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Vielphotonen COMPTON-Streuung in ultra-kurzen Laserpulsen

Zusammenfassung:

Diese Arbeit ist der Berechnung von Emissionsspektren eines Elektrons, das an einem ultra-
kurzen, hochintensiven Laserpuls streut, gewidmet. Als ultra-kurz bezeichnen wir Laserpulse,
die nur eine Periode des elektrischen Laserfelds enthalten. Um hochintensive Laserfelder beschreiben
zu kénnen, berechnen wir die Emissionsspektren im sogenannten FURRY Bild der Quantendy-
namik, in dem ein externes elektromagnetisches Feld exakt beriicksichtigt wird. Fiir die Falle
eines sehr schwachen sowie eines ultra starken Laserpulses prasentieren wir analytische Aus-
driicke fiir das Emissionsspektrum. Fiir den Fall mittelstarker Laserpulse présentieren wir
numerisch berechnete Spektren. Abschliefsend werden wir noch den Einfluss einer verdnderten
Trager-Einhiillenden-Phase auf die Emissionsspektren untersuchen.

Die Hauptergebnisse dieser Arbeit sind das Nachweisen klarer Unterschiede zwischen Elektron-
streuung an einem ultra-kurzen und an einem langen Laserpuls, was bisher in der Literatur
untersucht wurde. Auferdem weisen wir darauf hin, dass die Ergebnisse dieser Arbeit die
Moglichkeit andeuten, aus den Winkelverteilungen der gestreuten Photonen Riickschliisse auf
die Trager-Einhiillenden-Phase zu ziehen.

Multiphoton COMPTON scattering in ultra-short laser pulses

Abstract:

This work is dedicated to the computation of emission spectra of an electron scattering off an
ultra-short and highly intense laser pulse. By ultra-short we label pulses containing only a single
cycle of the laser’s electric field. To be able to describe highly intense laser fields we compute
the emission spectra in the so called FURRY picture of quantum dynamics taking an external
electromagnetic field into account exactly. For weak and ultra-strong incident laser pulses we
will present analytical expressions for the emission spectra. For intermediate laser intensities
we are going to present numerically computed spectra. Finally we are going to investigate the
influence of a changed carrier-envelope phase on the emission spectra.

The main results of this work concern the observation of distinct differences in electron scatter-
ing between an ultra-short and a long laser pulse what has been investigated in the literature
so far. Furthermore we note that the results of this work indicate the possibility to infer the
carrier-envelope-phase from the angular distribution of the scattered photons.
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Chapter 1

Introduction

1.1 Implementation into the historical context

There are two basical trends in physics we track to motivate this work.

The first one of these are the theoretical studies of the interactions of unbound electrons with
strong external electromagnetic fields.

The second development is the emergence of high intensity lasers which are needed to make
experimental tests of the previously mentioned strong field effects feasible. Due to the remark-
able progress in this latter area over the past decades theoretical interest in the former one has
been revived. As introductory chapters we will sketch the historical developments in both fields
of research.

1.1.1 Interaction of free electrons with radiation

According to classical electrodynamics radiation is composed of plane electromagnetic waves.
These are characterized by their electric and magnetic fields E and B, respectively, and their
frequency w [1]. In a plane wave in vacuum the modulus of E and B are the same. The
interaction of an electron with charge e < 0 moving with the velocity vector v with a plane
wave radiation field can then be thought of to be a force of the form

F—c(E+"xB) (1.1)

where c is the speed of light. From Eq. we see that for electron velocities |v| much smaller
than the speed of light the electron will exclusively feel the force applied to it by the electric
field. Only for large velocities the electron will also feel the wave’s magnetic field.

According to classical electrodynamics an accelerated charge emits radiation. This process of
emission may be called scattering of the incident radiation by the electron. This very simple
picture is called THOMSON scattering and was first theoretically described by THOMSON in
1906 |2]. The formula derived by him describes the scattering of radiation very well as long as
the incident radiation field is of comparatively small amplitude and frequency. These conditions
may be cast into mathematical form as

el E
=<1l .
mwc mec

<1 (1.2)



CHAPTER 1. INTRODUCTION

Here the quantities are defined analogously to Eq. with £ = |E| and m is the electron
mass.

In Eq. the left inequality does not contain PLANCK’s constant A and thus obviously is a
classical condition for the smallness of the electric field amplitude. It states that the electric
field within one period accelerates the electron only to velocities much smaller than the speed of
light. In other words this first inequality ensures the electron to remain non-relativistic inside
the radiation field. The right inequality ensures that the electromagnetic field quanta carry only
an energy amount much smaller than the electron’s rest mass. Therefore the quantum nature
of light can be neglected in the interaction with the electron. If in the above approximations
one now considers the incident radiation field to be periodic the motion of the accelerated elec-
tron will be periodic as well and it will emit radiation with identical frequency as the incident
radiation.

There has been vast experimental proof for THOMSON scattering of low intensity light off free
electrons. So the theory of low intensity light scattering is commonly accepted and can be
found in any textbook of classical electrodynamics nowadays.

As we mentioned earlier, the classical THOMSON scattering is valid for small field amplitudes
and frequencies only. For the former case, i.e. deviations from the THOMSON scattering pre-
dictions due to large field amplitudes, there even is a classical explanation available. If the
incident radiation has a very large amplitude, the electron will be accelerated to very high
velocities almost instantaneously. Although if the electron speed approaches the speed of light,
from Eq. we see that the magnetic force becomes important. The electron then will no
longer be linearly accelerated along the electric field lines but much rather exhibit a compli-
cated motion [3]. Additionally, it is obvious that the electron’s velocity cannot grow linearly
with the radiation field amplitude anymore as soon as it becomes of the order of the speed of
light since it must not exceed c. In this regime necessarily nonlinear effects in the scattering
will appear. Nonlinear in this sense means that quantities like for instance the scattering rate
depend nonlinearly on the field intensity.

These and many further results have been obtained in numerous treatments of an electron
scattering off an intense radiation field on the basis of classical calculations [3-8| as well as
quantum considerations [9-14]. Throughout all of these works the strength of nonlinear effects
is characterized by the relativistically invariant parameter

¢ — le| E

wme

(1.3)

As soon as £ ~ 1 the electron will attain relativistic speeds inside the radiation field. The electric
field strengths needed to attain a relativistic parameter equal to unity for optical radiation

and for X-rays would be E (fw ~ 1eV)|._; ~ 10"°V/em and E (hw ~ 1keV)|._; ~ 10"V /cm,
respectively, corresponding to laser intensities
W W
~ 1018 . ~ 1024

In the optical regime hw ~ 1 eV laser intensities of these orders have already been obtained
during the last decade [15].

The parameter £ is often referred to as the nonlinearity or intensity parameter and it is well
fit to distinguish the onset of nonlinear interactions [12,13]. The effects introduced above are
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equally referred to as either nonlinear or relativistic THOMSON scattering and there has already
been a variety of undisputable experimental proof of nonlinear THOMSON scattering [16-21].
In these works laser systems were employed reaching nonlinearity parameters on the order of
up to £ ~ 1 —10.

There exists another possible physical interpretation for the nonlinear dependence of the scatter-
ing rates on the field intensity besides being due to the electron attaining relativistic velocities:
When in the beginning of the past century the quantum hypothesis was developed people began
to consider radiation as streams of photons [22]. In the photon picture of radiation the intensity
of the radiation field is connected to the photon number density. That means that for a not
too intense radiation field the electron will basically always scatter only one photon from it.
This facilitates the interpretation that as long as the electron scatters only one photon from the
radiation field the scattering rates will depend linearly on its intensity. On the other hand if the
incident radiation is very intense i.e. its photon flux is very high the electron absorbs not only
one but many photons from the radiation field. Thus, the scattering rate will no longer depend
linearly on the number of photons in the radiation field but it will exhibit a more complex
dependency. In this picture of radiation the parameter ¢ gives the ratio of energy absorbed by
the electron over one COMPTON wavelength Ac = A/mc in units of the incident photon energy.
In this sense as soon as £ 2 1 the electron absorbs more than one photon from the laser what
again yields nonlinear effects.

Moreover, besides offering an elegant interpretation for deviations from classical THOMSON
scattering for high field strengths quantum theory is inevitably needed to explain what hap-
pens when an electron scatters of high frequency radiation fields. Already from the second
inequality of Eq. we could guess that it would take quantum mechanical considerations
to understand what happens if Aw ~ mc?. This is the second possible path how the realm of
classical THOMSON scattering may be left. In addition while the case of large field amplitudes
could still be described in terms of classical electrodynamics in the case of high frequency inci-
dent radiation this is no longer possible. In that case COMPTON could show in 1923 that the
scattered radiation will no longer have the same frequency as the incident radiation [23]. To de-
rive COMPTON'’s results theoretically one has to take quantum mechanical considerations into

account. In this theory radiation is composed of single photons [22] each carrying a momentum

of
hw

= (1.5)

From this formula we derive an interpretation of the onset of COMPTON scattering: If the
photon frequencies become very large, so does their momentum. COMPTON scattering may
then be interpreted as the scattering of an electron with a photon carrying such a large mo-
mentum that it kicks back the electron. In fact the essential difference between THOMSON
and COMPTON scattering is the recoil of the involved electron which classical electrodynamics
cannot explain. So whenever in this work we will mention differences between classical and
quantum mechanical effects we equally well could have called this differences between THOM-
SON and COMPTON scattering or between processes in which the electron does or does not
experience a recoil. Furthermore we point out that it is unimportant if the electron recoils from
the absorbed or the emitted photon. So even for a low-energy incident photon there may arise
the necessity to take quantum effects into account for in certain conditions the emitted photon
may carry a large momentum. Actually this effect may arise by employing nowadays available
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lasers. As we pointed out an electron may absorb far more than one photon upon scattering
from a highly intense laser field. The photon flux in state-of-the-art laser facilities may now
become so dense that the electron absorb up to millions of photons resulting in the emission
of one single high energetic photon. This photon may then cause the electron to recoil even
though in every respective absorption process of a photon from the laser the recoil is negligible.
This combination of effects are called nonlinear quantum effects.

Indeed there have been numerous works on the theoretical description of multiphoton scattering
as well in terms of classical electrodynamics (THOMSON scattering) [3,6-8] as in terms of quan-
tum electrodynamics (COMPTON scattering) [10-14]. Throughout these works the strength of
these nonlinear quantum effects is described by a dimensionless parameter

h/ (Fup’)?

X = le| o

where p,, is the electron’s initial four momentum and F),, the electromagnetic field amplitude.
The parameter x is a measure for the radiation’s field amplitude [10,13]. It is always possible
to consider the scattering of an electron with a photon in a reference frame in which both
particles are initially counter-propagating and in that frame the resulting formulas have a
simplified structure. In this special reference frame y = vy (1 + 3) £/E,, expresses the ratio of
the incident radiation’s electric field and the critical field of QED E., evaluated in the reference
frame in which the incident electron initially is at rest. The critical field is defined as

B m?c? \Y

=1.3-10"%— 1.6
le| h cm (1.6)

performing a work A& = mc?® over one electron COMPTON wavelength. Creating an electric

field of that amplitude would demand a laser intensity of

W
— TR —23.10—. (1.7)

I,
8 cm

The physical relevance of this quantity is that in an electric field of the critical field strength
there arises the possibility of creating electron positron pairs from vacuum [24,25|. So if the
parameter y approaches unity the electron will feel an electric field strength at which there
are nonlinear QED effects expected to happen. However, the parameter xy does not constitute
a measure for the importance of quantum effects i.e. the COMPTON effect in general. For
instance in single photon COMPTON scattering corresponding to & < 1 there definitely are
quantum effects observable. But still ¥ < 1 holds and this process is linear in the electric field
intensity. The parameter y really is a measure for the existence of nonlinear quantum effects
which may arise by either letting nonlinear effects become quantum mechanical or by having
quantum effects becoming nonlinear. Analogously it has be pointed out that for small intensity
parameters ¢ < 1 quantum effects scale with the photon energy while for the opposite case
€ > 1 they scale with the parameter y i.e. rather with the electric field strength [13].

All available electric and magnetic fields fall short of reaching the critical field strength by at
least three or four orders of magnitude. However, the condition x ~ 1 has already been realized
in an experimental setup where a beam of ultra-relativistic electrons with a kinetic energy of

4
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exin ~ 250 GeV impinges on a crystal [26,27]. A crystal is used because under certain incident
angles of the electron beam the electric fields of the periodically arranged atomic nuclei in a
crystal will add up to make the incident electron feel a very strong electromagnetic field. The
tremendous electron energies utilized in this experiment have exclusively been achieved at the
Super Proton Synchrotron (SPS) at CERN.

As we pointed out another possible realization of nonlinear quantum effects is becoming more
and more feasible through the advent of high intensity laser systems. The use of a laser
instead of a crystal would be preferable for the electric field created by a laser is much better
controllable and better known than the field inside a crystal where the literally unavoidable
lattice defects and impurities lead to deviations from perfect periodicity. Additionally for high
precision calculations in a crystal one would have to consider a whole class of perturbations of
the electric field rising from the finite size of the atomic nuclei such as form factors or even QCD
effects. Summed up a plane wave laser field provides a much cleaner and ideal experimental
environment than a crystal.

To the best of the author’s knowledge due to lack of sufficiently intense laser systems so far
nonlinear COMPTON scattering in a laser field has been verified in only one experimental setup
[28]. There the authors were taking advantage of the unique experimental facility of the Stanford
Linear Accelerator (SLAC) and could compensate the lack of intense laser radiation by the use
of a highly relativistic electron beam with energies of € ~ 50 GeV. But with the development of
laser systems to ever higher peak intensities more experimental tests for nonlinear COMPTON
scattering seem to be in reach.

As a final remark we emphasize that all theoretical works done so far on nonlinear COMPTON
scattering mostly considered a perfectly monochromatic laser wave [10-13]. However, there has
been some work published on electron scattering from a laser pulse of duration 7 and period T
[14] but there the authors considered a pulse fulfilling the condition

)
— 1. 1.8
> (18)

This corresponds to the demand that the laser pulse contains many cycles of the electric field
and would look like exemplary shown in Fig.

Figure 1.1: A typical laser pulse fulfilling condition (|1.8))

Here the blue line is the actual electric field of the laser and the purple line gives the envelope
function shaping the pulse.
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1.1.2 Increase of laser peak intensities

There has been a tremendous increase in available peak laser intensities over the past decades
as can be viewed in Fig. [1.2] which we took from [15].

Electron
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1025 g £
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Figure 1.2: Evolution of laser intensities over the past decades according to [15]

It can be seen that all technical inventions leading to considerable improvements in available
laser intensities such as Q-switching, modelocking or Chirped Pulse Amplification (CPA) in-
volved ever shorter laser pulses. So the importance of the possibilities given by shortening pulse
lengths is remarkable.

However, all lasers available up to now reach peak intensities far below the SCHWINGER limit
. The highest optical laser intensities reported are on the order of 2-10** W/cm? achieved
by the HERCULES laser system at the University of Michigan [29]. This laser system operates
at pulse durations of roughly 30 fs. Even though there are a couple of Petawatt laser systems
under construction promising focussed laser intensities of ~ 10?* W /em? these facilities still fall
short of creating the critical field strength in a laboratory reference frame. More promising is
the proposed Extreme Light Infrastructure (ELI) aiming at peak intensities of 10% —10%® W /cm?
[30]. This facility is planned to operate at pulse durations of only 5 fs.
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1.2 Topic of this work

The task of this thesis is to combine the results of the two previous sections into one framework.
In section we traced the efforts that have been made to understand the dynamics of
electrons in strong external electromagnetic fields. We pointed out that interest in this kind
of research has been rising in the past years due to tremendous increases in available laser
intensities. In section [I.1.2]in turn we recapitulated the development of lasers towards such high
peak intensities. This development basically was achieved by improved spatial and temporal
confinement of the laser’s radiation power. Thus, under realistic conditions a highly intense laser
pulse may not be approximated to be monochromatic. Put in quantitative terms relation (|1.8|)
can no longer be assumed to hold. It even has already been accomplished to generate single-
cycle laser pulses in the mid-infrared [31]| as well as in the extreme ultra-violet (XUV) regime
[32]. Such pulses containing one or only a few cycles of the electric field will be distinguished
by the condition

.
T~ 1 (1.9)
with the symbol definitions from Eq. .

We will label laser pulses fulfilling condition (1.9) ultra-short.

To combine the extensive efforts spent in obtaining a quantum mechanical treatment of electron
dynamics inside a strong external field with the state-of-the-art techniques of attaining highest
field strengths we will present an exemplary treatment of electron dynamics inside an external
electromagnetic field we specifically choose to model an ultra-intense, single-cycle, linearly
polarized laser pulse. To distinguish the lasers intensities we will use the nonlinearity parameter
defined in Eq. . Our main interest will be focussed on the case of large ¢ for only there our
calculations will exhibit features of multiphoton scattering. So a visualization of the scattering
process we are going to be considered in terms of a FEYNMAN diagram would look like shown

in Fig.

K
15k,  grd k, (n—1)"k,
N\ \
N 2\
Py / / /pL
Qndk# / (n . 2)th k'/[/ / TLth /(v"u

Figure 1.3: Typical FEYNMAN diagram of multiphoton scattering

The electron enters the scattering process with an initial four momentum p,. During the
interaction time with the laser pulse it may absorb or reemit n photons from or into the laser’s
photon field all sharing the same wave vector k* and at some point the electron emits a single
final photon with wave vector k. In Fig. n may be an arbitrarily large natural number
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what we represent by the dots inserted into the electron line. After the scattering the electron
will propagate with a changed four momentum pj,.

So apparently we seem to be urged to compute a process involving n+1 single photon absorption
or emission processes. To circumvent this tedious task instead of computing these n+1 vertices
all separately we will take the laser’s photon field into account exactly. This task is accomplished
by performing the calculations in the FURRY picture for quantum dynamics as described in
section [2.11 Investigating a process in this picture will basically relieve us of the duty to
consider the n laser photons explicitly by providing us with an exact wave function of an
electron propagating inside an external plane wave of arbitrary shape and amplitude. This
simplification also becomes evident in the graphical display. Drawn in the FURRY picture the
process shown in Fig. [[.3] will look like shown in Fig. [I.4]

i

/

Py

?9,11,
Figure 1.4: FEYNMAN diagram of multiphoton scattering in the FURRY picture

In this figure the double solid line represents the electron inside the external plane wave. In
comparison with Fig. we can imagine this as incorporating the solid line and all the dashed
lines into the double solid line in Fig. The only remaining vertex in the FURRY picture
is the emission of the single photon with wave vector k). The interaction of the electron with
this radiation field we will treat by perturbation theory.

We are going to treat the process depicted in Fig. in three different intensity regimes. More
precisely we will show that in the cases of weak ({ < 1) or ultra-intense lasers (£ > 1) it
is possible to obtain analytical approximations for the electron’s energy emission spectra (see
sections , and . To obtain these analytical expressions in the low intensity limit we
will expand the emission probability into a TAYLOR series in orders of the small parameter £.
In this treatment we are going to consider terms up to quadratic order in £. Such an expansion
corresponds precisely to treating the laser perturbatively. This is why we will call this intensity
regime perturbative regime.

In the limit of very high intensities £ > 1 we are going to expand the defining integrals of the
transition amplitude asymptotically.

For the case of £ ~ 1 we will present the results of numerical simulations in section

Finally in section [6] we are going to investigate the effect of changing the carrier-envelope-phase
(CEP) on the scattering process. In the scattering of electrons with few-cycle laser pulses the
CEP is a quantity of great experimental interest because it has significant influence on the
electron dynamics. For strong fields up to now it is an experimentally challenging task to
measure the CEP. However, our analysis suggests that it might be possible to determine the
CEP from emission spectra of an electron scattered off the laser pulse.
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1.3 Units and symbol conventions

Except from these introductory chapters in this work we are going to employ natural units
where the speed of light ¢ and the reduced PLANCK constant A are set equal to unity

c=h=1.

The vacuum permittivity is defined to be ¢y = 1/4w. Resulting from this there will remain only
one physical dimension which we choose to be the energy unit electron volt eV. Additionally
it follows that the electron’s charge e becomes dimensionless and is expressible in terms of the
fine structure Cons.tant aqep and l(?oks like e == QaQED ~ —\/1#377.

Furthermore we will use the following conventions

e spatial vectors will be denoted by bold letters such as the three-dimensional position
vector T = (11,72,73)

e contravariant four-dimensional vectors will be denoted by a letter with an upper Greek

index and are expressible as the four-vectors time component and its spatial components

which form a three-vector a* = (a° a); the same vector’s covariant components are

denoted by the same small letter with a lower index attached to it a,

e Greek indices run from 0. ..3 and wherever in an expression the same index occurs twice
it has to be summed over according to EINSTEIN’s summation convention

e we use the metric with the signature (4, —, —, —) such that the product of two four

vectors reads a,b" = apby — ab and covariant four vectors may consequently be written

as a, = (a", —a)

e the DIRAC matrices in standard representaion are y*

e the product of any four-vector a* with the four-vector of DIRAC matrices v, will be
denoted by FEYNMAN’s slash notation ¢ = v,a*

e general quantum mechanical state vectors will be denoted in bra-ket notation (4| = |¢)!
while wave functions will be written without brackets v

e for a wave function v the DIRAC conjugate is denoted by a bar 1) = *~°
e taking the trace of a matrix is denoted by tr

e quantum mechanical operators will be denoted by a capital letter with a hat such as A
and the commutator of two operators A and B will be written as [121, B’}

e the dotted equal sign = indicates a TAYLOR expansion with higher orders possibly already
dropped

e the symbol ~ denotes the asymptotic behaviour of a variable i.e. Q ~ z™ for a large
quantity x is to be read as Q < " + O (z"!)



Chapter 2

(General scattering theory

2.1 Quantum dynamics in the FURRY picture

The Lagrangian of quantum electrodynamics in the presence of an external potential A, ¢ is
written [33]

_ 1 _ _
/CQED = ¢ (]1 @ - m) w - Z (FMV)Q - €¢7”¢Au - ew7M¢Au,ext (21)

with the electric field strength tensor F),, = 0,4, — 0,A, and the electromagnetic vector
potential of the radiation field A,,.

Eq. (2.1) can be written as
L= Efree + Eext + £rad (22)

with Lagrangians of the free DIRAC and photon field L., and the interaction Lagrangians with
the external and the radiation field Lo and L,.q, respectively. The interactions usually are
treated by means of perturbation theory as long as they are weak. In case that the external
perturbation is strong it can no longer be treated in this way unless one considers all orders
of perturbation theory. This is impractical. Thus one combines the free Lagrangian and the
interaction Lagrangian of the strong external field to form a common Lagrangian Lireeext =
Liree + Lext- By using this combination as a free Lagrangian one can quantize the DIRAC field
inside the external field which then is taken into account exactly. The remaining perturbation
by the radiation field of photons emitted by the electron is described by L.,q and can be treated
perturbatively. This is called the FURRY picture of quantum dynamics [34].

2.2  VOLKOV solutions and the question of normalization

Working in the Furry picture requires wave functions for an electron inside an external electro-
magnetic potential A,. Since our external field is a laser beam for simplicity we can choose A,
to be a plane wave. The four potential then is a function of only one variable

Au = Au<¢)

where ¢ = k,a" is the wave’s invariant phase with a four vector k, fulfilling the condition
k, k" = 0 and the gauge condition k,A" = 0.

10
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The desired electron wave functions then are solutions of the Dirac equation in the external
potential A, (o)

(Yu (-1 O —eA*) —m) ¥ =0 (2.3)

For the case of A, being a plane waves such a solution was found by VOLKOV already in 1935
[35].
These solutions nowadays are commonly used and their derivation can be found in e.g. [36].

bylz) = {1 +€2(k/i9)] \/;ppvexp [—ﬁ /_’Z (ep“igb) - 62;4;2)2) dqﬁ—ﬁpx] . (24)

Here V' is a normalization volume that drops out in the end of our calculations and w, is a
constant spinor that will be discussed below.

The VOLKOV solutions are distinguished by p, which is the electron’s four momentum fulfilling

pupt = m2.

For a vanishing four potential A,, = 0 these solutions turn into the solutions for a free plane-wave
electron

U - (2.5)

\/Zpo V

where p, can be interpreted as the electrons four-momentum. We normalize the spinors ac-
cording to

G

Upu, = 2m. (2.6)

as is usual for free spinors.

But this choice leads to inevitable difficulties in comparing the results of this quantum calcu-
lation with classical considerations. These occur since the VOLKOV wave functions are plane
waves stretching out over all space. Thus the interaction time between the electron and the
laser pulse will be overestimated in comparison to a pointlike classical electron. In earlier quan-
tum mechanical treatments of electron-laser-scattering (e.g. [13]) this problem did not occur
explicitly for when considering an infinite, monochromatic wave train the interaction time is
infinite also in classical electrodynamics.

However, we need to compensate in the normalization of the solutions for the finite in-
teraction time which classically lasts from the electron’s incidence into the laser pulse until its
emergence but want to keep the normalization . So we introduce an additional factor n
compensating for the finite interaction time.

Let’s assume that in the laboratory frame the pulse has a duration At. We consider an electron
with energy € and momentum P incident to this pulse along its direction of propagation. The
time a classical electron will sojourn inside the pulse then is found by simply adding the speed
of the electron to that of the laser pulse and dividing the pulse duration by this velocity. By
this computation we find the interaction time as the time a classical electron would stay inside
the laser pulse

tint - P - At
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Thus we conclude that the factor by which the quantum calculation overestimates the interac-

tion time is At/ti = (e + P) /e. So we found the correct normalization factor n for the spinors
(2.6) to compensate for the finite interaction time
€

e+ P’

= (2.7)
In order to be able to keep up the textbook calculations for summing and averaging over spin
states it is desirable to keep up the normalization of the free spinors (2.6)). This can be achieved
by multiplying the spinor contained in the wave function (2.4) by the normalization factor n

bp(x) = p(2) -

Since the final transition probability will involve the modulus squares of any numerical prefactor
in Eq. (2.4) the quantum transition number will be diminished by

2 .
€ =1 if =1
(%) ¢ (28)
€+ — 7 if yp— o0
where 79 = €/m is the electron’s initial y-factor. The quantity n? will be between these two
limiting values for any incoming electron momentum.

Having now the solutions to describe electrons in a short laser pulse at hand we turn to specify
the pulse itself.

€
e+ P’

2.3 The model pulse

To describe a single-cycle pulse we employ the model function for the pulse’s four potential

1
cosh (¢)

with the amplitude four-vector a* = A - n*. We use the gauge freedom to put Ag(¢) = 0.
In a reference frame where the laser pulse propagates along the z-axis its wave vector can be
written like

Ag) = o (2.9)

1
k= —(1 1 2.1
7 (1,0,0,1) (2.10)

where the parameter T' is connected to the pulse duration and will be discussed further below.
The invariant phase then can be written like

t—=z
= 2.11
6="2 (211)
This four potential will lead to electric and magnetic fields of the form
&{m tanh (gb)
E = 2.12
Tle| cosh (¢) ) (2.12)
{m tanh (¢) My
B = x 2.1
" Tle| cosh (¢) Tg (2.13)

12



2.3. THE MODEL PULSE

with n the spatial part of the normalized direction vector n*.
We note that both the electric and the magnetic field have the same amplitudes F and B,

respectively, namely
_ §m [tanh (¢)|

~ Tle| cosh (o)
One conclusion we draw from Eq. (2.12)) respecting

e ‘ tanh (¢) 1
X —< | ==
¢€R \ cosh (¢) 2
is that the maximal amplitude &£ of the electric field vector E is related to the maximal amplitude
of the four potential A by

E =

A=2T¢&
and accordingly the invariant intensity parameter becomes

g A el (2.14)

m m

To get an idea of the physical pulse described by Eq. (2.12) we plot the normalized electric field
amplitude (£7') /A with respect to z/T" at t = 0 in Fig. 2.1

&T

A

—»motion for increasing t
4b

—0.2 H

—04F

Figure 2.1: The normalized electric field amplitude in dependency of %

From the electric field’s shape depicted in Fig. [2.1] we may infer a physical duration of the pulse
described by Eq. (2.9). We define the duration of the pulse as the time 7 during which the
pulse exceeds one tenth of its peak strength:

T =2 tyee T T (2.15)

This is clarified in Fig. 2.2

13



CHAPTER 2. GENERAL SCATTERING THEORY

el

\\/ TR7T

Figure 2.2: Pulse duration of (2.12)

To find the dominant frequency of the incident laser field we investigate the energy distribution
of the incident electric field in frequency space. This is calculated as the FOURIER transform
of the incoming time-dependent electric field E(¢(¢)) which we know from Eq. (2.12).

The FOURIER transform is calculated as usually for an arbitrary time-dependent function f(t)

00 i ™ mTw
Bw) = \/Lz_ﬂ /_ E(t) e”tdt:—nm\/gT&feCh( ) (2.16)

at the fixed space point z = 0.
The corresponding energy distribution is proportional to the modulus square of Eq. (2.16)

£(w) o wisech? (WTT‘”) (2.17)

and looks like Fig.

| &' (W)

- - w [eV]

Figure 2.3: Distribution of incoming frequencies for a pulse with 7= 1eV ™!

As we aim to describe optical lasers we may choose
71 (2.18)
eV '

14



2.3. THE MODEL PULSE

for then the incoming laser frequencies w are on the order of unity and the central frequency is
w* ~ 0.76eV(~ 1600 nm)

which is close to the optical regime.
Second we state that the choice (2.18)) corresponds to a pulse duration of

T=T7TT=4610""s (2.19)

i.e. roughly 5 fs. This is exactly the order of magnitude of pulse duration experimentally
feasible nowadays.

To still further characterize the model pulse (2.9) we connect it to the corresponding laser
intensity as this is a laboratory-controllable quantity. To this end we recall Eq. and
calculate the resulting POYNTING vector S from which we may easily obtain the instantaneous
laser intensity I,., as the POYNTING vector’s modulus. It holds

2

2 z
s oma o L (et ()
in T 4g cosh (t_Tz)
1 tanh? (;Z)
=1 =S| =-— L 2.20
S| 47 <6T> cosh? (t_TZ) ( )
This quantity is still dependent on the phase ¢ and has the shape shown in Fig.
I
- % : f ¢
Figure 2.4: Shape of (2.20) in arbitrary units
This function has a maximum at ¢,.x = =71 arsech [ 1/2} ~ +0.97T leading to
m2 62
L = —2 S 2.21
4e2mT? ( )

We may now state a formula for the intensity parameter £ in dependence of the intensity [

I 42rT2  2¢T
5 _ a; 62 m _ e [max’]'(' (222)
m m
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CHAPTER 2. GENERAL SCATTERING THEORY

2.4 General derivation of the transition probability

By inserting our model pulse (2.9) into Eq. (2.4) we can integrate the argument of the expo-
nential in the VOLKOV solutions to obtain

ko 1 Up
Up() L+ eQ(kp) cosh (t_?z)] 2po V' "
e o) 155 (e (7)) ]

(2.23)

Here in the wave function for the incoming electron n is the additional normalization factor
as obtained in section We did not write indices o and ¢’ denoting the spin states of the
electron because we are going to compute the transition probability averaged over initial and
summed over final spin states anyway.

From Eq. we are prepared to calculate the scattering matrix element as described in

appendix [A
JE

evarn t—z
Sy = -1 d4xﬂ/[’*+A sech( )—A sech2<
S e A U N 0
X exp {1‘1 {a (g+2arctan (tanh (tQ_TZ)))—B(tanh (tT )—Fl)—i—(pu—i—k:' )x“H
(2.24)

We defined the abbreviations

i ::e(W* ¢’*k¢i) T (kef*))%

2(kp’) " 2(kp)

wimefPo_pa)y g a1 1
- \pk pk ’ ) kp  kp)’

The integrations over z and y are now easy. To perform the integration over z and ¢ it is
convenient to introduce the new integration variables Cy := (t +2) /(27T). The integrations
in Eq. (2.24) then reduce to a one dimensional integral and we can write

ev4amrn 2m
S o= —i——v " oT2(21)2% P (o + K — S5 (v ' — (s K —
f 1 R ) D V3 AL (2m)%0 ) (p" + P) T (po +w' —po — (P + k5 — ps3))
Uy [¢" fo+ Ar fr — Az fo] uy. (2.25)

With the auxiliary functions f;, i € {0, 1,2}

fO — ol ( a— 6) / efl [2 aarctan(tanh(x))—3 tanh(2 x)]ez Kgazdx

e}

f _en( a— 6)/ sech (21,) eﬂ[2aarctan(tanh(ac))—ﬂ tanh(Qm)}eiKgmdx (226)

o0

f2 _ eﬁ (%afﬁ) / sech2 (2$> eﬁ [2 aarctan(tanh(x))—3 tanh(2 :v)]ez K‘de

o0
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where K3 is defined as

K3 =T (py+ o' — po+ (0 + Ky — p3)) (2.27)

Most of the upcoming analysis will be analyzing these parameter functions.

The d-functions in Eq. state the energy momentum conservation in the considered pro-
cess. In these conservation laws we face a deep difference between the scattering of an electron
off a long and off an ultra-short laser pulse. In the former case it is possible to expand the
transition matrix element into a FOURIER series in which the s'" summand contains a
four-dimensional energy momentum conserving d-function of the form § (sku +qu—q, — k;)
Here k, and k; are laser pulse’s and the emitted photon’s wave vectors, respectively. Then the
o-functions can be interpreted as energy-momentum conservation laws for an electron absorbing
s photons from the laser pulse and emitting a single photon of wave vector k! . The quanti-
ties g, = pu — €*a®/ (2(kup*)) ky and ¢, = pl, — e*a®/ (2(kup'*)) k,, however, are the so-called
quasi-momentum of the electron before and after scattering (see [13]). The square of these
quasi-momenta is not equal to the squared electron mass but much rather to the square of a
dressed mass m* = m+/1 + £2/2. From the fact that in our conservation laws there occurs no
quasi-momentum we conclude that an electron scattering off an ultra-short laser pulse inside
this pulse unlike in the scattering off a long pulse will not behave as if it had a dressed mass.
This prediction could experimentally be tested by measuring not only the final photon’s but
also the electron’s momentum after scattering and checking the energy momentum conservation
laws.

The integrals are not analytically solvable. To evaluate the expressions for the f; we
apply approximation techniques in the limiting cases £ > 1 and £ < 1. In these treatments
the second and third parameter function f; and f5 are easy to evaluate since these integrals
converge. However, f; is divergent. Nonetheless in appendix |B| we show that it is possible to
decompose fy into a convergent part and a part proportional to a -function. When multiplying
fo with the d-functions present in this latter part is proportional to 6 (pu -, = k;)
This corresponds to the energy conservation law of a free photon emitting a single photon. This
process can never occur because it cannot fulfill momentum conservation. Thus this term can
be dropped. Consequently the first parameter function may be written like

fO _ _eﬁ(%afﬁ) Kl/ dz eﬁ(Qaarctan(tanh(x))—ﬁ tanh(2x)) eﬁ Ksz
3 J—oc0

xsech(2x)(a — Fsech(2x))

= (afi= 01, (228)

The photon and electron spin summed and averaged modulus square of the scattering matrix
element Sy is computed in appendix [C] The transition probability is then of the form W =
[ AW/ (dQdw’) dQdw’ with the integrand being the differential emission probability per solid
angle element d) and frequency interval dw’. From this quantity we derive the differentially
emitted energy d&/ (dQdw’) = dW/ (dQdw’) - '. This quantity is equally called the energy
spectrum of the scattering and in the present case reads

17
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déo /2 2T2 2
dw'dT dyp T2 (6 — W+ €+¢}f3(_€;r/1(317_)7)) 6

W' (e+ PT)

(-

e+P—-uw(1-T)

)

W' (e + PT)
P (e—l—P—w’(l—T)

— P - w'T) - 2m2> | fol?

+Aew' V1 —T2cos () (€+P i:,]a ol 1) R (fof!)
—2 A*R (fofs)
62./42 G—i—P—w,(l—’T) 6—|—P
i 2 { e+ P E—l—P—w’(l—T)] |f1|2] (2.29)

Here we defined 7 = cos(¥) and it holds dQ = —d7 d.
To obtain Eq. (2.29)) we evaluated the energy spectrum in the reference frame where the electron
and the laser beam are initially counter-propagating and the laser pulse being linearly polarized

along the z-axis

p = (e=vVm?+P2,0,0,-P)
1
. - (hon
a, = A(0,1,0,0)
p;, = (/7p17p27p3)
K= (K Ky KS). (2.30)

This choice of coordinates is visualized in Fig.

ST

Figure 2.5: The special coordinate system

Here the outgoing photon’s spatial wave vector K’ is depicted in solid red and characterized by

18
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its polar angle ¥ and its azimuthal angle ¢.
In this reference frame due to the momentum conserving d-functions there exist relations be-
tween the momentum of the outgoing electron and photon

Py = —k} = —w' sin (9) cos (p)
P = — K = —w' sin (9) sin (p) (2.31)
€ —py= €+P—w+kiy =e+P—w(1l-cos(v)).

The last line of (2.31)) states the difference between the total energy of the outgoing electron
and the third component of its spatial momentum and as such always has to be positive. But
this is true only for frequencies smaller than

e+ P

Fp— (2.32)

WMax =

Eq. (2.32) is an important result of our quantum mechanical calculations since it gives a cutoff
frequency which will show up in the energy spectra.
The important process parameters «, § and K3 can be written as

W' sin(¥) cos(yp)

= —m&T
“ me e+ P —w (1 —cos(?))
zgr "(1— 9
5 = NS W' (1 — cos(v)) (2.33)
2 (e+P—w(1—-cos(V)))(e+ P)
/
P
K, — T W' (e + P cos (¥))
e+ P —w/(l—cos(V))
The quantum parameter x in the special reference frame we have chosen becomes
&
X = w(l+08) (2.34)

with E., the critical field strength of QED.

2.5 The classical limit

For later use we will establish the classical limit of (2.29)). Since we consider the incident laser
beam to be optical the classical limit will hold whenever

WK e

This allows for some major simplifications in Eq. (2.29).

d& w'Ke

dw'dTdg S [E (AP =R (fof3)) — 1fol] (2.35)
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CHAPTER 2. GENERAL SCATTERING THEORY

This is precisely the structure of the energy spectrum as can be found by inserting the solutions
of the classical equations of motion [6]

d¢’

¢ e /
r(¢) = ro+ 1/ Nomvo + L A(¢)
é

K J o Yomce (1 - ’m’g)
k ¢ |3 ('\/omc2 > eATE;iQ ) ?0

RN I ary
)

de/ (2.36)

Blo) = : (2.37)
7) ,30]

into the classical expression for the energy spectrum [1]

2

d& ew'?

p— 2-
dw'dQ2 d72c (2.38)

/ n x (n x B(t)) el t=nr®/)qy

—00

We will compute classical energy spectra via this formula in this work.

2.6 The special case of forward scattering

We first consider the special case of a photon emitted into the initial propagation direction of
the laser pulse ¥ = 0. This case is special as essentially no scattering takes place. First we
show this analytically.

From Eq. we derive expressions for the parameters o, 5 and K3 at ¥ =0

a = =0 (2.39)
Ky = 274 (2.40)

So in this case the parameter functions ) and - ) turn into
fo =0 (2.41)

o0 , , 1 K
fi = / dz ' ¥3%sech’ (27) = §7rsech (T‘Q’W) : (2.42)

and the energy spectrum is found to be

dé& nw'2e? T? n? &2 o (TW'm
AT~ 22 sech” | —— ] .

(2.43)
where the dependency on the azimuthal angle ¢ has been integrated out and we defined 7 =

cos(?). Formula (2.43) tracks the initial frequency distribution of the laser pulse as can be
guessed already from a plot of the power spectrum at ¥ = 0 given in Fig.
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d£
dea'dT
0.0020+

0.0015¢

0.0010¢

0.0005r Whax

B w'[eV]

Figure 2.6: Emission spectrum at ¢ = 0

This figure is strongly reminiscent of Fig. as it is peaked at the same frequency w* ~ 0.763.
So we conclude that in the onward propagation direction of the incoming laser pulse the emitted
radiation will have the same spectral distribution as the incident laser pulse.

This can also be understood from physical considerations as argued in [13] as well:

In our special coordinate frame for the involved energies and momenta there hold the conser-
vation laws whence follows for ¥ = 0

e+P=¢—pi. (2.44)

Additionally it follows that for ¥ = 0 it holds p} , = 0. But for an electron described by VOLKOV
wave functions its quantum state is uniquely defined by the quantum numbers p;, p and € — ps3
[36]. The previous statements show that none of these quantum number changes during a
scattering process where a photon is emitted into its initial direction of propagation ¥ = 0.
The electron’s initial quantum state therefore remains unchanged in the process. However,
the electromagnetic field cannot change its state without changing the electron field and it
consequently also remains in its initial state. This corresponds to emission of only first harmonic
radiation.
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Chapter 3

Low intensity regime

3.1 Physical implications

We distinguish the low intensity regime by the condition & < 1. This is equivalent to the
statement that over one COMPTON wavelength the laser imparts much less energy on the
electron than it could by one single photon. Thus the transition probability will by far be
dominated by the probability of single photon scattering of the electron. So unlike Fig.
the diagramatic illustration of the scattering process in the regime of small ¢ will look as is
visualized in Fig. 3.1}

\Y k'

p,U/ p/u

Figure 3.1: FEYNMAN diagram of single photon scattering

This FEYNMAN diagram symbolizes the absorption of a single photon from the laser by the
electron with subsequent emission of another photon with wave vector k’#. So the limit of small
¢ is equivalent to the well known limit of single photon COMPTON scattering.

In this section we are going to consider laser intensities of I = 10 W/cm? as are commonly
available nowadays. However, in order to observe quantum mechanical effects we consider very
high initial electron energies of up to ¢ = 250 GeV. Such tremendous electron momenta are
actually attained exclusively at the SPS at CERN as already stated in the introduction.

22



3.2. PARAMETER FUNCTIONS

3.2 Parameter functions

To further evaluate Eq. (2.29) we now need to find analytical expressions for the parameter
functions f;. We remind ourselves of Eq. (2.26)

fi _ eﬁ(ga—ﬂ) /OO e1'1 [2 aarctan(tanh(z))—3 tanh(Qx)}eingseChi (21,) dr

o0

In the perturbative regime distinguished by the condition £ < 1 we may simplify the integrand
notably by expanding the exponential into a power series in & up to second order. The TAYLOR
expansion of an exponential in two variables is written as

2
exp i (K;a— Kyf)|= {1—}—]’1 Kia—1 Ky — %Kf +O(a37ﬁ2’aﬁ)
In this expansion we respected the fact that o oc € and 8 o< £2 and we defined

K, = 2arctan (tanh (x)) ; Ky =tanh (22).

Inserting this approximation into Eq. (2.26)) and neglecting all terms that would lead to contri-
butions of order &3 or higher in Eq. (2.29)) the relevant combinations of the parameter functions

needed in Eq. (2.29) are

22
s QT o [ Ksm
lfol* =~ K2 sech ( 1 ) (3.1)
2 Ky
If1]? ~ —se h2( ) (3.2)
4 4
2
R(f)) ~ s (17) (33)
2
R(fofl) ~ O‘T“Kgcsch (%) (3.4)

We realize that the decay of the parameter functions with increasing frequency is basically due
to the appearance of the hyperbolic secans and thus is quite fast. This decreasing of the f;
ensures the spectrum to go to zero for larger outgoing frequencies.

3.3 Energy spectrum

Now that we found approximations for the parameter functions f; in the perturbative regime
we may insert these forms into Eq. to obtain the transition number in our special ref-
erence frame. If we additionally respect the expressions we obtain an expression for the
differential transition probability which is solely dependent of €, P, T, ', ¥ and ¢. Since in
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the resulting expression the dependency on ¢ is rather simple and we can integrate it to obtain

d& me?T? n2w?m?2¢?
dwdT (e+P)(e+P—w(1-7T))
(6(6+P-W’(1—T))+P<$—,ﬁ{)ﬂ —P—w’T) —2m2>
4(e+ PT)

X (1—=1T?)sech? (T mw' (e + PT) >

2(e+P—w'(1-T))

+ t (#’Zfﬂ . 1> (1 —77?)sech’ <T m (e + PT) )
2(e+P—w'(1-1T)) e+ P —w'(1—cos(d))
1 e+ P e+P—-uw(1-1T)

i Z(E—FP—w/(l—T) e+ P )

«  sech? <T2 . f‘;;(iz,ff_) T)))) (3.5)

with 7 = cos(}). As metioned in the beginning of this section we choose the laser’s intensity
to be I =10 W/cm?. With Eq. we then find € ~ 0.07 which is well in the perturbative
regime. For this parameter £ we plot the energy distributions for different momenta of
the incoming electron and for different angles ¥ as well.

We are going to show several emission spectra in Figs. Every figure displays emission
spectra for a particular initial y-factor of the incoming electron and consists of three individual
plots for the polar angles ¥ = 0, 7/2 and 7. Below and above every diagram there are frequencies
printed we will use to interpret the spectra. The upper frequency wpeak is the numerically found
frequency of the actual maximum of the plotted spectrum. The lower frequency wrpeo is the
blue shifted central frequency of the initial laser pulse’s frequency distribution. If the electron
moves with a considerable fraction of the speed of light towards the detector any photon emitted
by the electron will be blue shifted. Now reminding ourselves of the discussion in section
below relation (2.18)) we know the dominant energy of the incoming photons to be

W' = 0.76 eV
in the present case of w = 1eV. The relativistic dopplershift now is well known to be
W =w(l—n-0) (3.6)

with w and w’ the frequency in the observer’s rest frame and in the frame moving relative to it,
respectively. The vectors 3 and n denote the relative velocity of the two inertial systems and
the observation direction in the observer’s rest frame, respectively. In our case we have

/3 = (0707_ﬁ>
n = (cos(p)sin(),sin(yp)sin(d), cos(1)))

Next we need to consider that in the rest frame of the electron the predominantly emitted
frequency will be the incoming laser frequency. We thus need to transform the incoming laser
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frequency which is w* in the laboratory frame to the electrons rest frame via

k-3
W= ywt <1 - —)
k|

= yw" (1+ ) (3.7)

The second equality holds because k = (0,0, k) is the wave vector of the laser pulse propagating
in z-direction. This frequency now needs to be transformed back into the laboratory frame to
find the observed frequency for each incoming electron momentum and observation angle. After
recasting Eq. and inserting ' from into it one finds as the theoretically predicted
frequency of the spectrum’s maximum

. 1+p

Y1 B cos(V) (3:8)

WTheo =

We begin presenting the results with three plots for an initial 49 = 1 (electron initially at rest).

Wpear = 0.763739 Weeak = 0.763738 Wpey = 0.763736
: dE ;
dE L dE
—_— Twd7T —
0000034 0.000014 0.00001%
0.000012 0.000012 0.000012
0.00001 0.00001 0.00001
8.x10°° 8.x10° 8.x 10°°
6.x107° 6.3 107" 6.x 10-"
4% 10:? 4. %10°° 4.%107°
2.x107 pra— -~ 2. 10°8
! w'[eV
0 1 2 3 4 5 . R s w [eV] % 1T = 3 o4 & [eV]

Wrneo = 0.763736 Wrheo = 0.763736 Wppee = 0.763736

Figure 3.2: Emitted frequency spectra for 7y = 1 for the polar angles from left to right ¥ =
0,35, m

In these plots we can easily recognize a pattern reminiscent of THOMSON scattering for non-
relativistic particles. Since the incoming laser pulse is polarized in the z-direction, the electron
is accelerated along this direction and radiates most energy symmetrically perpendicular to the
direction of its acceleration. Thus we find the same amplitudes in the emission spectra for the
angles ¥ = 0 and ¥ = 7. In the direction of the electron’s propagation ¢ = 7/2 there is least
emission.

Next we show the emission spectra of an electron initially moving with a momentum of P =~ 10°
eV in lig. This case is on the edge to a relativistic incoming electron.
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Wpear = 0.763739 Wpeak = 0.914237 wss 11508
dE dE dE
— PTG JdT
0.000014 0.000014 0.000014
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Figure 3.3: Emitted frequency spectra for 75 = 1.02 & P ~ 10° eV and polar angles from left
to right ¥ =0, 3,7

These plots exhibit a different radiation pattern in comparison to Fig.[3.2] First of all we notice
that the amplitude of the spectra has increased which proves that the overall emitted energy
increases with electron energy as it has to be. Next we note that in Fig. [3.3|there is no symmetry
in the emission spectra between the angles ¥ = 0 and ¥ = 7 but the spectrum at the latter
polar angle is significantly more pronounced. We conclude that the electron emits preferentially
to its initial direction of propagation. This observation is easily interpreted classically. Since a
relativistic electron initially carries an amount of energy much larger than it can absorb from
the laser it will not change its initial direction of propagation significantly. An electron moving
with relativistic velocities (e.g.5 2 0.1), however, emits radiation mainly around its propagation
direction [1]. We may therefore regard the concentration of emitted radiation to angles close to
¥ = 7w for high vy as relativistic focussing. But still in Fig. the emission probability at the
polar angle ¢ = 0 is higher than at ¢ = 7/2. This observation proves that at an initial electron
momentum of approximately P = 10° €V still the THOMSON scattering pattern dominates over
the relativistic focussing. For higher incoming electron momenta we expect these two features
to exchange importance and relativistic focussing to be the dominant feature in the emission
spectra.

Next we show spectra for an incoming electron momentum equal to its rest mass P = m in

Fig. 3.4

Wpeax = 0.763739 Wpeax = 1.30378 Wpeak = 4.45135
dE _dE_ dE
0.0000;"" 0000058 %" 0.00005%"
0.00002 0.00002 0.00002,
{ 0.000015 © 0.000015 * 0,000015 )
0.00001 0.00001 0.00001
5.x107° 5.%x107° 5.x 10°°
0 5 10 5 w'lev] 0 5 I TR e 0 5 T I i
Wrheo = 0.763736 Wrnee = 1.30378 Wrheo = 4.45138

Figure 3.4: Emitted frequency spectra for 79 = v/2 < P = m and polar angles from left to
right J =0, 3, .

In the diagrams Fig. we find the emission amplitude at ¥ = 7/2 to be larger than at
¥ = 0 and the relativistic focussing starts to dominate the emission spectra over the THOMSON
scattering pattern. Hence the spectrum of emitted energy at ¥ = 7 is overly pronounced and
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features a considerably higher amplitude than the emission spectra at the other two angles.
For even higher initial electron momenta relativistic focussing will increase this discrepancy in
emission amplitudes and at smaller scattering angles the observable emission will become ever
less.

Up to now we found very good agreement between the frequencies wpe and wrpe, plotted
above and below every spectrum, respectively. We therefore claim the shift of these spectra’s
maxima to be due to a relativistic DOPPLER shift. However, this does not hold for arbitrarily
high initial electron momenta. To choose a very large y-factor we take the largest electron
momentum achieved at SLAC up to now [37]. This would be a momentum of P ~ 50 GeV
corresponding to v, ~ 10°. In Fig. we plot the resulting emission spectrum exclusively at
¥ = 7 for at smaller angles there is no emission.

Wpegk = 1.82263 x 1010
dE
dew d7
100000~

80 000F

60 000}

40000F

20000F

. . . TeV
0 Lx 10" 2.%10"%  3.x10"" 4.x10"° 5.x IDW [eV]

Wrnee = 3.05485x10™°

Figure 3.5: The emission spectrum for vy = 10° <& P ~ 50GeV at ¥ = 7

In this spectrum we find not only the theoretically predicted frequency wrne, to differ from
the actual spectrum’s maximum frequency by almost a factor 2 but also has the shape of the
spectrum changed obviously with respect to Fig. To understand this deviation between
wpeak and the prediction from Eq. we analyze the quantity wpe, for very large vo > 1
and at ¥ = 7. In that case we may approximate 8 = 1/1 — ;> ~ 1 — (278)71 and express Eq.

(3-8) as
WTheo =~ 4(*‘)* 73

The blue shifted central frequency of the incident laser pulse thus is growing quadratically in
7. Now looking back at Eq. (2.32) we see that there exists a maximally allowed emission
frequency which for large vy and 9 = 7 reads as

WMax =~ M 70

i.e. is growing linearly in 7y. So from comparing the latter two equalities we already infer that
at some value of vy the blue shifted central frequency of the incident laser pulse will exceed the
maximally allowed emission frequency. And indeed if we plot the quantities wrneo and wyayx in

dependency of v, we find Fig. [3.6]
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Figure 3.6: Evolution of Eqs. (2.32) and (3.8)) for large v,

Here we note that for 79 = 10° what we identified as the largest y-factor attainable at SLAC
the laser’s blue shifted central frequency wrpeo, lies already close to wyay. For such large vy
the high energy parts of the spectrum consequently may not be emitted any more which will
distort the emission spectrum just as seen in Fig. [3.5] This effect is further enhanced at an
initial y-factor of o = 0.5 - 10°. This corresponds to an electron energy of € ~ 250 GeV which
up to date has been achieved only at the SPS at CERN [26]. The resulting emission spectrum

is shown in Fig.
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Figure 3.7: The emission spectrum at ¥ = 7 for 79 = 511000 & P =~ 260 GeV

We see that the factor by which wrpe, €xceeds wpear has increased to four. So for very large
o the emission spectra will not have their maxima at the blue shifted central frequency of
the incident laser but at smaller frequencies. Furthermore the spectra will change their shapes
to be more and more peaked towards their high energy cutoff. This latter effect was already
discovered by HARTEMANN et al. who labelled it kinematic pileup [38].

We can put this discussion on mathematical grounds. Looking back at section to the
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3.3. ENERGY SPECTRUM

equations (3.143.4)) and their derivations we find that the parameter functions are of the form

fioc/ .oty (3.9)

[e.9]

That means they are expressible as FOURIER transformations of some function of the variable
x represented by the dots in Eq. (3.9). This transformation can be seen as a transformation
from the time space to the variable K3. This variable in turn is written for ¢ =«

/
_p
K3:2Tw(€ )

S 3.10
e+ P — 2w ( )

As long as W' < € from (3.10) we find K3 o« w’. So in that case Eq. can be interpreted
as a FOURIER transform into frequency space. Hence it is obvious that the emission spectra
will reproduce the blue shifted incident frequency distribution. Instead if W’ — wyax it Will be
K3 — oo and the rapidly oscillating exponential in Eq. will let the paramter functions f;
go to zero. This causes the distortions of the energy spectra for large emission frequencies. We
will actually analyze this behaviour closer in section [}
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Chapter 4
High intensity regime

The opposite case of the low intensity regime is that of highly relativistic laser intensities
characterized by an intensity parameter £ > 1. We are going to consider values of the non-
linearity parameter up to & = 1000. For optical radiation this corresponds to a laser intensity
of I ~ 10 W /cm?. Even though such high intensities are not available nowadays they will be
reached within the next few years for instance at the ELI [30]. In addition we will consider
initial electron energies of € ~ 500 MeV. Such high energetic electrons can be produced at a
number of experimental facilities as e.g. in Germany DESY in Hamburg or BESSY in Berlin
[39,40]. Of course electrons can also be accelerated to such high energies at CERN or SLAC.
However, there exist different parameter regimes considering the incident electron’s relativistic
factor 79 and the pulse duration 7.

4.1 Strong field approximation

The first parameter regime we consider is called strong field approximation and covers parameter
configurations in which v is allowed to be of the same order as the nonlinearity parameter &
and the pulse duration 7' is fixed. From Eq. (2.14) we know that the amplitude of the electric
field depends on the intensity parameter £ via
_omg
2T
From the fact that in the strong field approximation we consider the pulse duration 7" to be
independent of & we conclude that in the limit & — oo the electric field amplitude grows like

E~E

This is the reason for naming this approximation strong field approximation. In the strong
field limit we consider 7 to grow asymptotically like the nonlinearity parameter £ and thus the
electron absorbs an amount of energy from the laser comparable to its initial energy. Then from
classical calculations it is known that in this case the dynamics of the electron when scattered
by the laser pulse is very rich and interesting.
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4.1. STRONG FIELD APPROXIMATION

4.1.1 Asymptotic behaviour of the process parameters

From solving the classical equations of motion of an electron inside a plane wave one can
deduce a few scaling properties in the limit of very strong lasers [1,6,41|: Since we are allowed
to consider growing initial electron energies in the limit of large laser intensities the sum ¢ + P
which occurs frequently in our calculations will scale linearly in £&. Furthermore an electron
with no initial momentum in y-direction scattered off a laser pulse which is linearly polarized
in the z-z-plane classically will move exclusively in this plane. Solving the classical equations
of motion we find it to move on a typical trajectory as shown in Fig.

[ R T T S T T e S s s s s il

z
Figure 4.1: Classical electron trajectory

which points towards positive x values in our special reference frame only. Due to relativistic
focussing the emission thus will be confined to azimuthal angles of the order ¢ ~ =1 which
scales as the inverse of &.

Written as asymptotic relations the previous statements read

e+P ~ ¢

o ~ &L (4.1)
In our calculations quantum effects play an important role as soon as the electron experiences a
considerable recoil. Eq. (2.32)) states that this will happen if the emitted photon frequencies w’
approach wy.c. Thus we distinguish the two regimes w’ < wyax and W' < Wy, Where quantum
effects are negligible and have to be considered, respectively. In the first regime there are a few
more additional asymptotic properties to be concluded from classical considerations. The most
important result is that the frequency of the predominantly emitted photons will scale as the

initial photon frequency w* times 73 ~ & [1]. Then with the first and second line of Eq. (2.31)
we conclude the scaling properties in the case w' < wyay to be

CL)/N(.U*")/:S ~ 63
p=—k ~ &
py=—ky ~ &
€—py ~ & (4.2)

Here we have to point out that classically the electron momentum components are expected to
scale as p| ~ £ and p), ~ const. for & — oo. This difference is due to the energy momentum
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CHAPTER 4. HIGH INTENSITY REGIME

conservation apparent in quantum electrodynamics.

In the regime o’ < wyay the scaling property o’ ~ & will no longer be valid. Investigating the
asymptotic properties of wyax we find this maximal emitted frequency to scale linearly in the
nonlinearity parameter & as it holds

e+ P

T eost)] ~ & (4.3)

Whlax =
So at some critical value of the nonlinearity parameter £ the predominantly emitted frequencies
will be close to the cutoff. From then on they will scale linearly in £ rather than with its third
power since they must not exceed wp.y. The phenomenon that the predominantly emitted
frequencies of the emission spectra will grow like w’ ~ &3 while the cutoff frequency scales as
Whax ~ & is reminiscent of the kinematic pileup as discussed in section where we already
reasoned that it is this difference in the scaling properties that will lead to the typical distortions
of the emission spectra in the parameter regime where quantum effects become important. We
derive the asymptotics in the regime w’ < wyrayx

woo~ €
pn=-k ~ ¢
py = —kiy ~ const.
€ —py~ — 0. (4.4)

Having the approximations (4.2), (4.4) and 7o ~ £ at hand we state the asymptotics for the
parameters a, 3 and K3 in the case W' < wax

a:—méT/kll ~ &

€ —D3

- m?ET W (1 - cos(v))

2 (¢—ph)(e+P)

K3:2Tw (e—i—/PC(,)s("z?)) e
€ —D3

0=

as well as in the case W' < wWyax

B~ (4.6)

KgN

Here it is important to note that in both cases the third asymptotic relation cannot hold if
1+ cos(d) ~ &1 ie. cos(?) is very close to negative unity. Thus we will have to restrict our
calculations to angles 9 not too close to .

So in the strong field approximation in both frequency regimes the parameters «,  and K3 scale
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4.1. STRONG FIELD APPROXIMATION

with a power law of the large nonlinearity parameter . Since these parameters consequently
are very large in the strong field limit so will be the phase of the parameter functions (see Egs.
(2.26])). Then we can obtain analytic approximations for the parameter functions by applying
the method of stationary phase. The idea of this method is to approximate the integral over
a highly oscillating function by its function values at the stationary points of the integrand’s
phase. It is explained thoroughly e.g. in [42].

4.1.2 Parameter functions

We recall that the parameter functions are

fi= ¢t (50-5) /00 dz Gy(z) 9@, (4.7)

o0

with the exponential argument function
g(x) =1 (2arctan [tanh(x)] — 8 tanh(2z) + K3 ) . (4.8)

and the preexponential functions G;(x)

Golz) — —K%(acl(x)—wz(:v))
Gi(x) = sech(2x) (4.9)

Go(z) = sech?(2z).

We mention already at this point that the preexponential functions are easily evaluated at the
stationary point zo. In appendix [D] we find that the condition ¢'(z¢) = 0 distinguishing this
point can be written as N -

. 00
55 i T (4.10)
where oy is defined in Eq. (D.5). The asymptotic behaviours are o/ (2(3) ~ const. and gy ~
const. In the limit & — oo this returns a real stationary point only if

sech (2z9) =

«
0<—<1 4.11
<55 < (1.11)

is fulfilled. Hence we conclude ¢ > 0. Since a complex stationary point would lead to expo-
nential damping of the parameter functions the main region of emission will be

%)
9> Vnn = 2 arccot | —— 4.12
B (2 Y0 ( )

1
T—U > .

£
Considering £ = v gives the sample value J;, = 126°.
Another important consequence from Eq. (4.12)) is that in order to have the laser pulse to reflect
the electron - i.e. Yy < 90° - we need to have £ > 2. This condition corresponds exactly to
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CHAPTER 4. HIGH INTENSITY REGIME

the condition for electron reflection found classically [3].

It is possible to find a classical analogue for the condition . The classical trajectory of an
electron in an external laser field described by Eq. was depicted in Fig. [£.1] We have to
pay attention that for £ > 1 and 7y > 1 the electron will already move at relativistic speed
when it enters the pulse and there it is even further accelerated. The electron then will emit
radiation only into a very narrow cone around its instantaneous direction of motion [1]. If we
now have a look at Fig. we find that there should be a maximal angle of deviation from the
electron’s initial direction of propagation. In Fig. this angle is labelled 6.

Figure 4.2: Maximal angle of deviation from the electron’s initial direction of propagation

While the electron propagates inside the laser pulse its velocity vector never points to a polar
angle smaller than m — 6. Hence there will be no radiation detectable at smaller polar angles.
This minimal observation angle 7 — 6, corresponds exactly to Ui defined in Eq. (4.12).

In the sense of the method of stationary phase the oscillating function will only contribute
appreciably to the integral in the very vicinity of the stationary point. We make use of this
behaviour by expanding the argument function of the exponential into a TAYLOR series around

the stationary point
N

. 1 d®
g(x) = Z HWQ(I)

CC:xo(x — )", (4.13)

The term (x —xy) may be considered to be small for the integrand oscillates heavily if evaluated
far away from the stationary point zy. In fact we are going to show that it is only necessary
to consider values of x lying so close to the stationary point that © — z9 ~ £~ will be the
effective region of integration. So in some sense in the limit of large £ we expand the transition
probability in powers of the small quantity ¢! while in contrast to that in the limit of small &
we expanded the transition probability in orders of ¢ itself.

For convenience we define the TAYLOR expansion of g(x) up to third order as another function

1 1
gr(z) = go + §g6’ (x — :1:0)2 + 696” (x — :L’O)3 (4.14)

"

with the definitions go := g(z0), 9 = ¢"(x0) and g}’ := ¢"(x).
In the expansion (4.14]) the first derivative does not show up because x( is a stationary point
distinguished by ¢'(z¢) = 0. The third derivative needs to be taken into account since the terms

gt (x — 0)” and g (x — x0)” yield contributions of the same order in the limit & — oo. To
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4.1. STRONG FIELD APPROXIMATION

verify this statement we make use of the relations (D.10) and (D.11)) which state gj ~ £* and
gy ~ €. In the spirit of the method of stationary phase we need to consider only such values of
x in the integral which yield no highly oscillating exponentials what can be understood as the
demand that the argument of the exponential has to be of order unity. So we only have to take
values of the integration variable z into account so close to the stationary point xg that it holds
(x —xg) ~ (98)71/2 ~ &1, Considering only values of x fulfilling this demand we immediately

"

notice that g (z — z¢)° ~ 1 holds as well. Every higher derivative of g(z) evaluated at the

stationary point is proportional to £ as well and for n > 3 it holds ¢(™ (x—mp)" ~ & 200,
We consequently drop every higher derivative in (4.14)).

By the same token we replace the preexponential functions by their expansions around the
stationary point.

1
Gilw) = Gio+ Gio(x — 20) + 5 Gy (2 — w0)" (4.15)

Once again for reasons of convenience we defined Gi(xo) =: Gio, Gj(20) =: G} and G} (x9) =:
1
i,0°

The general form for the asymptotically expanded parameter function we are going to consider

then looks like

. oo 1
£ o~ et(5eh) / dx (Gw + Gz — x0) + §G2/,0 (z — xO)Q) eI7(®@) (4.16)

correct up to terms (z — x¢)® in the preexponential and up to (z — x¢)* in the exponential
function.

A simplified form of Eq. (4.16]) can be written as

. 1
fZ- ~ eﬂ(iafﬁ) [02‘7010 + G;()Zl + 5 ;,’01_2:| (417)
where we defined the integrals
7= / (z — 20)" 9@ du. (4.18)

Their computation is possible on grounds of the method of stationary phase and performed in
appendix [D} The in the limit £ — oo asymptotically correct results are

Ty ~ 4 cos(S(g0) (—27?3);’/& ()

I = i %IQ (4.19)

To ~ 8cos(3(go)) (_3)

ol

= (n? AL ) +m AT ()

with the first AIRY function Ai(x) and the definitions

2

h3 3 1 L
n=\"3, b o h=90leoe 5 9= 100 e
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4.1.3 Energy spectrum

To obtain emission spectra in the strong field approximation we insert the asymptotic expan-
sions into the general formula (2.29). However, we will not plot the actual energy spectra
but much rather their envelope functions. We choose to do so because in the actual spectra
there will occur numerous minima and maxima lying very close to each other. These structures
are due to destructive interferences as we will show in section [5l

We begin with presenting the energy spectrum for the parameters vy = ¢ = 100. According to
Eq. this corresponds to a quantum parameter of y ~ 0.02. From Eq. we find that
with this choice the minimal angle where radiation is expected is Vi, ~ 126°.

50
d=127°
40
¢ = 135°
30 ¢ = 163°
d&
dw'dQ ,,

10

0 p =
0 2.x105 4.%105 6.x10° 8.x10% 1.x107 1.2x107
w' [eV]

Figure 4.3: Power spectra for different scattering angles and & = ~, = 100.

In this figure we plot ¥ = 127° as the smallest scattering angle. At this observation angle the
energy spectrum extends to substantially smaller emission frequencies than at larger angles.
Closer to ¥y, this shift of the energy spectra to smaller frequencies and higher amplitudes
becomes even more pronounced. The maximal polar observation angle the emission spectrum
is plotted for in Fig. is ¥ ~ 163°. The reason for this is that as discussed below Eq.
for larger ¥ the approximation o ~ § ~ K3 does not hold any more. At ¥ ~ 164° e.g. we
find |B/K3| =~ 9 and for growing angles this ratio quickly exceeds ten. So to maintain the
assumptions (4.5l4.6)) we are allowed to consider only smaller angles.

Because for the above parameter choice the quantum nonlinearity parameter y is rather small
a classical calculation gives an emission spectrum comparable to ours. To verify this in Fig.
[4.4 we compare our quantum electrodynamical to a classical spectrum obtained as outlined in
section Both spectra share the same labelling of the axes as given in the left plot.
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Figure 4.4: Comparison of quantum electrodynamical and classical emission spectra for & =
Y = 100 at ¥ = 130°

Here one finds the structure of many nearby minima and maxima described at the beginning
of this chapter in the classical spectrum. The envelopes of the spectra, however, look quite
similar concerning the position of their maximum at roughly w’ &~ 10° eV and their smooth decay
towards higher emission frequencies. The fact that the amplitude of the classical spectrum which
is calculated exactly slightly exceeds the amplitude of the spectrum obtained in our calculation
only by a factor of approximately 1.2 is clear evidence for the validity of the stationary phase
approximation.

If according to Eq. we calculate the maximum frequency that may be emitted from an
electron under the given process parameters we find

6.38-107 eV for ¥ = 127°

“ntax(70 = 100) = {5.22 107 eV for 9 = 167°

and the maximum frequencies at all other angles in the range ¥ € [, Umax] lie between these
two frequencies. The frequencies actually emitted in the spectra in Fig. are approximately
one order of magnitude below the maximally allowed emission frequency as one could have
guessed since in the investigated scattering process it holds y < 1.

To investigate a process in which quantum effects are important we increase the relativistic
parameters by a factor of ten to £ = 79 = 1000. According to Eq. this yields a quantum
parameter of y & 2 hinting at the importance of quantum effects. But from Eq. and the
fact that we still have vy = £ as before we find the polar angular observation range unchanged.
The resulting emission spectra are shown in Fig.
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Figure 4.5: Power spectra for different scattering angles and £ = v, = 1000.

In the spectra plotted we find clear differences with respect to Fig. [4.3] Not only do the scales
of emitted frequencies and of the spectra’s amplitudes differ by several orders of magnitude but
also the shapes of the spectra look distinctly different. So in Fig. we find a fast decay of the
emitted energy when the emitted frequencies approach the maximally emitted photon energy.
While in Fig. the spectra exhibited a much more moderate decrease. This again is evidence
for the effect of kinematic pile up as described in section [3.3] Computing again the maximally
allowed emitted photon frequency according to Eq. we find it to be on the order of the
frequency where the fast drop off in Fig. occurs

6.38 -10% eV for 0 = 127°

“tax(70 = 1000) {5.22 S10° eV for ¥ = 163.5°.

So we conclude that as soon as the quantum parameter x becomes of order unity the emitted
photons will approach their maximally allowed frequencies. This interpretation of the kinematic
pile up found in Fig. clearly hints at quantum effects which due to energy momentum
conservation prevent the emission of higher energetic photons.

We may now turn to the case where 7y and ¢ actually are on the same order of magnitude but
not equal. Reminding ourselves of the discussion in section we remember that in order
to observe back-scattering i.e. ¥y < 90° we have to consider & > 2vy. So we choose first of
all £ =200 and vy = 100 which gives a quantum parameter of approximately y == 0.04. So we
expect the emitted frequencies still to be much smaller than the maximally allowed frequencies
whax and classical calculations to be valid. The resulting spectra are presented in Fig.
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Figure 4.6: Power spectra for different scattering angles and £ = 200 and v, = 100.

Since these spectra still represent a classical parameter regime it is most sensible to compare
Fig. to Fig. A common feature of these two sets of emission spectra is the decrease of
the spectra’s amplitudes for observation angles larger than ¢,,;,. A clear distinction of the two
spectra is that in the latter the minimal scattering angle is ¥;, = 90° as expected from Eq.
(4.12)).

To analyze the scattering in the case £ = 2+, in a regime where quantum effects have to be
taken into account we plot the emission spectra in the case of £ = 1000 and vy = 500 such
that we again will have emission into the same polar angle regime as we had in Fig. 4.6 The
quantum parameter y in turn will be approximately unity as we compute from Eq. (2.34). The
spectra are shown in Fig. [4.7]

2000
—  ¢=90.5°
1500 — ¢ =100°
d=151°
d&
—— 1000
dw'dQ
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0 —
0 5.%x107 1.x10% 1.5x10% 2.x10® 2.5x10® 3.x10® 3.5x 10%
w' [eV]

Figure 4.7: Power spectra for different scattering angles and £ = 1000 and ~, = 500.

In these plots we find once again the effect of kinematic pile up for large vy confirmed.
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4.1.4 The special case ¥ =7

As mentioned in section [3.3|an electron with large o will emit most of its radiation into a narrow
cone around its propagation direction. Furthermore subsequently to Eq. we found that
for £ < 27 in any case we will have ¥,;, > 90° i.e. emission only into the electron’s initial
direction of propagation. The spectra for the polar angle ¥ = 7 hence are of great interest for
the understanding of the radiation pattern of an electron moving in a high intensity laser pulse.
However, looking back at Eq. we find

a|ﬁ:w,0 = 0.

Consequently our assumption o ~ 3 ~ K3 breaks down and we recapitulate the discussion for
a = 0. From Eq. (2.33) we derive the explicit expressions for § and K3 at ¥ =7

m2&2T 1 1
= — — 4.2
s 2 e+P—20w €+ P (4.20)
W' (e — P)
Ky = 27—~ 4.21
3 e+ P — 2w ( )

which in this special case are connected as

52
6= _KSE' (4.22)
Hence we conclude that if 3 ~ &3 as generally shown in Eq. it must hold K5 ~ £ < £ ~ f3.
This does not contradict our previous estimates of K3 as can be seen from the last line of Eq.
([.5). Hence in the large exponent we only have to include the part of g(z) proportional to S.
The parameter functions are then given by

fi = e 2R (/ Gy(x) e K37 o110 tanh(22)q x) (4.23)
0

In this we may treat G;(z) exp [i K3z] as the preexponential function since it oscillates slowly
in comparison to exp [—1  tanh(2z)]. However, because of

2

d
— tanh(22) = ————
anh(2z) cosh?(2)

#0fa. z€eR
dx

the parameter functions contain no real stationary points for ¥ = 7. But an integral over a
highly oscillating function which features no stationary points is very small. We hence conclude
that in the limit of large ¢ the radiation emitted into this angular regime will be negligibly small.
Physically this can be understood such that a very strong laser scatters even highly relativistic
electrons considerably from their initial direction of propagation. Then the electrons will not
move towards ¥ = 7 and thus not radiate significantly into this angular region.
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4.2 Constant field approximation

The second parameter regime we consider is called constant field approximation and covers
parameter configurations in which the pulse duration grows like 7" ~ ¢ the while electron’s
relativistic parameter vy as well as the electric field strength &£ are fixed. This parameter
region is the same as considered in [13]. To interpret the physical situation described by the
assumption

E>1 : o ~ const. ; & ~ const.

we state the realization of this limit as presented in [13]: From Eq. (2.14)) it is obvious that the
limit £ — oo can be regarded equal to the limit 7" — oo in such a way that the electric field
amplitude remains constant in the limit of large £. We thus conclude that

Trésl (4.24)

holds in the constant field limit. As we see from Eq. (2.14) it holds for the electric field
amplitude

& x % ~ const. in the limit £ — oo

whence the reason for calling this the constant field approximation is evident. To keep the
amplitude of the electric field constant while increasing the parameter 7" corresponds to increase
the parameter £ at the expense of a longer pulse duration. Physically this can be interpreted
such that the laser pulse in this approximation is so long that for the time of interaction we may
consider its electric field to be constant. But since the parameter 7' is connected to the temporal
duration of the laser pulse its growing large somehow puts constraints on our intention to treat
ultra-short laser pulses. However, the constant field limit physically is realized if one does not
consider optical but e.g. far-infrared single-cycle laser pulses [43]. Even if such pulses contain
only half a cycle of the electric field they feature pulse duration of a few hundred femtoseconds.
So their electric fields may considered constant during the emission of a photon by an electron.

4.2.1 Asymptotic behaviour of the process parameters

The contrast between the constant and the strong field approximations will definitely lie in the
behaviour of the involved parameters a, § and K3. So we need to recapitulate the discussion
of section [1.1.1] considering the asymptotics of these parameters.

First of all we consider the same classical asymptotics as in the strong field limit. We
assume € + P ~ vy where 7 again is the electron’s relativistic factor before scattering. Here,
however, we find the first important difference to the strong field case namely that this factor
will remain fixed in the limit ¢ — co. Since the electron’s initial momentum is fixed in the
limit of large £ it will hold £ > vy and the electron will absorb much more energy from the
laser than it initially carried. So even if initially it was not relativistic it will be accelerated
to relativistic velocities inside the laser pulse. Then due to relativistic focussing the electron
will emit radiation mainly close to 1 = 0 in our special reference frame. The polar observation
angles at which we expect radiation will then be of the order ¥ ~ ¢~!. Paying attention to
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(w*)f1 ox T ~ & from the first line of Eq. 1} we find that the predominantly emitted photon
frequencies classically are expected to scale as

W'~ €2, (4.25)

Since for ¥ ~ £ it holds 1 —cos(¥) ~ £72 the cutoff frequency defined in Eq. ([2.32)) also scales

as
e+ P

WMax = ™

M cos (V)

So the cutoff frequency will asymptotically grow with the same power of £ as the predominantly
emitted frequencies. Consequently it is not necessary to distinguish the regimes w’ < wyax and

W' < wyax. With this observation in combination with Egs. (2.31]) we complete the asymptotic
properties valid in the constant field limit

~ &2, (4.26)

1

()0 ~ ’19 ~ —_

3

p=—k ~ ¢
py = —kij ~ const.

W' —k; ~ const.
€ —py~e+ P ~ const. (4.27)

and thus

K 3
C(:—me/ -~ £
€ — D3
m2&2T w =k
2 (€—p3)(e+P)
w' (e + P cos (¥
Ky ol Pes )
€ —DP3

~ & (4.28)

0=

So also in the constant field approximation «, 3 and K3 approximately grow like &3

4.2.2 Parameter functions

We found that the parameters o, § and K3 also in the constant field approximation are large.
Now we need to recapitulate the discussion of the parameter functions f; as given in section
for it is not trivially clear that they also will exhibit the same asymptotic behaviour as in
the strong field approximation. For this purpose we again start from the expressions

f, = et (30-5) / dz Gy(x) e9@. (4.29)
Since the argument function of the exponential is the same as in the strong field approximation
its derivatives and hence the stationary point as well will be distinguished by

« . 0o

-0 (4.30)

sech(2xy) = ﬁ_n§
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4.2. CONSTANT FIELD APPROXIMATION

The minimal observation angle as defined in Eq. (4.12)) is found to be

§
Yo cos(¢p) (1 +,/1— %)

7

Omin = 2 arccot (4.31)

This angle actually scales as ¥pin ~ £~ what confirms our classical prediction from section
that emission will mainly be detectable in the polar angular regime

1
§
Umin < 1 (4.32)

v
v >

Looking back at Eq. we now essentially have to answer two questions to find the asymp-
totic expansions of the f;:

First, is the quantity oy also a constant in the constant field approximation? This would allow
us to neglect the imaginary part of zy in the asymptotic limit and as long as condition (4.11)
is satisfied.

And second, do we have to take the same orders of derivatives of the exponential function g(z)
into account i.e. are ¢”(x)(x — x0)? and ¢"”(z)(z — x¢)® of the same order as they were in the
strong field approximation?

To answer the former question we first of all show that in the constant field approximation & ~
const. indeed is valid. To this end we make use of the first line of Eq. (4.27). Putting these
relations together we find k) = w’ sin(d) sin(p) ~ 1. Then with the third and the fourth line of

Eq. (4.27) we find

oo ~ 1+ (1+ ) ~ 1.

So also in the constant field limit it holds oy ~ const. and for & — oo we may neglect the
imaginary part of the stationary point x.
The second question can be answered by looking at the definitions (D.10) and (D.11]).

tanh(2zo) S
R Ll ey 4.33
L i cosh(on)Uoﬁ (4.33)
. (tanh(2z) ,
"o 16 ) g 4.34
90 1 (COSh(Ql’Q)) ﬁ g ( )

Now from the first two lines of Eq. we know that o and /3 also in the constant field
approximation are of the same asymptotic order. We thus conclude that the stationary point
xo which goes to 9 — arsech (a/ (23)) in the limit £ — oo is asymptotically independent of
the intensity parameter . From this observation we deduce

R DT (435)
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CHAPTER 4. HIGH INTENSITY REGIME

as can be seen from Eq. (4.28). Analogously to the line of arguments in section we conclude
that in the integrals (4.29) we have to take into account only those values of the integration
variable x for which holds (z — xg) ~ ¢! whence we infer

gy (. — x0)2 ~ gy (x — m0)3 ~ 1.

We consequently may treat the parameter functions f; in the constant field limit in exactly the
same way as we did in the strong field limit.

So adopting the derivation from appendix [D] of the asymptotic expansion for the f; we state
that in the constant field approximation for large ¢ we may use the formulae for the
necessary combinations of the parameter functions.

Nevertheless one has to pay attention to the different regimes of the process parameters ¢, v
and vy one is allowed to consider in contrast to the strong field approximation.

4.2.3 Energy spectrum

Inserting the expansions into Eq. and using the parameter regimes we found in
the previous sections we can plot the power spectrum. As process parameters we choose an
electron initially at rest 79 = 1 < £ and observation directly in the direction of the laser’s
polarization ¢ = 0. Additionally to be consistent with Eq. (4.24) we put T [e\/’l} = ¢.

To verify the last asymptotic relation in Eq. we are going to plot the spectra for different
intensity parameters £. But to do so we need to pay attention to Eq. . From this relation
we conclude that for ever increasing ¢ smaller observation angles need to be considered. The
asymptotic behaviour w’ ~ €2 will be found only at the respective minimal observation angles
Umin = Umin(§). We begin with presenting the emission spectra at different observation angles
¥ for an intensity parameter & = 100.

40000 = = 1130

— ¢=15°
30000
de d=2"

(o]

dw' dQ 20000

10000

0 5000 10000 15000 20000 25000
w' [eV]

Figure 4.8: Power spectra for different scattering angles and & = 100 and vy = 1.
In these spectra we immediately see that for angles ¥ > ¥,,;, the spectra’s amplitudes decrease

quite fast. We interpret this behaviour as a proof for the condition that polar observation
angles under which we find considerable radiation need to be on the order of ¥ ~ £~ and for
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4.2. CONSTANT FIELD APPROXIMATION

larger angles the radiated power is strongly suppressed. Physically this behaviour also is easily
understood since the condition & > =, states that the electron absorbs far more energy from
the laser pulse than it initially carried. In the case 79 = 1 under consideration here the electron
initially even carries only its rest mass energy. Thus the electron will be strongly accelerated
into the laser pulse’s initial direction of propagation and thus radiate predominantly into the
polar angle region close but not equal to 9 = 0 (compare section .

Next we plot the emission spectra for small ¥ in the case of ¢ = 200 and & = 1000. In the

800000
—  3=0.65°

600000 — =757

d=1°
de&
400000
dw'dQ
200000
0 '
0 20000 40000 60000 80 000 100000

w' [eV]

Figure 4.9: Power spectra for different scattering angles and £ = 200.

spectra obtained for & = 200 we find that except the scaling of the axes and the emission angles
nothing has changed in comparison to Fig. Even if we increase the intensity parameter to
& = 1000 the shapes of the emission spectra remain unaffected as shown in Fig.

5.x10°
—  9=0.13°
8
4.%x10 —  §=0.15°
3.x10° =02
d&
dw'da
2.x10®
1.x 10®
0
0 500000 1. x 108 1.5 x 10° 2.% 108 2.5% 108

w' [eV]

Figure 4.10: Power spectra for different scattering angles and & = 1000.

This absence of any kinematic pile up is evidence for the unimportance of quantum effects.
Comparing the red spectra in the three figures - we find the maximally emitted fre-
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quencies at angles close to the minimal emission angles

WhMax (5 = 100) =~ 2000eV = WhMaz,0
WMaz (5 = 200) ~ 8000eV =4 WMaz,0
Wiraz (€ =1000) & 2-10%eV 2~ 100 wiaz,o-

This is in fact the classical scaling with &2 expected from Eq. . From Eq. we
conclude that for 79 = 1 and & = 100, 200, 1000 we obtain the quantum parameter of y ~
¢/ (2mT) ~ 1075 if we always consider T [eV™'] = £ We thus could have expected that
classical calculations would have given correct results.

However, of course it is possible to observe quantum effects in the constant field limit. In an
experimental facility such as ELI promising to provide nonlinearity parameters of the order
¢ ~ 10* in an optical laser system an electron with an initial energy of a few ten MeV would
satisfy 79 < £. Hence the constant field limit should be applicable and quantum effects are
expected. Another possible experimental realization of the constant field limit would be an
ultra-intense and ultra-short micro-wave laser pulse where the electric field can be considered
constant over the time of photon emission.
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Chapter 5

The intermediate case

In the case of intermediate values for the parameter & none of the approximations employed
in sections [3| and 4| is applicable. This is obvious from Eq. because the exponent of the
parameter functions will neither be small allowing for an perturbation theoretical expansion into
a TAYLOR series nor will it be large causing rapid oscillations making an asymptotic expansion
feasible. So the only way of obtaining spectra in the intermediate intensity regime will be a
numerical evaluation of the parameter functions and subsequently the energy spectrum
. We choose the incoming electron momentum to be very large. Recapitulating Eq.
we find

w
X~ &% —. (5-1)
m

For £ ~ 1 Eq. reveals that y will be on the order of unity for initial electron momenta
Yo ~ mjw. For optical radiaion (w ~ 1 eV) this corresponds to an initial electron energy of
roughly 250 GeV as already obtained at the SPS at CERN [26]. We will use such large 7-
factors to investigate at which values of the parameter y the regime of applicability of classical
calculations is left and quantum effects dominate the emission spectra. It will turn out that
as long as x < 1 classical calculations give sensible results what we view as proof that the
parameter y may be used to distinguish the quantum from the classical regime. Additionally
Yo > € indicates that the electron initially carries much more energy than it can absorb from the
laser. Its initial direction of propagation thus will be changed only marginally and we can choose
to observe the emitted radiation exclusively at the polar angle ¥ = 7. In contrast to the previous
discussion in section this is not problematic since we do not apply any approximation but
integrate the parameter functions numerically. So in the following discussion we will always
present a spectrum obtained through direct integration of Egs. and compare it to a
emission spectrum calculated classically (s. section .

We begin with spectra obtained for vy = m/ (200 w) corresponding to an initial electron energy
¢ = 1.3 GeV from which choice we infer the quantum parameter y ~ 5 - 1073. We present the

results in Fig. 5.1}
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Figure 5.1: Comparison of quantum mechanical (left) and classical (right) emission spectra for
§=1and v = 555

In these two plots we find perfect matching of the spectra. We conclude that for the chosen
parameters the classical and quantum mechanical calculations agree what confirms the classical
limit for small quantum parameters y. Besides validating the classical limit of our calculations
we have to explain an additional feature apparent in Fig. 5.1} The second maximum in Fig.
b.1] cannot be attributed to emission of a second harmonic as it lies at roughly four times the
frequency of the first maximum. We will show that the minimum between the two emission
maxima is due to interference effects. To this end it is legitimate to use classical considerations
since y < 1 is fulfilled and in Fig. we found excellent agreement with our quantum calcula-
tions. The differential energy d& emitted from a classical pointlike charge moving accelerated
on a given trajectory per frequency interval dw’ into the solid angle element df) lying in the
direction n from the point of emission is calculated via

2 co X |[(n— x [
&es e / [( B)x B ] o wlt-nT(0) gy (5.2)
dw'dQ 472 |/ (1-8-n)

which is Eq. (14.67) in [1| with ¢ = 1.

Computing the electron’s classical trajectory for the given parameters 79 = m/ (200w) and
¢ = 1 we find it to lie in the z-z-plane. Since in the azimuthal angular regime ¢ =~ 7 there
will not be any radiation we confine our discussion to ¢ = 0 and distinguish the direction of
observation by the polar angle . The electron’s trajectory was already shown in section
to look like Fig. [4.1] Because of relativistic focussing the emitted radiation observed at a certain
angle 6 is created mainly at two segments of the trajectory where the electron moves directly
into direction ¢ = 6. This is clarified in Fig.
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Figure 5.2: Segments of the trajectory where radiation observable at 6 is created

Respecting that every point on the trajectory is characterized by a unique value of the invariant
phase ¢ we replace the integral in Eq. (5.2]) by a sum over the two contributing space points
which may be distinguished by the phase values ¢; = t; — n; - r(¢;) and ¢y = to — ng - r(ts)

2

42 N o2 |1 X [(1’11 — B1) x ﬂl} ol mx() ny X [(nz — B2) x 52] R
dw'dQ 472 | (1- B o) (1- B2 my)?

(5.3)
This approximation is fulfilled the better the larger v, is i.e. the narrower the emission cone of
the electron becomes. To evaluate Eq. we note that the points ¢; and ¢, are chosen such
that the electron’s velocity vectors at both space points are equal 38; = B2 =: B, the direction
of observation is the same n; = ny, =: n = (sin(#), 0, cos(d)) and that since the electric field
is antisymmetric around its zero-point the forces acting on the electron at the two points are
exactly opposite ,31 = —,82 =: B From these considerations we may simplify Eq. to give

¢ e n><[(ﬂ-ﬁ)><6}
dw'dQ 472 |  (1-pB-n)?

2

(eﬁ w(ti—myr(ty)) efl W(t2*n2'r(t2))) . (54)

So we note that we will have d>6/ (dw'd2) = 0 i.e. the two radiation contributions from ¢,
and ¢, interfering destructively at the frequencies w,, where it holds

Wn, (tl — 1y - I'(tl)) = Wn (tg — 1y - I'(tz)) + 27 n

_ 2w n
= Wn = —nrr(h)— (t2—n21(2)) (5.5)

because there the term in round brackets in Eq. vanishes.

The method described above of course is not rigorously applicable at the polar angle ¥ = 7w
because in this direction there will not be only two but many points on the electron’s trajectory
where its velocity vector points into the observation direction. However, the frequencies of
destructive interference can by found by computing the w,, at a polar angle ¥ = 7 — ¢ and then
considering the limit ¢ — 0.

For the parameter choices made to obtain the spectra in Fig.[5.1] we find the first two frequencies
of destructive interference to be
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nl oo
1257 100 oV
513107 oV

In every further discussion of destructive interferences it will suffice to compute w; for all higher
wy, will be multiples of it. Comparing the above table with Fig. we see that w; matches well
with the first minimum in that figure and we attribute this minimum to destructive interference.
The previous discussion as well enables us to explain a second feature of Fig.[5.1] Due to x <1
the maximum frequency of the spectrum still has to be computable via Eq. (8.8). The quantity
Wrheo defined there was the maximum frequency of the blue shifted energy distribution of the
incident laser pulse. As we argued in section [3.3]in the classical limit corresponding to x < 1 the
maximum of the energy spectrum is expected to lie at wrpeo. In Fig. we show the quantum
mechanically calculated spectrum with an arrow pointing at wrneo, for 70 = m/ (200w) at ¥ = .

d&
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Figure 5.3: Quantum mechanical emission spectrum or £ = 1 and 7y = the arrow marks

_m_
200w’

WTheo

The proper explanation for the disagreement of the positions of the arrow and the first maximum
are the destructive interferences discussed above. Without this effect the spectrum maximum
would lie at wrne ~ 2 - 107 eV but due to interference effects the spectrum is suppressed at
wi. So the first maximum of the energy emission probability found in Fig. is not a physical
maximum but rather interpretable as a pseudo-maximum arising from a distortion of the spectra
due to interferences.

By increasing & the time points ¢; and t5 as well as the space points r; and 5 become more
separate and thus, looking back at Eq. , wy becomes smaller. Hence we expect for increased
¢ to observe more interference minima in the spectra. To check this we plot the energy spectra
for an increased intensity parameter £ = 5 with every other parameter unchanged. These
spectra are presented in Fig.
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Figure 5.4: Comparison of quantum mechanical (left) and classical (right) emission spectra for
§=25and v = 555

The rough appearance of the classical spectrum is due to a small numerical resolution. However,
the quantum mechanically and classically obtained spectra again agree very well. This is
expected because the quantum parameter in this case still is very small x ~ 2.5 - 1072, Again
computing the first frequency of destructive interference according to Eq. we find

wy = 1.55-107 6V

with all higher w,, being integer multiples of this fundamental frequency.

Indeed this first frequency of destructive interference is smaller than it was in the case of £ = 1
but still not as small as it should be looking at Fig.[5.4] This deviation has to be attributed to
a numerical uncertainty in our method of determining the w,.

What furthermore is remarkable about Fig. is the absence of a second harmonic maximum
despite a nonlinearity parameter £ = 5. We attribute the nonexistence of such a two-photon
absorption maximum to the shortness of the pulse which puts some difficulties on interpreting it
as a stream of photons with an frequency distribution according to Eq. . These difficulties
were already present in section where we could not expand the transition matrix element
into a FOURIER series in which the n'" term would have represented absorption of n photons.
Next in Fig. we again plot the quantum mechanically obtained spectrum with an inset
arrow at the blue shifted central frequency of the incident laser as in Fig. 5.3
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Figure 5.5: Quantum mechanical emission spectrum or £ = 5 and 7y =
WTheo
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CHAPTER 5. THE INTERMEDIATE CASE

Here we again explain the seemingly random position of wrye, in the spectrum by distortion
due to the many destructive interferences.

Having now discussed and understood the classical limit of our calculations in detail we pass to
parameter regimes where quantum effects become considerable. To this end we plot the emission
spectra for increased initial electron momenta. We choose 7y to be one order of magnitude
larger than in the previous spectra and pay attention to any significant differences between
the quantum mechanical and classical results which would hint at an upcoming importance of
quantum effects.
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Figure 5.6: Comparison of quantum mechanical (left) and classical (right) emission spectra for
§=1and y = 55

In Fig. we chose an initial relativistic factor of the electron of 7y = m/ (20w) corresponding
to a quantum parameter y ~ 5- 1072, In these spectra we find that even though the shapes of
the classical and the quantum mechanical spectrum look quite similar their scaling differs. In
the classical calculation the emission probability goes to zero at irradiated photon frequencies
of approximately w’ ~ 6 -10° V. In the quantum calculation, however, the energy spectrum
goes to zero around w’ ~ 4-10° eV. This is a first indication that at quantum parameters larger
than xy ~ 0.01 quantum effects become important albeit not so dominant that they would
change the spectra’s shapes. Computing the first frequency of destructive interference we find
w; = 2.9-10° €V which is in good agreement with the classical spectrum but slightly disagrees
with the position of the first minimum in the quantum spectrum. But Eq. was obtained
through classical considerations and thus will always yield the classical result. So at this point
we note the rise of a second class of effects determining the shape of the energy spectra namely
quantum effects suppressing emission of high energetic photons. This suppression is due to
the energy momentum conservation expressed by Eq. . As can be concluded from Fig.
this results in a seeming shift of any distinct feature such as an interference minimum in
the energy spectrum to smaller frequencies. So from now on we have to pay attention to not
only the classical effect of destructive interference but also the quantum effect of a cutoff in the
energy spectra as soon as the emitted photon frequencies approach the threshold given by Eq.
(2.32).

If we again plot the spectra for & = 5 we anew observe that the minima shift to smaller
frequencies in comparison to £ = 1 as shown in Fig.
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Figure 5.7: Comparison of quantum mechanical (left) and classical (right) emission spectra for
§=5and v = 55

In these two spectra we find the same differences as in Fig. that the classical spectrum
extends to somewhat larger photon energies than the quantum mechanical spectrum. Having
noticed that for quantum parameters on the order of a few percent quantum effects begin to
yield small differences between the quantum mechanical and the classical calculations we now
turn to even higher quantum parameters of order unity. In this case already from the four pairs
of spectra shown previously we may expect to find major differences in the two spectra. And
indeed for the choice of 79 = m/w and £ = 1 corresponding to y &~ 1 we find the spectra in Fig.
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Figure 5.8: Comparison of quantum mechanical (left) and classical (right) emission spectra for
§=land =12

In these spectra the arrows point to the same emitted photon frequency of roughly wyrax =~
2.5 - 10" eV. At this frequency the quantum spectrum shows a vanishing emission probability
while in the classical calculation the spectrum extends to considerably larger photon frequencies.
Due to £ < 7 the electron will absorb only very little energy from the laser compared to
its initial energy ¢ what in turn may be considered as an upper limit for emitted photon
energies. Computing it for the choice of 79 = m/w we find € = m?/w ~ 2.5- 10! V. This
is the cutoff frequency found in the quantum mechanical spectrum left in Fig. Since
in the classical calculation there is no restriction on the emitted photon energies the emission
spectrum stretches to photon energies larger than the electron’s total energy. This is unphysical
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and thus the classical predictions lose validity. So obviously as soon as the quantum parameter
X approaches unity not only the scales of the emission spectra but also their shapes will differ
fundamentally from the classical predictions. These differences as can be presumed from Fig.
[.§ arise because the emitted photon energies approach the total energy of the electron. If
we again calculate the first frequency of destructive interference w; from Eq. we find
wy = 1.2-10"2eV what is in good agreement with the classical spectrum in Fig. [5.8] In the
quantum spectrum on the other hand we don’t find any minima at all and additionally have
radiation only at emitted photon energies substantially smaller than w;. So we note that for
X ~ 1 no longer classical effects such as destructive interference determine the energy spectra
but much rather quantum effects as the energy cutoff at wyray.

An even more interesting graph can be obtained if for the case of x on the order of unity one
increases the intensity parameter to & = 5. In that case the resulting spectra look as shown in

Fig.
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Figure 5.9: Comparison of quantum mechanical (left) and classical (right) emission spectra for
§=5and v ="

The arrows again point to the cutoff frequency of the quantum spectrum and obviously the
classical spectrum is unphysical. In the quantum spectrum we find two classes of effects at
once. These are on the one hand the classically explainable destructive interferences leading to
the emission minima and on the other hand a quantum mechanical energy cutoff shifting these
minima to seemingly smaller photon frequencies w’. This shift additionally causes the minima
to lie closer together the closer these minima lie to the cutoff frequency.

Summing up all this discussion we have seen that the quantum parameter y is well suited to
distinguish processes in which we may neglect or have to respect quantum effects. Furthermore
we have seen that the energy spectra especially in the case of x ~ 1 exhibit a rich structure
due to classical as well as quantum mechanical effects.
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Chapter 6

Changed carrier-envelope-phase

Up to now we only considered the case where the carrier-envelope-phase (CEP) was fixed.
We can assume it was zero. However, since for laser pulses as short as we are considering in
this work it is complicated to control this phase experimentally it is of great importance to
understand the influence of a changed CEP on the emission patterns. In fact, as we will see in
this section, from the angular distribution of the spectrum one can obtain information about
the CEP of the ultra-strong and ultra-short laser pulse.

To obtain energy spectra in the case of a changed CEP we basically follow the procedure from
sections [2.3] and albeit in an abbreviated form. The pulse described by the electric field
shape can be imagined as a sine shaped by a hyperbolic secans as envelope function
E(¢) x sin(¢)sech(¢). Introducing a relative phase between the carrier wave and the envelope
then corresponds to considering the electric field E(¢) o sin(¢+ ¢g)sech(¢). We can decompose
this according to sin(¢+ ¢g) = sin(¢) cos(¢pg)+cos(¢) sin(¢pp) into a superposition of two electric
fields E4(¢) o sin(¢)sech(¢) and Ey(¢) o cos(p)sech(p) = sin(¢ + 7/2)sech(¢).

Since the case ¢y = 0 has already been covered it is sufficient to consider the case of ¢y =
7/2 and to expect that the electron’s dynamics in a laser pulse with arbitrary CEP will be
determinable from these two cases. The electric field shape Ey(¢) is depicted in Fig.

E; ()

—-02F

—04r

Figure 6.1: Electric field shape for ¢g = 5

95



CHAPTER 6. CHANGED CARRIER-ENVELOPE-PHASE

We model such a laser pulse with a CEP ¢y = 7/2 by the four potential

B tanh(¢)
AF = ad! cosh (0) (6.1)
corresponding to the electric field
E(¢) = %sech (¢) (2sech” () — 1) n (6.2)

where n again is a three-dimensional normalized vector pointing into the laser pulse’s direction
of polarization and & is the electric field’s maximal amplitude. The electric field (6.2)) looks in
dependence of the invariant phase ¢ as shown in Fig.

&(¢)

Figure 6.2: The electric field arising from (6.1)

This field shape is in good agreement with Fig. We additionally note that the function
sech (@) (2sech® (¢) — 1) has a maximum value of 1 as can be seen from Fig. . Thus the
connection between the electric field’s maximal amplitude £ and the intensity parameter &
looks a bit different from the case of vanishing CEP inasmuch as in Eq. we may drop
the additional factor 2 and thus write

= —— =——. 6.3

3 - o (6.3)

To further characterize the laser pulse described by Eq. (6.1) we have to determine the central

frequency of the frequency distribution contained in it. To this end we FOURIER transform the
electric field as in section [2.3] The frequency dependent electric field reads

~ ) w
(w) T\/%mu sech - ) n

The energy distribution is proportional to &(w) o w*sech? (7) which is peaked at w* ~ 1.3
eV. Such differences in the maximum frequencies of the frequency distributions naturally occur
in ultra-short pulses due to the distortions of the electric field by the envelope function.

The choice leads to the same mathematical structure of the energy spectrum as derived

in Eq. (2.29) if only the parameter functions are defined as

e i . tanh (22) "
i d i [a sech(2z)+p tanh3(2 :E)] i K3x . 6.4
fi=e /_ v ¢ cosh (2z) (6.4)

[e.e]
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6.1. PERTURBATION THEORY

The parameters a and K3 have been defined in Eq. (2.33) while the last parameter is defined
as p := /3. Also for these parameter functions it holds the important equality

fo = —2(afi-Bh). (6.5)

K
So now we turn to compute the parameter functions f; in the three intensity regimes we con-
sidered for the case of a CEP equal to zero. We again start with the perturbative regime

<1,

6.1 Perturbation theory

For £ < 1 we expand the exponential in the f; as in section [3.2] The parameter functions then
become

o) 1,2
fiz = /_OO (1 —1 (a sech(2z) — ptanh3(2$)) — %25ech2(2x)) (%) et K3t dr + O (53)

Jo = —%(afl —3pf2).

With these expressions for the parameter functions we may compute the combinations | f0|2,
1f17, R (fof) and R (fof;) which are needed to compute |Sz|>. However in this case we will
not write down the expression for the transition probability but rather present the resulting
energy spectra directly.

We again plot the differentially emitted energy per unit cosine of the polar angle 7 = cos(¥)
and frequency interval d&’/ (A7 dw’) over the outgoing photon’s frequency w’. As in section
we will perform the calculations for a laser intensity of I = 10'® W/cm? corresponding to an
intensity parameter of roughly & ~ 0.07. We begin with an electron initially at rest (7o = 1)
and the resulting spectra look like shown in Fig.

Wpeak = 1.31484 Wpeak = 1.31483 Wpeqr = 1.31483
dE dE dE
de dT de d7 depdT
0.000014 0.000014 ¢ 0.000014
0.000012 0.000012 0.000012
0.00001 0.00001 0.00001
8.3 1075 8.x 107 8.% 1075
6.x 10" 6.x10°° 6.x10°°
4.%x10°° 4.%10°° 4.%107°
2.x107° 2.x107° 2.%107°
T w'[eV w'[eV '
0 1 2 3 4 5 [eV] 0 1 2 3 4 5 [ o 1 2 3 a 5% [eV]
Wrheo = 1.31484 Wrneo = 1.31484 rheo = 1.31484

Figure 6.3: Emitted frequency spectra for 79 = 1 eV for the polar angles from left to right
V=057

In these spectra we find two noteworthy features comparing it to Fig. First of all we find
the spectra to be peaked at the incident laser pulse’s central frequency wpe ~ 1.3 €V. In
section we found the same quantitative behaviour that an electron at rest scattered off a
weak laser pulse basically reproduces the incident frequency distribution and interpreted it as
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CHAPTER 6. CHANGED CARRIER-ENVELOPE-PHASE

the well-known THOMSON scattering.

The second interesting observation in Fig. can be drawn regarding the spectra’s amplitudes.
The maximal differentially emitted energy d& is roughly 1.2-1075 eV at 9 = 0,7 and 6-107¢ eV
at U = m/2. But looking back at Fig. we find that there the energy spectra exhibit exactly
the same amplitudes.

From these two facts we infer that for an electron initially at rest changing the CEP qualitatively
leaves the energy spectra unchanged. But this is expected for the limit £ < 1 corresponds to
a very weak laser pulse and in the limit of a small amplitude of the electric field its particular
temporal and spatial shape cannot have great influence on the energy spectra.

Next we need to find possible differences arising from changing the CEP for an electron initially
moving at relativistic speeds. To this end we plot the energy spectra at the three polar angles
¥ = 0,7/2 and 7 for an initial relativistic factor of the electron of 5 = 105 corresponding to
an initial energy of € &~ 50 GeV and compare the resulting spectra to Fig.

Wpeak = 2.53416 x 101°
dE
deo d7
400 000+

300 000~

200000+

100 000+

1 1 1 i 1 eV
0 Lx 10" 2.%x10"™ 3.x10" 4.x 10" s.xlo“”[ ]

Binee = 5225537 100

Figure 6.4: The emission spectra for 7y = 10° < P ~ 50GeV for ¥ = 7

In this spectrum we again don’t find any deviations from the behaviour observed in Fig.
despite the different central frequency of the laser pulse we already explained. But the same
features as in section are determining the energy spectra namely the relativistic focussing,
the blue shift of the pulse’s central frequency and the kinematic pile up as can be found in Fig.
6.4]

So we conclude that in the limit of weak laser intensities a changed CEP does not influence the
qualitative structure of the energy spectra.

6.2 Strong field limit

For & ~ 7y > 1 we employed the method of stationary phase as described in section [4.1.2]
to find asymptotically correct approximations for the parameter functions f;. To this end
first of all we had to find the asymptotic behaviour of the process parameters «, p and K3 in
the limit £ — oo. Since in the case of a changed CEP these parameters are unchanged we
can adopt the expressions we found in section for their asymptotic development namely
an~p~ Kz~ E.

So we may directly begin by applying the method of stationary phase to obtain expressions for
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6.2. STRONG FIELD LIMIT

the parameter functions f;. As a beginning we state the exponential function
g(z) = =1 (asech(2z) + p tanh® (2z) — K3 2) (6.6)

as well as the three preexponential functions

2

Go(z) = —E(aGl(l‘)—iﬂpGﬂx))
i () % (6.7)

Golz) = (%)2

In appendix || we will show that at the stationary point it holds

tanh(2zy) « L ; 00
- @ v = 1 —
cosh(2z9) 20 13

with the asymptotic behaviour o/ (23) ~ 0y ~ const. what already strongly reminds us of
relation (4.10) which we found in the case of a vanishing CEP. The condition for real stationary
points in the limit of large £, however, will be given by

—05< X <05,

26

Just as we did in section we may translate this restriction into an angular confinement of
the emitted radiation

5
v > Opm =2 arccot | — |. (6.8
N <4Vo ( )

This condition corresponds to a backscattering condition of £ > 4~ unlike in the case of a zero
™

CEP where we found £ > 2+ as a condition for observing radiation at polar angles ¥ < 7.
However, since the ratio a/ (2(3) for a changed CEP may be smaller than zero the condition
(6.8) may be met in the azimuthal angular regimes ¢ ~ ¢! and ¢ — 7 ~ £ ! corresponding to
observation of radiation at positive as well as negative x-coordinates.

The expectation that there will be emission also detectable at ¢ ~ 7 again can be interpreted
classically. By solving the equations of motions one finds that the trajectory will still lie in the

x-z-plane but look like shown in Fig.
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e
~—— @

Z
Figure 6.5: Classical electron trajectory for changed CEP

Here we find a clear distinction in comparison to e.g. Fig. where we plotted the electron
trajectory for a vanishing CEP. The electron namely will not exclusively propagate towards
positive but also negative values of x and thus also radiate into the azimuthal angular region
around ¢ = 7. The differences in the angular distribution of emission consequently can be
attributed to different electron dynamics during the scattering process.

Now as reasoned in section [£.1.2] once we have found a stationary point xy we may expand the
exponential as well as the preexponential functions in orders of (z — x) to obtain an expression
analogous to Eq. (£.16). But as a complication in comparison to the treatment in section [£.1.2]
it will turn out that the exponential function will lead to two stationary points z; and
Zo,2 within the integration range. To treat two separate stationary points with the method
of stationary phase on the other hand is quite straightforward as the two contributions may
simply be added up [42].

Doing so the parameter functions can be written analogously to Eq. as

2
o 4 1,
fi o e (GO0) NGy G + Gl + 5 Gi T (6.9)
j=1

GE")(xO,j) for the preexponential functions and their first two

where now we defined GE?
derivatives evaluated at the stationary points xo ;. The integrals H;, however, are defined as

)

Hj = / ((I) — ZEOJ‘)i egT’j(I) de’

o0
Here the expanded exponential functions are

gr.j = Goj + 9o ;(x — w0 ) + %gél,j (z — m0)”
with the exponential function g(x) and their derivatives taken at the respective stationary point
xo,j- The computation of the Hf again is possible on grounds of the method of stationary phase
and performed in appendix [kl Now we turn to present the resulting energy spectra.
We begin with the parameter choices 79 = £ = 100 corresponding to a quantum parameter
of x = 0.02. From Eq. we derive that this corresponds to a minimal scattering angle of
Ymin = 151.9° what reveals that for the changed CEP the radiation will be narrower confined
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— d&=152°
200
— #=155°

1501 ¢ =160°

dé f 9= 165°
dew' dQ
100
50 :
0
0

2.x 108 4.%10° 6.x 10° 8.x10° 1.x 107
w' [eV]

Figure 6.6: Energy spectrum for 79 = & = 100

to the z-axis. The resulting energy spectrum is presented in Fig. [6.6]

Comparing this spectrum to Fig. which was obtained for the same parameters for vanishing
CEP we find that the emitted frequencies are on the same order of magnitude but the spec-
tra’s amplitudes differ distinctly. We attribute this difference to the closer confinement of the
emission in the case of a changed CEP. However, there is yet another difference in the angular
distribution of the emission in comparison to section We expect to observe radiation also
in negative z-direction as discussed above. So we plot the emission spectrum at the same polar
angles but at the azimuthal angle ¢ = 7 and show the result in Fig.

250

— ¢=152°

200
— s=155°
150 #=160
dé ‘ 9= 165°

dw'dQ
100

0 2.x10° 4.x10° 6.x10° 8.x10° 1.x107
w' [eV]

Figure 6.7: Energy spectrum for 7y =& =100 at o =7

These energy spectra agree very well with the ones shown in Fig. whence we conclude that
the emission will be symmetrically distributed around the z-axis.

We find analogous differences between the spectra for a vanishing and a finite CEP for param-
eter choices where quantum effects are important. To test this we plot the energy spectra for
Yo =& = 1000 at = 0 as well as at ¢ = 7 and show the resulting spectra in Fig.
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Figure 6.8: Energy spectrum for 79 = £ = 1000 for ¢ = 0 (left) and ¢ = 7 (right)

Here we find agreement with Fig. concerning the kinematic pileup and disagreement con-
cerning the symmetric distribution of radiation at t ¢ = 0 and at ¢ = 7. The difference in the
spectra’s amplitude again is due to the narrow confinement of emission in the case of a changed

CEP.

6.3 Constant field limit

For obtaining the parameter functions in the constant field regime £ > 1, 7y ~ const. basically
all work is already done. In section we stated the asymptotic behaviour of the important
process parameters in the constant field limit to be «, 3, K3 ~ £3. Second in section we
could show that in the constant field regime the f; may be asymptotically expanded in exactly
the same way as in the strong field regime. And this expansion we obtained as Eq.
in appendix [E] So we simply adopt that formula and pay attention to the different parameter
regimes we may consider in the constant field regime and directly turn to discussing the resulting
energy spectra.

For the constant field limit we will plot the energy spectra for electrons initially at rest v, = 1.
We begin with the parameter choice £ =T = 100 corresponding to a minimal scattering angle
Umin = 2.3° and a quantum parameter of y ~ 107%. The resulting energy spectrum is given in

Fig. [6.9
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Figure 6.9: Energy spectra for £ = 100

We compare these spectra to those obtained for £ = 1000 corresponding to a minimal scattering
angle ¥, = 0.23° which are shown in Fig.
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Figure 6.10: Energy spectra for £ = 1000

As discussed in section the quantum parameter y is unchanged as long as we consider
¢ =T. In comparing Figs. and we again find the classically expected scalings 1 ~ £71
and W’ ~ &2 confirmed. There will again be emission into ¢ = 7 unlike in the case of a vanishing
CEP but we discussed the interpretation of this observation already in section

6.4 The intermediate case

As already reasoned in section |9| in the intermediate regime & ~ 1 neither a perturbative nor
an asymptotic expansion of the parameter functions is feasible. So once again we will have to
integrate the integrals in Eq. out numerically to obtain values for the f; which in turn can
be inserted into Eq. to yield energy spectra.

In section [5] we found that the order of magnitude of the quantum parameter x is a good measure
for the degree of agreement that may be expected between classical and quantum mechanical
calculations. So we start our discussion by presenting energy spectra calculated for the case
X < 1 end then go over to the case y =~ 1. Additionally we will compute the energy spectra for
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CHAPTER 6. CHANGED CARRIER-ENVELOPE-PHASE

two different values of the intensity parameter £ = 1,5 and discuss qualitative differences. As
we motivated in section [5{ on the basis of Eq. comparatively large electron momenta are
needed to access the regime of x ~ 1. We additionally state that from Eq. one derives
that in the case of changed CEP Eq. needs to be written as

X = &o(l+5) (6.10)

w
—
As a consequence we take a start by computing the energy emission spectrum for the case of
¢ = 1 and an initial relativistic electron factor of vy = m/ (200 w) what in this case corresponds
to x = 1072, As observation angle we chose 19 = 7 again due to vy > £ and the electron thus
changing its initial direction of propagation only little. The result is presented in Fig. and
as in section [5| it is compared to the spectrum resulting from a classical computation to its
right.

d&
dew'dQ)
7000 70001
6000 6000 -
5000 5000
4000 40007
3000 3000
2000 2000 -| \
1000 1000 1 \
0 5 X107 Lx10® 15x10° 2% 10° zaniV! % ot o e o zer

Figure 6.11: Comparison of quantum mechanical (left) and classical (right) emission spectra
for a changed CEP with £ =1 and v = 5555

First of all in these two spectra we find perfect matching of quantum mechanical and classical
calculations as was expected since y < 1. Furthermore we note that there are no minima
present in the energy spectra for the case of changed CEP. In section [5| we attributed the
minima in the spectra in destructive interferences. But for too small values of £ the frequencies
of destructive interference may be too large to cause significant minima in the energy spectra.
So we increase the intensity parameter to & = 5 and present the results in Fig. This choice
of parameters corresponds to a quantum parameter of y =5 - 1072
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Figure 6.12: Comparison of quantum mechanical (left) and classical (right) emission spectra
for a changed CEP with £ =5 and ~y = 5555

In these two plots again we find very good agreement between the two spectra. We may con-
sequently claim that our calculations yield the correct classical limit for small y. Furthermore
we find a number of minima in the spectra. Unlike in section [o] in the spectra in Fig.
there is a narrow sequence of minima up to w’ ~ 1-10% eV followed by a very smooth and
slow decrease of energy emission probability. But if we now plot the quantum spectrum only
up to the frequency where the oscillations die out as is shown in Fig. we find that these
oscillations lie equally spaced.
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Figure 6.13: Energy spectrum for a changed CEP with § =5 and = 555 up tow' = 108 eV.
The only exception is the small bump to be found in the spectrum’s first minimum which can
be attributed to the complicated trajectory a classical electron takes in a electric field shaped as
Eq. (comp. Fig.[6.5)). Furthermore this feature is so small that it will hardly be identified
in any experimental setup. So from the combination of the Figs. and we conclude
that the energy spectrum for larger values of £ is a combination of a smooth curve and an
interference pattern which dies out when the w’ become too large. We interpret this such that
interferences become less complete the larger the outgoing photon frequencies are. We did not
observe such an effect in the spectra shown in section [5] This discrepancy may be explained
by the fact that unlike in the discussion in that section the electron will not only propagate
towards ¥ = 7 before entering and after leaving the laser pulse. Much rather as can be seen
from Fig. there are three segments of the electron’s trajectory contributing significantly to
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CHAPTER 6. CHANGED CARRIER-ENVELOPE-PHASE

the radiation detectable at ¢ = 7. Since for larger emission frequencies w’ the coherence length
of the emitted radiation becomes shorter the displacement of the points where the radiation is
emitted may become too large for all the three contributions to interfere completely destruc-
tively.

We are not going to present the resulting energy spectra for the case of an slightly increased
initial electron momentum vy = m/ (20w) for it gives no additional insight compared to section
We rather go on to plot the quantum mechanical and classical spectra for the case of a
quantum parameter of order unity. As done in the case of vanishing CEP we choose 79 = m/w
what in connection with an intensity parameter £ = 1 according to Eq. yields a quantum
parameter of y = 2. The spectra are shown in Fig.
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Figure 6.14: Comparison of quantum mechanical (left) and classical (right) emission spectra
for a changed CEP with £ =1 and 7 = =

In these two spectra there appear significant differences between the quantum and the classical
calculations. But looking back at Fig. and the discussion below it we realize that the cutoff
frequency apparent in the quantum mechanical spectrum on the left of Fig. is roughly
Weutof = 2.5 - 10 eV what exactly corresponds to the cutoff frequency found in the former
figure. But there we interpreted the presence of a cutoff weyor as a quantum effect namely
that the electron transfers basically all its kinetic energy to the emitted photon. Higher photon
energies are not possible due to energy momentum conservation.

For the next pair of energy spectra we increase the nonlinearity parameter to & = 5 correspond-
ing to a quantum parameter of y = 10. As in Fig. in this case we expect serious overlay
of quantum and interference effects. Indeed for the given parameter choices the energy spectra

look as given in Fig.
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Figure 6.15: Comparison of quantum mechanical (left) and classical (right) emission spectra
for a changed CEP with { =5 and v = 7

The classical spectrum in this case does not need any attention due to the undeniable impor-
tance of quantum effects. So we focus our discussion on the quantum spectrum shown left in
Fig.[6.15] As in the case of a vanishing CEP the energy spectrum exhibits a complicated struc-
ture. But as in Fig. this structure is resolvable. It is essentially created by a compression
of the emission maxima with the smaller bumps in the intermediate minima towards smaller
emission frequencies. In section [5| we argued that such a distortion of the energy spectra for
large x is clear evidence for quantum effects which inhibit the emission of large photon frequen-
cies w'.

So even though the actual shape of the energy spectra is significantly changed by introducing a
finite CEP there is no qualitative difference in the origin of the spectra’s shapes. In both cases
the emission spectra are determined by interference and quantum effects.
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Chapter 7

Conclusions

This section is devoted to a concise overlook of the effects arising in the scattering of an electron
and an ultra-short laser pulse as found in this diploma thesis.

7.1 Effects characteristic of ultra-short laser pulses

As we mentioned in the introduction there has already been a lot of work on electron scattering
from monochromatic [10-13] or long pulsed [14] lasers. Comparing our results to these works we
find some agreement as well as some differences. We obtain analogous qualitative behaviour in
our emission spectra concerning the rise of nonlinear quantum effects in the scattering process.
Specifically by the discussion in section [5| we could show that the parameter y also in the case
of ultra-short laser pulses is suitable to characterize the onset of nonlinear quantum effects.
However, we could unveil two major differences between these earlier treatments and our anal-
ysis. First of all in section [2.4] we found the momentum conserving d-functions contained in the
transition matrix element to differ from those obtained for scattering off monochromatic laser
waves or long pulses. We interpreted this as the absence of a dressed mass effect. Additionally
we pointed out that this prediction could be tested by not only detecting the photons emitted
in the scattering process but also the scattered electron. Then by measuring the outgoing mo-
menta one could judge if the electron propagated with a dressed mass inside the pulse or not.
Second in both parts of section 4] as well as in section [5| we found no multiphoton peaks in our
spectra. The several peaks in the emission spectra for larger £ in the latter section were due to
destructive interferences. The spectra’s envelopes, however, were peaked only close to the first
harmonic frequency as shown in Figs. and From this observation one can conclude that
an electron scattering off an ultra-short laser pulse does not emit higher harmonic frequencies.
Physically this phenomenon can be understood such that for ultra-short durations a laser pulse
can no longer be viewed to be composed of many photons with the same energy. In the works
[10-14], however, the absorption of many of such quasi-monoenergetic photons led to the many
multiphoton peaks in the emission spectra.

These two features are the effects we find to be typically expectable when considering ultra-short
pulses in an electron-laser scattering event.
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7.2 The effect of changing the CEP

In comparing the results of section [6] to the previous parts of this work we could show that
there arise clear differences in the emission spectra by changing the CEP. The most apparent
difference between figs. and figs. [6.11]- of course would be the changed shape of the
energy spectra d&’/ (dw'df2) when plotted over the emitted photon frequencies w’. As we could
show in section [5| these shapes are mainly caused by interference effects and thus the differences
are caused by the different dynamics the electron exhibits inside the laser pulse. Thinking of a
classical pointlike electron this can be viewed as the electron moving on different trajectories
each being uniquely connected to a particular pulseshape or equivalently CEP.

But the experimentally far more relevant difference between the emission spectra for the two
different values of the CEP is the angular distribution of the emitted photons. So in section
m we could show that for a CEP of w/2 due to the changed trajectory a relativistic electron
emits into the regimes of the azimuthal angle ¢ ~ 0 and ¢ ~ 7. In section [5| we saw that for a
vanishing CEP a relativistic electron emits into the angular region close to ¢ = 0 exclusively.
Furthermore in section we could analytically show that for an ultra-strong incident laser
pulse with vanishing carrier-envelope-phsae the emission will be suppressed at ¢ < 0.

This distinction in the angular distributions hints at a method of how the absolute phase of
a ultra-short high intensity laser pulse might be detected easily. By measuring the angular
distributions of the emitted photons and comparing it to the results presented in this work one
could possibly infer the absolute phase of the incident laser pulse. In addition the suggested
method to determine the CEP could be applicable to ultra-strong lasers what up to now is a
challenging experimental task.
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Appendix A

General procedure of obtaining transition
probabilities in QED

Quantum electrodynamics describes the interaction of charged elementary particles with pho-
tons. The transition from an initial to a final state |i) — |f) is characterized by the matrix
elements of the operator S which in the interaction picture is defined as

~

S =TeteSVa (A.1)

where 7" is the operator of time ordering and V is the operator of the interaction [33,36]. In
QED the interaction is electromagnetic and its operator is

V= 6/12’7# 1/;121“ 3z (A.2)
The operators of the electromagnetic and the DIRAC field read
A = e A () + G A () (A.3)
ket
& - Z &pg wpa + Bgawfpfm (A4)
po

respectively. For the electromagnetic field the indices k and e label the field mode’s spatial
wave vector and polarization, respectively. For the DIRAC field the indices p and o label the
particles’ spatial momentum and spin, respectively. The amplitudes of electromagnetic field
modes read

"
AL, =4n ot (wt—kr) A5
ke m ( )

while the 1), are the wave functions of the DIRAC particles. Inserting Eqs. (A.3{A.5)) into
Eq. we find the first order approximation of the matrix element of an electromagnetic
scattering process where an electron changes its spatial momentum from p to p’ under emission
of a photon of four wave vector k* = (w, k) and polarization € to look like

: - — €
Sﬁ =1 e/wp/a”yuwpa 47"@

et P qhy, (A.6)
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Appendix B

Decomposing fj into a convergent and a
singular part

In this paragraph we will show how to decompose the first parameter function fy into a con-
vergent part and a part proportional to a d-function. A similar procedure is described in [44].
For any arbitrary integrable function G(x) € L™ we may write

g = / dx ei1 G(x) eﬁ Kz

0 00
_ / hr% dx e]'1 G(z) eﬁ (K3—ie)x + / hr% dx e]'1 G(x) e]'l (Ks+ie)x (Bl)
— 00 €E— 0 €E—

Since we are going to need the specific function G(z) from Eq. (2.26) as well as its derivative
we state them here

G(r) = 2aarctan (tanh (z)) — 8 tanh (2 )
G'(z) = 2sech(2z)(a — fsech(2z))

We now integrate Eq. (B.1])) by parts

. 0 )
T 1 i G(z) i(Ks—ie)z|0 - G'(x) 1G(z) i (K3—ie)x
go = 11—1%[(3—1'166 e . ﬂ@dx ll—r'%Kg—I.lee e
. - )
— lim L ol G(2) eﬁ(K3+ﬁe)x|°°_/ dr lim G(ﬂf) i G(@) i (Kstic)z
GHOKS_FI.IE 0 0 GHOKS_FI.IE
= iy (ew”) —¢T e (K”E)“i) (B.2)
’ =0
—lim L ol G(00) i (Kstie)oo _ (i1 G(0)
e—0 KS + 1€ :6 Y
0 1 . I
—/ da lim T I,IGG’(:E) el 0@) i (Kamioy, (B.3)
> 1 . : .
—/O dz lim e —|—1'16G/(I) el 0@) i (Katiy, (B.4)
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APPENDIX B. DECOMPOSING F, INTO A CONVERGENT AND A
SINGULAR PART

Now we use the SOKHOTSKI - PLEMELJI relation [42, p. 37|

lim ! :P(l) Fiwo(x)
x

e—~0x tie

Here P denotes the CAUCHY principal value and ¢ the DIRAC J-distribution. We need to stress
that this relation is valid in the language of distributions only.

Plugging this into Eq. (B.4) yields

. 1 : i . 1 . ;
go = —1 |:7D (E) +1 W(;(Kg):| € G0 +1 |:7D (?3) —1 7T(5(K3):| (& G(0)
1 e . .
0 e
—1 7 (K3) dz G'(z) e 9@ 41 76 (K5) dz G'(z) ' ¢@
—oc0 — 0 —
7%%611 G(z) :%%ei G(z)
= 10 (IG) [t C0) el ] —p <?) / dz G'(x) el ¢@) of Kaz, (B.5)
3 —00

Now we remind ourselves of the function G(x) to find the asymptotic behaviour

lim G(z) = =+ (ag —ﬁ)

r—+00

Using this and the form for G’(z) stated earlier in Eq. (B.5]) we find
go = mo(K3) (eﬁ@a_ﬂ) + e_ﬁ(%a_ﬁ)>

- p (Ki?)) /_OO dz 2sech(2z)(a — Fsech(2x))

w ot (2 avarctan(tanh(z))—f tanh(2z)) ot Kz (BG)

Since .
fo= e (3e-9)g,

we may finally conclude that
fo = W(S(Kg) (1—|—€ﬁ(ﬂ-a—25))
B eﬁ(ga—ﬁ),P( 1 > /OO d i (20 arctan(tanh(z))—6 tanh(22)) i K3z

E e.9]
x2sech(2z) (o — Fsech(2z)). (B.7)
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Appendix C

Computation of the spin summed and
averaged modulus square |Sg|*

We want to compute the modulus square of the expression (2.25)) and to sum and average the
result over final and initial spin states, respectively. In this calculation we keep the parameter
functions f; as mere parameters. To this purpose we define

Z=¢" fo+ A [ — As fo (C.1)
As is well known for any scattering amplitude of the form
Sﬁ,UU/ =K ’ap/o" Z Upo

with an arbitrary prefactor KC containing no diracmatrices the modulus square is summed and
averaged over final and initial electron spin states, respectively, as follows [36, p. 236]

1 <& _
5 2 1Ssierl® = K[t (0 20 2) (C2)

o,0'=1

Where p' and p represent the density matrices of the electron in its final and the initial states

p = SG+m) (©3)
pfo= p+m (C.4)

The difference of a factor 1/2 is due to that in the former expression we take the average over
the spin directions while in the latter we sum over them.
In our case there is

_ 4 4 2.2 k’e’)}é
Zz = OZTOZI *+e(¢%¢i+¢i%¢) *_GCL ( *
! I\t T atk)) T 2 )
We thus find
2 2
1 e? 2r T4 n? P 2 ., , , ,
3 2 el = 2 en! (60 64K ) (o Gh o - G- ) )
o,0'=1

Xt [0+ m) ¢ fo Ay = Ao ) (b m) [¢ fi + Ay £ = A3 £5]] - (C5)
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APPENDIX C. COMPUTATION OF THE SPIN SUMMED AND AVERAGED
MODULUS SQUARE |Sg;|?

Here 5(f) denotes the two-dimensional d-function over the spatial vector components perpen-
dicular to the laser’s direction of propagation. From now on we drop the sum sign in front of
|Sh.00r|? and refer to the spin summed and averaged result as the transition number |Sgz|*. We
expand the second line of Eq. to get

ez T*n?

/ ! 27T / ! / / 2
S = CTTN oy (ai” W+ ¥ —p) (—6<po+w o <p3+k3—p3>>))

W' pypoV3
<RI (f}é”i) 55 ) i
o “( K e (L B
s AP v
e (wﬁzwm)ﬁ((km* 2k >)'f'
L (R S O
’ ((km* <kp>)¢ <kp><kp>f1f2
RVt VR (R
<>< 3RS~V N‘(( )t am >)ff1
ke ()R
1kp)2 (kP
s (g g (SHE L R
m <¢¢!f|+¢ (( S ok ))fofa

e (i) LAY
L ( ) :
/

Lo ( ¢i(k¢’* ¢’*%¢i) (2 e ﬁ%%’ ) T

-

+°

N A ')%

((kpﬁ 2k >) u«p( y iz

e (kL (kK (PR g
20 ) 7125 = =3 ) ) ((km <>)ff1
<ke’*><> :

Here all terms containing an odd number of gamma matrices were omitted since they vanish
in the trace. By pulling out the factors € and €, we may replace

ke — k* , ¢ —

and we obtain an overall factor € ¢, where the indices denote the final state polarization. By

summing over the polarizations we may replace
% _/
E €€ = —Yuw
v
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Thus Eq. (C.6)) yields

L ) R e )
< (1) [zéfmwfoﬁww (s 2825 o
B (f(}é 5 Sy )
e
e (3 * 3 ) <2 >(< za))%flf?
i A S (g ) 2
+m? (’Yﬂ“\f0|2+% (W(M) ﬁ(w;)fofl
(B )
(Méw W@i) (27}; N Mév >|f1‘2
(o * 27 i >}é his
St 5 T o) |7

The square of the d-functions can be evaluated by the standard method as described in e.g.
[36]. Using additionally the properties of the y-matrices and their traces [36, p. 77| we can

simplify Eq. (C.7) to give

SP = ST 035 (o 4 ) b (€ 4 o — e — (B + K, + P)
1 wlelp()VQ D, L 3 3
/ / 2 2 / e+ P * 2 52 *
x 8| (e€ + Ppy—2m?)|fo]* — Ap} p— — 1| R(fofi) —e A R(fof5)
3
A [ —py e+ P 9
P [ S ). ©8)

To obtain the transition probability we have to integrate Eq. (C.8)) over all the phase space of
the final particles. Doing so the factor V=2 with the normalization volume V drops out.
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Appendix D

Computation of the integrals Z;

The integrals Z; are defined as

I— / (2 — 20)'e9®) dy ~ / (2 — 20)ie dz. (D.1)

(e 9] —00

It will turn out that the computation of Z; and Z, is rather simple once Z; is known. Hence we
start by computing this integral.
First of all we exploit the symmetry of the integral Z, to further simplify it

0 0 o] o)
Ty = / 9@dy = / /@ dy + / e?@dy =2 R ( / eg<w>dx)
—00 —00 0 0

Now we apply the method of stationary phase by replacing the exponential function g(x) by

gr(z) (see section (4.1.2)).

To evaluate gr(z) we have to calculate the first three derivatives of Eq. (4.8)

. a 5 K
/ — 2 _ i
g(@) ! {cosh(?x) cosh?(2) * 2 }
. tanh(2x) 203
2 — 4 — D2
g'(w) ! cosh(2x) (cosh(2x) a> (D-2)
. 1 —sinh?®(27) 20 . _tanh?(2z)
" _ _ 16 R N
g (@) ! cosh®(2x) (cosh(Zx) “ ! ﬁcoshQ(Qx)
and to find the stationary point z( of the function g(x) as usually by
!
g/(x)|x:x0 = O
This equation is solved by
«Q a\’ K
=— +4/— — D.

with yo = sech(2xg). For the determinant of this quadratic equation

2
A= (%) + f—; (D.4)
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it can be shown that in the strong and constant field limits it holds
1 E+P\?
A= w2 ~—
(m¢) W' —ky &2

and that A is always smaller than zero. Thus Eq. (D.3)) has no real but two complex solutions
which can be expressed as

1

0% . 0o
= :—:l: —_—
e 268~ ¢
, k2 (E+P\?
with o = \/1%—@(@/_%). (D.5)

Later on it will turn out that we have to choose the minus sign to obtain convergent integrals
for the parameter functions. In the limit £ — oo it holds «/ (283) ~ gy ~ const. and thus the
real part remains constant with respect to ¢ while the imaginary part of y, vanishes and the
hyperbolic secans of twice the stationary point tends to the unique solution

§—>oo 8]
h(2 — D.6
sech (2a5) £ (D.6)
Any such defined xg is real only for
a
— < 1. D.
0<35< (D.7)

However, the parameter function will be exponentially damped in case that x is complex in the
limit £ — oo. This is obvious since every parameter function involves a term o exp [i K3 x|
with K3 ~ €. If now x( contains an imaginary part independent of £ this factor will result in
an exponential damping. Consequently we consider only such processes where condition
is fulfilled. So because our formulas become valid only in the limit of large £ we confine the
integration in Eq. to the real axis. This is an important observation since it allows us to
bypass the rather involved formalism of the method of steepest descend in favour of the simpler

stationary phase method. The integral Z, accordingly becomes
2 3
) T —x r—x
R (90) + 5 (g0) + g Ty g 60)]>

Iy ~ 2%(/ dr exp
0 2

o) 1 g//S 1 g//2 g///
= 23?(/ dyexp[go—i—— 2/2__%1/4_&3/3

z0—b 3 90 2 g5 6
1 g//3 [ee) g/// 1g//2
= 2R (exp {go 4+ -2 / dy exp | ZLqy® — =20 (D.8)
3 98,2 —x0—b 6 2 96”
where we made the definitions
90
b=—=— ; y=x—x9—b.
90’

In the spirit of the stationary phase method we extend the lower integration limit in Eq. (D.8))
to —oo. This will cause no large error in the final result for the integral is predominantly
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APPENDIX D. COMPUTATION OF THE INTEGRALS Z;

determined by its values close to its point of stationary phase and points far away from zy will
yield only negligible contributions. We write

1 g//3 oo g/// 1g//2
Ty ~ 2R {exp (go + 59(?’2 / dy exp %yi” -5 g%” y . (D.9)
The explicit representations for g and g’ are
tanh(2z¢) [
"o P h~ g2 D.10
90 cosh(2zy) 005 § ( )
. (tanh(2z)\ > ,
"o 16 — ~ 3 D.11
90 1 (COSh(sz’(]) ﬁ 1g 5 ( )

This postfactum justifies why in FEq. we had to take into account the second and the
third derivative alike. From Eq. we see h,g < 0. what justifies the choice of the sign
of k for otherwise Eq. would have led to gj > 0 which in turn would have given an
asymptotically diverging integral. From Egs. and we obtain that in the limit
£ — oo it holds —h3/3g* = —R (g(x0)). So for the exponential independent of the integration

variable in Eq. we find

113
1 90 .
QOB £200 i S(go)

Eq. in the asymptotic limit then gives

To ~ 4 cos (3(g0)) (—%) " Ai(n) (D.12)

with the first AIRY function Ai(z) [45] and its argument defined as

_ (_Qh_;) (D.13)

Having obtained this expression for the first integral Zy we now turn to the computation of the
other two integrals Z; and Z,. In doing so it is favourable to start with the latter for it can be
obtained as a derivative from Z,. From the first line of Eq. we find that it holds

=2 a’%%)% ~ 8cos (3(go)) (_3); % (n% Ai(n) +nAY (?7)) ~ (D.14)

From Eq. (4.8) in combination with Eqgs. (D.10)) and (D.11) we find that the real part of the
TAYLOR expansion gr(z) at x = +o0o function is R (g(x))| = —oo whence we conclude

1y

r=-+00
gT(OO) o0 1 )
/ dgp(z)er@ = g(’)’/ (z — x0)edT® —|——g6”/ (2 — x0)%e97@ = 0. (D.15)
gr(—o0) —00 2 —c0 |
-7, —T,
Then we obtain
g///

7, =21, (D.16)




Appendix E

Computation of the integrals H‘g for a
changed CEP

The integrals 1] are defined as

H) :/ (x — 0,) e dg. (E.1)

[e.9]

Here the functions gy j(x) are defined as in section however, derived from the changed
exponential function

g(z) = —1 (asech(2z) + p tanh® (22) — K3x) . (E.2)

Paying attention to the changed exponential function the integrals Hf can be computed anal-
ogously to the Z;. The derivatives of Eq. (E.2) are

g'(x) = 2isech(2r)tanh(2x) (o — 3psech(2z) tanh(2z)) +1 K3

¢"(z) = 2i (2sech’(2z) — 1) sech(2z) [2a — 12p tanh(2z)sech(2z)] (E.3)

g"(z) = 1 (8sech®(2z)tanh(2z) + 2sech(2z) (2sech®(2z) — 1) tanh(2z)) [12p tanh(2z)sech(2z)]
—48p (2sech®(2z) — 1)2 sech?(2x).

All the stationary points x( ; will be distinguished by the condition

1 k2 (E+P\?
S@Ch(2$07j> tanh(?xo,j) = 6gp +1 g\/]. + # <w, — k}/) (E4)
3

This equation is solved by four values of xq only two of which give asymptotically convergent
integrals. These points xy, and x(, are the two respective stationary points. Unlike in Eq.
(4.11) the reality condition for the stationary points will be given by

«
—05<—<0.5. E.5
<55 < (E:5)
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APPENDIX E. COMPUTATION OF THE INTEGRALS H/ FOR A
CHANGED CEP

Apart from this the calculations are analogous to appendix @ and we find the H{ to be given

by

1
' . . ) 3\ 3
W~ e (7))

gj
1

j o~ 2 S 3 . Y

M~ Scos (o) (o = (n Ai () + AT ()
J )

: 905 5
Hj — _ 2] HJ.

' 296,

with the definitions according to those in appendix [D

2
3

_ |5
olir

L/

Mj
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