventually to.
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