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Abstract. We report on the renormalization of the Immirzi parameter found through
perturbative one-loop calculations.

If one takes the tetrad eIμ and the Lorentz connection ωμIJ as independent variables, the lowest
order action for gravity (with zero cosmological constant, and κ2 = 16πG) has the following form,
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The ﬁrst term is just the Einstein-Cartan action for general relativity. The second term,
henceforth Holst term, is, by itself, topological, and does not change the equations of motion
in the absence of torsion sources. Its coupling constant γ is known as the Immirzi, or BarberoImmirzi, parameter in the loop quantum gravity community, where it plays an important role at
the non-perturbative level [1]. This motivates the question of whether any non-trivial quantum
mechanical role of γ shows up already in perturbation theory, where the gravitational theory (1)
is non-renormalizable, but can be regarded as an eﬀective ﬁeld theory. To address the question,
in [2] we studied the perturbative one-loop eﬀective action of (1). Here we report on the aspects
of our ﬁndings most relevant to the renormalization of γ and their implications, and further
include explicit plots of the runnings.
To quantize the theory, we used the background-ﬁeld method and a one-loop perturbative
expansion. We took generic background ﬁelds e and ω, in particular oﬀ-shell, but we assumed
invertibility of the tetrad. This allowed us to decompose ω = ω(e) + K, where ω(e) is the
unique spin connection solving dω e = 0, and K the contorsion. Within this framework, the
quantization generates an inﬁnite number of terms, that can be packaged in invariants of the
background Riemann and contorsion tensors. We regularized the theory using the heat-kernel
expansion with an UV cut-oﬀ ΛU V . For the divergent part of the one-loop eﬀective action, we
found (here and in the following μ is the renormalization scale)
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and L2 a very long expression including all possible dimension-four invariants.
In (3), the ﬁrst KK invariant coincides with the Holst term once ω = ω(e) + K is used. It
is thus the divergent term candidate to renormalize the Immirzi parameter. However, on-shell
Rμν = Kμνρ = 0, and all the quadratic and logarithmic divergences in (2) vanish. Therefore, they
can be simply renormalized through ﬁeld redeﬁnitions. Only the quartic divergence survives,
but it can be reabsorbed, for instance, including also a bare cosmological constant in the action,
as in [4]. Hence, like in the metric formulations [3, 4, 5], we ﬁnd that pure quantum gravity is
on-shell ﬁnite at one-loop, and we expect the appearance of non-renormalizable divergences at
two loops [6].
The situation can change in the presence of curvature or torsion sources. As a ﬁrst step
in that direction, we considered a diﬀerent renormalization scheme, in which the divergences
are absorbed whenever possible into a redeﬁnition of the couplings. Such a scheme, used for
example in [5], comes closer to the spirit of the calculations done in the context of the asymptotic
safety scenario [7], where the running of the traditionally inessential Newton’s constant can be
motivated by the special role it has in the theory [8]. With these considerations in mind,
we considered an oﬀ-shell renormalization condition for κ2 and γ obtained from the quadratic
divergences (3). To deﬁne non-trivial beta functions from quadratic divergences, we used a
non-minimal subtraction ansatz as in [9, 10]. Deﬁning the dimensionless Newton’s constant as
1
μ2 κ2 , we found the following beta functions,
g ≡ 16π
βg = g(2 −

17
g),
3π

βγ =

4
γg.
3π

(4)

The beta function for Newton’s constant is independent of γ, and it shows an anti-screenig
eﬀect and a non-Gaussian ﬁxed point. Although the latter lies outside the realm of perturbation
theory, the result is in nice agreement with the asymptotic safety conjecture [7]. The Immirzi
parameter has a non-trivial running as well. By inspection, γ = 0 and γ = ∞ are ﬁxed points,
consistently with the results of [11].1 An explicit solution of the ﬂow shows that γ = ∞ is UVattractive. On the other hand, γ = 0 is not the IR asymptote of generic trajectories, because γ
stops running as soon as g goes to zero. In other words, {g = 0, γ ≶ 0} is a marginal direction,
and the IR limit of γ depends on the initial conditions. The situation is depicted and further
explained in Fig. 1.

Figure 1.

The running in the pure
gravity case, with t = ln μ and μ the energy
scale. The running of g is characterized
by two plateaus, respectively at the IR
Gaussian ﬁxed point, and at the UV
non-Gaussian ﬁxed point, with a short
transient in between. The running of γ is
clearly dictated by the plateaus of g, with
the ﬁrst corresponding to a frozen γ and
the second to an exponential running.
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The result is intriguing, as a UV ﬂow from γ = 0 to γ = ∞ would be nicely consistent with
the idea that the metric captures the degrees of freedom of general relativity at low energies,
while the connection ﬁeld becomes more important at high energies, as suggested by loop
quantum gravity. The reason for this is that the γ → 0 limit of (1) gives the second-order
1

On the other hand, nothing happens at γ 2 = 1. These are the special values for which one is dealing with a
formulation of gravity in terms of self-dual variables only.
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metric formalism,2 whereas for γ → ∞ we obtain Einstein-Cartan theory and the connection is
totally independent. The running (4) we found gives qualitative support to this picture, however,
it is oﬀ-shell, thus scheme and gauge dependent.
An on-shell running of the Immirzi parameter can be obtained adding a source of torsion.
To do so, we considered the following coupled gravity-fermion system,
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R(e) + ψγ eI ∇μ (e)ψ +
(5)
Scoupled [e, ψ] = − d x e
κ2
2
128 γ 2 − 1
where ψ is a Majorana spinor, and AI = ψ̄γ I ψ the axial current. This action is obtained from
(1) minimally coupled to the Dirac action, once the ﬁeld equations for ω are used. The one-loop
quantization of an action like (5) had been previously considered in [12]. Merging their results
with ours, we found for the quadratic divergences
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(6)
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512
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Unlike in the vacuum case, the logarithmic divergences do not vanish on-shell, thus establishing
the non-renormalizability of the theory already at one-loop. On the other hand, the quadratic
divergence (6) leads to a renormalization of the Immirzi parameter, this time on-shell, with
resulting beta function
μ2 κ2
(23γ 2 + 5).
(7)
βγ 2 = −(γ 2 − 1)
(8π)2
We see that neither γ = 0 nor γ = ∞ are stable under renormalization, in contrast with
the pure gravity case. There is a ﬁxed point, γ 2 = 1, and it is UV-attractive. However, it
corresponds to a divergent coupling for the four-fermion interaction, hence it is out of the range
of validity of perturbation theory. In the IR, the coupling ﬂows to a ﬁnite value determined by
the initial condition, and the ﬂow depends qualitatively on whether γ 2 is larger or smaller than
one, with the same UV limit and opposite IR limits. See Fig 2 for details.
Γ2 t

The running of γ 2 in the
coupled case, with the two sectors |γ| ≶ 1.
These IR asymptotes depend on the initial
condition γ0 . Notice that these have to be
restricted in order to guarantee that γ(μ)
remain real for all values of μ. With these
restrictions, in the IR limit μ → 0 the
Immirzi parameter ﬂows towards a value
between γ0 and |γ| = +∞, for γ02 > 1, or
between γ0 and γ = 0, for γ02 < 1.

Figure 2.
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Finally, notice that the ﬂow depends explicitly on the external parameter μ2 κ2 . This can be
interpreted as the renormalization scale measured in Planck units, as κ2 is inessential and we
are not letting it run in the present scheme. One can alternatively renormalize κ2 as well, as we
did above for pure gravity. In this oﬀ-shell scheme, one ﬁnds again a γ-independent running of
2

To see this, notice ﬁrst that the Holst term equals, up to the topological Nieh-Yan invariant, the torsion-squared
T ∧ T . In the path integral, γ1 T ∧ T is singular as γ → 0, but it can be rewritten as 2B ∧ T + γB ∧ B using an
auxiliary 2-form ﬁeld B. The limit γ = 0 now yields a Lagrange multiplier enforcing T = 0, i.e. the second-order
theory.
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Newton’s constant, with beta function βg = g(2 − 2π
g), and in (7), κ2 μ2 /16π is replaced by a
non-trivial running g(μ), bounded between g(μ = 0) = 0 and g(μ = ∞) = 4π/11. This modiﬁes
things like the velocity along the ﬂow and the reality bounds on γ0 , but not the conclusions
about the special points γ 2 = 0, 1, ∞.
The fact that γ = 0 is not stable is particularly interesting. If one starts with vanishing
bare Immirzi parameter, γ = 0, the action (5) reduces to the second-order Einstein-Hilbert
action coupled to fermions, with no four-fermion interaction. However, the latter is nonetheless
generated by radiative corrections, see (6) with γ = 0. Namely, the radiative corrections
introduce quadratic divergences which are non-renormalizable in the second-order formalism.
In order to renormalize these divergences one is forced to introduce the four-fermion term in the
classical action, that is, one is forced to have a non-vanishing Immirzi parameter. In this sense,
the ﬁrst order formulation is more suitable to quantize the coupled gravity-fermion system.
Similarly, ﬁne-tuned couplings such as the one proposed in [13] do not appear to be stable under
radiative corrections.
We also looked at more general actions than (5), which include non-minimal couplings of
the fermions. It can then happen that the dependence on the Immirzi parameter becomes
undistinguishable from the non-minimal couplings [13, 14]. In these cases, we found that
quadratic divergences non-renormalizable within the Holst action are expected, therefore one
should include all dimension-two invariants, as in (3), in the bare action.
In conclusion, we showed how the Immirzi parameter gets renormalized by radiative
corrections in the perturbative context. In the cases considered, the renormalization is driven
by quadratic divergences, however a logarithmic contribution to the running likely arises if one
includes a cosmological constant term. The results obtained could serve as a guidance in studies
of semiclassical limit of loop quantum gravity, as well as a bridge to the asymptotic safety
scenario.
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