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Abstract

We propose an approach to treat ionization of light atoms in relativistic

collisions with highly charged ions where the electromagnetic �eld generated

by the ions can be very strong. The approach is based on the observation,

that, for the collision with a certain momentum transfer, either the relativistic

e�ects, connected with the collision velocity approaching the speed of light, or

the higher order terms in the corresponding Born series in the projectile-target

interaction can be of importance for the ionization process. The approach

consists of dividing all collisions into those with 'small' and 'large' momentum

transfers which are described by (the �rst order of) the relativistic Born and

the Glauber approximations, respectively. The approach is applied to describe

helium single ionization by 1 GeV/u U92+ projectiles.
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I. INTRODUCTION

The study of di�erent aspects of relativistic ion-atom collisions has attracted much atten-

tion during the last two decades (for a review see [1]- [4]). Among various processes, target

ionization by charged point-like projectiles moving at velocities approaching the speed of

light was addressed in numerous publications which were mainly concerned with ioniza-

tion of the K-shell of very heavy atoms. The electromagnetic �eld of ions, which move at

velocities approaching the speed of light, substantially di�ers from that produced by non-

relativistic charged projectiles. This may result in crucial changes in atomic cross sections

compared to what one would expect on the basis of a nonrelativistic consideration.

Relatively less attention has been paid to the study of collisions of relativistic projectiles

with light atoms, in particular, to ionization of such atoms in the collisions (see [5]- [12]).

However, compared to the ionization of the K shell of heavy elements, the latter process

has interesting features which make it worth of more extensive studies. For example, the

motion of the main bulk of electrons emitted from light atoms in such collisions is still far

from being relativistic. Therefore, one faces an interesting interplay between the relativis-

tic relative projectile-target motion and the basically nonrelativistic dynamics of the target

electrons. In addition, the low-energy character of the electron emission permits one to use

sophisticated experimental methods for performing kinematically complete measurements

for the reaction products. The last but not least important feature we would like to men-

tion here takes place when relativistic highly charged ions are involved. Such ions may

represent an e�ectively strong perturbation for light targets (or for outer-shell electrons of

heavy targets) even in collisions at very high energies. The latter will especially be the

case if multi-electron transitions occurs in the target. For example, it is known for more

than a decade that relativistic highly charged ions are capable of producing emission from

atomic outer shells where several electrons are removed in a single collision with a rather

high probability [13]. Therefore, there is, in general, the need to combine in a theoretical

treatment of ionization of light targets the description of relativistic e�ects, associated with

collision velocity approaching the speed of light, with those arising from the exchange of

many (virtual) photons between the colliding projectile and target.

Very recently we have addressed a few aspects of ionization of light targets by relativistic

projectiles in [14]- [16] where the considerations were based on the �rst order of the relativis-

tic Born approximation. Within this approximation a proper account may be taken of the

relativistic e�ects but the projectile-target interaction is e�ectively reduced to the exchange

of just a single photon. It is the intention of the present paper to attempt to propose such

an approach for calculating various cross sections including the fully di�erential ones, which

allows one to take (approximately) into account the higher order terms in the projectile-

target interaction (the so called many-photon exchange). Our attention will be restricted

to emission of electrons with velocities much smaller than that of a projectile which are

nonrelativistic in the �nal state and form the main bulk of the ejected electrons.

The paper is organized as follows. The approach is described in the Section II. In the

Section III it is applied to helium single ionization by 1 GeV/u U92+ ions.

Atomic units are used throughout except where otherwise stated.
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II. GENERAL CONSIDERATION

Let us consider the collision between an atom and a point-like bare ion with a charge

Zp. The atom is a light atom with the nuclear charge ZT � c, where c = 137 is the

speed of light. The atom is initially in an internal state  0(�NT
) with an energy "0, where

�NT
= fr1; r2; :::; rNT

g are the coordinates of the NT atomic electrons with respect to the

atomic nucleus. It is convenient to take a reference frame where the atom (target) is initially

at rest. In this frame the ion (projectile) initially moves with a relativistic velocity vp. As

a result of the collision the projectile changes its momentum from Pi to Pf = Pi � q. The

momentum q is transferred to the target which makes a transition into its �nal (internal)

state  n(�NT
) with an energy "n.

There are two important points which one should take into account. First, excluding

the negligibly small part of the electron emission from the target represented by very high

energy electrons which will not be considered here, the motion of the target electrons in the

process of relativistic collision remains to be nonrelativistic in the target frame. Therefore,

these electrons can be described by nonrelativistic wavefunctions. Second, since exact (in

the nonrelativistic sense) wavefunctions are not available for targets with two and more

electrons, the Coulomb gauge should be used to describe the �eld of a relativistic projectile

[15].

1. Let us start with considering the projectile-target collisions within the �rst order of

the relativistic Born approximation. This can be done in a standard way by dealing with the

�rst order Feynmann graph (see e.g. [4], [16] and references therein). Taking into account

the two points mentioned in the previous paragraph the cross section, di�erential in the

momentum transfer q, of a process where the target makes the transition  0 !  n can be

written as [15]- [16]

d�0!n

dq
?

=
4Z2

p

v2p
j<  n(�NT

) j T̂1B j  0(�NT
) >j2 : (1)

In Eq.(1)  0;n are the many-electron wavefunctions which are solutions of the nonrelativistic

Schr�odinger equation for the free target

Hat =
X
j

 
��j

2
� Zt

rj

!
+
X
i>j

1

rji
; (2)

where rij are the distances between the i-th and j-th atomic electrons.

The transition operator T̂1B in (1) is given by [15]- [16]

T̂1B =
1

q2
?

+ q2min

NTX
i=1

exp(iq � ri)�
1

q2
?

+ q2min � !2
n0

c2

NTX
i=1

exp(iq � ri) g � p̂i: (3)

In Eq.(3) the polarization vector g = 1

c2

�
vp � !n0

q2
q
�
is perpendicular to the momentum

transfer, g � q = 0, p̂i is the electron momentum operator for the i-th target electron,

 = 1=
q
1� v2p=c

2 is the collision Lorentz factor. The sums in (3) run over all target

electrons.

3



It is understood in (1)-(3) that the z-axis is directed along the initial projectile velocity:

vp = (0; 0; vp). The momentum transfer is written as q = (q
?
; qmin), where the two-

dimensional part q
?
of the momentum transfer is perpendicular to the z-axis and the z-

component of the momentum transfer is given by qmin = !n0
vp

with !n0 = "n � "0 being the

target transition frequency. Since !n0 � Z2
t , one can estimate qmin � Z2

t =vp.

The transition operator (3) consists of two terms. The �rst term is the contribution to

the cross section originating from the projectile scalar potential which in the Coulomb gauge

is just the unretarded (nonrelativistic) Coulomb potential. This term is pretty the same as

in nonrelativistic collisions 1. The relativistic e�ects, therefore, have to be contained in the

second term of (3) which is due to the vector potential of the projectile �eld. These e�ects

can be subdivided into: i) the additional contribution to the projectile's electric �eld arising

from the vector potential; ii) the retardation, described by the term !2n0=c
2 in (3), which

makes the above mentioned contribution to the electric �eld much more important than it

would be in the absence of !2n0=c
2; and iii) the projectile's magnetic �eld, which is just of

minor importance for the case of ionization of light targets.

It is known (see [14]) that the second term strongly inuences the transition amplitudes

only if the transverse momentum component is small enough, q
?

<� qmin. When q
?
increases

the relative importance of the second term decreases and for q
?
� qmin its contribution to

the target ionization becomes already negligible [14].

It is important to note that the simple analysis, based on the so-called light-cone approxi-

mation [17] (see also [18] and [19]), clearly shows that the conclusion about the unimportance

of the relativistic e�ects for collisions with q
?
� qmin is not just a peculiarity of the �rst order

consideration but remains when the higher order terms in the projectile-target interaction

are taken into account.

Thus, keeping in mind that qmin � Z2
t =vp one can conclude that the relativistic e�ects

will be of great and minor importance for collisions with q
?

<� Z2
t =vp and q? � Z2

t =vp (but

q
?
� c), respectively.

2. On the other hand, the importance of the many-photon exchange between the projec-

tile and the target is expected to increase with increasing the transverse momentum transfer

q
?
since collisions with larger q

?
in general correspond to collisions with smaller impact

parameters where the interaction is stronger. The analysis, based on the Glauber approxi-

mation which is known to be a good approximation for treating high-energy collisions with

q
?
� qmin (see also 5.), shows that at q

?
� �Zt (where the quantity � depends on the

projectile charge and velocity and is roughly proportional to
vp
Zp

) the exchange of more than

one photon still plays a minor role. The same analysis also indicates that with increasing q
?

the importance of the multiphoton exchange increases and that at q
?

<� Zt these processes

may already strongly inuence the emission process.

1In eqs.(1)-(3) relativistic collision kinematics has been taken into account. However, since the

emitted electrons are nonrelativistic and the relativistic projectile undergoes just a very small

deection in the collision, the kinematics of the target nucleus and target electrons remains as if

the collision were nonrelativistic.
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Now, by combining the inequality q
?
� Z2

t =vp with q?� �Zt we see that there may exist

a range of momentum transfers, de�ned as Zt
Zt
vp
� q

?
� �Zt, where both the relativistic

e�ects and the inuence of the many-photon exchange are weak.

3. Summarizing the considerations of the subsections 1 and 2 we see that one can

distinguish three di�erent ranges of momentum transfers. i) The range of 'small' momentum

transfers q
?

<� qmin, where the relativistic e�ects may be important. ii) The range of 'large'

momentum transfers which begins, roughly speaking, when q
?
starts to approach the typical

electron momentum (� Zt) in a free target 2, and extends to very high (on the target scale)

values of q
?
. In this range the many-photon exchange should be taken into account. These

two ranges are separated by the 'intermediate' range Zt
Zt
vp
� q

?
� �Zt where the relativistic

e�ects are already very weak and the many-photon exchange is still of minor importance.

When Zt increases the 'intermediate' range tends to shrink. However, for not too high Zt

this range is large enough, especially for relativistic collisions with very light targets, which

are of a particular interest for the present study.

Thus, we are now in a position to formulate one of the interesting properties of the

process of ionization of light targets by relativistic projectiles. If one restricts attention to

emission of the main bulk of emitted electrons (electrons with not too high energy), then

for the collision with a certain value of the momentum transfer either the relativistic e�ects

or the many-photon exchange may be of importance. In other words, if the projectile-target

interaction is transmitted by virtual photons with substantial 'transverse component' [14]

then this interaction is well represented by the exchange of just a single photon. If, however,

the many-photon exchange substantially contributes to the ionization process then it means

that the exchanged photons are so-called 'longitudinal'.

4. These observations suggests to try to develop an approach using the following rather

simple scheme. First, all collision events are divided into collisions with 'small' and 'large'

momentum transfers. Second, collisions with 'small' momentum transfers which correspond

to e�ectively large impact parameters, where the relativistic e�ects are important but the

deviation from the perturbative behaviour is expected to be weak, are treated within the

relativistic �rst order approximation. Third, collisions with 'large' momentum transfers,

which in the case of light targets e�ectively occur due to the unretarded Coulomb interaction

only, should be treated using an approach, whichmust account for the many-photon exchange

between the projectile and the target but may still be purely nonrelativistic. Since we consider

collisions with very high velocities, one can expect that an eikonal-like approximation would

be very well suited to account for the many-photon exchange.

A crucial point for the approach outlined above is whether there exists an 'intermediate'

range of momentum transfers where the �rst order relativistic treatment and a nonrelativistic

eikonal approach yield close results. However, as the considerations of the subsections 1-3

suggest and as it will be also demonstrated for a particular case of 1 GeV/ U92+-He collisions

in the next section, such a condition can be ful�lled.

2The low boundary of this range depends also on the ratio
Zp
vp
, it increases with descreasing

Zp
vp
.
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5. As an eikonal-like approach, for treating collisions with 'large' momentum transfers,

q
?
� qmin, we take the Glauber approximation [20]. This approximation has been widely

used in high-energy, nuclear and atomic collision physics (for a review on some of its ap-

plications in atomic physics see [21], [22], see also [24] and references therein). It is very

important to note that the eikonal form of Glauber can be derived from the formalism of

quantum electrodynamics where it is obtained by summing all Feynmann graphs of the

'ladder' (or generalized 'ladder') type (see e.g. [25] and references therein) 3.

In atomic physics the Glauber approximation is rather often employed even for collisions

with such parameters where its application misses a clear physical justi�cation but still yields

rather good results. Since here we consider collisions with velocities approaching the speed

of light, the conditions
Zp
vp
< 1 and vp � v0 are ful�lled, where v0 � Zt is the typical orbiting

velocity of the target electrons. The latter condition also means that typical velocities of the

main bulk of the emitted electrons, k � v0, are much smaller than the projectile velocity.

The above conditions and the 'transverse' character of the collisions with q
?
� qmin seem

to provide a favourable situation for the Glauber approximation to be employed.

Within the Glauber approximation the cross section, di�erential in the momentum trans-

fer q = Pi �Pf , of a process where the target makes the transition  0 !  n reads

d�0!n

dq
?

=
1

2�2
jTGl

n0 (q)j2; (4)

where

TGl
n0 (q) = ivp

Z
d2b exp(iq � b)h nj

Y
j

jb� �jj�i� bi�j 0i: (5)

Here � =
2Zp
vp

is the Sommerfeld parameter and �j is the two-dimensional vector part of the

i-th electron coordinate rj. The vector �j lies in the plane de�ned by the vectors of the

total momentum transfer q and the 'impact parameter' b. As well known the choice of such

a plane (more precisely, the choice of the corresponding eikonal path perpendicular to this

plane) allows one to fully recover the (nonrelativistic) �rst-order Born amplitude as the �rst

term of the �-expansion of the Glauber amplitude (5). The di�erence between the Glauber

and �rst order transition amplitudes in collisions with 'large' momentum transfers accounts

(approximately) for the many-photon exchange.

6. We note that the original version of the Glauber approximation [20], in which the

longitudinal momentum transfer qmin is neglected, was recently applied to consider excita-

tion of pionium in ultra-relativistic collisions with neutral atoms by Afanasyev et al [26] and

Schumann et al [27]. Although these authors did not discuss the applicability of this ap-

proximation, which employs the unretarded interaction to treat ultra-relativistic collisions,

it is quite clear that the justi�cation of such a treatment is due to the fact that in collisions

3In the limit vp ! c this form can also be obtained by a direct solution of quantum mechanical

equations for one particle in the electromagnetic �eld of the other particle which moves at the

speed of light [19], [17].
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with neutral atoms only small impact parameters (or relatively large momentum transfers),

where the relativistic e�ects are not important, contribute to excitation (and breakup) of

pionium.

7. In the theory of ion-atom collisions the so-called two center e�ects (TCE) and the

Coulomb boundary conditions (CBC) have been attracting much attention during the last

decades (see e.g. [28], [29] and references therein). The Glauber approximation can account

for some of the two-center e�ects, e.g. for the angular asymmetry in the spectrum of emitted

low-energy electrons which is due to the attraction of the emitted electrons by the outgoing

projectile. Calculations in the Glauber approximation for the longitudinal spectrum of

emitted electrons show a more pronounced forward-backward asymmetry in the spectrum

compared to the �rst Born results. On the other hand, both the �rst order (in its usual

form) and the Glauber approximations do not satisfy the CBC (in the Glauber transition

amplitude only the initial state (in the post form) or only the �nal state (in the prior form)

satis�es the CBC). Therefore, the approach of the present paper does not take into account

the CBC and cannot describe such phenomena as e.g. the electron capture to the projectile

continuum. However, as was already stated, in the present paper we consider ionization

of light atoms in relativistic collisions where emitted electrons are nonrelativistic, i.e. they

have velocities much smaller than that of the projectile. Thus, the present consideration is

reduced to emission of soft electrons where the combination of the �rst order and Glauber
4 approximations seems to be a reasonable and relatively simple tool.

8. To conclude this section we would like to note the following. In the semiclassical

approximation a projectile and a target nucleus are regarded as moving along classical

trajectories. Within this approximation collisions, in which the projectile-target interaction

can be strong, are sometimes treated by dividing all impact parameters into 'small' and

'large' ones. Then the 'sudden-like' approximations and �rst order perturbation theories

are applied to describe collisions with 'small' and 'large' impact parameters, respectively

(see e.g. [30] and [31]). The proposed quantum approach, which deals with momentum

transfers rather than with impact parameters, can be viewed as complementary to the above

mentioned semiclassical treatments.

III. RESULTS AND DISCUSSION

In relativistic collisions between highly charged ions and light targets very substantial

di�erences between results of the �rst order treatment and of that, which also includes

contributions from the higher order terms in the corresponding Born series in the projectile-

target interaction, are �rst of all expected for processes in which at least two target electrons

4It is worth to mention that one may face substantial diÆculties in the generalization of non-

relativistic multiple-scattering theories, where kinetic energy terms stand for the perturbation in

the transition amplitude such as e.g. the symmetrized eikonal approximation, for the domain of

relativistic collision energies (see discussion in [2]).
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actively participate. However, it is instructive to begin the study of the nonperturbative

behaviour in relativistic collisions by considering how the inuence of the higher order terms

might change di�erential and total cross sections for target single ionization, a process where

this inuence is expected to be, on average, rather weak [16].

From the theoretical point of view it is tempting to apply the proposed approach for

collisions of relativistic highly charged projectiles with atomic hydrogen target where exact

target states are known. However, there is no experimental data on hydrogen ionization

(or excitation) in such collisions. The simplest target, for which such experimental data

are available, is helium. Therefore, in the rest of this section we restrict our attention to

considering some aspects of helium single ionization by relativistic highly charged ions.

Results of the only kinematically complete experiment on atom ionization by a projectile

in the relativistic domain of collision velocities were presented in [9]. In this experiment

measurements were performed for the spectrum of electrons emitted in the process of helium

single ionization by 1 GeV/u U92+ projectiles. The collision energy corresponds to a collision

velocity of 120 a.u. and a collision Lorentz factor of 2:07. The detailed theoretical study of

this process, based on the relativistic Born approximation, was recently reported in [16].

If one considers collisions with atomic targets, which have more than one electron, then,

in addition to the problem of dealing with the projectile-target interaction, the question of

describing target states arises 5. In our calculations which we report here the same option as

in [16] was used to describe the initial and �nal states of the helium atom. The wavefunctions

 i(r1; r2) = N(e�ar1�br2 + e�br1�ar2) ; (6)

with N = 0:709 a = 1:18853 and b = 2:18317, and

 f(r1; r2) =
1p
2
(�k(r1; Z = 1)�0(r2; Z = 2) + �k(r2; Z = 1)�0(r1; Z = 2)) (7)

were taken as the initial and �nal states of helium, respectively. In (7) the state �0(Z = 2)

is the ground state of He+ and �k(Z = 1) is the Coulomb continuum state in the �eld of a

charge Z = 1 with k being the momentum of the emitted electron. Similarly to [16] (see also

[23]), the bound and continuum states were orthogonalized by using the Schmidt procedure

 f !  f� <  ij f >  i.

Often, if the projectile-target interaction is treated beyond the �rst order approach, the

electron dynamics in a multi-electron target is considered within the one (active) electron ap-

proximation, i.e. is basically reduced to the single-electron dynamics. The simplest approx-

imation is to assume that the electron moves in an hydrogen-like Coulomb �eld with some

e�ective charge, which in the case of helium single ionization is often taken as Zeff = 1:345

(see [32], [28] and references therein). More sophisticated descriptions involve the applica-

tion of Clementi-Roetti wavefunctions and the use of initial and �nal states calculated with

5Of course, di�erent options for approximating target states will yield, in general, di�erent results

for cross sections. This is, however, a separate problem which is not connected to the point whether

all collisions can be subdivided into those with the 'small', 'intermediate' and 'large' momentum

transfers, i.e. to the point whether the proposed approach to treat the projectile-target interaction

can be applied.
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a Hartree-Fock potential. Such (free) target descriptions were combined with the CDW-

CDW [33] and CDW-EIS [34] approximations in [35]. We also note that in the case of

electron detachment from a negative hydrogen ion the explicit four-body formulation with

using two-electron wavefunctions was considered in [36] (see also [29]).

Concerning our case, the choice of the states (6) and (7), although rather simple, rep-

resents the �rst attempt to explicitly address, beyond the �rst order approximation, the

four-particle dynamics in collisions with highly charged ions in the domain of very high

(relativistic) collision velocities.

1. Fully di�erential cross section.

Let us �rst consider the fully di�erential cross section. In �gure 1 we display results of

calculations for the cross section performed within the �rst order approximation and the

approach discussed in the previous section. The transverse momentum transfer and the

electron emission energy are taken to be q
?
= 1 a.u. and "k = 20 eV, respectively. The

present value of the momentum transfer is quite large, so at the chosen values of Zp = 92 and

vp = 120 we are in the region of the momentum transfer, where substantial deviations from

the �rst order consideration can be expected but the relativistic e�ects are already negligible.

In �gure 1a the cross section is shown as a function of the polar emission angle, �k =

arccos((k � vp)=(kvp)), for the case of coplanar geometry ('k = 00, the azimuthal emission

angle 'k is counted from the direction of q
?
). In this case both, the �rst order and eikonal

calculations, show a rather similar shape of the cross section but result in considerably

di�erent absolute values. The fact that the �rst order approach yields in this case larger

results corresponds to the rather general tendency observed when the many-photon exchange

is taken into account. Namely, the inclusion of the higher order terms in the projectile-target

interaction reduces calculated values of the total ionization cross section compared to those

values which follow from �rst order approaches (see also �gure 3).

A more interesting manifestation of the many-photon exchange is observed in calculations

if one looks at the cross section in the plane where the azimuthal emission angle 'k = 900.

For this geometry the fully di�erential cross section is displayed in �gure 1b for the same

values of Zp, vp, q? and "k. While the �rst order calculation suggests quite a at dependence

on the angle �k, the Glauber approximation predicts for this dependence a double-maxima

structure with maxima centered at �k = 900 and 2700. The origin of the at dependence

on �k in the �rst order calculation is quite transparent since within the �rst order approach

the emission geometry is basically determined only by the vector of the momentum transfer

q which, in the case under consideration, is nearly equal to its transverse part q
?
and the

cross section should be nearly a constant in the plane perpendicular to q
?
. The formal

reason for the di�erence between the eikonal and the �rst order results is that within the

eikonal approach two vectors, the momentum transfer q � q
?
and the projectile velocity

vp, determine the general emission geometry. Since for the collision parameters in question

the Glauber approximation seems to have an advantage over the �rst order approach we

believe that the former should yield results for the cross section which are closer to reality. 6

6In the experiment [9] the fully di�erential cross sections were not extracted because of statistics

which was not good enough. However, a similar two-maxima structure (but with substantially
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We, however, were not able to draw any simple physical picture explaining the appearance

of the two maxima in the eikonal calculation.

Before turning to the discussion of electron emission spectra we illustrate in �gures 2

and 3 the existence of the 'intermediate' range of the transverse momentum transfers for

the present collision system. In �gure 2 we plot the fully di�erential cross section in the

coplanar geometry for q
?
= 0:2 a.u. and "k = 20 eV. It is seen that the relativistic �rst

order and the nonrelativistic eikonal approximations yield close results for the cross section.

In �gure 3 the ionization cross section di�erential in q
?
is shown. This cross section was

obtained by integrating over the emitted electrons with energies 0 � "k � 400 eV. It follows

from the calculation (see also �gure 3) that both the relativistic �rst order and the eikonal

theories yield very close results for the projectile scattering in the ionizing collisions with

0:07 � q
?
� 0:3 a.u.. With increasing q

?
the contribution to the cross section rapidly

decreases. We note, however, that according to �gure 3 there exists the range of not too

large momentum transfers q
?
, which still noticeably contributes to the total cross section,

where the �rst order theory gives substantially larger results. The latter reects the rather

general fact that the �rst order theories may overestimate cross sections in the case of strong

perturbations and is consistent with the relation between the eikonal and �rst order results

which are shown in �gure 1.

2. Evaluation of cross sections integrated over the momentum transfer.

Within the present approach cross sections di�erential only in electron variables were cal-

culated as follows. According to the discussion in the previous section, all collisions were

subdivided into collisions with small, 0 � q
?
� q0

?

, and 'large', q
?
> q0

?

, momentum trans-

fers. Collisions with q
?
� q0

?

were treated in the relativistic �rst order approximation.

Collisions with q
?
> q0

?

were considered in the Glauber approximation. The value of q0
?

was taken dependent on the energy of the emitted electron (e.g. from q0
?

= 0:12 a.u. for

electrons with "k � 1 a.u. up to q0
?

= 0:25 a.u. for electrons with 3 � "k � 4 a.u.). It turned

out that the result was not sensitive to a particular choice of q0
?

provided 0:1
<� q0

?

<� 0:3

a.u.. The latter is important and lends an additional support to the existence of the 'inter-

mediate' range of q
?
where both the (relativistic) �rst order and (nonrelativistic) Glauber

approximations yield quite close results.

3. Cross sections di�erential in the electron emission energy and polar angle.

broader maxima) in the fully di�erential cross section in the plane 'k = 900 was recently observed

experimentally [37] in helium single ionization by 100 MeV/u C6+ projectiles at q
?
� 1. Calcula-

tions with the states (6) and (7) for this collision system, where the e�ective perturbation strength

Zp=vp � 0:1 is much smaller compared to that in collisions with 1 GeV/u U92+ (Zp=vp = 0:77),

suggest that such a structure might exist at q
?

>
� 1. One should mention that in the case of weak

perturbation (Zp=vp � 1) the results in the plane 'k = 900 turned out to be very sensitive to the

choice of the target states. The latter, however, is not the case for strong perturbations (Zp=vp
<
� 1,

like e.g. in collisions with 1 Gev/u U92+) where the application of di�erent target states yields

rather similar results.
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The double di�erential cross section d2�+

d"ksin�kd�k
is displayed in �gure 4 as a function of the

polar emission angle �k for �xed electron emission energies of 0:1 and 1 a.u., respectively.

As in the previous subsection we consider the reaction 1 GeV/u U92+ +He! U92+ +He+ +

e�. Ionization cross section di�erential in the polar angle of the emitted electron, d�+

sin�kd�k
,

is shown in �gure 5. In both �gures results of the �rst order calculations are represented by

dashed curves whereas results of the present approach, which combines the �rst order and

Glauber approximations, are given by solid curves.

It is intuitively clear and is also suggested by earlier considerations [12] that at this very

high collision velocity, when vp � v0 and Zp=v
2
p � 1, the emission of electrons with k � v0

proceeds nearly symmetrically with respect to the angle �k = 900. The same conclusion

follows from both the present calculations displayed in �gures 4 and 5. According to the

latters, the main di�erence between the �rst order and present approaches is that the present

approach yields considerably smaller results for the emission at angles close to �=2 where

the cross sections reach their maximal values. For the angles close to 0 and �, where the

corresponding cross sections are rather small, the di�erence between them decreases.

Two main conclusions can be draw from the study of the doubly and singly di�erential

cross sections. First, at the collision parameters considered the account of the many-photon

exchange do not inuence much the angular distribution of the electron emission compared

to that following from the �rst order calculation. Second, even at this very high velocity

the account of the many-photon exchange results in considerably smaller values of the total

emission. These two points can be understood by noting that the contribution to the an-

gular asymmetry, which may arise from the post-collision interaction is, roughly speaking,

proportional to Z3
p=(v

4
p

2) (see [12]) and for vp = 120 and  = 2:07 is very small even at

Zp = 92. At the same time, the non-�rst order e�ects in the total cross section are deter-

mined by the factor Zp=vp (see e.g. [30]), which in the case under consideration is not very

far from unity.

4. Electron energy spectrum.

The energy spectrum of the emitted electrons is displayed in �gure 6. It is seen in �gure

6a,b that the di�erence between the two calculations is just about 10% at lower electron

energies ("k � 0� 5 eV). However, the di�erence increases with increasing emission energy

and reaches already about 40% at "k � 100 eV. The inclusion of the many-photon exchange

reduces the calculated total cross section for helium single ionization by approximately 20%,

somewhat larger than we expected based on estimates for the total cross section obtained

in [30].

It is seen from �gure 2c,d that both, the �rst order and the proposed approaches, yield

results which are in reasonably good agreement with the experimental data. It seems,

however, that the latter approach improves the agreement for the higher-energy part of the

electron spectrum.

5. Distributions of longitudinal momenta of emitted electrons.

The fact, that the proposed approach slightly improves agreement with experiment, can also

be observed in �gure 7. In this �gure we show results of calculations for the electron emission

spectrum plotted as a function of the longitudinal component, klong, of the momentum of

the emitted electron. The minimal di�erence between the �rst order result and that of the
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present approach takes place at klong = 0 a.u. (� 15%). When the absolute value of klong
increases the di�erence also increase and reaches about 35� 40% at klong = �2:5 a.u.. It is

seen from the �gure 7 that the account of the many-photon exchange brings the calculated

results in a closer agreement with the experimental data.

IV. CONCLUSION

We have presented an approach for describing ionization of light atoms in relativistic

collisions with highly charged ions. This approach consists of dividing all collisions into those

with 'small' and 'large' momentum transfers. The former and the latter are described by the

�rst order relativistic theory and the Glauber approximation, respectively. Such an approach

allows one to account (approximately) for many-photon exchanges. The present approach

can be regarded as complementary to those semiclassical treatments where collisions with

'small' and 'large' impact parameters are described by the 'sudden'-like and �rst order

approximations, respectively.

As the �rst application of this approach, it was used to describe helium single ionization

by 1 GeV/u U92+ projectiles. In this case a striking di�erence with the �rst order results is

obtained only for the fully di�erential cross section and only when the transverse momentum

transfer q
?
is relatively large. For the electron emission cross sections, integrated over the

momentum transfer, the di�erences between results of the �rst order and the proposed

approaches are, on average, relatively small. In particular, they turned out to be quite

substantial only for the higher energy part of the emitted electron spectra which is of minor

importance for the total emission. It has been demonstrated, however, that, provided the

same initial and �nal states of helium (6) and (7) are employed in both the �rst order and

the proposed approaches, the latter allows one to bring calculated results for the emission

cross sections to a better agreement with available experimental data.

Much more pronounced manifestations of the many-photon exchange between colliding

projectile and target are expected in the process of helium double ionization by relativistic

highly charged ions. Note that there exist experimental data on spectra of electrons emitted

in the process of helium double ionization by 1 GeV/u U92+ projectiles [9], [10]. The work

on this topic is in progress.
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FIGURE CAPTIONS

15



FIGURES

FIG. 1. Helium single ionization by 1 GeV/u U92+ projectiles. The fully di�erential cross

section d�+

d"kd
kd
2q?

as a function of the polar emission angle �k for a �xed emission energy "k = 20

eV and transverse momentum transfer q
?
= 1 a.u.. a) The case of coplanar geometry, 'k = 00. b)

The case of 'k = 900. Full curves: result of the eikonal approximation; dashed curves: result of

the relativistic �rst Born approximation.
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FIG. 2. Same as in �gure 1a but for q
?
= 0:2 a.u..
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FIG. 3. Helium single ionization by 1 GeV/u U92+ projectiles. Singly di�erential cross section
d�+

dq?
is obtained by integrating over electrons emitted with energies 0 � "k � 400 eV. Full curve:

result of the eikonal approximation; dashed curve: result of the relativistic �rst Born approxima-

tion. (The range of the larger momentum transfers, q
?
> 4 a.u., is not shown since in this range

the higher emission energies, "k > 400 eV, start to noticeably contribute to the cross section.)
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FIG. 4. Helium single ionization by 1 GeV/u U92+ projectiles. Doubly di�erential cross section
d2�+

d"ksin�kd�k
as a function of the polar emission angle at �xed emission energies of 0:1 and 1 a.u..

Dashed curves: results of the relativistic �rst Born approximation; solid curves: results of the

proposed approach.
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FIG. 5. Helium single ionization by 1 GeV/u U92+ projectiles. Singly di�erential cross sec-

tion d�+

sin�kd�k
was obtained by integrating over electrons emitted with energies 0 � "k � 400 eV.

Full curve: result of the proposed approach; dashed curve: result of the relativistic �rst Born

approximation.
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FIG. 6. Energy distribution of electrons emitted in the process of helium single ionization by

1 GeV/u U92+ impact. a) Dashed curve: result of the relativistic �rst Born approximation; solid

curve: result of the proposed approach. b) The ratio of the cross sections shown in �gure 6a.

c) Circles: experimental results [9]; dashed curve: identical to dashed curve in a). d) Circles:

experimental results [9]; solid curve: identical to solid curve in a). The experimental results shown

in c) and d) have been normalized to the corresponding calculated results (more precisely, to the

lower energy part of these results, "k
<
� 24:6 eV, which gives the main contribution to the emission).
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FIG. 7. Longitudinal momentum distribution of electrons emitted in the process of helium

single ionization by 1 GeV/u U92+ impact. a) Dashed curve: result of the relativistic �rst Born

approximation; solid curve: result of the proposed approach. b) Circles: experimental results [9];

dashed curve: identical to dashed curve in a). c) Circles: experimental results [9]; solid curve:

identical to solid curve in a). The experimental results shown in b) and c) were normalized to the

corresponding calculated results.
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