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Abstract
The most general class of warped AdS5 ×w M6 supersymmetric solutions in D = 11 supergravity permit a consistent
truncation to D = 5 N = 2 minimal gauged supergravity. Here we extend this truncation, for a particular subclass of
M6 manifolds, to D = 5 N = 4 gauged supergravity coupled to two vector multiplets. We obtain the reduction ansatz
by T-duality of a recently discussed type IIB truncation on a generic Sasaki-Einstein five-fold, which becomes non-trivial
in D = 11 and displays non-standard features due to the G-structure of the internal M6 . Using this truncation, we
construct two new classes of warped and unwarped non-supersymmetric AdS5 M-theory backgrounds. We also comment
on possible extensions of the reduction ansatz to the general class of M6 geometries.
1. Introduction
The lower dimensional effective theories that result from
string or M-theory compactification provide a very useful
arena for phenomenological, cosmological or holographic
studies. In this context, the requirement that the lowerdimensional effective theory be a consistent truncation of
the higher-dimensional one, namely, that all solutions of
the lower-dimensional equations of motion lift to higherdimensional solutions, has a variety of formal and practical applications. For example, in the absence of a clear
separation of scales in flux compactifications, consistent
truncations at least provide a well defined mechanism to
retain a finite number of lower-dimensional fields. By their
very definition, they prove valuable tools in the construction of higher-dimensional supergravity backgrounds and,
in AdS/CFT, have been recently found useful to embed
gravitational toy models into UV-safe string theory.
Consistent truncations on G-structure manifolds are relatively easy to construct whenever there is some symmetry
principle that selects the set of expansion forms and determines the effective fields to be kept in the truncation.
This is the case of the consistent truncation of M-theory
on Sasaki-Einstein seven-folds (SE7 ) of [1]. In this case,
SE7 comes equipped with an SU (3) structure that contains only constant, SU (3)-singlet torsion classes. The invariant forms (η, J, Ω) that define the SU (3)-structure can
be safely used as expansion forms while the constant, singlet torsion classes guarantee the consistency of the truncation. Essentially the same mechanism was put at work
in [2] in the context of (massive) type IIA truncations on
nearly-Kähler (N K6 ) six-folds: again, N K6 is endowed,
by definition, with an SU (3)-structure with only a singlet
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torsion class, W1 . Similar truncations are possible for homogeneous internal spaces G0 /H0 enjoying a G0 –invariant
G-structure, see [3]–[6]. Now, G0 invariance guarantees
consistency in e.g. the truncations of type IIA on SU (3)structure cosets of [4], in spite of the internal spaces being
half-flat (and, thus, having a non-SU (3)-singlet class W2
in addition to W1 ) at generic points in moduli space [7].
This situation changes dramatically when no obvious
symmetry principle can be invoked in order to select the
expansion forms. Remarkable examples of consistent truncations on G-structure manifolds that do not seem to
rely on symmetry arguments do nevertheless still exist,
the most prominent ones being the maximally supersymmetric truncations of D = 11 supergravity on (identitystructure) spheres down to D = 4 N = 8 SO(8)–gauged
supergravity [8], or D = 7 N = 2 SO(5)–gauged supergravity [9]. More generally, consistent truncations on nontrivial G-structure manifolds down to pure (ie, with no
matter couplings) supergravity with reduced supersymmetry have been conjectured (and shown in some cases) to
always exist [10] with, again, no clear symmetry principles
at work. A specific example of this situation is provided
[11] by the consistent truncation of D = 11 supergravity on
M6 down to minimal D = 5 gauged supergravity, where
M6 is the class of SU (2)-structure manifolds, discussed
by Gauntlett, Martelli, Sparks and Waldram (GMSW) in
[12], whose torsion classes are defined by the requirement
that the warped product AdS5 ×w M6 be a supersymmetric
(N = 2) solution of D = 11 supergravity.
The consistent truncation of [11] (as well as those of
[10, 13]) reveals an intriguing generosity of the class of
manifolds M6 of [12]: not just that the (only) AdS5 vacuum of minimal D = 5 gauged supergravity uplifts to
D = 11 on such M6 (which was in fact designed in [12]
to do precisely this job), but in fact any solution of the
minimal D = 5 theory can be uplifted to D = 11 on the
June 24, 2011

same M6 . This situation prompts the question of whether
M6 allows for the uplift of even more general D = 5 configurations, namely, whether it admits consistent truncations
including N = 2 (or even N = 4, on account of its SU (2)structure) matter couplings. In this note we will show that
this does happen for a particular subclass of GMSW geometries, even in the absence of the symmetry principles
that allow for this enlargement to occur [1, 14, 15, 16] (see
also [17]) in e.g. Sasaki-Einstein truncations [18, 10]. We
will focus on the bosonic sector of supergravity. For recent
results on the fermionic extensions in the Sasaki-Einstein
truncation context, see [19]–[22].
With no guiding symmetry at hand, we resort to indirect methods to construct the relevant Kaluza-Klein (KK)
ansatze. In section 3, we present a consistent truncation
of D = 11 supergravity on a particular class of GMSW
manifolds down to the same D = 5 N = 4 matter-coupled
supergravity (briefly reviewed in section 2) that arises from
type IIB on a generic Sasaki-Einstein five-fold SE5 [14, 15].
We construct the D = 11 reduction via T-duality from
type IIB, and stress that the former, unlike the latter,
no longer follows from symmetry principles. Using this
result, in section 4 we construct two new classes of nonsupersymmetric AdS5 solutions in D = 11. The reduction
ansatz of section 3 does not easily extend to the most general class of GMSW M6 manifolds and, in section 5, we
comment on some of the difficulties to write down a consistent ansatz involving the defining forms of the SU (2)structure on general M6 . Section 6 concludes.

related to the corresponding Killing vector), and the function ζ and the connection ρ = ρi dxi depend on the coordinate y and the coordinates on M4 . The warp factor λ
and ζ are also related to y via 2y = e3λ sin ζ. We will not
need the expression for the background four-form.
When M6 is complex, we have the following simplifications: d4 ζ = d4 λ = ∂y ρ = 0, in which case, ρ becomes the
canonical connection on the Kähler manifold M4 . The supersymmetry conditions may then be integrated leading to
a class of geometries which are topologically S 2 -bundles,
parameterised by (y, ψ), over smooth Kähler bases M4
which are either four-dimensional Kähler-Einstein spaces,
M4 = KE4 , or products of constant curvature Riemann
surfaces, M4 = C1 × C2 . Further details, as well as the
explicit SU (2) torsion conditions and the various expressions for and e6λ , cos2 ζ and J characterising individual
solutions may be found in [12]. For future reference, here
we would just like to mention that, for the specific class
of solutions with product base, including M4 = S 2 × T 2 ,
the non-zero modules characterising the SU (2)-structure
of M6 are, in the notation of [23], the singlets S2 , S3 , S7 ,
S8 , and the two-forms T1 , T2 . Further, the singlets are
non-trivial functions of λ and ζ.
D = 11 supergravity admits a consistent truncation on
the GMSW class of geometries to D = 5 N = 2 minimal
gauged supergravity [11], the field content of which comprises the metric ds25 and the graviphoton, A1 . The KK
ansatz for the metric is obtained from (2) by replacing
ds2 (AdS5 ) with ds25 , and K 2 with e6 = K 2 + 13 cos ζA1 .
The reduction ansatz for the four-form reads
G̃(4)

2. Background

+

2.2. Type IIB SE5 reduction
Type IIB supergravity on a generic SE5 manifold reduces to D = 5 N = 4 gauged supergravity coupled to
two vector multiplets [14, 15]. The KK ansatz for the
metric naturally employs the structure of a U (1) fibration over a Kähler-Einstein four-dimensional base (KE4 )
of SE5 . Following the IIB Einstein frame conventions of
[15], it reads

2.1. AdS5 ×w M6 geometries and N = 2 reduction
We begin by summarising the GMSW solutions [12].
The D = 11 geometry is a warped product of AdS5 and
an internal Riemannian manifold M6 ,
(1)

where the warping λ depends only on the coordinates on
M6 . Supersymmetry imposes an SU (2)-structure on M6 ,
defined by two real one-forms K 1 , K 2 , a real two-form J
and a complex two-form Ω. The metric on M6 reads
ds2 (M6 ) =

e−6λ ds2 (M4 ) + (K 1 )2 + (K 2 )2 ,


e3λ
− sin ζJ + K 1 e6 ∧ F2
3

1 3λ
e cos ζK 1 ∧ ∗F2 ,
(3)
3
where F2 = dA1 , ∗ is the Hodge dual with respect to
(4)
ds25 , and G0 is the background four-form with again K 2
replaced with e6 . Substitution into the D = 11 equations
of motion shows the consistency of this ansatz.

In this section, we review the GMSW class of solutions,
the reduction to minimal D = 5 N = 2 supergravity, and
the D = 5 N = 4 SE5 reduction of type IIB supergravity.
We also address how the latter may be tailored to the
explicit Y p,q metrics. This will be useful to construct a
reduction to the D = 5 N = 4 theory from D = 11.

ds2 = e2λ [ds2 (AdS5 ) + ds2 (M6 )],

(4)

= G0 +

2

ds2IIB = e− 3 (4U+V ) ds25 + e2U ds2 (KE4 ) + e2V (η + A1 )2 (. 4)
Here ds25 is an arbitrary (Einstein frame) metric on fivedimensional space-time, η is the dual one-form of the Reeb
vector of SE5 , U and V are scalar fields and A1 is a oneform defined on the external five-dimensional space.
The ansatz for the form field strengths is given by

(2)

where, introducing coordinates y, ψ, one can write K 1 =
e−3λ sec ζdy, K 2 = 13 cos ζ(dψ + ρ), M4 is a Kähler manifold, ψ parametrises the R-symmetry direction (with K 2

8

(E)

F(5) = 4e− 3 (4U+V )+Z vol5
2

4

+ e− 3 (U+V ) ∗ K2 ∧ J

+K1 ∧ J ∧ J + 2eZ J ∧ J ∧ (η + A1 )


− 2e−8U ∗ K1 − K2 ∧ J ∧ (η + A1 )
i
h 4
+ e− 3 (U+V ) ∗ L2 ∧ Ω + L2 ∧ Ω ∧ (η + A1 ) + c.c. ,

(note that ∆ = e6λ for U = V = 0) and
1 2U
c̃
[e c̃wq − e2V 4y(1 − c̃y)]σ̂ 3
Ã(1) = − A1 +
2
6∆

fibers the S 1 with coordinate α both over spacetime and
over the squashed S 3 parametrised by σ i . Note that A1 in
(3) is 3 times A1 in σ̂ 3 .
Finally, the KK ansatz for the IIB form field strengths is
given by (5) with (6). In particular, the H(3) field strength
may be integrated to give the B-field

F(3) = G3 + G2 ∧ (η + A1 ) + G1 ∧ J
+ [N1 ∧ Ω + N0 Ω ∧ (η + A1 ) + c.c.] ,

H(3) = H3 + H2 ∧ (η + A1 ) + H1 ∧ J
+ [M1 ∧ Ω + M0 Ω ∧ (η + A1 ) + c.c.] ,
C(0) = a,

Φ = φ.

(5)

1
B(2) = B2 − Db ∧ [(1 − c̃y)σ̂ 3 − 6yDα] + [ξΩ + c.c.],(11)
6

Now, (J, Ω, η) characterise the SU (2) structure on SE5 .
Further details and expressions for the above spacetime
forms Ki , Li , Gi , Hi , Ni and Mi in terms of potentials may
be found in [15]. Here we only note that the D = 5
degrees of freedom include, besides the metric, eleven
scalars (seven real, U, V, φ, a, h, b, c, and two complex,
ξ, χ) parametrising the N = 4 moduli space SO(1, 1) ×
SO(5,2)
SO(5)×SO(2) ; two real two-forms B2 , C2 ; one complex twoform L2 ; and four real vectors A1 , B1 , C1 , E1 . The latter
are gauge fields of U (1) × H3 , where U (1) corresponds to
the R-symmetry, and H3 is the three-dimensional Heisenberg group. Note that K appears with superscripts for
GMSW vectors and also with subscripts where it corresponds to a field in the reduction.
We now particularise the reduction ansatz (4), (5) to
SE5 = Y p,q . We find it convenient to use global coordinates (θ, ϕ, y, α, ψ) (see [24]), rather than the local ones
suitable to display the Reeb fibration of Y p,q . In global
coordinates, the SU (2)-structure forms on Y p,q read

1
(1 − c̃y)σ 3 − 6ydα ,
η=
3

1
(6)
−dy ∧ (c̃σ 3 + 6dα) + (1 − c̃y)σ 1 ∧ σ 2 ,
J=
6
s
Ω=

where Db ≡ db − 2B1 and Dα ≡ dα − 2c̃ A1 .
3. D = 5 N = 4 gauged supergravity from D = 11
The Y p,q manifolds were originally discovered from the
GMSW geometry corresponding to complex M6 , with
M4 = S 2 × T 2 in (2), by reducing and T-dualising along
T 2 [12]. We will now reverse this process, in order to uplift
the KK ansatz (8), (5) to D = 11. Since this process maps
solutions to solutions, the consistency of the ansatz thus
obtained for the reduction of D = 11 supergravity to the
full D = 5 N = 4 gauged supergravity of [14, 15] is guaranteed. Below we will argue, however, that the reduction
becomes non-trival from a D = 11 point of view.
We will first deal with the NS sector. After T-dualising
on the α-direction (using consistent conventions e.g. [25]),
the (Einstein frame) metric becomes

φ
2
1
1 − c̃y 2 2
ds (S )
ds2IIA = e 8 ∆ 4 e− 3 (4U+V ) ds25 + e2U
6

2
3
e2U+2V wq 3 2
7
2U dy
+e
+
(σ̂ ) +e− 8 φ ∆− 4 [dα + B̃(1) ]2 (12)
wq
9∆

wq
1 − c̃y 2
(σ − iσ 1 ) ∧ [dy − i (6dα + c̃σ 3 )],
6wq
6

where now

where σ i , i = 1, 2, 3, are SU (2) left-invariant forms (not
directly related to the SU (2)-structure). In these coordinates, σ 2 − iσ 1 = eiψ (dθ + i sin θdϕ), σ 3 = dψ − cos θdϕ.
In addition, w and q are functions of y
w ≡ e6λ =

2(ã − y 2 )
,
1 − c̃y

q ≡ cos2 ζ =

B̃(1) = yDb −

2

+

ã − 3y 2 + 2c̃y 3
, (7)
ã − y 2

To find the D = 11 metric, we need to identify the RR
one-form potential. This can be calculated to be

(8)

where ds2 (S 2 ) = (σ 1 )2 + (σ 2 )2 = dθ2 + sin2 θdϕ2 , σ̂ 3 =
σ 3 + 3A1 , we have defined
∆ = e2U wq + 4y 2 e2V ,


i p
√ ξ wq(1 − c̃y)(σ 2 − iσ 1 ) + c.c. (13)
6

c̃
e2U wq
B̃(2) = B2 − A1 ∧ dα −
Db ∧ σ̂ 3
2
6∆
1 2U
[e c̃wq − e2V 4y(1 − c̃y)]σ̂ 3 ∧ dα
(14)
+
6∆s
"
#
1 − c̃y 1
2wqye2V 3
1
+ ξ
(σ − iσ ) ∧ (dy − i
σ̂ ) + c.c. .
6wq
3∆

1 − c̃y 2 2
dy 2
ds (S ) + e2U
6
wq

e2U+2V wq 3 2
(σ̂ ) + ∆[dα + Ã(1) ]2 ,
9∆



still fibers S 1 over spacetime and over the squashed S 3 , but
now the fibration is over the S 2 base of the latter. The IIA
3
dilaton is e2φ̃ = e 2 φ ∆−1 and the transformed B-field is

where ã and c̃ are constants. It may be easily verified
that these forms satisfy the SE5 , SU (2)-singlet torsion
conditions, namely dη = 2J and dΩ = 3iη ∧ Ω.
In these coordinates, the ansatz (4) for SE5 = Y p,q is
ds2IIB = e− 3 (4U+V ) ds2(E) + e2U

(10)

(9)
3

C̃(1) = adα − y(Dc − aDb)


p
i
2
1
√
(χ − aξ) wq(1 − c̃y)(σ − iσ ) + c.c. (15)
+
6

where Dc ≡ dc−2C1 . Uplifting now this type IIA solution,
we eventually find the following D = 11 metric:

2
1 − c̃y 2 2
1
2
3
ds (S )
ds11 = ∆ e− 3 (4U+V ) ds25 + e2U
6

dy 2
e2U+2V wq 3 2
+e2U
+
(σ̂ )
wq
9∆


2
+∆− 3 e−φ (dα + B̃(1) )2 + eφ (dβ + C̃(1) )2 . (16)

massive vectors is not surprising as, in fact, an infinite
tower of those arise upon compactification of the metric.
What seems remarkable is that a finite number of massive
vector metric modes can be retained in a full non-linear
embedding like (16). We are not aware of a similar case
having been previously discussed in the literature.
From a purely D = 11 perspective, the consistency of
the truncation is quite non-trivial. While the singlet and
constant SU (2) torsion classes of SE5 guarantee the consistency of the type IIB truncation, one of the effects of the
T-duality is to generate non-trivial modules in the SU (2)structure of the D = 11 background (see section 2.1), thus
preventing the D = 11 truncation to follow from any obvious symmetry principle. This is reflected by the nonobvious manner in which the D = 5 fields enter the D = 11
ones. As a cross-check, we have partially verified that the
D = 11 field equations, evaluated on (16), (17) reproduce,
as they should, the D = 5 equations of motion (collected
e.g. in appendix B of [15]). But, had not we obtained the
full non-linear D = 11 ansatz by T-dualising the simpler
SE5 ansatz (4), (5), it would have been extremely difficult
to figure out what the D = 11 KK ansatz would have been,
or whether an ansatz from D = 11 would exist at all.
Finally, recall that the D = 5 N = 4 theory admits a
truncation to minimal D = 5 N = 2 supergravity (see
again, e.g., [15] for the details). The reduction ansatz
(16), (17) then reduces to the one of [11], reviewed in section 2.1 above, particularised to the case of S 2 × T 2 base
in M6 . The reduction of [11] is, however, general for all
the GMSW geometries M6 of [12] so a natural question is
to ask whether the D = 5 N = 4 theory, or any subtruncation thereof, can be obtained from more general geometries within the GMSW class. Apart from the (singular)
H 2 × T 2 case, for which the truncation may be adapted
to produce an N = 4 supergravity, inspection of (16) reveals that no supersymmetric subtruncation of the N = 4
theory of [14, 15], other than the minimal N = 2 one, can
be obtained from a generic GMSW geometry M6 . To see
this, recall that the N = 4 theory can be truncated to
N = 2 supergravity coupled to a universal hypermultiplet
(φ, a, ξ, ξ ∗ ). This is the minimal supersymmetric extension
of D = 5 minimal supergravity, that still is a subtruncation
of the N = 4 theory. From (16), the effect of the scalars
(φ, a, ξ, ξ ∗ ) can be seen to deform the M4 = S 2 ×T 2 base of
M6 . Assuming that a truncation on generic M6 should preserve the geometry of M4 , we reach the conclusion above.
What is conceivable is that consistent truncations to
other matter-coupled theories in D = 5 can be obtained
from a generic GMSW geometry, by judiciously constructing a KK ansatz from the SU (2)-structure forms. Although we have not succeeded in building new truncations,
in section 5 we comment on possible strategies to do this.

For the four-form we find, after some calculation,

2
1
G(4) =− eZ (1 − c̃y)dyσ̂ 3 σ 1 σ 2 − K2 dyσ̂ 3
9
3
4
1
+ y(1 − c̃y)K2 σ 1 σ 2 + e− 3 (U+V ) (∗K2 )dy
3
1
+ (1 − c̃y)K1 dyσ 1 σ 2 − 4ye−8U (∗K1 )
3
s

wq
1 − c̃y
L2 (σ 2 − iσ 1 )(2ydy − i σ̂ 3 )
+
6wq
3

− 43 (U+V )
2
1
+e
(∗L2 )iwq(σ − iσ ) + c.c.
+dB̃(2) (dβ + C̃(1) )
+G3 (dα + B̃(1) ) +

e2U wq
G2 σ̂ 3 (dα + B̃(1) )
3∆

2ye2V
dyσ̂ 3 G1 (dα + B̃(1) )
3∆
1
+ (1 − c̃y)σ 1 σ 2 G1 (dα + B̃(1) )
6
s

−

2ye2V
1 − c̃y 1
N1 iwq
(σ + iσ 2 )σ̂ 3 (dα + B̃(1) )
3∆
6wq
s
1 − c̃y 2
+N1
(σ − iσ 1 )dy(dα + B̃(1) )
(17)
6wq
s
e2U wq 1 − c̃y 2
+N0
(σ − iσ 1 )dyσ̂ 3 (dα + B̃(1) ),
3∆
6wq
−

where we have omitted wedge products and Ki , Li , Gi , Ni
refer to the fields in the original notation of [15].
Several remarks about the consistent embedding (16),
(17) are now in order. At generic points in the N =
4 moduli space, the metric on the internal M6 receives deformations from ∆ that nevertheless preserve the
cohomogeneity-one foliation by y of the undeformed background metric. The SU (2) × U (1)3 symmetry of the background is, however, generically broken by B̃(1) , C̃(1) to
SU (2) × U (1). As in the reduction to minimal supergravity of [11], the U (1) symmetry associated to σ 3 is gauged
by the N = 2 graviphoton A1 . The present metric additionally contains the vectors B1 , C1 , which enter (16) in an
unconventional way, as they do not gauge any isometry of
M6 (they are involved in the gauging of a Heisenberg symmetry coming from the four-form). B1 , C1 become massive
after gauge-fixing the shift symmetries corresponding to
the axions b, c (see [14, 15, 16]). That a metric produces

4. New non-supersymmetric AdS5 solutions
The original AdS5 background is obviously recovered
when all the D = 5 excitations are turned off. In other
4

words, the N = 2 AdS5 critical point of the N = 4 theory uplifts to D = 11 via (16), (17). Of course, this is
guaranteed by the consistency of the truncation, as is the
consistent uplift of any other solution to the D = 5 theory.
In particular, the D = 5 potential admits a second, nonsupersymmetric AdS5 critical loci (first found by Romans
[26] in D = 5 N = 8 supergravity), at
e4U = e−4V =

class. As a consequence, the associated almost complex
structure is integrable and M6 , therefore, complex. M6 is,
however, not Kähler. Neither it is Einstein so, in particular, our direct product solutions are not in the class of
non-supersymmetric AdS5 × KE6 solutions [27, 28], where
KE6 is a Kähler-Einstein six-fold. A D = 5 reduction related to this class of solutions was constructed in [29].

1 φ ′
2
, ξ = √ e 2 eiθ , χ − aξ = ie−φ ξ, (18)
3
12

5. Possible extension to general M6
We now turn to the question of whether truncations beyond the one to minimal supergravity [11] exist for other
GMSW geometries [12]. We start by considering generalisations to the explicit example M4 = S 2 × S 2 , before
commenting on the R-charged sector of the general GMSW
solutions and the rôle of the warp factor in constraining potential reductions. As a general comment, note that (some
combination of) the scalars U , V might still be promoted
to a reduction on general GMSW via the combination ∆:
using 2y = e3λ sin ζ , equation (9) becomes

where θ′ is an arbitrary phase. All other scalars of the
D = 5 theory are
√ set to trivial, and the AdS5 radius at
these points is 2 2/3.
Feeding (18) into (16), (17), we find two new classes
of D = 11 solutions, consisting on non-supersymmetric,
warped and direct products, respectively, of AdS5 with
a smoth, complex manifold M6 , equipped, in both cases,
with a Hermitian, two-parameter metric. Both classes are
parametrised by (ã, φ). To see this, note that out of the five
parameters (ã, c̃, a, φ, θ′ ) of the solution (18), (16), (17), θ′
and a can be removed by coordinate transformations. The
two classes are then distinguished by the value of c̃. If
c̃ 6= 0, it is easy to check that it can be taken to c̃ = 1 with
no loss of generality, leading to the two-parameter warped
product class. If c̃ = 0, the warp factor ∆ reduces to a
constant, leading to the direct product class. The nonsupersymmetry of the D = 5 critical point (18) carries
over to its D = 11 uplift. This lack of supersymmetry can
also be directly seen in D = 11, as the uplifted solutions
do not fit into the generic form of AdS5 supersymmetric
solutions in D = 11 [12], reviewed in subsection 2.1.
The topology of the internal M6 for both classes is
the same as that of the supersymmetric S 2 × T 2 solutions of [12], namely, a smoth trivial T 2 bundle over a
four dimensional base B4 , which is itself a trivial S 2 bundle over S 2 . Now, unlike the solutions in [12], the metric on M6 is not a warped product of T 2 with B4 =
S 2 × S 2 , but the former
is (trivially) fibered over the
√
p
latter by B̃(1) = − 62 e−3φ/2 (1 − c̃y)wq σ 1 and C̃(1) =
√
p
− 62 e3φ/2 (1 − c̃y)wq σ 2 . The topological triviality and
metric regularity of B4 follows from a similar analysis as
that of [12, 24], so here we will only show the triviality
of the T 2 bundle. To see that T 2 does not wind over
B4 = S 2 × S 2 , we first follow [24] closely and construct a
basis C1 , C2 in homology H2 (B4 ) out of the two copies of
the round S 2 , with coordinates (θ, ϕ), located at the poles
of the S 2 fiber (y, ψ). These poles are themselves located
at the two smaller roots y1 , y2 of the numerator of q(y) in
(7). It is easy to check that the curvatures dB̃(1) , dC̃(1)
integrate to zero over the cycles C1 , C2 , thus showing the
vanishing of the corresponding Chern numbers.
For both classes of solutions, the internal M6 is complex. Introducing the obvious frame ei , i = 1, . . . , 6, for
the internal metric in (16), (18), it can be shown that the
(3, 0)-form Ω = (e1 +ie2 )∧(e3 +ie4 )∧(e5 +ie6 ) is such that
dΩ = A ∧ Ω for a suitable one-form A, different for each

∆ = e6λ (e2U cos2 ζ + e2V sin2 ζ).

(19)

5.1. KK reduction on M4 = S 2 × S 2
Neglecting M4 = H 2 × T 2 , where the solutions are singular, the next most interesting explicit GMSW example
is M4 = S 2 × S 2 , a product of two-spheres that also serves
as an example of KE4 when the two spheres have equal
radii. In order to consider any generalisation to this class
of explicit solutions, a prerequisite is that one can find a
reduction incorporating a single breathing mode.
Although the KK ansatz for M4 = S 2 × T 2 may be
consistently truncated to a gravity scalar theory through
setting all fields to zero and U = V , (see [30, 31]), we have
checked that such a reduction may not be generalised to
M4 = S 2 ×S 2 . The failure of this simple reduction suggests
that one must introduce an additional flux term in tandem
with the breathing mode. Observe that for all the explicit
solutions where M6 is complex, the four-form flux may
be expressed schematically as G(4) = 6c̃ vol4 + d[f (y)J ∧
Dψ], thus immediately satisfying the Bianchi identity. The
bracket under d is a natural place to introduce a scalar into
the four-form flux, in a compatible way with the Bianchi.
Indeed, we are aware of similar construction [13] of the
reduction ansatz of D = 11 supergravity on the Lin-LuninMaldacena (LLM) geometries [32] down to D = 5 SU (2)×
U (1) gauged supergravity [33].
Despite the obvious difference in supersymmetry of the
original backgrounds, one striking similarity is that both
the LLM geometries and M4 = S 2 × T 2 GMSW class involve U (1) fibrations over a single Riemann surface. When
both the Riemann surfaces, or alternatively KE4 is fibred,
it is clear that the ansatz provided by studying S 2 ×T 2 will
not be appropriate. The identification of a good candidate
for the reduced gauged supergravity would be helpful, as
it is easier to find the correct ansatz when one has a target
reduced theory in mind.
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In the absence of a breathing mode, another candidate
field that may be retained is K1 , the existence of which
ensures K2 and F2 are not directly related. In fact, it is
easy to retain K1 so that the Bianchi holds by essentially
reversing a sign appearing in the reduction of [11]. However, one finds that such an ansatz fails for M4 = S 2 × S 2 .
This is not completely unexpected, as we have dropped
the breathing modes that play an important role in consistency when M4 = S 2 × T 2 .

requirement comes from the Einstein equations where the
overall metric warp factor e2λ appears inverted, forcing
the G2 terms in orthonormal frame to appear with e−2λ
factors. Neglecting the generalised calibration (see [11])
which allows J in (3) to appear with the correct factor,
this explains the absence of other terms involving J and
Ω. One can add other terms to the four-form, like (20)
wedged with e3λ cos ζK 1 , but similar inconsistencies end
up arising.
Interestingly, vectors with m2 = 15 also appear in the
reduction of type IIB supergravity on S 5 [34]. It is tempting to speculate that these are related to ours, as S 5 , like
the Y p,q metrics discussed above, can be recovered from
M6 by reduction and T-duality in the case of S 2 ×T 2 base.

5.2. R-charged fields
In the reduction of section 3, D = 5 R-charged modes
descending from both the D = 11 metric and the fourform were produced from deformations of the one-form
σ 2 −iσ 1 on S 2 which, together with its complex conjugate,
transforms as a doublet of the U (1) R-symmetry generated
by σ 3 . For general GMSW geometries, where there is a
U (1) fibration over the entire base, the natural R-charged
object to be considered is the complex two–form Ω (see
subsection 2.1).
A natural addition to the four-form reduction ansatz (3)
is thus given by the combination

6. Discussion
The truncation we presented in section 3 is one of the
few examples of a consistent truncation on a non-trivial Gstructure manifold to matter-coupled supergravity, that is
not apparently driven by symmetry principles. Another
example we are aware of in this class is the truncation of
D = 11 supergravity on a certain SU (2)-structure sevenfold [35] down to D = 4 N = 2 gauged supergravity coupled to a vector multiplet and two hypermultiplets [36].
In both these two cases, the reduction ansatz was proposed by indirect methods. Here, from T-duality of a type
IIB ansatz whose consistency, before T-dualisation, does
stem from symmetry principles. In [36], by first reducing
to D = 7 SO(5)–gauged supergravity [9], and then further reducing on three dimensions whilst keeping SO(3)
singlets in the decomposition SO(5) → SO(3) × SO(2).
From the D = 11 perspective, however, both are mattercoupled truncations on non-trivial G-structure manifolds,
that do not follow from any obvious symmetry principle.
Here, non-trivial torsion classes in the internal geometry
are generated by T-duality; in [36], the D = 11 → D = 7
step does not follow from symmetry, and this accordingly
translates into the straight D = 11 → D = 4 reduction.
For other examples of consistent KK reductions obtained
from T-duality, see [37].
This note has also made apparent how difficult it is to
construct reductions when there are no guiding symmetry
principles to write a KK ansatz out of the internal Gstructure, or when the target lower-dimensional theory is
unknown. In section 5, we have commented on this kind
of difficulties for reductions on generic GMSW geometries
[11]. Inconsistencies typically arise when the warp factor
λ does not drop from the D = 5 equations. It would
be interesting to determine if the inclusion of a modulidependent warp factor, such as (19), introduced into the
KK ansatz using the hints in subsection 5.1, would restore
consistency.
Using the embedding of section 3, we have constructed
two new classes of smooth, non-supersymmetric M -theory
backgrounds containing, respectively, warped and direct
products of AdS5 with a compact space M6 . We have

L2 ∧ e6λ Ω cos ζ + M1 ∧ 3e6λ Ω ∧ (−K 1 sin ζ + ie6 ), (20)
together with its complex conjugate. With the help of the
M6 torsion condition [12]
e−6λ d(e6λ Ω cos ζ) = 3Ω ∧ (−K 1 sin ζ + iK 2 ),

(21)

the combination (20) can be shown to be closed, and therefore compatible with the D = 11 Bianchi identity, provided
the complex spacetime forms L2 , M1 , satisfy
DL2 − iM1 ∧ F2 = 0,

DM1 + L2 = 0,

(22)

with DL2 ≡ dL2 −iA1 ∧L2 , and similarly for DM1 . Recall
also that F2 = dA1 . Equation (22) shows that L2 and M1
are, respectively, field strengths for a U (1) R-symmetry
doublet of vectors and scalars.
If one imposes the restrictions M1 ∧ M1∗ = 0, L2 ∧ L∗2 =
0, M1 ∧ L2 = M1 ∧ L∗2 = 0 (which already signal that
D = 5 degrees of freedom are being neglected in (20)),
the equation of motion for the four-form (3), (20) is also
satisfied provided
1
D ∗ L2 − 15 ∗ M1 + F2 ∧ L2 − iM1 ∧ ∗F2 = 0,
3
D ∗ M1 = 0.

(23)

These equations of motion show that, in the AdS5 vacuum,
the M1 scalars are Stückelberged away, giving a mass m2 =
15 (in units of the inverse AdS5 radius) to the vectors with
field strength L2 . Unfortunately, even with the restrictions
mentioned above, the ansatz (3), (20) proves inconsistent
at the level of the D = 11 Einstein equation.
This is primarily due to the fact that all the deformations of the original GMSW flux, namely (3) and (17),
appear in orthonormal frame with the factor e−λ . This
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built these solutions via D = 11 uplift of the nonsupersymmetric critical point [26] of the D = 5 N = 4
theory of [14, 15]. The type IIB uplift of this point can
be expected to be unstable [38], so it would be interesting
to determine if instabilities also arise for our D = 11 solutions. Observe, however, that the non-supersymmetric
solution AdS5 × CP 3 [27, 28] is known to be stable [39].
Similar supersymmetric AdS3 × M8 solutions to GMSW
exist [40] where M8 is an S 2 -bundle over M6 = KE6 or
products of Kähler-Einstein spaces. In accordance with
the conjecture of [10], one expects a consistent truncation
retaining an R-symmetry vector. Moreover, our findings
here suggest that when M6 has a T 2 factor, a more general
reduction to D = 3 supergravity, such as that in [41], may
be found.
More generally, it would be very interesting to determine
the conditions that allow for consistent matter couplings
in KK reductions on non-trivial G-structure manifolds.
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