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Close to a spacelike singularity, pure gravity and supergravity in 4 to 11 spacetime dimensions admit a
cosmological billiard description based on hyperbolic Kac-Moody groups. We investigate the quantum
cosmological billiards of relativistic wavepackets towards the singularity, employing flat and hyperbolic
space descriptions for the quantum billiards. We find that the strongly chaotic classical billiard motion of
four-dimensional pure gravity corresponds to a spreading wavepacket subject to successive redshifts and
tending to zero as the singularity is approached. We discuss the possible implications of these results in the
context of singularity resolution and compare them with those of known semiclassical approaches. As an
aside, we obtain exact solutions for the one-dimensional relativistic quantum billiards with moving walls.
DOI: 10.1103/PhysRevD.85.063501

PACS numbers: 98.80.Qc, 04.60.m, 04.60.Kz, 05.45.Mt

I. INTRODUCTION
Spacetime singularities are known to generically appear
in the classical theory of general relativity [1], and they are
expected to be resolved through quantum effects.
Understanding the classical structure near these singularities should shed light on the mechanisms that lead to the
quantum resolution. Via the Belinskii-KhalatnikovLifshitz (BKL) analysis [2,3] (see also [4]), the equations
of general relativity can be traced back towards the initial
singularity, leading in the limit to an ultralocal description
of spacetime in terms of a system of steep walls with the
logarithms of the spatial scale factors being effectively
described by a massless particle bouncing and specularly
reflecting off these walls. In between these reflections, the
universe is undergoing free Kasner evolutions [5,6].
Generally, a dynamical system of a pointlike particle moving along geodesics on a Riemannian manifold and bouncing specularly off its piecewise smooth boundary is called a
billiard system, and thus the relativistic billiards arising
from the BKL analysis have been termed cosmological
billiards. Depending on the possible matter content and
the dimension of the respective gravity theory, this
motion may or may not be chaotic [7,8]. If it is chaotic,
as is the case e.g. for pure gravity in 4 and supergravity
in 11 spacetime dimensions, then the motion in scale
factor space undergoes an infinite series of epochs of
anisotropic expansion and contraction as the singularity
is approached.
While the dynamics of the gravitational field generally
shows a hidden symmetry in terms of Lorentzian
Kac-Moody algebras [9], an underlying algebraic structure
of pure gravity and supergravity theories with a number of
spacetime dimensions from 4 to 11 was also revealed
through the shapes of the billiard tables which arise in
the BKL limit. Namely, these billiard tables coincide
with the fundamental Weyl chambers of infinitedimensional Kac-Moody algebras [7,8], the latter being
of the hyperbolic type if the corresponding billiard
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motion is chaotic, as is the case for all the maximally
supersymmetric theories that are candidates for a unified
description of the fundamental forces. Remarkably, the
highest possible rank for a hyperbolic Kac-Moody algebra
implies a maximum of 11 spacetime dimensions for the
corresponding supergravity theory.
For theories in a certain number of spacetime dimensions, the even Weyl groups of the respective algebra have
in turn been identified with generalized modular groups
based on arithmetic integer rings of different kinds of
division algebras [10,11]. For example, the billiard domain
corresponding to D ¼ 4 pure gravity is given by the fundamental Weyl chamber of the infinite-dimensional hyperbolic Kac-Moody algebra AE3 [12], or equivalently by half
the fundamental domain of the standard modular group on
the hyperbolic upper half-plane. In the case of D ¼ 11
supergravity on the other hand, the relevant Kac-Moody
algebra is E10 [9], and the billiard table is given on the
nine-dimensional generalized upper half-plane by half the
fundamental domain of the generalized modular group
with respect to integer octonions; see [13] for details on
the explicit construction of such billiard domains.
For the resolution of the initial singularity of the classical gravity theory, quantum effects are expected to be
the essential additional ingredient. First insights in this
direction arise from the quantization of the relativistic
cosmological billiards system. Following the original suggestion of [14], the potential walls are translated into
Dirichlet boundary conditions on the wavefunction, leading to a quantum cosmological billiard description evolving according to the free Wheeler-DeWitt equation and
subjected to the boundary conditions. The generally constantly moving domain walls can be turned into static ones
through a transformation to hyperbolic space, leading to an
eigenvalue problem of the Laplacian on the arithmetic
billiard domain (see e.g. [15] for the mathematical background in the case of complex numbers). While an exact
solution of this classically chaotic quantum billiard system
is unknown and out of reach, we pointed out in a previous
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article that the quantum cosmological billiards as a
Dirichlet problem implies on the one hand the pointwise
vanishing of what is commonly called the ‘‘wavefunction
of the universe’’ as the singularity is approached, and
furthermore that the wavefunction is generically complex
and oscillating, particularly that it cannot be analytically
extended beyond the singularity [16]. In contrast to the
standard Wheeler-DeWitt equation with a potential, in the
quantum cosmological billiards setting it is consistent to
restrict to positive norm states, but this requires the wavefunction to be complex. While complexity of the wavefunction has been proposed to be related to the emergence
of a directed time in canonical gravity [17–19], it is also
essential for a semiclassical wavepacket to have a definite
direction of propagation.
The hyperbolic space billiard domains for D  10 pure
gravity and D ¼ 11 supergravity, where D denotes the
number of spacetime dimensions, are noncompact but of
finite volume in spaces of constant negative curvature. The
geodesic flow inside these domains is not only ergodic and
mixing with respect to the Liouville measure, but it is
furthermore uniformly hyperbolic, having the Anosov property [20,21]. This is the strongest form of chaos, all the
periodic trajectories are isolated and unstable under small
variations of the initial conditions. The quantization of nonrelativistic classically chaotic systems has been widely investigated, for such pure reasons as trying to understand the
transition between quantum and classical mechanics for
chaotic motion, and, in particular, to understand which
imprints the nonlinear classical systems leave in their respective linear quantum counterparts; see e.g. [22,23].
This field of research has been termed quantum chaos, and
billiard systems have served as its most popular models.
Standard semiclassical (or geometric optics) techniques
are applicable only for classically completely integrable
systems, and are problematic for ergodic systems due to
their inconsistency with the isotropic distribution of momenta in the classical limit, as had already been noted in
[24]. While the Einstein-Brillouin-Keller (EBK) torus
quantization of integrable systems is well understood, the
quantization of classically chaotic systems to date requires
numerical techniques. Nevertheless, with the help of the
Gutzwiller-Selberg trace formula (which reduces for integrable systems to EBK quantization), it has been shown
that there exist strong correspondences of the classical
system to its quantized version, relating the lengths of
the classical periodic orbits to the eigenvalue spectrum
[22,25–27]. Generally, numerically computed eigenfunctions of classically chaotic systems show regions of increased density along unstable periodic orbits, called
quantum scars [28]. However, for the bound states inside
(twice) the billiard domain for D ¼ 4 pure gravity, quantum unique ergodicity (QUE) has recently been proven
[29–31]. QUE implies that the eigenstates equidistribute
in the semiclassical limit of high energies, excluding the

possibility of localization of semiclassical eigenstates onto
unstable periodic orbits, or of fractal structures.
In this article, we report investigations concerning the
behavior of relativistic wavepackets evolving as quantum
cosmological billiards. Along with analytical considerations (cf. also [32]), we solve the corresponding WheelerDeWitt equation numerically, thereby obtaining detailed
insights into the evolution of semiclassical wavepackets
and, in particular, in their long-term behavior. As a prototype, we study the case of D ¼ 4 pure gravity, since the
higher-dimensional cases are numerically too involved. We
refer however to [33–37] for results on QUE for higherrank locally symmetric spaces. The main results reported
in this article are as follows:
(i) The relativistic wavepackets follow their corresponding classical trajectories and then start to deviate due to transversal spreading and reflections off
the moving billiard walls.
(ii) The wavefunction tends to zero as the singularity is
approached.
(iii) In the flat space description of the cosmological
billiards, the energy expectation value of the wavepacket decreases due to successive redshifts upon
being reflected off the moving billiard walls.
(iv) In the hyperbolic space description, the energy
expectation value of the wavepacket remains constant. In agreement with [4], we find that a highly
excited state remains highly excited on its way into
the singularity. However, the vanishing of the
spreading wavepacket still suggests a quantum
resolution of the singularity.
(v) As an aside, we obtain a set of exact solutions for the
relativistic quantum billiards corresponding to the
one-dimensional infinite square well with moving
walls, for the massless as well as for the massive case.
In Sec. II, we summarize the notation and derivation of
the Wheeler-DeWitt operator for the setting of quantum
cosmological billiards. In Sec. III, we investigate the reflection of a relativistic wavepacket off a moving wall using the
one-dimensional example of a moving infinite square well
potential and provide a set of analytic solutions. In Sec. IV,
we report our results concerning the quantum cosmological
billiards of D ¼ 4 pure gravity. These have been obtained
through two different approaches, namely, on the one hand
as a quantum billiards in flat space with moving walls and
on the other hand in hyperbolic space. We then compare our
findings with the predictions of [16]. In the Appendix, we
supplement these results with and contrast them to the still
nonseparable but integrable case of the triangular billiards
in flat space with all walls kept fixed.
II. THE WHEELER-DEWITT OPERATOR FOR
QUANTUM COSMOLOGICAL BILLIARDS
In the BKL limit, spatial inhomogeneities and matter
degrees of freedom contained in the original Lagrangian
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description of the gravitational theory are represented
merely through the infinitely steep billiard walls [7,16].
For the dynamics, one is left with the diagonal part of the
metric, which can be written for a D ¼ d þ 1-dimensional
spacetime in pseudo-Gaussian gauge as
ds2 ¼ NðÞ2 d2 þ

d
X

e2

 ðÞ

ðdx Þ2 ;

(1)

¼1

where  2 f1; . . . ; dg, and where  is any global time
function parametrizing the foliation into spacelike hypersurfaces. We use diagonal coordinates  in the induced
space of the logarithmic scale factors, which we call
-space. In these diagonal coordinates, the Lorentzian
DeWitt metric reduces to the Lorentzian minisuperspace
[14] metric and we can write the corresponding kinetic
term simply as
L kin ¼

1
 _  _ 
4n 

(2)

pﬃﬃﬃ
in terms of the rescaled lapse function n ¼ N= g

@
(see e.g. [19]) and with _   @ . The spatial volume
collapses to zero at each spatial point at the spacelike
pﬃﬃﬃ
singularity in the past ( g ! 0), where the proper time
goes towards 0þ . The scale factor  of the universe is
pﬃﬃﬃ
pﬃﬃﬃ
related to the spatial volume g through  ¼  d1 ln g.
We choose the lapse for our analysis in flat -space such
that   1 serves as the time coordinate, i.e. the singularity is at  ¼ þ1. The remaining i with i 2 f2; . . . ; dg
serve as the parameters of anisotropy. Because of the
spatial ultralocality of the BKL limit, the gravitational
model is reduced to the classical mechanics system of a
massless relativistic billiard ball which is described by the
 variables and which moves along geodesics with respect
to the flat DeWitt metric, interspersed by specular reflections off the walls. The geodesic parts of the dynamics
between each two successive reflections are Kasner regimes. For each spatial point, there is one such system,
and all these systems are decoupled from each other.
With the conjugate momenta  ¼ 12  _  , where we
have set the rescaled lapse function to n ¼ 1, we can write
the free Hamiltonian as H ¼   . The billiard walls
are not all static with respect to -time in the flat
Lorentzian -space, instead some of them move with
constant velocity. However, by slicing the forward lightcone of -space in terms of hyperboloids and transforming
to hyperbolic coordinates (cf. Fig. 1), we obtain a billiard
system with motionless walls on a negatively curved space,
where we adopt the hyperbolic radial coordinate  as the
new time coordinate. Explicitly, through
 ¼ 

  ¼ 1

2 ¼   ;

(3)

the Wheeler-DeWitt operator can be written in hyperbolic
space as

FIG. 1. Sketch of the cosmological billiards domain as a
wedge inside the forward lightcone. It is depicted schematically
how the billiard wedge is intersected by a spacelike hyperboloid.



^ ¼ 1d @ d1 @  2  :
H
LB
@
@

(4)

In the hyperbolic coordinates, the singularity is at  ¼ þ1.
We note that the factor ordering is determined through the
transformation from flat space, i.e. the whole Wheeler^ is simply the Laplace-Beltrami operaDeWitt operator H
tor in hyperbolic coordinates, while
LB ¼ vd1 @v ðv3d @v Þ þ v2 @2u~

(5)

refers to its restriction to a fixed hyperboloid. We choose
the generalized upper half-plane with coordinates
u~ 2 Rd2 , v 2 R>0 and the Poincaré metric d 2 ¼
v2 ðdv2 þ du~ 2 Þ as a realization of the hyperbolic space.
^  ¼ 0 for the
The Wheeler-DeWitt equation reads H
wavefunction , in flat and, respectively, in hyperbolic
space. The infinitely steep potential walls of the billiard
domain are implemented as Dirichlet boundary conditions
on the wavefunction. In hyperbolic space, the WheelerDeWitt equation separates as
~ vÞ ¼ RðÞFðu;
~ vÞ
ð; u;
and the radial part admits the solution [16]
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
R ðÞ ¼ ð2dÞ=2 ei k ððd2Þ=2Þ log

(6)

(7)

if the eigenfunctions F solve the eigenvalue equation
~ vÞ ¼ k2 Fðu;
~ vÞ:
LB Fðu;

(8)

For d > 2, it is apparent from (7) that  ! 0 as  ! 1.
The Dirichlet boundary conditions at the infinite potential
walls that define the billiard table furthermore imply that
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k 
which implies that the wave function is generically complex and oscillating [16].
d2
2 ,

III. RELATIVISTIC WAVEPACKETS IN
A ONE-DIMENSIONAL INFINITE SQUARE
WELL WITH A MOVING WALL
The nonrelativistic system of a one-dimensional infinite
square well including a massive particle evolving according to the Schrödinger equation is one of the most elementary quantum mechanical systems. If the potential walls are
however not static but moving, the situation is already
much more complicated, since the system is then not
separable anymore and it is difficult to find exact solutions.
Results for this nonrelativistic case have been obtained first
by Doescher and Rice [38].
The relativistic moving-wall case is however a much
less common object of study, and there appear interesting
subtleties. Since we aim at investigating the quantum
cosmological billiards scenario of a massless quantum
particle evolving according to a Klein-Gordon-like
Wheeler-DeWitt equation, we at first investigate the onedimensional quantum billiards in an infinite square well
with one static boundary and one boundary which is
moving outward at constant velocity . In order to match
the notation of the other sections, we use  as the time and
 as the space coordinate. Where appropriate, we write for
subsequent referring the equations in this section such that
they are valid for an arbitrary number D of spacetime
dimensions within 4  D  11. We let d ¼ D  1 denote
the number of spatial dimensions.
The one-dimensional case considered in this section
then corresponds to d ¼ 2. This system is described as
the initial/boundary value problem (IBVP)
@2
@2
ð;Þ ¼ 2 ð;Þ in F
2
@
@
@F

ð0 ;Þ ¼ fðÞ

°

(10)

which is usually applied in such a scenario (see e.g. [39]
for the Schrödinger case) is of not much help in obtaining
analytic solutions for the relativistic moving-wall
system because unlike the first-order Schrödinger case,
the Klein-Gordon (KG) equation will not separate after
the transformation (10), although the walls will indeed be
motionless.
However, by employing the transformation (3) to
hyperbolic coordinates inside the forward lightcone in
1 þ 1-dimensional Minkowski space, we can obtain an

v2 þ 1
2v

2 ¼

v2  1
:
2v

(11)

In the hyperbolic coordinates, we are able to find a full set
of exact solutions if we require as an intermediate step that
L0 ¼ t0 . We may afterwards freely shift the tip of the
lightcone in order to obtain solutions for general parameters ðL0 ; t0 Þ. After the transformation to hyperbolic space,
the time dependence of the right boundary drops out and it
depends merely on the constant velocity,
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 þ  þ 1  2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
ðÞ ¼
(12)
1   þ 1  2
The transformed massless KG equation reads
@ ð@ ð; vÞÞ ¼ v@v ðv@v ð; vÞÞ

(13)

and the general solution is given by
 
v
;
ð; vÞ ¼ c 1 ðvÞ þ c 2


(14)

e.g.
1
n ð; vÞ ¼ pﬃﬃﬃﬃﬃﬃﬃ sinðkn lnðvÞÞ expðikn lnðÞÞ
n

(15)

with
kn ¼

(9)

with the infinite square well specified by the domain
F ¼ ½0; LðÞ in terms of the length function LðÞ ¼
L0 þ ð  0 Þ, where  denotes the speed of the receding wall, 0 <  < 1, and ,  2 R. The transformation

¼
LðÞ

1 ¼

j@F ¼ 0 on

ð@t Þð0 ;Þ ¼ gðÞ

0

infinite square well system with static boundaries. Since
the  coordinates are constrained to lie on the hyperboloid,
one of the two coordinates is redundant. We parametrize by
using coordinates on the one-dimensional analogue of the
hyperbolic upper half-plane through

n
:
lnððÞÞ

(16)

We note in passing that the massive case corresponding
to @2  ¼ @2   m2  can be treated similarly, leading to
the solutions
n ð; vÞ ¼ C sinðkn lnðvÞÞ½Jik ðmÞ þ Yik ðmÞ;

(17)

where Jik and Yik are Bessel functions of imaginary
order ik.
The solutions (15) are normalized to 1 with respect to
the Klein-Gordon-like scalar product
ð c 1 ; c 2 Þ ¼ id1
$

Z

$

d vol c 1 @  c 2 ;

(18)

where c @   c @  @ c and where dvol ¼
dvdd2 uv1d denotes the volume element on the
(d  1)-dimensional hyperboloid. We can express the solutions (15) in flat coordinates as
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pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

 0
1
 þ  þ 02  2
n ð; Þ ¼ pﬃﬃﬃﬃﬃﬃﬃ sin kn ln
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n
0   þ 02  2


1
02
2
(19)
 exp ikn lnð   Þ
2
with 0 ðÞ    0 þ L0 , 0 <  < 1. The solutions
(19) are normalized to 1 with respect to the standard
form of the Klein-Gordon-invariant scalar product,
Z
$
h c 1 j c 2 i ¼ i dd1  c 1 @  c 2 :
(20)
Furthermore, the respective norms are preserved in hyperbolic as well as in flat space. The set of solutions (15) and
(19) seems to be original to us, see however the appendix of
[40] for first attempts in the treatment of the relativistic
one-dimensional moving-wall system.
For the set of solutions (19) we can directly show that
hn jm i ¼

nm :

(21)

A one-dimensional relativistic Gaussian wavepacket
Z1
2
2
ð; Þ ¼ A
dpeððc ðpp0 Þ Þ=2Þþiðp!Þ
(22)
1

composed out of positive frequencies ! ¼ jpj will have a
norm of one with respect to (20) if
pﬃﬃﬃﬃ
c
2 2
(23)
A ¼ pﬃﬃﬃﬃ ðec p0 þ p0 c erfðp0 cÞÞ1=2 ;

where ‘‘erf’’ denotes the error function. The wavepacket
(22) has constant norm (of approximately 1 if c is chosen
small enough) with respect to (20) during its evolution in
the moving-wall system, however its absolute width with
respect to the -coordinate will grow with each reflection
off the moving wall, as the wavepacket will go through
successive redshifts. If a one-dimensional wave reflects off
a wall which is moving away at a constant speed, it
experiences a redshift given by
1þz¼

fref
1þ
;
¼ 2 ð1 þ Þ2 ¼
1
finc

(24)

with  ¼ ð1  2 Þ1=2 , e.g. for  ¼ 12 , the redshift is
1 þ z ¼ 3. In terms of the reduced Hamiltonian H ¼
qﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 2 , where 2H ¼ 2 þ H 2 , the corresponding
reflection of a classical massless particle in one dimension
off a moving wall implies the relation
H
1 þ z ¼ ref ;
Hinc

(25)

which analogously simply states the relation of the
energy Hinc of a photon before a bounce from a moving
mirror to its energy Href afterwards. As a measure for the
^ of the reredshift, we employ the expectation value hHi
duced Hamiltonian operator, which we call the energy

expectation value in the following. In order to avoid the
square root in the reduced Hamiltonian, especially in view
of the higher-dimensional cases, we adopt the twocomponent notation [41] for (9) by defining

c ¼

i@ c ¼

þ



(26)

and adapt it to the massless case to obtain
H^ ¼ 

3

þi
2

2

þ

3

i
2

2

;

(27)

where i are the Pauli matrices and where  is the Laplace
operator in flat space. Upon defining
 
¼
;
(28)
Equation (20) is expressed through
Z
h1 j2 i ¼ 2 dd1 y1

3 2

(29)

and the energy expectation value through
Z
^ ¼ 2 dd1 y 3 H:
^
hHi

(30)

The two-component form (27) implies the expected
expression
Z
$
hH^ 2 i ¼ i dd1  c  @  ð c Þ
(31)
for the expectation value of the squared reduced
Hamiltonian. Upon reflection off a moving wall in flat
space, the wavepacket loses energy into the wall, while
its KG norm is preserved. See Fig. 2 for an illustration
of such a bounce, calculated by numerically solving the
KG equation on the one hand in flat space with moving
boundary conditions, and on the other hand an illustration
of the corresponding evolution in hyperbolic space with
static boundary conditions in Fig. 3. In order to observe the
level excitation distribution for the bound problem in hyperbolic space, we set
Z
$
hH^ 2 i ¼ id1 d vol c  @  ðLB c Þ;
(32)
and thus the expectation value of the reduced Hamiltonian
on the hyperbolic plane in two-component notation as
Z
hH^  i ¼ 2 d voly 3 H^  
(33)
with
þi 2
LB þ 2d
2
For the derivation we have set
H^  ¼ d2

c ¼

3

þ

id1 @ c ¼

3

i
2
 :

2

:

(34)

(35)

Note furthermore that in the one-dimensional case considered in this section, the supremum norm j c j1 of the free
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FIG. 2. Plots of j c ðÞj2 of a one-dimensional Gaussian wavepacket redshifted upon reflection off a moving wall in flat space. The
vertical bar in (a)–(c) represents the moving wall. The horizontal scaling in (d) differs from (a)–(c).

FIG. 3.

Plots of j c ðvÞj2 of a one-dimensional Gaussian wavepacket in an infinite square well in hyperbolic space.

wavepacket remains constant, in accordance with the
solution (7) to the radial part of the d-dimensional
Wheeler-DeWitt equation for d ¼ 2.
Using (29), we compute position expectation values
according to
Z
Z
$
h^ i i ¼ 2 dd1 y 3 i  ¼ i dd1 i c  @  c (36)

see Fig. 4(a). It is not known how to solve such a triangular two-dimensional moving-wall system analytically.
Although by a suitable transformation the moving triangle
walls in two-dimensional flat space can be transformed to
static ones in hyperbolic space, the resulting static domain

and analogously in hyperbolic space using (18). We remark
however that, unlike the Hamiltonian and the momentum
operator, the position operator in relativistic quantum mechanics generally mixes positive and negative frequency
components of the wavepacket [41]. We nevertheless adopt
the prescription (36) as the intuitive measure for the
‘‘center of mass’’ of the wavepacket and employ the usual
Klein-Gordon covariant wavepackets (cf. e.g. (40) below).
For details on localization of relativistic particles, we refer
the reader to the investigations in [42,43], and to [44] in the
setting of quantum cosmology.
IV. QUANTUM COSMOLOGICAL BILLIARDS
The classically strongly chaotic quantum BKL billiards
corresponding to D ¼ 4 pure gravity serves as the prototype for studying the relativistic wave chaos inherent also
in the relevant higher-dimensional theories (see e.g. [7]). If
D > 4, the situation becomes quickly unfeasible for numerical studies. In the case of D ¼ 4 pure gravity, the
billiard table is given by a wedge in three-dimensional
flat Lorentzian -space, cf. Fig. 1, or equivalently by a
triangle with one of its three edges moving outwards
at constant speed  as the singularity is approached,

FIG. 4. Classical and wavepacket trajectories in the flat space
description of the quantum cosmological billiards according to
initial parameters (47).
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will be of too complicated shape. Thus we resort to
numerical methods for our investigations. Since for the
numerical treatment we do not have to rely on separability
of the Wheeler-DeWitt equation, we studied the quantum
cosmological billiards in flat as well as in hyperbolic space
and confirmed that the results match.
A. Flat space description
For the case of d ¼ 3, we choose the convenient standard notation   1 , þ  2 ,   3 for the coordinates. The Wheeler-DeWitt operator corresponding to
(4) then takes the form
2
2
2
^   @ @ ¼ @  @  @ ;
H
 
@2 @2þ @2

on @F

ð0 ; Þ ¼ fð Þ

þ
Lþ ðÞ

(37)

ð@ Þj0 ¼ iA

Z1

~

1

~  pþ _ þ  p _  
d2 p½!ðpÞ
2

(39)

pﬃﬃ
using the length functions Lþ ðÞ ¼ 23  and L ðÞ ¼ 12 .
In the rescaled coordinates ð0þ ; 0 Þ, the quantum billiards
is defined in the static domain given by the upper-left half
of a square with side length 1, with the Wheeler-DeWitt
operator modified accordingly. The upper-right corner is
constrained to be null on the forward lightcone, i.e. it
represents the cusp of the triangle on the hyperbolic upper
half-plane, cf. the following subsection.
The Wheeler-DeWitt equation is a second-order hyperbolic PDE, thus we require two initial conditions. We take
a plain Gaussian covariant KG wavepacket and its time
derivative, chosen such as to restrict to only positive frequencies. Since the treatment will in any case be limited by
the numerical accuracy, the wavepacket will fit to any
desired accuracy into the box if its width c is chosen small
enough. A free two-dimensional Gaussian wavepacket
composed out of positive-frequency modes is given by

~

~

(42)

@
and where the minus sign in (42) arises
where here _  @
from restricting to positive-frequency modes. The condition (41) can easily be integrated analytically, resulting in

j0 ¼

(38)
ð@ Þð0 ; Þ ¼ gð Þ


L ðÞ

~

1

j@F ¼ 0

0 ¼

2

(40)
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~ ¼ p2þ þ p2 expressing the relativistic disperwith !ðpÞ
sion relation. Using (39), we can write the two initial
conditions at 0 as
Z1
2
~ ~ 0 Þ
~ p~ 0 Þ2 þip~ ð
d2 peðc =2Þðp
(41)
j0 ¼ A

2

pﬃﬃﬃ
2
~
with F ¼f2R
j >0; < 3þ ; <p1ﬃﬃ3ðþ þÞg
representing the triangular domain with one face of the
triangle moving outwards at a constant speed  ¼
P
i
2 1=2 ¼ 1 , as displayed in Fig. 4(a). The deriva½ 2i¼1 ð@
2
@ Þ 
tion of the wall forms is detailed in [7,8]. Note that this
triangular domain is actually the sixth part of the
Mixmaster domain of a Bianchi IX universe [45].
We rotate the cosmological billiard triangle counterclockwise by
¼ 6 and perform the time-dependent
rescalings
0þ ¼

1

2

~ p~ 0 Þ þip~ ð0 Þi!ð0 Þ
d2 peðc =2Þðp

~ p~ 0 Þ þip~ ð0 Þ
;
 eðc =2Þðp

and the IBVP of the quantum cosmological billiards is
defined by
^ ð; Þ ¼ 0 in F
H


ð;  Þ ¼ A

Z1

2 ðð2 þ2 Þ=2c2 Þþip~ 0 ð
~ ~ 0 Þ
þ
Ae
;
c2

(43)

however (42) is not separable in the momentum variables
and for p~ 0  0 has to be evaluated numerically, e.g.
through Simpson’s rule. Requiring the wave packet to
have unit norm with respect to the KG inner product (20)
fixes the normalization constant to

 2 
1 1=2 7=4 ðc2 =4Þp~ 2 2
c 2
0 ðc
A¼ c 
p~
e
þ p~ 20 ÞI0
2
2 0
 2 1=2
c 2
p~
;
(44)
þ p~ 20 I1
2 0
where Ik is the modified Bessel function of the first kind
and of order k.
The direction of p~ 0 determines the direction of propagation of the wavepacket. Unlike the nonrelativistic
Schrödinger case, the magnitude of p~ 0 does naturally not
determine the wavepacket’s speed of propagation, which is
fixed to 1, however it does determine its modulation frequency, i.e. its energy, and it effects the rate of its transversal spreading. Since we are considering a relativistic
wavepacket, we have to deal with a dispersion relation that
states a linear relation between the absolute momentum
and the frequency, unlike the quadratic relation in the
Schrödinger case. This implies that the group speed equals
the phase speed and that there is no dispersion of the
wavepacket in the direction of propagation, however there
will be a spreading transversally to the direction of propagation. Setting higher values for p~ 0 while keeping c fixed
means generating a packet which will spread more
slowly.
If a plane wave hits perpendicularly a wall which is
moving away at a speed wall , it will experience a redshift
1 þ z as in (24). As in the one-dimensional case, if
wall ¼ 12 , then 1 þ z ¼ 3. This also holds for the classical
inc
description of the bounce, H
Href ¼ 3. However, the quantum
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wavepacket is composed out of a superposition of plane
waves with slightly nonparallel wave vectors, representing
its transversal localization and fanning. Thus, in the wavepacket analogy of a classical perpendicular bounce, almost
all plane wave components are in fact not hitting the wall
orthogonally, implying that the energy will actually be
reduced by a factor of less than three. For example, for
an orthogonal bounce of a wavepacket with the initial
^ inc
conditions (47), this results in hhHi
2:89. In the limit of
^ ref
Hi
large momenta, we then recover the classical result of
three.
Specular reflection does not hold for the massless particle bouncing off a moving wall. For nonorthogonal such
bounces, we recall the relations for a classical pointlike
particle [4]
Hinc
sinðref Þ
¼
Href
sinðinc Þ
sinðref Þ  sinðinc Þ ¼

1
sinðref þ inc Þ;
2

(45)

(46)

where inc and ref denote the angles of incidence and
reflection, respectively. For example, if inc ¼ 6 , then
Hinc
1:953, while for a wavepacket with jp~ 0 j ¼ 5, we
Href
^

inc
1:97 if it approaches the moving wall at an
obtain hhHi
^ ref
Hi
angle of incidence inc .
For the numerical investigation of the quantum cosmological billiards, we need to specify the parameters for the
initial data (41) which are to be evolved by (38). The size
of the initial billiard domain and the modulation frequency
of the wavepacket effect the necessary grid size of the
numerical computation. Computational efficiency therefore suggests to choose the parameters for the initial conditions such that the initial billiard domain is just large
enough for the initial wavepacket (41) with width c ¼ 1 to
fit in up to numerical accuracy. One possible choice, which
we adopt for our simulation, is
 
9
0
0 ¼ 24; þ0 ¼ 8; 0 ¼ ; p~ 0 ¼ R
; (47)
5
2

where

!
pﬃﬃﬃ
1
3 p1ﬃﬃﬃ
R¼
3
2 1

rotates clockwise by 6 . The ensuing wavepacket evolution
corresponds to the classical path depicted in Fig. 4(a). We
have set for our investigations jp~ 0 j ¼ 5 because the momentum is on the one hand large enough such that the
Gaussian momentum distribution is only negligibly indefinite, and on the other hand a low initial momentum makes
numerical calculations easier because the necessary grid
resolution scales with the modulation frequency squared.
In the end, we can expect the results of our investigations to

hold qualitatively also for larger and differently directed
initial momentum choices as well as larger initial billiard
domains. We studied the evolution of this two-dimensional
relativistic wavepacket numerically by specifying a twodimensional grid. The reported results have been obtained
using a grid size of 5536  3200. A three-level convergence test including the additional grid sizes 4152  2400
and 2768  1600 ensured us about the convergence of the
numerical solution (see e.g. [46,47]). The CourantFriedrichs-Lewy (CFL) condition (see e.g. [48,49]) states
that the numerical domain of dependence must include the
analytical one, implying    with the Courant
number
 1. We have set
¼ 16 , and thus  ¼
0:0025, and increased  linearly according to the change
of size of the billiard domain. We used fourth-order classical Runge-Kutta time integration in conjunction with the
method of lines (see e.g. [50]) and implemented the spatial
derivative operators as fourth-order finite difference approximations (see e.g. [51]).
Snapshots of the evolution are displayed in Fig. 5. As
plotted in Fig. 6(b), the supremum norm tends to zero with
growing , matching the predictions of [16]. Indeed, with
increasing  the wavepacket has increasingly more space
to spread about. We contrast this to the case of a static
triangular quantum billiards in the Appendix. We furthermore computed norm, variance and expectation values
according to (20) and (36), where we relied on Lagrange
interpolation of the spatial grid for the computation of the
 derivative. The plot of the variance in Fig. 6(e) suggests
growth of the variance without bounds as the billiard
domain keeps increasing, i.e. the wavepacket is spreading
out more and more, on the one hand because of the
transversal fanning, on the other hand because of the
reflections off the moving wall.
The Klein-Gordon norm (20) stays constant within
bounds of 3  104 , cf. Fig. 6(a). For the chosen initial
parameters, the position (i.e. anisotropy) expectation values
computed according to (36) increase towards the cusp as the
singularity is approached, as plotted in Fig. 6(d). However,
this can be seen to happen because the corner of the triangle
which corresponds to the cusp on the hyperbolic upper halfplane is on the lightcone and thus the part of the wavepacket
moving into this direction will only slowly start to reflect
from the moving wall and also spread more slowly, thereby
gaining in relative weight in the anisotropy expectation
value computation. We furthermore observe by comparison
of Fig. 4(b) with Fig. 4(a) that the wavepacket’s trajectory in
terms of its anisotropy expectation values (36) follows at
first the classical path and then deviates due to the spreading
of the wavepacket towards the walls.
The energy expectation value and variance are given
through (30). From the data displayed in Fig. 6(f), one
observes the decrease in energy due to the wavepacket
getting redshifted successively. In the following, we compare our results to the semiclassical considerations of [4]
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FIG. 5. Snapshots of wavepacket evolution in the quantum cosmological billiards of D ¼ 4 pure gravity in flat space.

for the Mixmaster universe. Although the billiard domain
considered here is only the sixth part of the Mixmaster
billiard domain, we can nevertheless relate the respective
results through the observation that the Mixmaster domain
can be folded three times along its three static heights to
match the billiard domain considered here. Though a comparison should reveal a difference in the rate of decrease of
the supremum norm and in the rate of increase of the
position expectation values and variance, we can expect
the results about the rate of energy loss to be the same in
both cases. Through an adiabatic approximation, Misner
examined in [4] on the one hand the bound states of the
billiard triangle for a given instant of time  and on the
other hand the classical trajectories of massless particles
and the energy loss involved from reflections off moving

walls. From this analysis it turns out that the product of
energy expectation value and  is roughly invariant, and
thus that a semiclassical, highly excited state has to remain
highly excited all the way into the singularity. Comparing
the results of [4] with our results displayed in Fig. 6(h), we
^
indeed find that in the long term, the product hHi
stops
increasing and tends to remain constant, in fact more and
more as the localization of the wavepacket is lost. Our
results thus suggest that the results of the semiclassical
analysis of [4] are smoothed out via an infinity of classical
trajectories realized at the same time, retaining the con^
stancy of the product hHi.
In terms of wavepackets, this
^
in turn suggests that the constancy of hHi
amounts to a
complete loss of localization in the sense that the wavefunction is evenly distributed across the billiard domain.
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FIG. 6. Data of the wavepacket evolution with initial values (47) in the quantum billiards of D ¼ 4 pure gravity in
flat space.

In the following section, we report the results of our
investigations of the quantum cosmological billiards in
hyperbolic space. Since the billiard walls are static there,
an adiabatic approximation will not be necessary in the first
place.

B. Hyperbolic space description
We induce a coordinate transformation to hyperbolic
space with  as the radial coordinate by setting
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The cosmological billiard domain of D ¼ 4 pure gravity is
then expressed via
1 ¼

ðu  12Þ2 þ v2 þ 34
pﬃﬃﬃ
3v

2 ¼

ðu  12Þ2 þ v2  34
pﬃﬃﬃ
3v

1

(49)
u
v
on the upper half-plane (UHP). The now static billiard
walls are accordingly specified by
1
u0
u
u2 þ v2  1;
(50)
2
as opposed to the moving domain walls in -space
(cf. Figs. 4(a) and 7(a)]. The billiard domain on the UHP
as specified by (50) coincides with the fundamental domain of the group PGL2 ðZÞ, which is half the fundamental
domain of the modular group PSL2 ðZÞ. For numerical
investigations of the purely discrete spectrum of odd
Maass waveforms for PSL2 ðZÞ and PSL2 ðZ½iÞ, we refer
to [52–55]. The initial parameters (47) of the previous
section translate via the relations (49) to hyperbolic space
and are denoted by ð0 ; u0 ; v0 Þ in the following.
The initial wavepacket, which is a modulated Gaussian
in flat space, is expressed on the hyperbolic plane through
Z1
2
~ p~ 0 Þ2 i0 fðpþ ;p ;u;vÞ
ð0 ;u;vÞ ¼ A
d2 peðc =2Þðp
e
(51)
3 ¼ 2

1

system of two first-order PDEs by defining  ð; x; yÞ 
@
ð; x; yÞ, leading to the IBVP
2 @
@
 ð; u; vÞ ¼ LB ð; u; vÞ in F
@ 
@
ð; u; vÞ ¼  ð; u; vÞ in F
2
@
ð; u; vÞ ¼  ð; u; vÞ ¼ 0

(55)

on @F

ð0 ; u; vÞ ¼ fðu; vÞ;  ð0 ; u; vÞ ¼ gðu; vÞ:
In addition to (51), a second initial condition is required.
The second one, 20 ð@ Þð0 ; u; vÞ, is given by
i20 A

Z1
1

2

2

~ p~ 0 Þ
d2 peðc =2Þðp
fðpþ ; p ; u; vÞ

 ½pþ 2 ðu; vÞ þ p 3 ðu; vÞ  !ðpþ ; p Þ1 ðu; vÞ:
(56)
For the efficient implementation of the numerical
method, we transform the hyperbolic billiard domain
(cf. Fig. 7(a)] into a rectangle and then compactify
it. Our results have been obtained using a grid size of
1600  3920. They have been subjected to a three-level
convergence test including the additional grid sizes

with fðpþ ; p ; u; vÞ given by
fðpþ ; p ; u; vÞ ¼ pþ ð2 ðu; vÞ  2 ðu0 ; v0 ÞÞ
þ p ð3 ðu; vÞ  3 ðu0 ; v0 ÞÞ
 !ðpþ ; p Þð1 ðu; vÞ  1 ðu0 ; v0 ÞÞ:
(52)
The evolution equation for the quantum cosmological
billiards is determined by the Wheeler-DeWitt equation
with the operator (4) specified to d ¼ 3, namely


@2
@
2 2 þ 2
 LB ð; u; vÞ ¼ 0:
(53)
@
@
Here, LB denotes the Laplace-Beltrami operator
 2

@
@2
þ
LB ¼ v2
@u2 @v2

(54)

on the UHP. As in the previous section, we translate the
potential walls into Dirichlet Boundary conditions and
study the evolution of the wavepacket numerically, where
we implement the differential operators through a finitedifferencing scheme using the method of lines, of fourth
order in the spacelike variables ðu; vÞ as well as in the
timelike variable  through fourth order Runge-Kutta time
integration.
In order to apply the numerical method to the hyperbolic
description of the quantum cosmological billiards, the
second-order Wheeler-DeWitt equation (53) is split into a

FIG. 7. Classical and wavepacket trajectories in the hyperbolic
space description of the quantum cosmological billiards according to initial parameters (47).
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1200  2940 and 800  1960 in order to check the validity
of the results.
These results show that, similar to the flat space description, the wavefunction tends to zero pointwise with increasing  in the hyperbolic description of the quantum
cosmological billiards, cf. Fig. 9(b). This suggests the
vanishing of the wavefunction at the singularity, matching
our predictions of [16], see also Eq. (7). The position
expectation values according to (36) of the wavepacket’s
evolution in the billiard domain on the hyperbolic UHP are
displayed in Figs. 9(c) and 9(d). The parametric plot of the
position expectation values displayed in Fig. 7(b) shows

that the wavepacket follows at first the classical trajectory
shown in Fig. 7(a) and then starts to deviate from it as it is
spreading out. After the last reflection at point c, the
classical path depicted in Fig. 7(a) is following a straight
‘‘vertical’’ line towards the cusp. Since on the UHP every
geodesic with respect to the Poincaré metric is either a
half-circle or a vertical straight line, all the neighboring
rays representing the wavepacket are given by half-circles.
However, all these rays are subject to reflections from the
billiard walls and will only reach a finite height with
respect to the v coordinate. This is reflected in the
wavepacket’s trajectory displayed in Fig. 7(b) which has

FIG. 8. Snapshots of wavepacket evolution in the quantum cosmological billiards for D ¼ 4 pure gravity in hyperbolic space.
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a turning point at a certain value of v, contrary to the
classical path. Contour plots of the evolution of the wavepacket are shown in Fig. 8 at different instants of , chosen
such as to display similar situations as in Fig. 5.
The energy expectation value and its variance described
in the hyperbolic description by (33) converge with increasing numerical resolution to a constant value throughout the wavepacket’s evolution, cf. Figs. 9(f) and 9(g). We
pick up where we have left at the end of the preceding
section and compare our results with the semiclassical

considerations of [4]. In the hyperbolic description of the
cosmological billiards, the billiard walls are static and thus
we do not have to rely on an adiabatic approximation,
contrary to the description in flat space of the previous
section. Since the energy expectation value and its variance
remain constant, we directly see that a highly excited
semiclassical state stays highly excited on its way ‘‘into’’
the singularity as  ! 1. On the other hand, we observe
that the localization of the semiclassical wavepacket is
lost due to the spreading across the billiard domain, and

FIG. 9. Data for the wavepacket evolution according to initial values (47) in the quantum cosmological billiards for D ¼ 4 pure
gravity in hyperbolic space.
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particularly that the wavefunction tends to zero as the
singularity is approached. In [4] it was deduced that the
quantum state remains classical all the way into the singularity. In the current framework however, we propose to
rather take the vanishing of the wavefunction due to its
spreading (and thereby its loss of localization) than the
excitation in terms of energy levels as an indicator for a
quantum resolution of the singularity.
We conclude this section by remarking that the wavepacket evolution in hyperbolic space can be mapped back
to flat space in order to double-check the correctness of the
computation. The set of hyperboloids which make up the
discretization of the forward lightcone has to be sliced into
equal--time hypersurfaces, such that for every such
‘‘horizontal’’ slice, there is a one-dimensional contribution
from each intersecting hyperboloid. Using interpolation,
one can then confirm that the evolution under (53) with the
initial conditions (51) indeed matches the evolution under
(38) with the initial conditions (47) that has been reported
in the previous section.
V. SUMMARY AND DISCUSSION
Pure gravity and supergravity in four to 11 spacetime
dimensions admit a description in terms of cosmological
billiards in the BKL limit towards a spacelike singularity.
These singularities of the classical theory are expected to
be resolved through quantum effects. The classical billiard
motion of the BKL limit is classified as strongly chaotic for
theories such as 4-dimensional pure gravity and 11dimensional supergravity, and exact solutions for the quantization of these classically chaotic billiard systems are not
available. With this article, we supplement and extend our
previous results [16] by reporting investigations regarding
the evolution of relativistic wavepackets towards the singularity as the quantum cosmological billiards associated
with D ¼ 4 pure gravity. In agreement with our previous
results [16], we found that the wavefunction of the universe
decreases pointwise towards zero as the singularity is
approached, while its norm is preserved.
The initially localized wavepacket evolves according to
the Wheeler-DeWitt equation, which reduces to a massless
Klein-Gordon equation for the finite-dimensional cosmological billiards. The subtleties of relativistic wavepackets
in domains with moving walls have been elucidated first in
the one-dimensional case in Sec. III, and an exact set of
solutions has been derived, for the massless as well as for
the massive relativistic Klein-Gordon quantum particle
inside the infinite square well with moving walls. Since
analytic solutions for the quantum cosmological billiards
associated with D ¼ 4 pure gravity are however not known
and out of reach, we investigated the relativistic wavepacket evolution using numerical methods in Sec. IV.
Two different realizations have been employed. The first
one is in flat space with moving billiard walls, while the
second one is in hyperbolic space with static walls. The

solutions in the two realizations for corresponding choices
of initial parameters can be mapped into each other, and in
both cases tend towards zero with preserved norm as the
singularity is approached.
In the flat space description of the cosmological billiards, the position (i.e. anisotropy) expectation values
follow at first the corresponding classical trajectory and
then start to deviate as the wavepacket spreads across the
billiard domain with increasing variance due to transversal
fanning and reflections off the moving walls. Upon such
reflection off a moving wall, the wavepacket loses energy
into the wall and gets redshifted. As in the flat space
description, the position expectation values of the wavepacket in the hyperbolic space description of the quantum
billiards follow at first the classical path before deviating
due to the spreading. A classical particle can travel on a
geodesic all the way into the cusp of the fundamental
domain at infinity, whereas the wavepacket trajectory in
terms of its position expectation values necessarily has a
turning point. The corresponding sections of this article
have each been supplemented with a set of snapshots of the
evolution of the wavepacket. These results can be contrasted to the quantum billiards of relativistic wavepackets
in a static triangle, reported in the Appendix.
We furthermore observe that the product of energy
expectation value and time tends to a constant value in
the flat space description, in agreement with the results of
the semiclassical analysis of [4] which imply that a highly
excited semiclassical state remains highly excited and thus
classical all the way into the singularity. However, the
preserved excitation becomes more obvious in the hyperbolic space description of the cosmological billiards,
where the billiard domain of D ¼ 4 pure gravity happens
to coincide with the fundamental domain of the group
PGL2 ðZÞ. There, the billiard walls are static, making an
adiabatic approximation redundant, and we found that the
energy expectation value and its variance are preserved.
Nevertheless, regardless of how highly excited in terms of
eigenstates, the loss of localization of the initial wavepacket as it spreads across the billiard domain, and particularly the vanishing of the wavefunction suggest the
interpretation that the singularity is resolved via an effective disappearance of spacetime near the singularity, making it effectively unreachable, possibly in line with a
‘‘deemergence’’ in terms of a Kac-Moody algebra coset
model description [56]. In this light, we thus propose that
the vanishing of the wavefunction and its spreading across
the whole billiard domain may be considered as more
appropriate indicators for a quantum resolution of the
classical singularity than the excitation of the quantum
state in terms of energy levels.
It should be remarked at this point that the quantum
mechanical avoidance of classical cosmological singularities has also been discussed in terms of approaches that are
different from the one employed here. In some of the
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models recently investigated in [57], vanishing of the wave
function near the classical singularity is found, too. In
general, the resolution of the singularity that is suggested
by the vanishing of the wavefunction is to be contrasted
to other mechanisms such as the Hartle-Hawking

no-boundary proposal [58] or the cosmic bounces of loop
quantum cosmology (see [59] for a recent review), since
the latter two require continuation of the wave packet into
the singularity and beyond. It should also be noted that
there exist approaches that circumvent the assumptions of

FIG. 10. The quantum billiards in the nonintegrable static triangle that corresponds to the initial cosmological billiard domain from
the previous section with each billiard wall kept fixed. The norm hji jj2 1 during the whole evolution, oscillating only
within bounds of 5  106 . The grid size was 800  800 data points.
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In this appendix, we study the triangular quantum
billiards with the same parameters as in the quantum

cosmological billiards before, but this time with every
single one of the billiard walls remaining static from the
outset. In this case, the corresponding classical billiards is
completely integrable. Note that for triangular billiards
with static walls, only three cases are classically completely integrable, namely, the equilateral triangle, the
half-equilateral triangle, or the half-square. These are the
cases that feature a second constant of the motion, and
the invariant surface of the phase flow is given by a twodimensional torus in the four-dimensional phase space.
Despite the nonseparability of the triangular billiards, analytic solutions are indeed known for the quantum billiards
that correspond to these classically integrable cases
[66–69]. For a right triangle with rational angles other
than the two cases mentioned above, the classical billiards
is only pseudointegrable, and although its trajectories are
still confined to a two-dimensional surface in phase space,
this surface is not a torus but has higher genus [70], and
analytic solutions for the corresponding quantum billiards
are not known. We also note that for a right triangle with
nonrational acute angles, there exists no other constant of
motion besides the Hamiltonian and the classical motion is
ergodic and fills the whole phase space.
We set the parameters as in (47) and investigate the wave
packet propagation numerically. As in the calculations
reported in the previous sections, a three-level convergence
test was applied on the numerical computations. A snapshot of the long-term behavior is plotted in Fig. 10. The
Klein-Gordon norm according to (20) remains constant
within bounds of 5  106 , and as expected, the variance
now has an upper and the supremum norm a lower bound.
The position expectation values according to (36) are
oscillating around the center of mass of the triangle. The
energy expectation value according to (30) converges with
increasing resolution to a constant value, and so does its
variance.

[1] S. W. Hawking and R. Penrose, Proc. R. Soc. A 314, 529
(1970).
[2] V. A. Belinskii, I. M. Khalatnikov, and E. M. Lifshitz, Adv.
Phys. 19, 525 (1970).
[3] V. A. Belinskii, I. M. Khalatnikov, and E. M. Lifshitz, Adv.
Phys. 31, 639 (1982).
[4] C. W. Misner, Phys. Rev. 186, 1319 (1969).
[5] M. P. Ryan and L. C. Shepley, Homogeneous Relativistic
Cosmologies (Princeton University Press, Princeton, NJ,
1975).
[6] C. W. Misner, in Deterministic Chaos in General
Relativity (Kananaskis Proc.), edited by D. Hobill, A.
Burd, and A. Coley, NATO ASI Series (Plenum Press,
New York, 1994), pp. 317–328.

[7] T. Damour, M. Henneaux, and H. Nicolai, Classical
Quantum Gravity 20, R145 (2003).
[8] M. Henneaux, D. Persson, and P. Spindel, Living Rev.
Relativity 11 1 (2008).
[9] T. Damour and M. Henneaux, Phys. Rev. Lett. 86, 4749
(2001).
[10] A. J. Feingold, A. Kleinschmidt, and H. Nicolai, Journal of
algebra 322, 1295 (2009).
[11] A. Kleinschmidt, H. Nicolai, and J. Palmkvist,
arXiv:1010.2212v2.
[12] T. Damour, M. Henneaux, B. Julia, and H. Nicolai, Phys.
Lett. B 509, 323 (2001).
[13] P. Fleig, M. Koehn, and H. Nicolai, Lett. Math. Phys. 100
(2012).

the singularity theorems of Hawking and Penrose in the
first place, for example, through a violation of the null
energy condition from a ghost condensate [60]. Such a
mechanism can produce a smooth, nonsingular bounce
where an ekpyrotic contracting phase is joined with the
standard expanding phase [61–64], thereby providing new
solutions for cosmological issues such as the flatness
problem.
The setting considered in this article only provides a
very first step. Albeit very useful, the cosmological billiards scenario with its infinite potential walls represents
only crudely the spatial inhomogeneities and possible matter degrees of freedom of the theory. Since the shape of the
billiard table points to an underlying structure in terms of
Lorentzian Kac-Moody algebras, the quantum state of the
universe would have to be generalized according to the
‘‘small tension’’ expansion of [65] as the ensuing first step
away from the BKL limit of the classical theory. We
conclude this article by emphasizing that it is conjectured
that in the deep quantum regime, spacetime based quantum
field theory is replaced by a coset model built from the
respective Kac-Moody algebra that defines the quantum
cosmological billiards [56,65].
ACKNOWLEDGMENTS
I would like to thank Hermann Nicolai, Christian
Reisswig, Holger Then, William Schiesser, Ian Hinder,
Margaret Hawton, Jakob Palmkvist, Axel Kleinschmidt,
Stefan Pfenninger, Burkhard Schwab, Philipp Fleig,
Parikshit Dutta and Florian Loebbert for helpful discussions.
APPENDIX: THE TRIANGULAR QUANTUM
BILLIARDS WITH STATIC DOMAIN WALLS

063501-16

RELATIVISTIC WAVEPACKETS IN CLASSICALLY . . .

PHYSICAL REVIEW D 85, 063501 (2012)

[14] C. W. Misner, in Magic Without Magic, edited by J. R.
Klauder (W.H. Freeman & Co., Ltd, San Francisco, 1972),
pp. 441–473.
[15] H. Iwaniec, Spectral Methods of Automorphic Forms,
Vol. 53, Graduate Studies in Mathematics (AMS,
Providence, RI, 2002) 2nd ed..
[16] A. Kleinschmidt, M. Koehn, and H. Nicolai, Phys. Rev. D
80, 061701(R) (2009).
[17] J. B. Barbour, Phys. Rev. D 47, 5422 (1993).
[18] C. J. Isham, in Recent Aspects of Quantum Fields
(Schladming, 1991), edited by H. Mitter and H.
Gausterer (Springer, Berlin, 1991), pp. 123–229.
[19] C. Kiefer, Quantum Gravity, Vol. 136, International Series
of Monographs on Physics (Oxford University Press,
Oxford, United Kingdom, 2007), 2nd ed..
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Solides (Gauthier-Villars, Paris, 1852).
[67] M. A. Pinsky, SIAM J. Math. Anal. 11, 819 (1980).
[68] H. R. Krishnamurthy, H. S. Mani, and H. C. Verma,
J. Phys. A 15, 2131 (1982).
[69] W. K. Li, J. Chem. Educ. 61, 1034 (1984).
[70] P. Richens and M. Berry, Physica D (Amsterdam) 2, 495
(1981).

063501-17

